OVERDAMPED QNM FOR SCHWARZSCHILD BLACK HOLES

MICHAEL HITRIK AND MACIEJ ZWORSKI

ABSTRACT. We show that the number of quasinormal modes (QNM) for Schwarz-
schild and Schwarzschild—de Sitter black holes in a disc of radius r is bounded from
below by cr3, proving that the recent upper bound by Jézéquel [Je24] is sharp. The
argument is an application of a spectral asymptotics result for non-self-adjoint oper-
ators which provides a finer description of QNM, explaining the emergence of a dis-
torted lattice and generalizing the lattice structure in strips described in [SAZw97] (see
Figure 1). As a by-product we obtain an exponentially accurate Bohr—Sommerfeld
quantization rule for one dimensional problems. The resulting description of QNM
allows their accurate evaluation “deep in the complex” where numerical methods
break down due to pseudospectral effects (see Figure 2).

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Mathematical study of quasinormal modes (QNM) for Schwarzschild black holes
was initiated by Bachelot-Motet-Bachelot [BaMB93]. It remains a topic of interest in
physics and mathematics — see for instance the recent references [Ca”18] and [GaWa21];
one can find there pointers to the vast literature on the subject. In this paper we
consider a purely mathematical question of global lower bounds on the number of
quasinormal modes for Schwarzschild (S) or Schwarzschild—de Sitter (SdS) black holes.
Our motivation comes from a recent paper by Jézéquel [Je24] who proved a global
upper bound for the number of quasinormal modes for SAS black holes: if we denote
by QNM(m, A) the set of quasinormal modes for an SdS black hole of mass m with
the cosmological constant A (see §2), then we have

IQNM(m, A) N D(0,7)] < C(m,A)r®, 0< A< # (1.1)
(Following the practice in many maths papers we do not distinguish between the modes
as corresponding eigenstates and modes as the corresponding frequencies.)

The proof of (1.1) was based on Vasy’s method for the study of quasinormal modes
(see [Val3], [DyZw19, Chapter 5] and also [Zw16] for a brief self-contained presenta-
tion), combined with microlocal analytic techniques developed by Guedes Bonthon-
neau and Jézéquel [GBJe25]. Vasy’s method reduces the study of quasinormal modes

to invertibility of a family of Fredholm operators and provides an effective way to
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FIGURE 1. A comparison of numerically computed QNM in [Jal7, Fig-
ure 6] for the case of m =1, A = 0 and the leading term in the semiclas-
sical expression for QNM (1.3) given by (1.6). Even at large values of
h=(+ %)_1 = %, %, %, %, one sees a reasonable agreement as well as the
emergence of the distorted lattice deeper in the complex (as opposed to
the lattice in strips described in S& Barreto—Zworski [SaZw97]).

meromorphic continuation. Since our paper is based on a reduction to one dimen-
sional problems we can proceed more directly using the method of complex scaling
(see §2). The method of complex scaling and Vasy’s method, when applicable, pro-
duce the same sets of quasinormal modes. We point out that regardless of the method
used, a complex number o is a QNM if and only if there exists a nontrivial outgoing
mode solution u at that frequency. Moreover, the outgoing condition is equivalent to
the smoothness of e~**u across the future event horizon (and the future cosmological
horizon when A > 0). We refer to [HiXi21] for a discussion of these issues.

We recall from [SaZw97] that for A > 0, QNM(m, A) is a discrete set, while for A = 0
(S black hole) the situation is more complicated and was described only recently by
Stucker [St24]. However we have

Theorem 1. V For 0 <t < 1 and 0 < A < 1/9m?, let Ay(r) == {} : 1 < |A] <
r,arg A > —t}. Then, there exist c(t,m,\) > 0, such that, as r — oo,

|IQNM(m, A) N Ay(r)| = c(t,m, A)r® + o(r?) (1.2)

When A = 0 the asymptotic equality in (1.2) should be replaced by >.

In particular, this shows that Jézéquel’s estimate is sharp. Theorem 1 is a conse-
quence of a more precise result about the distribution of quasinormal modes obtained
from a one dimensional spectral result in §5. Theorem 2 below generalizes the result
of S& Barreto—Zworski [SaZw97], which was based on the work of Sjéstrand [Sj86] (ap-
plied in the special 1D case). We remark that the more subtle case of QNM in strips
for Kerr—de Sitter black holes was analysed by Dyatlov [Dy12]. The constant ¢(t, m, A)
can be computed using the function Gy appearing in Theorem 2 — see (1.5).
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For a recent physics perspective on global counting (Weyl) laws for the number of
QNM and numerical results we refer to Jaramillo et al [Ja*].

A finer description of quasinormal modes is based on the spectral analysis of the com-
plex scaled (see §2.2) Regge—Wheeler potential (see §2). The main point is that for each
angular momentum ¢ we obtain the description of quasinormal modes, QNM,(m, A),
with ImA > —tf, 0 < t < 1 and with e~ accuracy (though that level of finery
is irrelevant for Theorem 1). In particular, this gives a mathematical description of
the deformed lattice seen in numerical calculations. For smaller neighbourhoods of
the real axis (Im A > —|A|'™% for any § > 0), Iantchenko [Ia17] used the results of
Kaidi-Kerdelhué [Kal{e00] to describe quasinormal modes with O(({\)~>°) accuracy.

Theorem 2. For 0 < A < 1/9m? and ¢ > 1, the quasinormal modes (of multiplicity
204 1), with || > col (for any positive c¢y) and arg A > —60, 0 < 0 < 1, are given by

Aew =h7'G@2r(n+ Hhih), h:=(C+3)"", neN, Glxih)~) Gja)h
j=0

(1.3)
where the functions G; are holomorphic near 0 and satisfy bounds |G;| < A5l A >0
(that is, G is an analytic symbol), Gy — Gy(0) is the inverse of a complex action (see

Theorem A.2) and G; = 0.

Remark. Just as in the self-adjoint case for Schrodinger operators with h-independent
potentials (see [CdV] for a clear presentation) we expect Go;+1 = 0 but as our proofs
work for more general operators we restrict ourselves to showing that G; = 0. That
holds for all operators with 0 subprincipal symbol.

The definition of Gy as the inverse of a complex action (see Theorem A.2) gives
(1 — 9Am?)z ( )
— (1 - = —|— @) 1.4
ol (1 5+ 0 (1.9
which describes the lattice of QNM from [SAZw97].

To calculate the constant in (1.2) we consider the following simplified expression
with the same leading asymptotics:

Go(l‘) =

o0

N (r) =Y 20+ D)n: [f(n/O)] < vt arg f(n/l) > —t}],

=0
where f(z) = Go(27z) = co(1 — iz + O(2?)). We then have

/ (20+1 f/ﬂ{f(x )<er1 arg f(2)>—t} (T )dwdl
0

/ / (20 + 1)0dtda = 2r / ()P
arg f(x)>—t JL<r/f(x) arg f(z)>—t

| Z
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Substituting f(x) = Go(27x) gives the constant in (1.2) as

1 ds
c(t,m,\) = —/ —
3m arg Go(s)>— ’G0(5)|3 (15)

For A = 0 and m = 1 additional terms in the expansion of G are calculated by
Mathematica as follows:

1 i 5a° 23512 N 177952" N
3v3  6vV3m 432372 93312373 40310784+/374

Go(z) (1.6)
Despite the mathematical assumption on the smallness of the semiclassical parame-
ter h, the asymptotic formula (1.3) is effective starting with ¢ = 1 — see Figure 1. The
terms G; are in principle computable, and using different methods and conventions
similar expansions have been proposed in the physics literature as early as [IyWe87].
For an interesting recent physics perspective, see [AAH22] and reference given there.
Here we remark that as G in (1.3) is an analytic symbol, the usual truncation of the
expansion at j = [(eAh)™!] approximates A, ¢ up to errors of the size e~®¢ — see §3.

Theorem 2 is an immediate consequence of a more general semiclassical Theorem
3 about spectra of analytic non-self-adjoint operators satisfying suitable ellipticity
conditions near infinity. It differs from the results of Hitrik [Hi04] by changing the
class of operators and by providing analyticity of the expansion. Rather than using
exact WKB methods specialized to one (complex) dimensional holomorphic equations,
we use general methods of analytic microlocal theory [HiSj15], [Sj82] and the essential
one dimensional feature is the use of Vey’s theorem [Ve77] (holomorphic and symplectic
version of Morse lemma) in (phase space) dimension two. It then provides a geometric
interpretation of Gy in (1.3) as the inverse of a holomorphic action.

For regular energy levels, the recent thesis by Duraffour [Du24] provides Bohr—
Sommerfeld quantization rules with analytic symbols in the same way as is done in
Theorems 2 and 3 for fixed neighbourhoods of critical levels. We also remark that using
methods developed by Hagedorn and Joye, Toloza [To01] obtained an exponentially
accurate description of a fixed number of lowest eigenvalues for Schrédinger operators
with real analytic potentials having non-degenerate minima.

Outline of the proof. In §2 we use the complex scaling method (see [DyZw19,
§4.8] for pointers to the literature) as presented in [Sj96, §5], to reduce the problem
of finding quasinormal modes to finding eigenvalues of an analytic non-self-adjoint
operator Q(x, hD,;h) which is elliptic at 0 energy (in the semiclassical sense) except
at (z,£) = (0,0) (see Lemma 2.2). Near that point, the principal symbol of this
operator is (essentially) given by

q(x,8) = p(& + %) + O(|zf’ + [¢F), = —i. (1.7)
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FIGURE 2. The top plot shows the spectrum of the rotated harmonic
oscillator —h29? + iz* used by Davies and Embree-Trefethen [TrEm05,
1.5] to illustrate spectral instability for non-normal pseudodifferential
operators. The eigenvalues (explicitly given by e™/*h(2n + 1)) are com-
pared to eigenvalues computed numerically using the basis of the first 151
Hermite functions (eigenfunctions of —h29? + x?). This illustrates the
fragility of eigenvalues “deep in the complex”. The bottom plot shows
a calculation of QNM for m = 1, A = 0 and ¢ = 20 using the Mathe-
matica code [Jal7]. We again see divergence from the (mathematically)
established result (modulo the issues of the size of the region).

The result then follows from a general result presented in §5 which holds under more
general assumptions (5.1). We present the main steps in the case of (1.7), avoiding
various technical issues which require subtle modifications. The general strategy fol-
lows Helffer—Sjostrand [HelSj89] (self-adjoint case) and Hitrik [Hi04] (description of
the spectrum mod O(h*°) and slightly stronger assumptions) but we try to make all
the arguments as explicit as possible.

To that end, §3 presents the needed results about analytic symbols (an example of
one is given by G(x;h) in (1.3)) and their quantization as formal pseudodifferential
operators. The key results are Proposition 3.2 which provides a variant of the method
of averaging (with [HiSj08, Proposition 3.2] being a crucial component) and Lemma
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3.4 which, in a suitable sense, writes quantization of g(z* + &% h) as G((hD,)? + z%; h)
(this ultimately allows the quantization rule akin to (1.3)).

All the analysis is ultimately done “on the FBI transform side”, that is, after ap-
plying an FBI transform

Thu(z) = /ei‘p(z’x)u(m)dx, T: L*(R) = Hg,(C), Po(2) := 1|2

o(z,7) =i (%zQ — V2 + gﬁ) . Hay(C) := LA(C, e **/*dL(2)) n 6(C).
As reviewed in §4.1 we then have
ThQ(xa tha h)” = P(Z, hD27 h)Thu7 P(Za th; h) : HCDO((C) - H<I>0<C)'

(We neglect here the Sobolev orders, see (4.4).) The operator P = P(z,hD,;h) quan-
tizes P(z,(;h), (2,C) € Ag, := {(2,(2/1)0.P¢(2)); 2 € C} which is the image of T*R
under the complex canonical transformation, (z, —¢.(z,2)) — (z, ¢.(z, x)), associated
to Tp. From (1.7) and the standard (and easy to check) fact

Th((hD,)* + 2*)u = (22h0. + h)Tyu,
we see that the principal symbol of P is given by

p(2,¢) = 2uizC + O(|z]* + [¢]?), (2,¢) € Ag,.

We also note that the spectra of P and @ on Hg,(C) and L?*(R), respectively, are the
same. The fact that Q(z,&; h) extends to a complex neighbourhood of T*R (the key
analyticity assumption) shows that the operator P(z,hD,;h) is bounded, uniformly
as h — 07, on Hg(C) where ® is a compactly supported perturbation of ®y. Since
there is no change near infinity, the spaces He(C) and Hg,(C) are the same but with
different (h-dependent) norms. All of this is presented in complete detail in §4.1.

The key component now is Vey’s Morse Lemma [Ve77], [CAVV79] which, in our spe-
cial case, is proved in the appendix. It gives a holomorphic canonical transformation,
K, defined near 0 € C?, such that x*p(z,¢) = g(2i2¢). To quantize it we need a the-
ory of local Fourier integral operators on the FBI transform side and that is reviewed
in §4.2 (necessarily without all the proofs and relying on specific references to [Sj82],
[HiSj15], and [Leb85]). In this outline we will pretend that x is defined globally. Then

R(A@)) = Ag, Ii*p(z, C) = g(2iZ<)7 (18)

for some strictly convex weight ® which is close to ® (only the behaviour near 0 € C
ultimately matters). The canonical transformation « is quantized by a Fourier integral
operator A : Hy, — Hg (see Proposition 4.5) which comes with a (microlocal) inverse
B: Hy — Hg,. In view of (1.8), the principal symbol of BPA : He, — Hg, is given
by ¢(2iz¢). Using Proposition 3.2 and Lemma 3.4 we can modify A and B so that,
modulo exponentially small errors and microlocally near 0 € Ag,, BPA is equivalent
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to G(2zh0, + h; h), for an analytic symbol G = g + O(h) — see Proposition 5.2 for
the precise statement. If these were global, we would immediately conclude that the
spectrum of P and hence of @, is given by G((2n + 1)h; h). In practice, localization
arguments are needed: since we are in a non-self-adjoint situation, construction of
quasi-modes does not suffice for the existence of eigenvalues. That is carried out in §5
using a Grushin problem obtained from eigenstates of 2zhdz + h, 2", n < ¢o/h. This
gives an exponentially accurate description of the spectrum of () in a fixed neighbour-
hood of 0. In the special case of the (complex scaled) Regge-Wheeler operator we
obtain Theorem 2 and consequently Theorem 1.

Acknowledgements. We would like to thank Justin Holmer and Zhongkai Tao for
their generous help with Mathematica which led to the calculation (1.6) and to Fig-
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the relation between Vasy’s method and complex scaling.

2. REGGE-WHEELER POTENTIALS

In this section we review the definition of quasinormal modes for Schwarzschild and
Schwarzschild—de Sitter black holes using the method of complex scaling.

2.1. Complexified Regge—Wheeler potentials. We recall the Regge-Wheeler po-
tential defined for 0 < A < 1/9m?, [S4ZwI7, §4],
V() = a(r)r 2(((C+ 1) + 10, (a(r)?)),
92 (2.1)
2'(r)=a(r)? alr)?=1- Tm — 1Ar%

We recall also that
-1
2 r—H(r —2m), A =0,
or)” = { %A?ﬁl(r —ro)(r—r_)(ry —r), A>0,

where 79 < 0 < r_ < ri. We have z : (2m,00) — (—00,00) (A = 0) and z :
(r—,ry) — (—o00,00) (A > 0) and the transformations are unique up to additive
constants. Explicitly, for A = 0,

z(r) =r+ 2mlog(r —2m), 2m <r < oo,

2.2
r(z) :=2m + 2mW, (e(z/Zm)’l/Qm) , (22)
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where Wj is the first branch of the Lambert W-function, Wy (te') =¢,t > 0. For A > 0,
z(r) = aglog(r —ro) + a_log(r —r_) + aylog(ry —r), r— <r <rg,

where Fay,ag > 0 and we choose the principal branch of the logarithm (real on the

positive real axis).

The transformation r +— x(r) is holomorphic and conformal for r in open neigh-
bourhoods of (2m,o00) C C\ {2m} and (r_,r;) C C\ {r_,r.}, for A=0and A >0,
respectively, and we have a unique inverse r = r(z), for z in a neighbourhood of R C C.
For A =0 and |r| > 2m,

2 Am?
x(r) =r+2mlogr+2mlog (1 — _m) =r+2mlogr— ﬁ+ , largr| <60 <m,
r T
which produces a holomorphic inverse
= & log’ z
T(l’):$—2m10gl’+;;CH . ’$‘>>17 ‘argx’§0<7r.

Let A, denote the logarithmic plane branched at r, that is, the Riemann surface of
r= f(z) :=r+expz, f:C— A, bi-holomorphically. Suppose 7 : A, — C\ {r} is the
natural projection and consider D, C A, defined by |7 (r)| < p.

If we take r = 2m and A = 0, then for p sufficiently small x : D, — Q, D H, := {z:
Rex < ¢plog p} is a bi-holomorphic map. We then have an inverse r = r(z) defined
in H,. We note that a(r)?r~? is holomorphic in D, and goes to 0 as |r] — 0. We
conclude that

a(r(z))?*r(z) 2 € O(H,), afr(z))’r(z)?—=0, Rex— —oc0.
(In fact the decay is exponential though this is not relevant in this paper.) The same
property is valid for r='9,(a(r)?)|r=r(x)-

The same arguments work for A > 0 where we consider the logarithmic planes A,
with ri corresponding to x = *oo. We summarize these results in the following
lemma, see also [SaZw97, Proposition 4.1],

Lemma 2.1. In the notation of (2.1) define the semiclasssical Regge—Wheeler potential
as

Wz, h) = ((+ 1) 7?Vi(z) = Wo(z) + B*Wi(z), h=(+1)" (2.3)

Then for 0 < A < 1/9m?, the potentials W;(x) have holomorphic extensions to Qg5 =
{z:|Imz| < d,|z| <2/6} U{z: |arg(£z)| <b,|z| > 1/d}, and

W; € 0(Qys), Wi(z) =0, |z] = o0, z € Qyg, (2.4)

where 0 < 0 <7m/2 and 0 < § < &y (for some &y > 0).
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Remark. We did not evaluate dy as in the application we will use Lemma 2.1 only for
small #. But it might be interesting to investigate large angle global complex scaling

for W(zx, h).

2.2. Complex scaling. Quasinormal modes, or scattering resonances, for the opera-
tor P = (hD,)? + W {(z,h) are defined by considering P as a holomorphic operator in
Qg,5, 0 < Oy < /2 (see Lemma 2.1) and restricting it to a contour I'y. Resonances of
P in arg A > —20 are then the eigenvalues of Py := P|r,. We refer to [S]96, §5] and
[Sj02, §7.2] for the presentation of the method in a way applicable to our operator.

The choice of T'y is tailored to the structure of the potential and we start by putting

V(z) = a(r(z + 20))’r(z + 20) "2 — a(r(zg))*r(x) 2, (2.5)
where r(z) is the unique critical point of a(r)*r~2. We then have
V(z) = —coz® + O(x*), ¢g >0, 2V'(z)<0, z#0. (2.6)
With Q = Qs of Lemma 2.1 we have V € €(Q2), V| real valued, and
V(z) = —Ey, |z|] =00, €8, Ey:=a(r(z))*r(re) > 0. (2.7)
We put
Fy={(1+i0)z;2 € R} CC, 0<0K1, (2.8)

and notice that
T*Ty = {((1 +i0)z, (1 +i0)7'¢); (z,&) € R*} C C%.
Letting
pla,&) =& +V(z), (2,6 €QxC,
we shall be concerned with ellipticity properties of the scaled symbol
po(x, &) = plrr, = (L +i0)')* + V(x +1i0x) = (1 — i0)n)*> + V(z + i0z), (2.9)
for (z,£) € R?, where
n:=(1+6%)7"¢ (2.10)

To this end, we first make the following well known observation concerning the global
ellipticity of py near infinity. First, in the region where

TER, | 221+ V@), (211)
we have using (2.9), (2.10),
oz )l = n* = [Vlzw@ — 12 58" = VL) — 1 > 3¢
>1(1+¢%).
We choose ¢y independent of # so that
|(1—i60)*n* — 1] > cof(1+ &%), E€R. (2.12)
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This is clearly possible for [£] > 4, and in the region where |£| < 4, we write
[(1—i0)*n* — 1| = [1—i0]*|n* — (1 —i0) 2| > |n* — (1 +i0 + O(67))?]
=|n* —1—2i0 — O(6*)| > cob
showing (2.12).
Now, let M (6) be chosen large enough so that
2] > M(0) = |V (z + ibz)| < 300, ¢ >0,
and ¢y is independent of . Then for £ € R and |z| > M (),
po(x, &) > (1 —i0)*n* — 1| — |V (z + ibz)| > cof (1+ &) — |V (z + ibz)]
> %009 (1 + 52) )
We conclude that there exist constants L > 0, independent of 0 < 6 < 1, and
M (#) > 0, depending on 6, such that letting

K(0) :=={(z, &) : [z| < M(0), || < L},
we have

(@, )] > 5eof(1+&%),  (2,6) € R*\ K ().

We next claim that we can choose 0 < 6§ < 1 small enough so that

po(z,§) =0, (x,€) € K(0) = (z,£) = (0,0). (2.13)
To verify (2.13), we use Taylor’s formula for z € R:
. !/ . 1 " - 2 (Zex)g ! 2y .
V(z+ibz) = V(x)+V (x)z@m—l—EV (x)(i0x) +T (1—t)*V"(x+ithx) dt, (2.14)
- Jo
and therefore
Im (V (z + i0z)) = 02V (z) + O(6% |z]*), (2.15)

where the implicit constant is independent of §. We get, combining (2.9), (2.10), and
(2.15),

Im (po(, €)) = =20(1 + O(6°))&* + 02V'(z) + O(6° |« ]*). (2.16)
Here we know, in view of (2.6), that
V' () = —2co2 + O(|z]*), = =0, (2.17)
and we get, using (2.16), (2.17),
Im (po(z,€)) = —20(1 + O(6?))€2 — 20coz® + OO |z)*), = — 0. (2.18)

It is therefore clear that there exists 6 > 0 small enough, independent of 0 < 6 < 1,
such that we have for |z| <4, £ € R,

[po(, )| = [Tmpy(z, €)| > 262 + &7), (2.19)

for some ¢; > 0 independent of 6.
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It only remains to check that no zero of py can occur in the region ¢ < |z| < M(0),
|€] < L. To this end assume, seeking a contradiction, that py(z,&) = 0 for some (z, &)
with (z,&) € K(0), |x| > 4. It follows that, using (2.14) again,

0 = Im (py(z,¢))

= —20(1+ O(6*)E* + 02V’ (2) — o [ (2.20)

: 0

It follows from the Cauchy estimates that the last term on the right hand side of (2.20)
is O(6), uniformly for z € R, 6 > 0, small enough, and we get

20(1 + O(6%))€? = 02V'(z) + O(0%) < O(F*) = |¢] = O(0). (2.21)
Here we have also (2.6). We next write, using (2.9) and (2.14),
0 =Re (pp(z,¢)) = (1= 0%)n* + V(2) — 3V"(2)(0z)* + O(F?), (2.22)
and using the Cauchy estimates again, we get
0=TRe(ps(z,€)) = (1 —0H)n* +V(z) — 1+ O(6?). (2.23)
We obtain, using (2.10), (2.21), and (2.23),
—V(z) = (1 - 61"+ O(0*) = 0(6?). (2.24)
Here we recall that |z| > ¢, for some ¢ > 0 independent of 6. It follows that

0 < inf (~V(y)) < O®6?), (2.25)

ly|>6

which gives a contradiction for # > 0 small enough.

We proved

Lemma 2.2. Let V be given in (2.5) Then, there exists 0 < 0 < 1 small enough such
that the scaled symbol

po(,€) = (1+i0)7'€)* + V(z +ibz), (z,¢) € R?, (2.26)

satisfies
16(0,0) =0, dpy(0,0) =0, —Impy(0,0) positive definite,

and for each € > 0 there exists § > 0 such that

|(2,8)] > e = Ipo(z, )| = 6(1 +€7), (x,€) €R?. (2.27)
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2.3. Resonance free regions. The quasinormal modes );,, in Theorem 2 are given
by the square roots of the eigenvalues of Py,

Py=Plr,, P:=(hD,)*+W(z,h), h=({+1" (2.28)

multiplied by 47!, see Lemma 2.1 and §2.2. We now explain why to obtain the theorem
we only need find eigenvalues in the region {|z — Wy(zo)| < 0}, for 6 > 0 sufficiently
small but fixed, where x( is the critical point of W,. Suppose that 0 < E satisfies
|[Wo(xg) — E| > 0. Then, as W, has a unique maximum at z, the energy level E is
non-trapping for p := &2 + Wy(x) in the sense that p~*(F) C T*R is connected and
unbounded. Since W is globally analytic it follows that

deg,ho  Spec(Pp)N{z:|z—E|<e} =0, 0<h< hg, (2.29)

see [Sj02, §12.5] for a self-contained presentation and references. Taking the square
root and rescaling by h = 1/(¢ + 3) implies that for any (small) co, d > 0 there exists
to such that

QNM,(m, A) N U(co, 6, t0) =0,  Eo = (Wo(x0))"?,
U(co, 00, t0) == {A : Re X € [col, (Eo — 60)l) U [(Eo + 00)¢, €/col, ImNg > —tgRe A}.

To see that

QNM,(m,A) N {X: ReX € [{/cy,0), Im A\g > —toRe A} =0, (2.30)
we need a different choice of h in the passage from the Regge-Wheeler equation D? +
Vi(x) (see (2.1)) to (hD,)? + W {(z, h). For that we write
P—z=h}D2+Vi(x)—N?) = (hD,)* + K*({+ 2)°Wo(z) + I*Wi(2) — 2z, z:= (Ah)>.
If h < ((+3)7'Ey'(1—0), § > 0, then the energy level z = 1 is non-trapping for
P. Hence, as in (2.29), there exists ho and €y, such that if h < (¢ + 1)7'EF (1 - 6),

¢ > 1, then P has no resonances z (elements of the spectrum of ) for |z — 1| < &y.
We now take 1/h =Re > ({ + 3)Ey/(1 — 6) and that gives (2.30).
This shows that to obtain Theorem 2 it is sufficient to describe the eigenvalues of

Py near Wy(zo), the maximal value of W.

When A > 0 we can replace ¢y by 0 and then Theorem 2 implies (1.2) in Theorem
1. This follows from [SaZw97, Proposition 4.4, (4.9)] and the fact that for A > 0
quasinormal modes form a discrete set in C (see [SaZw97, §2] and also the careful
presentation in [BHOS]).

Remark. The same conclusion should be valid for the case of A = 0, but as far
as the authors are aware, there is no mathematical argument for the discreteness of
QNM(m,0) in {\ : Im A > —ty| Re A|} and for

QNM,(m,0) N {|Re\| < cof,Im A > —tgRe A} =0, 0 < co,to < 1.

The latter would be needed to obtain (1.2) for A = 0.
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3. ANALYTIC SYMBOLS

A (formal) classical analytic symbol in an open set Q C C¢ is a (formal) expression

a(z;h) = thak(z), ap € 0(92),

VK €Q3C =C(K) |ap(z)| < C*"'kF 2 € K, k=0,1,2,....

(3.1)

Since all the symbols we use are classical, from now on we will drop that specification.

For open Q; €@ Q we have a realization of a(z;h) on € given by the following

holomorphic function:
[(eC(Q1)R)~"]

ag, (z;h) == Z ar(2)hF. (3.2)
k=0
If Q1 C Qy € Q, we have, assuming, as we may, that C'(21) < C(£y),

—1/eC(Q2)h

| ag, (23h) — ag, ()| < C(S1)——e L zE.

(See (5.4) for another way to realize a as a holomorphic function.) We refer to [Sj82,

§1] or [HiSj15, §2.2] for a detailed account.
For a = a(z,§;h) and b = b(z,§; h), analytic symbols in Q C C} x C we define

bl 1) = 3 —ofale, &) (hD.) b, & 1), (3.3)

aeN?
Then a#b is an analytic symbol in 2. We now recall the fundamental result of Boutet
de Monvel-Krée: if a # 0 on 2 and Qy € () is an open set, then the formal symbol b
defined by
a#b=1 (3.4)
is a formal analytic symbol in €. The proof given by Sjostrand in [Sj82] uses norms
on formal pseudodifferential operators

i =a(x,hDyih), a(z,&h) =Y alw, O, aob=agb.
{=0

To recall the definition of the norms we assume for simplicity that Q = {(z,¢) : z;,&; €
C,|z;| < 71;,1&| < p;} € C*™ is an open polydisc. We then define a family of polydiscs
by

Q) = {(2,8) 1 25,8 € C, |ag] <mj=t,|§] <pj—t}, ¢ <to:=minmin(ry, p;). (3.5)
Then Q(t) C Q(s) if t > s and by the Cauchy estimates,

sup | D%| < a7 Sup lul, s<t<ty, wue(0nNL>®) ().
Q) (t = s)lol g
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This allows the following definition for p > 0:

= t— )% Agllr.s
lill, = 3P h@). @)= sup e
=0 0<s<t<tp k
1., o SUPq(¢) | Bul (3.6)
A& D)= S @, DI, Bl = sup o0
ol ek a: 0£u€(0NL>)(Qs) SUPQ(s) |ul
(Formally, a(z,& + hD,;h) =Y 02 W Ag(z,&; Dy).)
The key property is given by

la o bll, < llallloll,- (3.7)

One immediate consequence is that the formal symbol b defined by b= expa is an
analytic symbol.

When working with the Weyl quantization of analytic symbols, rather than (3.3),
we define

a#b(a, &5 h) = (37 PPEPD ala, &) by, 7 1)) ) Lyt (3:8)

where
o(D,, Dy¢; Dy, Dn) =D¢-Dy—D,-D,.

The formal differential operator of infinite order associated to a is then given by

A(x,&, Dy, De; h)u(z,§) = Op,(z, &, Dy, De; h)u(z, §)

LS F
= ZF <(§U(DI7D§;Dy>Dn)) a(x>£; h)“(%n)) ) (39)
k=0 y=z,n=¢§
and we have A(z, &, Dy, De;h) = > 0 hF Ay (@, €, D,y D), where
_ <_1)|ﬁ‘ o af a qf
Ak(xa 57 Dz, Dg) = |a+5|Z+Z:k m&i 856 G@(ﬂf, 5)(936 85 . (310)

Formally,

We have the corresponding definition of || @ || ,, analogous to (3.6), and (3.7) still holds.
See also [HiSj08, Section 3]. As observed in [HiSj08, Appendix A], a key advantage of
working with the Weyl quantization in this context is due to its metaplectic invariance.
Let x : C*® — C?" be a complex linear canonical transformation and let x*, k, stand
for the operations of pull-back and push-forward of functions on C*", respectively. It
follows from (3.8) that (k.a)#(k«b) = k.(a#b), and therefore using (3.9) we get

Ks © Opa oK = Opma'
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This implies that if the polydiscs () in (3.5) are invariant under &, then we have
I1R-all, = [lall (3.11)

We also use the following technical result of Hitrik—Sjostrand [HiSj08, Proposition
3.2], which holds both for the classical and the Weyl quantization. (We stress that the
two page proof can be read independently of the rest of the paper and depends only
on the definitions reviewed above.)

Lemma 3.1. For analytic symbols a and b, there ezists a constant C(b) (independent
of h and p) such that
I[a, 0]ll, < C(b)pllall,.
We need the following application of this lemma, where we write ad; § = [a, q]:

ladg qll, < p2°C(q)l|all}- (3.12)

Proof of (3.12). We proceed by induction on p, with p = 1 given by the lemma. Then
8z, = Il o ad? g — adZ G all < 2l |l ac? dll, < 2HC(g)plallr,

completing the proof. O

The key result we need is an analytic symbol version of an averaging result. We
present it in a special case needed here:

Proposition 3.2. Suppose that ¢ = q(z,(; h) is an analytic symbol in a neighbourhood
of the origin in C2,

¢=) ha, a0z =90, alz) =g, (3.13)
=0
where g(0) =0, ¢’(0) # 0. Then there exist analytic symbols a(z,(;h) and
G(w;h) =Y h'Gow), Go(w) = g(w),
=0

such that, in the sense of formal asymptotic expansions using Weyl quantization, we
have
efogoe®=b, bz Ch)=G(2(h). (3.14)
Remark. The assumption on ¢ in (3.13) is not a serious restriction. Using Lemma
3.3 below, as well as (3.22), we can can find an analytic h-independent symbol aq such
that
e 0 Goe ™ = by + h%by, bo(z,C;h) = g(2C) + hgi(20), (3.15)
where b is an analytic symbol. The point of Proposition 3.2 is that this can be iterated
to infinite order with analytic symbols.
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The proof uses the following lemma. We note that if g(w) = w, then (3.17) below
is of the same form as

{9(2€), b(z, )} = a(z, () + ao(2C), (3.16)

where {f, g} = 0f0.9 — 0,f0cg is the Poisson bracket with respect to the complex
symplectic form on C2,

o:=d({ Ndz.

Lemma 3.3. Let Q(0) = D(0,6) x D(0,6) C C* and suppose that r € O(Q), Q(J) €
Q C C?% Then there exist a € O(2(5)) and ro € O(D(0,6?)) such that for an absolute

constant K, we have

i(20: = COc)a(z,¢) = —r(2,¢) + (r)(2,),  (r)(z,() = r0(2()

sup |ro| < Ksup Ir|, supla| < Ksup]|r|.
D(0,52) Q(9) Q(d) Q(8)

(3.17)

Proof. We note that by scaling, we can assume that ¢ = 1 and that we can write
= Z rmnzmgn’ ‘rmn| < Sup|7”|.
m,neN (1)
It follows that we can take

Z T'mn (M —n) )L, g (w) = Z Trm W™,

m#n meN

la(z, Q) < sup|r|(1—[z)H (A = [¢) 7, [ro(w)| < sup|r|(1 —[w])™".
Q(1) Q(1)

This shows that solutions a and r( exist in (1) and D(0, 1), respectively, and it only
remains for us to verify that the bounds given in (3.17) hold. To this end, introducing
polar coordinates and writing z = re?, ( = pe', r, p < 1, we see that (3.17) takes the

form .
(Z(T@r — p0,) + (0p — 8@)) A— _R4R,
2 )
with the Fourier series expansions
iR(r,p,0,0) = 3 rrnr "0 Al p,6,) = Y i),

m-n
m,neN m#n

iRo(T7 P, 9’ gp) = Z Tmm,rmpmezm(0+<p)

meN

It is now easy to check that A and R, have the following integral representations
2m

A(r,p,0,¢) = —— (t —m)R(r,p, 0+, —t)dt, (3.18)

2T

1 2
Rolr.p.0) =5 [ R(up.0+ oo~ ). (3.19)
0
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This gives the uniform bounds

sup |a(z, ()] < Ksup[r[  sup |ro(z()] < Ksup|r|, 0<r<1, 0<p<1,
(1)

T'(r,p) T'(r,p) Q(1)
where
T(r,p) = {(re?, pe?);0 < 0, < 2r}.
By continuity, the bounds remain valid for 0 < r,p < 1, and (3.17) follows. O

Remark. For future reference, it will be convenient to rewrite (3.18), (3.19) as follows,

1
o

2w
ro = (r) / roexp(itH,¢) dt, (3.20)
0

1 2T 1 2
o . (t—ﬂ)roexp(itHzg)dt:—% i

Here H,. = 20, — (0 is the Hamilton vector field of z(.

a =

(t—m) (r—ro)oexp(itH,)dt. (3.21)

Proof of Proposition 3.2. We modify (with a simpler goal) the proof in [HiSj08, §3],
[HiSj08, Appendix A]. We first recall standard notation:

[e.e]

1
, Adyg = Had’g 7, (3.22)

k=0

AdsG:=e"ogoe™® adyq:=la,qg

where all the expressions are understood as compositions of formal pseudodifferential
operators quantizing formal analytic symbols, using the Weyl quantization.

We start by reducing the problem to the case of g(7) = 7 in (3.13). For that we find

1

a holomorphic function f = g~ near 0. We then define an analytic symbol

Gnew = f(0) + f(0)g + 5f"(0)g#q + -+, (3.23)
where, as formal analytic pseudodifferential operators, f(§) = Gnew, and
Gnew(2,C) = 2C + Mnew1(2,€) + D newa(2,0) + -+ . (3.24)
In what follows, when proving (3.14), we shall assume therefore that
0o(z,¢) = =C. (3.25)

It will be easy to return to the original ¢, since we have, in the sense of asymptotic
expansions,

f(Ads §) = Ada f(q).

Performing a preliminary conjugation, as explained in the remark after Proposition
3.2, we may also assume that gnew,1(2, () = gnew,1(2¢) in (3.24).
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We now have the following consequence of (3.12) in which we consider ¢ as fixed
and have all the constants depending on ¢,

Ad;, .5, 4= Ad;, G +ad;, G+ R(bo,by), 5.26)
1R (b, b0)llp < Cp bl max((ol» [yt m<Coli ) |
To see this we put J(k) = {0,1}*\ (0,...,0) and write, using (3.22),
00 1 )
R(bo,by) =) i > ad;, ---ad; . (3.27)
k=2 " j=(j1,-odk) €J (k)

After k — 1 applications of the inequality
ladabl, = [[aob—boall, <2|[allll]],

and one application of Lemma 3.1, we see that

lads,, ++ady, dlly < 2 byl il (Clallball,) . (329)

and hence, using (3.27) and (3.28) we get

e 2k 1 R R
1R (bo, b1)ll, < Clg PZ > bl llbill

k=2 ' 3=(J15e55k) €T (K)
> k 1 )
<C pz (2= 16111 (maxx([[boll 1B )~

This implies (3.26), since

> 2k—1

> T (@ A’”<Z

k=2

)\k L=16Xe™, X>0

Given an analytic symbol 7, it follows from (3.25) and Lemma 3.3 that there exists
an analytic symbol a, given in (3.21), such that

%{a, g} = —r+(r), {r)(z ) =ro(=(). (3:29)

On the level of operators, we shall use the notation a = L(7) = L(7 —79), and it follows
from (3.11), (3.20), (3.21) and the triangle inequality for the p-norm that we have

. 1 [ . T . . .
16, < (5z [ Il de) 1= all = 31 = ll Toll < Il (3:30)
™ Jo

Since ¢q is quadratic, we have an exact formula

. h—— R R
adzr) go = Z{C% Qo} = —hi + h(F). (3.31)

o~

Here and below, we simplify the notation by writing (7) for (r).
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In the notation of (3.13) we write
q = qo + hro,

where 7 is an analytic symbol such that ro— (o) = O(h) in the sense of usual symbols,
and let us define

R R R T .
ag = L(70), |laoll, < §H7”0 — (70) |-

Here we have used (3.30). We have

1(Fo = (o)) /Rl ,, < 00,
for some py > 0. Hence, for 0 < p < po,
laoll, < 3mh |(Fo — (Fo)) /Rll, < Kh, . K =37 [[(fo — (7o) /hll,,, . (3.32)

2

Here following [HiSj08, §3], we view h as an independent parameter. We then use
(3.26) with by = 0, by = ag, as well as (3.31), to obtain

Ad&o d = Cj + ad&o q + R(07 &0) = (jO + h7§0 + addo qAO + addo (qA - CjO) + R<Oa dO)
(jO + h<7ﬁ0> + h’lgl
Here hiy = ada, (G — o) + R(0, ao), so that

1
71 = adg, To + ER(O’ ao). (3.33)

We get, using Lemma 3.1, (3.26), and (3.32),
. R 1 . a
I71ll, < Collaoll, + +Collaollze" ™! < Bph.

Here B is a large constant depending on ¢, which will be chosen later to close the
argument.

Arguing inductively, assume that we found a,, 0 < ¢ < 7, such that

J
Adagtta; G=Go+ N Z(ﬁ) + hijq,
=0
laell, < KB, lieall, < B h, 0< €<

(3.34)

We now define, assuming, as we may, that the constant K in (3.32) satisfies 7 < K,
aje1 = L), Nagall, < 7llijall, < KB o . (3.35)

Here we have used (3.30). We get therefore, by an application of (3.26), and using
(3.34),
Add0+---+&j+1 (j = Add0+...+&j (j + ad@j+1 (j + R(do + -+ &j, dj+1)
Jj+1
=Go+h Y (Fe) + hitjsa,

£=0
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where, similarly to (3.33),

R A A

T’j+2 = add]._H To —f- ER(GO —f- te —f- CLj, aj+1).
Using Lemma 3.1 (3.26), (3.34) and (3.35), we obtain that

1 s G415
I#552llp < Cpllagsaly + 3 Cpllazoall (Z ||ae||p) e Tt el
(=0
< CK B2 4 CK B+ g 20K heSKh < Bi+2 i+2,

provided that we choose B large enough depending on K and C', and let 0 < p be
small enough so that Bp < 1/2.

Hence, by induction, we have constructed a,, ¢ > 0, satisfying ||a,||, < K27*h, such
that a = > ,°, a, is an analytic symbol for which (3.14) holds. O

We now need the following fact which we first establish on a formal level. For more
on functional calculus for quadratic symbols see Dereziniski [De93] and Hoérmander
[H695].

Lemma 3.4. Suppose F(z,(;h) is an analytic symbol of the form

F(z,¢h) = f(2¢h),  f(w;h) = i B fir(w),  sup |fi] < AMEE. (3.36)
o D(0,5)

Then there exists an analytic symbol g(w;h) = Y22 hFgr(w) such that, as formal
pseudodifferential operators,

F¥(2,hD.; h) = g(zhD, + h/2i: h). (3.37)

Remark. Functional calculus of formal analytic pseudodifferential operators is re-
viewed in a self-contained way in [HelSj89, §a.2]. In our case, we have

1 -1
g(zhDz + h/2i;h) = — ()\ —zhD, — ﬁ) g(A; h)dA,
Yy’ 8D(0,¢) 21

where ¢ > 0 is small enough independent of h and (A—zhD,—h/2i)~!, for A\ € 0D(0, ¢),
is a formal analytic pseudodifferential operator, whose Weyl symbol R(A, z,(; h) is an
analytic symbol for (z,() € neighq2(0), satisfying

R<)‘7 Zs C? h)#()\ - ZC) = 17
using the Weyl composition given by (3.8).
Proof of Lemma 3.4. We shall prove (3.37) for the classical quantization and for a

modified g¢:
F(z,hD,;h) = g(zhD_; h). (3.38)
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A modification for the Weyl quantization follows from [Zw12, Theorem 4.13] and the
fact that exp(ihD.D¢/2)f(2(;h) = fi/2(2¢; h), where f)5 is an analytic symbol, by
analytic stationary phase [Sj82, Chapter 2].

Let us first assume that f in (3.36) is independent of h and that f(0) = 0, since the
constant term contribution is obvious. Writing

= fawt, fl BT, =12,
n=1

we obtain formally,

(z,hD.; h) = Z foi 2" (hO,) (3.39)
An induction argument based on (z0, — n)(z”@") = 2"t 9"+ shows that
200 = pup(20,), palt) = ﬁ t—37) Zak Wt lag.n| < 2npk, (3.40)
=0
and we get, combining (3.39) and (3.40),

(z,hD.; h) = Zh"fn "D (20s) an - (Zh g (2h0,) > . (3.41)

We obtain therefore (3.38), with

] n—1 ] )
= Z fn (Z hkak,ni_kwn_k> _ Z hk ( Z fnak,ni_kwn_k>
n=1 k=0 k=0

n=k+1
=Y hFge(w),  gi(w) =D frrptrpipi Fub.
k=0 p=1

Here we estimate, using (3.40),

g (w)| <Y BFPHMP (k4 p)FwlP < (2B)FHEE ) " (2Befw|)
p=1 p=1

< (2B)FER, |w| < (4eB)7!

Since (3.36) implies that fy(w) = > 7 fipw?, [fip| < 6 PAFHIER the general case
follows from the h—independent case. 0

Remark. An alternative approach to Lemma 3.4 proceeds as follows. Let gy = 2(, so
that ¢} (z,hD,) = zhD, + h/2i, and let us observe that

h
[F (2, hDz; h), g5’ (2, hD:)] = ~Opr ({1, @0}) = 0,
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in view of (3.36). To conclude that F™(z,hD,;h) is a function of ¢, we may argue as
in [HiSj08, Appendix A]: put z = e® and work locally near z = r > 0 for some fixed
small 7 > 0. Then zhD, = hD, and using the fact that the class of analytic pseudodif-
ferential operators is preserved under analytic changes of variables, we conclude that
in the new coordinates,

FY =7rY(s,hDg; h),
where r is an analytic symbol. Using that [rV(s,hDs; h),hDs] = 0 we get rV =
rV(hDs; h), and returning to the z-coordinates gives

FY(z,hD.;h) = g(qq’; h), (3.42)
where ¢ is an analytic symbol. An argument of analytic continuation around the origin
shows that the representation (3.42) is valid in a full neighborhood of 0.

For completeness we also include the following, essentially well known, result, see
also [Du24, Lemma 4.3.17]. Its relevance comes from the fact that in the WKB liter-
ature (see for instance [AAH22]) one typically computes the quantum action S(E;h)
while the eigenvalues (or resonances) are given in terms of its inverse G(z;h). In this
paper we construct GG directly but of course the connection with actions is there — see
Theorem A.2 for an indication of this.

Proposition 3.5. Suppose that S(x; h), x € neigh(0), is an analytic symbol such that
So(0) =0, Si(0) # 0. Then there exists an analytic symbol G(x; h) such that

S(G(xz;h);h) =x, = € neighg(0). (3.43)

The equivalence is in the sense of formal analytic symbols.

Proof. We define a simpler version of the p-norms of analytic symbols,

o0 k o0
p
IA], = Tl Alzsh) = > Ag(x)bk, | f] = Sup |f(2)], (3.44)
k=0 " k=0 z

where € is a fixed sufficiently small neighbourhood of 0. This norm is finite for some
p > 0 if and only if A is an analytic symbol. We recall from (3.7) (or rather from a
much simpler special case) that

1H |, < | HIl,  H(z,h) = Hyp(x)h?. (3.45)
p=0

If S(z;h) = 2220 S;(x)h/, then we can find Go(x) such that Sy(Go(x)) = = near
0. Replacing S(x;h) by S(Go(z); h) we can assume that So(z) = x. We then write
S(x;h) = x — hF(z;h), and postulate the form of G(x;h) to be

x+ i hGy(x) =z +hH(z;h) =2+ h <§: hZHg(l’>> .
=1

=0
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Hence, (3.43) becomes

H(x;h) = F(z + hH(w;h);h) = > - F(w; ) H(w; h)". (3.46)
=0
Here
1 1
ZFM , Fo() = EIF,%)( ), ||Fmell <A™l (3.47)

It follows from (3.46) and (3.47) that the terms in the expansion of H(x; h) are obtained
from an iteration procedure based on (3.46) (note that Hg,(x) = dqp):

Hy(x)= > Fule)Hy(x) = Fo(x)+ Y Fula)Hy(z). (3.48)

We now define

M, Z HHkH [1H][, = sup M,.

Since Hy, k < n, depend only on H, with p < n, we see that (3.45) implies

-1

p
Z Tl Hel < My, (3.49)

We now want to estimate M, in terms of M, _;: for that we use (3.47) and (3.49) in
(3.48) to obtain, with B = A(1 — pgA)™, 0 < p < pg < 1/A,

M<Z HFkoH+Zp ST Bl

k=1 " p+m+l=k

>1
el ol nonml pbmetl Amte+1,,)
cpr Y OB g §RRR A iy
1<p+m+L<n (p+m +0)! m=0 (=1 p=0 (p+m+0)!
>1
n—1 n n-1 m+é n—1 n m-4
B Z A( AP HHZppr B4 Z A AP) Mﬁ—l
m=0 (=1 p=0 m=0 ¢=1
ZMZ
< B+BZ "1 < Bexp (ApM,_). (3.50)

Putting a, := M, /B we get the following iterative inequality a, < exp (pABa,_1),
ap < 1. It has been known since Euler that the sequence (a,,) is bounded if pAB < 1/e.
For p > 0 small enough we obtain that ||H||, < oo, proving that H, and hence G, are
analytic symbols. O
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4. REVIEW OF PSEUDODIFFERENTIAL AND FOURIER INTEGRAL OPERATORS

Here we recall, with proofs or precise references, the needed results from microlocal
analytic theory.

4.1. Global pseudodifferential operators. We describe the action of pseudodiffer-
ential operators defined by globally analytic symbols on weighted spaces of holomorphic
functions following [HiSj15, Chapter 1] and [Sj02, §12] (see also [Zw12, Chapter 13] for
a gentle introduction).

We start with ®g, a strictly plurisubharmonic quadratic form on C”, and the Hilbert
space of weighted holomorphic functions:

Hg, = Hg,(C") :={u € 6(C") : [[ullg, 12/ [u(z)Pe* @M dL(x) < oo}, (4.1)
Cn

where dL(z) is the Lebesgue measure on C" = R?". To this space we associate a
geometric object, a real linear subspace of C?* given by

Ag, = {(z,20,P¢(x)); z € C"}. (4.2)

A function 1 < m € C*®(Ag,) is called an order function on Ag, if for some Cy > 0,
Ny > 0, we have

m(X) < Co(X =YYom(Y), X,V € Ag,. (4.3)

Since 7 : Ag, — C", 7(z,§) = x, identifies Ay, with C" we can consider m as a

function on C”. To the order function m we associate a more general class of weighted
spaces generalizing Sobolev spaces:

Hoym = Hoym(C") := O(C") N L2 Léo’m ={u: ||ullogm < 0},

<I>0,m7

(e (4.4)
lul3, .. = /c () u(e) Pe 2@ GL ().

Let P = P(x,&; h) be a holomorphic function in Ag, + Be2-(0,6), § > 0, and assume
that

|P(z,&;h)| < Cm(z), (2,€) € Ag, + Bc2n(0,0), (4.5)

and that there is a complete asymptotic expansion
P(z,&h) ~ > hpe(w,€), p:=po, (4.6)
k=0

in the space of holomorphic functions satisfying (4.5). Eventually, we strengthen this
to analytic symbol expansion in the sense of §3. We also say that P is elliptic near
infinity if

p(z,8)] = m(x)/C,  (2,8) € Aoy + Bean(0,0),  [(2, )] = R. (4.7)
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The h-Weyl quantization of P, P¥(x, hD,; h), is an unbounded operator on Hg, defined
by

1 i) x+y
P D.: — (z—y) oP —= 0 4.
(Q?, h z) h)u(x) (27Th)n //Fq,o () er ( 2 ) 97 h) U(y) dy de? ( 8)

where the contour of integration I's,(z) C C}Jy is given by

yesg=20% (1Y W(z—y)

i Ox 2 2 (x —vy)
(We note that ((z + y)/2,0) € Ag, + Bczn(0,0). For a discussion of contours of
integration in this context see [Zw12, §13.2.1].) If m is another order function then an
application of Schur’s lemma [DyZw19, (A.5.3)] to (4.8), (4.9), gives

PY(x,hDy;h) = O(1) : Hay 5 — Haogm/ms (4.10)

(4.9)

see [HiSj15], [Sj02, Section 12.2]. In particular, for the domain of PV as an unbounded
operator on Hg, we can take Hg, .

The holomorphy of P in a tubular neighbourhood of Ag, allows us to consider other
weights as well:

Proposition 4.1. Suppose that & = &y + f € C°(C") satisfies
fer=cm, IV*flixecn <e, k=12, (4.11)
where € > 0 is sufficiently small depending on § in (4.5). Then
PY¥(x,hD,;h) = O(1) : He i — Ho g jm, (4.12)
where the exponentially weighted spaces are defined as in (4.4), replacing ®o by .

Proof. Defining a new contour

200 (z+y id (x —y)
r : 0=—-— — 4.13
)iy o =200 (132) 4 TN (4.13)
and performing a contour deformation in (4.8) we obtain a different formula for the
action of PY(x,hD,;h) adapted to the weight ®,

1 i
Pw(Ia th; h)u(x) = W //F ( )Gh(z_y)'ep (mTer79; h) U(y) dy do. (414)
3 (x

Along the contour I'g(z), we have
— ®(z) + Re (i(x —y)-0) + D(y)
= —®(z) + Re (20,2("§") - (z —y)) + @(y) — (6/2)]x —y*/(x —y)  (4.15)
= —f(@) + (VF () 2 = Yo + [(y) = (6/2)]x —y[*/{x —y).

Here
—f(@) +(VF (1) 0 = Ygon + Fy) <20V Iy l2 =yl (4.16)
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and an application of Taylor’s formula gives that

— f@) +(VF () 2 =Yg + fy) = /0 (1—t)f" (25—t () 2. v gy

1
- [a— s e () SR R < YT e o — o
(4.17)

(The Hessian and the scalar product are taken in the sense of R?".) It follows, in view
of (4.5), (4.11), (4.15), (4.16), and (4.17), that the absolute value of the effective kernel
of the operator in (4.12), (4.14) does not exceed a multiple of

" Ty m(z) 1 glx —y|min(1, |z — Oz =y
o (5 >m<x>7%<y>e}‘p(h(2' vhmin(Lfe =al) = 2<x—y>)>

< Ch™exp ( T ‘f — y‘>> (@ —y)",

for some N > 0, provided that € > 0 in (4.11) is sufficiently small. The conclusion
(4.12) follows therefore from an application of Schur’s lemma [DyZw19, (A.5.3)]. O

The next proposition gives a way of approximating the action of P on He by multi-
plication. The method goes back to the Cordoba—Fefferman proof of the sharp Garding
inequality and the version here comes from [Sj02, Section 12.4], see also [HiSj15, Propo-
sition 1.4.4]. For the reader’s convenience we present the proof.

Proposition 4.2. Suppose that ¢ € CY(C") is such that v, Vi) € L>(C"), and set
&(z) = (2/1)0,P(x). Then for order functions m;, j = 1,2, satisfying mymg > m,

(0P . hD. W)y = [ 0@)p (o€ a@le ) dL o)

(4.18)
+ Ol a2l gy 15 € Hep -
Furthermore, for u € Hg p,,
(v P¥(x,hDy; h)u, P (x, hD,; h)u)Lgb =

4.19
() |p (2, 6(2))” lu(x)|” e 2@ dL () + O(h)|[ull,, 19

Proof. Taylor’s formula gives (recall that f ( ) = (2/1)0,P(x)):

z+y — —

p (52.0) = p(z,8(x)) + 50.p(x,£(2)) - (y — 2) (4.20)

+ Oep(, f(fﬂ)) (0 = &(x)) +r(z,y,0),

where

o) = [ (1= 03 [p (o4 15, 0) + 10— §(0))] .
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Using (4.5) together with the Cauchy estimates, as well as the fact that 0 — £(z) =
O(|x — y|) along the contour (4.13), we get

(2, y,0)] < Cm(x)(y —2)™ |y — 2>, (y,0) € To(x). (4.21)
Let

u(x) = —1 en@=9)0p U
) = o [ (29,0 uly) dy d6
= [ Kepshuto)aL (),

The bound on R as an operator Hg 7 — L<21>,m Jm 18 given by the bound on the operator
on L*(C") with the kernel (see [Zw12, Discussion after (13.4.3)]):

(4.22)

o—2@)/h m(f) k(x,y: h)e®®/h
)

Estimates (4.15), (4.16), (4.17), and (4.21) show that it is bounded by a multiple of

h™" exp ( 4%%) (y— )N |y — x| (4.23)

An application of Schur’s inequality [DyZw19, (A.5.3)] shows that the expression in
(4.23) is the integral kernel of a convolution operator on L?*(C") of norm O(h). It
follows that

R=0(h): Hom — L3 5 /m- (4.24)

Inserting (4.20) in (4.14) (and using the boundedness of the lower order terms) we
obtain that PYu(z) is given by

bl E)ule) + o | / | HD (e E() -0 )ty as
+R1U( )+R2U(

where Ry = O(h) : Hp m — L@,m/m (coming from R in (4.22) and lower order terms),
and

@

Rau(e) 27Th //nb e OO p(x, () - (y — z)uly)dy do
- 2(27rh)” / /rw) Oup(, &(x)) - ihdp (e ™V )u(y)dy df = 0.

Noting that Hje%(m’y)'e = —hD,, <e%(x’y)'9> we obtain

P¥(x, hDy; h)u(z) = p(x, §(x))u(x) + Z O, p(x,§(2))(hDa; — &;(x))ulr) + Ryu(z).
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To obtain (4.18) we note that
(hDy, + &(x))e 2* @/ = (hD,, + 2D, ®(z))e **/" = 0,

so that for u; € Hgm;,
. ()0, p(x, () (hDy, — &) (z)ua(w)e ** @/ dL ()
= — /(Cn u1(z)(hDy; + &i(7)) [0 (2) 0, p(x, §(:r))me_2¢(“”)/h]d[/(x)

=t [ o) D, (0(0)0 bl @) e L)
— Ot 1., 21,

The same argument gives (4.19). O

We conclude by applying (4.19) to obtain an elliptic estimate near infinity. It allows
us to localize the spectral analysis to a neighbourhood of the critical point:

Proposition 4.3. Suppose P(z,&;h) satisfies (4.5), (4.6), (4.7), and let = Oy + f
with f satisfying (4.11). Then there exist hg > 0, n > 0, such that for 0 < h < hy and
u e Hq;.?m,

lullzz | emBo2ry < CIPY (2, hDys )l g empo.rs2) +e " lullmg,,. — (4.25)

Proof. Let x € C§°(C™;[0,1]) satisty x(z) = 1, |z| < R, and supp x C B(0,2R). We
shall apply (4.19) with ¢ € C*°(C; [0, 1]) such that

V(@) =1, ol 2B, w(a) =0, o] < 7,
and with the weight ® replaced by
d=0—nl—y), 0<n<l, (4.26)
which still satisfies (4.11), for n > 0 small enough. For u € Hg,,(C"), and f(w) =
(2/1)0: (),
/ P G Pl L) < | WD Ryl oy + OO il

Combining this with the assumption (4.7) which gives
p(x,&(2))] > m(x)/C, |z| > R,

we get

/| @ @O L) < O D Ryl g + Ol
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and therefore, taking h > 0 small enough,

/z|>R () 2 m(x)e 2@/ dL(z) < 6277/h||PW(:L‘7th;h)UH%{q)(‘mbR/m + o(h)”u“g{m

Here we have also used that ®(z) = ®(z) for |#| < R and that ® > & — 5 on C". In
the region |z| > 2R, we have ® = ® — 7, and that gives (4.25). O

Remarks. 1. In what follows, in order to enter the framework of analytic h—
pseudodifferential operators, we shall strengthen condition (4.6) by assuming that

Ipe(z,€)| < CFP R m(z), (2,€) € Ag, + Ben(0,0), k=0,1,2,... (4.27)

2. We observe that rather than assuming (4.11), it would have been sufficient to
consider uniformly strictly plurisubharmonic weights ® € C*(C") such that ® — ®, €
L>(C"), || V(® — @) ||z (cn) is small enough, and V?*® € L>(C"). Indeed, in the
proof of Proposition 4.1, instead of introducing the contour given in (4.13), we deform
to the contour X

o %/0 g—i(tx+(1—t) )dt+gﬁ.

Proposition 4.2 and Proposition 4.3 are still valid under these weaker assumptions on
the weight ®.

4.2. Local Fourier integral operators. The local theory is more subtle than the
global theory reviewed in detail in §4.1. One key point is that the action of operators
is defined only up to exponentially small errors relative to the weights. We cannot
present all the details but precise references are provided.

To prove Theorem 2 we will consider microlocal equivalence, with exponentially
small errors, of analytic pseudodifferential operators acting on Hilbert spaces of the
form

Hy(V)=0(V)n LA(V,e 2" dL(z)), (4.28)
where V' € C" is a small open neighbourhood of 0 € C" and ¥ = &, ®, with
®y quadratic strictly plurisubharmonic and @ real analytic in V' satisfying ®(z) =
y(x) + O(x?). In fact, in our applications the quadratic weight ®, will be strictly
convex, and in the following discussion we shall make this stronger assumption,

W(x) is strictly convex and ¥(z) = O(z?), z — 0. (4.29)

We start by recalling h-pseudodifferential operators with classical analytic symbols
acting on Hy (V) in (4 28):

Pu(x; @y Pz 0; hyu(y) dydd, ue Hy(V), (4.30)

F(w
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where

(p(iE, Y, 9) = (SL‘ - y) -0, (4'31>
P(z,0;h) = p(z,0)+O(h) is a classical analytic symbol defined in a neighbourhood of
(0,0) € C**, and I'(z) C C%y is a good contour for (y,6) — —Im ((x —y) - 0) + ¥(y),
see [HiSj15, §2.4.c] for more on that terminology. Since we assumed (4.29), it can be
taken independent of z:

I:y—0=20,9(y), y < neighe.(0). (4.32)
In fact,
—Im ((z —y) - Or) + ¥(y) = —Im(39,¥(y) - (v — y)) + ¥ (y)
= U(y) + Orey U (y) - Re(z — ) + Oy ¥ (y) - Im(z —y)
< U(z) — |z —y?/C,
by the strict convexity of W.

We stress that if V' is sufficiently small, then Pu € Hg (V') but the definition (4.30)
depends on the realization of the analytic symbol P(x,0; h) — see (3.2), [Sj82, Exemple
1.1] (or [HiSjl5, §2.2]), and the errors from the contour for |z — y| > &y produce
contributions in Hy_.,(V), &1 > 0. Ultimately, this produces an overall ambiguity
which is however exponentially small, which is consistent with our goal. We also note
that P: Hy(V) — Hg(V) is bounded uniformly in A, in view of Schur’s lemma.

The microlocal equivalence of analytic pseudodifferential operators is obtained using
local analytic Fourier integral operators which quantize locally defined holomorphic
symplectomorphisms:

K : neigheon (0,0) — neighe2,(0,0), (0,0) = (0,0). (4.33)
We assume that, in the notation of (4.2),
/ﬂ(neigh,\q)0 (0,0)) = neigh,_ (0,0). (4.34)

These assumptions on x provide a particularly nice generating function: we record
that in the following lemma from [MeSj03, Section 2| (the proof there is geometric and
is independent of the rest of the paper):

Lemma 4.4. Suppose that k in (4.33) satisfies k*(dE Ndx) = dE Ndx and (4.34). Then
(near 0)

{w,m), 6y, m)} = {(y, =¥, (z,9,0), 2, ¢ (z,9,0)) : pp(z,y,0) =0} (4.35)
where
go(x,y, 0) = % (F(I’, 0) - \IIO(?% 9)) ) \IJO € ﬁ(@Qn)’ \IIO(‘T’ "Z‘) = CI)O(x)v (436)
and F € O(neighc2.(0)), satisfies det Fly # 0, and
~Cle = &(y)|* < 2Re F(x,7) — ®(x) — Doy) < — |z — &(y)[* /C, (4.37)
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where k(y) = m(k(y, (2/1)0,Po(y))) and (x,y) € neigheen(0).

Remark. When & = ®; and x and & are the identity transformations on C** and C"
respectively, then F'(x,0) = Wy(x,0) and (4.37) is a standard consequence of the strict
plurisubharmonicity of ®4. Of course in that case the obvious choice of ¢ for which
(4.35) holds is given (4.31).
We recall the following fundamental property of a generating function ¢ associated
to s in (4.33), (4.34),
Vy,&(_ Im @(07 Y, 9) + (I)O (y)) |(y,0):(0,0) = 0’
sgn (V?Jﬂ(_ Im 90(0, Y, (9) + (I)0<y))’(y7g):(0’0)) =0.

This implies that for x near 0, we have a unique critical point,

(4.38)

Vyo(=Imo(z,,0) + Po(y))|,6)=(ye (@) 6c) = O,

and
—Im (2, ye(2), 6c(2)) + Po(ye(x)) = (2).

It also shows the existence of a good contour I'(x) passing through the critical point
(ye(z), 0.(x)), along which we have

—Im(z,y,0) + Po(y) — @() < —|y — ye(2)]*/C — |0 — 0.(x)*/C,

x € neighen(0). In the case of ¢ given in Lemma 4.4, the unique critical point is
given by x = &(y), @ = g, and we can simply take I'(x) to be z—independent given by
I'v:iy—6O0=y,yeV.

In the notation of (4.37), we have & : V — U is a diffeomorphism for some V, U C C",
small open neighborhoods of 0. Local Fourier integral operators taking He, (V') to
Hg(U) are defined as follows. Let a = a(z,y,0;h) = ao(z,y,0) + O(h) be a classical
analytic symbol in nelgh(cgn(O For u € Hg, (V) we put

// 19 a2, y, 0: W)uly) dy do

(7Th) /eiF( Va(z,y,7; h)uly) e ** W/ dL(y),

As in (4.30), Au € He(U) is well defined modulo errors in Hg_.(U), € > 0.

The first formula for Au in (4.39) makes sense for more general phase functions but

Au(

(4.39)

we do not stress this point here. The advantage of the second representation based on
Lemma 4.4 is the simplicity of the contour (integration over V' C C") in the definition.

The properties of A are summarized in the following proposition. For the proofs,
see [5)82, Theorem 4.5, Proposition 12.9], [Leb85, Section II1.7].
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Proposition 4.5. Suppose that V' &€ C" is a small open neighbourhood of 0, which
is mapped diffeomorphically onto a small neighborhood U € C™ of 0 by R, see (4.37).
Then

A=0(1): Hey(V) = Ho(U). (4.40)

Moreover, if a in (4.39) satisfies ag(0) # 0, then there exists a classical analytic symbol
b with by(0) # 0 and I'(y), a good contour for (x,0) — Imp(x,y,0) + ®(x), such that

(Bv)(y) := // #e@yOp(x,y, 0; h)v(x) dx db, (4.41)

s a microlocal inverse of A in the sense that
B=0(1): He(U) = He,(V), (4.42)
and for each Wy € V., Wy € U, there exists n > 0 such that
I —AB=0(1)e ™" : He(U) — He(Ws),

(4.43)
I—BA=01)e"": Hy, (V) — Hg,(W1).

The composition of Fourier integral operators in the complex domain is presented
n [Sj82, Chapter 4], [HiSj15, Section 2.5], In particular, in the notation above,

PoA: He (V) = He(U) (4.44)

is a Fourier integral operator of the form (4.39), with an analytic symbol given by
1

(2mh)"

Assuming that A is elliptic and letting B be a microlocal inverse of A from Proposition

4.5, we also obtain that

Q:=BoPoA:Hg(V)— He,(V) (4.45)

e iewn/hp (eietwDihg(. y 0 b)) (z).

is an analytic h—pseudodifferential operator, with the principal symbol given by
qg=pox. (4.46)

This is the form of Egorov’s theorem we will use.

5. A GENERAL SEMICLASSICAL RESULT

We present a general semiclassical result in one dimension generalizing the result in
[Hi04] by allowing more general behaviour at infinity and, perhaps more importantly,
describing eigenvalues with exponential accuracy in h, uniformly in a neighbourhood
of a non-degerate minimum of the classical observable. Although not surprising, we
do not know of a detailed reference for this even in the self-adjoint case.
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Hence, we assume that n = 1, and that HY(x,hD;h) is a semiclassical pseudodif-

ferential operator satisfying the following assumptions for some order function m > 1
(see [Zw12, §4.4] or (4.3)):

H e S(R*m), H(p;h)~ Holp) +hHi(p)+---, p=(2,€), Ho(0)=0,
dHy(0) = 0, d*Hy(0) is elliptic, and {(d*>Hy(0)v,v);v € R*} # C,
H(p; h) extends to {|Imp| < ¢y} C C?, ¢o > 0, as an analytic symbol, so that
[Hj(p)] < G737 m(Rep), [Imp| < co, and

Ve>036>0|p > = |Ho(p)| > dm(p), p € R%.
(5.1)
Here the ellipticity of d?Hp(0) means that (d>Hy(0)v,v) # 0 for all v € R?\ {0}.
This and the last condition on d>Hy(0) above imply that there exists A € C such that
Re(Ad?Hy(0)v,v) > 0, v € R?\ {0}, see Lemma A.1.

The conditions on the quadratic form R? > v +— (d>Hy(0)v,v) € C imply that there
exists 0y € [0, 27) such that |(d®?Hy(0)v,v) + €| > 1+ |v|?/C, v € R% That in turn
implies that if we take x € Cg°(R?,[0,1]), x|B,,(0,) = 1, then, with x5 := ey,
|Ho(p) + xs(p)| = m(p)/O(1), p € R?, if € > 0 is small enough and § is as in (5.1).
Similarly we get |Ho(p) + (§/2)ei®| > m(p)/O(1), p € R%. Here we also use that
m > 1. Hence, HY + x¥ — z and HY + (§/2)e™ — z are invertible for small h and |z|
(see [Zw12, Theorem 4.29]). Then

neighc(0) 3 2z > (HY — 2) 7" = (H" + x5 —2) /(I =Xy (H" + x5 —2)7) "

is meromorphic in z: T(z) := x¥(HY + x¥ — 2)~! is compact (see [Zw12, Theorem

4.28]) and the invertibility of HY + (§/2)e? shows that I — T(—@) is invertible.
That means that analytic Fredholm theory applies [Zw12, §D.4] and indeed (HY —z)~!
is meromorphic near 0. Considering H™ as a closed unbounded operator on L?(R),
with the domain given by Hy(m) (see [Zw12, §8.3]), we conclude that the spectrum of
HY is the set of poles with the usual formula for multiplicity.

A typical example with m(z, &) = 1+|¢|? is given by H(z, &) = Hy(x, &) +h*Hy(x, €),
where Hy(z,€&) = & + Wy(z), Hy = Wi(z), where W, are holomorphic bounded in a
strip around R C C, such that W, '(0) = {0}, W;(0) = 0, W{'(0) ¢ (—o0,0] (recall
that W; may be complex valued) — see §2.1. The ellipticity assumption here means
that |Ho(z,&)| > 6(1 + [£|?) for |(z,&)| > .

Our general result is given in
Theorem 3. Suppose that H satisfies (5.1). Then there exist constants rg, hg,co > 0
such that for 0 < h < hy,
Spec(HY (x,hD; h)) N D(0,ry) = {A\u(h);n=0,1,---} N D(0,ry),

. (5.2)
A(R) = G2r(n+ Lk h) + O(e/M),



34 MICHAEL HITRIK AND MACIEJ ZWORSKI

where G(z; h) has an asymptotic expansion, Go(z) +hG1(z)+---, G; € O(neigh(0)),
|G| < A7tY51in the sense that there exists B > 0 such that for all N € N, we have
N-1
G(z;h) = Y WG (z)| < BNTINIRN, (5.3)
=0
The leading term Gy is the inverse of a complex action defined in Theorem A.2. When
Hy =0 (see (5.1)) then G; = 0.

In view of (5.2) and (5.3) the theorem gives an exponentially accurate description of
eigenvalues of H" near 0. To obtain G(z; h) satisfying (5.3) from G;’s one can proceed
in different ways. One was used in (3.2), see [HiSj15, §2.2], and here we present a
variant in the spirit of exact WKB:

G;_ (!Z) W, (5.4)

G(z,h) = h_l/o g(z, t)e hdt,  g(z,h) = Z

j=0
where 0 < ¢ < 1/A is smaller that the radius of covergence of h — ¢(z, h). The choice
of € produces exponentially small ambiguity, just as we saw in (3.2).

The first step in the proof of Theorem 3 consists of passing to the FBI transform
side by means of a suitable metaplectic FBI-Bargmann transform. When doing so, we
write, in the notation of (5.1),

Ho(y,n) = q(y,n) + O(y,n)*), (y.n) = (0,0), (5.5)

where ¢ is the quadratic form corresponding to d?Hy(0). Lemma A.1 shows that
Re (\q) is positive definite on R?, for some A € C. It follows from [Hi04, Proposition
2.4], [HiSjVil3, Proposition 2.1] that there exists a metaplectic unitary FBI transform,
i.e. an FBI transform with a quadratic phase and a constant amplitude,

T: L*(R) — Hy, (C), (5.6)

such that the conjugated operator T' o H™(y, hD,; h) o T~ acting on Hg, (C), is of the
form

ToHY(y,hDy;h)oT™! = P¥(x,hD,; h), P(x,&h) ~ po(z, &) +hpi(z,&)+..., (5.7)

where

po(x,€) = Ho(w7' (2,€)) = p€ + O((,€)°),  Im (M) > 0. (5.8)
Here kr is the complex linear canonical transformation associated to 7" and the qua-
dratic weight ®; in (5.6) is strictly convex. See also [HiSj15, Theorem 1.4.2], [Zw12,
Theorem 13.9]. The structure and properties of the conjugated operator PV (x, hD;h)
are reviewed in §4.1, and in particular, P(x,&; h) is a holomorphic function in a tubular
neighbourhood of Ag, in C?; satisfying (4.5), (4.6), and (4.27).
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Following [KaKe00], [Hi04], we shall now modify the weight function ®; in a bounded
region of C, so that the modified weight agrees with the standard radial weight

&g (x) = §al” (5.9)

2

in a small but fixed neighbourhood of the origin, while keeping the ellipticity of pg
away from 0 (see the last condition in (5.1)). This reduction is very convenient in what
follows, as monomials (the eigenfunctions of xhD,) are then orthogonal in L3 (C).

Proposition 5.1. For every sufficiently small open neighborhood U C C of 0 there
exists a strictly convex weight & € C(C) satisfying

&)’C\U = ®4|c\w, By, = Poluy,, Uy = neigha(0) € U, V2® e L®(C),
and such that

VO >030>0 (2,6 €Az, [(2,8)|>0= |py(z,§)| > dm(z). (5.10)
Proof. Following an argument of [Kallc00], we let ¢ € C*(R;[0,1]) be such that

W) =1, ¢t < 1, ¥(t) = 0, t > 2, and notice that the C§°(C)—function x.(z) =
W (elog |z|) satisfies for € € (0, 1],

V(o) = O (ela ™), V2x.(2) = O (el ?). (5.11)
It follows from (5.11) that the C*°(C)—function
.y(2) = X (72 /n) @o(2) + (1 = X (¢ /n)) 1(2) (5.12)
is strictly convex for € > 0 sufficiently small, uniformly in n > 0, and we have
oy (2) = Ro(), |z] <me 5, B y(x) = Pu(x), [2] >, (5.13)

Furthermore,
| V(e = 1) [lre(c) < On),  V*@., € L¥(C),

uniformly in e € (0,1], n > 0. Using (4.2) we define Ag_, which coincides with
Ag, in a neighbourhood of the origin and agrees with Ag, away from another fixed
neighbourhood of 0. In view of (5.11), (5.12) we have

§(2) = 30,Pc(w)

5.14

= X (%2 /n) 20,®0(z) + (1 — xe (e*°2/n)) 20,®1(z) + O(e|2]), (5.14)
uniformly in 7 > 0, and therefore, for ¢ > 0 small enough,

Re (iz€(z)) = xe Re (22 0,P0(x)) + (1 — x2) Re (22 9,®1(2)) + O(e |z]*) (5.15)

= Xe{w, V()2 + (1 = xe) (&, V1 () + Ole [2]) = Jaf*,

uniformly in 7 > 0. Taking n > 0 sufficiently small but fixed, we obtain, using (5.8),
(5.15),

Ipo(z,&(x))| = |z|*, = € neighe(0). (5.16)
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Recalling also (5.1), (5.13), we obtain the following ellipticity property along Ag,_,:
V0 > 0 36 > 0 such that

x€C, |z| >0 = |po(x,&(x))| > dm(x). (5.17)

It follows that we can take ® = o,
completes the proof. O

for ¢ > 0, n > 0 small enough fixed, and this

Proposition 5.1 and the results of §4.1 show that
PY(z,hD,;h) = O(1) : Hg , (C) — Hg(C). (5.18)

The spectral analysis of PV in the proof of Theorem 3 is carried out in a weighted space
obtained from H(C) by an additional modification of the weight in a small but fixed
neighbourhood of the origin, implementing the holomorphic canonical transformation
K : neighg2(0) — neighe2(0) given in Theorem A.1, with p(z, ) = po(z, ) in (5.8). We
have k(p) = p + O(p?), and it follows that the I-Lagrangian R-symplectic manifold
/ﬁ(neighA% (0)) C C2, where @ is the standard weight function given in (5.9), is of the
form

/@(1{1eighA<I>0 (0)) = neigh,_ (0). (5.19)
Here & is real analytic near 0 € C and we may assume that ®(0) = 0. It follows
therefore that ®(z) = O(|z|*) as z — 0, and using also that

T()A(p = d:‘i(O) (Aq;o) = A@O,
we obtain a more precise description of the deformed weight,
O(z) = Og(z) + O(2%). (5.20)

In particular, ® is strictly convex near 0 € C. We then define, using the notation in
the proof of Proposition 5.1,

d(z) = x. (e**x/n) ®(z) + (1 — xc (%2 /n)) ®1(x), (5.21)
for e > 0, n > 0 small enough fixed. It follows from (5.11), (5.20) that the function
® € C(C) is strictly convex, satisfying ®(z) = ®1(x) for || > n, ¢(z) = ®(x) for
2| < me/¢, with || V(® — 1) ||z (c) small enough, V2® € L>(C). We also get, using
(5.8), (5.15), and (5.20), that V6 > 0 30 > 0 such that

(z,8) € Ag, [(%,8)] = 0= |po(x,§)| = dm(z). (5.22)
This discussion shows that
PY(x,hD,;h) = O(1) : Hﬂm((C) — HE,((C), (5.23)

and it follows from the ellipticity property (5.22) and the proof of Proposition 4.3 that
for each & > 0 there exist hg,n,v,C > 0 such that for all 0 < h < hg, |z] < 7, we have

HUHL%MQI\X) < C|[(PY(x, hDy; h) = 2)ull by (faf>e/4y) + Ce—"/hHUHH@’m(C), (5.24)
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for all u € Hg ,,(C).

Let U € C be a small open neighbourhood of the origin such that ®=0>0ina
neighbourhood of U. There exists a classical analytic h-pseudodifferential operator

with the leading symbol py in (5.8), realized using a good contour of the form (4.32),
with ¥ = @, such that for some ¢ > 0, we have for all u € Hg, (C),

1P (2, A3 hu = Py (uly) | sy @y < O(e™*™)|Jullzg,, (0)- (5.26)

We may view Py as a local realization of the globally defined operator P (x,hD,;h)
in (5.23), and the key point in the proof of Theorem 3 is the following precise normal
form for P = Py.

Proposition 5.2. Suppose that P = Py is defined above, so that in particular (5.25)
holds. Then there exist a small open disc V = D(0,r) € C centered at the origin and
an elliptic analytic Fourier integral operator A = O(1) : He,(V) — Ho(U), of the
form (4.39), with a microlocal inverse B = O(1) : He(U) — He,(V), such that the
conjugated operator Q = BPA : Hy (V) — He, (V') is of the form

Q = G(2izhD, + h; h) + R, (5.27)

where G = G(w; h) is a classical analytic symbol in a neighbourhood of 0 € C such that
Go(0) = 0, G;(0) # 0, G(2izhD, + h; h) is an analytic h—pseudodifferential operator
defined as in the remark after the statement of Lemma 3.4, and for each W &€ V there
exists 0 = oy > 0 such that

R=0(e%") : Hy, (V) = Heg,(W). (5.28)

Proof. Let Ay = O(1) : He,(V) — Hge(U) be an elliptic analytic Fourier integral
operator of the form (4.39), associated to the holomorphic canonical transformation
K : neighe2(0) — neighe2(0) introduced in Theorem A.1 with p = pg in (5.8), such that
(5.19) holds. Let By be a microlocal inverse of Ag — see Proposition 4.5.

It follows from (4.45) that Qo := BoPAy : He,(V) — Hg,(V) is a classical an-
alytic h—pseudodifferential operator with the principal symbol given by go(z,£) =
po(k(x,€)) = g(zf), for some g € O(neigha(0)), g(0) = 0, ¢’(0) # 0. Furthermore,
Proposition 3.2 shows that there exists an analytic h—pseudodifferential operator of
the form e!, where A; is an analytic h—pseudodifferential operator of order 0, such
that the conjugated operator e=41 0 Qgoe?t : Hg (V) — Hg,(V) is of the form (5.27),
(5.28). We obtain the desired Fourier integral operator by putting A := Agoet. O

We now define

oi(x) = (mj) V2R 2Utgd 5 =0,1,2, ... (5.29)
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noting that they form an orthonormal basis in the Bargmann space Hg,(C). To ¢,’s
we associate quasi-eigenvalues of (5.27):

{G((2j +1)h;h); j € N} Nneighg(0). (5.30)

The first step is a localization result which shows that the spectrum of PV in (5.23)
lies near these quasi-eigenvalues:

Proposition 5.3. There exist ro, co, hg > 0 such that for
z€ D(0,r9), |z2—G((25+1)h;h)| > coh, 0<h < ho, (5.31)
the operator
PY¥(x,hDy;h) — 2 : Hg , (C) — Hg(C) (5.32)
is invertible. In particular, considering P¥(x,hD,;h) as a closed densely defined op-
erator on Hg(C) with the domain given by Hg , (C), we have
Spec(PY(z,hD,; h)) N D(0,ry) C UD(G((2j + 1)h, h), coh). (5.33)
J
The proof is quite involved and we start with a few technical lemmas. The first
comes from the work of Gérard—Sjostrand [GeSj87, Lemma 4.5] and is natural when

studying approximation by holomorphic polynomials (5.29). Since the proof is simple
we recall it for the convenience of the reader.

Lemma 5.4. Suppose that u is holomorphic in a neighbourhood of D(0,1) satisfying
u(0) = 0 for j < N. Then for 0 < p < 1 we have

lull b0,y < N(1 =)~ p™ [l L=(Dio,1)- (5.34)

Proof. We have by Taylor’s formula,

u(z) = /0 1 % (%)N u(t) dt.

To estimate u(x) for |x| < p, we may assume that |z| = p. Cauchy’s estimates applied
to the holomorphic function D (0,1/p) 5 ¢ +— u(Cx) give

(5) | <

- P1—Nt N
N/ NpN/ %dtﬁ —p",
(1/p—t)N o (1—=pt) 1—p

we obtain (5.3 n

N!
@p—a oo

Since

The next lemma provides estimates on elements of Hg, (V') orthogonal to z7’s:
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Lemma 5.5. Put V = D(0,r), r > 0, and define N(h) as the least integer such that
N(h) > (ir* +25)h~", 6> 0. (5.35)
Then for u € He,(V) and ¢; in (5.29) we have
(U, 05 gy v) = 0, 5 < N(h) = [l g, (00 /16)) < C™ M|t g (D0 (5.36)
Proof. The monomials

fj:(:pj/HSOjHHq)O(V)v J=0,12..., (5.37)

form an orthonormal basis in He,(V'), and we have for u € Hg, (V') (recall that V is a
disc),
u(0) , . .
(s )10, (v = j'( ) @, i vy G =0,1,2.... (5.38)
If (u, fj)H%(v) =0,j<N,and 0 <19 <1y <ry<r, then Lemma 5.4 (applied with
p = 1o/r1 after a natural rescaling) and (5.38) give,

HUH?{%(D(O,TO)) < HUH%Q(D(O,TO)) < CT%HUH%‘”(D(O,TO))
< CriN?(1 = ro/r1) 2 (ro/r)* M [ullf e (p (o1,

) . (5.39)
< ON?*ri(ry — ) 21 = ro/r1) 2 (ro/r1) M 1ull 22 (Do 1))
< ON*ri(ro — ) (1 — TO/T1)72(TO/7,1)2N€T%/}L||u||?-lq>0(D(0,T2))'
Taking ro = r/16, ry = er/16, ro = r/2 gives
_oN 2
||u||%{q>o(D(0,r/16)) < ON?*e Ve Mh”“”%z%(x/)- (5.40)
Choosing N satisfying (5.35) gives (5.36). O

The final preparatory lemma concerns exponential decay of ¢;’s away from 0:

Lemma 5.6. For p > 0 and ¢; given in (5.29),

2

j+1< Z—h — lp;(2)]? e7220@/h [(dx) < e P /4h (5.41)
|z[>p

Proof. The integral in (5.41) is equal to
— T L(de) = ——— [ 2r¥tlem /Mg
mjl hi /|z>p =1 e (d) jrht+ p o '

1 1 B 1 1 oo ,
= ﬁhlﬂ /2 yjefy/h dy < ep?ﬂhﬁﬁ/ yaefy/% dy = e—P?/2h 2i+1 (5.42)
. P . 0

which gives the estimate in (5.41). O

We now move to
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Proof of Proposition 5.5. We consider
(PY(x,hDy;h) = 2)u=v, wu€ Hg, (C), ve Hg(C), =z €neighe(0).  (5.43)

Restricting the attention to the neighbourhood U in (5.25), we rewrite this using (5.26)
as

(P=2zu=v+w inU J[w|gw < C’e_‘;/hHuHH@’m((c). (5.44)
Following Proposition 5.2 we apply the operator B to (5.44) to get
(Q—2u=v inV, u=Bué€ Hg,(V), (5.45)
where
v =B(v+w)— BP(1 - AB)u (5.46)
satisfies
[Tl g vy < Cllollgcy + Ce™ Ml @) + Cllull yy 0,0 (5.47)

with U € U being a small open neighbourhood of 0 € C. Here we recall that
V=D(0,r), 0<r<l.

In the notation of Lemma 5.5, we define
N(h)—1
My : Hoo(V) = Heo(V), Hygu:= Y _ ul(0)2/;!, (5.48)

=0

which in view of (5.38) is the orthogonal projection onto the span of f;’s, 0 < j < N(h)
in (5.37). Lemma 5.5 then gives

1—Iyp = O0(1) e " Hy (V) = Hoy(W), W := D(0,r/16). (5.49)
Lemma 5.6 and (5.35) show that |¢;|mg, ) = 1+ Ce"*/* j < N(h), uniformly

with respect to j, provided that 6 > 0 in (5.35) satisfies 0 < § < r?/32. Hence, in the
notation of (5.37),

fi = @i+ On, 1r)(1) e 5 < N(R). (5.50)

Another application of Lemma 5.6 (with p = ar) together with (5.50) gives that

1
11l oy (ar<lai<r) = O(1) e, a=(3)*, n>0, (5.51)

uniformly with respect to j < N(h), provided that § > 0 in (5.35) satisfies 0 < § <
r?/48. In what follows, we shall assume that & > 0 is chosen small enough so that

(5.50), (5.51) hold.
Applying the orthogonal projection (5.48) to (5.45), we get
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We first estimate the norm of the second term on the right hand side of (5.52). To
this end, let V' = D(0,7") with r/16 < " < r sufficiently close to r/16 so that we still
have

1—Tlyg = O1) e ™ . Hyy (V) — Hay (V). (5.53)
Then, (see Proposition 5.2 for the mapping properties of Q) — z)
M) (@ — 2)(1 = Uyt mg, vy < CIH(L = Wnny )| g, (v
< O (1 = Tywy)ullcz 1) + O = 1) (1 = Tyw)ullzz (v (5.54)
< Cllll g, 1177y + O™ @l 110, (v)-

It follows next from (5.27) that the matrix Dy ) of the operator Iy (Q — 2)IInm
with respect to the orthonormal basis f;, 0 < j < N(h) — 1, is of the form (6 > 0)

(G((2) + 1)Bs h) = 2)58)<jpenm—r + Oe™) = 0(1) : C¥W — ¥ (5.55)
Here we equip CN™® with the Euclidean norm.

For z satisfying (5.31) we also have
Dty = O(h™1) : CNOW — N, (5.56)
Hence, for z satisfying (5.31), (5.52), (5.54), and (5.56) give
Ty (ry @l gy (v) < CRTY <||HN(h)57||Hq>O(V) + [y (@ — 2)(1 — HN(h))ﬁHH@O(V))
< O ([l tayv) + 1Ly ) + C ity 5> 0.
Using this and (5.49) we obtain that
[0l e, () < Nyl gy vy + (1 = Wnvny)tl| 11, ()
< O (10,0 + [l g ) + 10

Recalling (5.47) and the fact that u = Bu, we get

(5.57)

| Bullis, o) < Ch™" (Iolligie) + lll sy ) + 1Bl e ) + Ce lullig o

< Ch! (||UHH$(<C) + ||UHH<1,(U\(7)> + Ce_é/hH“”Ham(C)‘
(5.58)

Here U € U € U and we have used the fact that
1Bully, iy < Cllull gy @ngy + Ce Ml maw), 6 >0, (5.59)
o (VAV) (U\U)

for U € (V) € U. Writing u = ABu + (1 — AB)u we obtain from (5.58) for
Uy e k(W) eU,

e < Ch" (lellmgier + Il o)) + Ce llullig @ (5:60
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Combining (5.60) with (5.24) applied for € > 0 sufficiently small but fixed, we obtain
that for z satisfying (5.31), equation (5.43) implies that

||u||H$,m(C) S Oh_lHUHH(f)(C) + Ce_é/hHUHH@’m(C), (5 > 0. (561)

The operator (5.32) is therefore injective, for all A > 0 small enough, and hence
bijective, as it is Fredholm of index 0. This completes the proof. U

The main part of Theorem 3 follows from the next proposition about the spectrum
of P¥(x,hD,;h): it follows from (5.21) that d— P, is compactly supported so that
the spectrum of P™ on Hg(C) is the same as the spectrum on Hg, (C) (the two spaces
are the same but the norms are different). We also recall that the operators H" on
L*(R) and PY¥ on Hg,(C) are unitarily equivalent using an FBI transform adapted to
®q, see (5.6), (5.7).

Proposition 5.7. Suppose that
|z = G((2j + Dh;h)| < h/C, h(j+1)<1ip* 0<p< 1. (5.62)
Then we have
z € Specy_(P¥(x,hD,h)) <= z=G((2j +1)h;h) + O(e™"), §>0, (5.63)
and the eigenvalue is simple.
Proof. We will use the Schur complement formula and a globally well-posed Grushin

problem for the operator P¥(z,hD,;h) — 2 : Hg , (C) — Hg(C), see [Zw12, §D.1] for
a general introduction to this method and references.

It is convenient for us to assume, as we may, that the order function m introduced

in (4.3) satisfies m € C*°(C) with
10°m| < Cym, Va € N, (5.64)
see [Zw12, Lemma 8.7].

As before, let V' = D(0,r) and p < r/Cjy, where Cy > 0 is sufficiently large. This
guarantees that V' is much larger than the region where ¢; in (5.29) is not exponentially
small — see Lemma 5.6. Let x € C5°(C; [0, 1]) satisfy

x(@) =1, [z[<p,  x(z) <1, [z[>p,
and define
Fo(z) = Bo(x) — Lp2(1 — x(2)). (5.65)
We then have

Dy(z) = Bo(z), |2| <p, Bolzx) < Do(x), |z| > p. (5.66)
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It follows from Lemma 5.6 that for h(j + 1) < 1p?,

o5l o) < /(C |p; ()2 e 2P0@/M L(dz) < 2. (5.67)
Using (4.37), (4.39), and (5.67) we see that
1A@; gy = O1),  h(j+1) < 1%, (5.68)

where @ € C (U;R) is a suitable weight satisfying
O<® inU &< inU\U. (5.69)

Indeed, we can take, in the notation of (4.37) and (4.39),

B(x) = b() - inf (% At x(y))> .

Here U; € U € C can be chosen arbitrarily small provided that p > 0 is small enough.
Let Tl - L% _(C) — Hz,,(C) be the orthogonal projection and let

Y € C(U;[0,1]), o(z) =1, x € neighe(Uy). (5.70)
We define a continuous uniformly bounded map
R.=0(1):Cou_r—ullg (vAyp;) € Hg,,(C). (5.71)
Using (5.64) we get
®,, :=® — hlogm € C=(C), 8°®,, € L®(C), |a| =2,
AD,, > AD — O(h) > 1/C — O(h) > 1/2C, 0 < h < ho,
and L%’m((C) = L%m((C), Hj ,.(C) = Hz (C).

It is important for us to know that R_u_ is exponentially small away from the origin:

(5.72)

Lemma 5.8. There exists 0 > 0 such that
IBous —upglls o <Ce Ml WG+ <P (579
Proof. Definition (5.71) gives
Rou_ —u pAp; = —u_(1-1l5 )(PAp;), (5.74)
where u := (1 — Iz )(YAp;) € L%m (C) is the minimal norm solution of
Ou =0 Ap;) = (D) Ap; = Opz_(e™"), 30,

where we use (5.68), (5.69), and (5.70) to obtain the last estimate (9¢ is supported in
the region where we have uniform estimates with better weights).
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An application of L?-estimates for the 0 equation in the exponentially weighted
space L2 (C) = L% (C) (in the elementary one-dimensional case, see [H594, §4.2])

shows that [jul[,2 = O(e™%/"), concluding the proof. O
Pm

Using R_ from (5.71) and defining
R+ : H@(C) S Ut (B(U|U)>S0j)Hq>O(V) € (C, (575)

where U € C is the open neighbourhood of 0 given in (5.25), we pose the following
global Grushin problem for z € C satisfying (5.62):

P(z) = <P;: 2 }E—)  Hy, (C)xC = Hy(C)xC, P(2) (5 ) - ( v ) - (5.76)

U4

Restricting u to U, using (5.26), Lemma 5.8, (5.68), (5.69), as well as the fact that
(¥ — 1) Ap;l| sy = O(e7") in view of (5.70), we get
(P—2ut+u_Ap;=v+w inU Ryu=uvy,

. (5.77)
[wll gy < Ce™®M(lullmy ) + lu-]), 6> 0.

Applying the operator B to the first equation in (5.77) we get, similarly to (5.45),
(Q—2)u+u-p;=v inV, (¥¢j)n, V)= Vs (5.78)
Here % = B(u|y) € He, (V). With U € U close to U, and similarly to (5.46), (5.47),

we have
v=B(v+w)—BP(1—-AB)u+u_(1 — BA)y;,
N _a/h (5.79)
810,01 < Cllvllirgie) + e (llullig,, @ + lu1) + Cllull gy 01,5
Recalling (5.50), we rewrite the microlocal Grushin problem (5.78) as follows,
(Q—2u+u_f;=v inV, (u, fj)H%(V) =04. (5.80)

Here f; € Hg,(V) is given by (5.37). The function v in (5.80) is modified by an
exponentially small quantity compared to the ¥ in (5.79) to take into account the
difference between f; and ¢;, see (5.50). It still satisfies the estimate in (5.79) and we
also have

Bl < Jos] + Ce full, (o (5.81)

The analysis of (5.80) proceeds similarly to (5.45), applying the orthogonal projec-
tion Iy in (5.48) to the first equation in (5.80) and using that IInf; = f;, for
h(j +1) < p?/4. We get

My (Q = 2)ywyu + u—f; = Uyt — Hyw (@ — 2)(1 — Hyw)u, (5.82)
(TN (nyUs f3) oy (v) = V- (5.83)
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Recalling that the matrix of the operator Iy (Q — 2)IIy@p) acting on the range of
Iy, with respect to the orthonormal basis f;, 0 < j < N(h) — 1, is given by (5.55)
and using (5.62) we conclude that the problem (5.82), (5.83) enjoys the estimate

RNyl g, (v) + |u-| < Cln@w) 0 — vy (Q — 2)(1 — Hyw))tl g, v)
+ Ch|Ty] + C e[t 1 v)
< O]l gy (v) + ClMn ) (@ — 2)(1 = My )| b1y (v
+ Ch |ty + C el gy, vy, 6> 0.
Combining this with (5.54), (5.79) and (5.81) gives
MMyl g (v) + |u-| < Cllv] g 0) + Cllull gy gy + Cllull gy, 007)

(5.84)
+ Chlos] +Ce (Jlulg ) + u-])

Here V € V and U € U. We obtain therefore, in view of (5.49) and (5.84),
hllall e, () + [u—| < BIInwyul| g, o) + [u—| + AL = ) al me, ov)
< C (Il + lullggond) + 1l gy onmy + 2 1041) (5.85)
+Ce (Jully, © + lu-)
We get from (5.85), using that u = B(ul|y), similarly to (5.58), (5.59), (5.60),
Allull iy + | < C (0l @ + 1l gy o) + o4

(5.86)
+Ce ([ully, © + lu-)

Here U; € U € U. We have using the elliptic estimate (5.24) and the first equation in
(5.76),

liliry iy < € (Iollgie) + e (Nullmg 0 + 1)) (5.87)

Here we have also used that, in view of Lemma 5.8, the term R_u_ is exponentially
small in L2 . away from an arbitrarily small neighbourhood of 0, provided that p > 0

in (5.62) is small enough. We get, injecting (5.87) into (5.86),
Plulligwy + lu-| < C (Il + hlosl) + C e (lullny, @ + lu-l) . (5.89)
Using the elliptic estimate again,
il < € (I0llmge) + e (il 0 + lul)) . (5.89)
valid for p > 0 small enough, we get, adding (5.88) and (5.89),

Wl © + [u-] < C ([olmye) + A losl) + O (Julluy, 0+ u-]) . (5.90)



46 MICHAEL HITRIK AND MACIEJ ZWORSKI

We have proved therefore that for all A > 0 small enough, the operator P(z) in (5.76)
is injective, for z € C satisfying (5.62) for p > 0 sufficiently small but fixed. Since P(z)
is a Fredholm operator of index zero (it is a finite rank perturbation of the operator
in which Ry are replaced by 0 and that operator has that property thanks to the
Fredholm property of PY — z), it is consequently bijective.

Let

£(z) = ( ET,E((?) 51(2) ) . Hg(C) x C - Hj, (C) x C, (5.91)

be the inverse of P(z) in (5.76), and let us recall that z € C in the set (5.62) belongs to
spectrum of PY(x, hD,;h) precisely when E_, (z) = 0. We shall now compute E_ (z)
up to an exponentially small term. For that we set

E,=R_, E_ (z)=2z—G((2j+1h;h). (5.92)

Using (5.71), (5.75), (5.77), (5.69), and Lemma 5.8, we see that uniformly in j, we
have for v, € C,

RyEjvy = Ro(v,llg (0Ag))) = Ry (vspAp;) + O(e™ v,
= Ry (03 Ap;) + O(e™M)vy = vy + O™ Moy,
that is, Ry E, —1 = O(e™%/"): C — C.

Next, we consider

(5.93)

(P —2)E;vy 4+ R.E_ v, = (P*—2)R_vy + R_(z— G((2j + Dh; h)) vy. (5.94)
We first observe that in view of Lemma 5.8,

||R—U+HL% @5 = 0™ o], (5.95)

where U € U is a neighborhood of the origin, and thus the L%(C \ U)-norm of the
function in (5.94) is O(e™%/")|v, |. Restricting the attention to the neighbourhood U,
we see that modulo an error term of the Hg(U)-norm O(e~%")|v, |, the holomorphic
function in (5.94) is equal to
v (P = 2)Ap; + Ap; (2 = G((2) + Dh: h))) = vy (PA = AQ) ¢; = O(e™/") vy,
(5.96)
in He(U). It follows that
(P¥(2,hDy;h) — 2) Ey + R_E_, = O(e™%/") . C — H5(C). (5.97)
Combining (5.93) and (5.97) with the well-posedness of the Grushin problem, we see
that we have computed F_,(z) in (5.91) up to an exponentially small error term,
E_(2) =2—G((2j +1)h;h) + O™/, (5.98)

uniformly in j satisfying (5.62), for p > 0 small enough but fixed. The proof of
Theorem 3 is complete. U
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We finish by indicating the vanishing of (G; when the subprincipal symbol of HY in
Theorem 3 vanishes. For this we can work in the setting of [Hi04] and consider expan-
sions modulo O(h*) and C'* Fourier integral operators. In the proof of Proposition
5.2, we can follow the proof of [HelSj89, (a.3.11)] which shows that the Fourier integral
operator Ay can be chosen so that the conjugation by Ay gives a normal form up to
O(h?) terms, see also [HiSj04, Section 2]. The pseudodifferential conjugation does not
introduce any O(h) terms and that shows that Gy = 0.

APPENDIX: VEY’S MORSE LEMMA IN DIMENSION 2

For the reader’s convenience we present a self-contained account of Vey’s Morse
Lemma in dimension two:

Theorem A.1. Suppose that

p € O(neighe2(0,0)),  p(z,€) = q(z,€) + O((z,£)°)),

where q is a quadratic form such that {q(z,§) : (x,§) € R*} # C and q|rz\o # 0. Then
there exists a biholomorphic map F : neighe2(0) — neighe2(0) and f € O (neighe(0)),
f(0) =1, such that

Fp(z,¢) = q(2,¢), F*(d§ Ndx) = f(q(z,())d¢ A dz, (A1)
F(0) =0, dF(0) = Icz. Equivalently, we can find a biholomorphic map
K : neighe2(0) — neighe2(0)

such that
£'p(z,CQ) = g(a(z,Q), k' (d§ Ndx) =d( N dz,

k(0) =0, dw(0) =1Ic2, g¢'(t) = f(g(t)™", ¢(0)=0.
If p|g2 is real valued and q is positive definite, then F,k and f,g are real valued in the
real domain. We also note that while F' and k are not unique, f and g are.

(A.2)

We start by recalling the following fact (see [PS06, Proposition 2.1.10] for a slightly
different version and more general statements):

Lemma A.1. Any holomorphic quadratic form on C? such that {q(z,§) : (z,€) €
R?} # C and qlrz\o # 0 is complex symplectically equivalent to o-p(2?+€%), p € C\{0},
(or equivalently to pxg).

Proof. If q(x, &) = ax® + 2bx + c£* and, since g|gz\o # 0, we can rescale and assume
a = 1. If ag are roots of 22 + 2bz + ¢ = 0 then ¢(z,£) = (v — a,&)(r — a_§), and
again, ay,a_ ¢ R. By a real linear change of variables we can assume that a, = i and
a_ ¢ R. Since the range of ¢ is not all of C, a_ # i. Writing z = x + £, we then get

z'(i—Qoz_)7 ﬁ:i+a_ 8] £1.

q(x,§) = azZ(z + pZ), a:=— —
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If || < 1 then Re(aq) = |a*(Jz|> + Re(B8z?)) > 0, z # 0. Otherwise, ¢(z,§) =
aB(z% + |22/B) = a|B|r*(e? + 1/|8]), 0 = —2arg z + arg 3, takes all complex values.

Hence (by multiplying ¢ by a complex number ) we can assume that Re g|g2yo > 0.
We can then take a real linear canonical transformation such that Re q|ge = \(22 +£?),
A € R\ 0. Now we use an orthogonal transformation (with determinant 1; it preserves
our new real part) to diagonalize Im g|gz = 12 + 282, p1; € R. Complexifying these
R-linear transformations gives us a complex symplectic reduction to (A +iuy)z* + (A +
ip2)€%. A complex symplectic scaling finally produces 2%./1(:1:2 +&), neC\{0}. O

In our setting the proof is a simple adaptation of the elegant argument presented by
Colin de Verdiere and Vey [CAVV79]. An alternative argument was given (indepen-
dently of [Ve77], [CAVVT79]) by Helffer—Sjostrand [HelSj89], and also by Dyatlov [Dy12,
Proposition 2.10] in his study of QNM for Kerr-de Sitter black holes. The advantage
we stress here is the algorithmic nature of the method which allows computation of
the functions f and g.

We also record the following simple but useful

Theorem A.2. In the notation of Theorem A.1, suppose that q(x,&) = spu(z* + £2),
€ C\ {0} and that for t € neighg(0),

S(tu) = &dx
v (tw)
where y(tp) is a closed cycle on the complex curve p(x,&) = tu close to the positively
oriented (real) circle 5(2* + £2) = t. Then S € O(neighe(0)) and in the notation of
(A1) and (A.2)

wS' (w) = 2w f(w), S(0)=0, uS(g(w))= "2rw. (A.3)

Proof. In coordinates given by F in (A.1), p = $p(2* + ¢*) and ~(tu) is the positively
oriented real circle. By Stokes’s theorem we have (in the real domain and using polar
coordinates)

_ 1, 0.2 | (2 _ 1,2 _ '
S(ty) = / o T+ € = o / FGanyrdr =2 [ fyir

r2<t
This gives uS'(tp) = 2nf(ut) and the first statement in (A.3) follows. Since f is
holomorphic near 0 so is S. The relation between S and g now follows from the
relation between g and f given in (A.2). O

Proof of Theorem A.1. We start by showing how (A.2) follows from (A.1). If p(x, &) =
q(z,&) and w := f(q(z,§))dENdx, we need to find (x, &) = H(z, () such that H*q = ¢(q)
and H*w = d{ Adz. Then k = F o H gives (A.2).



OVERDAMPED QNM 49
We define H by
z=valq(z,¢))z  §=+Vale(z,))¢, a(0)=1

so that

H"q = qa(q), H'w= f(a(g)g)(alq) +qa'(9))dC Adz, q=q(z,0).
We then put ¢g(t) = a(t)t where a is chosen so that,
1 1
/ /
g'(t) = a(t) +ta'(t) = = :
fla(t)t)  f(g(t))
which is the condition in (A.2). We also note that dH(0) = I¢ and hence dr(0) =
dF(O) - [(CQ'
Following [CAVV79], we start by establishing the following fact: for any R €
O (neigh2(0,0)) there exists f € O(neighe(0)) and n € O (neighe2(0,0)) such that

R(z,Q)d¢ Ndz = f(q(z,¢))dC A dz +dg Adn,  n(0,0) = 0. (A.4)

In dimension two and for holomorphic R (and unlike in the general case considered in
[CAVVT79]) this is very simple. We can assume (by a complex linear symplectic change
of variables) that ¢(z,() = ipuz( so that (A.4) becomes

R(z,¢) = f(ipz¢) +ip(z0:1(2,¢) — COcn(z,€)), n(0,0) = 0.
If R(z,¢) =>_, » Bamz"C™ then the solutions are given by

o0

Fw) =" (=) 1 Row”,  0(z,0) = (i)™

n=0 n#Em

B 20 (A.5)

n—m
To obtain (A.ll we first apply the standard holomorphic Morse lemma to obtain a
biholomorphism F' such that
F*p(z,¢) = q(2,¢), F*(d¢ Adz) = R(z,¢)d¢ A dz.
We then use (A.4) and define
we == f(q(z,Q))dC A dz + tdg A dn.
We now search for a family of biholomorphic maps F; such that Fy(z,() = (z,() and
Ffoy=wy, Fiq=q. (A.6)

Finding F; is equivalent to finding a holomorphic family of vector fields X; which define
F, by Xi(Fi(z)) = 0;Fi(x). Then (A.6) is equivalent to

.,%tht + &wt = 0, th =0. (A7>
Cartan’s formula and the definition of w; show that that this is equivalent to

d(tx,w) = —dg A dn = d(ndg).
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Since dq A dn vanishes at (0,0), w; is nondegenerate in a neighbourhood of (0,0) and
we can find X; such that ¢x,w; = ndq. We have

0= Wt(XtaXt) = UdQ(Xt) = nXyq.

If n = 0 then X; = 0. Otherwise, X;q vanishes on a open set and analyticity shows
that X;q = 0. This means that (A.7), and hence (A.6), hold and we obtain (A.1) with
F=FolF.

Finally, we note that once we have F' satisfying (A.1), we can can compose it with
a linear symplectic transformation so that dF'(0) = Ic2. In fact, once (A.1) holds,
we have the dF(0) is symplectic (we have f(0) = 1) and dF(0)*q = ¢q. But then
F:=dF(0)"! o F satisfies (A.1) and dF(0) = I¢2. O
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