Math 113 Homework 8

David Corwin

April 3, 2019

There are five problems due Wednesday, April 10.

1. Let R be a commutative ring.

(a) Let a € R, and set aR = {ar | r € R}. Prove that aR is an ideal.
(This is known as a principal ideal.)

(b) If I and J are ideals of R, show that I NJ is an ideal.

(¢) In the case that R =2, I = nZ, and J = mZ, what is I N J?

2. Let R be a non-trivial commutative ring.
(a) Prove that if I C R is an ideal, then 1 € I if and only if I = R.
(b) Prove that R is a field if and only if its only ideals are {0} and R.
3. Let Qv2] = {a+bV2 | a,b € Q}.

(a) Prove that Q[v/2] is a subring of C,
(b) Prove that it is in fact a field.
4. Let R be a ring. We say that r € R is idempotent if r? = . Show that if

R is a ring in which every element is idempotent, then R is commutative,
and r +r = 0pg for all r € R.

5. Let R be a commutative ring. We say that r € R is nilpotent if there is
n € N such that r" = 0g.

(a) Show that the set of nilpotent elements of R forms an ideal.
(b) Find the set of nilpotent elements of R = Z/2700Z.



