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Abstract. We construct a scattering matrix with operator valued entries describing

solutions to the 1+1 wave equation where permittivities has memory and depends

on time and space. It is the analogue of the scattering matrix for spatially localised

perturbations where the entries are functions of frequency and appear as Fourier mul-

tipliers in solutions of the wave equation. This provides a mathematical explanation

of the numerical construction in the recent paper by Horsley et al [HGW23].

1. Introduction

There is a considerable interest in materials whose properties depend on time and

which have memory. Having memory essentially means having a (causal) dependence

on frequency – see for instance [Ga∗22] for a survey and [Ga∗26] for a recent experimen-

tal and theoretical study. Our motivation comes from a letter [HGW23] by Horsley,

Galiffi, and Wang and we refer to it for more references to the literature and the physics

background.

1.1. Scattering for permittivities with memory.

D2
t u(t, x)− a(x, t)

∫ t

−∞
e−γ(t−t′)Dtu(t′, x)dt′ −D2

xu(t, x) = 0, ,

a ∈ L∞(Rx;C
∞
c (Rt)), supp a ⊂ [−R,R]× [−T, T ], γ > 0,

u(t, x)|t≤0 = g(x− t), supp g ⊂ (−∞,−R).

(1.1)

(The compact support in time could be relaxed to superexponential decay but we

restrict ourselves to the simplest case here).

At least formally this corresponds on the Fourier transform side to

P := D2
x − ω2 + A(x),

A(x) := a(x,Dω)
ω

ω + iγ
: Hr(Rω)→ Hr(Rω),

(1.2)

where

Hα :=

{
f : f(•) ∈ O(C+), sup

σ>0
e−2σα

∫
R
|f(λ+ iσ)|2dλ < +∞

}
, (1.3)
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Figure 1. Comparisons of evolutions of a gaussian packet g(t − x),

t � 1, g(y) = e−(x0+y)2)/σ−iλ(y−x0)) , σ = 0.05, λ = 10, x0 = −2 for dif-

ferent values of the parameters in (2.9) (with m = 1) – this corresponds

to the model considered in [HGW23]. An animated version is avail-

able at https://math.berkeley.edu/~zworski/wave_multi_one.mp4.

The code for producing this movie and the figure is enclosed in the ap-

pendix.

and also write H∞ := ∪αHα. The Hardy spaces Hα appear naturally in scattering

theory for the wave equation since the work of Lax–Phillips [LP68] – see §3.1, and

(3.6) specifically, for the review of the simplest case.

The action of a(x,Dω) is given by

[a(x,Dω)u](x, ω + iσ) :=
1

2π

∫
â(x, •)(ω − λ)u(x, λ+ iσ)dλ. (1.4)

https://math.berkeley.edu/~zworski/wave_multi_one.mp4
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We introduce the following Hilbert space of functions of position and frequency,

f : R× C+ → C, C+ := {ω ∈ C : Imω > 0},

H s
α :=

{
f : f(x, •) ∈ O(C+), sup

σ>0
e−2σα

∫
R
‖f(·, λ+ iσ)‖2

Hs(R)dλ < +∞
}
. (1.5)

We write Hα := H 0
α , H∞ = ∪αHα, and

H s
α,loc : {u : u(x, •) ∈ O(C+) and χ(x)u(x, ω) ∈H s

α for all χ ∈ C∞c }.

The goal now is to prove the following analogue of the existence of the scattering

matrix (3.2):

Theorem 1. Suppose that assumptions in (1.1) hold and f ∈ (ω + i)−1H−R. Then

there exist bounded operators

T,R+ : (ω + i)−1Hα → ω−1Hα+2R, α ∈ R,

such that, for P given in (1.2), there exists a unique solution, u(x, ω) ∈ ω−1H∞,loc,

(x, ω) ∈ R2, of Pu = 0 such that

u(x, ω) =

{
f(ω)eiωx +R+f(ω)e−iωx, x < −R,
Tf(ω)eiωx, x > R.

(1.6)

The operators R+ and T were constructed numerically in [HGW23] for the case

when a(x, t) = V0 1l−R,R(x)χ(t). That was done by following the construction of the

scattering matrix for step potentials (see §3.1 and [DyZw19, Exercise 2.10.6]) but with

the exponentials

e±ωx for |x| > R and e±i
√
ω2−V0x for |x| < R,

replaced Schrödinger propagators e±ixχ(Dω)ω/(ω+iγ) for |x| < R. The needed inversion

of operators was established numerically. The point of Theorem 1 is that, under the

assumption of localisation in space and time, the operator exists even for a larger class

of perturbations.

The proof has two parts: the first, in §3.2, is a functional analytic setup for con-

structing u(x, ω). The second one, in §3.3, is the proof of non-existence of purely

outgoing solutions to Pu = 0, that is solutions satisfying (1.6) with f ≡ 0 but the

terms corresponding to R+f and Tf potentially nonzero.

1.2. The wave equation. We now describe how the operators constructed in Theo-

rem 1 appear in the wave evolution. The theorem in the exact analogue of Proposition

4 in which the standard scattering matrix for compactly supported 1D potentials ap-

pears in the description of scattered waves.
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Theorem 2. Suppose that g ∈ C∞c ((R,∞)) and that u(t, x) is the unique solution of

(1.1) satisfying u(t, x) = g(t− x), t < 0. Then

u(t, x) =

{
g(t− x) + R+g(x+ t), x < −R,
T g(t− x), x > R,

(1.7)

where

R̂+g(ω) := R+ĝ(ω), T̂ g(ω) := T ĝ(ω).

and T and R+ are described in Theorem 1.

Existence of operators R+ and T (under some assumptions guaranteeing existence

and uniqueness of solutions to the wave equation) is an elementary general fact – see

Proposition 1. The point here is these operators are related to the stationary problem

from Theorem 1 and have correct mapping properties. At this stage, we provide the

codes for solving the wave equation (see the Appendix and Figure 1) but not the

comparison with the scattering matrix. It is an interesting open question, relevant

to physics problems considered in [HGW23] and references given there, to analyse

quantitative properties of R+ and T in asymptotic regimes of the parameters. The

numerical experiments (which an interested reader is invited to perform using code in

the Appendix) indicate interesting phenomena which should investigated.
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2. General theory

We discuss a general definition of a scattering operator for spatially localised per-

turbations of the 1+1 wave equation. We then define a general class of perturbations

with time dependence and memory and prove existence and uniqueness for the cor-

responding wave equation. These preliminary results are not surprising but we not

seem to have a ready to use reference covering existence and uniqueness of the Cauchy

problem for operators described in §1 and for the more general ones given in (2.5).

We present a detailed argument in our specific case noting that it generalises to higher

dimensions.
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2.1. An abstract scattering operator. The following elementary result shows that

we can define the scattering matrix for very general spatially localised perturbations

(see §3.1 for a review of the standard theory in our context).

Suppose that P : D ′(R2)→ D ′(R2) has the property that

u ∈ D ′(R2), suppu ∩ (R× [−R,R]) = ∅ =⇒ Pu = D2
xu. (2.1)

More informally we can state this as

∀ t ∈ R suppu(t, •) ∩ [−R,R] = ∅ =⇒ Pu(t, x) = D2
xu(t, x).

We do not assume that P is linear here. For a general class of linear operators P

relevant to this note, see §2.2.

Under this assumption on P we have the following simple fact:

Proposition 1. Suppose that u ∈ D ′(R2) solves (D2
t − P )u = 0 and

u|t<0 = κ∗+g|t<0, κ± : R2 → R, κ±(t, x) := t∓ x,
g ∈ D ′(R), supp g ⊂ (−∞,−R).

Then there exist

G,F ∈ D ′(R), suppG, suppF ⊂ (−R,∞),

such that

u|x<−R = κ∗+g|x<−R + κ∗−G|x<−R, u|x>R = κ∗+F |x>R. (2.2)

Less formally the hypothesis reads as

u(t, x) = g(t− x), t < 0, supp g ⊂ (−∞,−R), (2.3)

and the conclusion as

u(t, x) =

{
g(t− x) +G(t+ x), x < −R, suppG ⊂ (−R,∞),

F (t− x), x > R, suppF ⊂ (−∞, R).
(2.4)

This means that under the assumption (2.1) and provided we have existence and

uniqueness to solutions of (D2
t − P )u = 0, we have scattering maps:

g 7→ T g := F, g 7→ R+g = G,

where T and R+ are transmission and reflection maps. (We have similar definitions for

waves g approaching from the right.) As explained in §1 this paper describes mapping

properties and basic structure of T and R+ for more specific perturbations and relates

them to stationary scattering theory.

Proof of Proposition 1. We first proceed by pretending that u is a function and take

r > R. If we write z = t − x and w = x + t so that for v(z, w) = u(x, t) we have

∂z∂wv = 0 for ±(w − z) > 2r. In particular, ∂z∂vv(z, w) = 0 for −z > 2r − w, that is
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∂wv(z, w) = f(w), w > 2r + z for some f defined for all values of w. But that means

that

v(z, w) = v(z, 2r + z) +

∫ 0

2r+z

f(y)dy +

∫ w

0

f(y)dy, for w − z > 2r,

that is v(z, w) = G+(z) + F+(w) for w − z > 2r. Similarly, v(z, w) = G−(z) + F−(w)

for w − z < −2r. This argument applies to distributions by using [Hö03, Theorem

3.1.4′] and the fact that the restriction of v to L := {(z, 2r+ z) : z ∈ R} is well defined

as for w− z > 2R, WF(v) ⊂ {(z, w; ζ, ω) : ζω = 0} which (away from the zero section)

is disjoint from N∗L = {(z, 2r− z, ζ, ζ) : z, ζ ∈ R} – see [Hö03, Corollary 8.2.7]. Since

r > R is arbitrary we can replace r with R in our conclusion.

We now need to prove that G+ ≡ 0 and G− = g. To see the first claim we note that

(2.3) gives F+(z) +G+(w) = 0 for w− z = 2x > 2R and w+ z = 2t < 0. In particular,

G′+(w) = 0 for 2R+z < w < −z, and as z is arbitrary, this shows that G+ is constant.

We can absorb that constant into F+ and hence have G+ ≡ 0.

To see that G− = g, we note that (2.3) gives G−(z)− g(z) +F−(w) = 0 for w− z =

2x < −2R and w + z = 2t < 0. Hence G′−(z) − g′(z) = 0 for w < −z < −2R − w.

Since w is arbitrary, this means that G−(z) − g(z) is constant and we can make it 0

by changing F−. �

2.2. A class of permittivities. The model we consider is the wave equation with

permittivity which depends on time but also has memory in the sense of being an oper-

ator. In this section w do not assume spatial localisation and consider a generalisation

of (1.1):

P := ∂tε∂t − ∂2
x, x ∈ R, εv(t, x) := v(t, x) +Bv(t, x),

Bv(t, x) :=

∫ t

−∞
B(x, t, t− t′)v(t′, x)dt′.

(2.5)

We typically want to solve the problem

Pv = F (t, x), suppF ⊂ (−R,∞)× R, v(t, x)|t<−R = 0. (2.6)

We make the following assumptions on B:and that there exists m and m0 such that

∀ k, ` ∃Ck` |∂kt ∂`sB(x, t, s)| ≤ Ck`〈t〉m0〈s〉m. (2.7)

Later, but not in this section, we assume that we have a localisation in space, that is,

for R > 0 independent of t and s

suppB(•, t, s) ⊂ (−R,R) (2.8)

As an example we can take

B(x, t, s) = V (x)e−αt
2

e−γssm, α, γ ≥ 0, V ∈ L∞(R), (2.9)
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noting that the case of α = γ = 0, m = 1, gives P = ∂2
t − ∂2

x + V (x). Another way of

writing the operator B in (2.9) is as a pseudodifferential operator:

B = b(x, t,Dt), b(x, t, τ) := V (x)e−αt
2

im(τ + iγ)−m,

a(t,Dt)h :=

∫
R
a(t, τ)ĥ(τ)dτ, h(t) =

1

2π

∫
R
ĥ(ω)e−iωtdω.

(2.10)

We note here that our convention for Fourier transform in time is non-standard but

leads to cleaner formulas in our setting.

The most relevant case for us is (1.1). For that we take

B(x, t, s) = γ−1(e−sγ − 1)a(x, t), γ > 0,

a ∈ L∞x C∞t , supp a ⊂ [−R,R]× [−T, T ].
(2.11)

In that case we have

m0 = −∞, m = 1.

(This means that in (2.13) below we can take γ(T ) ≡ 1.)

Since we do not know a ready to use reference covering existence and uniqueness of

the Cauchy problem for P in (2.5) we present a detailed argument in our specific case

noting that it generalises to higher dimensions.

2.3. Existence and uniqueness. The result of §2.1 is applicable to operators of the

form (2.5) thanks to the following

Proposition 2. Under the assumptions (2.5) and (2.7), for F ∈ L1([0, T ];L2(R)),

there exists a unique

u ∈ C((−∞, T ]);H1(R)) ∩ C1((−∞, T ]);L2(R)), suppu ⊂ [0, T ], (2.12)

such that

Pu = F on (0, T )× R

Moreover, there exists C0, λ > 0 (independent of T ) such that for 0 ≤ t ≤ T .

‖u(t, •)‖H1(R) + ‖∂tu(t, •)‖L2(R) ≤ C0

∥∥eλγ(T )(T−t′)F (t′, x)
∥∥
L2(0,T )t′×Rx)

,

γ(T ) := 1 + 〈T 〉m0+1 + 〈T 〉m0+m+1.
(2.13)

To obtain uniqueness and (2.13) we will use

Lemma 3. Suppose that (2.12) is satisfied and that in addition,

F := Pu ∈ L1([0, T ];L2(R)).

Then (2.13) holds.
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Proof. This is done by an adaptation of the usual energy estimate based on the energy

identity (see for instance [Hö85, (2.4.2)] for a very general version):

∂t(e
−2λt 1

2
(|ut|2 + |∇xu|2 + |u|2))−∇x · (Re∇xuūt) + λe−2λt(|ut|2 + |∇xu|2 + |u|2)

= −2 Im e−2λtPuDtu− e−2λtDtBDtuDtu− e−2λtµ2uDtu+ e−2λt Reuūt.

Suppose u ∈ H1((−∞, T )× R) with suppu ⊂ [0, T ] and Pu ∈ L2. Then, integrating

the energy identity on (−∞, T ) × R, using the divergence theorem (in higher dimen-

sions), the fact that the form of B in (2.5) implies suppBDtu ⊂ (−∞, T ], and that

for supp v ⊂ [0, T ],∫ T

−∞

∥∥∥e−λtDt

∫ t

0

B(x, t, t− t′)eλt′v(t′, x)dt′
∥∥∥2

L2
x

dt

≤ C

∫ T

0

〈t〉2m0‖v(t, •)‖2
L2
x
dt+ C

∫ T

0

〈t〉2m0(1 + 〈t〉2m)‖v‖2
L1((0,t);L2

x)dt

≤ Cγ(T )2‖v‖2
L2 ,

where γ(T ) is defined in (2.13). From this we obtain

e−2λT 1
2
(‖ut(T )‖2

L2(R) + ‖u(T )‖2
H1(R)) + λ(‖e−λtu‖2

L2((−∞,T );H1(R)) + ‖e−λtut‖2
L2((−∞,T )×R))

= −2 Im〈e−λtPu, e−λtDtu〉(−∞,T )×R − 〈e−λtDtBe
λte−λtDtu, e

−λtDtu〉L2((−∞,T )×R)

−〈e−λtµ2eλte−λtu, e−λtDtu〉(−∞,T )×R + Re〈e−λtu, e−λt∂tu〉
≤ C‖e−λtf‖2

L2((−∞,T )×R) + (C0γ(T )2 + 1)‖e−λtDtu‖2
L2((−∞,T )×R)

+ 1
2
‖e−λtu‖2

L2((−∞,T )×R).

Hence, taking λ large enough, and moving the two right-most terms to the left-hand

side, we obtain (2.13) (with λγ(T ) replacing λ). �

Proof of Proposition 2. Uniqueness is immediate from Lemma 3 and (2.13). It remains

to show existence. For that we will use the free wave group, U(t) : Hs(R)×Hs−1(R)→
Hs(R)×Hs−1(R):

U(t) =:

(
cos(Dxt) sin(Dxt)/Dx

−Dx sin(Dxt) cos(Dxt)

)
= etL, L :=

(
0 I

−D2
x 0

)
, Dx := (1/i)∂x.

(2.14)

We fix T− ≥ 0 and for

w ∈ C0((−∞, T−);H1 × L2), suppw ⊂ [0, T ]× R, (2.15)

define a sequence

vn(t) ∈ C0((−∞, T );H1 × L2), n = −1, 0, · · · , suppvn ⊂ [0, T ]× R, (2.16)
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inductively as follows:

v−1 :=

{
w(t) t ≤ T−,

w(T−) T− ≤ t ≤ T.

Then for n ≥ 0, we again define vn differently in different ranges of t. For t ≤ T− we

put vn(t) := w(t), while for T− ≤ t ≤ T ,

vn(t) := U(t− T−)w(T−) +

∫ t

T−

U(t− s)

((
0

F (s)

)
−
(

0 0

µ2 ∂tB

)
vn−1(s)

)
ds. (2.17)

Then (2.16) holds and

(∂t − L)vn =

(
0

F

)
−
(

0 0

µ2 ∂tB

)
vn−1, t ∈ (T−, T ) vn(T−) = w(T−).

In particular,

(∂t − L)(vn − vn−1) = −
(

0 0

µ2 ∂tB

)(
vn−1 − vn−2

)
,

t ∈ (T−, T ), vn(T−)− vn−1(T−) = 0.

(2.18)

We now observe that (2.5) and (2.7) show that for v ∈ C0((−∞, T );L2), supp v ⊂
[0, T ]× R

‖∂tBv(s)‖2
L2(R) ≤

∫
R

∣∣∣∣∫ s

0

〈s〉m〈s− t′〉m0v(t′, x)dt′
∣∣∣∣2 dx

≤ 〈s〉2m(1 + 〈s〉2m0)‖v‖2
L1((0,s);L2)).

(2.19)

Since vn−2(t)− vn−1(t) = 0 for t < T− it follows from (2.17) that

‖vn(t)− vn−1(t)‖H1×L2 ≤C
∫ t

T−

(1 + |t− s|)(‖vn−1(s)− vn−2(s)‖H1×L2

+ 〈s〉m(1 + 〈s〉m0)‖vn−1 − vn−2‖L1(T−,s);H1×L2)ds,

for some constant C.

Using T− + δ ≤ T + 1, we see that for δ < 1, there is a new constant C1 depending

on T but not on T−,

‖vn − vn−1‖L∞((T−,T−+δ);H1×L2) ≤
C(1 + 〈T− + δ〉m(1 + 〈T− + δ〉m0)δ)‖vn−1 − vn−2‖L1((T−,T−+δ);H1×L2) ≤
C1δ‖vn−1 − vn−2‖L∞((T−,T−+δ);H1×L2)

Taking δ < 1/C1, we concluded that vn is a Cauchy sequence in L∞((T−, T−+δ);H1×
L2). Since

vn(t) = w(t) for t ≤ T−, vn ∈ C0([T−, T− + δ];H1 × L2), vn(T−) = w(T−),

vn converges to v ∈ C0((−∞, T− + δ];H1 × L2) and v|(−∞,T−) = w|(−∞,T−).
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In particular we have convergence vn(t) → v(t) in the sense of distributions on

(T−, T− + δ), and hence, from (2.17), in the sense of distributions,

∂tv = Lv −
(

0 0

µ2 ∂tB

)
v +

(
0

F

)
, on (T−, T− + δ)× R.

Putting v = [v1, v2]t, this gives ∂tv
1 = v2 ∈ C0([T−, T− + δ];L2). Hence u := v1,

satisfies
u ∈ C0((−∞, T+ + δ];H1) ∩ C1(−∞, T− + δ]),

u(T−) = w1(T−), ∂tu(T−) = w2(T−), w =: [w1, w2]t,

Pu = F in the sense of distributions on (T−, T− + δ).

(2.20)

The only conditions here are (2.15) on w and and δ > 0.

We can now pass from this small step procedure to finding

u ∈ C0((−∞, T );H1(R)) ∩ C1((−∞, T );L2(R)), suppu ⊂ [0, T ],

satisfying Pu = F on (0, T ). To do this, we set u0 = 0 and for j ≥ 1 and use (2.20)

to inductively obtain

uj ∈ C0((−∞, jδ];H1(R)) ∩ C1((−∞, jδ];L2(R)), (2.21)

satisfying

Puj = F, distributionally on ((j − 1)δ, jδ)× R,
uj((j − 1)δ) = uj−1((j − 1)δ), ∂tuj((j − 1)δ) = ∂tuj−1((j − 1)δ).

(2.22)

We claim that

Puj = F distributionally on (0, jδ). (2.23)

Indeed, suppose by induction that this holds for j replaced by j − 1. Then, (2.21)

holds and

Puj = F distributionally on ((0, (j − 1)δ) ∪ ((j − 1)δ, jδ).

We we write P = ∂2
t −L u, L u := ∂2

xu− ∂tB∂tu− µ2u, then

G := L u ∈ C0((−∞, jδ);H−1),

and hence, with H := F +G,

∂2
t u = H ∈ C0((−∞, jδ);H−1) distributionally on ((0, (j − 1)δ) ∪ ((j − 1)δ, jδ).

But the continuity of u and ∂tu across (j−1)δ shows that the equation holds distribu-

tionally on (0, jδ). (The argument reduces to showing that if g,G ∈ C0 and ∂tg = G,

on R \ {0} then ∂tg = G on R. But that follows from testing against ϕ(t)(1− χ(t/ε))

where ϕ, χ ∈ C∞c (R), χ ≡ 1 near 0, and using continuity of g and G while letting

ε→ 0.) Taking J ≥ δ−1T and setting u = uJ completes the construction of u. �
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Figure 2. An illustration of Proposition 4: the solution to (∂2
t − ∂2

x +

V (x))u = 0, suppV ⊂ [−R,R], with u(t, x) = g(t − x) for t � −1 is

given by g(t − x) + R+(D)g(t + x) for x ≤ −R and T (D)g(t − x) for

x ≥ R (for all times; t = 4 shown). An animated version is available at

https://math.berkeley.edu/~zworski/wave_pot.mp4.

3. An operator valued scattering matrix

In this section we prove Theorem 1. To motivate the construction and to link it to

standard theory we first review the case compactly supported time independent poten-

tials (the case α = γ = 0 and m = 1 in §2.2) . The wave equation setting (unlike the

more common Schrödinger equation setting) makes the the scattering matrix appear

in a very clean way.

3.1. Review of standard scattering matrix. Suppose that V ∈ L∞(R;R) satisfies

suppV ⊂ [−R,R]. Any solution to

(D2
x + V (x)− λ2)u = 0, (3.1)

https://math.berkeley.edu/~zworski/wave_pot.mp4
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satisfies

u(x) =

{
A+e

iλx +B−e
−iλx, x > R;

A−e
iλx +B+e

−iλx, x < −R.

Taking the Wronskian of u and ū for λ ∈ R\0 shows that |A−|2+|B−|2 = |A+|2+|B+|2,

and hence

S(λ) :

(
A−
B−

)
7→
(
A+

B+

)
, S(λ) =

(
T (λ) R−(λ)

R+(λ) T (λ)

)
, (3.2)

is well defined. It is called the scattering matrix, T (λ) is the transmission coefficient

and R±(λ) are the reflection coefficients. They extend to meromorphic functions in C
satisfying

T (λ)T (λ̄) +R±(λ)R±(λ̄) = 1, T (λ)R±(λ) +R±(λ)T (λ̄) = 0,

T (−λ) = T (λ̄), R±(−λ) = R±(λ̄),
(3.3)

and

N∏
j=1

|λ− iµj|
|λ+ iµj|

|T (λ)| ≤ e2R Imλ,
N∏
j=1

|λ− iµj|
|λ+ iµj|

|R±(λ)| ≤ e2R Imλ, Imλ ≥ 0, (3.4)

where µj > 0 and −µ2
j , j = 1, · · · , N , are the eigenvalues of D2

x +V (x) – see [DyZw19,

§2.4, Exercise 3.14.10]. The normalised eigenfunctions wj ∈ L2(R;R) satisfy

(D2
x + V (x))wj = −µ2

jwj, ‖wj‖L2 = 1, wj(x)|±x>R = a±j e
∓µjx, µj > 0. (3.5)

When V ≥ 0 there are no eigenvalues and in that case we can consider multiplication

by T and R± on Hardy spaces:

Hα := {f ∈ O({Imλ > 0}) : sup
σ>0

e−2aσ

∫
R
|f(λ+ iσ)|2dλ < +∞},

Hα 3 f(λ) 7→ T (λ)f(λ) ∈ Ha+2R, Hα 3 f(λ) 7→ R±(λ)f(λ) ∈ Ha+2R.

(3.6)

We remark that the spaces are isometric as f(ω) 7→ eiaωf(ω) provides a unitary map

between Hα and H.

The relation to the wave equation is given in the following

Proposition 4. Suppose that g ∈ S ′(R) and that supp g ⊂ (R,∞). If

(D2
t −D2

x − V (x))u(t, x) = 0, t ∈ R, u(t, x) = g(t− x), t ≤ 0, (3.7)

then, in the notation of (3.2) and (3.5),

u(t, x) =

{
g(t− x) +M−g(x+ t), x < −R,
M+g(t− x), x > R,

(3.8)
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where

M−g(x) = R+(D)g(x) +
N∑
j=1

〈g, wj〉a−j eµjx,

M+g(x) = T (D)g(x) +
N∑
j=1

〈g, wj〉a+
j e

µjx,

and where T and R+ are defined in (3.2).

Remark. At first it is not clear that the expression in (3.8) has the desired support

properties. To see this when there are no eigenvalues, we first note that by the Paley–

Wiener Theorem ĝ(λ) (with the convention of (2.10)) is holomorphic for Imλ > 0 and

satisfies the bound 〈λ〉Ne−(R+δ) Imλ, δ > 0, there. In view of (3.4) we then have

T (λ)ĝ(λ), R+(λ)ĝ(λ) = O(〈λ〉N)e(R−δ) Imλ, Imλ > 0.

The Paley–Wiener Theorem then shows that suppT (D)g, suppR+(D)g ⊂ (−R,∞)

and

supp 1l−∞,−R)(•)R+(D)g(•+ t) ∩ (−∞, R) ⊂ {x : −t−R < x < −R},
supp 1l(R,∞) T (D)g(t− •) ∩ (R,∞) ⊂ {R < x < t+R}.

In particular for t ≤ 0 the scattering terms both vanish. When there are eigenvalues,

−µ2
j , then the entries of S(λ) have poles iµj, µj > 0. A contour deformation then

provides the needed cancellation.

Proof. We use the spectral representation of the wave propagator constructed using

distorted plane waves, that is solutions to (D2
x + V − λ2)e± = 0 satisfying

e±(x, λ) =

{
T (λ)e±iλx for ± x > R,

e±iλx +R±(λ)e∓iλx for ± x < −R.
(3.9)

Then, for g ∈ C∞c (R), supp g ⊂ (R,∞),

u(t, x) =
N∑
j=1

(〈g, wj〉 coshµjt− 〈g′, wj〉µ−1
j sinhµjt)wj(x)

+
1

2π

∫ ∞
0

∫
R
(e+(x, λ)e+(y, λ) + e−(x, λ)e−(y, λ))(cos tλ− λ−1 sin tλ∂y)g(−y)dydλ.

In view of the support properties of g and the form of wj for x < −R we have

〈g′, wj〉 =

∫
g′(x)a−j e

xµjdx = −µj
∫
g(x)a−j e

xµjdx = −µj〈g, wj〉.
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Hence the contribution of wj’s to u(t, x) is given by

N∑
j=1

etµj〈g, wj〉wj(x) =
N∑
j=1

a±j 〈g, wj〉eµj(t∓x), ±x > R.

To see the contribution of the continuous spectrum, we now use the expressions for

e±(y, λ) for y < −R:

E+g(λ, t) :=

∫
R
e+(y, λ)(cos tλ− λ−1 sin tλ∂y)g(−y)dy = ĝ(λ)e−iλt +R+(λ)ĝ(−λ)eiλt,

E−g(λ, t) :=

∫
R
e−(y, λ)(cos tλ− λ−1 sin tλ∂y)g(−y)dy = T (λ)ĝ(−λ)eiλt.

(3.10)

Then for x < −R,

e+(x, λ)E+g(λ, t) = (eiλx +R+(λ)e−iλx)(ĝ(λ)e−iλt +R+(λ)ĝ(−λ)eiλt)

= ĝ(λ)eiλ(x−t) + |R+(λ)|2ĝ(−λ)eiλ(t−x)

+R+(λ)e−iλ(x+t)ĝ(λ) +R+(−λ)eiλ(x+t)ĝ(−λ)eiλ(t−x),

e−(x, λ)E−g(λ, t) = |T (λ)|2ĝ(−λ)e−iλ(x−t).

Using (3.3) in the expression for u(t, x) gives (3.8) for x < −R. Similar arguments

give the expression for x > R. �

3.2. Construction of u(x, ω) in Theorem 1. To motivate the construction of u(x, ω)

we recall one way to do it in the case of (3.1). For V ∈ L∞comp(R; [0,∞)), suppV ⊂
(−R,R), we consider the resolvent RV (ω) := (D2

x +V −ω2)−1 : L2(R)→ L2(R) which

is holomorphic for Imω > 0. When V 6≡ 0 (note we assumed that V ≥ 0), it is defined

L2
comp(R)→ L2

loc(R) for Imω = 0. (See [DyZw19, Theorem 2.7].)

For F with suppF ⊂ (−R1, R1), R < R1,

RV (ω)F (x) =

{
A−(ω)e−iωx, x < −R1,

A+(ω)eiωx, x > R1,
(3.11)

which is the meaning of being outgoing for 1D for compactly supported perturbations.

(Here A± depend on F and ω.) To construct a solution of (D2
x+V −ω2)u = 0 satisfying

(1.6) we choose ρ ∈ C∞c (R; [0, 1]) supported in (−R1, R1), R1 > R, and equal to 1 near

the support of V . We then put

u(x, ω) = (1− ρ(x))eiωxf(ω) +RV (ω)[D2
x, ρ](ei•ωf(ω))(x),

Then (3.11) shows that (1.6) holds. We will mimic this strategy and construct RV (ω)

now acting on spaces of functions of both x and ω. The key is the existence of RV in

Hα which will be established in §3.3.

We start by recording some simple facts:
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Lemma 5. For R0(ω) = (D2
x−ω2)−1, Imω > 0, the outgoing resolvent, and 0 ≤ s ≤ 2,

define

Rs : f(x, ω) 7→ ω

(ω + i)s
R0(ω)f(•, ω)(x). (3.12)

Then, in the notation of (1.5), for ρ ∈ C∞c (R), and any α ∈ R,

‖ρRsρ‖Hα→H s
α
≤ C,

ρRsρf(x, ω) := ρ(x)ω(ω + i)−sR0(ω)(ρ(•)f(•, ω))(x).
(3.13)

Proof. This follows immediately from he definition (1.5) and the explicit formula for

R0(ω) as an operator L2
comp(R)→ H2

loc(R):

ω

(ω + i)s
R0(ω)g(x) =

i

2(ω + i)s

∫
R
eiω|x−y|f(y)dy.

(See [DyZw19, Theorem 2.1] for estimates on ‖ρR0ρ‖L2→Hs .) �

The next lemma gives a compactness result:

Lemma 6. Suppose that A0 := a(x,Dω)(ω + iγ)−1, γ > 0, and the assumptions in

(1.1) hold. Then, for any α ∈ R, A0 : L2(R2)→ L2(R2) defines a bounded operator

A0 : Hα →Hα, (3.14)

and, in the notation of Lemma 5,

A0R0ρ : Hα →Hα is a compact operator. (3.15)

Proof. To establish (3.14) we need to show that a(x,Dω) extends to an operator on

Hα. The holomorphy can be seen by applying the Cauchy Riemann operator and

integration by parts justified by the rapid decay of τ 7→ â(x, •)(τ) as Re τ →∞.

Since x 7→ a(x, t) is compactly supported and bounded with values in C∞c (R) (and

the support in t is uniformly bounded) it is enough to show that for b ∈ C∞c (R), b(Dω)

extends to an operator on Hα, defined in (3.6).

We will need slightly more for (3.15) and with this in mind we show that for any

s ∈ R, (ω + i)sb(Dω)(ω + i)−s extends to a bounded operator on Hα.

In fact, recalling (1.4) we have,

[(ω + i)sb(Dω)(ω + i)−sf ](λ+ iσ)

=
1

2π

∫
(λ+ iσ + i)sb̂(λ− ω′)(ω′ + iσ + i)−sf(ω′ + iσ)dω′,
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and, since b̂ is rapidly decaying,

sup
λ

∫
|λ+ iσ + i|s|b̂(λ− ω)||ω + iσ + i|−sdω ≤ C

sup
ω

∫
|λ+ iσ + i|s|b̂(λ− ω)||ω + iσ + i|−sdλ ≤ C.

Thus, by the Schur test for boundedness,

sup
σ>0

e−2σα

∫ ∣∣∣∣ 1

2π

∫
(λ+ iσ + i)sb̂(λ− ω′)(ω′ + iσ + i)−sf(ω′ + iσ)dω′

∣∣∣∣2 dλ
≤ C sup

σ>0
e−2σα

∫
|f(ω′ + iσ)|2dω′,

that is, (ω + i)sb(Dω)(ω + i)−s is bounded on Hα. In particular, (3.14) follows.

For compactness, suppose that {fn}∞n=1 is bounded in Hα. Then, using Lemma 5,

{ρRsρfn}∞n=1 is bounded in H s
α for for 0 ≤ s ≤ 2. Moreover, using the equality

(ω + i)
1
2A0R0ρfn = (ω + i)

1
2a0(x,Dω)(ω + i)−

1
2 (ω + i)(ω + iγ)−1ρR 1

2
ρfn,

together with the facts that (ω + i)
1
2a0(x,Dω)(ω + i)−

1
2 : Hα → Hα (proved above)

and (ω + i+ iσ)/(ω + iγ + iσ)| ≤ 1 + 1/γ, ω ∈ R, σ > 0, we have

sup
n
‖(ω + i)

1
2A0R0ρfn‖Hα <∞ (3.16)

Fixing σ we want to extract a convergent subsequence of A0R0ρfnσ,k(•, •+iσ) in L2
xL

2
ω.

To apply Rellich’s theorem we need improved regularity in x and ω and decay in both.

In x the decay comes from compact support property of the cut-off function ρ, in ω

from the factor (ω+ i)
1
2 in (3.16). The regularity improvement in x is a consequence of

the boundedness of {ρR1/2ρfn, n ∈ N} in H 1/2
α given in Lemma 5. Compact support

in Dω provides smoothness in ω

We conclude that for all σ ≥ 0 (recall that the singularity at ω = 0 is removed in

(3.12)), there exists a subsequence nσ,k such that

e−σαA0R0ρfnσ,k(•, •+ iσ)
L2
xL

2
ω→ e−σαgσ.

Now, by a diagonal argument, we may find nk such that

e−`αA0R0ρfnk(•, •+ i`)
L2
xL

2
ω→ e−`αg`

for all ` = 0, 1, . . . . Since ζ 7→ A0R0ρfnk(•, ζ) are holomorphic in Im ζ ≥ 0, we have

by the Phragmén–Lindelöf principle,

sup
0<σ<j

‖eiα(ω+iσ)[A0R0ρ(fnk − fnk′ )](x, ω + iσ)‖L2
ωL

2
x

≤ max
σ∈{0,j}

‖eiα(ω+iσ)[A0R0ρ(fnk − fnk′ )](x, ω + iσ)‖L2
xL

2
x
.
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We now recall (3.16) to see that ω 7→ (ω+iσ+i)
1
2 eiα(ω+iσ)A0R0ρfn(ω+iσ) is uniformly

bounded in L2
ωL

2
x and hence

sup
j<σ<∞

‖ei(α(ω+iσ)[A0R0ρ(fnk − fnj)](x, ω + iσ)‖L2
ωL

2
x
≤ Cj−

1
2

Hence, we obtain a Cauchy sequence in Hα, A0R0ρfnk
Hα→ g, which concludes the

proof. �

We now solve Pv = f where P is given in (1.2):

Proposition 7. For α ∈ R and R1 > R, let f ∈ Hα and supp f(•, ω) ⊂ (−R1, R1)

for all ω ∈ C+. Then there is a unique v ∈ ω−1Hα such that

(D2
x − ω2 + A(x))v(x, ω) = f(x, ω).

Moreover, for any ρ, ρ1 ∈ C∞c (R; [0, 1]) such that ρ ≡ 1 near the support of ρ1 and

ρ1 ≡ 1 on a neighbourhood of (−R1, R1),

v = R0(ω)ρ1(I + A(x)R0(ω)ρ)−1ρ1f.

Proof. We will solve solve

(D2
x − ω2 + A(x))v(x, ω) = f(x, ω),

so that (3.11) holds for v(x, ω) and

ρ ∈ C∞c ((−R,R); [0, 1]) =⇒ ρv ∈ ω−1Ha. (3.17)

To start we note that

(1− ρ)A = 0 and (I + A(x)R0(ω)(1− ρ))−1 = (I − A(x)R0(ω)(1− ρ)).

Hence,

P = D2
x − ω2 + A(x) = (I + A(x)R0(ω))(D2

x − ω2)

= (I + A(x)R0(ω)(1− ρ))(I + A(x)R0(ω)ρ)(D2
x − ω2),

and solving Pu = f = ρ1f is equivalent to solving

(I + A(x)R0(ω)ρ)(D2
x − ω2)v = (I + A(x)R0(ω)(1− ρ))ρ1f = ρ1f. (3.18)

To continue, we use the following crucial proposition which will be proved in Section

3.3.

Proposition 8. For A given in (1.2),

kerHα(I + A(x)R0(ω)ρ) = {0}. (3.19)
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Lemma 6 shows that at A(x)R0(ω)ρ : Hα → Hα is compact and hence (I +

A(x)R0(ω)ρ) : Hα → Hα is a Fredholm operator of index 0. Proposition 8 then

shows that we have an inverse

(I + A(x)R0(ω)ρ)−1 : Hα →Hα. (3.20)

Going back to (3.18) and recalling that ρ1f ∈Ha we define

v = R0(ω)(I + A(x)R0(ω)ρ)−1ρ1f, (3.21)

and notice that

(I + A(x)R0(ω)ρ)−1ρ1f = −A(x)R0(ω)ρ(I + A(x)R0(ω)ρ)−1ρ1f + ρ1f.

Hence, the support properties of f and A imply that

(I + A(x)R0(ω)ρ)−1ρ1f = ρ1(I + A(x)R0(ω)ρ)−1ρ1f,

which together with (3.21) completes the proof of the proposition. �

Proof of Theorem 1. Existence: Let f ∈ (ω + i)−1Hα, R1 > R, ρ, ρ1 ∈ C∞c (R) with

ρ ≡ 1 near [−R,R], supp ρ1 ⊂ (−R1, R1) and ρ1 ≡ 1 near supp ρ.

Since f ∈ (ω + i)−1Hα and ρ ∈ C∞c (−R1, R1),

F := f(ω)[D2
x, ρ](eiωx) ∈Ha+R1 .

By Proposition 7 there is a unique v ∈ ω−1Ha+R1 such that

(D2
x − ω2 + A(x))v = F,

and

v = R0(ω)ρ1(I + A(x)R0(ω)ρ)−1ρ1F.

Setting u := (1− ρ(x))eiωxf(ω) + v, we have

(D2
x − ω2 + A(x))u = 0.

Define

Tf(ω) := f(ω) +
i

2ω

∫
e−iyω

[
(I + AR0ρ)−1

(
ρ1f(ω)[D2

•, ρ](eiω•)
)]

(y, ω)dy, (3.22)

R+f(ω) :=
i

2ω

∫
eiyω

[
(I + AR0ρ)−1

(
ρ1f(ω)[D2

•, ρ](eiω•)
)]

(y, ω)dy. (3.23)

Then Theorem 1 follows from the form of R0(ω), the estimates (3.20) and (3.13), the

fact that

supp{x : ∃ω ∈ C+, (x, ω) ∈ supp(I + AR0ρ)−1ρ1F} ⊂ (−R1, R1),

and that R1 > R is arbitrary.
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Uniqueness: It is enough to show that for any R > 0, α > 0, any solution, v ∈ ω−1Hα

to Pv = 0 with

v(x, ω) =

{
g−(ω)e−iωx, x < −R
g+(ω)eiωx, x > R

and g± ∈ ω−1Hα, satisfies v ≡ 0.

To see this we recall that Pv = 0 means that

(D2
x − ω2)v = −A(x)v ∈ (ω + i)−1Hα ⊂Hα (3.24)

Therefore, since v(ω, •) is outgoing and suppA(•) ⊂ (−R,R),

v = −R0(ω)A(x)v (3.25)

Hence

A(x)v = −A(x)R0(ω)A(x)v,

so that for ρ ∈ C∞c with supp(1− ρ) ∩ [−R,R] = ∅,

0 = A(x)v + A(x)R0(ω)A(x)v = (I + A(x)R0(ω)ρ)A(x)v.

In view of the inclusion in (3.24), we can now use Proposition 8 sto see that A(x)v = 0.

Together with (3.25), this implies v = 0, completing the proof of uniqueness. �

3.3. Non-existence of purely outgoing solutions. We will now prove Proposition

8. Suppose that, in the notation of Proposition 8,

(I + A(x)R0(ω)ρ)w = 0, w ∈Hα. (3.26)

Since ρw = w,

u := R0(ω)w = −R0(ω)A(x)R0(ω)ρw, (D2
x − ω2 + A(x))u = 0. (3.27)

Moreover, since

R0(ω) : Hα → ω−1(Hα ∩ 〈ω〉H 1
α ∩ 〈ω〉2H 2

α ) (3.28)

by Lemma 5, u(x, •) ∈ O(C+), and for σ > 0,∫
R
|u(x, ω + iσ)|2dω <∞.

We want to show that u(x, ω + iσ) ≡ 0, σ > 0 and for that we use a variant of a

positive commutator argument. Define

〈u, v〉σ := e−2σα

∫
u(x, ω + iσ)v(x, ω + iσ)dxdω,

Pσ := D2
x − (ω + iσ)2 + a(x,Dω)

ω + iσ

ω + iσ + iγ
. (3.29)
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Notice that for u ∈ H 2
α , Pσ(u|Imω=σ) = (Pu)|Imω=σ where the action of P on u is

explained in (1.4). For u ∈ ω−3/2H 2
α , we compute

〈Pσu, (ω + iσ)u〉σ = 〈(ω − iσ)Dxu,Dxu〉σ − 〈(ω2 + σ2)(ω + iσ)u, u〉σ

+ 〈a(x,Dω)
ω + iσ

ω + iσ + iγ
u, (ω + iσ)u〉σ.

(3.30)

We now take the imaginary part to obtain

Im〈Pσu, (ω + iσ)u〉σ = −σ
(
‖Dxu‖2

σ + ‖|ω + iσ|u‖2
σ

)
+ Im〈a(x,Dω)

ω + iσ

ω + iσ + iγ
u, (ω + iσ)u〉σ

≤ −σ
(
‖Dxu‖2

σ + ‖|ω + iσ|u‖2
σ

)
+ ‖a(x,Dω)‖Hα→Hα

∥∥∥ ω + iσ

ω + iσ + iγ
u
∥∥∥
σ
‖|ω + iσ|u‖σ

≤ −σ(‖Dxu‖2
σ + ‖|ω + iσ|u‖2

σ) + C‖u‖σ‖|ω + iσ|u‖σ
≤ −1

2
σ3‖u‖2

σ, .

if σ is large enough.

Since u = R0(ω)w with w ∈ Hα, we use (3.28) to obtain u ∈ ω−1(Hα ∩ 〈ω〉H 1
α ∩

〈ω〉2H 2
α ). Therefore, to justify multiplication by ω and integration as above, we con-

sider a modified version of (3.30):

〈Pσu, (ω + iσ) 1l|ω|≤T u〉σ = 〈(ω − iσ) 1l|ω|≤T Dxu,Dxu〉σ

− 〈1l|ω|≤T ((ω2 + σ2)(ω + iσ)u, u〉σ + 〈a(x,Dω)
ω + iσ

ω + iσ + iγ
u, (ω + iσ) 1l|ω|≤T u〉σ,

estimate the imaginary part as above to obtain (recall that Pσu = 0 from (3.27))

0 = 〈Pσu, (ω + iσ) 1l|ω|≤T u〉σ ≤ −1
2
σ3‖1|ω|≤Tu‖2

σ.

For each σ large enough, sending T → ∞ then implies u|Imω=σ ≡ 0. Since u is

holomorphic in Imω > 0, this implies that u ≡ 0.

4. Proof of Theorem 2

Let R1 > R and ρ ∈ C∞c ((−R1, R1)) with ρ ≡ 1 near [−R,R], ρ1 ∈ C∞c ((−R1, R1))

with

supp ρ ∩ supp(1− ρ1) = ∅.
We then define

u1(t, x) := (1− ρ(x))g(t− x), u2 := u− u1.

It follows that u2 ≡ 0 for t� −1 and that

(D2
t −D2

x − A)u2 = −(D2
t −D2

x − A)(1− ρ)g(t− x)

= −[D2
x, ρ]g(t− x) =: f(t, x),
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Proposition 2 and (2.11) imply that there is C > 0 such that ‖u2‖L2(Rx) ≤ CeCt and

hence for σ > 0 large enough,

‖û2(ω + iσ, x)‖L2
ω,x

<∞,

and there is σ0 > 0 such that û2 is holomorphic in {Imω > σ0}. Moreover, (recall the

convention (2.10)) since f is smooth and compactly supported in time, there is a > 0

such that f̂ ∈Hα. Thus, for σ > 0 large enough,

Pσû2(ω + iσ, x) = −f̂(ω + iσ, x),

where Pσ is defined in (3.29). Hence, for σ > 0 large enough,

û2(ω + iσ, x) = −
(
R0(ω + iσ)

[
(I + AR0ρ)−1ρ1f̂

]
(ω + iσ, •)

)
(x). (4.1)

(See (1.2) to (1.4) for a description of the action of A.) By Lemma 5, this implies that

for 0 ≤ s ≤ 2,
ω

(ω + i)s
û2(ω, x) ∈H s

α . (4.2)

Now, taking the inverse Fourier transform and using (4.1)

u2(t, x) = −
∫

Im z=σ

eizt
(
R0(I + AR0ρ)−1ρ1f̂

)
(z, x)dz.

Define

Γr,±,ε := ±r + i[ε, σ], Γσ,r := [−r, r] + iσ.

First, using (4.2) to see that (ω + iσ)û2(ω + iσ, x) ∈ L2
x,ω, we obtain∥∥∥∫

|ω|>R
e−iωt+σtû2(ω + iσ, x)dω

∥∥∥
L2
x

≤ eσt
(∫
|ω|>r
|ω + iσ|−2dω

)1/2

‖(ω + iσ)û2(ω + iσ, x)‖L2
x,ω
≤ Cr−1/2.

Next, since (I + AR0ρ)−1 : Hα →Hα is bounded and

‖R0(z)‖L2→L2 ≤ 1

|z| Im z
, Im z > 0,

we have

sup
Im z>0

‖e−a Im z|z|| Im z|
(
R0(I + AR0ρ)−1ρ1f̂

)
(z, •)‖L2(Rx) <∞,

and hence ∥∥∥∫
ΓR,±,ε

û2(z, •)dz
∥∥∥
L2
x

≤ Cr−1 log ε−1.

Deforming the contour and letting r →∞, we obtain that for ε > 0

u2(t, x) = − 1

2π

∫ ∞
−∞

e−i(ω+iε)tR0(ω + iε)[(I + AR0ρ)−1ρ1f̂ ](ω + iε)dω.
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Now, sending ε→ 0+, we obtain

u2(t, x) = − 1

2π

∫ ∞
−∞

e−iωt
1

ω + i0
ωR0(ω)[(I + AR0ρ)−1ρ1f̂ ](ω, x)dω.

The integral makes sense as a distributional pairing with (ω+i0)−1 since, by Lemma 5,

ωR0(ω) : Ha,comp →Ha,loc.

Recalling the definition of f , we have

f̂(ω, x) =

∫ ∞
−∞

eiωs[D2, ρ]g(s− x)ds = [D2, ρ]

∫ ∞
−∞

e−iω(x−s)+iωxg(s− x)ds

= ĝ(ω)([D2, ρ]eiω•)(x).

Thus,

u2(t, x) =
1

2π

∫ ∞
−∞

e−iωt
1

ω + i0
ωR0(ω)(I + AR0ρ)−1ρ1ĝ(ω)([D2, ρ]eiω•)dω.

Therefore, using the definition (3.23) for x < −R1,

u2(t, x) =
1

2π

∫ ∞
−∞

e−iω(t+x)[R+ĝ(•)](ω)dω = [R+g](t+ x)

and, using the definition (3.22) for x > R1,

u2(t, x) =
1

2π

∫ ∞
−∞

e−iω(t−x)[T ĝ(•)− ĝ(•)](ω)dω = [T g](t− x)− g(t− x)

Hence, u = u1 + u2 satisfies

u(t, x) =

{
[T g](t− x) x > R1,

g(t− x) + [R+g](t+ x) x < −R1.

Since R1 > R is arbitrary the Theorem follows. �

Appendix by Zhen Huang and Maciej Zworski

A.1. Mathematical setup. We consider the following special case of operators de-

fined in §2.2:

D2
t u− a(x, t)BDtu−D2

xu = 0, Dt := 1
i
∂t, Dx = 1

i
∂x. (A.1)

where

a(x, t) ∈ L∞(Rx,S (Rt)), supp a(•, t) ⊂ [−R,R] (A.2)

and B is a memory term:

Bv(t, x) :=

∫ t

−∞
e−γ(t−t′)v(t′, x)dt′, γ > 0. (A.3)

An example in (A.2) in the spirit of [HGW23] would be

a(x, t) = V (x) exp(−α(t− t0)2), α > 0, V (x) = A 1l[−1,1] .
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We also allow any step potential:

V (x) =
J∑
j=1

Vj 1l[xj ,xj+1], x1 < x2 < · · · < xJ+1.

As the initial condition we take

u(t, x)|t≤0 = g(x− t), g ∈ C∞c ((−∞,−R), (A.4)

and in practice we could take

g(x) = exp(−(x− x0)2/σ) exp(iλ(x− x0)), 0 < σ � 1, x0 � −R.

We can rewrite (A.1) as a system

Dtu =

(
0 1

D2
x a(x, t)B

)
u, u(0, x) =

(
g(x)

ig′(x)

)
, u(t, x) =

(
u(t, x)

Dtu(t, x)

)
. (A.5)

The code can be tested in the special case of no memory effect by setting γ = 0,

α = 0, and A = −iV0. Then

BDtu(t, x) =
1

i

∫ t

−∞
∂tu(t′, x)dt′ = −iu(t, x).

Hence, for our choice of parameters,

a(x, t)BDtu = −ia(x, t)u(t, x) = V0 1l[−1,1](x)u(t, x),

that is, our equation becomes

D2
t u− (D2

x + V (x))u = 0, V (x) = V0 1l[−1,1] .

For this there is a standard code for comparing solutions.

Algorithm 1 Leapfrog scheme for (A.5) with memory term (A.3)

1: Input: Initial condition u0 = (u0, v0), time step ∆t, number of time steps N ,

uniform spatial grid points x.

2: Output: Solution un at times tn = n∆t for n = 1, . . . , N

3: Initialize memory term M0 using trapezoidal rule from −∞ to 0.

4: Startup: Compute u2 from u1 using forward Euler (one step).

5: for n = 2 to N − 1 do

6: Update memory term:

Mn = e−γ∆tMn−1 + ∆tvn.

7: Leapfrog update:

un+1 = un−1 + 2i∆t vn, vn+1 = vn−1 + 2i∆t (D2
xun + a(x, tn)Mn).

8: end for
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A.2. Numerical schemes. Now we aim to write down a numerical scheme for (A.5),

which we rewrite as

Dtu = Lu + a(x, t)

∫ t

−∞
C(t− s)u(s)ds,

where

L =

(
0 1

D2
x 0

)
, C(t− s) =

(
0 0

0 e−γ(t−s)

)
.

Let un(x) = u(tn, x), where tn = n∆t and ∆t is the time step. Due to the simple

exponential form of C(t), we use recurrence to update the memory term:

Mn :=

∫ tn

−∞
C(tn− s)u(s)ds = e−γ∆t

∫ tn−1

−∞
C(tn−1− s)u(s)ds+

∫ tn

tn−1

C(tn− s)u(s)ds.

For n = 0, we evaluate M0 =
∫ 0

−∞C(tn − s)u(s)ds using the trapezoidal rule. For

n ≥ 1, we have the approximate recurrence relation:

Mn ≈ e−γ∆tMn−1 + ∆tC(0)un,

where un is updated using the following leapfrog scheme: for un = (un, vn)T ,

un+1 = un−1 + 2i∆t vn, (A.6)

vn+1 = vn−1 + 2i∆t (D2
xun + a(x, tn)Mn), (A.7)

where the memory term Mn is updated via the recurrence relation at each step. A

one-step startup procedure using the forward Euler scheme is required to compute u1

from u0:

u1 = u0 + i∆t v0, (A.8)

v1 = v0 + i∆t (D2
xu0 + a(x, t0)M0). (A.9)

The leapfrog scheme is explicit and has second-order accuracy in time. The overall

algorithm is in Algorithm 1.

A.3. Matlab codes. This code produces the movie and the graphs shown in Figure 1.

1 function wave_memory(gamma,alpha,V0,x0,lambda)

2 % Computes a toy wave-like PDE with memory

3 % Usage: wave_memory(gamma,alpha,V0,x0,lambda)

4 % If arguments are omitted, reasonable defaults are used.

5 %

6 % The code evolves three parameter cases in parallel (three gammas/alphas).

7 % Subfunction Vnew(x,V0,x0) returns piecewise-constant potential.

8 % --- Defaults and input sanitizing ---

9 if (nargin < 1 ) gamma = [0,3,4]; end

10 if (nargin < 2 ) alpha = [0,2,10]; end
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11 if (nargin < 3 ) V0 = 10*[40,-5,30]; end

12 if (nargin < 4 ) x0 = [-0.5,-0.25,0.25,0.5]; end

13 if (nargin < 5 ) lambda = 10; end

14 % Ensure alpha and gamma have length at least 3 (pad or truncate)

15 if numel(alpha) < 3, alpha = [alpha(:).’ zeros(1,3-numel(alpha))]; end

16 if numel(gamma) < 3, gamma = [gamma(:).’ zeros(1,3-numel(gamma))]; end

17 % --- Spatial / temporal grid ---

18 L = pi; % domain [-L, L]

19 T = 3.65; % final time

20 dx = 0.01;

21 dt = 0.005; % dt should be smaller than dx for stability here

22 x = -L:dx:L;

23 t = 0:dt:T;

24 Nx = length(x);

25 Nt = length(t);

26 % Memory parameter and potential

27 t0 = 2;

28 V = Vnew(x,V0,x0);

29 % --- Initial condition (rename centre to avoid colliding with x0 input) ---

30 y0 = -2.0;

31 sigma = 0.05;

32 g_func = @(x1) exp(-((x1 - y0).^2) / sigma) .* exp(1i * lambda * (x1 - y0));

33 % derivative: ( -2*(x-y0)/sigma + i*lambda ) * g

34 g_prime = @(x1) ( -2*(x1 - y0)/sigma + 1i*lambda ) .* g_func(x1);

35 % Preallocate arrays for three cases

36 u1 = zeros(Nt, Nx); v1 = zeros(Nt, Nx);

37 u2 = zeros(Nt, Nx); v2 = zeros(Nt, Nx);

38 u3 = zeros(Nt, Nx); v3 = zeros(Nt, Nx);

39 u1(1,:) = g_func(x); v1(1,:) = 1i*g_prime(x);

40 u2(1,:) = g_func(x); v2(1,:) = 1i*g_prime(x);

41 u3(1,:) = g_func(x); v3(1,:) = 1i*g_prime(x);

42 % Laplacian (second-order central difference), Dirichlet at boundaries

43 e = ones(Nx,1);

44 Dxx = -spdiags([e -2*e e], -1:1, Nx, Nx) / dx^2;

45 Dxx(1,:) = 0; Dxx(end,:) = 0;

46 % --- Initialize memory B (discrete convolution with g’) ---

47 s = 0:dt:10; % integration variable s = x - t’ in your approximation

48 ds = dt;

49 ws1 = exp(-gamma(1)* s);

50 ws2 = exp(-gamma(2)* s);
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51 ws3 = exp(-gamma(3)* s);

52 B1 = zeros(1, Nx); B2 = B1; B3 = B1;

53 for j = 1:Nx

54 xj = x(j);

55 gprime_vals = g_prime( xj + s ); % vector

56 B1(j) = sum(ws1 .* gprime_vals) * ds;

57 B2(j) = sum(ws2 .* gprime_vals) * ds;

58 B3(j) = sum(ws3 .* gprime_vals) * ds;

59 end

60 % --- One-step startup (forward Euler) ---

61 axt1 = 1i * V .* exp(-alpha(1)*(t(1)-t0)^2);

62 axt2 = 1i * V .* exp(-alpha(2)*(t(1)-t0)^2);

63 axt3 = 1i * V .* exp(-alpha(3)*(t(1)-t0)^2);

64 % Step from n=1 to n=2

65 u1(2,:) = u1(1,:) + 1i * dt * v1(1,:);

66 v1(2,:) = v1(1,:) + 1i * dt * ((Dxx * (u1(1,:).’)).’ + axt1 .* B1);

67 u2(2,:) = u2(1,:) + 1i * dt * v2(1,:);

68 v2(2,:) = v2(1,:) + 1i * dt * ((Dxx * (u2(1,:).’)).’ + axt2 .* B2);

69 u3(2,:) = u3(1,:) + 1i * dt * v3(1,:);

70 v3(2,:) = v3(1,:) + 1i * dt * ((Dxx * (u3(1,:).’)).’ + axt3 .* B3);

71 % --- Video writer and figure setup ---

72 filename = ’wave_multi_one.mp4’;

73 writerObj = VideoWriter(filename,’MPEG-4’);

74 writerObj.FrameRate = 40;

75 open(writerObj);

76 fig = figure;

77 fig.Position = [100 100 800 600];

78 tl = tiledlayout(fig, 1, 1);

79 ax1 = nexttile(tl, 1);

80 % --- Time stepping (leapfrog) ---

81 for n = 2:Nt-1

82 tn = t(n);

83 % update memory B[v] (exponential recurrence)

84 B1 = exp(-gamma(1)*dt)*B1 + dt * v1(n,:);

85 B2 = exp(-gamma(2)*dt)*B2 + dt * v2(n,:);

86 B3 = exp(-gamma(3)*dt)*B3 + dt * v3(n,:);

87 axt1 = 1i * V .* exp(-alpha(1)*(tn - t0)^2);

88 axt2 = 1i * V .* exp(-alpha(2)*(tn - t0)^2);

89 axt3 = 1i * V .* exp(-alpha(3)*(tn - t0)^2);

90 % leapfrog updates
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91 u1(n+1,:) = u1(n-1,:) + 2i * dt * v1(n,:);

92 v1(n+1,:) = v1(n-1,:) + 2i * dt * ((Dxx * (u1(n,:).’)).’ + axt1 .* B1);

93 u2(n+1,:) = u2(n-1,:) + 2i * dt * v2(n,:);

94 v2(n+1,:) = v2(n-1,:) + 2i * dt * ((Dxx * (u2(n,:).’)).’ + axt2 .* B2);

95 u3(n+1,:) = u3(n-1,:) + 2i * dt * v3(n,:);

96 v3(n+1,:) = v3(n-1,:) + 2i * dt * ((Dxx * (u3(n,:).’)).’ + axt3 .* B3);

97 % normalize potential for plotting (avoid overwriting input V0)

98 Vmax = max(abs(V));

99 if Vmax == 0, W = V; else W = V / Vmax; end

100 % Plot case 1

101 axes(ax1); cla(ax1);

102 plot(ax1, x, real(u1(n,:)), ’c’,x,real(u2(n,:)), ...

103 ’r’,x,real(u3(n,:)),’b’, x, W, ’k’, ’LineWidth’, 2);

104 xlabel(ax1, ’$x$’,’Interpreter’,’latex’,’FontSize’,20);

105 axis(ax1,[min(x) max(x) -1.5 2]);

106 legend(ax1, ...

107 sprintf(’$\\alpha=%.1f,\\ \\gamma=%.1f$’, alpha(1), gamma(1)), ...

108 sprintf(’$\\alpha=%.1f,\\ \\gamma=%.1f$’, alpha(2), gamma(2)), ...

109 sprintf(’$\\alpha=%.1f,\\ \\gamma=%.1f$’, alpha(3), gamma(3)), ...

110 ’Interpreter’,’latex’,’FontSize’,20,’Location’,’southeast’);

111 title(ax1, ...

112 sprintf(’${\\rm{Re}} u(x,t),\\ t=%.2f\\quad V(x)/\\max|V|,\\ \\max|V|=%.2f$’, ...

113 t(n), Vmax), ...

114 ’Interpreter’,’latex’, ...

115 ’FontSize’, 20);

116 drawnow

117 F = getframe(gcf);

118 writeVideo(writerObj, F);

119 end

120 close(writerObj);

121 end

122 function V = Vnew(x, V0, x0)

123 % V(x) = V0(m) for x0(m) < x <= x0(m+1)

124 if nargin < 2

125 V0 = [10 2 20];

126 end

127 if nargin < 3

128 x0 = [-2 -1 1 2]/5;

129 end

130 % number of intervals should satisfy length(x0) = length(V0)+1
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131 if length(x0) ~= length(V0)+1

132 error(’x0 must have length length(V0)+1’);

133 end

134 V = zeros(size(x));

135 for j = 1:length(V0)

136 idx = (x > x0(j)) & (x <= x0(j+1));

137 V(idx) = V0(j);

138 end

139 end
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