A FERMI GOLDEN RULE FOR QUANTUM GRAPHS

MINJAE LEE AND MACIEJ ZWORSKI

ABSTRACT. We present a Fermi golden rule giving rates of decay of states obtained
by perturbing embedded eigenvalues of a quantum graph. To illustrate the procedure
in a notationally simpler setting we first describe a Fermi golden rule for boundary
value problems on surfaces with constant curvature cusps. We also provide a reso-
nance existence result which is uniform on compact sets of energies and metric graphs.
The results are illustrated by numerical experiments.

1. INTRODUCTION AND STATEMENT OF RESULTS

Quantum graphs are a useful model for spectral properties of complex systems. The
complexity is captured by the graph but analytic aspects remain one dimensional and
hence relatively simple. We refer to the monograph by Berkolaiko-Kuchment [1] for
references to the rich literature on the subject.

In this note we are interested in graphs with infinite leads and consequently with
continuous spectra. We study dissolution of embedded eigenvalues into the contin-
uum and existence of resonances close to the continuum. Our motivation comes from
a recent Physical Review Letter [11] by Gnutzmann—Schanz—Smilansky and from a
mathematical study by Exner—Lipovsky [10].

We consider an oriented graph with vertices {v;}7_,, infinite leads {ex}—,, K > 0,

and M finite edges {em}%if(( +1- We assume that each finite edge, e,,, has two distinct
vertices as its boundary (a non-restrictive no-loop condition) and we write v € e, for
these two vertices v. An infinite lead has one vertex. The set of (at most two) common
vertices of e,, and e, is denoted by e,, N e, and we we denote by e,, 3 v the set of all

edges having v as a vertex.

The finite edges are assigned length /,,, K +1 <m < M + K and we put ¢, = oo,
1 < k < K, for the infinite edges. To obtain a quantum graph we define a Hilbert
space, is given by

L* =@ L([0.tw]), L*3u=(us, - upix), tm € L([0, ). (1.1)
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FiGURE 1. A graph given by a cycle
{er}3E .1 connected to K infinite leads
{ek}szl at K vertices: vy, exixNexip 1 =
Vg, e2x MNex41 = V1, e N e = V.
The lengths of finite edges are given by
0p(t) = e 2 K +1 < k < 2K. If
01 (0)’s are rationally related then P(0) has
eigenvalues, A(0), embedded in the con-
tinuous spectrum. If A(0) is simple then
A(0) belongs to a smooth family of reso-
nances, A(t), ImA(¢) < 0. Theorem 1 and
Example 1 in §3 show that in this case
Im\ = X230 [(au, €5 (\))|?, where u is
the normalized eigenfunction correspond-
ing to u and €¥()\) is the generalized eigen-
function normalized in the kth lead — see
(1.2).

We then consider the simplest quantum graph Hamiltonian which is unbounded
operator P on L? defined by (Pu),, = —0%u,, with

D(P) = {u : up € H*([0,4,]), um(v) = u(v), v € e, Ney, Z Oyum(v) = 0}.

em DU

Here 0, denotes the outward pointing normal at boundary of e,:
U, € HX([0,0,]), Optum(0) = =1, (0), Oyt () = 1l (L)

The space Dio.(P) is defined by replacing H? by HZ. when ¢,, = cc.

Quantum graphs with infinite leads fit neatly into the general abstract framework
of black box scattering [15] and hence we can quote general results [8, Chapter 4] in
spectral and scattering theory.

When K > 0 then the projection on the continuous spectrum of P is given in
terms of generalized eigenfunctions ef()\), 1 < k < K, which for \ ¢ Spec,,,(P) are
characterized as follows:

e"(\) € Die(P), (P —A?)eF (M) =0,

ek (N ) = Gppe ™ 4 5 (N)e™, 1<m < K.

m

(1.2)

The family A — e*()\) € Di,(P) extends holomorphically to a neighbourhood of R
and that defines e(X) for all \. We will in fact be interested in A € Spec,,(P). The
functions e* parametrize the continuous spectrum of P — see [8, §4.4] and (3.13) below.
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We now consider a family of quantum graphs obtained by varying the lengths ¢,,,
K+1<m<M+K:

U(t) = e Op - a,,(0) =0, (1.3)

and the corresponding family of operators, P(t). We consider a(t) as a function which
is constant on the edges and denote

a = 0,a(0), (au)m(x) = amum(x).

The works [10] and [11] considered the case in which P(0) has embedded eigenval-
ues and investigated the resonances of the deformed family P(t¢) converging to these
eigenvalues as t — 0. Here we present a Fermi golden rule type formula (see §2 for
references to related mathematical work) which gives an infinitesimal condition for
the disappearance of an embedded eigenvalue. It becomes a resonance of P and one
can calculate the infinitesimal rate of decay. Resonances are defined as poles of the
meromorphic continuation of A — (P — A*)~" to C as an operator L2, — Li. (see

9],[8, §4.2] and for a self-contained general argument Proposition 4.1). We denote the
set of resonances of P by Res(P).

Theorem 1. Suppose that \> > 0 is a simple eigenvalue of P = P(0) and u is
the corresponding normalized eigenfunction. Then for |t| < to there exists a smooth
function t — \(t) such that \(t) € Res(P(t)) and

K
ImA =—>|F[”,
k=1

F = Mau, e*(N)) + A7 > 1am(30,um (0)eF (X, 0) — u(v)d, ek, (A, v),

Vv emdv

(1.4)

where (o, ) denotes the inner product on (1.1).

The proof is given in §3 and that section is concluded with two examples: the first
gives graphs and eigenvalues for which F;, = Mau, e®()\)) — see Figures 1 and 2. The
second example gives a graph and an eigenvalue for which the boundary terms in the
formula for Fj, are needed — see Fig. 4.

Let us compare (1.4) to the Fermi golden rule in more standard settings of mathe-
matical physics as presented in Reed-Simon [14, §XI1.6, Notes to Chapter XII]'. In that
case the we have a Hamitonian H(t) = H +tV such that H has a simple eigenvalue at
Ey embedded in the continuous spectrum of H(0) with the normalized eigenfunction
u. Let P(E) = 1(—oo,p)\ (£} () be a modified spectral projection. Then for small ¢ the

operator H(t) has a family of resonances with imaginary parts given by I'(t)/2 where

TFor references to more recent advances see Cornean-JensenNenciu [5].
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FIGURE 2. A simple graph with embedded eigenvalues, M = K = 2. Solid
lines and dashed lines indicate the trajectory of A(¢) and of the second order
approximation ;\(t) = A+ t\+ %t2 Im ;\-, respectively. (The colour coding
indicates the parameter ¢ shown in the colour bar.) We approximate the real
part linearly using (3.11) and the imaginary quadratically using (1.4). The
four cases are (a): 3(t) =1 —t, l4(t) =1 —1t, (b): l3(t) =1 —t, £4(t) =1,
(c): l3(t) =1—t, Ly(t) =141, (d): £3(t) =1 —t, l4(t) =1+ 2t.

the width ['(¢) function satisfies
0? 0

If the continuous spectrum has a nice parametrization by generalized eigenfunctions,
OpP(E) = [ e(E,a) ® e(E,a)*du(a), a € A, this expression becomes

GRT(0) = 7 /A Ve, (B, 0) Paa(a).

In the case of quantum graphs A is a discrete set — see (3.13) below — and the formula
is close to our formula (1.4). In [8, Theorem 4.22] a general formula for black box
perturbations is given and it applies verbatim to perturbations of quantum graph
Hamiltonians when the domain of the perturbation does not change. The difference
here lies in the fact that the domain changes and that produces additional boundary
terms. (We present the results in the simplest case of Kirchhoff boundary conditions.)
To explain the method in a similar but notationally simpler setting we first prove the
Fermi golden rule in scattering on surfaces with cusp ends and boundaries.

The formula (1.4) gives a condition for the existence a resonance with a nontrivial
imaginary part (decay rate) near an embedded eigenvalue of the unperturbed operator:
D (Mo, ct) N Res(P(t)) # 0 for some ¢ and for |t| < to, where the constants ¢ and t,
depend on \g and P(t). However, it is difficult to estimate the speed with which the

tHere and below D(A\g,7) = {A € C: |A = Ag| < 7}.
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resonance A(t) moves — that is already visible in comparing Fig. 2 with Fig. 4. (A
striking example is given by P(t) = —9% + tV(z) where V € C>®(R) and t — 0;
infinitely many resonances for ¢ # 0 [22] disappear and P(0) has only one resonance
at 0.) Also, the result is not uniform if we vary Ag or the lengths of the edges.

The next theorem adapts the method of Tang—Zworski [20] and Stefanov [17] (see
also [8, §7.3]) to obtain existence of resonances near any approximate eigenvalue and
in particular near an embedded eigenvalue — see the example following the statement.
In particular this applies to the resonances studied in [10] and [11]. The method
applies however to very general Hamiltonians — for semiclassical operators on graphs
the general black box results of [20] and [17] apply verbatim. The point here is that
the constants are uniform even though the dependence on t is slightly weaker.

To formulate the result we define

Hrp =P L*0.R)e P L*[0.lm))- (1.5)
m=1 m=K+1

Theorem 2. Suppose that P is defined above and the lengths, {,,, have the property
that b, € L, K+1<m < M + K where L s a fixed compact subset of the the open
half-line.

Then for any L € (0,00), I € (0,00), R > 0 and v < 1 there exists g > 0 such that
Ju e HrND(P), \o €I such that ||lul2 =1, [|[(P—X)ul =¢ < e (1.6)

implies

Res(P) N D(\g, ") # 0. (1.7)

As a simple application of Theorem 1 related to Theorem 2 we present the following
Example. Suppose that P(t) is the family of operators defined by choosing ¢; =
¢;(t) € C*(R), and that \g > 0 is an eigenvalue of P(0). Then for any v < 1 there
exists to such that for |t| < ¢,

Res(P(t)) N D(Ao, t7) # 0. (1.8)

Proof. To apply Theorem 2 we need to construct an approximate mode of P(t) using
the eigenfunction of P(0). Thus, let u’ be a normalized eigenfunction of P(0) with
eigenvalue \g; in particular u) =0, 1 < k < K. Choose x; € C*(R), j = 1,2, such
that x; > 0, xo+x1 = 1, x;(s) = 1 near |j—s| < 3 and define u,, (x) := xo(2/ln)u, (2)
and u (x) = x1(x/ln)ul (2), u® = ut +u~.
We now define a quasimode for P(t), u = u(t) needed in (1.6):
U (t) = u (2) +uh (= 6,0(t)), Gn(t) := Ln(t) — £ (0).

For ¢ small enough suppu,, C [0,2)(,(0) C [0,£,(t)) and suppu;, C (%,1]¢,(0) C
(10m(t)], 1]4,,(0). Hence the values of u,,(t) and 0,u,,(t) at the vertices are the same
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as those of 1%, and u,(t) € D(P(t)). Also, since (—92 — A2)ul, = 0 and ) = —\¥,
(and putting £, = £,,(0))

[(P() = M) u)]m = £’ (X6 (& = 0 (8)) /)ty (& = 0 (£)) — X5 (/€)1 (7))
+ 20" (X0 (@ = 0 (£)) /) Ot (2 — O (£)) — X0 (/) Doty ().
We note that all the terms are supported in (5—|8,,(£)], 340 (¢)|)€,(0) and elementary
estimates show that ||(P(t) — A3)u(t)|| < Ct. For instance,
X6 () (i (2 = 0 (1)) — wpy ()] < C'[0m(t)] | max Oty ()]
=30 (0) 3+ (1)
< C'om (1) |(I] — agugnHL?((%,%)Em(O)) + Jug | 222 3y6,0 (1)
< C"(A2+ 1)t

From (1.7) we conclude (after decreasing vy and ty) that (1.8) holds. O

Remarks. 1. A slightly sharper statement than (1.7) can already be obtained from
the proof in §4. It is possible that in fact Res(P) N D(Ag, Coe) where Cy depends on
L, R and 9. That is suggested by the fact that the converse to this stronger conclusion
is valid — see Proposition 4.5. This improvement would require finer complex analytic
arguments. It is interesting to ask if methods more specific to quantum graphs, in
place of our general methods, could produce this improvement.

2. By adapting Stefanov’s methods [17] one can strengthen the conclusion by adding
a statement about multiplicities (see also [8, Exercise 7.1]) but again we opted for a
simple presentation.

Acknowledgements. We are grateful for the support of National Science Foundation
under the grant DMS-1500852. We would also like to thank Semyon Dyatlov for
helpful discussions and assistance with figures and the two anonymous referees whose
comments and careful reading led to many improvements.

2. A FERMI GOLDEN RULE FOR BOUNDARY VALUE PROBLEMS: SURFACES WITH
CUSPS

To illustrate the Fermi golden rule in the setting of boundary value problems we
consider surfaces, X, with cusps of constant negative curvature. The key point is
that the domain of the operator changes and the general results such as [14, Theorem
XII.24] or [8, Theorem 4.22] do not apply.

Thus we assume that (X, g) is a Riemannian surface with a smooth boundary and
a decomposition (see Fig. 3)

X:XIUXO, (9X0:8X1U8X, 8X08X0:®,

0 o (2.1)
(X1,9|x,) = ([a,00), x (R/lZ)q,dr" + e~ “"db*).
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F1cURE 3. A surface with one cusp end
and a boundary. Suppose we consider
a family of boundary conditions for the
Laplacian —A: d,w = v(t)w at 0X.
X=X, UX; The Laplacian has continuous spectrum
with a family of generalized eigenfunc-
tions e(\) € C*°(X) — see (2.3). Sup-
pose that for t = 0, A\ is a simple embed-
ded eigenvalue of —A with the boundary
condition d,w = v(0)w, with the nor-

0Xo=0X, U0X

malized eigenfunction given by u. Then
A = A(0) belongs to a smooth family

X of resonances of Laplacians with bound-
ary condition d,w = y(t)w, and Im X =
—4—}\2|<"yu, 6()‘)>L2(8X)|2 — see Theorem
3.

We consider the following family of unbounded operators on L?(X):

P() = -8, — L, D(P(t) = {u€ HAX) : daulox = (ulox}.  (22)

49

where ¢t — 7(t) € C*(0X) is a smooth family of functions on dX and 0, is the
outward pointing normal derivative. The spectrum of the operator P has the following
well known decomposition:

Spec(P) = Spec,,,(P) U Spec,(P), Spec,,(P) = [0,00),
Spec,,(P) ={E;}_g, —1<Ey<Ei<E---, 0<J< 400,

(When J = +o00 then E; — 00.) The eigenvalues E; > 0 are embedded in the continu-
ous spectrum. In addition the resolvent R()\) := (P — A*)7!': L? — L? Tm A\ > 0, has
a meromorphic continuation to A € C as an operator R(\) : CX(X) — C>(X). Its
poles are called scattering resonances. Under generic perturbation of the metric in X
all embedded eigenvalues become resonances. For proofs of these well known facts see
[4] and also [8, §4.1 (Example 3), §4.2 (Example 3), §4.4.2] for a presentation from the
point of view of black box scattering [15].

The generalized eigenfunctions, e(\, ), describing the projection onto the continuous
spectrum have the following properties:

I o .
(P — A)e(\,x) =0, Z/ e\, 2)|x,df = e2 (e + s(N\)e),
0

(R()‘) - R(_/\))f - %6()\,1‘)(}076(/\, .)>7 AE R’ f € OSO(X)’

(2.3)

see [8, Theorem 4.20]. With these preliminaries in place we can now prove
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Theorem 3. Suppose that the operators P(t) are defined by (2.2) and that A > 0 is a
simple eigenvalue of P(0) and (P(0) — X\*)u =0, ||ul/z2 = 1.

Then there exists a smooth function t — A(t), [t| < to, such that A\(0) = X, A(t) is a
scattering resonance of P(t) and

. 1,
i = — 5 [ Q) eax [, (@) = e(Aa), (24)

where e(\, x) is given in (2.3), f = 0,f|imo and L*(0X) is defined using the metric
induced by g.

1. In the case of scattering on constant curvature surfaces with cusps the Fermi golden
rule was explicitly stated by Phillips-Sarnak — see [13] and for a recent discussion [12].
For a presentation from the black box point of view see [8, §4.4.2].

2. The proof generalizes immediately to the case of several cusps (which is analogous
to a quantum graph with several leads), (X, g|x,) =~ ([ag, 00) x R/€Z, dr? + e~ *"dh?,
1 <k < K. In that case the generalized eigenfunction are normalized using

I , : :
[ 0 = ¢ (B s ().
m Jo
The Fermi golden rule for the boundary value problem (2.2) is given by

1

K
. ) 2
ImA\ = —4_/\2 ; ‘(’Vu; €k>L2(8X)| ) ek(x) = ek()‘7'x>' (25)

Proof. For notational simplicity we assume that v(0) = 0, that is that P(0) is the
Neumann Laplacian on X. We will also omit the parameter ¢ when that is not likely
to cause confusion. It is also convenient to use z = A\? and to write (e, ) for the
L*(X, dvoly) inner product and (e, e) 29y for the inner product on L?*(9) with the
measure induced by the metric g.

We first define the following orthogonal projection:

1 4
Lopu = / Uinpomy 40, Lsg: LX(X) — I2([R,c0).c"dr), R>a,
0

] (2.6)

ﬂrgR =1 — ]1723, HR = ]lrgR L2<X)
The smoothness of scattering resonances arising from a smooth perturbation of a simple
resonance follows from smooth dependence of the continuation of (P(t) — A?)~! (see

Proposition 4.3 below for a general argument). Let ¢ — u(t), u(0) = u denote a smooth
family of resonant states:

¥4
(P(O) = =(0)ult) = 0. [ u(b)x,db = altyeFeXr,

a(0) =0, ImA(t) <0, A0)? = z(0).

(2.7)
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The second equation in (2.7) means that u(t) is outgoing — see [8, §4.4].

The self-adjointness of P(t) and integration by parts for the zero mode in the cusp

show that for u = u(t) and P = P(t),
0=Im((P — 2)u, I,<gu)

) (2.8)

= =m0, (L,>r u)(R)L>pu(R) — Im 2[| T<pul|7s x)-

(See [8, (4.4.17)] for a detailed presentation in the general black box setting.) Since
Imz =0 (as Im 2(t) < 0, see also (2.12) below) and since 1,z u(0) = 0, we have, at
t=0,Imz=—-2Imd,(L>g ) (R)L>zu We would like to argue as in (2.8) but in
reverse. However, as @ will not typically be in D(P) we now obtain boundary terms:

Im 2 = 2Im((P — 2)t, L,<g @) + 2Im(0,u, 1) 12(ax)- (2.9)

We now need an expression for 4. Since (P(t) — z(t))u(t) = 0, dyulox = yulox, we
have (at t = 0),
(P —2)u = Zu, 0,ulox = Yulox. (2.10)
In addition, differentiation of the second condition in (2.7) shows that u is outgoing.
Without loss of generality we can assume that v = u(0) is real valued. Choose
g € C*(X,R) (real valued, compactly supported and smooth up to the boundary)
such that 0,9]sx = Yulox. We claim that
(¢2u— (P —2)g,u) =0. (2.11)
In fact, Green’s formula shows that the left hand side of (2.11) is equal to z + [, Ju*.
On the other hand, using the fact that 1,<gu(0) = u(0),

4
dt

=+ &,uu:é—i-/ Au?.
0X oXx

0= ——{(P(t) = 2(t))u(t), Li<pu(t))li=o = (fu — (P — )i, u)

(2.12)

In view of (2.11), v := g+ R(N\)(3u — (P — 2)g), A* = z, A > 0, is well defined,
outgoing (see (2.7)) and solves the boundary value problem (2.10) satisfied by u. Since
the eigenvalue at z is simple that means that @ — v is a multiple of u (see [8, Theorem
4.18] though in this one dimensional case this is particularly simple). Hence

t=oau+ g+ R\ (2u— (P — 2)g). (2.13)
With this formula in place we return to (2.9). First we note that the first term on the
right hand side vanishes:

Im((P — 2)u, L<gp @) = Im(Zu, @) = 2Im(u, au+ g + R(A\)(Zu — (P — 2)g))

=ZIma+ 2Im{u, R(\)(2u — (P — 2)g)) (2.14)

= ZIma.
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Here we used the fact that v and g were chosen to be real. The last identity followed
from (2.11). To analyse the second term on the right hand side of (2.9) we recall some
properties of the Schwartz kernel of the resolvent:

RA)(z,y) = BR(A)(y, x) = R(=A)(z,y), AeC. (2.15)

(The first property follows from considering A = ik, k£ > 1, and using the fact that
Pu = Pu, and the second from considering Im A > 1, z = A2, and noting that
(P —2)"1)"=(P—2)"1) Using (2.9),(2.10),(2.14),(2.13),(2.15),(2.12) and the fact
that v and g are real, we now see that (with A = /z > 0)
Im 2 = 22 Im o + 2 Im(Ju, @) 12 (ox)

=2zIma + 2Im a{yu, u) + 2Im(ju, [R(N)(2u — (P — 2)9)]|lox)r20x)  (2.16)

= 1 (9, [(R(A) = R(=A)) (2u — (P = 2)g)]lox) £2(ox)-
Since (R(A) — R(—A))u = 0 we have now use (2.3) to see that

[(R(A) = R(=A))(2u — (P = 2)g)]lox = —%e(k)bx/ e(A) (P —2)g

X

i e(Vlox /8 (D)9~ .ge0V)
= oxe(Nlox (Yu, €) r2(ax)-

Inserting this into (2.16) gives (2.4) completing the proof. O

3. PROOF OF THEOREM 1

We follow the same strategy as in the proof of Theorem 3 but with some notational
complexity due to the graph structure.

Let H? :== @YX H?([0,4,,)). Then for u,v € H?, (%) := 9 tp,

_<a§f7 g>L2 = <aa:f7 a:r:g>L2 - Z Z 8me(v)§m(v)

vV emdV

(3.1)
= _<fv 8§9>L2 + Z Z (fm(v)al/gm(v) - aufm(v)gm(v))
vV em>dv
We note here that the sum over vertices can be written as a sum over edges:
M+K
DD 0fm@Fm(0) = D Y 0 fn(0)Gim(v). (32)
vV emdv m=1 vEdem

Just as in §2 the domain of the deformed operators will change but we make a
modification which will keep the Hilbert space on which P(t) (we change the notation



A FERMI GOLDEN RULE FOR QUANTUM GRAPHS 11

from §1 and will use P(t) for a unitarily equivalent operator) acts fixed by changing
the lengths in (1.3). For that let

M+K
Lf = @ L2([0’efam(t)gm])’ L2 = Lg, U(t) : Lf — L7
m=1

U ulny) = €O Pup (e Oy), U@ = U1)".

Let P(t) be defined in L2 by (P(t)u)m = —0%upn,

D(P(t) = {u: tm € HX([0,e”Dl]), tn(v) = ue(v), v € emNer, Y Dun(v) = 0}.
em>v
That is just the family of Neumann Laplace operators on the graph with the lengths
ey,
On L2 we define a new family of operators: P(t) := U(t)P(t)U(t)*. Tt is explicitly
given by [P(t)ul,, = —e?*"d%u,,,

D(P(t)) = {u € H? : e* /2y, (v) = e*D2,(v), v € e, Ney,

Z egam(t)/zﬁyum(v) =0}. (33)

em DU

Using Proposition 4.3 from the next section we see that for small ¢ there exists a
smooth family ¢ — u(t) € HZ, such that
(P(t) — z(t))u(t) =0, wup(t,z) = a(t)e?D*, 1<k <K,

(3.4)
ImA(t) <0, A0)*>=2z A0)>0.

We defined Hp by (1.5) and denote by 1,<x the orthogonal projection L? — Hp.
Writing P = P(t), u = u(t), z = z(t) we see, as in (2.8), that

K
0=Tm((P — 2)u, Lycg ) = —=Im Y Oyt (R) i (R) — Im zJulf3,,,.  (3.5)
m=1

We recall that e,,, 1 < m < K are the infinite edges with unique boundaries. Hence,
using (3.1), at t = 0,

Im % =2Im Y Dyt (R)itm (R)
m=1 (3.6)
= 2Im((P — 2)it, Lycg @) + 2Tm Y Y Dyt (v) ey (0).

We now look at the equation satisfied by % at ¢t = 0:

d

E(P(t) — z(t))u(t) = 2a(—0%u) — tu+ (P — 2)0 = (2az — 2)u+ (P — 2)u. (3.7
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Hence,
(=02 — )l = (3 — 226 ) U, Z Oyt (v) = —2 A Oy U (V)
em>v emav (3.8)
Um (V) — Up(v) = %(ae — am)u(v), v E e, Ney.
We used here the fact that u(v) := u,,(v) does not depend on m. The second condition

can be formulated as tn,(v) = w(v) — San,(v)u(v), where w := 9y(e®/2u(t))|=o is

continuous on the graph.

To find an expression for 4 (similar to (2.13)) we first find

M+K
gE@C’C’O ([0,00)) ® @ ([0, £,,]
m=K+1
such that
Z augm(v) = _% Z dmauum(v)> gm(v) - gg(U) = %(CL@ - am)u(v)' (39)
Em DU Em IV

We can assume without loss of generality that both g and u are real valued.

In analogy to (2.11) we claim that

((2—=2za)u — (P —2)g,u) = 0. (3.10)
In fact, using (3.1), (3.7) and (3.8) we obtain
0= —%((P(t) — z(t)u(t), lpcr u(t))|i=0 = (2u — 2zau — (P — 2)t, u)
=2 —2z(au,u) + Y Y (Dt (0)u(v) = 1y (0)Dy 1 (v))
R | (3.11)
=% — 2z(au,u) + Z Z (=3 am0yum(v)u(v) — (W(v) = amu(v))dytm(v))
=z — 2z(au,u) ZZamaum (v).

(We used the continuity of u and the Neumann condition ), _ 0,u,(v) = 0.) Since g
and v satisfy the same boundary conditions (3.8) and (3.9) (3.10) follows from (3.11).

As in the derivation of (2.13) we now see that for some o € C we have
U =au+ g+ R(\)(2u — 2zau — (P — 2)g). (3.12)
With this in place we return to (3.6). The first term on the right hand side is
2Im((P — 2)u, l<gu) = 2Im{Zu — 2zau, @)
= 2Im(Zu — 2zau, au + g + R(\)(2u — 2zau — (P — 2)g))
=2Ima(Z — 2z{au, u))
— 4z Im(au, R(\)(2u — 2zau — (P — 2)g)).
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(We used here the simplifying assumption that g and u are real valued.)
As in (2.16) we conclude that

4zIm(au, R(N)(—2u + 2zau + (P — 2)g)) = 2(au, [(R(A) — R(—)](2zau + (P — 2)g))
Now, as in (2.3), [8, Theorem 4.20] shows that

(RO\) = R(=\)f = % SO (f (Vo) AER, feHn  (313)

which means that (with z = A\? and ¥ = ek()))

Z(au, [(R(A) = R(=N)](2zau + (P — z)g)) =

K
)\Z au, ey (2 2au + (P — z)g, ek) =
k=1

— 208 " [au, €M)* = A (au, ) (¥, (P — 2)g).

The second term on the right hand side is now rewritten using (3.1) and the boundary
conditions (3.9):

A (au, e*) (Z S Ouel (0)gmlv) - aygmw)e’f(v))) -

AZ(du,ek> <Z Z Lam(—0,€r, (v)u(v) + 3(9Vum(v)ek(v))> :
k=1 v emdv
We conclude that
2Im((P — 2)it, Lpep it) = 2Tm a(s — 22(au, u)) — 22 Y | (au, e*)|?
. = (3.14)
— 20 (i, €*) (Z > L (30, um(v)e (v) — &,efn(v)u(v))> .
k=1 v emdv

A similar analysis of the second term on the right hand side of (2.9) shows that

QImZ Z Oyl (V) (V) = Im (22 Z am&,um(v)u(v)>
—2\7 Z Z Z i (0yel, (V)u(v) — 30,um (v)e®(v))

— 2\ Z<W> (Z > dam (30, um (v)e (v) — a,,e:;(v)u(v))> .

vV em>dv

2

(3.15)
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Inserting (3.14),(3.15) into (3.6), using (3.11) and Im ¥ = 2\ Im X gives (1.4). O
Example 1. Consider a connected graph with M bonds and K leads. Suppose that
an embedded eigenvalue A is simple and satisfies

My,enZ, m=K+1,--- , M+ K. (3.16)
Then

Im A=~ > [Mau, e (V). (3.17)

Proof. up(x) = Cp,sin(Az) where e, and a lead are meeting at a vertex. Since the
graph is connected, u,(z) = Cpysin(Az) for K +1 <m < M + K. Let n,, = &= and
let

ek (N, ) = Appsin(Ax) + By, cos(Ax).
Then ,,(0) = uy(¢mn) = 0 and

az/um(o) = (_1>nm+1auum<€m)> e’Ik?:l(A7€m) = (_1)nmek <)‘7 0)

m

We can use this and (3.2) to reduce Fj, in (1.4) to

M+K
Fy = Mau, e"(\)) + 171 Z 3 (O (0)€F(X, 0) + Oyt ()X (N, £,)
m=K+1
= Mau, e"(\)).
Theorem 1 then gives (3.17). O

Example 2. Let us consider a graph with M = 5, K = 2 and four vertices: see in
Fig. 4. Let £,,(0) = 1, 3 < m < 7. Then the sequence of embedded eigenvalues X is
given as S; U Sy where

S1 = 7, ng{Aztan)\—i-Qtan%:O, /\g_f%Z}.

If A € Sy, then (3.16) is satisfied. If A € S,, however, we have (with v; and vy
corresponding to x = 0 for eg, e and ey, e5 respectively, and vy to x = 0 for e7)

ug(z) = C'sin(Ax), wuy(x) = Csin(Ax), us(x) =—Csin(Ax),

ug(z) = —C'sin(Azx), wuz(z)= Cs‘mi\ sin (A (z — 1)),
SIHE

where C' > 0 is the normalization constant. Note that
u(vs) = Csin A # 0, u(vy) = —C'sin A # 0.

So we do not have the simple formula (3.17) in this case.
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FIGURE 4. The graph from Example 2: in this case boundary terms in our
Fermi golden rule appear at some embedded eigenvalues such as Ay which is
the smallest solution of tan A + 2tan% =0, Ao =~ 1.9106. We consider the
following variation of length: ¢35 =1—t, 4 =1+t,ls5=1—1t, s =141, and
(a): b7 =1 (b): b7 =1+1/2 (c): €z =1+t. As pointed out by the referee,
the approximation A(t) ~ A(0) + t\ + 112 Im ) is not as accurate as in Fig.2
since now Re \ # 0. The main point is to illustrate the appearance of the
boundary contributions to Fj, in (1.4).

4. PROOF OF THEOREM 2

The proof adapts to the setting of quantum graphs and of quasimodes u satisfying
(1.6) the arguments of [20]. They have origins in the classical work of Carleman [3] on
completeness of eigenfunctions for classes non-self-adjoint operators, see also [17] and
[19].

We start with general results which are a version of the arguments of [8, §7.2]. In
particular they apply without modification to quantum graphs with general Hamilto-
nians and general boundary conditions. We note that for metric graphs considered
here much more precise estimates are obtained by Davies—Pushnitski [6] and Davies—
Exner—Lipovsky [7] but since we want uniformity we present an argument illustrating
the black box point of view.

Proposition 4.1. Suppose that P satisfies the assumptions of Theorem 2 and €}y €
Qy € C, where §; are open sets.
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Then there exist constants Cy depending only on Qs and L, and Cy depending on
01,909, R and L such that

|ReS(P) N QQ| S Cl,
Icr B Lcr 2o <G [ M =¢I7 Aeq, (4.1)
CERes(P)NQ2

where the elements of Res(P) are included according to their multiplicities.

Proof. Let Ro(\) : @), L2 p(en) — @ H2. N H o (ex), be defined as the diagonal
operator acting on each component as RJ()), the Dirichlet resolvent on L2 ([0, 00))

comp
continued analytically to all of C:

o i(z4y) _ id|z—y|
R e T (L]

To describe 1,<g R(\) 1,<g we follow the general argument of [15] (see also [8, §4.2,4.3]).
For that we choose x; € C:°, j =0,---,3 to be equal to 1 on all edges and to satisty

C

Xjler € C([0,2R)), Xoley(2) =1, < R, Xjle,(2) =1, 2 € supp xj-1le,,
for k=1,---, K. For \y with Im \y > 0, we define
QX Xo) := (1 = x0)Ro(N) (1 — x1) + x2R(Mo)x1, QA Xo) : Ly = Dioc(P).
Then
(P = 2)Q(\ Ao) = I + K(X, Ao),
Ko(A No) = =[P, xo] Ro(M) (1 = x1) + (A5 = A%)x2R(Xo)x1 + [P, x] R(Ao)x1-
We now choose A\g = e™/4y, 1> 1. Then
I+ Ko(Mo, Ao) and T+ Ko(Xo, Ao)x3 are invertible on L2, (4.2)
K (X, \o)xs is compact, and
R(A) = QX \o)(I + Ko(A Ao)xs) ™ (I — Ko(A, Ao)(1 = x3)), (4.3)
where A — (I + Ko(\, \o)x3) ! is a meromorphic family of operators. We now put
K(A, Ao) = Ko(A, Mo)xs
and conclude that
L<r R(A) L<g = L<r QN Ao)xa(I + K (A, X)) ™" Lr<r, (4.4)

and the set of resonances is given by the poles of (I + K (X, \g))™!. (See [8, §4.2] and
in particular [8, (4.2.19)].)

We now claim that K (A, \g) is of trace class for A € C and that for a any compact
subset 2 € C there exists a constant C'3 depending only on €2, £ and A\g such that

HK<>\a )\O)Htr S 03- (45)
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To see this, let P be the operator of Hsr where we put, say the Neumann boundary
condition at 3R on each infinite lead. Let ﬁmm, ﬁmax be the same operators but on
metric graphs were all the length ¢; € £, K +1 < j < K + M were replaced by
lrin := min £ and £, := max L respectively. These operators have discrete spectra
and the ordered eigenvalues of these operators satisfy

Ap(Pinax) < Ap(P) < Ap(Prain)- (4.6)
This is a consequence of the following lemma:

Lemma 4.2. Suppose that the unbounded operator ﬁk(t) cH, = H,, p>0, with edge
length given by

() =p, 1<k<K, lnt)=e%, K+1<m<M+K,
and
D(ﬁk(t)) = {u: Uy, € H*([0,0,,(1)]), um(v) = ue(v), v € e, Ney, Z Oyt (v) = 0}.
em v

If 0 = po(t) < pa(t) < pa(t)---, is the ordered sequence of eigenvalues of Py(t), then
wp(t) is a non-decreasing function of t.

Proof. From [2, Theorem 3.10] we know that if  is an eigenvalue of P(s) of multiplicity
N then we can choose analytic functions p™(t) € R, u"(t) € D(P(s)), such that
u™(s) = u, and for small t—s, P(t)u"(t) = p™(t)u™(t), and {u"(¢t)})_, is an orthonormal
setting spanning 1| p()—u<e L?, for ¢ > 0 small enough. The lemma follows from
showing that d;u™(s) > 0 for any n.

Without loss of generality we can assume that s = 0. We can then use the same
calculation as in (3.11) with z = p"(0), amn(t) = dgmt and u = u"(0). That gives

1,(0) = 241, (0) () 2oy + > Dyun(v)ug(v).

vEdey
Since uy(x) = asin 11,2 + bcos \/ﬁpx , for some a,b € R, a calculation shows that
1(0) = 1,(0)Cala® + 1) > 0,

completing the proof. O

The inequality (4.6) follows from the lemma as we can change the length of the edges
in succession. The Weyl law for P (see [1]) and the fact that Pys; = Pxs (where x;
denotes the multiplication operator), now shows that for any operator A : L? — D(P),

Ix3AX3|ler < Cul|PxsAxs|| + CullxsAxsl|
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where the constant Cy depends only on L. From this we deduce (4.5) and || e || =

|| ® || z2_sz2. For instance,
I[P, X2l R(Ao)xa ller < Cul P[P, X2l R(Ao)xall + Call [P, x2] R(Ao)xa |
= Cul|[P, [P xolJR(Mo)xa [l + Ca(1 + [N I[P, X2l R(Xo)xall
< Cs.
Here we used the facts that xo = 1 on the support of x;, hence [P, x2]x1 = 0, and
that [P, [P, x2]] [P, x2] are second and first order operators respectively and that R(\)
maps L? to D(P). The other terms in K(\, \g) are estimated similarly and that gives

(4.5). (Finer estimates for large A are possible — see [8, §4.3, §7.2] and [20]— but we
concentrate here on uniformity near a given energy.)

Now, let Q23 = {\ : [\ — Xo| < R where R is large enough so that Qy C Q3. It follows
that for a constant C3 depending only on 3 and £, (and hence only on Q5), we have

| det(I + K (X X\o)| < e (4.7)
(For basic facts about determinants see for instance [8, §B.5].) Writing
(I + K (X, X))~ = (I = (I + KXo, 20)) " K (Ao, Ao))

we obtain
| det(I + K()\O,)\O))Fl = |det(I + K()\O,/\O)*1|
< exp (11 + K (Ao, 20) MK (Ao, Ao) ) < e,

that is

| det(I + K (Mo, No))| > e, (4.8)
where Cy depends only on A\g and £. The Jensen formula (see for instance [21, §3.61])
then gives a bound on the number of zeros of det(/ + K (A, A\g)) in 3. That proves
the first bound in (4.1).

We can write
det(I+ KXo, ) =Y J[ (A =0,
(€Res(P)NQ3
where g()) is holomorphic in Q3. From the upper bound (4.7) and the lower bound
(4.8) we conclude that |g(A)| < Cj5 in a smaller disc containing s, with C5 depending
only on the previous constants. (For instance we can use the Borel-Carathéodory
inequality — see [21, §5.5].) Hence

[det(I+ KA, M) > T[]  IA=¢l, Aeu,
CERes(P)NQa
To deduce the the second bound in (4.1) from this we use the inequality
_ det(1 + |A])
IT+A)7Y < ———~—=
I+ = | det(I + A)|
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which gives
[ L<r RO) L<g |l = | To<r QX Ao)xs(L + K (A X0)) " L<r ||
< T<r QA o)Xl det(Z + |K (X, Xo))| det(I + K (X, Xo))| ™!

< C'?ellK(A,)\o)Hn- H |)\ _ C|—1’

CERes(P)NQ2

for A € 0 and C7 depending only on €);’s £, and R. This completes the proof. O

Before proving Theorem 2 we will use the construction of the meromorphic contin-
uation in the proof of Proposition 4.1 to give a general condition for smoothness of a
family of resonances (see also [16]):

(P(t) — \)) ' € C°((—to, to); L(L* L*)), TIm )y > 0. (4.9)
That is the only property used in the proof of

Proposition 4.3. Let P(t) be the family of unbounded operators on L? (of a fived
metric graph) defined by (3.3). Let R(A,t) be the resolvent of P(t) meromorphically
continued to C. Suppose that vy is a smooth Jordan curve such that R(\,t) has no poles
on 7y for |t| < to. Then for x; € C*, j =1,2,

/ VIR(C,E)xadC € C%((~to, to): £(L?, L2)). (4.10)

.
In particular, if Ao is a simple pole of R(\,0) then there exist smooth families t — A(t)
and t — u(t) € Dioe(P(t)) such that A(0) = X, A(t) € Res(P(t)) and u(t) is a resonant
state of P(t) corresponding to A(t).

Proof. The proof of (4.10) under the condition (4.9) follows from (4.4) and the defini-
tions of Q(A, Ag) and K (A, Ag). From that the conclusion about the deformation of a
simple resonance is immediate — see [8, Theorems 4.7,4.9].

It remains to establish (4.9). Suppose f € L? and define u(t) := R(X\,t)f €
L% Formally, o := Ou(t) satisfies (3.8) with 2 = 0 and 2 = X3. We can find a
smooth family g(t) € L? satisfying (3.9) with « = w(t). We then have du(t) =
g+ R(Xo, 1)(—20,a(t)u(t) — G(t)), where G, := (—e 2¢M92 — \2)g,,(t). By considering
difference quotients a similar argument shows that u(t) € L? is differentiable. The
argument can be iterated showing that u(t) € C*°((—to, ), L?) and that proves (4.9).

U

We now give

Proof of Theorem 2. We proceed by contradiction by assuming that, for 0 < § < p <
1 to be chosen,

Res(P) N (Qp,0) + D(0,6)) =0, Qp,d) :=[Ao— p, Ao+ p] — [0, 0]
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does not contain any resonances. Choosing pre-compact open sets, independent of ¢, p
and §, Q(p,d) + D(0,9) € ; € Qs we apply Proposition 4.1 to see that for

| 1o<r RO L<r || < C67%, X € Q(p,0). (4.11)

On the other hand, the resolvent estimate in the physical half-plane Im A > 0 and the
fact that Ay € I € (0, 00), give

|| HTSR R()\) IlTSR || < Cg/ Im)\, ImA > 0, |Re)\ — Re)\0| < p. (412)

To derive a contradiction we use the following simple lemma:

Lemma 4.4. Suppose that f(z) is holomorphic in a neighbourhood of ) := [—p, p| +
i[—0_,04], 6+ > 0. Suppose that, for M > 1, My >0, and 0 < 64 < - < 1,
lf(2)]| < My, Imz==5,, |Rez|<p, lf2)| <M, z€Q. (4.13)
and that p* > (14 2log M)6%. Then
o_
0) <eM?M™? .= : 4.14
FO)] < ML, 0 e (114)

Proof. We consider the following subharmonic function defined in a neighbourhood of
Q). To define it we put m4 =log My, m =logM > 0, z = x + 1y, and

o_my + drm_ +y(my —m-_)

O +0-

where K := 2m/(p*—§?). Then for Im z = 444, | Rez| < p, u(z) < 62K < 1 since we
assumed p? > (1 +2m)d%). When |Re z| = p then u(z) < 2m — K(p? — %) < 0. The
maximum principle for subharmonic functions shows that log | f(0)|—0m—(1—6)m_ <
1 and that concludes the proof. 0

— K2* + Ky?,

u(z) = log |f(z +iy)| —

We apply this lemma to f(z) := (l,<gr R(z + Xo) L<r @, V), p,9 € L?, with M, =
Cs/0,., M = M_ = (55, If we show that

FO) < Zliellel, (1.15)

we obtain a contradiction to (1.6) by putting ¢ = (P — A\?)u and 1) = u and using
the support property of u (the outgoing resolvent is the right inverse of P — A3 on
compactly supported function):

1
1= <R(>\0)<P - )\g)u, U> = <]17‘§R R()\()) ]ITSR(P - /\(2))U7U> < gﬁ < 1.
For v < 1 choose v < 1 < < v3 <1 and put
p=ceM, 6_=¢e", . =e",

Then (4.14) implies (4.15) and that completes the proof. O
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For completeness we also include the following proposition which would be a converse
to Theorem 2 for v = 1. The more subtle higher dimensional version in the semiclassical
setting was given by Stefanov [18].

Proposition 4.5. Suppose that P satisfies the assumptions of Theorem 2 and let
R > 0,0 > 0. There exists a constant Cy depending only of R, and L such that for
any 0 < e <§/2,

D(Xo,e) NRes(P) #0, Ao > =

4.16
JueHpNDp, u| =1, ||(P— )u| < Coc(Ao +£). (4.16)

Proof. Suppose that A a resonance of P with |[A\—)\g| < € and let v be the corresponding
resonant state. Then in each infinite lead, v,,(7) = a,,e?*, 1 <m < K. Asin (3.5),

K
m(A\*)Jvll3, = Imzavm 0 (0) = —Im > i\|a, |
1

= —Rel Z | |2
m=1

Since Re A # 0, it follows that 2% | |an|* = 2| Im A[[[v]|2,, < 2¢[v]|3,-

Suppose 7 < R/2 and x € C([0,2)) is equal to 1 on [0,1]. We then define u €
HR N DP by

- x(@/mop(x), 1<m<K
U () =
V() K+1<m<K-+ M.
Now,
K
]2 = ||U||3{o + Z |t |2 / AmNey (3 10)2 e = ||”||izo(1 + O(ere®)),
m=1 R
and hence,
1P = A5)ull* = [A* = AgP*[[well* + I[P, X('/?”)]ﬂH2
< (2e(Xo +¢€)) |u||2+C'Z|am| + (Ao +e)?)e>
S Cr7552()\0 + 8) ||U||H0
We conclude that we can take u := @/||@|| as the quasimode. O
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