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0 Preliminaries

Remark 0.1 (Notation). |G| denotes the order of a finite group G. [E : F]
denotes the degree of a field extension E/F. We write H < G to mean that
H is a subgroup of G, and N < G to mean that N is a normal subgroup of
G. If E/F and K/F are two field extensions, then when we say that K/F is
contained in E/F, we mean via a homomorphism that fixes F.

We assume the following basic facts in this set of notes, in addition to ele-
mentary number theory, group and ring theory, and linear algebra:

Fact 0.2. If F is a field, then F[z] is a PID, so all nonzero prime ideals are
maximal and are generated by a single irreducible polynomial. This irreducible
polynomial is the polynomial of lowest positive degree in the ideal and is unique
modulo units.

Fact 0.3. If « is an algebraic element in an extension E/F, then the set of poly-
nomials in F[x] which vanish at « is a prime ideal generated by an irreducible
polynomial f(z) (we can make this canonical by requiring f(z) to be monic),
and F(«) 2 Flx]/(f(x)). This polynomial is called the minimal polynomial of
«, as it has minimal positive degree in the ideal of polynomials vanishing at a.

Fact 0.4. If F and F’ are isomorphic, and « and o’ are algebraic elements in
an extension which have the same minimal polynomial under the isomorphism,
then we can extend the isomorphism of F' and F” to an isomorphism from F'(«)
to F'(a).

Fact 0.5 (Tower Law). If E/K and K/F are two field extensions, then [E :
K|[K:F)=[E:F].

Fact 0.6. A set of k linear homogenous equations over a field in n unknowns
for n > k always has a nontrivial solution.

1 Splitting Fields

Definition 1.1. Let F be a field and suppose f(z) € F[z]. A field extension
E/F is said to be a splitting field for f(x) over F if: (a) We can write f(z) =



(z —ay)...(x —ay,) in Elz]. That is to say, f(x) splits over E. (b) The elements
ai, ..., a, generate the extension E/F. Equivalently, f(z) splits in no subfield
of E.

Theorem 1.2 (Uniqueness of Splitting Fields). Let F' and F’ be fields isomor-
phic by o. Then if E and E’ are splitting fields for p(x) and p'(x) respectively,
where p(x) is sent to p'(z) under o, then there exists an isomorphism ¢ : E — E'
which equals o when restricted to F.

Proof. We use induction on the number n of roots n of p(z) not in F'. We can
factor p(z) as fi(z)--- fr(z) and similarly p/(z) = fi(z)--- f.(z) where the f;
and f/ are irreducible, and f; is sent to f/ under the isomorphism of F' and F”.
Ifn=0,then E=F, E' = F’, so o gives our desired automorphism.

Assume the theorem for n < k where k > 0. Suppose now that p(z) has
k + 1 roots outside of f.

Since k > 0, there exists @ € E — F which is a root of p(z), say WLOG
it is a root of fi(x). Then p(x) € F(a)lx], so since p(x) splits in E, and its
roots generate E over F' and therefore F'(a), it follows that F is a splitting field
for p(x) over F(a). Similarly, if o’ is a root of f{(z), then E’ is a splitting
field for p’(x) over F'(a). We can extend o to an isomorphism of F(«) and
F'(a’). Then since « lies in F(«) but not in F, the polynomial p(z) has at most
k roots outside of F(«), and similarly for p’(x), so we get an extension of the
isomorphism of F(«) and F’(a’) to an isomorphism of E and E’, concluding
the proof. O

Remark 1.3. If E/F is an extension in which p(z) € Fl[z] splits, then the
subfield of E/F generated by all the roots of p(x) is a splitting field for p(x)
over F'| and is hence isomorphic to any other splitting field for p(z).

2  Group Characters

Definition 2.1. If G is a group and F' a field, then a homomorphism from G
into F'* is called a character of G in F.

Definition 2.2. A finite set of characters {o; : G — F'}i1<;<y is said to be
dependent if there exist {z;}1<i<n not all zero such that

n
> wioi(g) =0
i=1
for all g € G. A set of characters is said to be independent if they are not

dependent.

Theorem 2.3. Any finite set of characters {o;, : G — F}i<i<n from a group
G into a field I is independent.



Proof. Suppose they are dependent. We choose {z;} so that a minimal num-
ber of the z; are nonzero, say WLOG the first k£ of them, so that we have
Ele 2o = 0 where k < n. Note that k > 2, or else g1(g) = 0 for all g.

Since o1 and oy, are distinct, we can find a € G such that o1(a) # or(a).
Note that for any g € G, we have

Zmiai(ag) = ino’i(a)ai(g) =0.

We also have i
> miok(a)oi(g) =0.
i=1

Subtracting these equations, we get

k
in(ai(a) — ox(a))oi(g) = 0.

This gives us a dependence relation on our characters since oy (a) — ox(a) # 0,
but the coefficients of o, becomes 0, meaning this dependence relation has
fewer nonzero coefficients, a contradiction. It follows that our characters are
independent. O

Note that an automorphism of of a field E is a character from E* into E.
It follows from this theorem that a finite set of automorphisms of a field is
independent.

This theorem will be very useful in establishing further facts.

3 Automorphisms and Degrees of Extensions

Definition 3.1. If o1, -+, 0, is a set of automorphisms of a field F, then the
fized field of these automorphisms is the set of € E such that o;(z) = o;(x)
for all 1 < 14,5 <n. Note that if one of the automorphisms is the identity, then
F is the set of z € F such that o;(z) = z for all 1 <i < n. It’s not too hard to
show that F' is a subfield of F.

Proposition 3.2. If FE is a field, o1, , 0, s a finite set of automorphisms of
E, and F is the fived field of the automorphisms o1,--- ,0y, then [E : F] > n.

Proof. Assume that there exists a spanning set wy,--- ,w, € E for E over F
with » < n. The r linear equations in n unknowns

x1o1(w1) + -+ Tpop(w) =0

z101(wp) + -+ zpon(wr) =0



.
has a nontrivial solution in F. If o« = Zaiwi with a; € F is an arbitrary
i=1
element of F, then

Z;xjaj(a) = Z;zjaj (2%%)
= > > won(a)ojw)

j=1i=1

= Z o1(a;) Z zjoj(w;)

= Zal(ai) x 0
i=1
= 0

But this means that these automorphisms are dependent over F, which is a
contradiction. O

The theorem also holds for an infinite set of automorphisms, since we can
then show that [E : F] is larger than any positive integer.

Corollary 3.3. If F is fized by a set of n automorphisms, then [E : F] > n.

Proof. If F’ is the fixed field of those automorphisms, then [E : F] = [E :
F[F'": F] > n. O

Corollary 3.4. If Aut(E/F) is the group of all automorphisms of E which fix
F, then |Aut(E/F)| < [E : F].

From the theorem above, the best lower bound we can get is the order of
the group of all automorphisms of E which fix F'. It turns out that this bound
becomes an equality. We prove the following:

Proposition 3.5. If G is a finite group of automorphisms of E, and F is the
fized field of G, then |G| = [E : F).

Proof. Suppose G = {01, ,0,}. We know that [E : F|] > n. Now suppose
that [E : F] > n, so there is set wy, -+ ,w, € E independent over F with r > n.
Then the set of n linear equations in r variables

z101(w1) + - + xpor(wy) =0

z10p(wr) + -+ zrop(wr) =0



has a nontrivial solution. We can assume WLOG that z; # 0, and fur-
thermore we choose x; to be any a € E, since otherwise we could multiply

a
everything by —.
1

If 1 <4,j <n, we have

Z 2ioi(wg) = 0.
k=1

If we fix j, then applying o; to both sides of this equations gives
> aj(r)oj(oiw)) = 0.
k=1

As o; runs over all elements of G, the expression o;00; also runs over all elements
of G. Tt follows that {o;(x)}1<k<r gives another solution to our system of linear
equations. We can then set

Yk = Z o),

ceG

which will also be a solution to our equations. Furthermore, for 1 < k& < r, if
o € G, then o(yx) = yr, so yx. € F. Since G is a group, one of its automorphisms,
say WLOG o7 is the identity on E. Therefore,

T T
> ykor(wi) =Y yrwr = 0.
k=1 k=1

But there exists a € F such that Z o(a) # 0 by the independence of auto-

ceG
morphisms, so we could have chosen x; to be this a. Then y; # 0, and we

have a dependence among the wy, contradicting the assumption that they were
independent. O

Corollary 3.6. If E/F is finite, and F is the fized field of a group G of auto-
morphisms of E, then G is the set of all automorphisms of E which fiz F.

Proof. We have |G| = [E : F], and by Corollary there are no more auto-
morphisms of E fixing F'. O

4 Applications to Symmetric Polynomials

Let K be a field, and let k(x1,---,x,) be the field of rational functions in n
variables over K. For each permutation o of {1,--- ,n}, we get an automorphism
of K(x1,--- ,,) which sends x; to 2,(;) fori € {1,--- ,n}. The fixed field S of
this group of automorphisms (isomorphic to S,,) is called the field of symmetric
rational functions in n variables over k.



Define t; to be the sum of all products of k-tuples of the n variables for
1 < k < n. These are known as the elementary symmetric polynomials. Then
E(ty, -+ ,tn) €S C K(x1, - ,xpn), so [K(x1, - ,xn) : K(t1, - ,tn)] > |Sa| =
nl.

But K(z1,---,z,) is the splitting field of the polynomial 2™ — ¢tz

-+ (=1)"t,, over K(t1, -+ ,t,), which means that [K(x1, - ,2,) : 5]
[K(x1, + ,xn) : K(t1, - ,tn)] <nlysoS = K(t1, - ,tn), and [K (21, ,Zpn) :
S] =nl.

Now let S™ = S, and define S* = S (z;41) for 1 <i < n. It follows that
St = K(x1,-++ ,2,). We have the sequence of fields § = §* C S"~1 C ... C
St =K(xy, - ,2,).

Let t;,; denote the sum of all products of k-tuples of the first ¢ variables,
x1, 0, % (SO ty = thm).

Now suppose that a field F' contains x;11 and ;41 for all £ <7+ 1. Then
tl,i = tl,i+1 —Ti41, and iIl general, tk+1,i = tk+1,i+1 — xi+1tk,i for 1 S k’ S Z* 1,
so F' contains t; for all 1 < k < i. More strongly, t;; can be expressed as a
polynomial over K in z;+; and all the ¢ ;41.

If we then induct downward on 4, starting with ¢ = n, we see that t;; can

n—1

IN +

be expressed as a polynomial over K in x;41, -+, 2, and t1,--- 5.

Since x¢ —ty ;o 4+ +t;; = 0, and S’ is fixed by the i! automorphisms of
K(x1, -+ ,x,) which permute the first ¢ variables, the degree [K(z1, - ,2y,) :
S =4l and [S?: S =i+ 1.

As well, since x! — t1 27 + - +t;; = 0, we can express any power of
x; with exponent at least ¢ as a polynomial in z;, t1,--- ,t,, and x;41, -+ , 2,
where the exponents of x; are at most ¢ — 1. If we have a general polynomial
f € Klz1, -+ ,xy,], we can first get rid of all powers of z; with exponent at least

1, then all powers of zo with exponent at least 2, etc, until we get rid of all
powers of x,, with exponent at least n. If {r;}1<;<, satisfy 0 <v; <4 —1 for

n
1 <i < mn, define Tiyy = H xfl Then we can write
i=1

p(z) = Z S{vi}T{v;}

{vi}
where 57,3 € Klt1,- -+ ,t,].
p(z)
If —~%cK th
q(x) S ('1:17 71'n)7 en

px) @) [Les, op1 ola(z))
q(x) [loes, ola(z)) 7

where 1 denotes the identity of S,,. The bottom is in S. If we write

p) [ cola@)=> spyrn,

0ESy,0#e {v:}




as above, we can then write

p(r) (@) [I,es, o1 0la(z))
q(z) [lres, o(a(z))
Do} Sy}
[loes, ola(z))
—S{W} Ll 1.
[,es, ola()) o

{vi}

This means that the zy,,} span K(z1,---,2,) as a vector space over S, and
since there are n! such xy,,} and the degree is n!, the zy,,; must form a basis.
If f(z) € K[zy,---,2,] NS, then we can express f(z) both as f(z)zyo,... 0}
and as Y (i} S{vi T} But the expression in terms of a basis is unique, so
f(x) = s50,....0y € Kl[t1,--- ,t,]. Therefore, we have proved the celebrated
theorem every symmetric polynomial in n variables over K can be expressed as
a polynomial in the elementary symmetry polynomials.

5 Galois and Normal Extensions

Definition 5.1. An extension F/F is said to be Galois extension if it is finite
and if F' is the fixed field of some group of automorphisms of E.

It follows that F' is the fixed field of the group of all automorphisms of E.
By a corollary to an earlier theorem, there are at most [E : F] of them. For an
arbitrary extension F/F, we denote this group by Gal(E/F), and it is called
the Galois group of E over F. We also sometimes refer to the Galois group over
a polynomial over a field F', which is the Galois group of its splitting field over
F.

Proposition 5.2. An extension E/F is Galois iff |Gal(E/F)| = [E : F].

Proof. If E/F is Galois, then F' is the fixed field of Gal(E/F), so by an earlier
theorem, |Gal(E/F)| = [E : F].

Conversely, if |Gal(E/F)| = [E : F|, and F” is the fixed field of Gal(E/F),
then |Gal(E/F)| = [E : F'],so [F': F] =1, and F = F". O

We have so far talked mainly about linear algebra and automorphisms and
little about polynomials and algebraic elements. We now establish a relation
between polynomials and automorphisms.

Proposition 5.3. If « is an algebraic element of an extension E/F, and o €
Gal(E/F), then o(a) has the same minimal polynomial over F as «.

Proof. Let f(x) = 2™ + b,_12" "1 + -+ + by be the minimal polynomial of «
over F'. Then



=
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o)+ -+ bio(a) + by

(c7ra™ 4+ 4+ o7 (b))a+ o (b))
= o(a"+--+ba+by)

(0)

Il
Q

Il
Q

=0

Since f(o(a)) =0, and f(z) is irreducible, it follows that o(a) has f(z) as
its minimal polynomial. U

Consider the extension £ = Q(+/2) of Q. Then /2 has minimal polynomial
z2 — 2 over Q, but this polynomial has no other roots in E. Therefore, any
element of Gal(E/Q) fixes v/2 and therefore fixes all of E. But this means that
the only element of Gal(E/Q) is the identity, so its fixed field is all of E, and
the extension E/Q is not Galois. The reason for this is that there aren’t enough
roots of £ — 2, and therefore there aren’t enough automorphisms for Q to be
all of the fixed field. The other roots of 23 — 2 lie in other extensions. It turns
out that if we take E to be the splitting field of 2° — 2, then E/Q is Galois.

Consider the field Fy(x) of rational functions, and let E = Fa(x)(«) where o
is a root of the polynomial t? — 2 € Fy(x)[t]. Then in E, the polynomial t? — z
splits as (z—a)?, and therefore it only has one root. It follows that Gal(E/Fa(z))
has only the identity element, and again, our extension is not Galois. In this
case, our extension has all of the roots of t> — x, but this polynomial has a
repeated root, and so there still aren’t enough automorphisms in this extension
for it to be Galois.

We have motivated some of the material to come.

Definition 5.4. A polynomial is said to be separable if its irreducible factors
have no repeated roots. An algebraic element in an extension is said to be
separable if its minimal polynomial is separable. An algebraic field extension is
said to be separable if all its elements are separable.

We now prove the following theorem:

Theorem 5.5. A finite extension E/F is Galois iff it is the splitting field of a
separable polynomial p(x) over F'.

Proof. Suppose E/F is Galois. Let wi, - ,w, be a basis for E over F. For
1 <i<n,let {o1(w;), - ,0-(w;)} be the orbit of w; under Gal(E/F), where
r < |Gal(E/F)|. If 0 € Gal(E/F), then {o(o1(w;)), -+ ,0(or(w;))} is a set of r
distinct elements in the orbit of w; and is therefore equal to the orbit of w;.

Now define f;(x) = H;=1(x — 0j(w;)). The coefficients are symmetric in
the elements of the orbit of w; and are therefore invariant under Gal(E/F). It
follows that they lie in F' because E/F is Galois. Thus f;(x) is a separable
polynomial with f;(w;) = 0. It is even irreducible since every element of the
orbit of w; has the same irreducible polynomial.



Now let p(x) = [[;—, fi(z). Since each f; splits in E, p(z) splits in E. As
well, w; is a root of p(z) for 1 < i < n, so E is a splitting field for p(x) over
F. Finally, the irreducible factors f; of p(x) have no multiple roots, so p(z) is
separable.

To prove the converse, we use induction on the number of roots n of p(x)
which lie outside F'. If n =0, then E = F, and E/F is trivially Galois since F'
is fixed under the identity automorphism. Now suppose the theorem is true for
n < k > 0, and suppose that p(z) has k + 1 roots outside of F. Let a be one
of these roots, and suppose its minimal polynomial f(x) has degree r. Then E
is a splitting field for p(z) over F(«), and p(z) has at most k roots outside of
F(a), and E/F(«) is Galois by hypothesis. Therefore, if 6 is fixed under every
element of Gal(E/F), then it is fixed under every element of Gal(E/F(«)), so
0 € F(a).

If 3 is another root of f(x), then there is an isomorphism from F'(«) to F(3)
sending « to 8. Since E is a splitting field for p(x), this can be extended to an
automorphism of F sending « to (.

We can therefore write = cg + cra+ -+ ¢cr_1a" ! for ¢g, -+ ,¢p_1 € F.
If 8 is any other root of f(z), we can apply the automorphism of E sending
a to 3 to both sides to find that § = cg + 18+ -+ + c,—1 57 L. If we let
g(z) =co—0+cix+-c,_12""! € E[x], then g(z) has a root at every root
of f(z). But f(x) has r distinct roots since p(z) is separable, and the degree
of f(z) at most r — 1, so it follows that f(z) is identically 0, and 6 = ¢y € F.
Hence the fixed field of Gal(E/F) is F, and E/F is Galois. O

We can even sharpen our characterization of Galois extensions further:

Definition 5.6. An extension F/F is normal if whenever an irreducible poly-
nomial f(z) € F[z] has a root in F, then it splits in E.

Proposition 5.7. A finite extension E/F is Galois iff it is normal and sepa-
rable.

Proof. If wy,- - ,w, is a basis for E over F, let f;(x) be the minimal polynomial
of w;. Then E/F is a splitting field for the product of the f;, and each f; is
separable because E/F is.

Conversely, if E/F is Galois, and f(z) € F[z] is irreducible and has a root
a in E, then let o1(a), - ,0.(a) be the orbit of o under Gal(E/F). The
polynomial []!_,(z — o;(a)) is separable and irreducible in F[z], and it splits
over E, so E/F is normal and separable. O

Remark 5.8. The proof of Proposition is intentionally brief because most
of its ideas were convered in earlier proofs.

6 The Fundamental Theorem of Galois Theory

Definition 6.1. An intermediate field of an extension E/F is a subfield of E
containing F'.



Definition 6.2. If F/F is Galois, then two intermediate fields B and B’ are
said to be conjugate in E/F if there is 0 € Gal(E/F') such that o(B) = B'.

Note that if two intermediate fields B and B’ are isomorphic, then they are
automatically conjugate, since if E is a splitting field for p(z) over F, then E is
also a splitting field for p(x) over each of B and B’, so the isomorphism from
B to B’ can be extended to an automorphism of E. It is clear that if two
intermediate fields are conjugate, then they are isomorphic.

Proposition 6.3. An intermediate field B of a Galois extension E/F has a
conjugate (other than itself) iff B/F is normal.

Proof. If B/F is normal, then it is also separable because E/F is separable, so
B/F is Galois. Hence it is the splitting field of a polynomial p(x) over F, and
it is the field generated by the roots of p(z) in E. Any conjugate B’ of B in E
is also a splitting field for p(x) over F' and hence is the field generated by the
roots of p(z) in E. But that means B = B’.

Suppose that B/F is not normal. We use inductionon [B : F]. If [B: F] =1,
then B = F, and B trivially has no other conjugates. Now suppose the theorem
is true for [B : F] < k > 1, and suppose [B : F] = k4 1. Then there is
a € B such that the minimal polynomial f(z) of a over F' does not split in
B. Therefore, it has an irreducible factor g(x) in Blz] of degree greater than
1. But f(z) splits in E because E/F is Galois, so g(z) has a root 8 in E but
not in F(a). We have an isomorphism from F(«) to F(3) which fixes F' since
a and 8 are both roots of f(x), and we can extend this to an automorphism of
E since F is a splitting field of the same polynomial over both F(«) and F(f).
This automorphism sends B to a field B’ which is not equal to B because B’
contains 3, so B has a distinct conjugate in E. O

We can now prove:

Theorem 6.4 (Fundamental Theorem of Galois Theory). Let E/F be a Galois
extension, and let G = Gal(E/F). If B is an intermediate field, then Gal(E/B)
is a subgroup of Gal(E/F). If H < Gal(E/F), let EH denote the fived field of
H. Then:

1. If H < G, then Gal(E/E™) = H.
2. If B is an intermediate field, then EG*(E/B) = B,

o

[B : F] where |G : Gal(E/B)] is the index of Gal(E/B) in G.

B

. B and C are intermediate fields with B C C iff Gal(E/C) < Gal(E/B).

[

. Gal(E/B) is normal in G iff B/F is normal. If these hold, then B is
Galois.

6. If B/F is normal, then Gal(B/F) = G/Gal(E/B).

10

. If B is an intermediate field, then |Gal(E/B)| = [E : B] and |G : Gal(E/B)] =



Proof. 1. This follows immediately from Corollary

2. Since E is the splitting field of a separable polynomial p(z) over F, it is
also such over B and therefore Galois, so B is the fixed field of Gal(E/B).

3. By the above EG2(F/B) = B 50 by Proposition |Gal(E/B)| = [E : B].
|G| [E: F]
Then |G : Gal(E/B)| = = =|B:F]

4. If B C C, then any automorphism which fixes all of C also fixes all of B, so
Gal(E/C) < Gal(E/B). If Gal(E/C) < Gal(E/B), then anything fixed
under all of Gal(E/B) is also fixed under all of Gal(E/C), so EG2(E/B) C
EGal(E/C) or B C (.

5. Suppose B is an intermediate field. If ¢ is an automorphism, then cGal(E/B)o ™!
fixes all of o(B), so it is contained in Gal(E/o(B)). But [B: F| = [¢B :
F], so
|Gal(E/oB)| = |Gal(E/B)| = |[oGal(E/B)o™!|,

" Gal(E/o(B)) = 0Gal(E/B)o~".

It follows that oGal(E/B)o~! and Gal(E/B) are distinct are distinct iff
o(B) and B are distinct since the transformation sending B to Gal(E/B)
from intermediate fields to subgroups of G has an inverse and is therefore
injective. It follows that Gal(E/B) has no conjugates in G other than
itself iff B has no conjugates in E other than itself. But the former is the
definition of a normal subgroup, and the latter is equivalent to B/F being
normal by Proposition so B is normal iff Gal(E/B) is normal in G.
Since B is contained in E, and every element of E is separable over F', we
have that B is separable over F', so if B is normal, then B is Galois by

Proposition [5.7}

6. If B/F is normal, then the image of B under any element of Gal(E/F') is
B since B has no conjugates other than itself, so the restriction of elements
of Gal(E/F) to B defines a homomorphism of Gal(E/F) to Gal(B/F).
The kernel is precisely those elements of Gal(E/F) which fix B, and this

homomorphism is onto since its image has order :g:ﬁg;g;: = {g g% =
[B: F] = |Gal(B/F)|.

O

7 Additional Facts

We continue with some useful facts that were not necessary for the proof of the
Fundamental Theorem.

Definition 7.1. A field F' is perfect if all of its finite extensions are separable.
Equivalently, all the irreducible polynomials in F'[z] are separable.

11



Over a perfect field, the splitting field of any polynomial is a Galois extension.
Example 7.2. The field Fy(z) is not perfect, as was shown earlier.
Proposition 7.3. Any field F' of characteristic O is perfect.

Proof. Suppose f(x) € F[x] is irreducible and inseparable. Then it has a mul-
tiple root, call it a. Therefore, f/(«) = 0. But f(z) is the minimal polynomial
for a, so f’(x) must be identically 0. But in a field of characteristic zero, this
means that f(x) is constant, so it certainly does not have multiple roots. O

Proposition 7.4. If E/F and K/E are Galois, then so is K/F.

Proof. We show that the fixed field of Gal(K/F) is F. Suppose 6 is fixed by
all of Gal(K/F). Then it is fixed by all of Gal(K/FE), so § € E. Then each
element of Gal(E/F) can be extended to an element of Gal(K/F'), since K is a
splitting field over E, so 6 is fixed under each element of Gal(E/F). It follows
that 6 € F because E/F is Galois. O

Definition 7.5. The compositum B U C of two intermediate fields B and C of
an extension F/F is the intersection of all intermediate fields containing both
of them. If H and K are two subgroups of a group G, the subgroup H U K is
defined to be the intersection of all subgroups of G' containing both of them.

Proposition 7.6. If E/F is Galois, and By,--- , By are intermediate fields,
then:

1. Gal(E/By)N---NGal(E/By) = Gal(E/By U---U By).
2. Gal(E/By)U---UGal(E/By) C Gal(E/By N ---N By).

Proof. 1. If 0 € Gal(E/F) fixes B1U- - -UBy, then it fixes B; for 1 <14 < k, so
it is contained in Gal(E/B;) for 1 <i < k, hence Gal(E/B;U---UBy) C
Gal(E/Bl) n---N Gal(E/Bk)

If o € Gal(E/F) fixes B; for 1
so Gal(E/B;) N ---N Gal(E/By,)
equality.

< k, then it fixes By U --- U By,

<1
C Gal(E/B;1 U -+ U By), showing their

2. If o € Gal(E/F) is in Gal(E/B;)U- - -UGal(E/By), then it is in Gal(E/B;)
for some 1 <4 < k, so it fixes By N---N By, and hence is in Gal(E/B; U
-+ U By).

O

8 Finite Fields

Lemma 8.1. If G is a finite group in which the equation ™ =1 has at most n
solutions for each n, then G is cyclic.
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Proof. Suppose that G is not cyclic. Let n; denote the number of elements of

G of order k. Then we have Z ng = |G|. Suppose that ny < ¢(k) for all k.
k[|G|

We have n g = 0, so

Gl=> < > o)< > olk)=1Gl

kGl k|Gl k#G] klIG|

a contradiction. Therefore, there is k such that ny > ¢(k). Let a € G have
order k. Then the k elements of the subgroup generated by a satisfy z* = 1.
But this subgroup has ¢(k) elements of order k, so there is another element of
G of order k not in this subgroup, which also satisfies ¥ = 1, so there are more
than k solutions to z* = 1 in G, a contradiction. It follows that G is cyclic. [

Corollary 8.2. Any finite subgroup of the multiplicative group of a field is cyclic
Proof. The equation 2™ = 1 has at most n solutions in any field. O

Lemma 8.3. If F is a field of characteristic p, then (a + b)P = aP + b for
a,beF.

!
Proof. The binomial coefficient (i) = A P for 1 <k < p—1is divisible

p—k)!
by p since there are no multiples of p in the denominator. Therefore, (a +b)P =

p
Zakb”_k (Z) =aP + P O
k=0

It follows that the map sending x to zP is an automorphism of the field F.

Definition 8.4. This automorphism is called the Frobenius automorphism of
F.

If |E| = p”*, then there is an element a of order p* —1. If we apply the Frobe-
nius automorphism fewer than &k times to a, we get an element distinct from a,
and if we apply it k times, we get a again. It follows that because a generates
E*, the Frobenius automorphism has order k. Since E has degree k over F,,, all
elements of Gal(E/F,) = C}, are powers of the Frobenius automorphism, and
E/F, is Galois. It follows that all extensions of finite fields are Galois (as they
are the splitting field of a separable polynomial).

For any positive integer k, we can construct the splitting field E of f(z) =
2P — 1z over F,. The derivative of this polynomial is —1, so it has no repeated
roots. Thus F has at least p* elements. Furthermore, the p* roots of this
polynomial form a subfield of F, and since f(x) splits in this subfield, it follows
that this subfield must be equal to E, so E has p* elements. Furthermore, if E
and E’ both have p* elements, then each is a splitting field for 2P — 2 over Fy,
so they are isomorphic. We have proved:

Theorem 8.5. There is a unique finite field of each prime power order p*,
denoted IF,i. Its Galois group over ¥, is the cyclic group of order k.

13



In fact, any finite field must have prime power order, as it is a vector space
over IF,,, where p is its characteristic.

Here is another proof of the uniqueness of finite fields of a given order,
which, although unnecessary, is a nice application of the Fundamental Theorem
of Galois Theory.

Proposition 8.6. If E and F' are two finite fields of the same order, then they
are isomorphic.

Proof. Let E and F be two fields of order p*, and say they are formed by
adjoining a root of the polynomials ¢ and r with degree k respectively. If they
are not isomorphic, then F does not contain a root of r, so we can form an
extension L of E that contains a root of . Then L contains both E and F. But
the Galois group of L is cyclic, and cyclic groups have at most one subgroup of
each order, so by the fundamental theorem of Galois theory, we have that there
is at most one subfield of a given order. This means that £ = F' as subfields of
L, so they are isomorphic. O

9 Gauss’s Lemma and Unique Factorization in
Ul[x]

Definition 9.1. If U is a UFD, then the content of a polynomial p(z) € Ulx]
is the greatest common divisor of its coefficients. A polynomial is said to be
primitive if it has content 1.

Any polynomial in U|z] can be uniquely expressed as an element of U times
a primitive polynomial, and this element of U is its content.

Lemma 9.2. If f(z),g(z) € Ulx] are primitive, then so is f(x)g(z).

Proof. Suppose f(x) and g(z) are primitive, and suppose f(x)g(z) is primitive.
Then there is a prime p € U[z] such that p divides all the coefficients of f(z)g(z).
Since f(x) and g(x) are primitive, p does not divide all the coefficients of either
of f(z) and g(x). Tt follows that when reduced modulo p, f(z) and g(x) are
nonzero, while f(z)g(x) is zero. But p is prime, so U/(p) and therefore U/(p)|x]
are integral domains, so f(z)g(z) is not zero, giving a contradiction. It follows
that f(x)g(x) was primitive in the first place. O

Definition 9.3. Let D be the field of fractions of U, and let p(z) € D[z]. There
exists a € Ulz| such that ap(z) € Ulx] (for example, take the product of the
denominators of the coefficients of p(x)). Define the content of p(x) to be the
content of ap(x) divided by a.

Lemma 9.4. The content of a polynomial p(x) € Dlx] is well defined up to
units, and if p(x) = af(x) for f(x) € Ulx] primitive, then a is the content of
p(z).

14



Proposition 9.5 (Gauss’s Lemma). Suppose p(x) € Ul[z] factors in D[z]. Then
it factors in Ulz].

Proof. O

Proposition 9.6 (Eisentein’s Criterion). Suppose p(z) = Y_}_,arz® € Ulx]
for which there exists a prime p € U such that p | ar for 0 < k <n—1 and
p? tag. Then p(x) is irreducible.

Proof. O

10 Cyclotomic Extensions

Definition 10.1. An nth root of unity is an element ¢ of a field F' such that
¢™ =1 for some positive integer n.

Definition 10.2. If F is a finite extension of Q obtained by adjoining a root
of unity, it is called a cyclotomic extension.

Since all nth roots of unity are roots of the polynomial z™ — 1, there are at
most n of them. Furthermore, the derivative of this polynomial is nz™~!, whose
only root is 0, which is clearly not a root of ™ — 1. Therefore, the polynomial
2™ — 1 has no multiple roots, and we can form a splitting field E of ™ — 1 over
a field F' which contains n distinct roots of 2™ — 1.

Furthermore, if ™ = "™ = 1, then (ab)™ = 1, so the roots of 2™ — 1 in any
field form a multiplicative group. If E has all the roots of ™ — 1, this is a finite
group of order n, and by Corollary [8:2]is cyclic. Each element of this group has
some order dividing n, and for each k | n, there are ¢(k) elements of order k
and k kth roots of unity.

Definition 10.3. A root of unity of order k is called a primitive kth root of
unity.

If we adjoin a primitive nth root of unity ¢, to a field F', then its minimal
polynomial divides ™ — 1, so we can imbed F({,) in the splitting field E of
™ — 1 over F. Then all the roots of ™ — 1 can be expressed as powers of (,, so
E = F((,). Since ™ — 1 has no multiple roots and is therefore separable, this
extension is always Galois.

It follows that if (; is a primitive kth root of unity sitting inside F, then
F((y) is a splitting field for 2% — 1 over F, i.e. the splitting field of z* — 1 sits
inside that of ™ — 1. This allows us to freely talk about kth roots of unity
sitting in the splitting field of ™ — 1 just as if they were in the splitting field of
xzk — 1.

Fix a primitive nth root of unity (, € E. Any automorphism of E must
restrict to an automorphism of the group of nth roots of unity, and such an au-
tomorphism must send primitive roots to primitive roots of unity. Furthermore,
any element of Gal(E/F') is determined by its action on (,, and therefore on the
subgroup of nth roots of unity. The automorphism group of a cyclic group of
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order n is isomorphic to (Z/n)”™, so Gal(E/F) imbeds in this group. We have
proven:

Proposition 10.4. If F is a field, and E = F((,), where (,, is a primitive nth
root of unity, then E/F is Galois and equal to the splitting field of ™ — 1 over
F, and Gal(E/F) imbeds in (Z/n)*.

It follows that Gal(E/F') sends primitive nth roots of unity only to primitive
nth roots of unity, and so the minimal polynomial of each primitive root of unity
has only primitive nth roots of unity as roots. It follows that the product of
x — (, for each primitive nth root of unity (, has coefficients in F. We define:

Definition 10.5. The polynomial &, (z) = H(w — (p) over all primitive nth
roots of unity (, is called the nth cyclotomic polynomial.

By definition, the polynomial ®,(x) has degree ¢(n).
Since the roots of ™ — 1 are those which have order k for some k | n, we get

" —1= H‘I)k(m).
k|n
For the rest of this section, we work over the base field Q.
Proposition 10.6. For all n, ®,,(x) has integer coefficients and is primitive.

Proof. We induct on n. For n =1, we have ®;(z) =z — 1.
Suppose the proposition is true for all n < m—1 > 1. The polynomial z"* —1
m

splits as H(x — (). By hypothesis, for each k | m,k # m, the polynomial

a=1
@ (x) has integer coefficients, content 1, and divides ™ — 1. The product

pix)= J] @)

k|lm,k#m

is therefore primitive with integer coefficients. We can thus write 2™ — 1 =
f(x)p(z) for f(x) primitive with integer coefficients, by Gauss’s Lemma. But

2" — 1=, (z)p(x),
so ®,,(z) = f(z), and @, (x) has integer coeflicients and is primitive. O
Lemma 10.7. If p* is a power of a prime in Z, then k() is drreducible.

Proof. The primitive p*th roots of unity are the p*th roots of unity which are

pk -1 p—1 ey
not p*~th roots of unity, so ®,x(z) = ikfl = Zx”’k . Now @, (z) is
z _
=0

irreducible iff @, (z + 1) is. Then

p—1

 k—
p(z+1)=) (z+1)7
=0



The constant term of ®,x(x + 1) is p, and the leading coefficient is 1.

Taking (mpk_l —1)®,k(2) = 27" — 1 and reducing both sides of this equation
mod p, we get (z — 1)pk71®pk () = (z— l)pk mod p. Since Z/p[z] is an integral
domain, we can conclude ®,x(z) = (z — 1)1916_”7971 mod p, so ®,x(z + 1)

27" 7" mod p. This means that all the coefficients other than the leading
coefficient of ®,x(x 4 1) are divisible by p. It follows by Eisenstein’s Criterion
that @« (z + 1) and therefore ®,« (z) are irreducible. O

By the above lemma, the extension Q((,)/Q, where (,« is a primitive p*th
root of unity, has degree ¢(p”*). Since the extension is Galois, this is the order
of its Galois group, so by Proposition the Galois group is isomorphic to

(Z/p*)*.

Theorem 10.8. The cyclotomic polynomial @, (x) is irreducible over Q for all
positive integers n.

Proof. Let E be the splitting field of 2™ — 1. Then E = Q((,), where (, is a
primitive nth root of unity. If we can show that E/F = |Gal(E/F)| = ¢(n),
then the minimal polynomial of ¢, over Q has degree ¢(n), and therefore ®,,(x)
must be this minimal polynomial, so ®,,(x) is irreducible.

Let (,, denote a primitive mth root of unity for all positive integer m. We
now prove by induction on n that |Gal(E/F)| = ¢(n), where E = Q((,). For
n =1, we have (,, = 1, so the result is trivial.

Now suppose the hypothesis is true for all n < k > 1. We prove the result
for n = k.

Let E denote the splitting field of * — 1 over Q. Suppose k factors as
pit - pit. Let m = %. Let F/Q denote the splitting field of ™ — 1, which, by
hypothesis, has degree ¢(m). Note that we can imbed F in E. If H = Gal(E/K)
and N = Gal(E/Q(Cpelzl )), then HN N is the trivial subgroup, since K and Cpil
together generate E over Q.

The product of two elements of a finite group with relatively prime orders
has order equal to their product, and by induction, the product Cpil "'Cp‘;k
has order n. If E; denotes Q(Cp;i), this implies that £; U---U By, = E. Let
G; = Gal(E/E;) < Gal(E/Q).

O

11 Ruler and Compass Constructions

12 Noether’s Equations and Hilbert’s Theorem
90

Definition 12.1. If G is a finite group of automorphisms of a field F, then
a mapping G — E* defined by o — z, for ¢ € G is said to be a solution to
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Noether’s Equations if for all o,7 € G, we have
To0(Tr) = Tor-

If z, is contained in the fixed field F' of G for all ¢ € G, then z,x, = T4,
so we have a character of G in F. Similarly, given a character of G in F', then
we have a solution of Noether’s Equations contained in F'.

Proposition 12.2. {z,},cq is a solution to Noether’s Equations iff there exists
@
a € E such that x, = —— for all o € G.

o(a)

Proof. If o € E, and z, = a , then

o(a)

Too ()

Il
N
q
SQ
——
[
TN
QA
N
——

(%

o(r(e))

= Zor

So then {z,},cc is a solution to Noether’s Equations.
Conversely, suppose {z, }sc¢ is a solution to Noether’s Equations.
By the linear independence of characters, there exists a € E such that

Z z;7(a) = a # 0. Then

T€G

zo0(a) = x,0 (ZmTT(a)>

It follows that z, = @ for all o € G. O

(o)
Definition 12.3. If E/F is a Galois extension, and « € E, we define the norm
NE/F(Oé) to be
I o

c€Gal(E/F)
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It follows that 7(Ng,p(a)) = Ng/p(a) for all 7 € Gal(E/F), so Ng/r(a) €
F. In addition, for a, 3 € E, we have Ng/p(aff) = Ng/p(a)Ng/p(8).

Corollary 12.4 (Hilbert’s Theorem 90). Suppose E/F is Galois with cyclic
Galois group of order n generated by o. Suppose a € E has norm 1. Then there
exists o« € E such that a = —.

a(a)
k=1
Proof. Let z 1 = H o'(a) for all integers k > 0. Note that this is well-defined
i=0
since Ng/p(a) =1, so
n+k—1 ) n+k—1 )
Il 7@ = Ngw@ [] o'
=0 i=n

n+k—1 )

= ][ 7@
S

= [
i=0
k=1

- [[o'@
i=0

Then
k—1 k—1
oot (z,) = H az(a)> ot <H al(a)>
=0

=  Tyl+k,

so we have a solution to Noether’s Equations. Then there exists a such that
o .-

—— by Proposition [12.2 O

o(a)

Corollary 12.5. Suppose E/F is Galois with cyclic Galois group of prime

order p, and suppose that F contains a primitive pth root of unity. Then E is

the splitting field of a polynomial of the form xP — a where a € F'.

a=2T, =

Proof. Suppose ( is a primitive pth root of unity. Then Ng,r(¢) = ¢? = 1, and
P
therefore there is an « € E such that { = % Then (a) =’ =1,s0

o(a) o(a)
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af = o(aP), so aP € E, but a ¢ F since = ( # 1. Since [E : F] is prime

@
o(a)
and [F(a) : F] > 1, we must have F(«) = E, so the roots of 2P — o generate
E, and this polynomial splits in FE because E/F is Galois, so E is the splitting
field of zP — aP. O

13 Solvability of Equations by Radicals

For the purposes of this section only, all fields are assumed to be
perfect. In particular, everything is separable, and all finite normal
extensions are Galois.

Definition 13.1. A group G is said to be solvable if there exists a chain of
subgroups 0 = Gg < G; < -+ < G, = G such that for 1 < i < n, G;_ is
normal in G;, and G;/G;_; is Abelian.

Note that Abelian groups are trivially solvable.

Lemma 13.2. Suppose f: G1 — G4 is a surjective homomorphism, and Ko <
H; < G. Let Ky and H, denote the preimages of Ko and Hy respectively under
f. Then Ky < Hy, and H /Ky = Hy/ K. In particular, |Hy /K| = |Hs/Ks|.

Proof. Restrict f to Hy, and compose it with the natural map Ho — Hs/Ko.
Call this map g. Since f is surjective, H; hits all of Hy and therefore all of
Hy /K. An element of H; goes to 0 under g iff its image under f is in K3, that
is to say, iff it is in K. Therefore, Hy /K1 & Hy/ K. O

Proposition 13.3. Suppose G is solvable. Then any quotient or subgroup of G
is also solvable.

Proof. Suppose H < G. We have a chain of subgroups 0 = Gp < G; < -+ <
G, = G such that for 1 <¢ < n, G;_1 is normal in G;, and G;/G;_; is Abelian.

If f; denotes the inclusion of H; into G;, and g; denotes the natural map of
G; onto G;/G;_1 for 1 < i < n. An element of H; is in the kernel iff it is in
H;NG;—1 = HNG;_1 = H;_1, so the image is isomorphic to H;/H;_1, and this
group must be Abelian because it is a subgroup of G;/G;_1. It follows that H
is solvable by the chain of subgroups 0= Hy < H; <.---< H, =H.

Suppose f: G — H is surjective, i.e. H is a quotient of G. We have a chain
of subgroups 0 = Go < G; < --- < G, = G such that for 1 <i < n, G;_1 is
normal in G;, and G;/G;_1 is Abelian. Let H; = f(G;) for 0 < i < n. Then
Hy =0, and H,, = H. Furthermore, if hy = f(g1) € H;, and ha = f(g2) € H;_1,
where g1 € G; and g» € G;_1, then hlhghl_l = f(glgggl_l) € H;_; since
glgggfl € G;_1 because G;_1 < G;. Therefore, H; 1 < H;.

Let g; denote the natural map H; — H;/H;—1 for 1 < i < n. Let f;
denote f restricted to G;, and let h; = g; o f; for 1 < i < n. Then this map
is surjective, and G;_; is contained in its kernel, so there exists a surjective
homomorphism G;/G;_1 — H;/H;_1, meaning that H;/H;_; is Abelian since
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G;/G;—1 is. Then the chain of subgroups 0 = Hy < Hy < --- < H,, = H gives
us that H is solvable. O

Proposition 13.4. Suppose N <G, and N and G/N are solvable. Then G is
solvable.

Proof. Since G/N is solvable, we have a chain of subgroups 0 = Gy < Gy <
-+ <G, = G/N such that for 1 <i <n, G;_; is normal in G;, and G;/G;_1 is
Abelian. If we let H; be the preimage of G; under the natural map G — G/N
for 0 <i <mn, then H;/H;_; is Abelian for 1 <i < n by Lemma Note that
Hy=N,and H, =G. Let 0 = Ky < K; <--- < K,, = N be a similar chain of
subgroups in N. Then the sequence of subgroups 0 = Ko < K; < --- < K,, =
N =Hy < H, <.--< H, =G implies that G is solvable. O

Proposition 13.5. The following are equivalent for a group G:
1. G is solvable.

2. There exists a chain of subgroups 0 = Gy < Gy < -+ < G, = G such that
for 1 <i<mn, Gi_1 is normal in G;, and G;/G;_1 is cyclic.

8. There exists a chain of subgroups 0 = Gy < G; < --- < G, = G such
that for 1 < i <n, G;_1 is normal in G;, and G;/G;—1 is cyclic of prime
order.

Proof. 1t is clear that 3 — 2 — 1.

We will first show by induction that any Abelian group A has chain of
subgroups as in 3. For |[A| =1 it trivially holds.

Suppose it is true for all |[A| < k > 1. Suppose |A| =k + 1. Since k+1 > 2,

there is a prime p | |A|, and by Cauchy’s Theorem, there is a subgroup N of A
of order p. Then N < A since A is Abelian, and |A/N| = kil <k+1. We
therefore have, by hypothesis, a chain of subgroups 0 = Gy < %‘1 <-.. <G, =
A/N such that for 1 < i < n, G;_1 is normal in G;, and G;/G;_1 is cyclic of
prime order (or trivial). If we let N; be the preimage of G; under the natural
map A — A/N for 0 < i < n, then we have that N;/N;_1 is cyclic of prime
order for 1 < i < n by Lemma Furthermore, Ny/0 = N is cyclic of order
p, so we have our desired chain of subgroups 0 < Ng < N; <--- < N, = A.
Now suppose G is solvable with a chain of subgroups 0 = Gy < G; < --- <
G,, = G such that for 1 <14 <n, G;_1 is normal in G;, and G;/G;_; is Abelian.
Let 0 = HiO < H“ < <Z Hiri = Gi/Gi,1 for 1 < ) < n, where Hij/Hi(jfl) is
cyclic of prime order for 1 < j <7;. For 1 <¢ <nand 0 <j < let K;; be
the preimage of H;; under the natural map G; — G,;/G;_1. Then K;o = G;_1,
Kir, = Gy, and K5/ K;(;_1) is cyclic of prime order for 1 <i <nand1 < j <r;.
It follows that 0 = Gg = G190 < G11 < --- < Glrl =G =Gy <Gy <+ <
< < Gpo £ Gp1 £ --- < Gy, = G, = G is the desired chain of subgroups. O
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Definition 13.6. An extension F/F is said to be radical if there is a sequence
of intermediate fields F = Ey C E; C --- C E,_1 C E,, = E such that for
1 < i < n, the extension E; is the splitting field over E;_; of a polynomial
x" —a for a € F;_1. Such an extension is Galois by Proposition @

Definition 13.7. A polynomial p(x) is said to be solvable by radicals over F
iff the splitting field E of p(x) can be imbedded in a radical extension of F'.

Lemma 13.8. A radical extension has a solvable Galois group.
Proof. O

Theorem 13.9. The roots of a polynomial p(x) € Flx] can be obtained by
adjoining radicals iff Gal(E/F), where E is the splitting field of p(x), is solvable.

Proof. If E can be imbedded in a radical extension R of F. Then Gal(E/F) is
a quotient of Gal(R/F), which is solvable, so by Proposition [13.3} Gal(E/F) is
solvable.

Conversely, suppose Gal(E/F) is solvable. Let K = E((,), where n is the
product of the prime factors of |Gal(E/F)|, and (, is a primitive nth root of
unity. Note that K/F' is Galois by Proposition since K/FE and E/F are
both Galois, the former by Proposition If we let L = F((,), then there
is an injection from Gal(K/L) into Gal(E/F) by restricting to E, since if an
element of Gal(K/L) is constant on E, then it is constant on K too. It follows
that |Gal(K/L)| | |Gal(E/F)|. In addition, Gal(K/L) must be solvable.

By Proposition [13.5, we have a chain of subgroups 0 = G < G; < --- <
G, = Gal(K/L) such that for 1 < i < n, G;_1 is normal in G;, and G;/G;_1
is cyclic of prime order. For 0 < i < n, let K; = K% so that Ky = K, and
K, = L. Then K, /K, is a Galois extension of prime order p for 0 < i <n—1.
This prime order divides Gal(L/K) and therefore Gal(E/F'), so by assumption,
L, and therefore K;, contains a primitive pth root of unity. By Corollary
K41 is the splitting field of a polynomial 2P — a for a € K;. Since L is the
splitting field of 2™ — 1 over F, it follows that K/F is a radical extension by the
sequence of intermediate fields FF C L C K,,—1 C ---,C K. Then since E/F
can be imbedded in K/F, the polynomial p(z) is solvable by radicals. O

Lemma 13.10. The groups A, and S,, are not solvable for n > 5.
Proof. O

Corollary 13.11. There exists a polynomial over Q of degree 5 which is not
solvable by radicals.

Proof. The polynomial 2 — 10z — 5 is irreducible by Eiseinstein’s criterion. If
we adjoin one root, we get an extension of Q of degree 5, so its splitting field
has degree divisible by 5. Then the Galois group must have an element of order
5, and the only elements of order 5 in Sy are the 5-cycles, so the Galois group
contains a 5-cycle. In addition, this polynomial has exactly 2 imaginary root, so
complex conjugation is an automorphism which permutes these two. Since the
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Galois group contains a 2-cycle and a 5-cycle on the roots of the polynomial, it
must contain all permutations of the roots and be isomorphic to S5. But S5 is
not solvable, so the roots of this polynomial cannot be imbedded in a radical
extension of Q, and hence cannot be expressed in terms of iterations of radicals
of elements of Q. O

14 Kummer Theory

We begin by stating without proof:

Theorem 14.1 (Fundamental Theorem of Finite Abelian Groups). A4 finite
Abelian group can be uniquely represented as a product of cyclic groups

C(h@"'@cqw

where ¢; | ¢iv1 for 1 <i<t—1.

Definition 14.2. If o7 and o5 are two characters from a group G into a field F,
we define their product to be the character sending each g € G to o01(g)o2(g).
In this way, the characters form a group, with identity equal to the character
sending all of G to 1 € F.

Proposition 14.3. If A is a finite Abelian group of exponent m, and the field
F contains a primitive mth root of unity, then the group of characters from A
into F' is isomorphic to A.

Proof. First assume A is cyclic of order m, and let (,,, € F be a primitive mth
root of unity. O

15 Artin-Schreier Extensions

16 Primitive Element and Normal Basis Theo-
rems
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