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ABSTRACT. We construct a scattering matrix with operator valued entries describing
solutions to the 1+1 wave equation where permittivities has memory and depends
on time and space. It is the analogue of the scattering matrix for spatially localised
perturbations where the entries are functions of frequency and appear as Fourier mul-
tipliers in solutions of the wave equation. This provides a mathematical explanation
of the numerical construction in the recent paper by Horsley et al [HGW23].

1. INTRODUCTION

There is a considerable interest in materials whose properties depend on time and
which have memory. Having memory essentially means having a (causal) dependence
on frequency — see for instance [Ga*22] for a survey and [Ga*26] for a recent experimen-
tal and theoretical study. Our motivation comes from a letter [HGW23] by Horsley,
Galiffi, and Wang and we refer to it for more references to the literature and the physics
background.

1.1. Scattering for permittivities with memory.
t

D2u(t,x) — a(x,t)/ e " Dt z)dt — D3u(t,x) = 0,

— o0

a € L®(Ry; CX(Ry)), suppa C |—R,R] x [-T,T], ~>0, (1.1)

u(t, z)le<o = g(x —t), suppg C (—o0, —R).
(The compact support in time could be relaxed to superexponential decay but we
restrict ourselves to the simplest case here).

At least formally this corresponds on the Fourier transform side to
P = D? - w?+ A(w),

A(z) = a(z, Do) —2— : H (R,) — H,(R.), (1.2)

Wiy

where

H, = {f : f(e) e O(Cy), su%)e%a/ If(\ +io)Pd) < —l—oo} : (1.3)
1
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FIGURE 1. Comparisons of evolutions of a gaussian packet g(t — ),
t < 1, g(y) = e~ @tv)*)/o=iXy=20)) 5 = 0.05 \ = 10, g = —2 for dif-
ferent values of the parameters in (2.9) (with m = 1) — this corresponds
to the model considered in [HGW23]. An animated version is avail-
able at https://math.berkeley.edu/~zworski/wave_multi_one.mp4.
The code for producing this movie and the figure is enclosed in the ap-
pendix.

and also write H,, := U,H,. The Hardy spaces H, appear naturally in scattering
theory for the wave equation since the work of Lax—Phillips [[LP68] — see §3.1, and
(3.6) specifically, for the review of the simplest case.

The action of a(zx, D) is given by

la(x, D,)ul(x,w +ic) == — /cm(w — Mu(x, A +io)dA. (1.4)


https://math.berkeley.edu/~zworski/wave_multi_one.mp4
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We introduce the following Hilbert space of functions of position and frequency,
[ RxCy —-C,Cy :={weC:Imw >0},

= {f ) o€, swpe [ 1A+ io)

>0

Hom)dA < —I—oo} . (1.5)

We write 7, := L, A, = Uy, and
o - {u s u(x,e) € O(CL) and x(z)u(z,w) € 7 for all x € C°}.

a,loc
The goal now is to prove the following analogue of the existence of the scattering
matrix (3.2):

Theorem 1. Suppose that assumptions in (1.1) hold and f € (w+ i) *H_gr. Then
there exist bounded operators

TRy :(w+i) "Hy = w 'Hyor, acR,

such that, for P given in (1.2), there exists a unique solution, u(z,w) € W A% 1oc,
(r,w) € R?, of Pu =0 such that

[ F@)e + Ry f@)e =, w< R,
u(z,w) = { Tf(w)e™*, x> R. (1.6)
The operators R, and T were constructed numerically in [HGW23] for the case
when a(z,t) = Vo 1_g r(x)x(t). That was done by following the construction of the
scattering matrix for step potentials (see §3.1 and [DyZw19, Exercise 2.10.6]) but with
the exponentials

e for |z > R and eV YT for |z| < R,

replaced Schrodinger propagators ef@x(Pw)w/(w+1) for |x| < R. The needed inversion
of operators was established numerically. The point of Theorem 1 is that, under the
assumption of localisation in space and time, the operator exists even for a larger class
of perturbations.

The proof has two parts: the first, in §3.2, is a functional analytic setup for con-
structing u(z,w). The second one, in §3.3, is the proof of non-existence of purely
outgoing solutions to Pu = 0, that is solutions satisfying (1.6) with f = 0 but the
terms corresponding to R, f and T'f potentially nonzero.

1.2. The wave equation. We now describe how the operators constructed in Theo-
rem | appear in the wave evolution. The theorem in the exact analogue of Proposition
4 in which the standard scattering matrix for compactly supported 1D potentials ap-
pears in the description of scattered waves.
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Theorem 2. Suppose that g € CP((R,00)) and that u(t,x) is the unique solution of
(1.1) satisfying u(t,z) = g(t — z), t < 0. Then

gt —x)+ Zig9(x +1), v <—R,

ult, @) = { Tt —x), r> R, (17)

where
Zigw) = R.gw), Tglw):=Tjw).

and T and R, are described in Theorem 1.

Existence of operators #Z, and 7 (under some assumptions guaranteeing existence
and uniqueness of solutions to the wave equation) is an elementary general fact — see
Proposition 1. The point here is these operators are related to the stationary problem
from Theorem 1 and have correct mapping properties. At this stage, we provide the
codes for solving the wave equation (see the Appendix and Figure 1) but not the
comparison with the scattering matrix. It is an interesting open question, relevant
to physics problems considered in [HGW23] and references given there, to analyse
quantitative properties of R, and T in asymptotic regimes of the parameters. The
numerical experiments (which an interested reader is invited to perform using code in
the Appendix) indicate interesting phenomena which should investigated.
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and EP/V051636/1, the Leverhulme Trust under Research Project Grant RPG-2023-
325, and the ERC under the Synergy grant PSINumScat 101167139. and MZ from the
Simons Foundation under a “Moiré Materials Magic” grant. We are also grateful to
S.A.R. Horsley for discussions about physical motivation and to Bryn Davies for useful
references. The second author would also like to thank H. Ammari for his hospitality
in Zurich where he first learned about time dependent materials with memory, and
Univerisity College, London, for providing support during his visit there.

2. GENERAL THEORY

We discuss a general definition of a scattering operator for spatially localised per-
turbations of the 141 wave equation. We then define a general class of perturbations
with time dependence and memory and prove existence and uniqueness for the cor-
responding wave equation. These preliminary results are not surprising but we not
seem to have a ready to use reference covering existence and uniqueness of the Cauchy
problem for operators described in §1 and for the more general ones given in (2.5).
We present a detailed argument in our specific case noting that it generalises to higher
dimensions.
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2.1. An abstract scattering operator. The following elementary result shows that
we can define the scattering matrix for very general spatially localised perturbations
(see §3.1 for a review of the standard theory in our context).

Suppose that P : 2'(R?) — 2'(R?) has the property that
u€ P'(R?), suppun (R x [-R,R]) =0 = Pu= Du. (2.1)
More informally we can state this as
Vt € R suppu(t,e)N[-R,R] =0 = Pu(t,r) = D2u(t,z).
We do not assume that P is linear here. For a general class of linear operators P

relevant to this note, see §2.2.

Under this assumption on P we have the following simple fact:

Proposition 1. Suppose that u € 2'(R?) solves (D} — P)u =0 and
ulyco = K- glico, Fxr:R® =R, kit x) =tFu,
g€ Z2'(R), suppg C (—o0,—R).
Then there exist
G,F € 2'(R), suppG,suppF C (—R, o),
such that

u|z<—R - Kig|m<—R + ’iiG|a:<—R’ u|a:>R - R1F|$>R- (22)

Less formally the hypothesis reads as
u(t,z) =g(t—x), t<0, suppg C (—oo,—R), (2.3)
and the conclusion as

u(t,x):{ git—2)+G(t+z), v <—R, suppG C (—R, 00),

F(t—z), >R, suppF C (—o0, R). (24)

This means that under the assumption (2.1) and provided we have existence and
uniqueness to solutions of (D? — P)u = 0, we have scattering maps:

g—Tg:=F, g—Xg=G,

where .7 and Z., are transmission and reflection maps. (We have similar definitions for
waves ¢ approaching from the right.) As explained in §1 this paper describes mapping
properties and basic structure of .7 and Z, for more specific perturbations and relates
them to stationary scattering theory.

Proof of Proposition 1. We first proceed by pretending that u is a function and take
r > R. If we write z =t — 2 and w = = + t so that for v(z,w) = u(z,t) we have
0.0,v = 0 for £(w — 2z) > 2r. In particular, 0,0,v(z,w) = 0 for —z > 2r — w, that is
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Owv(z,w) = f(w), w > 2r + z for some f defined for all values of w. But that means

that
0

v(z,w) =v(z,2r + z) + (y)dy + / fly)dy, for w—z>2r,
0

f
242
that is v(z,w) = G4 (2) + Fy(w) for w — z > 2r. Similarly, v(z,w) = G_(2) + F_(w)
for w — z < —2r. This argument applies to distributions by using [H603, Theorem
3.1.4'] and the fact that the restriction of v to L := {(z,2r+2) : z € R} is well defined
as for w—z > 2R, WF(v) C {(z,w;(,w) : (w = 0} which (away from the zero section)
is disjoint from N*L = {(z,2r — 2,(,() : 2,{ € R} —see [H603, Corollary 8.2.7]. Since
r > R is arbitrary we can replace r with R in our conclusion.

We now need to prove that G, =0 and G_ = g. To see the first claim we note that
(2.3) gives Fy(2)+ G4 (w) =0 for w—2z =2z > 2R and w+ z = 2t < 0. In particular,
G’ (w) =0 for 2R+ 2 < w < —z, and as z is arbitrary, this shows that G is constant.
We can absorb that constant into F'y and hence have G, = 0.

To see that G_ = g, we note that (2.3) gives G_(z) — g(z) + F_(w) = 0 for w — z =
2r < —2R and w + z = 2t < 0. Hence G’ (2) — ¢'(2) = 0 for w < —z < —2R — w.
Since w is arbitrary, this means that G_(z) — g(z) is constant and we can make it 0
by changing F'_. O

2.2. A class of permittivities. The model we consider is the wave equation with
permittivity which depends on time but also has memory in the sense of being an oper-
ator. In this section w do not assume spatial localisation and consider a generalisation

of (1.1):
P =00, — 02, z€R, ev(t,x):=v(tz)+ Bu(t,z),

Bu(t,z) := /t Bla,t,t — t)o(t' 2)dt. (2.5)

— 00

We typically want to solve the problem
Pv=F(t,x), suppF C (—R,00) xR, v(t,z)|t<_r=0. (2.6)
We make the following assumptions on B:and that there exists m and mg such that
Yk, (3Ch |0FOEB(x,t,5)| < Cre(t)™ (s)™. (2.7)

Later, but not in this section, we assume that we have a localisation in space, that is,
for R > 0 independent of ¢ and s

supp B(e,t,s) C (—R, R) (2.8)
As an example we can take

B(ZE, t, S) = V(m)e—aﬁe—'yssm’ o,y > O, Ve LOO(R), (29)
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noting that the case of « =~ =0, m = 1, gives Z = §? — 9> + V(z). Another way of
writing the operator B in (2.9) is as a pseudodifferential operator:
B =0b(z,t,Dy), b(x,t,T):= V(x)e_atQim(T +iy) ™,

1

~ - . 2.10
a(t,Dt)hZ:/Ra(t,T)h(T)dT, h(t) = %/Rh(w)e_’“’tdw. (2.10)

We note here that our convention for Fourier transform in time is non-standard but
leads to cleaner formulas in our setting.

The most relevant case for us is (1.1). For that we take
B(x,t,s) ="' (e™ = La(x,t), 7>0, 2.11)
a€ LXC, suppa C [-R,R] x [-T,T]. .

In that case we have
mg = —oo, m = 1.
(This means that in (2.13) below we can take v(7') = 1.)

Since we do not know a ready to use reference covering existence and uniqueness of
the Cauchy problem for & in (2.5) we present a detailed argument in our specific case
noting that it generalises to higher dimensions.

2.3. Existence and uniqueness. The result of §2.1 is applicable to operators of the
form (2.5) thanks to the following

Proposition 2. Under the assumptions (2.5) and (2.7), for F € L'([0,T]; L*(R)),
there exists a unique

u € C((—00,T]); H'(R)) N C*((—00, T]); L*(R)),  suppu C [0, 7], (2.12)
such that
Pu=F on (0,T) xR
Moreover, there exists Cy, X > 0 (independent of T') such that for 0 <t <T.
lu(t, o) |[ar1 ey + [10rult, o) 12wy < Col| TR,

)HLZ(O,T)t/XRI)7 <2 13)
A(T) =1+ (T)mo+t 4 ()ymotm+1, '

To obtain uniqueness and (2.13) we will use
Lemma 3. Suppose that (2.12) is satisfied and that in addition,
F := 2u € L'[0,T]; L*(R)).
Then (2.13) holds.
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Proof. This is done by an adaptation of the usual energy estimate based on the energy
identity (see for instance [H085, (2.4.2)] for a very general version):

(e ML (Jwe® + |Voul® + [u]?) — V. - (Re V, uat) + A P (|ug|? + | Voul? + |ul?)
= 2Ime M PuDu — e D, BDyuDyu — e pruDyu + e 2N Re ui.

Suppose u € H((—oo,T) x R) with suppu C [0,7] and Yu € L% Then, integrating
the energy identity on (—oo,T") X R, using the divergence theorem (in higher dimen-
sions), the fact that the form of B in (2.5) implies supp BDyu C (—o0o,T], and that
for suppv C [0,77,

T ¢
/ _’\tDt/ B(x,t,t — )Mot x)

<0 [ Pt + € [+ 0 ol
< Cy(T)*|vllZ,
where (7T') is defined in (2.13). From this we obtain

2
"I dt
L2

T

e ML (lul(T )H%?(R) + HU(T)H%{l(R)) + >‘(||e_)\tuH%Q((—oo,T);Hl(R)) + He_)\tutH%?((—oo,T)xR))
= —2Im(e M Pu, e M Dyu)(—oryxr — (€ M DyBeMe M Dyu, e M Dyt 12((— oo 7y xR)
e M2ty —)\tDtu>( coryxk + Refe™ Moy, e M)
< Cle™ fllZe(—oomyxr) + (Cov(T)? + Dlle™ Dyutl|72((— oo 1yxr)
5“6 U”L2((_oo,T)xR)-
Hence, taking A large enough, and moving the two right-most terms to the left-hand

side, we obtain (2.13) (with Ay(T") replacing \). O

Proof of Proposition 2. Uniqueness is immediate from Lemma 3 and (2.13). It remains
to show existence. For that we will use the free wave group, U(t) : H¥(R) x H*"}(R) —
H*(R) x H*Y(R):
cos(Dyt)  sin(D,t)/D,
U(t) =: .
—D,sin(D,t)  cos(D,t)

0 I .
=et L= (_Di 0> , Dy :=(1/1)0,
We fix T > 0 and for

w e C%((—o0,T-); H' x L?), suppw C [0,T] x R, (2.15)

(2.14)

define a sequence

va(t) € C%(—o00,T); H' x L?), n=—1,0,---, suppv, C [0,T] x R, (2.16)
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inductively as follows:

Jw(t)  t<T,

B {W(T_) T <t<T.

Then for n > 0, we again define v,, differently in different ranges of ¢t. For ¢t < T we
put v, (t) := w(t), while for T <t < T,

V() = Ut — T )w(T ) + / Ui - s)< ( F(()S)) - (/?2 atOB) Vn_1(3)> ds. (2.17)

Then (2.16) holds and

(0 — L)vy = (g) _ (52 &?B) Vot, LE(TLT)  vu(T.) = w(T.).

In particular,

0= D =vo) == (b o) (s = vaca)
Le (T,T), va(T.) —vn (T ) = 0.

We now observe that (2.5) and (2.7) show that for v € C°((—o0,T); L?), suppv C
0,7] x R

(2.18)

2

||3th(s)||%2(R)§/ /(s)m(s—t’>mov(t',w)dt' dx
R |Jo

< ()P (14 ()™ ) [0l 21 ((0,5):2))-

Since v,,_o(t) — v,_1(t) = 0 for t < T_ it follows from (2.17) that
t

Ivn(®) = v @llmcee <C | (1= sD(IVa-a(s) = Vaals) ez

(2.19)

+ ()™ (14 ()" ) [Vi1 — VaollLrr o)m1xr2)ds,
for some constant C.

Using T + 0 < T + 1, we see that for 0 < 1, there is a new constant C; depending
on 7" but not on 7_,

[V — Vn—lHLOO((T_,T_H);Hle?) <
CL+ (T +0)" (14 (T +0)™)0) Vi1 — Va7 7oy x12) <
C16(| Vi1 — Vol Loo (1 1 18y x22)

Taking § < 1/C4, we concluded that v,, is a Cauchy sequence in L>((T_,T_+46); H' x
L?*). Since

vo(t) =w(t) for t<T_, v, e C'([T_,T_+06];H' x L?), v,(T.)=w(T.),

v,, converges to v € C((—oo, T_ + d]; H' x L?) and V|(_sor ) = W|(—oo1)-
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In particular we have convergence v, (t) — v(t) in the sense of distributions on
(T_,T_ +0), and hence, from (2.17), in the sense of distributions,

0 0 0
ov=Lv— (M2 atB)v%— <F>’ on (T_,T_+9) x R.

Putting vV = [U17U2]t7 this giVGS aﬂ)l — U2 c CO([T,,T, + 5],L2) Hence u := Ul,
satisfies
u € C(—o0, Ty +6); H) N O (—o00, T- +4]),

uw(T) =wH(T.), Owu(T.)=w*T.), w=:|[whw?, (2.20)
Pu = F in the sense of distributions on (7_,7_ + 9).
The only conditions here are (2.15) on w and and § > 0.

We can now pass from this small step procedure to finding
u € C%(—o0,T); HY(R)) N C'((—o0, T); L*(R)), suppu C [0,T],

satisfying Zu = F on (0,T). To do this, we set ug = 0 and for j > 1 and use (2.20)
to inductively obtain

4y € C((=00, j8; HY(R)) N C((—0, j3; LA(R)), (2.21)
satisfying
Hu; = F, distributionally on ((j — 1)d,76) x R, (2.22)
u;i((j = 1)0) = uj1(( — 1)9), Owu;((j — 1)8) = dyuj—1((j — 1)0).
We claim that
Hu; = F distributionally on (0, jo). (2.23)

Indeed, suppose by induction that this holds for j replaced by j — 1. Then, (2.21)
holds and

Hu; = F distributionally on ((0,(j —1)0) U ((j — 1)9, j9).
We we write & = 02 — Lu, Lu := 0*u — 0, Boyu — p*u, then
G:=%Lue C%(~o0,j0); H ),
and hence, with H := F + G,
O*u = H € C°((—o0,j0); H™') distributionally on ((0, (j — 1)d) U ((j — 1), §6).

But the continuity of u and dyu across (j — 1) shows that the equation holds distribu-
tionally on (0,76). (The argument reduces to showing that if g, G € C° and 9,9 = G,
on R\ {0} then 0,g = G on R. But that follows from testing against ¢(¢)(1 — x(t/¢))
where ¢, x € C®(R), x = 1 near 0, and using continuity of g and G while letting
e — 0.) Taking J > ¢~'T and setting u = u; completes the construction of u. U
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Potential V (z) = max |V |Vy(x), Vi plotted; initial data g(t — z), g(y) = e 402
T I T T T | T
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FIGURE 2. An illustration of Proposition 4: the solution to (92 — 92 +
V(z))u = 0, suppV C [—R, R], with u(t,z) = g(t — z) for t < —1 is
given by g(t — z) + R.(D)g(t + x) for x < —R and T'(D)g(t — ) for
x > R (for all times; ¢t = 4 shown). An animated version is available at
https://math.berkeley.edu/~zworski/wave_pot.mp4.

3. AN OPERATOR VALUED SCATTERING MATRIX

In this section we prove Theorem 1. To motivate the construction and to link it to
standard theory we first review the case compactly supported time independent poten-
tials (the case @« =y =0 and m = 1 in §2.2) . The wave equation setting (unlike the
more common Schrédinger equation setting) makes the the scattering matrix appear
in a very clean way.

3.1. Review of standard scattering matrix. Suppose that V' € L>®°(R;R) satisfies
suppV C [—R, R]. Any solution to

(D2 +V(z) — A)u =0, (3.1)


https://math.berkeley.edu/~zworski/wave_pot.mp4
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satisfies
u(z) = A e 4 B e > R;
| A+ Bie ™z < —R.

Taking the Wronskian of v and @ for A € R\0 shows that |[A_|?+|B_|* = |A|*+|B4|?,

and hence
o (1)) (R ) e

is well defined. It is called the scattering matriz, T()) is the transmission coefficient
and Ry () are the reflection coefficients. They extend to meromorphic functions in C
satisfying

T(NT(A) + Re(ANRe(X) =1, TA)R:(\) + Re(MNT(X) =0,
_ _ (3.3)
T(-)\) =T(N), Ri(_)‘) = Ry (M),
and
a I\ — Wj’ o2RIm WJ 2RTm

where p; > 0 and —p3, j = 1,--- | N, are the eigenvalues of D +V (z) — see [DyZw19,
§2.4, Exercise 3.14.10]. The normalised eigenfunctions w; € L*(R;R) satisfy

(D7 + V(@)w; = —pzwj, Nlwjllez =1, w;(2)|esr = a7e™7, ;> 0. (3.5)

When V' > 0 there are no eigenvalues and in that case we can consider multiplication
by T and R. on Hardy spaces:

Hy:={f € 6({lm\ > 0}) - supez‘w/ [+ io)PdA < +ool,
o>0 R
Ho fO) o TOVFON) € Huson,  Ha 3 FN) s Re(N)f(A) € Haron.

(3.6)

We remark that the spaces are isometric as f(w) — € f(w) provides a unitary map
between H,, and H.

The relation to the wave equation is given in the following
Proposition 4. Suppose that g € .'(R) and that supp g C (R,00). If
(D? — D2 —V(z))u(t,x) =0, teR, wu(t,r)=gt—x), t<0, (3.7)
then, in the notation of (3.2) and (3.5),

(t2) = gt —x)+ M_g(x +1t), =< —R,
| Myg(t— ), x> R,
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where

M_g(z) = R (D)g(x) +

(g, wj)aj e,

10

_l’_

Mig(z) =T(D)g(x) + > (g,wj)a;je"”,

10

and where T and R, are defined in (3.2).

Remark. At first it is not clear that the expression in (3.8) has the desired support
properties. To see this when there are no eigenvalues, we first note that by the Paley—
Wiener Theorem g(\) (with the convention of (2.10)) is holomorphic for Im A > 0 and
satisfies the bound (\)Ne=(F+H)ImA 5~ () there. In view of (3.4) we then have

TGN, Ra(NFO) = O(AN)el™ A T A > 0.

The Paley—Wiener Theorem then shows that supp T'(D)g,supp Ry (D)g C (—R, o)
and
supp 1_w _p)(®)Ri(D)g(®+t)N(—o0,R) C {z: —t — R <z < —R},
supp gy T(D)g(t — @) N (R, 00) C {R <z <t+ R}.
In particular for ¢ < 0 the scattering terms both vanish. When there are eigenvalues,

—M?, then the entries of S(A) have poles ip;, p; > 0. A contour deformation then
provides the needed cancellation.

Proof. We use the spectral representation of the wave propagator constructed using
distorted plane waves, that is solutions to (D% +V — A?)ex = 0 satisfying

T(\)etie for +
e (2.)) = { (Ae or r > R, (3.9)

eFAT + Ri(N)eF? for +a2 < —R.

Then, for g € C°(R), suppg C (R, 00),

N
ut,z) =Y ({g,w;) cosh st — (g, wj)p; " sinh pjtyw; ()

j=1
+ zi / / (e (2, Nes(y, A) + e (2, Ne—(y, A))(cos tA — A7 sin tAd, )g(—y)dydA.
™ Jo R

In view of the support properties of g and the form of w; for x < —R we have

(g w;) = /g’(x)ajem“jdw = — [ /g(x)aj‘e”jdx = —pi(g, w;).
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Hence the contribution of w;’s to u(t, z) is given by

N N
Z e (g, wjyw;(x) = Z aj-[(g, w;)etiF - 4p > R.
: =

To see the contribution of the continuous spectrum, we now use the expressions for

e+(y,\) for y < —R:

E g(\t) = / er (y, \)(costh — At sintAd,)g(—y)dy = G(N)e ™ + R (\)g(—N)e™,
R

E_g(\t) = /Re_(y, A)(costh — At sintAd, ) g(—y)dy = T(\)g(—N\)e™.
(3.10)
Then for z < —R,
er(z, N Erg(A 1) = (eMuR (A)e A7) (GN)e ™ + Ry (Ng(—A)e™)
= GNP 4 [Ry (V) PN
+R+()\) —iX( :c—l—t)’\( )+R+( ) iA(z+t)/g\<_/\)ei)\(t_g3)7
e- (@ N E_g(\ 1) = [T)G(=A)e .

Using (3.3) in the expression for u(t,x) gives (3.8) for # < —R. Similar arguments
give the expression for x > R. 0J

3.2. Construction of u(z,w) in Theorem 1. To motivate the construction of u(z,w)
we recall one way to do it in the case of (3.1). For V € Lffgmp(]R; [0,00)), suppV C
(—R, R), we consider the resolvent Ry (w) := (D2+V —w?)~!: L*(R) — L?*(R) which
is holomorphic for Imw > 0. When V' # 0 (note we assumed that V' > 0), it is defined
L2, (R) = L2 (R) for Imw = 0. (See [DyZw19, Theorem 2.7].)

comp loc

For F' with supp F' C (— Ry, Ry), R < Ry,

A (w)e ™ < —R;
F(x) = N ’ 3.11
Rr@p@) ={ e v (3.11)
which is the meaning of being outgoing for 1D for compactly supported perturbations.
(Here Ay depend on F and w.) To construct a solution of (D2+V —w?)u = 0 satisfying
(1.6) we choose p € C*(R; [0, 1]) supported in (—Ry, Ry), Ry > R, and equal to 1 near
the support of V. We then put

u(z,w) = (1= p(z))e™" f(w) + Ry (w)[D7, pl(e*f (w)) (@),
Then (3.11) shows that (1.6) holds. We will mimic this strategy and construct Ry (w)

now acting on spaces of functions of both x and w. The key is the existence of Ry in
¢, which will be established in §3.3.

We start by recording some simple facts:
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Lemma 5. For Ry(w) = (D?—w?)™!, Imw > 0, the outgoing resolvent, and 0 < s < 2,
define
w

(w+1)°
Then, in the notation of (1.5), for p € C°(R), and any o € R,

K f(r,w) —

Ro(w)f(e,w)(x)- (3.12)

| pZsp|| s, s < C,

pRspf(x,w) = p(x)w(w + i) Ro(w)(p(e) f(e,w)) (). (3.13)

Proof. This follows immediately from he definition (1.5) and the explicit formula for

Ry(w) as an operator L2, (R) — HZ (R):
w 1 .
Y R =L [ ey dy.
o) = s [y
(See [DyZw19, Theorem 2.1] for estimates on ||pRopl| 12— ms-) O

The next lemma gives a compactness result:

Lemma 6. Suppose that Ay := a(x, D,)(w + 1y)™Y, v > 0, and the assumptions in
(1.1) hold. Then, for any a € R, Ay : L*(R?) — L*(R?) defines a bounded operator

Ag : I — T, (3.14)
and, in the notation of Lemma 5,

Ao Rop : o — H, is a compact operator. (3.15)

Proof. To establish (3.14) we need to show that a(x, D,) extends to an operator on
,,. The holomorphy can be seen by applying the Cau/chl Riemann operator and
integration by parts justified by the rapid decay of 7 — a(x,e)(7) as ReT — 0.

Since x — a(z,t) is compactly supported and bounded with values in C°(R) (and
the support in ¢ is uniformly bounded) it is enough to show that for b € C(R), b(D,,)
extends to an operator on J,, defined in (3.6).

We will need slightly more for (3.15) and with this in mind we show that for any
s € R, (w+1)*b(D,)(w+1i)~* extends to a bounded operator on .7.

In fact, recalling (1.4) we have,

[(w +9)*b(Dy) (w + 1)~ Fl(\ + io)
= % (A +io 4 )b — ') (W' + i + 1) f(W + io)do,
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and, since b is rapidly decaying,

sup/ A +io+i|°|b(A — w)||w + io + i *dw < C
A

sup/|/\+i0+@'|s|l;(>\—w)||w+i0+@'|_sd)\ < C.

Thus, by the Schur test for boundedness,
1 R 2
sup e~ 27 / '2— /(/\ +i0 +1)°0(\ — W) (W' +io +14) " f (W +io)dw'| dA
T
< Csupe 2@ / |f(w +io)Pdw,
>0
that is, (w +1)°b(D,,)(w +7)~* is bounded on #%,. In particular, (3.14) follows.
For compactness, suppose that {f,}>2, is bounded in J#,. Then, using Lemma 5,
{pZspfn}>, is bounded in 7 for for 0 < s < 2. Moreover, using the equality
(w + )7 A Ropfu = (w+1)2a0(x, Dy)(w + 1) 2 (W + 1) (w + i) pRZ1 pf,

1

together with the facts that (w + i)2ag(z, Dy)(w + i)"2 : S, — H, (proved above)
and (w+i+io)/(w+iy+io)| <1+1/y,w €eR, o >0, we have

sup || (w + )2 Ao Rop foll o, < 00 (3.16)

Fixing o we want to extract a convergent subsequence of Ao%Zop fn, , (e, +ic) in L2L2.
To apply Rellich’s theorem we need improved regularity in z and w and decay in both.
In x the decay comes from compact support property of the cut-off function p, in w
from the factor (w+14)2 in (3.16). The regularity improvement in z is a consequence of
the boundedness of {p%#12pfn,n € N} in e given in Lemma 5. Compact support
in D,, provides smoothness in w

We conclude that for all o > 0 (recall that the singularity at w = 0 is removed in
(3.12)), there exists a subsequence n, such that

.\ L2L2
e_onggo,Ofng,k(°7 ° 1 ’LO’) W e_mga.

Now, by a diagonal argument, we may find n; such that

272
G_ZQAO%()pfnk(., ° + Zg) Liw e—fage
for all ¢ =0,1,.... Since ¢ — AyZopfn,(®, () are holomorphic in Im ¢ > 0, we have
by the Phragmén—Lindelof principle,
sup (| [AgRop(fu, = Fr ) (@50 +i0) || 12 2

0<o<g

< max Hem(wHU) [Aogop(fnk - fnk,)](l}w + iU)HLng-

oc{0,5}
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We now recall (3.16) to see that w — (w4io—+1)2e“9) Ao R p fr (wio) is uniformly
bounded in L2L? and hence

. . . 1
sup (eI [AgRop(fu, — fu,) (w0 + i0)[| 122 < O3

j<o<oo

Hence, we obtain a Cauchy sequence in J%,, AoZopfn, % g, which concludes the
proof. 0

We now solve Pv = f where P is given in (1.2):

Proposition 7. For a € R and Ry > R, let f € 5%, and supp f(e,w) C (—Ry, Ry)
for all w € C,. Then there is a unique v € w~ '3, such that

(D? — W + A(2))v(z,w) = f(r,w).

Moreover, for any p,p1 € CX(R;[0,1]) such that p = 1 near the support of p1 and
p1 = 1 on a neighbourhood of (— Ry, Ry),

v = Ro(w)pr(I + A(z)Ro(w)p) ™' o1 .
Proof. We will solve solve

(D; = w* + A(z))v(z,w) = f(z,w),
so that (3.11) holds for v(z,w) and

p € CP((—R,R);[0,1]) = pvew ', (3.17)
To start we note that
(1-p)A=0 and (I +A(z)Ro(w)(1—p))~" = (I — A(z)Ro(w)(1 - p))-
Hence,
P =D —w’ + A(z) = (I + A(z)Ro(w))(D; — w?)
= (I + A(z)Ro(w)(1 = p))(I + A(z)Ro(w)p)(D; — w?),

and solving Pu = f = p, f is equivalent to solving

(1 + A(z)Ro(w)p) (D7 — w*)v = (I + A(z) Ro(w)(1 = p))prf = prf. (3.18)

To continue, we use the following crucial proposition which will be proved in Section

Proposition 8. For A given in (1.2),
kerz, (I + A(x)Ry(w)p) = {0}. (3.19)
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Lemma 6 shows that at A(z)Ro(w)p : 4 — s, is compact and hence (I +
A(x)Ro(w)p) = Ay — A is a Fredholm operator of index 0. Proposition 8 then
shows that we have an inverse

(I + A(x)Ro(w)p) ™t : A — o, (3.20)
Going back to (3.18) and recalling that p; f € 4, we define
v = Ro(w)(I + A(z)Ro(w)p) "1, (3.21)
and notice that
(I + A(@) Ro(w)p) " puf = —A(2) Ro(w)p(I + A(w)Ro(w)p) "1 f + pf.
Hence, the support properties of f and A imply that
(I + A(z)Ro(w)p) "' prf = pr(I + A(z)Ro(w)p) "' pr f,

which together with (3.21) completes the proof of the proposition. O

Proof of Theorem 1. Existence: Let f € (w+1i)'H,, Ri > R, p,p1 € C°(R) with
p = 1 near [—R, R], supp p1 C (—R1, R1) and p; = 1 near supp p.

Since f € (w+1)"'H, and p € C°(—Ry, Ry),
F = f(w)[Dz, pl(e“") € Hair,.

By Proposition 7 there is a unique v € w154, r, such that

(D; =’ + Az))v = F,
and

v = Ro(w)p1(I + A(z)Ro(w)p) ' pr F.

Setting u := (1 — p(x))e™? f(w) + v, we have

(D2 —w? + A(z))u = 0.
Define

Tf(w):= flw)+

i/eﬁyw (I + ARop) ™" (pr f(w)[D3, pl(e*))] (y,w)dy, (3.22)
Rof(@) = 5 [ € (1 ARop) ™ (10 @)ID2 A=) (w0} (3.23)

Then Theorem 1 follows from the form of Ry(w), the estimates (3.20) and (3.13), the
fact that

supp{z : Jw € C,, (x,w) € supp(I + ARop) 'p1F} C (- Ry, Ry),
and that R; > R is arbitrary.
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Uniqueness: It is enough to show that for any R > 0, o > 0, any solution, v € w™'5%,
to Pv = 0 with

_(w)e™™* < —R
v(r,w) = 9- () o
g+(w)e™*, >R

and g € w7, satisfies v = 0.

To see this we recall that Pv = 0 means that

(D2 —wv = —A(z)v € (w+1) ', C I, (3.24)

Therefore, since v(w, ®) is outgoing and supp A(e) C (—R, R),
v=—Ry(w)A(x)v (3.25)
Hence
Az)o = — A(2) Ro(w) A(2),
so that for p € C° with supp(1 — p) N [—R, R] = 0,
0=A(z)v+ A(z)Ro(w)A(x)v = (I + A(z)Ro(w)p)A(x)v.

In view of the inclusion in (3.24), we can now use Proposition 8 sto see that A(z)v = 0.
Together with (3.25), this implies v = 0, completing the proof of uniqueness. 0J

3.3. Non-existence of purely outgoing solutions. We will now prove Proposition
8. Suppose that, in the notation of Proposition &,

(I +A(x)Ry(w)p)w =0, w € H,. (3.26)
Since pw = w,
u = Ro(w)w = —Ro(w)A(x)Ro(w)pw, (D2 —w?+ A(z))u = 0. (3.27)
Moreover, since
Ro(w) : A, — w (AN (W) A 0 (w)2H?) (3.28)

by Lemma 5, u(z,e) € ¢(C,.), and for o > 0,
/ lu(z, w + io)[*dw < .
R

We want to show that u(z,w +ic) = 0, 0 > 0 and for that we use a variant of a
positive commutator argument. Define

(u,v)y = e‘QUO‘/U(:p, w +io)v(r,w + io)drdw,

P, = D? — (w+i0)’ +a(z, Dy)—2 17
w+ 1o+ vy

x_

(3.29)
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Notice that for v € 2%, P,(u|imw—s) = (Pu)|mw—s where the action of P on wu is
explained in (1.4). For u € w322 we compute

(Pyu, (w+i0)u)e = ((w—i0) Dy, Do)y — {(W? + 0°)(w + i0)u, u) g

j 3.30

—wti—w —u, (w+i0)u),. (3.30)
W+ 1o + 1y
We now take the imaginary part to obtain

Im(P,u, (w+io)u)y = —o (|| DyullZ + |||w + io|ul2)

W+ 10
w10 + 1y
—o (|1 Dsull; + [[|w + iofull7)

w+ 10
w + 10 + 1y
—o([[Daullz + l|lw + io|ull7) + Cllullo|[|w + iofull,

< —30°lulls.

+ {(a(x, D)

+ Im(a(z, D,,) u, (W +10)u),

IN

+ lla(z, Do) |l -

| e + ol
(e

IN

if o is large enough.

Since u = Ro(w)w with w € 4%, we use (3.28) to obtain u € w™ (4, N (W) N
(w)2?). Therefore, to justify multiplication by w and integration as above, we con-
sider a modified version of (3.30):

(Pru, (w+i0) liy<r u)o = ((w — i0) Ny <7 Dyu, Dyu),

W+ 10

— <ﬂ\w\§T(<W2 + 02)(0.) +io)u,u), + (a(z, Dw)mu, (W~ i0) Dwj<r U)o,

estimate the imaginary part as above to obtain (recall that P,u = 0 from (3.27))
0= {Pyu, (w0 +i0) Dyjr )y < —30*|[L<rul2

For each o large enough, sending 7' — oo then implies u|pm,—0 = 0. Since u is
holomorphic in Imw > 0, this implies that u = 0.

4. PROOF OF THEOREM 2

Let Ry > R and p € CX((—Ry, Ry)) with p = 1 near [-R, R|, p1 € C°((—R1, Ry))
with
supp p Nsupp(l — p1) = 0.
We then define
ur(t,x) = (1 — p(x)g(t — ), us :=u— uy.
It follows that us = 0 for ¢ <« —1 and that
(D} — D; = Ajuz = —(Df — D3 — A)(1 - p)g(t — )

= —[D2, plg(t — ) =: f(t,),
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Proposition 2 and (2.11) imply that there is C' > 0 such that ||us|/;2r®,) < Ce®" and
hence for o > 0 large enough,

||tz (w + io, .r)||L3w < 00,

and there is oyg > 0 such that @y is holomorphic in {Imw > o(}. Moreover, (recall the
convention (2 10)) since f is smooth and compactly supported in time, there is a > 0
such that f € . Thus, for o > 0 large enough,

Paa2(w + 10, ZL’) = _f<w + 10, ZE),

where P, is defined in (3.29). Hence, for o > 0 large enough,
Ta(w + io, ) = — <R0(w +io) [(1 n AROp)—lpﬂ (w + i, .)) (@), (4.1)

(See (1.2) to (1.4) for a description of the action of A.) By Lemma 5, this implies that

for 0 < s <2,
w

(w+ 1)
Now, taking the inverse Fourier transform and using (4.1)

us(t, x) = — e ( Ro(I + ARyp)~ oo f (z,x)dz.
Im 2=0

Us(w, x) € F°. (4.2)

Define
1ﬂr,:l:,e = dr+ i[gv U]v F(J’,T = [_7" T] + 10.
First, using (4.2) to see that (w + io)ty(w + io, x) € L?

2w We obtain
H / e I, (w + o, x)dw‘
|w|>R

L2
1/2
< efft</ lw + ia|—2dw> |(w + io)ts(w + io, x)Hng < Cr1/2.
|w|>r ,
Next, since (I + ARop)~"' : #, — H, is bounded and

1

|2 Im 2’

[Ro(2)|| 2212 < Imz >0,

we have

sup [le™*"™ (2| Tm z| (Ro(I + ARop) ™ p1.f ) (2, ®)l|2(e) < o,

Im 2>0
Frt.

Deforming the contour and letting » — co, we obtain that for € > 0

u(t,7) = — o e 1t R (w4 ie)[(I + ARgp) pof |(w + i€)dw.

and hence
, < Cr~'loge™.
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Now, sending ¢ — 0T, we obtain

o0

1 , 1 ~
us(t, ) = . e_’mw n Z,0(,()R0(w)[([ + ARop) o1 f ](w, 7)dw.

The integral makes sense as a distributional pairing with (w+140)~! since, by Lemma 5,
WRO(W) : %,comp — f%z,loc-

Recalling the definition of f, we have

[e.e]

flw,z) = / " e (D2, plg(s — x)ds = D%, ) / emWEmItT g (s — 1)ds

—00 —00

= g(w)([D? ple™*)(x).
Thus,

_i > —iwt ]‘ e 2 iwe
wrlt,7) = o / e ()1 + ARop) i) (D ple )

Therefore, using the definition (3.23) for < —Rjy,
1 [~ _. ~
wlta) =5 [ IR G @) = [Rgl(t + 2)

—0o0

and, using the definition (3.22) for z > Ry,

wlta) = o [ " D [Tg(e) — (o)) (w)dw = [Tgl(t — ) — gt — )

2

Hence, u = uy + uo satisfies
(T g](t — z) x> Ry,
u(t,z) =
gt —2) + [Beglt +2) @< R
Since R; > R is arbitrary the Theorem follows. O

APPENDIX BY ZHEN HUANG AND MACIEJ ZWORSKI

A.1. Mathematical setup. We consider the following special case of operators de-
fined in §2.2:

Diu— a(z,t)BDyu — Diu=0, D;:=18,, D,=10,. (A.1)
where
a(z,t) € L*(R,,.”(R;)), suppa(e,t) C [-R,R] (A.2)
and B is a memory term:
t
Bo(t, ) ::/ e x)dt!, v > 0. (A.3)

An example in (A.2) in the spirit of [HGW23] would be
a(z,t) = V() exp(—alt —t)*), a>0, V(r)=Al_,.
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We also allow any step potential:

J
V(l’) = Z V] H[Ij,1j+1}; | < T < <K .I'J+1.
J=1

As the initial condition we take
u(t, z)li<o = g(x —t), g€ CZ((—o0, —R), (A4)

and in practice we could take

g(x) = exp(—(z — 2¢)?/0) exp(iX(x — 20)), 0<o <1, z9< —R.

We can rewrite (A.1) as a system

Dyu = (122 a<x,1t)5> 0, u(0,7) = (Z@)) ot r) = (fo(’tfl )) . (A5)

T

The code can be tested in the special case of no memory effect by setting v = 0,
a=0,and A= —iV,. Then

BDu(t,z) =

1 t
—,/ Owu(t’, x)dt' = —iu(t, x).
¢ —0o0

Hence, for our choice of parameters,

a(x,t)BDywu = —ia(x, t)u(t,x) = Vo Iy yy(x)u(t, z),

that is, our equation becomes

Diu—(D; +V(z))u=0, V(z)=Vly.

For this there is a standard code for comparing solutions.

Algorithm 1 Leapfrog scheme for (A.5) with memory term (A.3)

1:

uniform spatial grid points x.

forn=2to N —1do
Update memory term:

M,
Leapfrog update:
Upil = Up_1 + 21AL vy,

end for

Input: Initial condition ug = (ug,vp), time step At¢, number of time steps N,
Output: Solution u, at times t, = nAt forn=1,..., N

Initialize memory term M using trapezoidal rule from —oo to 0.
Startup: Compute uy from u; using forward Euler (one step).

= e MM, |+ Atu,.

Vi1 = Un_1 + 214t (D2u, + a(x,t,)M,,).
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A.2. Numerical schemes. Now we aim to write down a numerical scheme for (A.5),

which we rewrite as
t

Dyu = Lu + a(x,t) / C(t — s)u(s)ds,

—00

0 1 0 0
(3 ) a0 2

Let u,(z) = u(t,,x), where t, = nAt and At is the time step. Due to the simple
exponential form of C(t), we use recurrence to update the memory term:

M, = / ; Oty — s)u(s)ds = e~ / Ot 1 — s)u(s)ds + / " Ot — s)u(s)ds.

—o0 tn—1

where

tn—1

For n = 0, we evaluate M = fi)oo C(t, — s)u(s)ds using the trapezoidal rule. For
n > 1, we have the approximate recurrence relation:

M, ~ e MM, + AtC(0) u,,
where u,, is updated using the following leapfrog scheme: for u,, = (u,,v,)7,
Upy1 = Up_1 + 21AL vy, (A.6)
Vg1 = Up_1 + 2iAt (D?u,, + a(z,t,)M,,), (A7)

where the memory term M, is updated via the recurrence relation at each step. A
one-step startup procedure using the forward Euler scheme is required to compute u;
from ug:

U] = Ug + 1At Vo, (AS)
V1 = Vg + 1At (Din + CL(J?, to)Mo). (Ag)

The leapfrog scheme is explicit and has second-order accuracy in time. The overall
algorithm is in Algorithm 1.

A.3. Matlab codes. This code produces the movie and the graphs shown in Figure 1.

function wave_memory(gamma,alpha,V0,x0,lambda)

% Computes a toy wave-like PDE with memory

% Usage: wave_memory(gamma,alpha,V0,x0,lambda)

% If arguments are omitted, reasonable defaults are used.

T

%» The code evolves three parameter cases in parallel (three gammas/alphas).

% Subfunction Vnew(x,V0,x0) returns piecewise-constant potential.
% ——— Defaults and input sanitizing ---

if (nargin < 1 ) gamma = [0,3,4]; end

[0,2,10]; end

if (nargin < 2 ) alpha
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if (nargin < 3 ) VO = 10%[40,-5,30]; end

if (nargin < 4 ) x0 [-0.5,-0.25,0.25,0.5]; end

if (nargin < 5 ) lambda = 10; end

% Ensure alpha and gamma have length at least 3 (pad or truncate)

if numel(alpha) < 3, alpha = [alpha(:).’ zeros(1,3-numel(alpha))]; end
if numel(gamma) < 3, gamma = [gamma(:).’ zeros(l,3-numel(gamma))]; end

% —-—-— Spatial / temporal grid ---

L = pi; % domain [-L, L]

T = 3.65; % final time

dx = 0.01;

dt = 0.005; % dt should be smaller than dx for stability here
x = -L:dx:L;

t = 0:dt:T;

Nx = length(x);
Nt = length(t);
% Memory parameter and potential

t0 = 2;

V = Vnew(x,V0,x0);

% ——— Initial condition (rename centre to avoid colliding with xO input) ---
yO = -2.0;

sigma = 0.05;

g_func = @(x1) exp(-((x1 - y0).72) / sigma) .* exp(li * lambda * (x1 - y0));
% derivative: ( -2x(x-y0)/sigma + ixlambda ) * g

g_prime = @(x1) ( -2%(x1 - y0)/sigma + lixlambda ) .* g_func(xl);

% Preallocate arrays for three cases

ul = zeros(Nt, Nx); vl = zeros(Nt, Nx);
u2 = zeros(Nt, Nx); v2 = zeros(Nt, Nx);
u3 = zeros(Nt, Nx); v3 = zeros(Nt, Nx);

ul(l,:) = g_func(x); vi1(l,:) = lixg_prime(x);
u2(1,:) = g_func(x); v2(1,:)
u3(1,:) = g_func(x); v3(1,:) = lixg_prime(x);

% Laplacian (second-order central difference), Dirichlet at boundaries

lixg_prime(x) ;

e = ones(Nx,1);

Dxx = -spdiags([e -2%e e], -1:1, Nx, Nx) / dx"2;

Dxx(1,:) = 0; Dxx(end,:) = 0;

% ——— Initialize memory B (discrete convolution with g’) ---

s = 0:dt:10; 7% integration variable s = x - t’ in your approximation
ds = dt;

wsl = exp(-gamma(l)* s);

ws2 = exp(-gamma(2)* s);
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ws3 = exp(-gamma(3)* s);
Bl = zeros(1, Nx); B2 = B1l; B3 = Bi;
for j = 1:Nx
xj = x(3);
gprime_vals = g_prime( xj + s ); % vector

B1(j) = sum(wsl .* gprime_vals) * ds;
B2(j) = sum(ws2 .* gprime_vals) * ds;
B3(j) = sum(ws3 .* gprime_vals) * ds;
end
% —-— One-step startup (forward Euler) ---
axtl = 1i * V .* exp(-alpha(1)*(t(1)-t0)"2);
axt2 = 1i * V .* exp(-alpha(2)*(t(1)-t0)"2);
axt3 = 1i * V .* exp(-alpha(3)*(t(1)-t0)~2);
% Step from n=1 to n=2
ul(2,:) =ul(l,:) + 1i * dt * vi(1,:);
vi(2,:) =vi(l,:) + 1i * dt * ((Dxx * (u1(1,:).’)).’> + axtl
u2(2,:) =u2(1,:) + 1i * dt * v2(1,:);
v2(2,:) = v2(1,:) + 1i * dt * ((Dxx * (u2(1,:).’)).’ + axt2
u3(2,:) = u3(1,:) + 1i * dt * v3(1,:);
v3(2,:) =v3(1,:) + 1i * dt * ((Dxx * (u3(1,:).’)).’ + axt3
% ——— Video writer and figure setup ---
filename = ’wave_multi_one.mp4’;

writerObj = VideoWriter(filename, ’MPEG-4’);
writerObj.FrameRate = 40;

open(writer0bj);

fig = figure;

fig.Position = [100 100 800 600];

tl = tiledlayout(fig, 1, 1);

axl = nexttile(tl, 1);

% ——— Time stepping (leapfrog) ---
for n = 2:Nt-1
tn = t(n);

% update memory B[v] (exponential recurrence)
Bl = exp(-gamma(1)*dt)*B1 + dt * vi(n,:);
B2 = exp(-gamma(2)*dt)*B2 + dt * v2(n,:);
B3 = exp(-gamma(3)*dt)*B3 + dt * v3(n,:);

axtl = 1i * V .x exp(-alpha(1)*(tn - t0)"2);
axt2 = 1i * V .x exp(-alpha(2)*(tn - t0)"2);
axt3 = 1i * V .* exp(-alpha(3)*(tn - t0)"2);

% leapfrog updates

% B1);

% B2);

.% B3);
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91 ul(n+1,:) = ul(n-1,:) + 2i * dt *x vi(n,:);

92 vi(n+l,:) = vi(n-1,:) + 2i * dt * ((Dxx * (ul(n,:).’)).’> + axtl .*x Bl);
93 u2(n+1,:) = u2(n-1,:) + 2i * dt * v2(n,:);

94 v2(n+l,:) = v2(n-1,:) + 2i * dt * ((Dxx * (u2(n,:).’)) .’ + axt2 .*x B2);
95 u3(n+1,:) = u3(n-1,:) + 2i * dt * v3(n,:);

96 v3(n+l,:) = v3(n-1,:) + 2i * dt * ((Dxx * (u3(n,:).’)).’ + axt3 .*x B3);
97 % normalize potential for plotting (avoid overwriting input VO)

98 Vmax = max(abs(V));

99 if Vmax == 0, W =V, else W =V / Vmax; end

100 % Plot case 1

101 axes(axl1); cla(axl);

102 plot(axl, x, real(ul(n,:)), ’c’,x,real(u2(n,:)),
103 ’r’,x,real(u3(n,:)),’b’, x, W, ’k’, ’LineWidth’, 2);

104 xlabel(axl, ’$x$’,’Interpreter’,’latex’,’FontSize’,20);

105 axis(axl, [min(x) max(x) -1.5 2]);

106 legend(ax1,

107 sprintf (*$\\alpha=%.1f,\\ \\gamma=%.1£f$’, alpha(l), gamma(l)),
108 sprintf (*$\\alpha=%.1f,\\ \\gamma=%.1£f$’, alpha(2), gamma(2)),
109 sprintf (*$\\alpha=%.1f,\\ \\gamma=%.1£f$’, alpha(3), gamma(3)),
110 ’Interpreter’,’latex’,’FontSize’,20, ’Location’,’southeast’);
111 title(ax1,

112 sprintf O ${\\rm{Re}} u(x,t),\\ t=%.2f\\quad V(x)/\\max|V| ,\\ \\max|V|=}.2f$’,
113 t(n), Vmax),

114 ’Interpreter’,’latex’,

115 ’FontSize’, 20);

116 drawnow

117 F = getframe(gcf);

118 writeVideo(writerQObj, F);

119 end

120 close(writerObj);

121 end

122 function V = Vnew(x, VO, x0)

123 % V(x) = VO(m) for x0(m) < x <= x0(m+1)
124 1if nargin < 2

125 Vo = [10 2 20];

126 end

127 1if nargin < 3

128 x0 = [-2 -1 1 2]1/5;

129 end

130 % number of intervals should satisfy length(x0) = length(VO)+1
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if length(x0) ~= length(V0)+1
error (’x0 must have length length(VO)+1’);
end
V = zeros(size(x));
for j = 1:length(VO)
idx = (x > x0(3)) & (x <= x0(j+1));
V(idx) = VO(j);
end
end
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