STOCHASTIC STABILITY OF POLLICOTT-RUELLE RESONANCES

SEMYON DYATLOV AND MACIEJ ZWORSKI

ABSTRACT. Pollicott—Ruelle resonances for chaotic flows are the characteristic fre-
quencies of correlations. They are typically defined as eigenvalues of the generator
of the flow acting on specially designed functional spaces. We show that these res-
onances can be computed as viscosity limits of eigenvalues of second order elliptic
operators. These eigenvalues are the characteristic frequencies of correlations for a
stochastically perturbed flow.

1. INTRODUCTION AND STATEMENT OF RESULTS

\%

We consider an Anosov flow ¢; = €'V on a compact manifold X. For the Laplacian

Ay < 0 with respect to some metric on X, we define
1
P. ==V +icA,, (1.1)
i

For ¢ # 0 this operator is elliptic and hence has a discrete L*(X)-spectrum {\;(£)}52,.
However, for ¢ = 0 most of the L? spectrum is not discrete.

Following the seminal work of Ruelle [Ru] and Pollicott [Po], many authors inves-
tigated the discrete spectrum of F, acting on specially designed anisotropic Sobolev
spaces and the role of that spectrum in the expansion of correlations — see Blank—
Keller—Liverani [BKL], Baladi-Tsujii [BaTs|, Faure-Sjostrand [FaSj], Faure—Tsujii
[FaTsl, FaTs2], Gouézel-Liverani [Golil], Liverani [Li2], Tsujii [Tsl, Ts2] and ref-
erences given there. We review a yet another approach based on [DyZwl] in §3.
These complex eigenvalues of P, {); };";0, are called Pollicott—Ruelle resonances. For
perspectives on physical manifestations of these resonances see for instance Gaspard—
Ramirez [GaRa] or Chekroun et al [CNKMG].

The purpose of this note is to show that Pollicott—Ruelle resonances can be defined
as limits of \;(e) as € — 0+4. This can be considered a stochastic stability of resonances:

Theorem 1. Let P be given by (1.1) and let {\;(€)}32 be the set of its L*-eigenvalues.
If {\;j}32, is the set of the Pollicott-Ruelle resonances of the flow ¢y, then

)\j<€> — /\j, e — 0+,

with convergence uniform for \; in a compact set.
1
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FIGURE 1. A schematic presentation of the results in Theorems 1 and
2. Pollicott—Ruelle resonances of the generator of the flow V' (denoted
by red asterisks) are approximated by the eigenvalues of V/i + icA,
(denoted by blue circles) uniformly on compact sets. The asymptotic
resonance free strip is uniform with respect to €.

The nature of convergence is much more precise — see §5. In particular the spectral
projections depend smoothly on € € [0, 0] where €5 depends on the compact set. Also,
when ), is a simple resonance then for € sufficiently small the map € — \;(¢) is smooth
all the way up to e = 0. As explained in the next paragraph \;(e) — S\j when ¢ — 0—.
We also note the symmetry of \;(¢)’s with respect to the imaginary axis (see Fig. 1).
That follows from the fact that P.u = —P.@ and thus

(P. —N)lu=—(P.+ )\ 'a. (1.2)

The proof of Theorem 1 relies on the fact that P. — X is a Fredholm operator on the
same anisotropic Sobolev spaces as Py — A, in a way which is controlled uniformly as
€ — 0+. This Fredholm property is established by the same methods as those used
in [DyZwl] for the case of ¢ = 0. The key feature of the damping term ieA, is that
its imaginary part is nonpositive and thus the propagation of singularities theorem of
Duistermaat-Hormander (see (2.10)) still applies in the forward time direction. For
e < 0, the damping term is nonnegative and propagation of singularities applies in the
negative time direction, which means that we have to consider the dual anisotropic
Sobolev spaces H_,g ) and the spectrum of % on these spaces is given by {S\j}.

We remark that all the results of this paper are valid for the operators acting on
sections of vector bundles arising in dynamical systems — see [DyZwl]. We consider
the scalar case to make the notation, which is all that is affected, simpler.

Previously, stability of Pollicott—Ruelle resonances has been established for Anosov
maps, f : T¢ — T4, [BKL],[Li2], following a very general argument of Keller—Liverani
[KeLi]. In that case the Koopman operator f* : C°°(T%) — C>(T9) is replaced by a
“noisy propagator” G, o f*, where G.u = g. *x u, g — 99, € — 0. For general Anosov
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maps on compact manifolds a semiclassical proof was given by Faure-Roy-Sjostrand
[FRS, Theorem 5]. Further refinements concerning dependence on ¢ can be found in
[GoLil, §8] and interesting applications were obtained by Gouézel-Liverani [Gol.i2]
and Fannjiang—Nonnenmacher—Wotowski [FN'W]. For a physics perspective on this see
for instance Blum-Agam [BlAg] and Venegeroles [Ve].

For flows, Butterley—Liverani [Bulil],[BuLi2] showed that if a vector field depends
smoothly on a parameter, then the spectrum of the transfer operator associated to the
weight corresponding to the SRB measure is smooth in that parameter. Constantin—
Kiselev-Ryzhik-Zlatos [CKRZ] established that solutions to the heat equation with a
large transport term equidistribute after arbitrarily small times if and only if the flow
corresponding to the transport term is mixing; this can be viewed as an analogue of
our work for the L? spectrum on the real line instead of resonances.

A dynamical interpretation of \;(e)’s can be formulated as follows. In terms of the
operator Py the flow, z(t) := ¢_;(x(0)), is given by

e f(x) = f(a(t), () =V, 2(0) ==
For € > 0 the evolution equation is replaced by the Langevin equation:
e f(z) = E[f(x(t)], @(t) = Vi + V2eB(1), (0) =z,

where B(t) is the Brownian motion corresponding to the metric g on X (presented
here in an informal way; see [El]). This explains why considering P. corresponds
to a stochastic perturbation of the deterministic flow. See also Kifer [Ki] for other
perspective on random perturbations of dynamical systems.

We also remark that a result similar to Theorem 1 is valid for scattering resonances:
for Ve L*(R™; C) (and in greater generality) they appear as limits of eigenvalues of
—A + V(x) —ie|z|* when e — 0+, see [Zw2]. The proof is based on the method of
complex scaling and is technically very different than the one presented here. The result
however is exactly analogous with spacial infinity, |z| — oo, replacing the momentum
infinity, || — oo.

Pretending that spectrum of P. is semisimple (algebraic multiplicities are equal
to geometric multiplicities — see §5 for the general statement), the relation to the
eigenvalues \;(¢) comes from considering long time behaviour: for any f € C*(X),
and t > 0,

ey = Y, e () / W) G)dvoly(y) + Ople™ o=, (1.3)
ImA;>—A X

where 5, v5 € C*°(X) are the eigenfunctions of P, and P! corresponding to A;(e). We

note that there are no convergence problems as the number of \;(¢) with imaginary
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F1GURE 2. An illustration of chaotic and stochastic trajectories: we

consider the Nosé-Hoover oscillator [PHV] which is possibly the simplest
chaotic system: W = x90,, + (—1 + 2273)0y, + (1 — 23)0,,, © € R3. The
vector field V = el*I*/2IW is the Reeb vector field for the contact form
o = e 1#P/2(zydxy + drs). On the left the Poincaré section {zs = 0}
showing the chaotic sea and islands of quasi-periodicity (each colour
corresponds to a numerical iteration of a single point). On the right a
chaotic trajectory and the stochastic trajectory, € = 0.01, with the same
initial data. We stress that the results of our paper do not apply to
mixed systems and this example is meant as an illustration of chaotic
and stochastic trajectories. However, as in [CNKMG], Pollicott—Ruelle
resonances are expected to be relevant for mixed systems as well.

parts above —A is finite though the number will grow with €. In fact, [JiZw] shows
that the number of Pollicott—Ruelle resonances, A;, with Im A; > —A is always infinite
if A is sufficiently large.

The validity of a modification of (1.3) for € = 0 is only known for contact Anosov
flows (see §6) and for A > —~y/2, where 7 is an averaged Lyapounov exponent (see
(1.5)). That is due to Tsujii [Tsl, Ts2] who followed earlier advances by Dolgopyat
[Do] and Liverani [Lil]. It is also a consequence of more general results obtained in
[NoZw].

The modification in (1.3) is needed since the corresponding u;’s are now distributions
and the expansion provides fine aspects of the decay of correlations. Let du(z) be the
volume form obtained from the contact form on X, u(X) = 1. For f,g € C*(X) and
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any 0 > 0,

/X [e™"0 f] (2)g / fla)du(z / g(x)du(z)

+ Z 50;(fus(g) + Opgle2 07,

75(7076)<Im ;<0

(1.4)

where 7 is the minimal asymptotic growth rate of the unstable Jacobian, that is the
largest constant such that for each § > 0

|det(dp_i|pu@)] < Coe™ 07D ¢ >0;  of, = C®(X) —» CF(X), (1.5)

with E,(z) C T,X the unstable subspace of the flow at = — see §2. Now u; and v,
are distributional eigenfunctions of Py and P}, WF(u;) C E! and WF(9;) C E*. Here
again we make the simplifying assumption that the spectrum is semisimple; that is

always the case for geodesic flows in constant negative curvature as shown by Dyatlov—
Faure-Guillarmou [DFG, Theorem 3].

Hence it is natural to ask the question if the gap 7y/2 is uniform with respect to ¢,
that is, if the expansion (1.3) with A > —1 (o —e¢) uniformly approaches the expansion
(1.4). That is indeed a consequence of the next theorem:

Theorem 2. Suppose that X is an odd dimensional compact manifold and that V &
C>®(X;TX) generates a contact Anosov flow. There exists a constant so such that for
any & > 0 there exist Ny, R > 0 such that for all € > 0,

(P. =Nt =0(\Y) . H*(X) — H*(X), (1.6)
for v defined in (1.5) and X € [R, 00) — i[0, 3(v0 — 0)].

The same estimate is true for A € (—oo, —R] —i[0, £(7o— )] by recalling (1.2). Since
on the compact set [—R, R] —i[0, 3(70 — 6)], A;(€) converge uniformly to A;’s, we see
that for € small enough the number of eigenvalues of P. in that set is independent
of e. We should remark that the estimate (1.6) can be made more precise by using
microlocally weighted spaces reviewed in §4 — see (6.10).

The proof of Theorem 2 combines the approach of Faure-Sjostrand [FaSj] and
[DyZwl] with the work on resonance gaps for general differential operators [NoZw].
As in that paper we also use the resolvent gluing method of Datchev—Vasy [DaVal.

For a class of maps on T? a similar result has been obtained by Nakano-Wittsten
[NaWi.

Negative examples. It is important to point out that the existence of a discrete
limit set for the eigenvalues of the operator P. is very special to chaotic flows and
for mixed flows could only hold under some special domain restrictions. The simplest
“counterexample” is given by considering X = S' x S* with V = 0,, + ad,,, x; €
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F1GURE 3. The case of geodesic flow on a torus: the unit tangent bundle
is given by T3 = S* x S! x S!. If V is the generator of the geodesic flow
and A is the (flat) Laplacian on T? then accumulation points of spectra,
of V/i+ieA as ¢ — 0+ form a discrete set of lines. That is dramatically
different from the Anosov case shown in Fig. 1.

S' :=R/27Z. When « is irrational then accumulation points of the spectrum of P. as
e — 04 form the lower half plane. When a = p/q with p and ¢ coprime the limit set
is equal to Z/q — i[0, c0).

A more interesting example is given by the geodesic flow on the torus, T? = S x S!
with the flat metric. That is a contact flow on the unit cotangent bundle S*T? =
T2 .. X S,, generated by and it is generated by

Z1,T2
V = co0s00,, +sindo,,.

Defining P. using the flat Laplacian n on T3, and by expanding in Fourier modes in x
we see that

Spec(P.) = U Spec(P.(n)), P.(n):=n;cosf + ngsin® —is(n? +n3 + D),
nez?

Dy = %89. We rewrite the operator P.(n) as follows:

P.(n) = —ieDj + |n|cos( — 6,) — i|n|*e, 9, = tan"'(ni/ny).
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For n = 0 the spectrum is simply —iem?, m € Z and it accumulates on the negative
imaginary axis. For n # 0 the asymptotic behaviour of the spectrum is determined by
the asymptotic behaviour of the spectrum of the semiclassical operator

Q(h) == (hDg)* +icosf, h*:=¢e/ln|.

That has been determined by Galtsev—Shafarevitch [GaSh] who showed that as h — 0
the spectrum concentrates on on a rotated “Y” shape with the vertices at +¢ and the
junction at a special value £* =~ 0.85.

This shows that the accumulation points in the case of the generator of the geodesic
flow on the two torus regularized using the flat Laplacian are given by

—1[0, 00) U U {z : |Rez| <n, Imz=—FE*n|+ E*|Rez|},
n€z2\{0,0}

and part of this set is shown in Fig. 3.

Acknowledgements. We would like express thanks to Carlangelo Liverani for sug-
gesting this problem, to Viviane Baladi and Stéphane Nonnenmacher for helpful com-
ments on an earlier version of the paper, and to Michael Hitrik for informing us of the
reference [GaSh]. We are also grateful for the support by the Clay Research Fellowship
(SD) and by the National Science Foundation grant DMS-1201417 (MZ).

2. PRELIMINARIES

We review some definitions and basic facts mostly to fix notation and to provide
references. The needed results from microlocal /semiclassical analysis are presented in
detail in [DyZwl, §2.3, Appendix C| and we will rely on the presentation given there.

Notation. We use the following notation: f = O,(g)g means that || f||z < Crg where
the norm (or any seminorm) is in the space H, and the constant C, depends on .
When either ¢ or H are absent then the constant is universal or the estimate is scalar,
respectively. When G = Oy(g)m,—n, then the operator G : Hy — H, has its norm
bounded by Cjg.

2.1. Dynamical systems. In this paper X is a compact manifold and ¢; : X — X
a C™ flow, o, = exptV, V € C*°(X;TX). The flow is Anosov if the tangent space to
X has a continuous decomposition T, X = Ey(z) ® Es(x) ® E,(x) which is invariant,
dp(z)Ee(x) = Eo(pi(x)), Eo(x) = RV (x), and for some C and 0 > 0 fixed

s ()] gy < CeMv),, v € Eu(x), t <0,

2.1
|dipi(2)0] gy (a) < Ce™ M), v € Ey(z), t>0. (2.)

where | o |, is given by a smooth Riemannian metric on X.
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Following Faure-Sjostrand [FaSj| we exploit the analogy between dynamical systems
and quantum scattering, with the fiber () infinity playing the role of z-infinity in
scattering theory. The pull-back map can be written analogously to the Schrodinger
propagator

, 1
oy =e o pr=V.
i
The symbol of Fy and its Hamiltonian flow are

p(z,8) = E(Va), e(z,6) = (@i(x), (Tdpi(x))71E),
Here H, denotes the Hamilton vector field of p: w(e, H,) = dp, where w = d(£dz) is
the symplectic form on 7% X.

In the study of Py we need the dual decomposition of the cotangent space:
T:X = Ej(2) @ E:(x) @ Ej(x), (2.2)

where Ej(z), EX(x), Ef(x) are symplectic annhilators of E(x) @ E,(z), Eo(z) ® Fy(x),
and Ey(z) @& E,(x). Hence they are dual to to Ey(x), E,(x), Es(z).

A special class of Anosov flows is given by contact Anosov flows. In that case X is
a contact manifold, that is a manifold equipped with a contact 1-form a: that means

that if the dimension of X is 2k — 1 then (da)"* A av is non-degenerate. A contact flow
is the flow generated by the Reeb vector field V:

a(V)y=1, da(V,e)=0. (2.3)

For an example of a non-Anosov contact flow see Fig.2. An important class of examples

of Anosov contact flows is obtained from negatively curved Riemannian manifolds
(M,g): X =5*M :={(2,¢) € T*"M;|C|y =1}, o = (d=

S*M -

2.2. Wave front set of distributions and operators. Semiclassical quantization
on a compact manifold [DyZwl, Appendix C],[Zwl, Chapter 14] is central to our
analysis.

Let X be a compact manifold and h € (0, 1) a parameter (the asymptotic parameter
in the semiclassical analysis). A family of h-dependent distributions u € D'(X) is
called h-tempered if for some N, |lul[z-~ < Ch™Y. A phase space description of
singularities of u is given by the wave front set:

WF,(u) ¢ T X,

where T" X is the fiber-radially compactified cotangent bundle, a manifold with interior
T*X and boundary,

OT' X =S*X = (T"X \0)/R*, k:T*X\0— S*X =0T X. (2.4)
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In addition to singularities, WF;, measures oscillations on the h-scale. We also refer
to it as the microsupport of u or as having u microlocalized to some region containing

WE,(u) — see §C.2 for the definitions.

For families of (h-tempered) operators we define the wave front set WF},(B) using
the Schwartz kernel of B, Kpg:

WEF,(B) = {(z,&,y,—n) : (z,y,&,m) € WF(Kp)}.

This convention guarantees that WF(I) = Ap«x is the diagonal, {(z,& z,£)}, in
"X xT*X.

2.3. Pseudodifferential operators. We only use the standard class of semiclassical
pseudodifferential operators, W}*(X) with the symbol map oy, for which

0 — AUHX) = WF(X) = S™(X)/hS"HX) — 0,
is a short exact sequence of algebra homomorphisms and
S™(X) =={a € C™(T"X) : 020  a(x, &) = Oas((€)™ ")}

(where we were informal about coordinates on X).

One of our uses of the pseudodifferential calculus is that for y € C§°(R), the operator
x(—h*A,), defined via spectral theory on L?, is pseudodifferential in the class \I/;N
for each N, and o,(x(=h*4,)) = x(|§]2) — see [Zw]1, Theorem 14.9]. Moreover, we
implicitly use in the analysis of the operator é()\) in §4 that the S%-seminorms of the
full symbol of x(—h?A,) are controlled by the S°(R)-seminorms of y. To see that, we
use the proof of [Zw1, Theorem 14.9] to write the full symbol of x(—h?4,) in the form
(see [Dy, Propositions 2.2 and 2.4] for details)

o) 27
S W) ajn(x.6),  ajn € SPITTX). (2.5)
k=0

5=0
If we control supycg(A)*x®(X) for all k& > 0, then we control x®([¢[2) in S~2* and
thus we control (2.5) in S°.

The semiclassical Sobolev spaces on X are defined as

Hi(X) = (I = h*A,)2L2(X) € D'(X), (2.6)

for a choice of a Laplacian A; < 0 on X and with the inner product inherited from
L2

For A € U}*(X) the elliptic set ell,(A) C T X is defined as the set of (z,£) € T X

such (¢)7*|op,(A)(2',&;h)| > ¢ > 0 for h small enough and all (2/,¢') € T*X in a
neighbourhood of (z,£). We recall [DyZwl, Proposition 2.4J:
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FIGURE 4. The assumptions on the microsupports of the operators in
the propagation estimate (2.10) and the flow lines of the Hamilton vector
field H,. This is the simplest of the cases illustrated in Fig. 6 with Aj
and C5 (in that case Bj is the identity).

Proposition 2.1. Suppose that P € W*(X) and that u(h) € D'(X;E) be h-tempered.

Then
WE, () N elly(P) © WE(Pu). (2.7)
If A€ ¥ (X) and WF,(A) C ell,(P), then for each m,
[ Au| ) < CHPUHH,T*’“(X) +O(h). (2.8)

2.4. Propagation estimates. The crucial components of the proofs of Theorems 1
and 2 are propagation results presented in [DyZw1, §2.3] and proved in [DyZw1, §C.3].

We start by recalling a modification of the result of Duistermaat—Hormander:

Proposition 2.2. Assume that Pe U (X) and the semiclassical principal symbol,
on(P) € SHX)/hSY(X), has a representative p — iq, where for some § > 0,

p=p+ O(h‘s)sl/g(T*X), plx,t) =tp(x,&) € R, ||, >1, t>1, ¢>0. (2.9)

Let e!» be the Hamiltonian flow of p on T X and u(h) € D'(X;E) be an h-tempered
family of distributions. Then (see Figure 4):

1. Assume that A, B,C € W9(X) and for each (z,&) € WF,(A), there exists T >0
with e THr (2, €) € ell,(C) and v (x, &) € ell,(B) for t € [-T,0]. Then for each m,

[ Aullmryr xe) < Kl Cull e xie) + KR BPullmp xe) + O(h). (2.10)
2. If v(t) is a flow line of H,, then for each T > 0,
V(=T) & WE(u), v([=T,0]) " WF,(Pu) =0 = ~(0) € WF,(u). (2.11)

Proof. We explain the modifications needed in the proof of [DyZw1, Proposition 2.5]
where p = p. We again construct the escape function f using the homogeneous part of
the symbol given by p. The difference p — p produces an additional O(h%)g2m-1/2 term
in the operator T, of [DyZwl], which is uniform in the parameter ¢ of [DyZwl] (note
that in [DyZwl] the letter € has a different meaning than in the current paper). The
H ,Tlnfl/ ? norm should be replaced by the H ,anl/ * norm on the right-hand side of [DyZw1,
(C.12)], which leads to the same modification on the right-hand side of [DyZw1, (C.5)];

the rest of the proof is carried out the same way as in [DyZwl]. O
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. L 5T X R L . S*X
A A
B c
B

(a) (b)

FIGURE 5. (a) The assumptions of Proposition 2.3. (b) The assump-
tions of Proposition 2.4. Here $*X is the boundary of T X and the flow
lines of H), are pictured.

This propagation result is applied away from the radial sinks and sources given by
k(E?Y) and k(E;) where & is the projection in (2.4) and E} are from (2.2). Near x(EY)
we use radial estimates obtained in the context of scattering theory by Melrose [Me,
Propositions 9,10] (see also Vasy [Va, Propositions 2.3,2.4]). These less standard esti-
mates guarantee regularity of u near sources/sinks, provided that w lies in a sufficiently
high/low Sobolev space.

Let p satisfy the assumptions in (2.9). Assume that L C 7% X \ 0 is a closed conic set

invariant under the flow e/, It is called a radial source if there exists an open conic

neighbourhood U of L with the following properties valid for some constant 6 > 0:
d(k(e™"(U)), k(L)) = 0 as t — 4o0;

2.12
(2,8) €U = |e r(x,6)] > Ce|¢|, for any norm on the fibers. (212)

A radial sink is defined analogously, reversing the direction of the flow.
We now have a propagation estimate near radial sources. It shows that Pu controls

u there for sufficiently regular solutions:

Proposition 2.3. Let P € V;(X) and assume that o,(P) has a representative of the
form p—iq and p and Q satisfy (2.9). Assume that L C T*X \ 0 is a radial source for
the flow of H,. Then there exists mo > 0 such that (see Figure 5(a))

1. For each B € W9(X) elliptic on k(L) C S*X = T X, there exists A € W (X)
elliptic on k(L) such that if u(h) € D'(X;E) is h-tempered, then for each m > my,

Aue HY = ||Au||gp < Kh™'|BPullgm + O(h™). (2.13)
2. If u(h) € D'(X;E) is h-tempered and B € V9 (X) is elliptic on k(L), then

Bu e H;™, WF,(Pu)Nk(L) =0 = WF,(u) N k(L) = 0. (2.14)

The second result shows that for sufficiently low regularity we have a propagation
result at radial sinks analogous to (2.10).
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Proposition 2.4. Assume that P € U} (X) is as in Proposition 2.3 and L C T*X\0 s
a radial sink. Then there exists mg > 0 such that for each B € W) (X) elliptic on (L),
there exists A € W9 (X) elliptic on (L) and C € U9 (X) with WF,(C) C ell,(B)\x(L),
such that if u(h) € D'(X) is h-tempered, then for each m < —myq (see Figure 5(b))

|Aull g < K||Cullgp + Kh™|BPul|gm + O(h™). (2.15)
The proofs of Propositions 2.3 and 2.4 can be found in [DyZwl, §C.3].

3. DEFINITION OF POLLICOTT-RUELLE RESONANCES

The resonances for Anosov flows are defined as spectra of the generator of the flow
acting on suitably modified spaces — see Baladi-Tsujii [BaTs], Faure-Sjostrand [FaSj,
Gouézel-Liverani [GoLil], Liverani [Li2], and references given there.

Here we follow [DyZwl, §3.1-3.2] where the spaces are defined using microlocal
weights with simple properties:

Hoemny(X) :=exp(—sG(z,hD))L*(X), G € V)T (X),
an(G) = (1 = ¢o(x, §))ma(z, ) log [¢]

where ¢y € CX(T*X,[0,1]) is 1 near {¢ = 0}, mg(z,§) € C(T*X \ 0,[—1,1]) is
homogeneous of degree 0 and satisfies

me(x,§) = {

The existence of such mg is shown in [DyZwl, Lemma C.1]. For convenience we
choose |§|§ to be the same metric as in the definition of the Laplacian —A,. We can
also assume that for some yo € C(R), xo = 1 near 0,

G(x,hD) = (1 — xo(—h*A,))G(z, hD). (3.3)

(Simply multiply G(z, hD) by (1—xo(—h%A,)) for xo € C such that if |¢|, € supp Xo
then 9(, &) = 1 and then choose xq so that suppxo C Xp ' (1).)

(3.1)

1 near E}

1 near pr Me(®E) S0, (@, €TTXA0. - (32)

We note that as a set Hyq ) is independent of i and that for some N and C,

hN||u| HSG(I)/C < ||u| Hoan) < Ch_NHU| Hyqq) (3.4)
We also need a version of weighted Sobolev spaces associated to Hgn):
Higgy = exp(=Gos(x, hD))L*(X), Gy, € VpH(X), (35)

on(Grs) = (1 = ho(2, €))(sma(w,§) +r)log €],

We can also assume that (3.3) holds for G, as well.

The spaces with r # 0 will be used to control applications of differential operators:

UP(X) 3 A Higy(X) — High (X). (3.6)
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Since (see [DyZwl, (3.9)])
Hpah(Gr,s) = SlOg |§|9HpmG’ + 0(1)5’27

we can use the estimates reviewed in §2.4 as in the proof of [DyZw1, Proposition 3.4].
That shows that for any r € R, A € D(0, R), s > sg = so(R, ) and 0 < h < ho,

Here () is a complex absorbing operator
Q = x(=h*Ay), x € C5°((=2,2);[0,1]), x(t) =1, t € [-1,1]. (3.8)

It is introduced to damp the trapped set which, on p~1(0), is equal to the zero section.
Writing
Py—A=h""I+iQ(hPy —iQ — hA\) ) (hPy —iQ — h)),
and noting that
Q(hPy —iQ — \h) ™' : Hyeny = C7(X), (3.9)
is compact as an operator Hyg 1) — Hsg(1), analytic Fredholm theory (see for instance
[Zw1, Theorem D.4]) shows that (P — A\)~! is a meromorphic family:

Proposition 3.1. For A € D(0,R) and s > sy = so(R),
(Po— A" Hygy = Hyc),
1s a meromorphic family of operators with poles of finite rank. These poles are inde-

pendent of s and are called Pollicott—Ruelle resonances.

The mapping property (3.9) also shows that the operator there is of trace class.
Combined with Gohberg—Sigal theory (see for instance [DyZw2, (C.4.6)]) this gives
the following characterization of Pollicott—Ruelle resonances:

Proposition 3.2. Let R > 0 and assume that s > so(R). For 0 < h < ho(R,s) define
Dr(X) :=dety, g, (I +iQ(hPy —iQ — Xh)™"), A e D(0,R).

Then Pollicott—Ruelle resonances in D(0, R) are given, with multiplicities, by the zeros
Of DR.

4. MICROLOCAL BOUNDS ON THE MODIFIED OPERATOR

Let P. be given by (1.1) and let @ be the complex absorbing operator (3.8). The
goal of this section is to prove that for 0 < h < hy and 0 < ¢ < h/C the operator
hP. — iQ) — hA is invertible on the same weighted spaces on which hFPy — i(Q) — hA is
invertible. Note that for ¢ > 0, hP. —i() — hA is a Fredholm operator HfG(h) — Hyqmn)
of index 0 by the standard elliptic theory applied to the conjugation of this operator
by e*¢@hD) (see (4.6) below and [HOIII, Theorem 19.2.1]).

We first prove an elliptic estimate, which does not involve the parameter h:
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Lemma 4.1. Suppose that x1 € C§°((—2,2),[0,1]) satisfies x1 =1 on [—1,1], and put
X2(t) == x1(3t). Then for A € D(0, R),

11 = xa(=e*Ag))ull s,y + 1% Ag (L = x1(—2"Ag))u|

< Cell(1 = xa(—e2g)) (P2 = Mul

Hya1)

. (4.1)
Hygy + OR(E )Hu‘

Hsgy:

Proof. In (3.3) we can assume that suppxo C X5 (1): changing o corresponds to
changing 1y in the definition of H ;) that produces an equivalent norm (see [Zwl,
Theorem 8.8)).

The weight of the space Hyg(1) is not smooth at the zero section when one considers
the e-quantization. To counteract this problem, we introduce a new, e-dependent,
norm on H,g(1) using a modified weight:

lullse := €%l 2, Gelw,eD) = (1= xo(—€°Ay))G(x, D), (4.2)
where G.(z,eD) € log(1/e)¥9"(X) and
0.(Ge(z,eD)) := (1—Xo(|§|z))10g(|§|g/5)mg(as,§) mod elog(1/e)S™ M (T*X). (4.3)
(We used here the homogeneity of mg: mg(z,£/e) = mg(x,§).)
We now claim that for j = 1,2,
(e D) — BN (1 — yj(=e?Ay)) = O(£)pr(x) 0% (x)- (4.4)
This can be rewritten as the following identity for ¢t = s:
(e!C@D)=tGe(eD) _ [)sCe@eD)(1 — y (—¢2A ) = O (x) 50 ()
Differentiating the left-hand side in ¢, we obtain
CEDIC (L, 5),  COf(t,s) = xo(—e2A,)G(x, D)t DC@eD) (] (—2A))).

We now consider C'(t, s) as an operator in W5~ (X). Since supp xoNsupp(l—x;) = 0,
we see that the all the terms in the symbolic composition formula for the four factors
in C(t,s) vanish. The remainder (estimated, for instance, as in [Zwl, (9.3.7)]) is of
size eV for any any N. Hence C(t,s) € e*¥~>°(X) and consequently

@D Ot 5) € eXT(X),
uniformly for bounded ¢, s. Integration then gives (4.4).
By (4.4), we may replace the Hyg) norms in (4.1) by the || o ||, norms. We now
consider our operator in the e-pseudodifferential calculus:
e(Pe=A) € W2, pe(w,€) = 0(ePe) = =il + E(Va).
This operator is elliptic in the class W2 for £ # 0. By the choice of x;’s, we see that
both e(P. — A) € U2 and (1 — x2(—£24,)) € ¥ are elliptic on WF.(1 — x1(—¢£?4,)).
Hence the estimate (4.1) holds for s = 0 — see Proposition 2.1 above.



STOCHASTIC STABILITY OF POLLICOTT-RUELLE RESONANCES 15
To prove (4.1) for the || e ||s .--norms, we consider conjugated operators:
P&S — eng(x,aD)Pae—ng(:c,eD))’ Aj,s(ﬁa hD) — esGe(x,eD)(l . Xj(_82Ag))6—305(ac,5D)7
and need to prove that
[Arsulluz < CllA2s(eFes — €M)l L2 + OE™) |Jufl 2. (4.5)
(The conjugation of e2A, appearing in (4.1) is handled in the same way as  P- ; below.)
We have, as in [DyZwl, §3.3], eP.; € V2 A, € U2 and
eP.,=¢eP. — iasé[Gs, eP.] + O(*log(1/e)) o+, (4.6)
so that
o.(eP.s) = —il€]2+ £(V) + esHigzoo(Ge) + ieHevyoe(Ge) mod eSHT*X).
Recalling (4.3) we see that
[ Higpo:(Ge)| + [Heryo=(G2)] < Clog(1/e)(€)'

Hence, eP. , — e\ is elliptic in U2 on the set |¢| > § for any § > 0. Composition of
pseudodifferential operators in WZ shows that

WF.(A1s) C{l¢] > 1} Cell.(eP.s —e)), WF.(I — Ays) NWF.(4; ) = 0.
We can apply Proposition 2.1 again to obtain (4.5) and hence (4.1). O
We turn to the question of invertibility of hP. — 1) — Ah and suppose that
(hP. —iQ — Ah)u = f.
For € < h/C we have (1 — x2(—£?4A,))Q = 0. Hence in view of (3.4) and (4.1),
11 = x1(=€*Ag)Jull ., + 11e°Ag (1 = x1(—€*Ag))ul

H,gn)

< ON V(1 o B ity + Onlh e il
for A € D(0, R), € < h/C, and some N depending on s.
Put
P.()\) = %V +ichAgxi(—€2A,) —iQ — Ah, (4.8)
Then
P.(\u = —ichAy (1 — x1(—e2Ag))u+ f =: F. (4.9)
From (4.7) we see immediately that
1,600 < Ch™ ¥ flltreq + O el a6, (4.10)

where N depends on s.
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The operator P-(\) on the left-hand side of (4.9) is an h-pseudodifferential operator
in U} and

on(P.(V) = &(Va) — ilelya (51¢12) Il — ix((€l2) € ST X),

uniformly in € € (0,Ch), A € D(0,R). The domain of this operator is given by the
domain of V' acting on Hg():

Dsciny ={u € Hygny | Vu € Hygny C D'(X)},
HU\ +h|[Vul

D (n) Hu‘ Hsgn) Hsgny-

We now verify that the main estimate of [DyZwl, §3.3] is valid for the operator
P.()\). The key fact is that the operator is now of order 1 in £ as, using Lemma 4.1,
we can control F' by f.

Lemma 4.2. Suppose that A\ € D(0,R) and that 0 < ¢ < h/Cy. Then there exist
ho = ho(R), so = so(R), C = C(R) (independent of €) such that for u € Dy and
the operator P.(\) defined in (4.8)

< Ch7Y|P.(A\)ul

sG(h) —

sp < s, 0<h<hg. (4.11)

||U| H,gny»

Proof. We refer to the proof of [D\ Zwl, Proposition 3.4] for details and explain the
differences between the operator P.()\) and the operator Py(\) = by —iQ — hA con-
sidered there. We recall that the proof is based on propagation results recalled in
§2.4.

First of all, near x(E*), where  : T*X \ 0 — S*X = 9T X is the projection to
fiber infinity, we use the radial source estimate (Proposition 2.3). The operator P.(\)
satisfies the assumptions of Proposition 2.3 and we get for each N

|Avull < CH BBl + OGS fulyow, s> 50, (112)

where both A, By € ¥) are microlocalized in a small neighborhood of x(E?) and A,
is elliptic near x(E?) — see Fig. 6. From the properties of the weight G — see (3.2) —
we see that

[Avullm

= [[Avullm; + O=)[ull g, [[Biflla

= 1Bl + OhX) [ull -,

HoG(n) HoG(n)
and hence we can replace Hj by Hygapy in (4.12).
Similarly if Ay € U9 is microlocalized near x(E}) there exist By, Cy € ¥ microlo-
calized near k(E¥) with WF,(Cs) N k(E?) = 0 (see Fig. 6) such that
lAauly+ < ClCsully + Ch [ BaBeWull s + OB ully vy 5> so. (4.13)
This follows from Proposition 2.4. Recalling (3.2) again we see that

[Asull .y = 1 A2ull s + Ol oy 1 Baf |1,y = 1Bvll s + O |ull v,

sG(h) sG(h)
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R(E7) c
2

ALY

r(EY)

FIGURE 6. A schematic representation of the flow on T X. Different
regions (we denote by e; the region of microlocalization of e;; control in
C} is needed for the estimate in A;) in which different propagation results
are applied: for A; we use the radial source estimates (Proposition 2.3);
for Ay the radial sink estimates (Proposition 2.4); for Az the standard
propagation result (Proposition 2.2) applied to the conjugated operator;
for Ay we use elliptic estimates (Proposition 2.1). Since for A; and Ay
we do not need any initial control (given by C;), C5 can be dynamically
controlled by regions of the type A; and A4, and C5 is a region of the
type A, a partition of unity provides a global estimate (4.15).

and similarly for C5, so that again the estimate (4.13) is valid with H, * replaced by
Hyan).

We now have to consider the case of A3 € W9 microlocalized away from x(E})Uk(EY).
For that we need to see that the conjugated operator satisfies the assumptions of the
Duistermaat-Hérmander propagation theorem (Proposition 2.2). As in (4.6) we have

Poy(N) i= e CW P (\)e 00 = B.()) — ihs%[G(h), P.(N)] + O(h?) g1+

where now, as the operators P.(\) and G(h) are uniformly bounded in ¥} and Wo*,
respectively, the error is in \II,ZH. Hence we have

O—h(PE,S(A>) = pa,s(x> 6) - iQa,s(x7 5) mod (h\Ij?z)



18 SEMYON DYATLOV AND MACIEJ ZWORSKI
where, with p(z, ) := £(V,), away from £ = 0 we can take

2
Pesla.€) = pla,€) = hs10g €], Hing (ragxl(%mz)%mrg) ,
(4.14)

2 e 2\ €
Ck,s(xvf) = X(|§|g) + |§|9X1<ﬁ|§|g> E|£|g — hs 1Og |§|9HPmG(‘Ta 5) > 0.

We note that p := p. s = p+ O(h)so+ satisfies the assumptions of Proposition 2.2
with § = 1 and ¢. s < 0. Hence the propagation estimate(2.10) applies.

As in the proof of [DyZwl, Proposition 3.4], combining (4.12), (4.13), Proposi-
tion 2.2, and the elliptic estimate (Proposition 2.1) we obtain uniformly in €,

lll 1,6 < CHTHIP(N 1,0, + OB Jullyn, 0 < b < ho(R)
h

(4.15)
s> s50(R), A€ D(0,R), 0<e<h,

for any N and that implies (4.11), finishing the proof. O

We now fix h < hy and apply Lemma 4.2 to (4.9). That and (4.10) give

Hooh) T O(h™Ne™)||ul

Hsg(h) < Ch_NHfl

| ul Ho(h)

and the O(h™Ne*>) can be absorbed into the left-hand side for £/h small enough.

We summarize the result of this section in

Proposition 4.3. Let P. be given by (1.1) and Q by (3.8). Suppose that X € D(0, R)
and that 0 < e < h/Cy. Then there exist ho = ho(R), so = so(R), (independent of €)
such that for 0 < h < hg and s > so(R)

hP. —iQ — hX : Higgy — Huom),
15 wnvertible and for some constants C' and N independent of ¢,

[(RP. —iQ — hA)™'| <Ch V. (4.16)

Hsgny—Hsa(n)

Remark. Same statement is true if we replace the spaces Hyg(y) with H;"G(h) for some
fixed r. Indeed, this amounts to replacing smg by smg +r in the weight G. The proof
of Lemma 4.1 remains unchanged. As for Lemma 4.2, its proof uses the inequality
Hpymeg < 0 (which is still true), as well as the fact that Hyq is equivalent to H}
microlocally near E and to H, ° microlocally near E7. The space H;’G(h) is equivalent
to H; ™ near EF and to H, ® near E; for s large enough depending on r and R,
Lemma 4.2 still holds.
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5. STOCHASTIC APPROXIMATION OF POLLICOTT-RUELLE RESONANCES

In this section we prove Theorem 1. Using Proposition 4.3 we see that for A €
D(0, R), we have the following expression for the meromorphic continuation of the
resolvent of P.:

(P. =N ' =h(hP. —iQ — h\) "I+ K\, e))™' : Hie — Hya, (5.1)
where
K\ ) :=iQ(hP. —iQ — h\)"' : Hye — Hyq, (5.2)
is of trace class and depends holomorphically on A — see (3.9). Here 0 < h < ho,
0<e<ey:=h/Cyand s > sy with hy and sy depending on R. We fix h and drop it
in the notation for Hg.

As in Proposition 3.2 we see that the spectrum of P. in D(0, R) is given (with
multiplicities) by the zeros of the following Fredholm determinant:

Dgr(\ ¢e) :==dety (I + K()¢)). (5.3)
Note that, since @ is compactly microlocalized, K(\,¢) acts Hyg — HY for all N. Tt
follows that Dg(\,¢) is equal to the HY determinant of I + K(\,¢) for each N > s.

To analyze the determinant Dg(A, ¢), we apply the following two lemmas. We use
the notation f € C'([a,b]) to mean that f and its derivative f” are continuous in [a, b];
here f'(a), f'(b) are the left and right derivatives of f at those points. By induction
we then define C*([a, b]) and C*([a, b]).

Lemma 5.1. Let R and h be fized so that (5.1) is valid. Then for every k there exists
sy = s1(k, R) such that for s > s,
K(\e) € C*([0,e0)., Hol (D(0, R)x, L' (H®, H?))) , (5.4)

where H* = H*(X) are Sobolev spaces and L' denotes the space of trace class operators.

Proof. We first show that the identity

O-(hP. —iQ — h\) ' = —ih(hP. —iQ — hA) A (hP. —iQ — hA) ! (5.5)
is true for e € [0, gg] in the space Hol(D(0, R), B(H!, H!*)), for each 7 and for s large
enough depending on R and r. Here B stands for the class of bounded operators with
operator norm. Indeed, for each ,&" € [0, g¢],

(hP. —iQ — hA)™' — (hPo —iQ — hA)~!
e—¢ (5.6)
= —ih(hP. —iQ — hA\) 'Ay(hPs —iQ — hA) ™!

where the right-hand side of the equation is uniformly bounded in €,&’ as an operator
H'y, — H!;?. Here we used

(hPs —iQ — hA)~' € B(HI,, HT,), (hP. —iQ —h\) ™' € B(H'5?, H'5?),
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(see Proposition 4.3 and the remark following it) and the fact that A, is bounded
H';, — H!;?. Now, (5.6) implies that (hP. —iQ — hA)~! is Lipschitz (and thus
continuous) as an operator H';, — H!;?. Passing to the limit & — ¢ in (5.6), we
obtain (5.5) in the class B(H'g, H'5"*). Holomorphy in A follows automatically from
the holomorphy of each of the operators involved.

[terating (5.5), we see that for each r, each k > 0, and for s large enough depending
on R,r and k,

(hP. —iQ — hA)~" € C*([0, g0]., Hol (D(0, R), B(HLg;, Hiz*"))).

To obtain (5.4) we recall the definition (5.2) of K(\,¢), take r = 0, note that H®
embeds into H,; and that the operator () is compactly microlocalized and thus of
trace class H " — H°. O

Lemma 5.2. Suppose that {X;}32, is a nested family of Hilbert spaces, X1 C Xj.
Let

mm&%ﬁm, (5.7)

=0

be a family of operators such that K € C*(|0, &), LY (X}, Xi)). Then

F(e) :==detx,(I + K(e)) € C*(]0, g0]).

Proof. Because of (5.7) we see that detx, (] + K(¢)) is independent of j and hence we
only need to prove that dety, (I + K(¢)) € C/([0,&0).), for any j. For j = 1 we note
that 0.F () = F(e) try, (I + K(g))7'0.K(¢)). The operators ¢ +— F(e)(I + K(g))™!
form a continuous family of uniformly bounded operators (see for instance [DyZw2,
(B.7.4)]). Hence, |0-F ()| < C|0-K(¢)||z1(x,,x,)- Higher order derivatives are handled
similarly and smoothness of F' follows. 0

Applying this Lemma with X; = H s10:R) where s; comes from Lemma 5.1, we
see that € — Dpg(\, ) is a smooth function of € € [0, gq] with values in Hol(D(0, R)).
Rouché’s theorem implies that the zeros are continuous in € up to 0, proving Theorem 1.
If 119 is a simple zero of Dg(A,0) then for 0 < e < &1, Dg(\, ) has a unique zero, pu(e),
close to pp. Smoothness of Dg in € shows that

p(e) € C([0, 21])-

When the zeros are not simple (in particular, when the eigenvalues of P, are not
semisimple) the situation is potentially quite complicated. However we have smooth-
ness of spectral projectors:
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Proposition 5.3. Suppose that py € D(0, R — 1) is an eigenvalue of Py : Hya(X) —
Hq(X), s > so(R), and that multiplicity of pg is m:
1

m:trHO, HO = — (/\—Po)_ld/\,
2mi J,

where s : [0,27) 3 t — po + e, and § is small enough.

Then there exists €9 and & such that for 0 < e < g9, P. has exactly m eigenvalues
in D(po,0):
1
trll, =m, I :=—-— ¢ (\—P.) 'd\, II* =1L, (5.8)

21
Vs
and 1. € C*([0,&o], LY(C=(X),D'(X)). More precisely, the projections Il. have rank
m and for each j there exists s; such that

II. € C7([0,e0), L(Hs,c, Hsy)) € C7([0, 0], L(H ™, H*)). (5.9)

Proof. From the analysis of the determinants, we already know that there exist ¢, d
such that for 0 < e < eg, A — Dg(\, ) has no zeros on |A — po| = 6 and has exactly
m zeros in D(pp,0). Hence the spectral projectors are well defined by the formula in
(5.8) and their rank is equal to m. To consider regularity, we choose h sufficiently
small (depending on R) and write

(P.—= N '=(P.—ih'Q - N —ih Y (P.— N 'Q(P. —ih'Q — N\t
Since the first term is holomorphic in A € D(0, R) we have

1

I, := ———
27h J,,

(A= P)7'Q(P. —ih™'Q — N)tdA.

Also

A= P) ' =0p,s(1): Hig — Hly, s> 30(R,7), A€ OD(1o,9).
Hence the same argument as in the proof of Lemma 5.1 shows j-fold differentiability
of Il as bounded operators Hy,c — Hsc- O

6. STOCHASTIC STABILITY IN THE CASE OF CONTACT ANOSOV FLOWS

We now turn to the proof of Theorem 2. The first result concerns values of ¢ larger
than h%. Here we do not need to make the contact assumption on the flow.

Lemma 6.1. Let P. be given by (1.1). There exist Ko > 0 and hg > 0 such that for
any v > 1, h and € satisfying

0< Kgyh?> <e, 0<h < hy,

we have

(hP.—2)'=0 (%) LX) = L*(X), ze€[3,3]—i[0,7vh]. (6.1)
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In particular hP. does not have any spectrum with |z — 1| < % and Im z > —~h.

Remark. The lemma shows that for any fixed € the number of eigenvalues of P. in
Im A > —C' is finite. In fact the rescaling from z to A shows that there are only finitely
many eigenvalues of P. in {Im A > —¢|Re A\|?/Cp}, for some fixed Cy. This leads to an
easy justification of the expansion (1.3). We also see that a gap Im z > —vh for any ~
is valid for ¢ > C(y)h?. Hence in what follows we will assume that ¢ = O(h?).

Proof. We fix the volume form on X induced by the metric g, so that the operator A,
is symmetric on L*(X). Take u € H*(X) and denote f := (hP. — z)u; then
(fyu)p2 = <(%V +iheA, — z) u,u>L2 = %(Vu, uyrz — the||Voul|2e — z||ul|3,.
Taking the real part, we get
Re(f,u)r2 = hIm(Vu,u)r2 — Re z||ul|3..
Since Rez > % and V is a vector field, we find for some constant C' independent of
h,z e,
lullz2 < Cllfllzz - lJullz2 + ChIV gulle - [Jull 2,
which implies
ull2 < Cllfllzz + ChlIVgul| 2. (6.2)
Now, taking the imaginary part, we get for F' := %divV € C>(X),
Im(f, w)r2 = h{Fu,u)r2 — hel|Vgul|7> — (Im 2)[[ul|7-.
Since Im z > —vh and F is a bounded function, we get
helVgullzo < Cllfllzz - llullzz + (C + 7)hlullZ:,
which implies
IVgulle < Chte 2 fllz + (C + )2 lull o (6.3)
Combining (6.2) and (6.3), we get
lullze < Ce™2|| fllz2 + Ch(C + )™ ?||ull 2.
For Ky large enough and € > Kyyh?, v > 1, we have Ch(C + ﬁ)efl/Q < %, imply-
ing (6.1). OJ

To prove Theorem 2 we follow [NoZw]. We first prove a result in which damping is
introduced near the fiber infinity in 7% X. For that we introduce a complex absorbing
operator

Wo := —f(=h*A,)h*A,, (6.4)
where f € C*(R) satisfies the following conditions:

>0, |f®)<Cuft ft)=0fort<Cy f(t)=1fort>20, (6.5)
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for some a < % and some large constant Cy. The technical condition on f*) is useful
for comparing the propagators of P. and Py — see [NoZw, Appendix].

With P. given by (1.1) we now consider
P. := hP. — iW,,. (6.6)

Unlike in §§4,5 we will now work near a fixed rescaled energy level z = hA ~ 1 rather
than near the zero energy.

The next result is an almost immediate application of [NoZw, Theorem 2:

Lemma 6.2. Suppose that the flow ¢, : X — X is a contact Anosov flow (see (2.3)),
P. is giwven by (6.6) and that e = O(h?). Let o be the averaged Lyapounov exponent
defined in (1.5). Then for any 6 > 0 and s there exist hy, ¢y, Ci, such that for
0 < h < hyg,

(P — 2) Y2z < CLhHHe0m2/h 100(1 /1), (6.7)

for
2 €[4 2] — ihl0,0/2 — 3. (6.5)

Remark. The bound (6.7) is more precise than the bound (1.6) which corresponds to
O(h™™). Tt is obtained by interpolation between the bound 1/Im z for Imz > 0 and
the polynomial bound O(h™") - see [Bu, Lemma 4.7], [TaZw, Lemma 2]. Using the
fact that Hye are complex interpolation spaces [Cal the estimate (1.6) can be refined
to a form similar to (6.7).

Proof. Put W = —(g/h)h*A, + W, (where W, appearing in the definition of P. is
given by (6.4)). Note that P. = hPy — iW. We have W € U2 (X), W > 0, and since
e=0(h?),
wi= (W) = on(Wo) = FOER)IEL.

Hence P := hP, and W satisfy the assumptions [NoZw, (1.9),(1.10)]. The only dif-
ference is that P € ¥} (X), so that in the notation of [NoZw], k& = 2 and m = 1.
Replacing k& with m in the ellipticity condition [NoZw, (1.9)] does not change the
proofs in [NoZw] (in particular it does not affect [NoZw, Proposition A.3]): all the
arguments are microlocal near the (compact) trapped set

K= {(x,€) : |po(x,&) — 1] < 1/2, exp(tH,)(x,&) # oo, t — +oo}, (6.9)
p(z, &) = &(Va).

Since ¢, is a contact Anosov flow, the trapped set is normally hyperbolic in the sense
of [NoZw, (1.14)—(1.17)] — see [NoZw, §9]. Hence we can apply [NoZw, Theorem 2]
and obtain the bound (6.7). O

We are now ready for
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Proof of Theorem 2. We first note that (1.6) follows by rescaling z = h\ from a semi-
classical estimate between the weighted spaces (we recall that H®* C Hyg1y C H™®)

(hP. —2) ' =O(h™™) : Hya)(X) = Hyyoa)(X). (6.10)

for the same range of 2’s as in (6.8). By Lemma 6.1, we can assume that ¢ = O(h?).

To prove (6.10) we follow the strategy as in [NoZw, §9] combined with the estimates
of §4. For that we choose @ in (3.8) and W, in (6.4), so that for the weight G in (3.1)
and the trapped set K defined in (6.9) we have

WEL(Q) N WF4(G) = K N WF,(I — Q) = WF4(Q) N WE,(W) = 0.

Since K is compact that is possible by modifying the conditions on y in (3.8) and by
increasing Cy in (6.5).

To stay close to the notation of [NoZw, §9] we now put Py := hFPy + ichA, —iQ.
To apply the gluing argument of Datchev—Vasy [DaVa] as in [NoZw, §9] we check that
the conclusions of [NoZw, Lemma 9.19] are valid. First,

(Po—2)""' =0 ™) : Hycny = Hyoy, Imz>—/2, |Rez—1] <1/2, (6.11)

is proved similarly as (4.16). Indeed, Lemma 4.1 holds for A = O(¢~'/?), and this
condition is true since A = O(h™') and ¢ = O(h?). The proof of Lemma 4.2 goes
through as in the case A = O(1). The proof of (4.16) works as before, using again that
e = 0O(h?).

Next, we need the propagation statement,
u= Py —2)""f, WEL(/)NIT X =0 —
WF(u) \ (WF,(f) UOT X) C exp([0, 00) H,,) (WEL(f)Np~'(Rez)),

where p(z, §) = §(V;). This statement follows from the propagation theorems reviewed
in the proof of Lemma 4.2; note that (hP. — P.(0))u = O(h™)ce since e = O(h?) and
WF,(f) does not intersect the fiber infinity.

We can now follow the gluing argument of the resolvent estimates on (Ps, — 2)7*
and (P. — 2)~! (given in (6.7)) as in [NoZw, §9] to obtain (6.10). In the notation of
[NoZw, §9] the parametrix for (hP. — z)~! is given by

F(2) = Ai(P. = 2) ' Ay + Bi(Pa — 2) ' By,

where A;, I — B; € U, (X) are suitably chosen, with WF,(A;) N WF(G) = 0.
Away from the microsupport of G, the spaces H,q(s) are microlocally equivalent to L2

~

Hence the L? estimates on (P. — z)~! imply the Hyg(n) estimates on F'(z). The gluing
argument of [DaVa] as recalled in [NoZw, §8] concludes the proof of (6.10). O
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