MATHEMATICS OF INTERNAL WAVES IN A 2D AQUARIUM

SEMYON DYATLOV, JIAN WANG, AND MACIEJ ZWORSKI

ABSTRACT. Following theoretical and experimental work of Maas et al [25] we con-
sider a linearized model for internal waves in effectively two dimensional aquaria. We
provide a precise description of singular profiles appearing in long time wave evolution
and associate them to classical attractors. That is done by microlocal analysis of the
spectral Poincaré problem, leading in particular to a limiting absorption principle.
Some aspects of the paper (for instance §6) can be considered as a natural microlo-
cal continuation of the work of John [21] on the Dirichlet problem for hyperbolic
equations in two dimensions.

1. INTRODUCTION

Internal waves are a central topic in oceanography and the theory of rotating flu-
ids — see [24] and [32] for reviews and references. They can be described by linear
perturbations of the initial state of rest of a stable-stratified fluid (dense fluid lies ev-
erywhere below less-dense fluid and the isodensity surfaces are all horizontal). Forcing
can take place at linear level by pushing fluid away from this equilibrium state ei-
ther mechanically, by wind, a piston, a moving boundary, or thermodynamically, by
spatially differential heating or evaporation/rain.

FIGURE 1. Contour plots of a numerical solution to (1.1) for  given by
a unit square tilted by 7/10 (see §2.5), with f(z) = e > @) where

2V is the center and A = 0.8. In that case the rotation number of the

billiard ball map is % (see Figure 9) and the classical attractor is given

by a parallelogram on which u develops a singularity — see Theorem 1.
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FIGURE 2. Experimental results of Hazewinkel et al [18]: horizontal
component of the observed perturbation buoyancy gradient projected
onto a field that oscillates at the forcing frequency, thus reducing the
time series to an amplitude field (left) and a phase field (right). In terms
of our Theorem 1 this corresponds to amplitude and phase of ™. The
arrows indicate directions of phase propagation in agreement with our
analysis, shown on Figure 4.

The mechanism behind formation of internal waves comes from ray dynamics of the
classical system which underlies wave equations — see §1.1 for the case of nonlinear ray
dynamics relevant to the case we consider. When parameters of the system produce
hyperbolic dynamics, attractors are observed in wave evolution — see Figure 1. This
phenomenon is both physically and theoretically more accessible in dimension two. The
analysis in the physics literature, see [24], [37], has focused on constructions of standing
and propagating waves and did not address the evolution problem analytically. (See
however [2] for an analysis of a numerical approach to the evolution problem.) In this
paper we prove the emergence of singular profiles in the long time evolution of linear
waves for two dimensional domains.

The model we consider is described as follows. Let Q C R? = {z = (21, 29) : z; € R}
be a bounded simply connected open set with C'* boundary 02. Following the fluid
mechanics literature we consider the following evolution problem, sometimes referred
to as the Poincaré problem:

(8t2A + 8§2)u = f(ZE) COS )\t, Ultzo = atu|t:0 = 0, u|aQ = 0, (11)

where A € (0,1) and A = 97 + 82, see Sobolev [34, equation (48)], Ralston [30,
p.374], Maas et al [25], Brouzet [4, §§1.1.2-3], Dauxois et al [8], Colin de Verdiere—
Saint-Raymond [6], Sibgatullin-Ermanyuk [33], and references given there. It models
internal waves in a stratified fluid in an effectively two-dimensional aquarium €2 with an
oscillatory forcing term (here we follow [6] rather than change the boundary condition).

The geometry of 2 and the forcing frequency A can produce concentration of the fluid
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velocity v = (Oy,u, —0,,u) on attractors. This phenomenon was predicted by Maas—
Lam [26] and was then observed experimentally by Maas-Benielli-Sommeria-Lam [25],
see Figure 2 for experimental data from the more recent [18]. (See also the earlier work
of Wunsch [42] which studied the case of an internal wave converging to a corner, along
a trajectory of the type pictured on Figure 7.) In this paper we provide a mathematical
explanation: as mentioned above the physics papers concentrated on the analysis of
modes and classical dynamics rather than on the long time behaviour of solutions
to (1.1).

1.1. Assumptions on €2 and \. The assumptions on 2 and A which guarantee exis-
tence of singular profiles (internal waves) in long time evolution of (1.1) are formulated
using a “chess billiard” — see [29], [22] for recent studies and references. It was first
considered in similar context by John [21] (see also the later work of Aleksandrjan [1])
and was the basis of the analysis in [26]. It is defined as the reflected bicharacteris-
tic flow for (1 — A?)&2 — A2¢2, which is the Hamiltonian for the 1 + 1 wave equation
with x5 corresponding to time and the speed given by ¢ = A/v/1 — A? — see Figure 3
and §2.1. This flow has a simple reduction to the boundary which we describe using a
factorization of the quadratic form dual to (1 — \?)&2 — \2£2:

LB T (@), ) m e
A2 01—\ ’ e YT N/ v

We often suppress the dependence on ), writing simply £*(z). Same applies to other
A-dependent objects introduced below.

(1.2)

Definition 1. Let 0 < A < 1. We say that Q2 is A-simple if each of the functions
00 > x — (*(x,)\) has only two critical points, which are both nondegenerate. We
denote these minimum/mazimum points by x=. (N), 2= (A).

min ) “max

Under the assumption of A-simplicity we define the following two smooth orientation
reversing involutions on the boundary (see §2.1 for more details):

FE(O,N) 1 00 — 0Q,  (F(z) = (F(vF (). (1.3)
These maps correspond to interchanging intersections of the boundary with lines with
slopes F1/¢, respectively — see Figure 3. The chess billiard map b(e, ) is defined as
the composition
b:=7"oy" (1.4)
and is a C* orientation preserving diffeomorphism of 02.
Denoting by b" the n-th iterate of b, we consider the set of periodic points
Yr:={z €0 |b"(xz,\) = x for some n > 1}. (1.5)
If 3, # (0, then all the periodic points in X, have the same minimal period, see §2.1.

We are now ready to state the dynamical assumptions on the chess billiard:
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FIGURE 3. Left: the involutions 4= and the chess billiard map b. Right:
a forward trajectory of the map b on a trapezium with rounded cor-
ners, converging to a periodic trajectory. We remark that the effect of

smoothed corner on classical dynamics was investigated by Manders—
Duistermaat—Maas [27], see also §2.4.

Definition 2. Let 0 < A < 1. We say that \ satisfies the Morse-Smale conditions if:

(1) Q is A-simple;

(2) the map b has periodic points, that is Xy # 0;

(3) the periodic points are hyperbolic, that is 0,0™(x, \) # 1 for all x € ) where n
18 the minimal period.

Under the Morse-Smale conditions we have ¥, = ¥ U X where X7, 3} are the
sets of attractive, respectively repulsive, periodic points of b:

YV i={z ey |ob"(x,\) <1}, Xy :i={ze€X\|db"(x,\) > 1}. (1.6)

Moreover, each of the involutions 7% exchanges X} with X}, see (2.2).
For y € 09, let
T3 (y) = {z € Q| (2, ) = (. \)} (1.7)
be the open line segment connecting y with v%(y, ). Denote [y(y) := I'{ (y) UT; (v).
Then I'\(X)) gives the closed trajectories of the chess billiard inside €.
For y € 9 which is not a critical point of £, we split the conormal bundle N*T'{ (y)
into the positive/negative directions:
NT () \ 0 = N1T5 (5) U N*T5 (1),

NiTH() = {(a,7de*(2)) | = € T (), (006" ()7 > 0} (1)

and similarly for N*I'} (y). Here 0j is the derivative with respect to a positively oriented
(that is, counterclockwise when 2 is convex) parametrization of the boundary Of.



MATHEMATICS OF INTERNAL WAVES IN A 2D AQUARIUM 5

N*%f NixT

p
NiT} N*%y

N*¥}

S

C Nty NixT o

FIGURE 4. A visualization of the Lagrangian submanifolds (1.9) cor-
responding to attractive and repulsive cycles of b given in (1.4). The
parallelogram represents the projection of the attractive (+) and repul-
sive (—) Lagrangians A*()\) and the arrows perpendicular to the sides
represent the conormal directions distinguishing the two Lagrangians.
We also indicate the corresponding sets on the boundary: Zf are the
attractive (+) and repulsive (—) periodic points of b given by (1.4) and
the arrows indicate the sign of the conormal directions.

Note that the orientation depends on the choice of y and not just on Ff\[(y): we have
NITX(v*(y)) = NZT5 (y)-
We now define Lagrangian submanifolds A*(\) C T*Q\ 0 by
A%()) == N1T; (Z5) U NI (55), (1.9)
see Figure 4. We note that 7(AT()\)) = ['\(3y) and N*I'T(Z)) = N TE(Z)).

1.2. Statement of results. The main result of this paper is formulated using the
concept of wave front set, see [19, §8.1] and [20, Theorem 18.1.27]. The wave front
set of a distribution, WF(u), is a closed subspace of the cotangent bundle of 7%\ 0
and it provides phase space information about singularities. Its projection to the base,
m(WF(u)), is the singular support, sing supp .

Theorem 1. Suppose that Q2 and A € (0,1) satisfy the Morse—Smale conditions of
Definition 2. Assume that f € C°(;R). Then the solution to (1.1) is decomposed as

u(t) = Re (eMut) +r(t) +e(t), u' e H2(Q), WF(u") C AT(N),

(1.10)
r(0) € @), Irlme <C ey 0 ast— oo,

where AT(X\) C T*Q\ 0 is the attracting Lagrangian — see (1.9) and Figure J. In
particular, sing supput is contained in the union of closed orbits of the chess billiard
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flow. In addition, u* is a Lagrangian distribution, ut € I71(Q, AT(\)) (see §3.2) and
utloa = 0 (well defined because of the wave front set condition).

For a numerical illustration of (1.10), see Figure 1. We remark that numerically it is
easier to consider polygonal domains — see §2.4 for a discussion of the stability of our
assumptions for smoothed out polygonal domains.

Theorem 1 is proved using spectral properties of a self-adjoint operator associated
to the evolution equation (1.1). To define it, let A be the (negative definite) Dirichlet
Laplacian of € with the inverse denoted by Ag' : H=1(Q) — H}(2). Then

P:=07 A5 - H Q) > HY(Q), (u,w)g-10 = (VAy'u, VAG'w)2(), (1.11)

is a bounded non-negative (hence self-adjoint) operator studied by Aleksandrjan [1]
and Ralston [30] — see §7.1. Studying the spectrum of P is referred to as a Poincaré
problem.

The evolution equation (1.1) is equivalent to
(0} + P)w = fcosAt, w|i—g = Ow|i—o =0, f€C(YUR), u=Ajw. (1.12)
This equation is easily solved using the functional calculus of P:

w(t) =Re (MW, A(P)f)  where
tsi | | emitO+V3) 1.13
Wia(z) = / 0 (V%) i gy - g LoD (1.13)
0

Ve NN

Using the Fourier transform of the Heaviside function (see (3.26)), we see that for any
v € C*(R) we have

/Rl_TM@(O = /Ot@W dp == i / " ) dn = /R (¢ = i) p() d¢

and thus for any A € (0,1) we have the distributional limit
Wia(z) = (2 = A2 +i0)™" ast— oo in D.((0,00)). (1.14)

This suggests that, as long as we only look at the spectrum of P near A\? (the rest of
the spectrum contributing the term r(¢) in Theorem 1), if the spectral measure of P
applied to f is smooth in the spectral parameter z, then W, \(P)f — (P —A*+i0)"' f
as t — oo. By Stone’s Formula, it suffices to establish the limiting absorption principle
for the operator P near A? and that is the content of

Theorem 2. Suppose that J C (0, 1) is an open interval such that each X\ € J satisfies
the Morse—Smale conditions of Definition 2. Then for each f € C®(Q) and A € J the
limits

(P—=X=£i0)"'f = lim (P— (\Fie))'f inD(Q) (1.15)

e—0+
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FIGURE 5. Numerical illustration of Theorem 2: contour plots of |u(x)
for u = (92, — (A2 +ig)Aq) " f where & = 0.005 and f(z) = e~ '0@=(5:3)
and Q = To5 (see §2.5). On the left, the rotation number is given by 3
and we see concentration on an attractor; on the right, the rotation num-
ber is (nearly) irrational and, as € — 0+, u is expected to be uniformly
distributed [24]. Morse-Smale assumptions do not hold, at least not on
scales relevant to numerical calculations and trajectories are uniformly
distributed in the trapezium. In the contour plots of |u(x)| black corre-
sponds to 0.

2

exist and the spectrum of P is purely absolutely continuous in J? = {\?> |\ € J}:
o(P)NJ? = oa(P)N T (1.16)
Moreover,
(P =M 4i0)""f € I'"Q,A*()) C H 2 (Q), (1.17)
where A(X\) are given in (1.9) and the definition of the conormal spaces I'(Q, A¥()))

18 reviewed in §3.2.

Remarks. 1. The proof provides a more precise statement based on a reduction to
the boundary — see §7. We also have smooth dependence on A which plays a crucial
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role in proving Theorem 1 as in [13, §5] — see §8. This precise information is important
in obtaining the Hz~ remainder in (1.10). The singular profile in Theorem 1 satisfies

ut = AGH(P = A2 +i0)7'f,
which agrees with the heuristic argument following (1.14).

2. As noted in [30], o(P) = [0, 1] but as emphasized there and in numerous physics
papers the structure of the spectrum of P is far from clear. Here we only characterize
the spectrum (1.16) under the Morse-Smale assumptions of Definition 2.

Rather than working with P, we consider the closely related stationary Poincaré
problem

(2, — Ay = f € CF, uylon =0, Rewe (0,1), Imw > 0.

Then uy, e € C®(Q) has a limit in D'(Q2) which satisfies uy,0 € 1712, A=(\)), and
we have (P — A2 —i0)71 f = Auy 0.

1.3. Related mathematical work. Motivated by the study of internal waves results
similar to Theorems 1 and 2 were obtained for self-adjoint Oth order pseudodifferential
operators on 2D tori with dynamical conditions in Definitions 1 and 2 replaced by
demanding that a naturally defined flow is Morse-Smale. That was done first by Colin
de Verdiere-Saint Raymond [6, 5], with different proofs provided by Dyatlov—Zworski
[13]. The question of modes of viscosity limits in such models (addressing physics
questions formulated for domains with boundary — see Rieutord—Valdettaro [31] and
references given there) were investigated by Galkowski-Zworski [16] and Wang [40].
Finer questions related to spectral theory were also answered in [41]. Unlike in the
situation considered in this paper, embedded eigenvalues are possible in the case of Oth
order pseudodifferential operators [36].

The dynamical system (1.4) was recently studied by Nogueira—Troubetzkoy [29] and
by Lenci et al [22]. We refer to those papers for additional references and dynamical
results.

After this paper was accepted for publication we learned of significant contributions
to the spectral theory of the operator P (see (1.11)) in the Russian literature. The
study of its spectrum was known there as the Sobolev problem. We are grateful to Sergei
Denisov for pointing this out to us. The most relevant (and translated to English)
papers are those of Fokin [15] and Trotskaya [37]. The main result announced in Fokin’s
paper (proved in the longer Russian language papers cited there) was the existence of
singular continuous spectrum for some €2: any €2y with smooth boundary for which P
has H} eigenfunctions (such as the disk) can be perturbed to obtain  with a smooth
boundary and non-empty singular continuous spectrum for P. Trotskaya showed that
the spectrum for any triangle is continuous. Both papers presented interesting results
about long time behaviour of solutions of the Cauchy problem but did not seem to
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address the questions studied in this paper. These two papers and the papers cited
by them contain however a wealth of ideas which may well have applications to our
problem.

We should also mention that recently Li [23] succeeded in providing analogues of
Theorems 1 and 2 in the case of domains with corners. The statements are similar but
more complicated as additional, weaker, singularities emanate from the corners.

1.4. Organization of the paper. In §2 we provide a self-contained analysis of the
dynamical system given by the diffeomorphism (1.4). We emphasize properties needed
in the analysis of the operator (1.11): properties of pushforwards by ¢* and exis-
tence of suitable escape/Lyapounov functions. §3 is devoted to a review of microlocal
analysis used in this paper and in particular to definitions and properties of conor-
mal/Lagrangian spaces used in the formulations of Theorems 1 and 2. In §4 we describe
reduction to the boundary using 1+1 Feynman propagators which arise naturally in
the limiting absorption principles. Despite the presence of characteristic points, the
restricted operator enjoys good microlocal properties — see Proposition 4.15. Microlo-
cal analysis of that operator is given in §5 with the key estimate (5.19) motivated by
Lasota—Yorke inequalities and radial estimates. The self-contained §6 analyses wave
front set properties of distributions invariant under the diffecomorphisms (1.4). These
results are combined in §7 to give the proof of the limiting absorption principle of The-
orem 2. Finally, in §8 we follow the strategy of [13] to describe long time properties of
solutions to (1.1) — see Theorem 1.

2. GEOMETRY AND DYNAMICS

In this section we assume that  C R? is an open bounded simply connected set
with C* boundary 992 and review the basic properties of the involutions v* and the
chess billiard b defined in (1.3), (1.4). We orient 02 in the positive direction as the
boundary of 2 (that is, counterclockwise if € is convex).

2.1. Basic properties. Fix A € (0,1) such that € is A-simple in the sense of Defini-
tion 1. We first show that the involutions v* defined in (1.3) are smooth. Away from

the critical set {z=,  2E 1} this is immediate. Next, we write
+ +0 4 + 002 -
=(x) = 05 (a,,) + 05, ()7 for @ near o7, ,

2.1
(=(z) = (F (2%, ) — 0=, () for x near 2, 21)
where 6. 9% are local coordinate functions on 92 which map z=. ,z%  to 0. Then

min’ ¥ max min’ “max

for 2 near 2=, the point v+ () satisfies the equation

eiin ('Yi (z)) = _eiin(x)



10 SEMYON DYATLOV, JIAN WANG, AND MACIEJ ZWORSKI

and similarly near x=__ . This shows the smoothness of 9Q > z — ~y%(z) near the

max*

critical points.

Next, note that since ¥* are involutions, b is conjugate to its inverse:
b =7Foboy®. (2.2)

Therefore 7 = 4*(X}) where ¥ are defined in (1.6). Since a7, ,2F,  are fixed

min’ “max

points of 4=, the Morse-Smale conditions (see Definition 2) implies that there are no
characteristic periodic points:

YaNG =0 where 6\ =% U%,, €F:={x5, (), 25, (V) (2.3)

min » “max

2.1.1. Useful identities. For x € 092 and A € (0,1) we define the signs
vE(2, \) == sgn Opl* (z, \) (2.4)

where 0y is the derivative along 0f) with respect to a positively oriented parametriza-
tion.

Lemma 2.1. Assume that € is A-simple. Then for all x € O}

sgn (7 (yF(2) — 1) = 5 (2), (2.5)
vE(y (@) = —vH(2), (2.6)
OnlE (2, \) Qfé—__;)gi(% A+ ﬁﬁ(gﬁ, \). (2.7)

Proof. To see (2.5), we first notice that it holds when x € {2,  z% 1} as then both
sides are equal to 0. Now, assume that v*(x) # x (that is, x ¢ {2, ,#%_1). Denote
by v(z) € R? the velocity vector of the parametrization at the point x € 99Q. The
vector v*(z) —z € R? is pointing into 2 at the point € 9. Since we use a positively
oriented parametrization, the vectors v(z),y*(z) — x form a positively oriented basis.

We now note that ¢, ¢~ form a positively oriented basis of the dual space to R?, and

et (€+(U(CI»’)) (v (z) - 90))

(= (v(z)) (v (x) - o)
Since Opf*(x) = (*(v(x)), this gives (2.5). The identity (2.6) follows from (2.5),
and (2.7) is verified by a direct computation. O

hence

The next statement is used in the proof of Lemma 4.9.
Lemma 2.2. Assume that €2 is A-simple. Then for all y € 0 and x € ()

viy (x—y) >0 or v (y)lt(x—y) <0 (or both). (2.8)
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Proof. Let T'5(y) be the sets defined in (1.7) and recall that they are open line segments
with endpoints y,7*(y). Then by (2.5),

QNRE(y) =0 where R*(y):={z e R*|(F(z —y) =0, 5 y)F(x —y) <0}

The sets R*(y) are closed rays starting at y when v*(y) # 0 and lines passing through y
when v*(y) = 0. Any continuous curve starting at the set of z € R? satisfying (2.8)
and ending in the complement of this set has to intersect R*(y)UR™ (y), as can be seen
(in the case v*(y) # 0) by applying the Intermediate Value Theorem to the pullback
to that curve of the function x — max(v*(y)¢~(z —y), —v~ (y)¢*(x — y)). Thus, since
(2 is connected and contains at least one point x satisfying (2.8) (for instance, take any

point in T’ (y)), all points = € Q satisfy (2.8). O

2.1.2. Properties of pushforwards. We next show basic properties of pushforwards of
smooth functions by the maps 92 > z +— ¢*(z, ), which are used in the proof of
Lemma 4.8. Fix A € (0,1) such that Q is A-simple and define

Erjriin = gi(xiin)7 Erjr:lax = gi(xrﬂr:lax% (29)
so that ¢* maps 99 onto the interval [(X, (* ]. We again fix a positively oriented

coordinate @ on 0f2.

Lemma 2.3. 1. Assume that f € C®(99Q) and define 115 f € £ (R) by the formula

/Rﬂff(s)go(s) ds = , f(@)p(f=(x))do(z) for all ¢ € C®(R). (2.10)

Then supp 115 f C [(5, ¢, ] and

min’ “max

\/(8 — L) (e = $) T f(5) € O ([l Gnand)- (2.11)

2. Assume that f € C®(99Q) and define the functions Yy f on (6, 0L, ) by

Tif(s)= Y f@) s € (G b
€N, 1+ (z)=5

Then YEf € C®([6E,,, (E,.]).

min’ ~max

Proof. 1. The support property follows immediately from the definition: if supp¢ N
[ Ch] = 0, then o £+ = 0 on 9Q and thus [(IL f)p = 0.

min’ “max

To show (2.11), we compute

I f(s) = Z @) forall s € (65, ,0=.). (2.12)

+ min’ “max
€N, £* (z)=s ]696 (33')’

It follows that II5 f is smooth on the open interval (£, , €%, ). Next, note that (2.11)

does not depend on the choice of the parametrization 6 since changing the parametriza-
tion amounts to multiplying f by a smooth positive function. Thus we can use the
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local coordinate # = 0. near xT. introduced in (2.1). With this choice we have
(*(z) = (X, + 6% and the formula (2.12) gives for s near (=,

F(V's = ) + F(=V/s — o)

2 S — gmin

where we view f as a function of 8. It follows that /s — (X, TIF f(s) is smooth at the
left endpoint of the interval (¢£, ,¢E ). Similar analysis shows that /fE,  — sTIy f(s)

min’ “max max

is smooth at the right endpoint of this interval.

I f(s) =

2. This is proved similarly to part 1, where we no longer have |9p¢*(z)| in the denom-
inator in (2.12). O

2.1.3. Dynamics of the chess billiard. We now give a description of the dynamics of the
orientation preserving diffeomorphism b = 4" o4~ in the presense of periodic points.

Lemma 2.4. Assume that Xy # 0 (see (1.5)). Then:

(1) all periodic points of b have the same minimal period;
(2) for each x € 9R, the trajectory b*(x) converges to Xy as k — Foo;
(3) if 0,b™ # 1 on X where n denotes the minimal period, then the set Xy is finite.

Proof. See for example [10, §1.1] or [39] for the proof of the first two claims. The
last claim follows from the fact that ¥ is the set of solutions to b"(x) = x and thus
0,b"(x) # 0 implies that it consists of isolated points. O

We finally discuss the rotation number of b. Fix a positively oriented parametrization
on 9Q which identifies it with the circle S' = R/Z and denote by 7 : R — 9Q
the covering map. Consider a lift of b(e, \) to R, that is, an orientation preserving
diffeomorphism b(e, A) : R — R such that

w(b(0,\)) =b(w(0),\) forall 6¢€R.
Denote by b*(e, \) the k-th iterate of b(e, \). Define the rotation number of b(e, \) as

. bR, N) -0

W= T

The limit exists and is independent of the choice of # € R and of the lift b. We refer
to [39] for a proof of this fact as well that of the following

mod Z € R/Z. (2.13)

Lemma 2.5. The rotation number r(X\) is rational if and only if X) # 0. In this case
r(A) = £ mod Z where n > 0 is the minimal period of the periodic points and q € Z is
coprime with n.

We remark that b(e, A\) cannot have fixed points: indeed, if x € 02 and b(z) = =,
then v (x) = 4~ () which is impossible. We then fix the lift b for which

0 <b(0,)) < 1. (2.14)
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With this choice we have 0 < b*(0,\) < k for all £ > 0 and thus (2.13) defines the
rotation number r(\) which satisfies 0 < r(\) < 1.

2.2. Dependence on A. We now discuss the dependence of the dynamics of the chess
billiard map b(e, A) on A\. We first give a stability result:

Lemma 2.6. The set of A € (0,1) satisfying the Morse-Smale conditions (see Def-
inition 2) is open. Moreover, the maps v=(x,\) and b(x,\), as well as the sets ¥y,
depend smoothly on X as long as A satisfies the Morse—Smale conditions.

Proof. Assume that )\, satisfies the Morse-Smale conditions. We need to show that
all A close enough to Ao satisfy this condition as well. From (1.2) we see that the
functions ¢*(z, \) depend smoothly on x € 90, A € (0,1). Therefore, 2 is A-simple for
A close to \g. Moreover, ¥ (z, \) and b(z, \) depend smoothly on X\ as long as Q is
A-simple.

Next, let m > 0 be the number of points in X, and let n be their minimal period
under b(e, \g). Since 9,b"(x, \g) # 1 on X, by the Implicit Function Theorem for A
close to A\g the equation b™(x, \) = x has exactly m solutions, which depend smoothly
on \. It follows that A satisfies the Morse-Smale conditions. U

Lemmas 2.5 and 2.6 imply in particular that when Ay satisfies the Morse-Smale
conditions, the rotation number r is constant in a neighborhood of A\y: indeed, the
rotation number is determined by the combinatorial structure of the map b on each
closed orbit (if the rotation number is equal to ¢/n with ¢, n coprime, then each closed
orbit has period n and the action of b on this orbit is the shift by ¢ points), which
varies continuously with A. A partial converse to this fact is given by the second part
of the following

Lemma 2.7. Assume that J C (0,1) is an open interval such that 2 is A-simple for
each A € J. Then:

(1) r(X) is a continuous increasing function of X € J;
(2) if r is constant on J, then this constant is rational and the Morse—Smale con-
ditions hold for Lebesque almost every \ € J.

Proof. 1. Fix a positively oriented coordinate 6 on 0S2. Using (1.3), (2.7) we compute

+ _ 8>\€i($_7:t(xv>‘)?)‘) _ E:F(x_ﬁyi(x?)‘%)‘)
K@, A) = Bl E@ NN 201 — A0t (vE (, A), )

By (2.5) and (2.6) we have

8,\’7+ > 0, 6w_ < 0.
We then compute

NO(z, N) = Oy (Y (2, A), ) + 0oy (v (2, X), A) Oy~ (2, N).
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Since 082 3 x +— vy (x, \) € I is orientation reversing this gives
hb(x,\) >0 forall ze€0Q, XAe J. (2.15)

Fix the lift b(0, \) satisfying (2.14). Then (2.15) gives 0,b(6, A) > 0. This implies that
for each two points A\ < Ay in J and every k > 1

b (6, A1) < b¥(6, \y).

Recalling the definition (2.13) of r(\), we see that r(\;) < r(\y), that is r(A) is an
increasing function of A\ € J.
2. We now show that r(\) is a continuous function of A € J. Fix arbitrary \g € J
and € > 0; since r is an increasing function it suffices to show that there exists § > 0
such that
I‘()\o + 5) < I‘()\o) + ¢, I‘()\Q — 5) > I‘()\Q) — €.
We show the first statement, with the second one proved similarly. Choose a rational
number £ € (r(Xg),r(Xo) +¢) where n € N and ¢ € Z are coprime. Since r(\g) < £,
the definition (2.13) implies that there exists ko > 0 such that
bk (0, A
M < 27
nko n
that is b*"(0, \g) < kog. Since b*"(0, \) is continuous in \, we can choose § > 0 small
enough so that
b ™ (0, Ao + 6) < koq. (2.16)
By induction on j we see that
b7%™(0, Ao + 0) < jkoq for all j > 1. (2.17)

Here the inductive step is proved as follows: using b?(r) = b?(0) +r, r € Z (b* is a lift
of the orientation preserving diffeomorphism o”; we dropped Ay + ¢ in the notation),

bUHDR () = Bror (b7 (0)) < bR" (jkoq) = B (0) + jkoa < (j + 1)kog.
Now, the definition (2.13) and (2.17) imply that r(Ao +6) < I <r(Ag) + € as needed.

3. Assume now that r is constant on J. We first show that this constant is a rational
number. Assume the contrary and take arbitrary Ao € J. By (2.15) (shrinking J
slightly if necessary) we may assume that dx\b(z,A) > ¢ > 0 for some ¢ > 0 and all
x € 00, A € J. Then 0\0"(x,\) > c for all n > 0 as well. Fix ¢ > 0 such that
A1 = Ao +¢/clies in J. Then b"(6, A1) > b"(0, \g) + ¢ for all § € R.

Fix arbitrary zo = w(6y) € 0L, 6y € R. Since r(\g) is irrational and b(e, \g) is
smooth, by Denjoy’s Theorem [10, §1.2] every orbit of b(e, \g) is dense, in particular
the orbit {b"(zo, A\o) }n>1 intersects the e-sized interval on 02 whose right endpoint
is xo. That is, there exist n € N, m € Z such that

00+m—5§b”(90,)\0)§90+m.
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It follows that
b"(ﬁo, )\0) S (90 +m S bn(eo, )\0) + € S b”(@o, )\1)

By the Intermediate Value Theorem, there exists A € [\, A;] C J such that b"(6y, \) =
0o+m. Then xy = 7w(6y) is a periodic orbit of b(e, \), which contradicts our assumption
that r(\) is irrational for all r € J.

4. Under the assumption of Step 3, we now have r(\) = £ mod Z for some coprime
q€Z,neNandall A € J. By Lemma 2.5, for each A € J the set of periodic points
>y is nonempty and each such point has minimal period n. Define

Yr={x,N) | eJ, zei}={(x,\) €% T | b"(x,\) = x}.

From (2.15) we see that 0 \b"(z,A) > 0 for all x € 0Q, A\ € J. Shrinking J if
needed, we may assume that X 7 is a one-dimensional submanifold of 7 x 92 projecting
diffeomorphically onto the x variable, that is X7 = {(x,¢(x)) | z € U} for some open
set U C 09 and smooth function ¢ : U — T, 0,¢(x) = (1 — 0,0 (x, \))/0\0"(x, \),
A = ¢(z). Then N\ € J satisfies the Morse-Smale conditions if and only if X is a
regular value of ¢, which by the Morse-Sard theorem happens for Lebesgue almost
every A € J. O

2.3. Escape functions. We now construct an adapted parametrization of 92 and
a family of escape functions, which are used §5 below. Throughout this section we
assume that A € (0,1) satisfies the Morse-Smale conditions of Definition 2. Recall the
sets ©5 of attractive/repulsive periodic points of the map b(e, \) defined in (1.6). Let
n € N be the minimal period of the corresponding trajectories of b.

We first construct a parametrization of 9€2 with a bound on 8xb|2f rather than on
the derivative of the n-th iterate 8xb”|zi::

Lemma 2.8. Let Ef be given by (1.6). There exists a positively oriented coordinate
0 : 00 — S such that, taking derivatives on OS2 with respect to 0,

Ib(x,\) <1 forall ze€XY,

8 (2.18)
0:b(x,\) > 1 forall zeXy.

Proof. Fix any Riemannian metric gy on 02 and consider the metric g on 952 given by
n—1
V] g@) = Z |00 ()0 govi(z)y  for all (z,v) € T(09).
§=0

We have for all (z,v) € T'(092)

10:0(2)0] (b)) — [Vg(z) = 020" (2)]go v (2)) — [V]go(2)-
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Thus by (1.6) we have for v # 0
[020(2)0]g(a)) < [V]gx) when 2 € X
|0:b(2)0]gb(a)) > [V]g(@) When € Xy
It remains to choose the coordinate 6 so that |Jy|, is constant. O
We next use the global dynamics of b(e, ) described in Lemma 2.4 to construct an

escape function in Lemma 2.9 below. Fix a parametrization on 02 which satisfies (2.18)
and denote by

YE(S) C 09

the open d-neighborhoods of the sets Zf with respect to this parametrization. Here

§ > 0 is a constant small enough so that the closures X1 () and X5 (6) do not intersect
each other. We also choose § small enough so that

b(ETO) € SO, (E0) € S0) 219
this is possible by (2.18) and since Y5 are b-invariant.

Lemma 2.9. Let ay < a_ be two real numbers. Then there exists a function g €
C>® (0S4 R) such that:

1) g(b(z)) < g(x) for all x € 09);
9(b(x)) < g(x) for all x € O\ (XY (6) U X5 (9));
(x) > ay for all x € 09);
() > a_ for all x € 90\ 7 (0);
= ;. on some neighbourhood of X ;
6) for M > 1, M(g(b(x)) —g(x)) + g(x) < ay for all x € 002\ £} ().

)
) g
4) g
) 9=
)
See Figure 0.

Remark. We note that the same construction works for b~! with the roles of E/“\—L
reversed. Hence for any real numbers a_ < ay we can find g € C*°(99;R) such that

(1) g(z) < g(b(x)) for all z € 0%Q;

2) g(z) < g(bla)) for all 2 € D2\ (55 (5) U5 (9));
(3) g(x) > a_ for all z € 99

(4) g(z) > oy for all x € 0Q\ X} (5);

(5) g = a_ on some neighbourhood of X;

(6)

6) for M > 1, M(g(x) — g(b(z))) + g(b(x)) < a_ for all x € IQ\ X7 (9).

Proof. In view of (2.19) there exists 0 < §; < ¢ such that

b (6)) € T3 (50). (2.20)
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F1GURE 6. The escape function g constructed in Lemma 2.9 and the
function g o b, where for simplicity we replace Ef by fixed points of the
map b. The shaded regions correspond to ¥3(§) and the dashed lines
correspond to a.

1. We first show that there exists N > 0 such that

oM (00 £5(8)) C ¥ (61). (2.21)

We argue by contradiction. Assume that (2.21) does not hold for any N. Then there
exist sequences

z; € 0\ X1 (0), mj — oo, b (x;) & X7 (). (2.22)

Passing to subsequences, we may assume that x; — x for some z,, € 0€2. Since
z; & $,(8), we have z, € X5 () as well. Then by (2.19) the trajectory v*(zw,), k > 0,
does not intersect X, (6). On the other hand, by Lemma 2.4 this trajectory converges
to Xy = X, UXYT as k — oco. Thus this trajectory converges to X7, in particular

there exists k>0 such that b*(v..) € 37 (61).

Since z; — T, we have b*(z;) — b¥(z) as j — oo. Since X1 (d;) is an open set,
there exists j > 0 such that m; > k and b*(z;) € X7 (6;). But then by (2.20) we have
b™i(z;) € ¥¥ (1) which contradicts (2.22).

2. Choose N such that (2.21) holds and fix a cutoff function

Xt € CE(31(0);:[0,1]), x+=1 on Xf(0).

Define the function g € C*°(0€2; R) as an ergodic average of x:

g(x) = = Z (P (z)) forall x e dQ.
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It follows from the definition and (2.20) that
0<g(x) <1 forall ze€ 9,
glxr)=1 forall ze€Xi(d), (2.23)
glz) <1—5 forall ze€dQ\X](d).
Next, we compute
g(b(@)) = g(x) = x (x+ (0" (2)) — x+(2).
It follows that
g(b(x)) > g(x ) for all x € 09,
g(b(z)) = g(z) + +~ forall z€dQ\ (IF(6) U, (0)).
Indeed, take arbitrary x € 9. We have x,(z) = 0 unless x € X} (d). By (2.21), we

have y, (bV(z)) = 1 unless z € ¥, (§). Recalling that 0 < y, < 1and (6N (0) =
0, we get (2.24).

3. Now put

(2.24)

g(x):=Na_ — (N —1)ay — N(a_ — ay)g(z). (2.25)
Using (2.23) and (2.24), we see that the function g satisfies the first five properties,
with the following quantitative versions of parts (2) and (5):

g(b(x)) —glx) =ay —a_ <0 forall ze€dQ\ (XF(0)UX;()),
g(z) =a; forall xeXf(d).

To prove part (6) we first use (2.25) and (2.26) to see that for all M > N and z €
00\ (2 (6) Uy (9)),

(2.26)

M (g(b(z) () + g(z) < ay. (2.27)
To establish (2.27) for x € X1 (8) we use (2 20) and the fact that g|2+ = ay by (2.26).
Then, for M > 1 and = € X7 (d), property (1) gives

M (g(b(x)) — g(2)) + g(z) < g(b(2)) = o,

which completes the proof of the lemma. O

Remark. We discuss here the dependence of the objects in this section on the pa-
rameter A. The parametrization 6 constructed in Lemma 2.8 depends smoothly on A
as follows immediately from its construction (recalling from the proof of Lemma 2.6
that the period n is locally constant in \). Next, for each A\ € (0,1) satisfying the
Morse-Smale conditions there exists a neighborhood U()\g) such that we can construct
a function g(x, \) for each A € U(\g) satisfying the conclusions of Lemma 2.9 in such a
way that it is smooth in A. Indeed, the sets Zf depend smoothly on A by Lemma 2.6,
so the cutoff function x; can be chosen A-independent. The function g(x, \) is con-
structed explicitly using this cutoff, the map b(e, \), and the number N. The latter
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can be chosen A-independent as well: if (2.21) holds for some A, then it holds with the
same N and all nearby .

2.4. Domains with corners. We now discuss the case when the boundary of 02 has
corners. This includes the situation when 0f2 is a convex polygon, which is the setting
of the experiments. Our results do not apply to such domains, however they apply to
appropriate ‘roundings’ of these domains described below.

We first define domains with corners. Let  C R? be an open set of the form
Q={reR?| Fi(x) >0,..., F(z) > 0}
where Fy, ..., F, : R? = R are C* functions such that:

(1) the set Q := {F; >0,...,F, > 0} is compact and simply connected, and
(2) for each x € €, at most 2 of the functions Fy, ..., F}, vanish at x.

If only one of the functions Fi, ..., Fj, vanishes at € Q, then we call = a reqular point
of the boundary 99 := Q \ Q. If two of the functions F\, ..., Fy vanish at = € , then
we call x a corner of (2. We make the following natural nondegeneracy assumptions:

(3) if z € 09 is a regular point and Fj;(z) = 0, then dFj(x) # 0;
(4) if z € 00 is a corner and Fj(z) = Fj(x) = 0 where j # j', then dFj(x), dFy ()
are linearly independent.

We call Q a domain with corners if it satisfies the assumptions (1)—(4) above.

Since 2 is simply connected, the boundary 0f) is a Lipschitz continuous piecewise
smooth curve. We parametrize 0€) in the positively oriented direction by a Lipschitz
continuous map

gecS' ' =R/Z ~ x(0) € c R? (2.28)

where the corners are given by x(6;) for some 6; < --- < 6, and the map (2.28) is
smooth on each interval [6;,6;.1]. See Figure 7.

We next extend the concept of A-simplicity to domains with corners. Let ¢ €
C*(R%R) and =z = x(0;) be a corner of Q. Consider the one-sided derivatives
Op(¢ ox)(0; £0). There are three possible cases:

(1) Both derivatives are nonzero and have the same sign — then we call x not a
critical point of /;

(2) Both derivatives are nonzero and have opposite signs — then we call = a nonde-
generate critical point of £.

(3) At least one of the derivatives is zero — then we call x a degenerate critical point
of ¢.

If x = x(f) is instead a regular point of the boundary, then we use the standard
definition of critical points: z is a critical point of ¢ if 9p(¢ o x)(6) = 0, and a critical
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FIGURE 7. Left: a domain with corners and its e-rounding (in blue).
The circles have radius €. Right: a trajectory on a trapezium which
converges to a corner.

point is nondegenerate if 93 (£ox)() # 0. With the above convention for critical points,
we follow Definition 1: we say that a domain with corners €2 is A-simple if each of the
functions ¢*(e, \) defined in (1.2) has exactly 2 critical points on 92, which are both
nondegenerate.

If 2 is A-simple, then the involutions v*(e, \) : 9Q — 9Q from (1.3) are well-defined
and Lipschitz continuous. Thus b = v o~ is an orientation preserving bi-Lipschitz
homeomorphism of 9€). We now revise the Morse-Smale conditions of Definition 2 as
follows:

Definition 3. Let Q be a domain with corners. We say that A € (0,1) satisfies the
Morse-Smale conditions if:

(1) Q is A\-simple;

(2) the set Xy of periodic points of the map b(e, \) is nonempty;
(3) the set ¥y does not contain any corners of €;

(4) for each x € Xy, 0,b"(x,\) # 1 where n is the minimal period.

The new condition (3) in Definition 3 ensures that b is smooth near the y*-invariant
set Xy, so condition (4) makes sense. Without this condition we could have trajectories
of b converging to a corner, see Figure 7.

We finally show that if €2 is a domain with corners satisfying the Morse-Smale
conditions of Definition 3 then an appropriate ‘rounding’ of €2 satisfies the Morse—
Smale conditions of Definition 2:

Proposition 2.10. Let Q be a domain with corners and \ € (0,1) satisfy the Morse—
Smale conditions for ). Then there exists € > 0 such that for any open simply connected
Q C R? with C* boundary and such that:



MATHEMATICS OF INTERNAL WAVES IN A 2D AQUARIUM 21

e O is an e-rounding of Q in the sense that for each x € R? which lies distance
> ¢ from all the corners of ), we have v € Q) <— x € Q; and
e the domain §2 is A\-simple in the sense of Definition 1,

the Morse—Smale conditions is satisfied for A and Q.

Proof. Fix a parametrization x(0) of 092 as in (2.28). Take a parametrization
eSS — x(0) e

which coincides with x(6) except e-close to the corners:

%(0) =x(0) forall 60¢|JIie), Iie):=[0;— Ce 0+ Cel. (2.29)
j=1
Here C' denotes a constant depending on €2 and the parametrization x(#), but not on Q
or €, whose precise value might change from place to place in the proof.

Denote by 4=, 4% the involutions (1.3) corresponding to €2, Q), and consider them as
homeomorphisms of S! using the parametrizations x, #. Then by (2.29)

YEO) =45(0) if 0,9F(0) ¢ U I(e). (2.30)

Let b =yt on™, b= 4T 0 4~ be the chess billiard maps of Q,(AZ and X, EA]A be the
corresponding sets of periodic trajectories. Choose € > 0 such that the intervals I;(e)
do not intersect Yy; this is possible since ) does not contain any corners of 2. Since
S, is invariant under 4%, we see from (2.30) that b = b in a neighborhood of
and thus X, C i\},\. That is, the periodic points for the original domain 2 are also
periodic points for the rounded domain f\l, with the same period n. It also follows that
O™ (x, A) = 0yb" (2, \) # 1 for all z € By,

It remains to show that ﬁA C X, that is the rounding does not create any new
periodic points for b. Note that all periodic points have the same period n, and it is
enough to show that

() #£0 forall 0¢€|Ie) (2.31)
j=1
From (2.30), the monotonicity of 4, 4%, and the Lipschitz continuity of 4+ we have

IvE(0) —45(0)] < Ce forall 0 €S
Iterating this and using the Lipschitz continuity of v* again, we get
"(0) — b"(0)] < Ce forall @ e S

Since b"(6;) # 6; for all j = 1,...,m, taking ¢ small enough we get (2.31), finishing
the proof. 0
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2.5. Examples of Morse—Smale chess billiards. Here we present two examples of
Morse—Smale chess billiards.

0 0.1 02 03 04 05 06 07 08 09 1

0 A

FI1GURE 8. Left: the chess billiard for €2, in Example 1. The numbers in
bold mark the values of the coordinate 6 at the vertices. Right: rotation
numbers as functions of A for €2 /10.

Example 1. For a € (0,%), let Q, C R? be the open square with vertices (0,0),
(cosa,sina), v2(cos(a+ Z),sin(a + I)), (cos(a + %), sin(a+ %)). (See Figure 8.) We
parametrize 02, by 0 € R/4Z so that the parametrization x(6) is affine on each side

of the square and the vertices listed above correspond to # = 0, 1, 2, 3 respectively. For
A € (0,1), we define

Be(0,7/2), tanB=+1-A/\, t :=tan(f —a), t,:=tan(f+ a).
We will show that if
O<a<nw/8 w/i—a<p<rn/4+a,
or equivalently
0<a<m/8 cos(m/4+ a) <A <cos(n/4—a), (2.32)
then A\ and (2, satisfy the Morse-Smale conditions (Definition 3). Moreover, for a, A

satisfying (2.32), we have (identifying 6 with x(6))

to—t1 to—t1’ to—t1

Th= {1448 gy o gy ulol (2.33)
1
5
In fact, assume a, A satisfy (2.32), then ¢ (e, \) has exactly two nondegenerate

critical points x(0), x(2) on 0,; ¢~ (e, \) also has two nondegenerate critial points
x(1),x(3) on 0. This shows that €, is A-simple.

and the rotation number is r(\) =
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We have the following partial computation of the reflection maps 4* (note that
0<t <1<ty <ooby(2.32)):

—1
() = t5(2—-0)+2, 1<60<2
t,1(4 —0), 3<0<4
(2.34)
i ti(1—-0)+1, 0<60<1,
v (0) =
t1(3—0)+3, 2<60<3.
This in particular implies that we have the mapping properties
0, 1] [1 2] [2 3] [3 4] [O 1]. (2.35)

Recall that b =~ oy~. We compute
b2(0) = (ty/t2)* 0 + (ty + t2)(1 — t1) /12, 6 € [0,1]. (2.36)
By solving b*(6y) = 6y, 6y € [0,1], we find 6y = (1 —¢1)/(ta — t;) and

{HOa ’7_(00% b(00)7 ’7+(00)} - Z)\.

This shows that the right-hand side of (2.33) lies in ¥, and that the rotation number
is r(A\) = 1. On the other hand, suppose 6; € R/4Z and 6, € ). If 6, € [0,1],
then 6, = 0y by (2.36). If 6, € [2,3], then b(6;,) € £, N [0,1] and thus 6, = b(6y). If
0, € [1,2], then v"(0;) € X\ N [2,3] and thus 6, = v~ (6y). Finally, if 6; € [3,4], then
vt(61) € £, N[0, 1] and thus §; = v (). This shows (2.33).

Using (2.36) and the fact that > commutes with b and is conjugated by v* to b=2
we compute

9 t%/t% <1, #He {90,5(90)};
0™ (0) = 5 - +
t2/t1 > 1a NS {’7 (HO)a’Y (00)}
We have now checked that under the condition (2.32), Q, and X satisfy all conditions
in Definition 3.
Example 2. Let 7; C R? be the open trapezium with vertices (0,0), (1 + d,0),
(1,1), (0,1), d > 0. (See Figure 9.) We parametrize 07; by 6 € R/4Z so that the

parametrization x(f) is affine on each side of the trapezium and the vertices listed
above correspond to 0 = 0, 1, 2, 3 respectively.

For A € (0,1), we put ¢ = A\/v/1 — A2, We assume that
max(1l,d) <c<d+1. (2.37)

Under the condition (2.37) we know (*(e, \) has exactly two nondegenerate critial
points x(0), x(2); £~ (e, \) also has two nondegenerate critical points x(1), x(3). Hence
Tq is A-simple.
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1

0 0.1 02 03 04 05 06 07 08 09 1
A

FIGURE 9. Left: the chess billiard for 7 in Example 2. Right: rotation
numbers as functions of A for 7y s.

We have the following partial computation of the reflection maps ~*:

7W®={2+@_®@_®’1§9§2

(4 0), 3<0<4;

(2.38)
~(9) = H1-0)+1, 0<0<1,

! 13-0)+3, 2<60<3.
This in particular implies that we again have the mapping properties (2.35). From
here we compute

—d 2¢(c—1)
B(0) = — 0+ ,
() c+d (1+d)(c+d)
The fixed point of this map is

6 € [0, 1].

cle—1)

0= —=x

d(14d)’
Arguing as in Example 1, we see that 7y, A satisfy the conditions of Definition 3, with

_ grcle-1) c—1 c(c—1) c—1
U=y 2T 3t T AT

3. MICROLOCAL PRELIMINARIES

In this section we present some general results needed in the proof. Most of the
microlocal analysis in this paper takes place on the one dimensional boundary 0§2; we
review the basic notions in §3.1. In §3.2 we review definitions and basic properties
of conormal distributions (needed in dimensions one and two). These are used to
prove and formulate Theorem 1: the singularities of (P — A? F40)~! f using conormal
distributions. In our approach, this structure of (P — A* Fi0)~!f is essential for
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describing the long time evolution profile in Theorem 2. Finally, §§3.3-3.4 contain
technical results needed in §4.

3.1. Microlocal analysis on 0¢). We first briefly discuss pseudodifferential operators
on the circle S! = R/Z, referring to [20, §18.1] for a detailed introduction to the
theory of pseudodifferential operators. Pseudodifferential operators on S! are given by
quantizations of 1-periodic symbols. More precisely, if 0 < § < % and m € R, then we

say that a € C°°(R?) lies in S§*(T*S') if (denoting (&) := /1 + [£]?)
a(z +1,€) = a(x,§), 050a(x,8)| < Cap(g)m o710, (3.1)

For brevity we just write Si* := SP*(T*S'). Each a € S§" is quantized by the operator
Op(a) : C°(S) — C>(Sh), D'(S') — D'(S') defined by
1

~or

On(@u(e) = 5- [ e Vala,uly) dyde, 32)

where u € C*(R) is 1-periodic and the integral is understood in the sense of oscillatory
integrals [19, §7.8]. We introduce the following spaces of pseudodifferential operators:

Uy = {Op(a):a € S}, Uyt = () ', Wy =) vp,

m’'>m 6>

Syt =) S5, Sp=[)S

m/>m 0'>6

We remark that S% C S§**; moreover, a € S§"* lies in S if and only if a(z, &) =
O((£)™). We henceforth denote ¥™ := Wi, The space W~ := (| U™ consists of
smoothing operators.

In terms of Fourier series on S!, we have

Op(a)u(x) = Z X g, (k)uy,

k,n€Z

! 1 (3.3)
ag(k) == / a(x,27rk:)e_2“éx dr, uy:= / u(;p)e—%ik’x dr.
0 0

This shows that Op(a) does not determine a uniquely. This representation also shows
boundedness on Sobolev spaces Op(a) : H*(S') — H*™(S'), s € R, a € SJ". Indeed,
smoothness of a in = shows that a,(k) = O((£)~>°(k)™) and the bound on the norm
follows from the Schur criterion [12, (A.5.3)]. Despite the fact that A := Op(a) does
not determine a uniquely, it does determine its essential support, which is the right
hand side in the definition of the wave front set of a pseudodifferential operator:

WF(A) :=C{(2,8) : £#0,3p>0:a(y,n) = O((n)~) when |z —y| < p, £ >0},
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see [12, §E.2]. We refer to that section and [20, §18.1] for a discussion of wave front
sets. We also recall a definition of the wave front set of a distribution,

WF(u):= (]  Char(A),

AueC>®,Ac¥0

Char(A) :=C{(2,€) : £ #0, Ip,c > 0:faly, )| > ¢, |v—yl <p, £>0, [n]>1/p}

The symbol calculus on S* translates directly from the symbol calculus of pseudodif-
ferential operators on R. We record in particular the composition formula [20, Theorem
1818] for bl € Sgnl, b2 S SgnQ,

Op(b1) Op(bz) = Op(b), be S§*m2,
b(x,§) = exp(—iay&,) [b1 (2, 7)b2(y, §)] |(y,n):(%£)7
gy = o

0<k<N

(3.4)
OFby (2, €)0ba (1, €) + by (2,€), by € SN,

where expanding the exponential gives an asymptotic expansion of b.

We record here a norm bound for pseudodifferential operators at high frequency:

Lemma 3.1. Assume that a € S§, r € S7', and sup |a| < R. Then for all N, v > 0,
and u € L*(S") we have

10p(a + r)ullzz < (R+v)l|ull> + Cllull -~ (3.5)
where the constant C' depends on R, v, N, and some seminorms of a and r but not
on u.

Proof. By [17, Lemma 4.6] we can write
(R+v)*I = Op(a+17)*Op(a +r) 4+ Op(b)* Op(b) + Op(q)
for some b € S§ and ¢ € S~°. The bound (3.5) follows. O

Although a in (3.3) is not unique, the principal symbol of Op(a) defined as
o(Op(a)) = [a] € S5 /S5 (3.6)
is, and we have a short exact sequence 0 — WP—1T20 — gm 2, gm/gm=1+20 _,
Somewhat informally, we write o(Op(a)) = b for any b satisfying a — b € S5~

In our analysis, we also consider families € +— a., € > 0, such that a. € 57 for
e >0 and qy € S§". In that case, for A. = Op(a.),

o(A;) =1[b:], b.—a. € Sg”_HQ‘S uniformly for € > 0. (3.7)
Again, we drop [e] when writing o(A) for a specific operator.

We will crucially use mild exponential weights which result in pseudodifferential
operators of varying order — see [38], and in a related context, [14].
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Lemma 3.2. Suppose that (in the sense of (3.1)) m; € S°, mq is real-valued, and

G(I,é) = mg(l’,g) 10g<£> + ml(xvg)a m()(x?tg) - mg(x,ﬁ), l |§| > 1. (38>
Then

eG € Sé\i? eiG S S()j:n7 M = I‘gi)me(x7£)7 m = ‘Iélil}mo(fl?,€>, (39)

and there exists rq € St such that
Op(e®) Op(e (1 +7¢)) — I, Op(e (1 +7¢)) Op(e¥) — I € U=, (3.10)

Also, if Gj(x,€) are given by (3.8) with my and my replaced by mg;, ma;, respectively,
then for a; € S°, r; € S™', j = 1,2, there exists r3 € S™'F such that

Op(e® (a1 +71)) Op(e“2(ag + 1r2)) = Op(e“*TC2(aray + 13)). (3.11)

Proof. Since log(¢) = O.((€)%) for all ¢ > 0, (3.9) follows from (3.1). In fact, we have
the stronger bound

020 (X609 < Copee™ @R ()= £ > 0. (3.12)

This gives (3.11). Indeed, the remainder in the expansion (3.4) is in SM1TM2=N+ and
the k-th term is in e“1+G25=* by (3.12); it suffices to take N > M + M, + 1.

To obtain (3.10) we note that (3.11) gives Op(e*®) Op(eT¢) = I — Op(ry), r+ €
S~1*. We then have parametrices for the operators I — Op(r+) [20, Theorem 18.1.9],
I + Op(by), which give left and right approximate inverses (in the sense of (3.10))
(I +Op(b_))Op(e~%), Op(e=)(I + Op(b,)). Those have the required form by (3.11)
(where one of Gy, G is equal to —G and the other one is equal to 0). U

We also record a change of variables formula. Suppose f : R/Z — R/Z is a diffeo-
morphism with a lift f : R — R, f(x + 1) = f(z) £ 1 (with the + sign for orientation
preserving f and the — sign otherwise). For symbols 1-periodic in = we can use the
standard formula given in [20, Theorem 18.1.17] and an argument similar to (3.11).
That gives, for G given by (3.8), and r € S7'F,

),
f*oO0p(e(1+7)) = Op(e“/ (1 + 1)) o f*,
Gf(x7§> = G(f(l‘), f,<$>_15)7 ry € S_1+'

In §4.6 below we will use pseudodifferential operators acting on 1-forms on S'. Using
the canonical 1-form dz, * € S' = R/Z, we identify 1-forms with functions, and this
gives an identification of the class W5'(S'; T*S') (operators acting on 1-forms) with
UT(S) (operators acting on functions). This defines the principal symbol map, which
we still denote by o.

(3.13)

Fixing a positively oriented coordinate 6 : 92 — S', we can identify functions / dis-
tributions on 9 with functions / distributions on S*. The change of variables formula
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used for (3.13) also shows the invariance of o(A) under changes of variables and allows
pseudodifferential operators acting on section of bundles — see [20, Definition 18.1.32].
In particular, we can define the class of pseudodifferential operators Wj*(0€2; T*052)
acting on 1-forms on 02 and the symbol map

o PO T*OQ) — SP(T*0N) /Sy—20(T*00), (3.14)

with the class ¥§* and the map o independent of the choice of coordinate on 0f2.

3.2. Conormal distributions. We now review conormal distributions associated to
hypersurfaces, referring the reader to [20, §18.2] for details. Although we consider the
case of manifolds with boundaries, the hypersurfaces are assumed to be transversal
to the boundaries and conormal distributions are defined as restrictions of conormal
distributions in the no-boundary case.

Let M be a compact m-dimensional manifold with boundary and ¥ C M be a
compact hypersurface transversal to the boundary (that is, ¥ is a compact codimension
1 submanifold of M with boundary 0¥ = ¥ N OM and T,% # T,0M for all z € 0%).
We should emphasize that in our case, the hypersurfaces ¥ take a particularly simple
form: we either have M = Q and ¥ given by straight lines transversal to 9Q (see
Theorems 1 and 2) or M = 9 ~ S! and ¥ is given by points (see Propositions 7.3
and 7.4).

The conormal bundle to ¥ is given by N*¥ := {(z,§) € T*M: z € ¥, {|r,» = 0},
which is a Lagrangian submanifold of 7* M and a one-dimensional vector bundle over X.
For k € R, define the symbol class S*(N*X) consisting of functions a € C*(N*X)
satisfying the derivative bounds

0595 a(z,0)] < Cas(6)* (3.15)

where we use local coordinates (z,0) € R™™! x R ~ N*X. Here x is a coordinate on ¥
and @ is a linear coordinate on the fibers of N*3; (0) := /1 + |0]|2. The estimates
(3.15) are supposed to be valid uniformly up to the boundary of X. In other words we
can consider a as a restriction of a symbol defined on an extension of X.

Denote by I*(M, N*X) C D'(M°) the space of extendible distributions on the inte-
rior M° (see [20, §B.2]) which are conormal to ¥ of order s € R smoothly up to the
boundary of M. To describe the class I°® we first consider two model cases:

o if M =R™, we write points in R™ as (21,2') € R x R™™! and ¥ = {z; = 0},
then a compactly supported distribution u € &'(R™) lies in I°(M, N*X) if and
only its Fourier transform in the z; variable, @(&;,2’), lies in S%*%“(N*E)
where N*Y = {(0,27,£,0) | 2’ e R™™!, & € R}

o if M =R,, x[0,00),, x R"?and ¥ = {z; = 0, x5 > 0}, then a distribution
u € D'(M°) with bounded support lies in I¥(M, N*X) if and only if v = 4|0
for some @ € £'(R™) which lies in I*(R™, N*Y), with ¥ := {z; = 0} c R™.
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Alternatively, @(&;,2’) lies in S%~275(N*Y) where the derivative bounds are
uniform up to the boundary.

In those model cases, elements of I°(M, N*Y) are given by the oscillatory integrals
(where we use the prefactor from [20, Theorem 18.2.9])

2 / e (2! &) dEy, a€ STTET(N*{z = 0}). (3.16)
R

We note that in both of the above cases the distribution w is in C°°(M) (up to the
boundary in the second case) outside of any neighborhood of ¥.

u(x) = (2m)~

For the case of general compact manifold M and hypersurface > transversal to the
boundary of M, we say that u € I°(M, N*X) if (see [20, Theorem 18.2.8])

(1) wisin C*°(M) (up to the boundary) outside of any neighborhood of ¥; and
(2) the localizations of u to the model cases using coordinates lie in I° as defined
above.

Note that the wavefront set of any u € I*(M, N*Y), considered as a distribution on
the interior M°, is contained in N*X.

In addition we define the space
I'N(M,N*S) = () I (M,N*%).
s'>s
Such spaces are characterized in terms of the Sobolev spaces (where for simplicity

assume that M has no boundary, since this is the only case used in this paper),
H*= (M) :=(,_, H* (M), as follows:

For any vector fields on M tangent to X, Xq,..., X,
s+ * ) ) ) )
u € IM(MNTY) = { Xy ... Xpue H 5 (M),
(3.17)

see [20, Definition 18.2.6 and Theorem 18.2.8].

Assume now that the conormal bundle N*¥ is oriented; for (z,£) € N*X \ 0 we say
that & > 0 if £ is positively oriented and £ < 0 if £ is negatively oriented. This gives
the splitting

N*S\0=N'SUN'S, Ni¥:={(z,f) € N*S | +£ > 0}. (3.18)

Denote by I°(M, N13) the space of distributions uw € I°(M, N*X) such that WF(u) C
N1¥, up to the boundary. Since ¥ is transversal to the boundary this means that an
extension of u satisfies this condition. In the model case (and effectively in the cases
considered in this paper) M = R™, ¥ = {x; = 0} they can be characterized as follows:
(€, 2) lies in ST2TS(N*%) and 4(€, ') = O((&) ™) as & — Foo.

In the present paper we will often study the case when M = 01, identified with S*
by a coordinate #, and we are given two finite sets X7, X~ C 90 with Xt NX~ = (.
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We denote
I°(09, N*E LIN*Z+) I° (09, N* )+[S(8Q,Nf2+). (3.19)

Put ¥ := X UX", then (02, N; X~ UN*XT) consists of the elements of 1°(9€2; N*X)
with wavefront set contained in N3X~ L N*¥X*.

Assume that ¥ has an even number of points (which will be the case in our ap-
plication) and fix a defining function p € C®(0Q;R) of ¥: that is, ¥ = p~1(0)
and dp # 0 on . Fix also a pseudodifferential operator Ay € ¥°(9Q) such that
WF(As) N (N;E- UN*EY) = 0 and Ay, is elliptic on N*3~ U Ni¥*. Using (3.17),
we see that u € D'(0Q) lies in I°7(092, Ni¥~ U N*X*) if and only if the following
seminorms are finite:

1(p30)Yull -1 -aosy [ Asullgn forall N € No, 5> 0. (3.20)

Choosing different p and Ay, leads to an equivalent family of seminorms (3.20). In
particular, if p, Ay are as above and Ay € U°(09) satisfies WF(Ag)N (NIY"UN*E*) =
() then WF (AZ) lies in the union of {p # 0} and the elliptic set of Ay, thus by the
elliptic estimate we have for Ng > N + % +s+p

[ Asull v < C(I[Asull v + 11(090) ™ ull -y s + Nl -3 -os)- (3.21)
Moreover, the operator pdy is bounded with respect to the seminorms (3.20), as are

pseudodifferential operators in W°(9€2) [20, Theorem 18.2.7].

We will also need the notion of conormal distributions depending smoothly on a
parameter — see [13, Lemma 4.4] for a more general Lagrangian version. Here we restrict
ourselves to the specific conormal distributions appearing in this paper and define
relevant smooth families of conormal distributions in Proposition 7.4 and Lemma 8.3.

We will not discuss principal symbols of general conormal distributions to avoid
introducing half-densities, however we give here a special case of the way the principal
symbol changes under pseudodifferential operators and under pullbacks:

Lemma 3.3. Assume that u € E'(R) lies in I*(R,{0}), that is @ € S*~1(R). Then:

(1) If a(z,&) € S°(T*R) is compactly supported in the x variable and Op(a) is
defined by (3.2), then

Op(a)u(€) = a(0,)a(e) + S (R). (3.22)

(2) If f is a diffeomorphism of open subsets of R such that f(0) =0 and the range
of f contains supp u, then

Fu€) = (o ) + 5%
P = g ) + 5@ 529
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Proof. Since these statements are standard, we only sketch the proofs, referring to [20,
Theorems 18.2.9 and 18.2.12] for details. To see (3.22) we use the formula

— 1

Op(@)ul§) = 5= [ e Oa(w, )i(y) dyd

2T R2
Assume that [£] > 1. Using a smooth partition of unity, we split the integral above
into 2 pieces: one where | —&| > 1]¢| and another one where [ — | < 3]¢|. The first
piece is rapidly decaying in £ by integration by parts in . The second piece is equal
to a(0,€)a(E) + S 1(R) by the method of stationary phase.

To see (3.23) we fix a cutoff x € C°(R) such that supp x lies in the range of f and
X = 1 near suppu. Using the Fourier inversion formula, we write

— 1

Fru§) = o= [ (@)t dd

2T R2
Now (3.23) is proved similarly to (3.22). Here in the application of the method of
stationary phase, the critical point is given by = = 0, n = £/f’(0) and the Hessian of
the phase at the critical point has signature 0 and determinant — f’(0)2. O

3.3. Convolution with logarithm. In §4 we need information about mapping prop-
erties between spaces of conormal distributions on the boundary and conormal distri-
butions in the interior. In preparation for Lemma 4.8 below we now prove the following

Lemma 3.4. Let f € C®(R) and define

g(x) = /OOO log |z — y| L\/%) dy, = >0. (3.24)

Then g € C*°([0, 00)).

Remark. In general g is not smooth on (—oc, 0]. In fact, changing variables y = 52|z,
we obtain (see (3.25) below)

_1 [ (%))
"(z) = -2 d 0

which blows up as x — 0— if f(0) # 0. This, and the conclusion of Lemma 3.4, can
also be seen from analysis on the Fourier transform side.

Proof. Denote x,"/* := H(z)z~/2 where H(z) is the Heaviside function: H(z) =1 for
x > 0 and H(xz) = 0 for z < 0. Since g is the convolution of log |z| and x:rl/Qf(ac),
which are both smooth except at x = 0, the function ¢ is smooth on (0,00). Thus it
suffices to prove that g is smooth on [0, 1] up to the boundary.
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[ ——
[ ——

F1GURE 10. The contour I' used in the proof of Lemma 3.4. The dashed
lines are the cuts needed to define the function ¥,(z).

1. Assume first that f is real valued and extends holomorphically to the disk {|z| < 4}.
Making the change of variables y := t2, we write

g(z) = 2/ log |12 — x| f(12) dt / log |12 — 2| (£2) dt. (3.25)
0 R
Assume that x € (0, 1] and consider the holomorphic function

Un(2) o= log(z — v/) +log(z + V), 2 € C\ ((VZ —i[0,00)) U (—v/Z — i[0, 00))).

where we use the branch of the logarithm on C\ —i[0, 00) which takes real values
on (0,00). Then Re),(t) = log |t? — x| for all t € R\ {/z, —/7}.

Fix an z-independent contour I' = {t +iw(t) | t € R} C C such that w(t) > 0
everywhere, w(t) = 0 for |t| > 3, [t + iw(t)| < 2 for |¢t| < 2, and w(t) > 0 for [t| < 1.
(See Figure 10.) Deforming the contour in (3.25), we get

g(x) = Re/rtbx(z)f(zQ) dz forall z € (0,1].

Since 9,1,(z) = (z — 2?)7!, the function v,(z) and all its x-derivatives are bounded
uniformly in x € (0, 1] and locally uniformly in z € T". It follows that g is smooth on
the interval [0, 1].

2. For the general case, fix a cutoff x € C°(R) such that x = 1 near [—4,4]. Take
arbitrary N € N. Using the Taylor expansion of f at 0, we write

f(x) = fi(@) + fol), fi(z) = p(z)x(z)

where p is a polynomial of degree at most N and f, € C®(R) satisfies fo(x) =
O(|z|¥*t1) as = — 0. We write g = g1 + go where g; are constructed from f; us-
ing (3.24).

By Step 1 of the present proof, we see that g; is smooth on [0, 1]. On the other hand,
xf/Qfg(w) € CY(R); since log |z| is locally integrable we get go € CV([0,1]). Since N
can be chosen arbitrary, this gives g € C*°([0, 1]) and finishes the proof. O
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We also give the following general mapping property of convolution with logarithm
on conormal spaces used in Lemma 4.9 below:

Lemma 3.5. Let ¥ C R be a finite set and put log, x := log(x £1i0). Then

{bgi xf € I""Y(R,N1X),

feR NIE)NER) log.. *f € C(R)
) .

Proof. Assume that f € I°(R, NYX)NE'(R) (the case of N*¥ is handled similarly). We
may reduce to the case ¥ = {0}. Since 0, is an elliptic operator, the local definition
(3.16) (with no z’ variable) shows that it is enough to show that

O, log, xf € I'(R, N7 {0}), O.log_xf € C*(R).

It remains to use that 9, log, = (z £40)~! and we have the Fourier transform formula
(see [19, Example 7.1.17]; here H is the Heaviside function)

Uig(7) == (r £40)' = Uwo(§) = F2miH (£E). (3.26)
O

3.4. Microlocal structure of (z+iey(z))~!. In this section we study the behaviour
as € — 0+ of functions of the form

x(x,e)(x £ icy(z,e))™t € C°(J), 0<e<cep (3.27)
where J C R is an open interval containing 0 and
X, € C™®(J x[0,60);C), Retp >0 on Jx][0,¢). (3.28)

We first decompose (3.27) into the sum of r(z +icz)~!, where r,z € C depend on ¢
but not on z, and a function which is smooth uniformly in ¢:

Lemma 3.6. Under the conditions (3.28) we have for all ¢ € (0, &)
X(@,) (@ 4 ieg(,e) = (@) (it (€) + (me)  (329)

where 1=, 25 € C*([0,29)) and g& € C>°(J x [0,&0)) are complex valued, Re 2% > 0 on
[0,€0), 2*(0) = %(0,0), and x(z,0) = xq*(z,0) + r=(0).

Proof. Since (z + ie(z,€))~! is a smooth function of (z,e) € J x [0,&0) outside of
(0,0), it is enough to show that (3.29) holds for |z|, e small enough.

The complex valued function F*(z,¢) := z4iey(x, €) is smooth in (z,¢) € J %[0, go)
and satisfies F¥(0,0) = 0 and 9,F*(0,0) = 1. Thus by the Malgrange Preparation
Theorem [19, Theorem 7.5.6], we have for (z,¢) in some neighbourhood of (0,0) in
J % [0, 0)

r = qf (v,¢e)(x £ie(x,e)) +ri(e)
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where ¢, r{ are smooth. Taking ¢ = 0 we get ri°(0) = 0 and ¢i(z,0) = 1; dif-
ferentiating in & and then putting 2 = ¢ = 0 we get d.r{(0) = Fi(0,0). We put
2% (e) := die~'r{(€), so that when € > 0
(z +ic(m,e)) ™ = ¢f (z,8)(x £iczF(e)) ™ (3.30)

Note that 2%(0) = (0, 0) and thus Re z*(g) > 0 for small ¢.

Now, we use the Malgrange Preparation Theorem again, this time for the function
F*(z,¢) := z +iez%(e), to get for (x,¢) in some neighbourhood of (0,0) in J x [0, &)

X(@,€)qi (x,) = ¢* () (x £ iz*(e)) + 77 (e)

where ¢*, r* are again smooth. Taking e = 0 we get x(x,0) = xg*(x,0) + r=(0).
Together with (3.30) this gives the decomposition (3.29). O

+

As an application of Lemma 3.6, we give

Lemma 3.7. Assume that 1 satisfies (3.28). Then we have for all s < —%
(x £ip(r,e))™t — (x+i0)" as e =0+ in H(J). (3.31)
Proof. Put x = 1 and let 25(g), r*(¢), ¢*(x,€) be given by Lemma 3.6; note that
1 = 2q¢*(z,0) +7%(0), thus r*(0) = 1 and ¢*(x,0) = 0. We have
(x £iez(e))™t — (x£40)"" in H*(R).

Indeed, the Fourier transform of the right-hand side is equal to F2miH (££) by (3.26)
and the Fourier transform of the left-hand side is equal to F2miH (if)e‘szi(sﬂf' by

e (z) = (z+i2)7!, Rez>0 = U (&)= F2miH (£E)e . (3.32)

We have convergence of these Fourier transforms in L?*(R; (£)?* d¢) by the Dominated
Convergence Theorem.

By (3.29) this implies that the left-hand side of (3.31) converges in H
r(0)(x £i0) " + ¢F(2,0) = (v £i0)*
which finishes the proof. [l

(J) to

The functions 7+, z*, ¢* in Lemma 3.6 are not uniquely determined by x, 1, however
they are unique up to O(e™):

Lemma 3.8. Assume that rji, zji € C*([0,20)), 7 = 1,2, are complex valued functions
such that Re zj»[ >0 on [0,ep), rji(O) #0, and

G (w,e) == 1rF(e)(w £iezi () —ri(e)(z £iczi (€)™ € C(J x [0,g)).

Then v (e) —ry (), 2 () — 25 (), and G*(x,€) are O(e™), that is all their derivatives
in € vanish at € = 0.
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Proof. Differentiating £ — 1 times in x and then putting x = 0 we see that for all £ > 1

rie) (e
ekzi(e)b bz (e)

- € C*°([0,9)).

Therefore

+ +
a§|ao(;;(§)k - ;(f))k) =0 forall 0<(<Fk. (3.33)
Taking ¢ = 0 and k = 1,2, we see that 77°(0) = r5(0) and 2 (0) = 25°(0). Arguing by
induction on ¢ and using k = ¢+ 1,¢ -+ 2 in (3.33) we see that 9’;(0) = 95 (0) and
92 (0) = 025 (0). Thus () — ri(e) and 2 (g) — 25 (g) are O(e™), which implies
that ¢*(x,¢) is O(e*) as well. O

Remark. If y and v depend smoothly on some additional parameter y, then the proof
of Lemma 3.6 shows that 7+, 2%, ¢© can be chosen to depend smoothly on y as well.
Lemma 3.7 also holds, with convergence locally uniform in y, as does Lemma 3.8.
In §4.6 below we use this to study expressions of the form

X(ea 0/7 8) (9 — 0+ Z€w<e7 9/7 5))717 (334>

where (6,6') is in some neighbourhood of 0 and we put z :=60 — ', y := 6.

For the use in §4 we record the fact that operators with Schwartz kernels of the
form (3.34) are pseudodifferential:

Lemma 3.9. Assume that ¢=(0') and 2X(0') are complex valued functions smooth in
0 € S' :=R/Z and € € [0,e9) and such that RezE > 0. Let y € C=(S* x S!) be
supported in a neighbourhood of the diagonal and equal to 1 on a smaller neighbourhood

of the diagonal. Consider the operator AZ on C*(S!) given by

AZF(0)= | KZ(0.0)f(0)do,

St
Kx(0.9) - [XODIEON 00 2iez @), >0 (339
ST X(0,0)cE @) (6 — 0 £i0)7 e =
Then A% € WO(SY) uniformly in e and we have, uniformly in €,
WF(A) € {££ >0}, o(AD)(0,€) = F2micE(9)e= Ol [ (L¢), (3.36)

where for € > 0 the principal symbol is understood as in (3.7) and H is the Heaviside
function (with the symbol considered for €] > 1).

Remark. We note that the definition (3.7) of the symbol of a family of operators and

Lemma 3.8 show that the principal symbol is independent of the (not unique) ¢, 2.
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Proof. Using the formulas (3.26) and (3.32), we write the kernel K=(,6') as an os-
cillatory integral (where a. (0,6 ) is supported near {# = 6’} where § — 0’ € R is
well-defined)

1 /
KE0.0) = 3= [ @0 a(0.0'.) e
™

0=(0,0',€) = F2mix(0,0')cE(0')e = N H ().

Fix a cutoff function y € C°(R) such that X = 1 near 0 and split a. = Y(§)a. + (1 —
X(€))a.. The integral corresponding to x(&)a. gives a kernel which is in C* in 6, ',
and € € [0,&). Next, (1 — X(£))a. is a symbol of class S% for each «, 3 there exists
Cap such that for all 6,6, ¢ and € € [0,¢¢), we have

106000 (1 = X(€))a=(0,0,€))| < Caple) ™.

Therefore (see [20, Lemma 18.2.1] or [17, Theorem 3.4]) we see that A € W0 uniformly
in e, its wavefront set is contained in {££ > 0}, and its principal symbol is the
equivalence class of a.(6,0,&). O

Remark. The fine analysis in §3.4 is strictly speaking not necessary for our application
in §4.6: indeed, in the proof of Proposition 4.15 one could instead use a version of
Lemma 3.9 which allows ¢& and zF to depend on both 6 and #’. Moreover, ultimately
one just uses that the exponential in (3.36) is bounded in absolute value by 1, see
the proof of Lemma 5.2. However, we feel that using the results of §3.4 leads to nicer
expressions for the kernels of the restricted single layer potentials in §§4.6.5—4.6.6 which
could be useful elsewhere.

4. BOUNDARY LAYER POTENTIALS

In this section we describe microlocal properties of boundary layer potentials for the
operator P — w? = 82 Ag' — w?, or rather for the related partial differential operator
P(w) defined in (4.1). T he key issue is the transition from elliptic to hyperbolic be-
haviour as Imw — 0. To motivate the results we explain the analogy with the standard
boundary layer potentials in §4.2. In §4.3 we compute fundamental solutions for P(w)
on R? and in §4.4 we use these to study the Dirichlet problem for P(w) on . This will
lead us to single layer potentials: in §4.5 we study their mapping properties (in par-
ticular relating Lagrangian distributions on the boundary to Lagrangian distributions
in the interior) and in §4.6 we give a microlocal description of their restriction to 0€2
uniformly as Imw — 0, which is crucially used in §5.

In §§4-7 we generally use the letter A to denote the spectral parameter when it is
real and the letter w for complex values of the spectral parameter, often taking the
limit w — A £10.
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4.1. Basic properties. Consider the second order constant coefficient differential op-

2
erator on Ry

P(w) = (1—-w’)2, —w?d2, where weC, 0<Rew<l. (4.1)
Formally,
P(w) = (P—w?)Aq, Pw)'=A4P—-w?)" (4.2)

We note that P(w) is hyperbolic when w € (0, 1) and elliptic otherwise. We factorize
P(w) as follows:

P(w)=4ALfL;, Lj:=(+wd, +V1—w?dy,). (4.3)

Here /1 — w? is defined by taking the branch of the square root on C\ (—o0, 0] which
takes positive values on (0,00). We note that for A € (0,1) the operators Lj are
two linearly independent constant vector fields on R2. For Imw # 0, L= are Cauchy—
Riemann type operators.

The definition (1.2) of the functions £*(z, \) extends to complex values of \:
4

V1—w?

Then the linear functions (*(e,w) are dual to the operators L:

(X (z,w) = + = (r,1) ER?, weC, 0<Rew<l
w

LEtE(r,w) =1, LIF(z,w) =0. (4.4)
We record here the following statement:
Lemma 4.1. Assume that Imw > 0. Then the map v € R? — (F(z,w) € C is

orientation preserving in the case of £ and orientation reversing in the case of (. If
Imw < 0 then a similar statement holds with the roles of {* switched.

Proof. This follows immediately from the sign identity

sgn Im =sgnlmw, weC, 0<Rew<l1 (4.5)

w
V1—w?
which can be verified by noting that Re v/1 —w? > 0 and sgnIm v/ 1 — w? = — sgn Im w.
O

4.2. Motivational discussion. When Imw > 0 the decomposition (4.3) is similar to
the factorization of the Laplacian,

A =40,0;, 0.=1(0,—i0,), 0:=21(0,+id,).

The functions z = z + iy and z play the role of ¢*(z,w) for +, respectively (which
matches the orientation in Lemma 4.1) and 9., d; play the role of L, L. Hence to
explain the structure of the fundamental solution of P(w) and to motivate the restricted
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boundary layer potential in §4.6 we review the basic case when 2 = {y > 0} and P(w)
is replaced by A. The fundamental solution is given by (see e.g. [19, Theorem 3.3.2])

AE =6y, E:=clog(zz), 0.F=c/z, 0:E=c/z, c=1/4r.
We consider the single layer potential S : C°(R) — D'(R?*) N C>(R?\ {y = 0}),

Sv(x,y) == / E(x — 2 y)v(a)ds', veC R).
R
We then have limits as y — 0=,

1
Civ(z) = Cu(x) := Py / log |[x — o' |v(2")da,
R

and we consider

0.Cu(x) = ylg(l)li O Sv(x,y) = ylg(l)li(ﬁz + 05)Sv(x,y).
Then (where we recall ¢ = 1/4)
: . : c / ! c /
yllgli 0.5v(x,y) = yl_l)%qi I Z,yv(x Yda' = /R P Z,Ov(x )dx,

and similarly,
. A ERT C / r_ C /
ylggi 0.5v(x,y) = ylirél:t Iy Z,yv(x Ydx' = /R ——v(2")dx,

where the right hand sides are understood as distributional pairings. This gives
1
0.Cv(x) = o /R ;(1: — 2’ +40) (') da’ (4.6)

which is % times the Hilbert transform, that is, the Fourier multiplier with symbol
—isgn(§). (We note that Y, (z — 2/ £40)~! = 29, log || which is the principal value
of 2/x.)

In §4.6 we describe the analogue of 0,C in our case. It is similar to (4.6) when
Imw > 0 but when Imw — 0+ it has additional singularities described using the chess
billiard map b(z,\), A = Rew, or rather its building components 4*. The operator
becomes an elliptic operator of order 0 (just as is the case in (4.6) if we restrict our
attention to compact sets) plus a Fourier integral operator — see Proposition 4.15.

4.3. Fundamental solutions. We now construct a fundamental solution of the op-
erator P(w) defined in (4.1), that is a distribution E,, € D'(R?) such that

P(w)E, = b. (4.7)

For that we use the complex valued quadratic form

A(x,w) = €+($(},w)€7<x,w) — _ﬁ +
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Since 0 < Rew < 1 we have sgnIm(—w™2) = sgnIm((1 — w?)™!) = sgn Imw, thus

sgnIm A(r,w) =sgnlmw for all x € R*\ {0}. (4.8)

4.3.1. The non-real case. We first consider the case Imw # 0. In this case our funda-
mental solution is the locally integrable function

1sgnImw
E (z) =cylog A(z,w), x€R*\{0}, ¢, =—>—. 4.9
(@) 1= e, log (e ) 0} e= RS )

Here we use the branch of logarithm on C\ (—oo, 0] which takes real values on (0, 00).
Note that the function E,, is smooth on R?\ {0}.

Lemma 4.2. The function E,, defined in (4.9) solves (4.7).

Proof. We first check that P(w)E, = 0 on R?\ {0}: this follows from (4.3), (4.4), and
the identities

1
Lilog A(z,w) = ) for all z € R*\ {0}. (4.10)
Next, denote by B, the ball of radius ¢ > 0 centered at 0 and orient 0B, in the

counterclockwise direction. Using the Divergence Theorem twice, we compute for
each p € C>(R?)

[P dr =i [ Rt ds
= —4¢,, lim L, o(x) dx

o) (V1 —w?dry + wdzs)

=0+ Jop. (W)

= —2c,wV1 — w?p(0) lim de (@) _ ©(0)

e—0+ OB €+($,W)

which gives (4.7). Here in the last equality we make the change of variables z = (*(z,w)
and use Lemma 4.1. U

4.3.2. The real case. We now discuss the case A € (0,1). Define the fundamental

solutions Eyiy € L _(R?) as follows:

1
Eyiio(x) := £cylog(A(z, \) £140), =—
o) = Feloa(Aln, AV £10), o= ey

log A(z, \), A(z, \) > 0;
log(—A(z,\)) £im, A(x,\) <0.

(4.11)
log(A(z, A) £1i0) = {
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The next lemma shows that Eyi;e — Ejyiio in D'(R?) as e — 0+. In fact it gives
a stronger convergence statement with derivatives in A. To make this statement we
introduce the following notation: if 7 C (0,1) is an open interval then

O(J +i[0,00)) C C®(T +i]0,00)) (4.12)

consists of C* functions on J + i[0,00) which are holomorphic in the interior J +
i(0,00). Similarly one can define &(J — [0, 00)).

Lemma 4.3. The maps

E,, Imw#0,

(4.13)
Extio, w=X¢€(0,1)

w e (0,1) £i[0,00) {
lie in 0((0,1) £ i[0,00); D'(R?)) in the following sense: the distributional pairing
of (4.13) with any ¢ € C*(R?) lies in O((0,1) £ [0, 00)).

Proof. We consider the case of Imw > 0, with the case Imw < 0 handled similarly.
Fix ¢ € C>*(R?).
1. We will prove the following limiting statement: for each A € (0, 1)

/ B, (x)p(z)dr — [ Expo(z)e(r)dr forall w; — A, Imw; >0. (4.14)
R2

R2
We write w; = Aj+ig; where A\; — A and £; — 0+. We first show a bound on £, (z) =
cw;log A(z,w;) which is uniform in j. Taking the Taylor expansion of £*(x, A + ic) in
€, we get
0 (2, wi) = € (2, 0;) + g 0N (2, 0;) + O(e5]2]),

where the constant in O(e) is independent of j. Since O\ (z, \;) is real, we bound

£ ()| = L6 (2, A + 25100 (@ 0))]) — C2lal. (4.15)
As (7 (z, Nj),0\" (z, ;) are linearly independent linear forms in x (see (2.7)), we have
2] < C (162 0)| + [0 (2. 0,)]). (4.16)

Together (4.15) and (4.16) show that for j large enough
1,0 2 L6 (2, ). (4.17)

The same bound holds for ¢~. Since A(z,w;) = (*(z,w;)¢" (z,w;), we then have
CHA(@, M) < A(z,w;)] < Claf®

which implies the following bound for j large enough, some j-independent constant C,
and all z € R%:

1B, (2)] < C(1By, o)) + log(2 + [2])). (4.18)
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2. To pin the zero set of A(x, \;), which depends on \;, we introduce the linear isomor-
phism @) : R2 — R such that ®;"(z) = (¢ (z, A), £ (z,X)). Then A(®x(y),\) = y11»,
so the pullback of Ey i by @, is given by

D3, Ex+io(y) = e, log(y1yz + i0) (4.19)
which is a locally integrable function on R

We can now show (4.14). For each y € R?, we have A(®,,(y),w;) = A(PA(y),\) =
y1y2 and (P, (y)) — @(PA(y)). Using (4.8) we then get the pointwise limit

P}, (Ew;0)(y) = @A(Erriop)(y) forall ye R?, 4132 # 0.

Now (4.14) follows from the Dominated Convergence Theorem applied to the sequence
of functions @} (E., %), where the dominant is given by the locally integrable function
C(1 + |log(y1y2 + 10)|) as follows from the bound (4.18) and the identity (4.19).

3. Denote by F,(w) the pairing of (4.13) with ¢. Since A(z,w) is a quadratic form
depending holomorphically on w € (0,1) + (0, 00) which has a positive definite imag-
inary part by (4.8), we see that F, is holomorphic on (0,1) 4 (0, 00). Moreover, the
restriction of F,, to (0,1) is smooth, as can be seen by writing

F,(\) = /R2 Eyyio(7)p(z) dr = cy| det @, /Rz log(y1y2 +i0)p(Pa(y)) dy, A € (0,1)

and using that the function (y, \) — ¢(®a(y)) is smooth in (y,A). By (4.14) F, is
continuous at the boundary interval (0, 1). Since F, is holomorphic, it is harmonic, so
by boundary regularity for the Dirichlet problem for the Laplacian (see the references
in the proof of Lemma 4.4 below) we see that F,, € C*((0,1) + [0, 00)). O

Passing to the limit in (4.7) we see that
P(A)E)\:I:io = 50 forall A\ e (0, ].) (420)

Note that E)yii(z) is smooth except on the union of the two lines {¢*(z, \) = 0} and
{€~(xz,A\) = 0}. We remark that Fy.;o are the Feynman propagators in dimension one,
see [19, (6.2.1) and page 141] for the formula in all dimensions.

4.4. Reduction to the boundary. We now let Q C R? be a bounded open set with
C boundary and consider the elliptic boundary value problem

Pw)u=f, ulsn=0, Rewe (0,1), Imw #O0. (4.21)

Lemma 4.4. For each f € C*(Q), the problem (4.21) has a unique solution u €

(%),

Remark. The proof shows that if f is fixed, then u € C*°(Q) depends holomorphically
onw € (0,1) £(0,00).
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Proof. 1. We first show that for each p € C\ [1,00) and s > 2, the map
H(Q)3u — ((A—pd?)u,ulo) € H (Q) & H3(09) (4.22)

is a Fredholm operator. (Here H () denotes the space of distributions on € which
extend to H® distributions on R%) We apply [20, Theorem 20.1.2]. The operator
A — /L@i is elliptic, so it remains to verify that the Shapiro-Lopatinski condition [20),
Definition 20.1.1(ii)] holds for any domain €. (An example of an operator for which this
condition fails is (9,, + i0,,)%.) In our specific case the Shapiro-Lopatinski condition
can be reformulated as follows: for each basis (£, 7n) of R?, if we denote by M the space
of all bounded solutions on [0, 00) to the ODE

p(€ —nd)u(t) =0, p(&) =&+ (1—pé

then the map u € M +— u(0) is an isomorphism. This is equivalent to the requirement
that the quadratic equation p(§ + zn) = 0 have two roots, one with Im z > 0 and one
with Im z < 0. To see that the latter condition holds, we argue by continuity: since
A — u@iz is elliptic, the equation p(§ 4+ zn) = 0 cannot have any real roots z, so the
condition either holds for all u, &, n or fails for all u, &, n. However, it is straightforward
to check that the condition holds when = 0, £ = (1,0), n = (0, 1), as the roots are =+i.

2. We next claim that the Fredholm operator (4.22) is invertible. We first show that
it has index 0, arguing by continuity: since the operator (4.22) is continuous in g in
the operator norm topology, its index should be independent of u. However, for =0
we get the Dirichlet problem for the Laplacian, where (4.22) is invertible.

To show that (4.22) is invertible it remains to prove injectivity, namely
ue H* (), (A—pd2)u=0, upo=0 = u=0. (4.23)

Multiplying the equation (A — uf)i)u = 0 by uw and integrating by parts over (), we
get ||VU||%2(Q) = MHaﬂ?zu”%Z(Q)' Since 0 < ||8$2u||%2(9) < ||VU||%2(Q) and p ¢ [1,00), we
see that ||Vul[2(q) = 0, which implies that v = 0, giving (4.23).

3. Writing

P(w) =02, — w?A = —w*(A — pd2), p=w?eC\[1,00)

and using the invertibility of (4.22), we see that for each s > 2 and f € FS_Q(Q), the
problem (4.21) has a unique solution u € H (). When f € C>(), we may take

arbitrary s which gives that u € C*(€2). O

We will next express the solution to (4.21) in terms of boundary data and single layer
potentials. Let us first define the operators used below. Let T*0€) be the cotangent
bundle of the boundary 0f). Sections of this bundle are differential 1-forms on 0f2
(where we use the positive orientation on 0f2); they can be identified with functions
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on 99 by fixing a coordinate §. Define the operator Z : D'(9Q; T*9Q) — &'(R?) as
follows: for v € D'(9; T*0N) and ¢ € C™(R?),

/RQIU(x)go(x) dx ::/ Q. (4.24)

o0N

Note that supp(Zv) C 99 and we can think of Zv as multiplying v by the delta function
on 0f). Next, let E, be the fundamental solution constructed in (4.9) and define the
convolution operator

R, : &'(R*) — D'(R?), R,g:=E,x*yg. (4.25)

Using the limiting fundamental solutions Fyi; constructed in (4.11), we similarly
define the operators Ry for A € (0,1) which will be used later. Finally, for w €
(0,1) + iR, define the ‘Neumann data’ operator

N, 1 C°(Q) — C®(0T*00Q), Nyu = —2wV1 —w?j*(Liudlt(e,w)), (4.26)

where j : 092 — Q is the embedding map and j* is the pullback on 1-forms. We can
now reduce the problem (4.21) to the boundary:

Lemma 4.5. Assume that u € C*(Q) is the solution to (1.21) for some f € C(Q).
Put U :=Tgqu € &'(R?) and v := N,u. Then

P(w)U = f —Twv, (4.27)
U=R.f — R.Tv. (4.28)

Remark. Note that we also have
v=2wV1—-w?j(Lyudl” (e,w)).
Indeed, 0 = j*du = j*(Lludlt + L udl™) since ulsq = 0 and by (4.4).

Proof. Let ¢ € C°(R?), then by (4.3)
/ (Pw)U)pdx = 4 / WLt Lo pdy = —4 / (LEu) (L) da
R? Q Q

:/fwdx—él/Lw((pLofu)d:c
Q Q

= / fodr +2wv1 —w2/ oL udl*
Q 0

= /(f —ZTv)pda
Q

which gives (4.27). The identity (4.28) follows from (4.27), the fundamental solution
equation (4.7), and the fact that U is a compactly supported distribution: E,*P(w)U =
(P(w)BE,) +U =U. O
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In the notation of Lemma 4.5, define S,v := (R,Zv)|q € D'(2). Then (4.28) implies
that
u=(R,f)|a — Suv. (4.29)

Since R,,f € C*®(R?), we have S,v € C*(Q). Denote by C,v := (S,v)|aq its boundary
trace, then the boundary condition u|sq = 0 gives the following equation on v:

Cov = (Ruf)loa- (4.30)

This motivates the study of the operator S, in §4.5 and of the operator C, in §4.6.

4.5. Single layer potentials. We now introduce single layer potentials. For w € C
with 0 < Rew < 1 and Imw # 0 the single layer potential is the operator S, :
D'(0Q; T*02) — D'(2) given by

Suv = (E, *Tv)|q, veD(09Q;T00). (4.31)
Here E, € D'(R?) is the fundamental solution defined in (4.9) and the operator Z :

D'(0Q; T*00) — £'(R?) is defined in (4.24). Similarly, if A € (0,1) and © is A-simple
(see Definition 1) then we can define operators

Sywio : D' (09 T*09) — D'(Q) (4.32)

by the formula (4.31), using the limiting distributions Fy1, defined in (4.11).

If we fix a positively oriented coordinate 6 on 02 and use it to identify D’'(0€2; T*052)
with D'(09), then the action of S, on smooth functions is given by

Su(f d6)(x) = / Eu(e—y)f(y)do(y), feC™9), zc0 (4.33)

o0
and similarly for Sy4o.

We now discuss the mapping properties of S, in particular showing that S,v, Syt0v €

C*(2) when v € C*(9Q; T*02). We break the latter into two cases:

4.5.1. The non-real case. We first consider the case Imw # 0. We use the following
standard result, which is a version of the Sochocki-Plemelj theorem:

Lemma 4.6. Assume that Qo C C is a bounded open set with C* boundary (oriented
in the positive direction). For f € C*(0€), define u € C*(y) by
d
u(z) = M, z € .

900 w —z

Then u extends smoothly to the boundary and the operator f — w is continuous
C>=(09Q) — C=().
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Remark. In the (unbounded) model case ©y = {Imz > 0}, we have for each f €
Ce(R)
f(t)dt

y) = | ————, > 0.
ulw +iy) rRl—x—1y Y

We see in particular that the function z — lim,_,o 8§u(x + iy) is given by the convo-
lution of f with (~1)*i*k!(z +0) .

Proof. Let f € C°(C) be an almost analytic extension of f: that is, f|aq, = f and 95 f
vanishes to infinite order on 0€2y. (See for example [12, Lemma 4.30] for the existence of
such an extension.) Denote by dm the Lebesgue measure on C. By the Cauchy—Green
formula (see for instance [19, (3.1.11)]), we have

u(z) = 2mif(z) + 22’/ Oaf(w) dm(w), z € Q
Qo w—z
and this extends smoothly to z € C: indeed, the second term on the right-hand side is

the convolution of the distribution —2iz~! € LL _(C) with g, d:f € C°(C). O

loc
We now come back to the mapping properties of single layer potentials:

Lemma 4.7. Assume that 0 < Rew < 1 and Imw # 0. Then S, is a continuous

operator from C*°(08; T*02) to C*(12).

Remark. With more work, it is possible to show that S, is actually continuous
C>®(0Q; T*02) — C=(Q) uniformly as Imw — 0, with limits being the operators
Sx+io, A = Rew. However, our proof of Lemma 4.7 only shows the mapping prop-
erty for any fixed non-real w. This is enough for our purposes since we have weak
convergence of Sy to Sy4io (Lemma 4.3, see also Lemmas 4.10 and 4.16 below) and
in §4.6 we analyse the behaviour of the restricted single layer potentials uniformly as

Imw — 0.

Proof. Let v € C*(09Q; T*0Q). Since E,, is smooth on R?\ {0} and Zv is supported
on 022, we have S,v € C*(f2). It remains to show that S,v is smooth up to the
boundary, and for this it is enough to verify the smoothness of the derivatives L= S, v
where LE are defined in (4.3). By (4.10) we have (suppressing the dependence of ¢+
on w in the notation)

v(y)
LfSwvx :cw/ —= x €.
@) o0 H(z —y)
Since Imw # 0, the maps z +— ¢*(z) are linear isomorphisms from R? onto C (consid-
ered as a real vector space). Using this we write

LES,v(z) = £ sgn(Imw)e, M, 2= 1*(z) € Q4 (4.34)

00+ —w
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where we put Qi = (*(Q) C C and define the functions fy € C*(9) by the
equality of differential forms v(y) = f1(¢*(y)) dl*(y) on 9. Here 92y are positively
oriented and the sign factor £ sgn(Imw) accounts for the orientation of the map ¢+,
see Lemma 4.1.

Now LES,v extends smoothly to the boundary by Lemma 4.6. 0

4.5.2. The real case. We now consider the case A € (0,1):

Lemma 4.8. Assume that X\ € (0,1) and Q is A\-simple (see Definition 1). Then Sx+io

are continuous operators from C> (0 T*0Q2) to C>(£2).

Proof. 1. We focus on the operator S).;0, noting that S,_;o is related to it by the
identity
Sy_io0 = Sxpov  for all v e D'(9Q; T*00N).
We again suppress the dependence on \ in the notation, writing simply ¢*(z) and A(x).
Denoting by H(x) = lp,0)(x) the Heaviside function, we can rewrite (4.11) as
log(A(z) +10) = log [¢* (z)| + log |¢~ (z)| + imH(—A(x)).

We then decompose

Sxtio = ex(S{ + Sy +imSy) (4.35)
where for all z € Q and v € C*°(92; T*00N)

Su(z) = /8 1o |5 = ploto)

So(x) = (—A(z —y)v(y).
o0
2. Let v € C®(0Q; T*012). Fix a positively oriented coordinate 6 on 02 and write
v = fdf for some f € C=(99). We first analyse Syv, writing it as

Stu(z) = gu(C*(2)), galt) = / (ITE £) () log [t — 5| ds

where II5 f € £'(R) are the pushforwards of f by the maps ¢* defined in (2.10). Let
(£ < £ bedefined in (2.9). By part 1 of Lemma 2.3, IT5 f is supported in [¢£; | (2, ]

min max min’ ~max

and

Vs = B — O TES(5) € O (G ).
Using Lemma 3.4, we then get

9+ S COO(Miin? giax])
which implies that S3v € C=(Q).

3. Tt remains to show that Sv € C*°(Q). We may assume that v = dF for some
F e C™(0%), that is [,ov = 0. Indeed, if we are studying S{v near some point
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FiGURE 11. A point x € € and the corresponding projections
xfj) (¢%(z)) € 0. The shaded region is the set of y € R? such that
Az —y) <0.

zo € Q then we may take yy € 9 such that A(xo — 1) > 0 and change v in a small
neighborhood of yo so that SYv(x) does not change for x near zy and v integrates to 0.

For s € (¢£. ¢ ), define 7 (s),xz—;)(s) € 00 by

min’ “max (1)

Pk (5) = F sy (5) =5, (7 (2 () < (a5 ().
Then for any x € 2, the set of y € 92 such that A(z —y) < 0 consists of two intervals
of the circle 02, from mzrl) (0 (x)) to T (5)(€” () (with respect to the positive orientation
on 99) and from mé) (£7(x)) to z;) (€™ (x)) — see Figure 11. Since v = dF, we compute
for x €
SS0(@) = F_(0(2) — Fo(t* (@), Fals) = F(ak () + Flab (5)).

By part 2 of Lemma 2.3, we have Fy = YT F € C®([(£,,¢E,.]). Thus Slv € C=(Q)

min’ ~“max

as needed. O

4.5.3. Conormal singularities. We now study the action of S),;o on conormal distri-
butions (see §3.2):

Lemma 4.9. Assume that A € (0,1) and Q is X\-simple. Fiz yo € 00 \ 6\, where the
characteristic set €\ was defined in (2.3). Then for each v € D'(0Q; T*0N) we have

ve PO N {y)) =  Siuov € I 1(Q,NITE (o).

Here the positive/negative halves of the conormal bundle Ni{yo} C T*0S are defined
using the positive orientation on 0S); the line segments T's (yo) C Q are defined in (1.7)
and transverse to the boundary 0S); and NiT's (yo) are defined in (1.8).

Proof. 1. By Lemma 4.8 and since v is smooth away from y,, we may assume that

suppv C U :={y € 0| v (y) =v(y), v (y) = v (v0)} (4.36)
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where v£(y) = sgn 9pl*(y), see (2.4). We denote vt := v (yy), v~ 1= v (y0).
We claim that for all y € U and 2 € Q \ T'\(y), where 'y(y) := T} (y) UT (y),
log(A(z — y) 4+ 40) = log({™ (z — y) +iv*0) + log({™ (x — y) — v~ 0) + co,
2mi, if vt =-1 and v =1; (4.37)
“©= {O, otherwise.

(Here as always we use the branch of log real on the positive real axis.) Indeed, fix z
and y. By Lemma 2.2, we have

vil (z—y)>0 or v {T(z—y) <0 (orboth).

Then there exist a™, o~ > 0 such that a™v™~(z —y) — a v {T(x —y) = 1. This
implies that for all € > 0

Alx —y) +ic =0T (x —y)l (z —y) + ic
= (T (x —y)+iaTvte)(l (xz —y) —ia v e) + O(?).
Letting € — 0+, we obtain (4.37).

2. Fix a coordinate 6 on 02 and write v = f(6) df. Similarly to Step 2 in the proof of
Lemma 4.8 we get from (4.37)

Susat() = o5 0) + 9@ 4o [ f0)0)
o0
where, denoting log, x := log(x +i0), log_ = := log(z — ¢0) and using (2.10),

g+ = (I f) *log,+, g-:= (IL, f) *log_, . (4.38)
(Here, £v°* is meant as £ if »* = 1 and F when v* = —1.)

By (4.36), we have suppv C U where (* : U — R are diffeomorphisms onto their
ranges. Since v € I*(0Q, Ni{yo}) and recalling (2.12), we then have

I f € I'(R,NL,{¢"(y)}), Iy f € (R, NI, {{ (y0)}).
By Lemma 3.5, we see that
g+ € Is_l(R, N;i{ﬁi(yo)}), gx € c*°.

Using the Fourier characterization of conormal distributions reviewed in §3.2, we see
that Sy iof € I°1(Q, NiT5(yo)) as needed. O

Remark. In §7 we will apply this result to elements of I5(92, N3Xy UN*ZY), defined
in (3.19), where ¥ are defined in (1.6). Lemma 4.9 gives

Sasio s IP(OQ, NISy UN*ST) = P30, A (V) (4.39)
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where A=(\) = N*I'{ () UNITL (2)) = NiTT(Z)) UNATL (27) is defined in (1.9).
Here we define the conormal spaces on the right-hand side similarly to (3.19):

QA7 (V) = I*(Q, NITT(3)) + I°(Q, N T3 (2X)-

4.6. The restricted single layer potentials. We now study the restricted operators

C. : (00 T*0R) — C(09),  Cuv = (Su)s0, (4.40)

given by the boundary trace of S,v € C*(£2), see Lemma 4.7. When A is real and 2 is

A-simple (see Definition 1) we have two operators Cy4;0 obtained by restricting S+,
see Lemma 4.8. From (4.33) we have for v € C*°(0$; T*00Q)

Cou(z) = /39 E,(x —y)v(y), x € 9, (4.41)

with the integration in y, and same is true for w replaced with A £ 0. Later in (4.77)
we show that C, and Cy4;o extend to continuous operators D'(9€2; T*0Q) — D' (09).

Composing C, with the differential d : C*(9Q) — C*(09Q; T*02) we get the opera-
tor

dC, : C*(9Q; T*00Q) — C*(9Q; T*00N).
In this section we assume that

w=A+ig, >0, (4.42)

where A € (0,1) is chosen so that 2 is A-simple. Our main result here is a microlocal
description of dC, uniformly as € — 0+, see Proposition 4.15 below. (This description
is also locally uniform in A, see Remark 1 after Proposition 4.15.)

For convenience, we fix a positively oriented coordinate 6 € S! on 9Q and identify
1-forms on 9 with functions on S* by writing v = f(0)df. Let x : St — 9Q be the
corresponding parametrization map. Let

%o St =S R (x(0),2) = x(0(0)) (4.43)

be the orientation reversing involutions on S' induced by the maps y=(e, \) defined
in (1.3).

4.6.1. A weak convergence statement. Before starting the microlocal analysis of dC,,
we show that Cyy;: — Cayio as € — 0+ in a weak sense in x,y but uniformly with all
derivatives in A. A stronger convergence will be shown later in Lemma 4.16. We use
the letter 0(J + i[0,00)) for spaces of holomorphic functions that are smooth up to
the boundary interval 7, introduced in (4.12) and in the statement of Lemma 4.3.
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Lemma 4.10. Let J C (0,1) be an open interval such that S is A-simple for all A € J .
Then the Schwartz kernel of the operator

Co, Imw > 0,

(4.44)
Crrio, w=AeJ

weJ+10,00) — {

lies in O(J + 1[0, 00); D'(02 x 0R2)).

Proof. 1. The holomorphy of (4.44) when Imw > 0 follows by differentiating (4.41)
(one can cut away from the singularity at x = y and represent the pairing of (4.44) with
any element of C*°(0€ x 9Q) as the locally uniform limit of a sequence of holomorphic
functions). The smoothness of the restriction of (4.44) to J can be shown using
the decomposition (4.35) and the A-dependent local coordinates introduced in Step 2
of the present proof. Arguing similarly to Step 3 in the proof of Lemma 4.3 and

recalling (4.41), we then see that it suffices to show the following convergence statement
for all ¢ € (08 x 09):

/ B (« — y)o(z, y) d6(x)d6(y) — / BErioole — y)o(a, y) db(x)db(y)
00 xON 0N xON
forall w; = AeJ, Imw;>0.

Similarly to (4.35) we decompose
E,=E'+E; +E°, EX(2):=c,log|(*(z,w)], E°:=ic,ImlogA(z,w)

and similarly for E)y,;. It suffices to show that for ¢ = 4+, — 0 we have

B (= y)p(z,y) dO(z)do(y) — / ES oz —y)e(z,y) do(z)db(y). (4.45)

2. We have Ef (z —y) — E}, ;(x —y) for almost every (z,y) € 9Q x 92, more
specifically for all (z,y) such that y & {x,v"(xz,\),yv (z,\)}. This gives (4.45) for
e = 0 by the Dominated Convergence Theorem since |Imlog A(x,w;)| < 7.

To see (4.45) for @ = + (a similar argument works for @ = —), we follow Step 2
of the proof of Lemma 4.3. Instead of the family of linear isomorphisms ®, used
there we choose a specific local coordinate 6; on €2 which depends on \; = Rew;.
More precisely, using a partition of unity we see that it suffices to show that each
(x0,Y0) € 00 x I has a neighborhood U such that (4.45) holds for all ¢ € C(U).

Now we consider four cases (corresponding to §§4.6.3-4.6.6 below):

o (T(x0,\) # (T (yo, A): we can use the Dominated Convergence Theorem since
E* (x —y) is bounded uniformly in j and in (z,y) € U by (4.17).

J
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e yo = z9 # 7y (zo,\): we choose the coordinate 6; = ¢*(z, ;) near x,. Then
the argument in the proof of Lemma 4.3 goes through, using that log |0 — '] is
a locally integrable function of (6,6’) € R2.

e Yo =7 (2, A) # xo: we again choose the coordinate 0; = ¢*(z, \;) near xy and
near 1y, and the argument goes through as in the previous case.

e 75 =1yo =" (20, \): assume that o = 2. (\) is the minimum point of £ (e, \)
on 0F2 (the case when zg is the maximum point is handled similarly). We choose
the coordinate 6; near g given by (2.1):

O, N) = (2, (N), A)) + 05(x)?.

Then the argument in the proof of Lemma 4.3 goes through, using that log |6% —
(0")?] is a locally integrable function of (#,0") € R2.

U

4.6.2. Decomposition into T=. Since the linear functions ¢*(z,w) are dual to the vector
fields LE (see (4.4)), we have
dC, =T  + 1T, (4.46)
where the operators TF : C®(9Q; T*02) — C°(02; T*0Q) are given by (with j the
embedding map)
Tiv=j*((LES,v)dlF),  j: 09— . (4.47)
Let KX(0,0") € D'(S* x S') be the Schwartz kernel of T/F, that is

va(@):(%Ki(x(@),w))LfSwv(x(Q))d9:( Kj(@,@’)f(&’)d@’)de, (4.48)

St
where we put v = f(0)df. Recalling the integral definition (4.33) of S, the for-
mula (4.9) for E,, (which in particular shows that F,, is smooth on R?\ {0}), and the
identity (4.10), we see that K is smooth on (S! x S!)\ {# # ¢} and

Opl*(x(0),w)

KX(0,0) = 0+0. 4.4
w( ? ) CwEi(X(Q)—X(Q’),w)’ # ( 9)
4.6.3. Away from the singularities. Define the sets
Diag := {(6,6) | 6 € S'},
{(0.0) | } (4.50)

Reff == {(60,75(0)) | 0 € S}.

Note that the intersection

Diag N Refy = {(6,0) | 0 € S, 95¢*(x(6), \) = 0} (4.51)
corresponds to the critical points xE. (\), 25, (A) of £*(e, \) on 99 (see Definition 1).

At these points the operator P(\) is characteristic with respect to 5.

We start the analysis of the uniform behaviour of KF as ¢ = Imw — 0 by showing
that the singularities are contained in DiagU Reff:
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Lemma 4.11. We have
Kf|(51x81)\(DiaguRef§E) € C((S' x S")\ (Diag URef}))
smoothly in € up to € = 0.
Proof. This follows immediately from (4.49). Indeed, for (6,0') ¢ DiagURefy, we

have (*(x(0),)\) # (*(x(#'),)\) and thus the denominator in (4.49) is nonvanishing
when € = 0. O

4.6.4. Noncharacteristic diagonal. We next consider the singularities of KX(6,6) near
the diagonal but away from the characteristic set Diag N Reff. In that case the struc-
ture of the kernel is similar to the model case (4.6):

Lemma 4.12. Take 0y € S such that 75 (6) # 0o. Then for 0,6 in some neighbour-
hood U of 6y and ¢ = Imw > 0 small enough, we have

K=(0,0) = c,(0 — 0 £i0)" + (0,0, (4.52)
where = € C(U x U) is smooth in 0,0, ¢ up to e = 0.

Proof. 1. Fix some smooth vector field v(#) on 92 which points inwards. We have for
all v = f(0)df € C>(02;T*00),

3 KZ(0,0)f(0')d0' = (9pl*(x(0),w)) Jim LES,v(x(0) + 6v(0))

- | 1®) /
= ¢ (0pl* (x(0),w)) S /sl 0+ (x(6) —x(0") + v (), w) v

where the limit is in C*°(S'). Here in the first equality we use the definition (4.48)
of K* (recalling that S,v € C*(Q2) by Lemma 4.7). In the second equality we use the
definition (4.33) of S, the formula (4.9) for E,, and the identity (4.10).

Since 9pl*(x(0), \) # 0 at @ = 6, we factorize for 6,6 in some neighborhood U of 6,
and ¢ = Im w small enough

CE(x(0) = x(0),w) = G5 (0,0)(0 = 0)

where GZ(6,6’) is a nonvanishing smooth function of 6,6, & up to e = 0 and

GE(0,60) = 0p0*(x(0),w), 0 € U. (4.53)
Therefore, for (0,6) € U x U we have
AplE(x(6),w) Fv(),w)\
K=0,0) = % ) i (00 4 5L 4.54
o 0:9) === 0.0 53&( MREOND ) (4.54)

with the limit in D'(U x U).
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2. We next claim that if U is a small enough neighborhood of 6y, then for all (0,0") €
U x U and Imw = € > 0 small enough
=(v(0),w)

G1(6,0")
When w = X is real, the expression (4.55) is equal to 0. Thus it suffices to check that
for all (0,0') € U x U

+1Im > 0. (4.55)

(E(v(0), ) +ie)
Gixt-i—ie(e? 9/>

It is enough to consider the case § = 0’ = 6, in which case the left-hand side of (4.56)

equals

+0.|.oIm > 0. (4.56)

(£(v(6p), X + ig)
(%(0px(0p), A + ic)
By (2.7) and since (* is holomorphic in w it then suffices to check that
£ (6F(v(00), \)F(9px(00), A) — €(v(0o), \) €T (0px(6p), A)) > 0. (4.57)
The inequality (4.57) follows from the fact that z — (€7 (x, \), ¢~ (z, A)) is an orienta-
tion preserving linear map on R? and 9px(6y), v() form a positively oriented basis of
R? since the parametrization x(f) is positively oriented and v(6) points inside €. This
finishes the proof of (4.55).
3. By Lemma 3.7 (see also (3.34)), with ¢ taking the role of ¢, the distributional limit
on the right-hand side of (4.54) is equal to (6 — @' £40)~!. Therefore
c.0plE(x(0), w)
GL(0,0)
By (4.53) we can write for some (6, 0') which is smooth in 6,6’ ¢ up to e = 0,
cw0plE(x(0), w)
G5(0.0)
which gives (4.52) since (6 — 6')(6 — ¢’ £40)~! = 1. O

j:(?a |5:0 Im

KX(0,0) = (0 — 0 +£i0)". (4.58)

= ¢, + 50,00 —0)

4.6.5. Noncharacteristic reflection. We now move to the singularities on the reflection
sets Reff\[, again staying away from the characteristic set DiagN Reff:

Lemma 4.13. Take 0y € S' such that 5 (0y) # 6. Then there exists neighborhoods
U U = 75 (U) of v (0o),00 such that for (0,0') € U x U’ and ¢ = Imw > 0 small
enough, we have

KE(0,0) = & (0) (v (6) — 0 +iezE(0) " + H5(6,6), (4.59)
where = € C®(U x U') is smooth in 0,0, up to e = 0, the functions ¢=(0') and
25(0") are smooth in 0',& up to e =0, and

EM) = —2 1 0), Rezf(f)>c>0 (4.60)

N 09/7f(0’)



54 SEMYON DYATLOV, JIAN WANG, AND MACIEJ ZWORSKI

where ¢ is independent of €,6’.

Proof. 1. Recall that w = A\ +ic. We take Taylor expansions of /*(z,w) at ¢ = 0, using
its holomorphy in w:

(5 (z,w) = 05(2, \) +iely (z,\) + 205 (2, N, €), £ (m, ) == 005 (w, ) (4.61)

where the coefficients of the linear maps = — £ (x, \,€) are smooth in € up to € = 0.
Since 9pl*(x(0),\) # 0 at 0 = 0y, we factorize for 6,6’ in some neighborhoods U, U’ =

7 (U) of 75 (60). bo
P (x(0) = x(0), X) = £ (x(E(0)) — x(8), X) = GE(0.0)(1(0) — 0)
where G5 € C*°(U x U';R) is nonvanishing and
GEE(0),0) = Dy (x(0), V). (4.62)
Hence for (0,6") € U x U’
C=(x(0) = x(0), w) = GX(0,0) (03 (0) — 0 £ iev5(0,0)),
GEO.0) = iﬁf(x(@) —x(0),\) — iely (x(0) — x(¢"), )\,e)‘

G5 (0,0)
By (4.49) we have for (0,0") € U x U’

1

KX(0,0) = F£(0,0)(vE(0) — 0/ 2 i=g2(0,0)) ™", FE(0,0) = ., 2t (x(0),w)

GY(0,0")
Note that ¢)(6,6') and F=(0,0') are smooth in 6,6, ¢ up to € = 0.

2. We next claim that Rey(6,6') > ¢ > 0 for & small enough and (0,60') € U x U’,
if U, U’ are sufficiently small neighborhoods of 75 (6p), 6. For that it suffices to show

that

(3 (x(73 (6)) — x(60), \)
G (73 (6o). 6o)
By (2.7) and (4.62), and since £*(x(75 (60)) —x(6p), A) = 0, the left-hand side of (4.63)
has the same sign as

+1

> 0. (4.63)

L 0 (00) = x(6).)
Fpl=(x(0), M) lo=0,

which is positive by (2.5) with z := x()).
3. Now (4.59) and the second part of (4.60) follow from Lemma 3.6, see also the
remark following Lemma 3.8 where we replace § with 7{(6). Finally, by (4.62) and
differentiating the identity £*(x(75 (), \) = €*(x(#"), \) in 6’ we compute
Opl*(x(0), ) o= (0 Co

Ol (x(60"), \) Doy (0")
which gives the first part of (4.60). O

Fy (3 (0).0) = co +0(e) = +0(e)
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4.6.6. Characteristic points. We finally study the singularities of K= near the charac-
teristic set Diag NRefy. Recalling (4.51), we see that this set consists of two points
(0=, 0% )and (65, 60F ) where x(0X. ) = 2% ()\), x(0,,) = xF, (\) are the critical

min’ ¥ min max’ ~ max min min max max

points of *(e, \) (see Definition 1).

Lemma 4.14. Assume that 0y € {0=. 0= Y. Then there exists a neighborhood U =

min?’

i (U) of 0y such that for (0,0") € U x U and ¢ = Imw > 0 small enough, we have
KX(0,0) = cu(0 — 0" £i0) " +&E(0) (v (0) — 0 £ iez2(0')) " + A5(0,6')  (4.64)

where K= € C®(U x U) is smooth in 0,0 ¢ up toe =0, c=(0') and 2=(0') are smooth
in@ e uptoe=0, and (4.60) holds.

Remarks. 1. Note that Lemma 4.14 implies Lemmas 4.12 and 4.13 in a neighborhood
of the characteristic set, since the first term on the right-hand side of (4.64) is smooth
away from the diagonal Diag and the second term is smooth (uniformly in &) away
from the reflection set Ref7.

2. Since keeping track of the signs is frustrating we present a model situation: ¢*(z) =
x1 + iexy, (- (x) = x9 + texy (which is compatible with Lemma 4.1) and 92 which
near (0,0) is given by

1 = q(xa), ¢q(0)=4¢(0)=0, ¢"(0)<0.
This corresponds to the point 6
nondegenerate maximum on 0f2.

since when ¢ = 0 the function ¢*(x) = z; has a

We can use 6 = x4 as a positively oriented parametrization of 02 near (0,0). In that
case the involution 7 (0) is given by

g(v"(0)) = q(0), 7(0) = -0+ O(6%).
This gives

q"(0)
2

The Schwartz kernel of the model restricted single layer potential C is given by (with
Q = Q(0,0') and neglecting the overall constant ¢, in (4.9))

K(0,0') = log (£*(x(0) — x(0))¢" (x(6) — x(6)))
= log <((1(9> —q(0) +ie(0 — 0)) (0 — 0" +ie(q(0) — q(9’))))
=log (0 — 0)*(Q(v"(0) — 0) +ie)(1 +iQ(y" () - ¢)))
=2log|0 — 0| +log(y"(0) — 0 +icQ 1)
+log(1 +ieQ(y"(8) — 6')) +log Q.

q(0) = q(0') = Q(0,0)(6 — ") (v () — ¢'),  Q(0,0) = — > 0.
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Hence (see §4.2) the Schwartz kernel of 9,C is

89”)/+ (9) + iEagQ_1<(9, 9/)
YHO) — 0 +icQ1(0,0)

OpK(0,0) = (0 —0 +i0)"" +
+

where Q(0,0) > 0 and # € C* uniformly in e. This is consistent with (4.64)
and (4.60), where we use Lemma 3.6 and recall that by (4.46) we have 9pK = KT+ K.

+(0.9)

Proof of Lemma 4.1/. 1. Recall that w = X\ +ie, ¢ > 0 and consider the expan-
sion (4.61):

(F(z,w) = 05 (2, \) +ieli (2, \) + 265 (2, M, €).
We have for 6,6 in a sufficiently small neighborhood U of 6, € {6=. 6% }

F(x(0) — x(0'),A) = Go(0,60') (v () — 6') (0 — ¢'),
(E(x(0) —x(0'),\) = G1(0,6)(6 — 9, (4.65)
(5 (x(0) — x(0'),\,e) = Go(6,0,¢)(0 — 0,

where Gg, G, Go are smooth in 6,6, up to ¢ = 0, and Gy, Gy are real-valued and
nonvanishing. Indeed, the first decomposition follows from (2.1) and the second one,
from (2.7) and the fact that 0p¢T(x(6),\) # 0 at 6 = 6,. We have now (with G; =
G4(0,07)

F(x(0) — x(0"),w) = (0 — ') (Go(vi () — 0') + ieG + £2Gs). (4.66)

2. The argument in the proof of Lemma 4.12 (see (4.58)) shows that for any fixed small
e>0
Opl*(x(0),w) o
KX(0,0) = ~u : 0 — 6 +i0)". 4.67
« (6,9 Go(v/\i(e)—e’)—i—iaGl—i—éQGg( i0) (4.67)
To apply this argument we need to check the condition (4.55), which we rewrite as
Go(’}@%(@) — 0/) + i€G1 + €2G2
CE(v(0),w)

for 0,0 near 0y, ¢ = Imw > 0 small enough, and v(f) an inward pointing vector field
on 9. Here the denominator is separated away from zero since £*(v(6p), \) # 0.

+Im

<0 (4.68)

For ¢ = 0, the expression (4.68) is equal to 0. Thus is suffices to check the sign of
its derivative in € at ¢ = 0 and 0 = ¢’ = 6y, that is, show that (where we use (2.7))

+0E(v(0o), N (99x(6,), A) < 0. (4.69)

The latter follows from the fact that ¢=(9yx(6p), A) = 0, z + (£F(x,\), ¢ (z,))) is an
orientation preserving linear map on R?, and 9yx(6y), v(6y) form a positively oriented
basis of R2.



MATHEMATICS OF INTERNAL WAVES IN A 2D AQUARIUM 57

3. Differentiating (4.66) in 6 to get a formula for 9y¢*(x(#),w) and substituting
into (4.67) we get the following identity for ,0" € U:
Cwag (Go(’}/;\t(e) — 9/) + i€G1 + €2G2)

K*(0.0) =c (0 —0 +i0)!
o (6,67) = cul ) G E0) = 0) 1 i2Gh + 2Gh

(4.70)

where as before, G; = G;(0,¢'). Dividing the numerator and denominator of the last
term on the right-hand side by Gy, we see that the second term on the right-hand side
of (4.70) is equal to FX(6,0) (v (0) — 0 £ ish=(,0)) " where the functions
G1(0,0') — ieGy(0,0', ¢)
Go(0,0) ’
w9 (Go(0,0) (73 (0) — ) +icG1(0,0') + £2G2(6,6',€))
Go(0,0") '

U5 (0.0) =+

FX(0,0) :=

are smooth in 0,6 & up to e = 0 and 7 is real and nonzero when ¢ = 0.

To get (4.64) we can now use Lemma 3.6 (and the remark following Lemma 3.8)
similarly to Step 3 in the proof of Lemma 4.13. Here the sign condition Re¢* > ¢ >
0 and (4.60) can be verified by a direct computation using (2.7), definitions (4.65)
and (4.69); note that for the sign condition it suffices to check the sign of G1/Gy at
0 =0 =0,. O

4.6.7. Summary. We summarize the findings of this section in microlocal terms. Con-
sider the pullback operator by %jf on 1-forms on St

(vi)* - C=(SH T*SY) — C=(Sh; T*sh).
In terms of the identification of functions with 1-forms, f +— f df, we have
() (f d0) = ((f 0 7)oy db. (4.71)

Proposition 4.15. Assume that w = A+ ie where A € (0,1), ¢ > 0, and € is X\-simple
in the sense of Definition 1. Let C, be the operator defined in (4.40), where for e =0
we understand it as the operator Cy, . Using the coordinate 0, we treat dC,, as an
operator on C=(SY; T*SY). Then for all ¢ small enough, we can write

EudCy = I+ (7)) AL + ()" A (4.72)

where &, AX are pseudodifferential operators in WO(SY; T*SY) bounded uniformly in e
and such that, uniformly in e (see (3.7))

F(E)(0.6) = SBRE  WR(AT) C {he > 0}, 0(A)(0,€) = aF (6) H(e)e— Ok

2me,

where H(E) denotes the Heaviside function, a> and 2% are smooth in 0,& up to e = 0,
RezE(0) > ¢ >0, and a=(0) = -1+ O(e).
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Remarks. 1. Proposition 4.15 is stated for a fixed value of A = Rew. However, its
proof still works when A varies in some open interval J C (0, 1) such that €2 is A-simple
for all A € J. The conclusions of Proposition 4.15 hold locally uniformly in A € J and
the functions aX(0), z5(#) can be chosen depending smoothly on # € S', A € 7, and
e = Imw > 0. Moreover, the operators A and &, depend smoothly on X and all their
A-derivatives are in WO uniformly in ; same is true for the pseudodifferential operators

featured in the decomposition (4.75) below.

2. One can formulate a version of (4.72) directly on 92 which does not depend on
the choice of the (positively oriented) coordinate 6, using the fact that the principal
symbol (3.14) is invariantly defined.

Proof. 1. Recall from (4.46) that dC, = TS + T, where TF are defined in (4.47).
As with dC,, we use the coordinate 6 to think of 7= as operators on C*°(S!;T*S?!).
We will write T+ as a sum of a pseudodifferential operator and a composition of a
pseudodifferential operator with (v;y)*, see (4.75) below. The singular supports of the
Schwartz kernels of these two operators will lie in the sets Diag and Refy defined
in (4.50).

Fix a cutoff xpi.g € C(S* X S') supported in a small neighborhood of the diagonal
Diag and equal to 1 on a smaller neighborhood of Diag. Define the (w-dependent)
operator

7= . C®(ShT*SY) — C=(Sh T*Sh)

Diag
with the Schwartz kernel ¢, Xpiag(6,6')(6 — 6’ +i0)~'. Here Schwartz kernels are defined
in (4.48). By Lemma 3.9 we have

+
TDiag

e USHT*SY),  o(Tpi,) (8, &) = F2mic, H(£E). (4.73)
2. Next, define the reflected operators
TRief = Twi - TI%iag> Tl%ef = (7)%>*T1%ef

Denote by Kﬁfef, I?ﬁef the corresponding Schwartz kernels. Combining Lemmas 4.11,
4.12, 4.13, and 4.14 we see that, putting x5.(0,0) := xpiag(75 (0), ),

Kites(0.6) = X (0,0)E5 (0) (13(0) — 0 +ie23(0) ™ + A5(0,0), 0 <<z

where J#* is smooth in 6,6 ¢ up to ¢ = 0, é5(#') and z£(#') are smooth in &', & up to
e =0, RezX(0") > ¢ > 0 for some constant ¢, and &£ (0') = ¢, /Iy (0')+O(e). Here we
use a partition of unity and Lemma 3.8 to patch together different local representations

from Lemmas 4.13 and 4.14 and get globally defined ¢, 2. Recalling (4.71), we have

W Tw

K0(0,0)) = (0075 (0) Kite(155(0), 0).
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Thus by Lemma 3.9 the operator fffef is pseudodifferential: we have uniformly in € > 0

Tiy € V(SHT'SY),  WR(TE,)  {+¢ > 0},

Tt ot + —e25(0)[¢] (4.74)
0(Tig)(0,€) = F2micss (0) (B (6))e == VK H (=€),
3. We now have the decomposition for € > 0
dcw = T];iag + T];iag + (’Y;)*j:l{ef + (7;)*7/:1{ef (475>

Taking the limit as ¢ — 0+ and using Lemma 3.7 (see also (3.34)) and Lemma 4.10
we see that the same decomposition holds for € = 0, where we have

Ko (0,0') = Xt (0, 0)5 (0) (7 (0) — 0" £40) " + £;7(0,6') when e=0

and by Lemma 3.9 the properties (4.74) hold for € = 0.

The operator Tpiag = Tgiag + Thiag lies in UO(S; T*S') and has principal symbol
—2mic, sgné (away from £ = 0), which is elliptic. Let &, be the elliptic parametrix
of Thiag, s0 that E,Tpiag = I + U™ (see [20, Theorem 18.1.9]). We have o(&,) =
1/0(Tpiag) = isgné&/(2me,,). Multiplying (4.75) on the left by &, we get (4.72) where

the operators A= have the following form:
AL = (3 () Trer-
By [20, Theorem 18.1.17], (v{)*€,(75)* € WO(S'; T*S') has the principal symbol
—isgné/(2mc,) (as 75 is orientation reversing), so from (4.74) we get the needed
properties of A with
ot

af(0) = —ch—@amf(@) =—-14+0(e).

w

0

4.6.8. A strong convergence statement. A corollary of Lemma 4.10 and Proposition 4.15
is the following limiting statement:

Lemma 4.16. Assume that X € (0,1), Q is A-simple, k € Ny, and s+ 1 > t. Then

Haf,cwj - a];C)\Jri(]HHs-%k(aQ;T*aQ)*)Ht(C‘)Q) —0 fO?” all wj — )\, Im Wy > 0. (476)

Proof. 1. Fix k. We first show the following uniform bound: for each s there exists Cj
such that for all large 7,

105C.,|

Ho kT 00)—Ho+1 (99) < Cs. (4.77)
Indeed, Proposition 4.15 (more precisely, (4.75)) and Remark 1 after it imply that
1ddzC..,|

Hetk (00T 00)— He (90;T+00) < Cs  for all s, (4.78)
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where the loss of k derivatives comes from differentiating the pullback operators vf in
A = Rew. On the other hand Lemma 4.10 shows that for each ¢ € C*° (99 x 92), and
denoting by 98C,(x,y) the Schwartz kernel of the operator 95C,, the sequence

/ OEC., (), y) dO(2)d6(y)
ONXON

converges (to the same integral for 9¥Cy,;) and thus in particular is bounded. By
the Banach—Steinhaus Theorem in the Fréchet space C*°(9€2 x 0f2), we see that there
exists N, such that

105C., || 12005700yt o0y < Csy for all s > N, t < —Nj. (4.79)

(Another way to show (4.79), avoiding Banach—Steinhaus, would be to carefully exam-
ine the proof of Lemma 4.10.)

Together (4.78), (4.79), and the elliptic estimate for dy imply that (4.77) holds for
all s > Ny — k. The operator Q’jcwj is its own transpose under the natural bilinear
pairing on C*°(99Q; T*0Q2) x C*°(012). Since H* is dual to H® under this pairing, (4.77)
holds for all s < —N;—1. Then (4.79) holds for all s, ¢ such that ¢ < min(s+1—k, —Ng).
Together with (4.78) and the elliptic estimate for dp this implies that (4.77) holds in
general. Same bound holds for the operator (9’§C A+i0-

2. We now show that
hCuv = OCrtigv  in C™(8Q)  for all v € C™(9; T*0RQ). (4.80)

Indeed, by (4.77) the sequence Q'ijjv is precompact in H® for every s, and any con-
vergent subsequence has to converge to 9¥Cy v since aﬁcwjv — O%Cryiov in D' by
Lemma 4.10.

Since C* is dense in H*™* we get from (4.77), (4.80), and a standard argument in
functional analysis the strong-operator convergence

Q’jcwjv — O5Chpiov  in H(0Q) for all v € H™(9Q; T*0Q). (4.81)

We are now ready to prove (4.76). Let s 4+ 1 > t. Assume that (4.76) fails, then by
passing to a subsequence we may assume that there exists some ¢ > 0 and a sequence

v; € HM™H (09 T*0Q),  ||vj]

Hs+k = 1, ||(3£ij - a])fC)\+Z'0)Uj||Ht Z C.

Since H*** embeds compactly into H'~'**, passing to a subsequence we may assume
that v; — v in H*='**. But then

1(85C., — O5Cri0)vj || e < [[(OECw; — OYCotio) (vj — vo) || e + || (OECu; — OXCoio)vol| e

Now the first term on the right-hand side goes to 0 as j — oo by (4.77), and the second
term goes to 0 by (4.81), giving a contradiction. O
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4.6.9. Action on conormal distributions. We finish this section by showing that C, is
bounded uniformly as Imw — 0+ on conormal spaces [5(9€; N1X} U N*X7) defined
in (3.19), where Y5 are the attractive/repulsive sets of the chess billiard b(e, \) defined
in (1.6) and A = Rew — see Lemma 4.17 below. Moreover, we get similar estimates on
all the derivatives 9*C,,. This is used in the proof of Proposition 7.4 below.

Since the conormal spaces above depend on A, we introduce a \-dependent system of
coordinates which maps ©j to A-independent sets. Assume that J C (0, 1) is an open
interval such that the Morse-Smale conditions hold for each A\ € J (see Definition 2).
Recall from Lemma 2.6 that the points in the sets Ef\t depend smoothly on A € J. Fix
any finite set 3 C S! with the same number of points as ¥y = £} UX; and a family
of orientation preserving diffeomorphisms depending smoothly on A

0,:S' 500, Aed, 6,32) =23,
We may decompose Y =Yt UY where ©F are A-independent sets and
O, =%F forall e J. (4.82)
Note that for any fixed A € J the pullback O3 gives an isomorphism
O} : I*(0Q, N*S; UN*ET) — I*(SY, N* S~ U N*E)
and the space on the right-hand side is independent of .
For w € J+i(0, 00) define the conjugated operator (here ©* is the pullback by ©;1)
C, = ©5C,0,* : C=(SHT*SY) — C=(S')  where X := Rew. (4.83)

We write w = X + ie and define 8’;5’; by differentiating in A with e fixed. (Note that
C, is holomorphic in w by Lemma 4.10 but C, is not holomorphic.)

We say that a sequence of operators
T; - IF(SY, N*S™ UN*S*) — (S, N:S™ U N ST

is bounded uniformly in j if for each sequence v; € I 5+(Sl,NJ*r§]_ L fofr) with
every seminorm (3.20) bounded uniformly in j, the sequence T;v; also has all the
seminorms (3.20) bounded uniformly in j. Similarly we consider operators acting
on differential forms on S', which are identified with functions using the canonical
coordinate 6.

Lemma 4.17. Assume that A € J and w; — X, Imw; > 0. Then for each k and s,
the sequence of operators

OhC,, : I*H (S, NIETUN*ST) — 7St NIE- U N* ST

1s bounded uniformly in j.
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Proof. 1. From (4.77) we see that for each r, 95C,, is bounded H” — H"*+! uniformly
in j. By elliptic regularity, it then suffices to show that the sequence of operators

dokC,,, : IT(SY, N* S~ U N*SF) — [*F(SY, NIS~ U N*ET)
is bounded uniformly in j. Using the decomposition (4.75), we write
dC = Toingeo + () Tilers + (3) Ters (4.84)
where w = \ + ig,
TDlagw = O3 (T4

are families of pseudodifferential operators in W°(S'; T*S') smooth in A € J uniformly

—% T+ . xmt — %
Dia, + TDla )@)\ ’ TRefw T G))\TRef@)\
g g B

in € (see Remark 1 following Proposition 4.15), and
— 05 07%(e, ) 0 6,
is a family of orientation reversing involutive diffeomorphisms of S' depending smoothly
on A € J and such that by (2.2) and (4.82)
FEH) =S, FEE) =5 (4.85)

2. Differentiating (4.84) in A = Rew, we see that it suffices to show that for each k
and s the sequences of operators

R Toiagss KTty OKA)T IF(SY, NIST UNZEF) = (S, Nf X UN'ET)

are bounded uniformly in j. The operators 3’§f Diag.w,; and 8’;%5&7% are bounded in ¥°
uniformly in j and thus bounded on any space of conormal distributions [20, Theo-
rem 18.2.7], so it remains to show the boundedness of 9% (%ij)*

Instead of pullback on 1-forms we study pullback on functions, since the two differ
by a multiplication operator which can be put into T; Rieﬁw. We then have for all A € J

() = X3 (R
where X;[ is the vector field on S! given by
AT (9)
9075 (0)

X (0) = Dp.

We note that X;° vanishes on X by (4.85).
It follows that 05(75)* is a linear combination with constant coefficients of operators
of the form
k1 + ke v+ _
(VX)X X)) Rkt Hhe+ L=k
Thus it remains to show that for all k£ the operators
RXL, (Ga,) : I°H (S, NS~ UNSH) = *HSL NS UN*ET) (4.86)

are bounded uniformly in j.
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Each 9} X5 is a vector field which vanishes on 5> and thus can be written in the
form apdy for some a € C*(S') depending smoothly on A and p which is a defining
function of ¥ (see the discussion preceding (3.20)). Thus E)')fX;—Lj is bounded on the

*

spaces (4.86) uniformly in j. Finally, ﬁfj) is bounded on these spaces uniformly
in j by the mapping property (4.85) and since Aﬂcj is orientation reversing, thus its

symplectic lift maps Nj';f)_ and N*3* to each other. 0

5. HIGH FREQUENCY ANALYSIS ON THE BOUNDARY

In this section, we take
w=A+1ig, 0<ekl,
where A\ € (0, 1) satisfies the Morse-Smale conditions on € (see Definition 2), and
consider the elliptic boundary value problem (4.21):
Pw)u, = f,  uwlog = 0.

Here f € C'°(2) is fixed and the solution u, lies in C*°(Q2) (see Lemma 4.4). Our goal
is to prove high frequency estimates on u,, which are uniform in the limit ¢ — 0+, when
the operator P(w) becomes hyperbolic. To do this we combine the detailed analysis
of §4.6 with the dynamical properties following from the Morse-Smale conditions.

5.1. Splitting into positive and negative frequencies. Fix a positively oriented
coordinate 6 : 9Q — S to identify 9Q with S'. Recall from (4.30) that

CW’UW = Gw = (wa)‘ag (51)

Here the 1-form v, := N u, € C*®(S';T*S') is the ‘Neumann data’ of wu, defined
using (4.26); however, we do not have uniform bounds on v,, in C* as ¢ = Imw — 0+.
The function G, lies in C*°(S') uniformly in € since f € C>° and R,, is the convolution
operator with the fundamental solution E,,, which has a distributional limit as e — 0+
by Lemma 4.3.

Let 7§ be defined in (4.43). By Proposition 4.15 we have
EdGy = E,dCyvy = vy + (V) Al v, + (17) AL v
We rewrite this equation as
vy = —Auvy + E,dG,, A, = (V)AL + (7)) AL (5.2)

The operator A, exchanges positive and negative frequencies, since A= are pseudodif-
ferential and the maps 7/\i are orientation reversing. We thus study the square of A,
which maps positive and negative frequencies to themselves. It is expressed in terms
of the pullback of the chess billiard map b =y oy~ to St

by =7 oy,  byl=75 07, (5.3)
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which is an orientation preserving diffeomorphism of S'. Denote the pullback operators
by by and by on 1-forms by
by, byt C(Sh TS — (S TSsh).

Lemma 5.1. We have

A2 = BIby + B, by* (5.4)
where BE are pseudodifferential, more precisely we have uniformly in € > 0 (see (3.7))

BE ¢ WO(ShT*SY), WF(BE) c {£¢ > 0},

i 5.5
o(BE)(0,€) = a5 (0)H(€)e == o

where H denotes the Heaviside function, the functions a= (), 2(0) are smooth in 6 € S!
and e >0, RezZE > ¢ >0, and aZ(0) =1+ O(e).

Remark. From Remark 1 after Proposition 4.15 we see that BT are smooth in A
(where w = X + i€), with A-derivatives of all orders lying in ¥° uniformly in e.

Proof. From Proposition 4.15 and the change of variables formula for pseudodifferential
operators [20, Theorem 18.1.17] we see that (v )* AL (y5)* lies in WO(S'; 7*S') and has
wavefront set inside {F¢ > 0} uniformly in . Since products of pseudodifferential
operators with nonintersecting wavefront sets are smoothing, we see that

((’Yf)*Aff € U>°(Sh; 7*S")  uniformly in ¢ > 0.
Recalling (5.2) we see that (with ¥~°° denoting smoothing operators uniformly in ¢)
A2 = ()AL )AL + ()AL ()AL + e,
This gives the decomposition (5.4) with
BE = (D) AT (D)) (03 AL FH7) + o

Using the properties of AZ in Proposition 4.15 together with the product formula and
the change of variables formula for pseudodifferential operators, we see that BT €
WO(SY; T*S') and WF(BE) C {££ > 0} uniformly in e. This also gives

o(B2)(0,€) = (A7) (ﬁ(@), m%(zﬁ) (bfl(e), m>

in the sense of (3.7), which implies the formula for the principal symbol in (5.5) with

+00) = oF(~F ot (bt P _Zf(’YiF(e)) zf(bfl(ﬁ))
50) = RO ), 20 =5+ s

Q

* 2T are given in Proposition 4.15. U

where a7, 2
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Applying (5.2) twice, we get the equation
v, = Bl bv, + B, by v, + ga (5.6)
where
9o = (I — AL)ELAG,,
is in C°(S'; T*S') uniformly in & > 0.

We now split v,, into positive and negative frequencies. Consider a pseudodifferential
partition of unity

[=T1I" +11, IIF € ¥O(S', 7*Sh),

WEF(IT%) € {££ > 0}, o(I1F)(0,€) = H(£E). (5.7)
Put
v = 1F, g¢F =1T%g,, (5.8)
with g= in C°°(SY; T*S') uniformly in €, and apply IT* to (5.6) to get
vE = BE(bG) vE + BEu, + gt (5.9)

where the operator
Ky = ([0, By + B (T — (b7) T (671)7) (031)" + I B (65"

is in =°°(SY; T*S') uniformly in ¢, as follows from (5.7) and the fact that WF(BE) C
{££ > 0}.

5.2. Microlocal Lasota—Yorke inequalities. We now show that B (bi')* featured
in the equation (5.9) are contractions at high frequencies on appropriately chosen
inhomogeneous Sobolev spaces, and use this to prove a high frequency estimate on v,
see Proposition 5.3 below. This is reminiscent of Lasota—Yorke inequalities (see [3] and
references given there) and could be considered a simple version of radial estimates
(see [12, §E.4.3] and references given there) for Fourier integral operators. It is also
related to microlocal weights used by Faure-Roy—Sjostrand [14].

Unlike applications to volume preserving Anosov maps in [3, 14], where critical
regularity is given by L2, for us the critical regularity space is H ~2. This can be
informally explained as follows: if we have v = df* for some functions f* then the
fluz ITm fslf_idfi, is invariant under replacing f* with the pullback (b;')*f* and
is well defined for f*¥ € H2. When WF(f%) C {££ > 0}, the flux is related to
P02 5~ IR -

To simplify notation, we only study in detail the case of the ‘4’ sign. The case of
the ‘—’ sign is handled similarly by replacing by with b;l, switching X1 with X}, and
using the escape function in Lemma 2.9 (rather than in the remark following it).



66 SEMYON DYATLOV, JIAN WANG, AND MACIEJ ZWORSKI

We identify 9Q with S' using the adapted coordinate  constructed in Lemma 2.8,
which satisfies for 6 > 0 small enough

Flogdgby >0 on X(6) (5.10)

where ¥i C S! are the attractive (+) and repulsive (—) periodic points of by defined
in (1.6) and X5 (§) are their open §-neighborhoods.

Take arbitrary a_ < a4 and small § > 0 (in particular, so that (5.10) holds). Let
g € C*(S'; R) be the escape function defined in the remark following Lemma 2.9. We
have

a_ <g(f) <N, forsome No. (5.11)
Define the symbol
G(0,€) = g(0)(1 = xo(€)) log [¢], (0,¢) € T"S' (5.12)
where xo € C°((—1,1)) is equal to 1 near 0. We use Lemma 3.2 to construct
Eq = Op(e®) € w)°(S'; T*sh), %’_G = Op(e*G(~1 +7rg)) € Voo (SHT*SY), (5.13)
re €SV, E_gEq—I,EqE_¢—1¢€ V™.

By property (4) in the remark following Lemma 2.9 we have g > «ay on S'\ X3 (4).
Therefore by (3.11)

XE_g € Ut (SLT*SY) forall x € C®(SY), suppyx N Z;(6) = 0. (5.14)
We now apply E¢ to (5.9) (with the ‘+’ sign) to get
vg = Tavg + Zav, + 96 where vg := Eqv), g¢:= Eagl,
Tg = EgBYViE_q, %= EgBI(I — E_qE)IT + EqZ. (5.15)

Here go € C°(SY; T*S') and Zg € ¥=°(S'; T*S"), both uniformly in e. The function
ve lies in C(S'; T*S') for € > 0, but it is not bounded in this space uniformly in €.
We also have the following bounds for each N, which follow from (5.13) and (5.14)
(writing v} = E _cvg + (I — E,GEg)v:j):

[vglme- < Cllogllzz + Cnllvallg-~, (5.16)
Ixvsllmes < Cllvgllzz + Cnllvullg-~  if suppx N5 (9) =0, (5.17)
l9cllz2 < Cllgoll o (5.18)

The key result in this section is the following lemma. The point is that for o < —% <
a4, we can obtain a contraction property of the microlocally conjugated operator Tg:

Lemma 5.2. Suppose that G is given by (5.12) (using a coordinate 6 in which (5.10)
holds) with g defined with parameters a_ < a, 6 > 0, and that Tg is defined in (5.15).
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Define the norm on L*(S*; T*S') using the coordinate 6. Then for any N and v > 0
there exists Cy such that for all small e = Imw > 0 and all w € C=°(S'; T*St),

I Tew|| 2 < (miax sup (9phy)2 o+ + V)|l zz + Cnllwl g-». (5.19)
N0

Proof. 1. Recalling the formula (4.71) for pullback operators on 1-forms, we see that
the operator

(b5°)(ebx)? : LX(S,; T*SY) — LX(S; T*S")
is unitary. Multiplying T by this operator on the right, we see that it suffices to show
that N
[Tew|z2 < (mqu sup (9pbx)2 "% + v)[lwl 2 + Cnllw|l -~
B () (5.20)
where TG = EgB:biE_Gb;\*(agb)\)%

By (3.13) we have bi E_gb;* = Op(e=C(1+r)) for Go(6,€) := G(bx(0), £/pbr(0)) and
some 7 € S71*. Recalling the definition (5.12) of G, we compute for || large enough

G(0,€) — Gy(6,8) = (8(0) — g(ba(0))) log |£] + g(ba(6)) log Deba(6). (5.21)

Since g(0) — g(bx(#)) < 0 by property (1) in the remark following Lemma 2.9, we see
that G — G} is bounded above by some constant. By (3.11) and Lemma 5.1 we then
see that T, € W), (SY; T*S') uniformly in e and its principal symbol is (in the sense
of (3.7))

o(Te)(0,€) = al () H(£)e = @ (9 (0)) 20O - |¢] > 1.

Thus (5.20) follows from Lemma 3.1 once we show that there exists C; > 0 such that
for all £ >

a5 (0)|e R 08 (9, (9)) 2 GO -Col00) < max sup (pby) == (5.22)
N0

2. Since af(0) =1+ O(e) and Re Z}(0) > ¢ > 0, for £ > C and C) large enough we
have |a}(6)]e Re% @& < 1. Thus (5.22) reduces to showing that for all £ > €,

é(@,g) < max sup (% + a1 ) log Opb)
- 5 (5.23)
where  G(6,€) := (g(0) — g(br(0))) log & + (2 + g(ba(9))) log Dpb(6).

This in turn is proved if we show that there exists ¢y > 0 such that for £ large enough

—cologé, 0 € ST\ (Z5(0) UET(9)),
G(0,€) < < (L +ay)logdpbr(0), 0 € TH(5), (5.24)
(3 4+ a_)log Opbr(6), 0 € T} (6).
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We now prove (5.24) using properties (1)—(6) in Lemma 2.9 (or rather the remark which
follows it). The first inequality follows from property (2), since g(f) — g(ba(0)) <
—2¢o for some ¢y > 0. The second inequality follows from properties (1) and (4)
together with (5.10). Finally, the third inequality follows from property (6) with M :
(log &)/ (log Opbx(6)) > 1, where we again use (5.10).

ool

With Lemma 5.2 in place we give a basic high frequency estimate on solutions to (5.6)
5.4

)

which is uniform as Imw — 0. An upgraded version of this estimate (Proposition
is used in the proof of Limiting Absorption Principle in §7 below.

Proposition 5.3. Fiz 3 > 0, N, and some functions x* € C>(S') such that supp x*N

YT = 0. Then there exist Ny and C' such that for all small e = Imw > 0 and each
solution v, € C*(SY; T*S") to (5.6) we have

lvall 35 < Clgellave + lvallm-~), (5.25)

I T vl < C(lgallmo + loulla—s). (5.26)

Remarks. 1. The a priori assumption that v, is smooth (without any uniformity as
e — 04) is important in the argument because it ensures that the norm ||vg|/z2 is
finite.

2. Using the notation (3.18), we see that (5.26) implies that, assuming that the right-
hand side of this inequality is bounded uniformly in ¢ for each Ny and some N, we
have WF(v,,) C N3¥, U N*X7 uniformly in .
Proof. 1. Fix a4 satisfying

_%_ﬂéa_<—%<a+, a+ZN

Next, fix § > 0 in the construction of the escape function g small enough so that (5.10)

holds and supp x™ N X5 (6) = 0. By (5.10) and since - < —3 < ay we may choose 7
such that

max sup (9phy )2+ < 7 < 1.
3 (9)

Take Ny so that (5.11) holds. We use the equation (5.15) and (5.18) to get
lvallzz < | Tavellz + C(I90llavo + vl a—r)-
Applying Lemma 5.2 to w := vg, we see that
[Tevell> < 7llvallze + Cllvwllg-~-
Since 7 < 1, together these two inequalities give

lvllze < C(llgullmo + llvwllm-»~)- (5.27)
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2. From (5.27) and (5.16) we have

vl 15 < CUllgllmve + lvalla-v). (5.28)

The bound (5.26) for the ‘+’ sign follows from (5.27) and (5.17). Similar analysis
(replacing by with b;l, switching the roles of 31 and X}, and using Lemma 2.9 instead
of the remark that follows it) shows that (5.28) holds for v and (5.26) holds for the
‘—’ sign. Since v, = v} + v, we obtain (5.25). O

5.3. Conormal regularity. We now upgrade Proposition 5.3 to obtain iterated conor-
mal regularity uniformly as Imw — 0+. We also relax the assumptions on the right-
hand side g,: instead of being smooth uniformly in € it only needs to be bounded in a
certain conormal space uniformly in €. This is the high frequency estimate used in the
proof of Lemma 7.1 below.

As before we identify 90 with S' and 1-forms on S! with functions using the coor-
dinate ¢ constructed in Lemma 2.8, which in particular makes it possible to define the
operator dp on 1-forms. Fix some defining function p of ¥y = X7 UX} and an operator
As, € U(S'; T*S') such that WF(Ayg,) N (N1X) UN*EY) = 0 and Ay, is elliptic
on N*Xy U NiX{. The estimate (5.29) below features the seminorms (3.20) for the
space I%J“(Sl, NI¥ U N*¥1) defined in (3.19). The proposition below applies to any
Uy, G € C™ solving (5.6), not just to v, discussed in §5.1.

Proposition 5.4. Fiz > 0, k € Ny, and N. Then there exist No = No(5, k) and C =
C(B,k,N) such that for all small ¢ = Imw > 0 and any solution v, € C=(S'; T*S')
to (5.6) we have

1000) gm0+ Ayl < O mass 11(000) 0l .

+ {1 As, goll o + [lvallz-~).

Remark. From the Remark at the end of §2.3 we see that the statement of Proposi-
tion 5.4 holds locally uniformly in A. More precisely, assume that J C (0, 1) is an open
interval such that each A € J satisfies the Morse-Smale conditions of Definition 2.
We may choose the coordinate 6, the defining function p of ¥, and the operator Ay,
depending smoothly on A. Then for each compact set X C J we may choose constants
Ny and C so that (5.29) holds for all A = Rew € K. This can be seen from the remark
following Lemma 5.1 and the fact that the escape function g can be chosen to depend
smoothly on \.

Proof. 1. By the discussion following (3.20) it suffices to show (5.29) for one specific
choice of p. We choose p such that

p H0) =3y, |Ggp| =1 on By. (5.30)
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Recalling the formula (4.71) for pullback on 1-forms we have the commutation identity
of operators on C>(S'; T*S')

o N _ p(0)9bx(8) AN
pOgb} = pbipds + Yy, ©(0) = /)(Te(g))7 (0) = W

By (5.30) and since by(2,) = X we have |p| =1 on ;.

As in (5.8), let v := IT*v, and gF := [IFg,. Since WF(Ax,) N N1XT = 0, we may
fix x* € C>°(S!) such that

supp x* N X7 =0, xt =1 near {6 € St | (0,£1) € WF(Ax, )}

We will show that there exist Ny = No(3, k) and Y= € C*°(S') such that supp Y*NX] =
() and

(5.31)

k, + +, + l +
1(000) vy Il 15 + X0 e < C(gggﬂ 1(p00) 951l ;15 (5.3

+ X5 o + [lvall ).

Adding these together and using that v, = v + v, we get
1000) 0l 3o + I + 05

< (0 1 000) gl -3 + IR 08 o + 1705 lirms + ol

Since xTIIT + x7II™ is elliptic on WF(Ay, ), we may estimate ||As, v,| g+ in terms
of |xTvf + x vy ||gr. Since WF(X*IIF) N (N1, U N*XY) = 0, we may estimate
IXEgE ] gvo by (3.21). Thus (5.32) implies (5.29) (possibly with a larger value of Np).
2. It remains to show (5.32). We show an estimate on v}, with the case of v handled
similarly. We start with the case k = 0. Let Eg, E_g be constructed in (5.13) where
the escape function g is constructed using parameters a_ < ay, > 0 such that

a_ = —% — B, suppx Ny (6) =0, (5.33)
ayp >0, max sup (agbA)%Mi < 1. (5.34)
=X (6)

Using the equation (5.15) and Lemma 5.2 similarly to the proof of Proposition 5.3, we
get the inequality

lvellze < C(llgallz + llvellm-x~) (5.35)
where vg := Eqv], 9o := Egg}. By (5.16) and (5.17) we have

[0Sl -5 + X oS lle2 < Cllvallee + lvalla-)- (5.36)

By property (5) in the remark following Lemma 2.9 we have g = a_ on some neigh-
borhood of X5 . Thus we can choose Y© € C*°(S!) such that supp x* N3} = 0 and

g=oa_ mnear supp(l—¥x").
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Then Eq(1 —X7T) € \1:0+ by (3.11). Fix Ny such that (5.11) holds, so that Eq € W,?.
Writing g¢ = EG<1 —X")g5s + EaX T g, we get
lgcllzz < CUlgd N, 35 + IXT g llao ). (5.37)
Putting together (5.35)—(5.37), we get (5.32) for k = 0.
3. We next show (5.32) for k = 1. Put for j € Ny
— (oYl € CRSST'SY, vhi= Eot!, gl = Balpd) gt

We apply pdy to (5.9) and use (5.31) to get a similar equation on v* = pdyv} which
also involves v¥ = v

v' = BYobiv' + Qb + p0s(Z v, + g),

5.38
QY = [p0s, BI]+ By € W(SHT*S")  uniformly in e. (5.38)

Applying Eg to (5.38), we get similarly to (5.15)
Vg = Tavs + Qg + Bivw + 96 (5.39)

where %/}, € > uniformly in & and
TCITv = EgB:gob;E,G, QG = EgQ::lﬁ\E,G

We fix the parameters a4, d in the construction of the escape function g such that we
have (5.33) and the following strengthening of (5.34):

a;p > 1, max sup max(1, |g0|)(89b,\)%+"‘i <L (5.40)
D

This is possible by (5.10) and since |¢| = 1 on Y.
Arguing similarly to the proof of Lemma 5.2, we get the bounds for some 7 < 1
1TGve e < 7llvgllze + Cllvwllm-~,  1Qevalize < Cllvglce.
Combining these with (5.39) and recalling (5.35) we get

lvgllze < Clvellze + llggllze + llvollm-v),

(5.41)
lvGllz: < C(llgallze + llvalla-»).-
Similarly to (5.36)—(5.37) we have for j = 0,1
17l 3 -6 + Xl < C(l0gllze + llvall -
e (I ) (5.42)

lg&:l12 < C 10DV g1, -5 + IXT g a0 )-
Together (5.41)—(5.42) give (5.32) for k = 1.
4. The case of general k is handled similarly to & = 1. We write similarly to (5.38)

v —B+ kb*Uk‘f‘Zka]bAU + pa@) ('%zjvw"i‘g:)‘
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Here Q:& ; € UY uniformly in ¢, is defined inductively as follows:
g = (1009, B "'+ BEo" ') 41
T QS 1 10+ 1000, Q41 ;) + Q1
and we use the notation d,, = 1 if @ = b and 0 otherwise, and Q:,kfl,j = 0 when
j € {—1,k—1}. The argument in Step 3 of this proof now goes through, replacing (5.40)
with

ay >k, max sup max(1, ]gp]k)((%bA)%mi <1 (5.43)
0

and gives (5.32) for any value of k. O

We will also need a refinement concerning Lagrangian regularity. Let Biﬂo be the
operators BT from Lemma 5.1 with ¢ := 0.

Lemma 5.5. Suppose that v € D'(S'; T*S") satisfies (5.6) withe =0 :

v =Bl biv+ By by 'v+g for some geC®(SHT*S). (5.44)
Similarly to (5.8) define v* := II*v. Then
vt e ITH(S, N*S]) = o e Ii(SY, N*S]). (5.45)

Proof. 1. Let us consider v*, with v~ handled similarly. Similarly to (5.9) we have
from (5.44)
vt =B bt + g1 where g € C™(S;T*SY).

Iterating this n times, where n is the period of the closed trajectories of by, we see that

vt = Bfvt 4+ g, where f:=b):S" =S g€ C°(ESHTSY, (5.46)
and the pseudodifferential operator

B = B, (biB;rJriob;*) ((bqf\_l)*BLio(bﬁ_l)_*) e (s, T"sh)

satisfies o(B) = H(§) by Lemma 5.1.

Take arbitrary zyp € ¥ and assume that the coordinate 6 is chosen so that 6(zg) = 0.
Note that f(0) = 0. Fix x € C*®(R) supported on a small neighborhood of 0 which
does not contain any other point in X5, and such that xy = 1 near 0. We write

xvt =wu(f)df for some u e E'(R).
Then u € I3 (R, N*{0}) and by (5.46) we have

u=Bf*u+g; where g€ C*(R) (5.47)
and B is a compactly supported operator in W°(R) such that a(é)(O, €)= f(0)H(&).
Here in (5.46) the operator f* is the pullback on 1-forms, and in (5.47) the same symbol

denotes the pullback on functions, with the two related by the formula (4.71). We can
take arbitrary B which is equal to Bf’ near 6 = 0, since u is smooth away from 0.
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It suffices to show that u € It1(R, N*{0}), which (recalling (3.16)) is equivalent to
u € S°(R). Note that u(¢) is rapidly decaying as £ — —oo since WF(v") C {£ > 0},
so it suffices to study what happens for £ > 1.

2. We now use the invariance of the principal symbol of u coming from (5.47). More
precisely, by Lemma 3.3, and since the Fourier transform g3 is rapidly decaying, the
equation (5.47) implies for £ > 1

(&) =U(¢/R) +q(€) where R:= f'(0)>1, q¢qe&S ' (R).

Iterating this, we see that for any k € Ny and n > 1

a(R*n) =a(n) + ) _a(Rn). (5.48)

=1
We now estimate (using for simplicity that ¢ € S =3 rather than g € S —11)

sup [a(€)| = sup sup [a(R )]
£21 keNo 1<n<R

< sup |ua(n)] —l—C’ZR’g < 00.

1<n<R Py

Differentiating (5.48) m times in 7, we similarly see that sup,>, {™|0f"u(€)| < oo. This
gives 1 € S°(R) and finishes the proof. O

6. MICROLOCAL PROPERTIES OF MORSE-SMALE MAPS

Here we prove properties of distributions invariant under Morse-Smale maps (see
Definition 2). We start with a stand alone local result about distributions invariant
under contracting maps. The quantum flux defined below (6.3) is reminiscent of similar
quantities appearing in scattering theory —see [12, (3.6.17)]. The wave front condition
(6.16) is an analogue of the outgoing condition in scattering theory — see [12, The-
orem 3.37]. Although technically very different, Lemma 6.1 and Proposition 6.3 are
analogous to [11, Lemma 2.3] and play the role of that lemma in showing the absence
of embedded eigenvalues — see [13, §3.2].

6.1. Local analysis. In this section we assume that f : [-1,1] — (=1,1) is a C*
map such that

f(0)=0, 0< f'(x)<1. (6.1)

We also assume that

uweD((-1,1)), singsuppu C {0}, ffu=won (—1,1). (6.2)
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For x € C(f(—1,1)), x = 1 near 0 we then define the flur of u (understood as an
integral of a differential 1-form):

F(u) := i/(l 1)(f*X — x)udu. (6.3)

The integral is well defined since u is smooth on supp(f*x — x) C (=1,1) \ {0}.

We note that F(u) is independent of x. In fact, if x; € C*(f(—1,1)), x1 = X2 near
0, then the difference of the fluxes defined using x;’s in place of x, is given by (6.3)
with ¥ = x1—x2 € C(f(—1,1)\{0}), in place of x. Since Y is supported away from 0
we can split the integral:

/(_171)(f*>7—>?>ﬂduz /<f*>?)ﬂdu—/f*(>~<adu) - /(f*y)(adu—f*(udu)) —0.

Here in the first equality we made a change of variables by f: (—1,1) — f(—1,1) and
in the last equality we used (6.2). In fact, this argument shows that we could take y
in (6.3) to be the indicator function of some interval f(a_,a;) with =1 < a_ <0 <

ay < 1, obtaining
F(u) = z/ u du. (6.4)
[a’*vf(a*)]u[f(a“i’)?a“F]
Similarly we see that F(u) is real. For that we take x real valued so that

2 Tm B () = 2 /( (F*X — x) Re(a du) = / (Fx = 0d(ul?)

—1,1)
- / P d(x — fx) = / uf?dy — / a2 f*dy = 0,

where in the last line we used (6.2) and the fact that x’ = 0 near 0.

The key local result is given in
Lemma 6.1. Suppose that (6.1) and (6.2) hold. Then
WF(u) Cc {0} xRy, F(u) >0 = wu = const. (6.5)
Remark. The wavefront set restriction to positive frequencies is crucial: for example,
if u is the Heaviside function, then (6.2) holds and F(u) = 0. A nontrivial example

when (6.1), (6.2), and the wavefront set condition in (6.5) hold is f(z) = e ?"x,
u(z) = (z +10)*, k € Z\ {0}, where F(u) = 2rk(e 2™ — 1) < 0.

To prove Lemma 6.1 we use a standard one dimensional linearization result [35]. For
the reader’s convenience we present a variant of the proof from [43, Appendice 4].

Lemma 6.2. Assume that f satisfies (6.1). Then there ezists a unique C*° diffeomor-
phism h : [—1,1] — h([—1,1]) C R such that for all x € [—1,1]

h(f(x)) = f(0)h(z), h(0)=0, H'(0)=1. (6.6)
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Proof. 1. We first note that any C! diffeomorphism satisfying (6.6) is unique. In fact,
suppose that h;, j = 1,2 are two such diffeomorphisms. With a = f’(0) € (0,1),
ah; = h;o f we have ahy o hy'(z) = hyo fhy'(z) = hyohy ' (az) for all z € hy([-1,1]),
so that

hiohy'(x) =a "hy o hy'(a"x) = lim a "hy o hy'(a"x) = (hy o hy') (0)z = =.

n—oo

Hence it is enough to show that for every n there exists a C™ diffeomorphism satisfy-
ing (6.6).

Using the fact that a = f’(0) € (0,1) we can construct a formal power series such
that (6.6) holds for the Taylor series of f as an asymptotic expansion. Using Borel’s
Lemma [19, Theorem 1.2.6] we can then construct a diffeomorphism hq of [—1, 1] onto
itself with that formal series as Taylor series at 0. Then hgo f o hy' = ax(1 + g(z))
where g € C'™ vanishes to infinite order at 0. Hence we can assume that

f(z) = ax(l + g(2)).

We might no longer have f* < 1 but f is still eventually contracting: there exists m > 0
such that the m-th iterate f™ satisfies

O:.(f™(x)) <1 forallxz e[-1,1]. (6.7)

2. We are now looking for h(x) = z(1 4+ ¢(z)), ¢(0) = 0 such that h(az(l + g(z))) =
ah(x), that is az(1 + g(z))(1 + ¢(f(x))) = ax(1 + ¢(z)), or

(1 +g()(L+ ¢(f(z)) =1+ p(z).

A formal solution is then given by 1+ p(z) = [[,2,(14 g(f*(x))). Rather than analyse
this expression, we follow [43, Appendice 4] and use the contraction mapping principle
for Banach spaces, B,, of C" functions on [—d, ] vanishing to order n > 2 at 0: we
look for ¢ € B,, such that

g9(x) + (1 +g(2)p(f () = ¢(z), = €[=4,]. (6.8)

We claim that for 6 > 0 small enough,

p(x) = (Te)(x) = (1 +g(x))e(f(2))
is a contraction on B,,. The norm on B, is given by

ol B, = sup [0"¢(z)|, sup | p(z)| < Crd"|¢llp,, € Bn j<n, (6.9

|lz|<é |lz|<é

where the last inequality follows from Taylor’s formula. Since f(z) = ax(1+ g(z)), we
have f'(z) = a + O(z™) and fY)(z) = O(2>) for j > 1. Hence, we obtain for |z| < 4,
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using (6.9) and with homogenous polynomials @);,

0"[o(f(x))] = 0" (f(2))(0f (x))" + 2_: Fo(f(2)Q;(0f(x),...,0" " f(x))

n—1

= 9"p(f(2))a" (1 + On(9) + Y Ou(8" )2l 3,
j=1
It follows that ||T¢||p, < (a" 4+ O,(0)) ||¢llB,, which for ¢ small enough (depending
on n) shows that T is a contraction on B,. That gives a solution ¢ to (6.8). Conse-
quently, we have shown that for every n there exist 6 > 0 and ¢ € C™([—0,d]) such
that for h(z) = z(1 + ¢(x)),

W(F(@)) = ah(z), |z <6, heCm([=5,0))
By (6.7), there exists N > 0 such that f¥([—1,1]) C [-4,d]. We extend h to [—1,1] by

putting h(z) := a " Vh(fY(z)), to obtain a C™ diffeomorphism h : [—1,1] — h([—1,1])
satisfying (6.6). O

Proof of Lemma 6.1. 1. We first note that if v € C*°((—1,1)) then u is constant as
follows from (6.2): for each z € (—1,1) we have u(x) = u(f"(x)) — u(0) as N — oo.
Since we assumed that singsuppu C {0} it suffices to show that u is smooth in a
neighborhood of 0.

Making the change of variable given by Lemma 6.2, we may assume that f(z) = ax
for small x, where a := f’(0) € (0,1). Restricting to a neighborhood of 0, rescaling,
and using (6.4) we reduce to the following statement: if

u€D((—atat), WF(u)c{0}xR,, wular)=u(z), |2|]<a’, (6.10)
F(u) =1 wdu >0 6.11
) /[_1,_a]u[a,1] B (6.1)

then u € C*((—1,1)).
2. We next extend u to a distribution on the entire R. Fix
2/) S Cgo((_ailaail) \ [—CL, CL]), Zw(a*km) = 17 T # 0.
keZ
Then ¢yu € C°(R \ {0}). Define
v(x) = Z(i/m)(a*kx) e C*(R\ {0}). (6.12)

keZ

1

Since u(ax) = u(z) for |z| < a™', we have u = v on (—a~',a™1) \ {0}. Thus we may

extend v to an element of D'(R) so that u = v|(_q-1,-1). We note that
veS'R), wv(ax)=ov(z), x€R,

WF(v) c {0} xRy,  F(v) =F(u)>0. (6.13)
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It remains to show that v € C'"*°; in fact, we will show that v is constant.

3. Fix x € C°(R) such that x = 1 near 0 and write
v=v + vy, v :=xv, vUy:=(l—x)v.
From (6.12) we obtain uniformly in = # 0,
po(a) =270y (o) (vu) W) (a™ha) = O™,
keZ

since (@) (Yu)® : = 2 (Yu)O(z) € C*(R\ {0}) and the sum is locally finite with
a uniformly bounded number of terms. Hence d%vy(z) = O({z)~*) which implies that
U2(€) (and thus v(&)) is smooth when £ € R\ {0} and

0a(€) = O((&)™™), [€] = o0

On the other hand the assumption on WF(v) and [19, Proposition 8.1.3] shows that
01(€) = O((€)°), as £ — —oo. From (6.13) we obtain for £ <0 and k € N,

(&) = a0(a™') = aM(a7FE) = Og(a”) = T =0. (6.14)
4. Tt follows from (6.14) that the distributional pairing
V(z) :==v(e”**)/2r, Imz >0 (6.15)

is well defined and holomorphic in {Im z > 0} and |V (2)] < C(z)"/(Im2)™, Tm z > 0
(with more precise bounds possible). We also have v(x) = V(x 4 i0) for x € R\ {0},
and V(az) = V(z) when Imz > 0 which follows from (6.15). We will now use V' to
calculate F(v). We have

F(v) = z/ V(2)0,V(2)dz, 7 :=[-1,—a]UJa,1],

where the curve vy is positively oriented. Let 7,, a > 0, be the half circle |z| = «,
Im z > 0 oriented counterclockwise. Since V(az) = V(z),

/W@ZV(z)dz:/ V(az)(@ZV)(az)d(az):/ V(2)0.V (2)dz.

71 7 Ya

If T is the semi-annulus bounded by II" := 7 + 71 — 7, (see Figure 12) it follows from
the Cauchy—Pompeiu formula [19, (3.1.9)] that (with z = z + iy)

F(v) :iiép V{2)0.V(2)dz = —2/a V(2)) dedy = —2/F|82V(z)|2d:vdy.

Since we assumed F(v) > 0 it follows that V' is constant on I' and thus on the entire
upper half-plane, which implies that v is constant on R\ {0}. Since functions supported
at 0 are linear combinations of derivatives of the delta function and cannot solve the
equation v(az) = v(x), we see that v is constant on R, which finishes the proof. O



78 SEMYON DYATLOV, JIAN WANG, AND MACIEJ ZWORSKI

71

Ya

F1GURE 12. The domain I'" used in the proof of Lemma 6.1.

6.2. A global result. We now use the local result in Lemma 6.1 to obtain a global
result for Morse-Smale diffeomorphisms of the circle.

Proposition 6.3. Let b : 092 — 082 be a Morse-Smale diffeomorphism (see Defini-
tion 2). Denote by X7, 5~ C 0 the sets of attractive, respectively repulsive, periodic
points of b, and define N1X* C T*0Q by (3.18). Suppose that u € D'(0N) satisfies

bu=u, WF(u)C N*S*LUN*%". (6.16)

Then w is constant.

Remark. The same conclusion holds when the wavefront set condition in (6.16) is
replaced by WF(u) C N3X~ U N*X*, as can be seen by applying Proposition 6.3 to
the complex conjugate wu.

Proof. We introduce fluxes associated to g := b", where n is the minimal period of
periodic points of b. For that we take two arbitrary cutoff functions

X+ € C™(09), supp(l —x+)N Y =0, suppy.NIF =0.

Assume that u satisfies (6.16) and define the fluxes (where we again use positive ori-
entation on 0f) to define the integrals of 1-forms):

Fi(u) = @/ (9"X+ — x+) udu,
20

Fow =i [ () x- —x)udu

The integrals above are well-defined since g*x; — x4 and (¢~!)*y_ — x_ are supported
in 00\ (Xt UX7), where u is smooth. Moreover as in the case of F(u) defined in (6.3),
F.(u) are real and do not depend on the choice of x+. We also note that (by taking
X+ real valued)

Fi(u) = —-Fi(u) = —Fi(u). (6.17)

Since F4(u) are independent of x4, we may choose xy; := 1 — (¢71)*x_ to get the
identity

F (u) =F_(u). (6.18)
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Let ¥t = {«f,...,z}. By taking x4 = x% + -+ + x’" where each ', is supported
near z;, we can write Fy (u) = F} (u)+---+F7(u). We may apply Lemma 6.1 with f
defined by g in local coordinates near z; ~ 0 to see that F, (u) < 0 with equality only
if u is constant near x;’ Adding these together, we see that F, (u) < 0 with equality
only if u is locally constant near X7.

Arguing similarly near X7, using f := ¢g~! and replacing u by u, with WF(u) =

{(z, =€) | (x,§) € WF(u)}, we see that F_(u) > 0 with equality only if u is locally
constant near ¥~. By (6.18) we then see that u is locally constant near ¥ LI ¥~ and
hence u € C*(012). Since for x € 9N\ X, ¢"(x) — xq, for some xy in XF, we conclude
that u € C takes finitely many values and hence is constant. 0

7. LIMITING ABSORPTION PRINCIPLE

In this section we consider operators
P = 8§2A51 CH Q) — HY(Q),

2 2 2 1 -1 (7.1)
P(w) =0, —w'A=(P—-w’)Aq: Hy(2) — H (Q).

We prove the limiting absorption principle for P in the form presented in Theorem 2.
To do this we follow §4.4 to reduce the equation P(w)u, = f to the boundary 0.
We next analyse the resulting ‘Neumann data’ v, = Nyu, (see (4.26)) uniformly as
e = Imw — 0+, using the high frequency estimates of §5 and the absense of embedded
spectrum following from the results of §6. This is slightly non-standard since the
boundary has characteristic points and the problem changes from elliptic to hyperbolic
as Imw — 0+.

7.1. Poincaré spectral problem. We recall (see for instance [9, Chapter 6]) that
A = 92 4 92, with the domain H?(Q) N H}(Q), (Hy(Q2) is the closure of C°(€2) with
respect to the norm || e ||y below) is a negative definite unbounded self-adjoint
operator on L?(Q). Its inverse is an isometry,

Al HNQ) — HA(Q),

with inner products on these Hilbert spaces given by
<U, w>Hé(Q) = /Q Vu - Wd(lf, <U, W>H*1(Q) = <A51U7 AS;lW)H&(Q)

Since 02, : Hy(2) — H'(Q) the operator P in (7.1) is indeed bounded on H~1(9).

Let {€q}aca be an L*(Q)-orthonormal basis of eigenfunctions of —Ag:

—Age, = ,Uieom ea’@ﬂ =0, <€o¢7€/3>L2(Q) = 5a,5-
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Then {fia€q}taca is an orthonormal basis of the Hilbert space H~1(£2). The matrix
elements of P in this basis are given by

(PlaCas piges) 1 = <A51832M;1€Q7M[;165>H§ = —u;1u§1(8§26a,65)p
= Ma_INEl@mzeaa 02,€8) 12(02)

where the last integration by parts is justified as eglgo = 0. This shows that P is a
bounded self-adjoint operator on H~1(Q). This representation is particularly useful in
numerical calculations needed to produce Figure 1. Testing P against A2(¢)(z)e!™)),
€ CX(Q), n € Z?%, shows that

Spec(P) = [0, 1],

see [30, Theorem 2|. In particular, for w? € C\ [0, 1],

_ _ 1
I1P(W) g1 @ome = (P =) o @om1@) = A2 0.1]) (7.2)

Limiting absorption principle in its most basic form means showing we have limiting
operators acting on smaller spaces with values in larger spaces: for A € (0, 1) satisfying
the Morse-Smale conditions

(P—=X2—i0)" 1 C®(Q) — H 27 (Q), PA+i0)"":C®(Q) — H: (). (7.3)

7.2. Regularity of limits as ¢ — 0+. In this section we use the results of §5 to get
a conormal regularity statement for weak limits of boundary data. In §7.4 below we
apply this to the Neumann data v, = M,u,, P(w)u, = f.

Since the conormal spaces used below depend on A = Rew, we need to define what
it means for a sequence of distributions to be bounded in these spaces uniformly in .
Assume that J C (0,1) is an open interval such that each A € J satisfies the Morse—
Smale conditions of Definition 2. Let ¥F be defined in (1.6) and ¥, = ¥} U 7.
Fix a defining function py € C*°(0€2; R) of £, and a pseudodifferential operator Ay, €
U0 (99) such that WF(Ayg, )N(N1EUN*ET) = (0 and Ay, is elliptic on N* X LUNI YT,
We choose both py and Ay, depending smoothly on A € J.

Given two sequences \; — A € J and v; € C°(0), we say that

v; is bounded in  I*7(0Q, N;¥y UNIX]) uniformly in j

if each of the seminorms (3.20) is bounded uniformly in j. We can similarly talk about
uniform boundedness of sequences of 1-forms v; € C*°(9€; T*012), identifying these
with scalar distributions using a coordinate 6.
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Lemma 7.1. Assume thatw; — X € J, Imw; > 0, and the sequence v; € C™(9Q; T*0N)
has the following properties:

v; vy in H N  for some N, (7.4)

Cu,vj  is bounded in I’%+(8Q,NTFEXJ_ LI Nijj) uniformly in j, (7.5)
where \j = Rew; and C,,; was defined in §/.0. Then we have

v = vy in H 2" forall B>0, (7.6)

vo € ITH(89, N* ST UN*ST). (7.7)

Remark. In fact we have v; — vy in [ i*((’)Q, NiZ, U Niij) where convergence is
defined using the seminorms (3.20) — see the last paragraph of the proof below.

Proof. The function v; satisfies the equation (5.6):
Uj = B;rjb;j?)j + B(:jb;\j*’l}j + gja gj = (I — .ij)gwjdcwjvj. (78)

Here the operator A, = (fy;;)*AIj + (73,) AL, is defined in (5.2).
Applying Proposition 5.4 to v, := v; we see that for each £ € Ny and 8 > 0 there
exist Ny, C' independent of j such that

k l
1Go7,90) w3l 35 + A5, vl < C( max 1(02,00)° g5l -3 79)

+ [ Az, gill o + lvjlla-n).

The pseudodifferential operators Afj,é’wj are bounded on [ i*(@Q, Nj’;Z;j L Nij\Lj)
uniformly in j, as are the pullback operators (7;\—2)* (see Remark 1 after Proposition 4.15
and the end of the proof of Lemma 4.17). Thus by (7.5) we see that g; is bounded
uniformly in j in the space Ii+(GQ,N_’ﬁZ)_\j L NiZ;\rj). Moreover, by (7.4) ||vj|| -~ is
bounded uniformly in j as well. It follows that the right-hand side of (7.9), and thus
its left-hand side as well, is bounded uniformly in j for any choice of k € Ny, 5 > 0.

Take arbitrary 0 < ' < . Then [lv;|| -1 » is bounded in j. Using compactness
of the embedding H —2% < H 279 we see that each subsequence of {v;} has a
subsequence converging in H —378 ; the limit of this further subsequence has to be
equal to vy by (7.4). This implies (7.6).

A similar argument using again the boundedness of the left-hand side of (7.9) shows
that (ijag)kvj — (px09)*vp in H=3B for all k € Np,8 > 0 and Az/\jvj — Ax, v
in C*. In particular, this implies that (p)0p)*vy € H=>" and Ay, vg € C* which
by (3.20) gives (7.7). O
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7.3. Uniqueness for the limiting problem. We next use the analysis of §6 to show
a uniqueness result for the restricted single layer potential operator Cy o (see §4.6) in
the space of distributions satisfying additional conditions. This will give us the lack
of embedded spectrum for the operator P in the Morse-Smale case. To formulate
this result, we recall the operators Ry : g — E)yio * g defined in (4.25) and Z :
D'(09; T*00) — E'(R?) defined in (4.24).

Lemma 7.2. Let A € (0,1) satisfy the Morse-Smale conditions of Definition 2. As-
sume that v € D'(9Q; T*0N) lies in I5(0Q, NIXT U N*EY) for some s (see (3.19)),
where Y5 are defined in (1.6). Then

Coyiov = 0, supp(Rypi0Zv) CQ = v =0. (7.10)

Proof. 1. Put U := Ry Zv € D'(R?). Since P(A\)Eyyi0 = do by (4.20), we have
P\NU = TIwv. (7.11)

We first show that
supp U C 092. (7.12)
By the second assumption in (7.10) we have supp U C €, thus it suffices to show that
u =0 where u := U|qg = Sxyiv and Sy, is the limiting single layer potential defined
in (41.32).
Since suppZv C 01, from (7.11) we have P(\)u = 0. As A € (0,1), P(\) is a
constant coefficient hyperbolic operator. In view of (4.3) and (4.4) we then have,

denoting (*(z) := (*(x, \), (£, = (F(aF,), (5, = (F(2aF,)
u(@) = up (0F(2)) —u-(7(x)), €Q, ux € D' (i, lnax))- (7.13)

From (4.39) we see that u € I*"1(Q, A~(}\)), in particular by (2.3) u is smooth up to
the boundary near the characteristic set %\. It follows that uy are smooth near the
boundary points (=, ,¢X up to the boundary. Define the pullbacks of u. to dQ by

the maps (7,
wy = us((5(2))]sq € D'(09), (V) ws = w.

From the proof of conormal regularity of w in Lemma 4.9 we see that WF(wy) C
NiZy UN*XT.

The restriction u|sq is equal to both w; —w_ and Cyi;v. Thus by the first assump-
tion in (7.10) we have wy = w_. Denoting w := wy = w_, we have

(v)'w=w, WF(w)C NiX, UN*S].

This implies that b*w = w and we can apply Proposition 6.3 to see that w is constant.
But then uy are constant and u = 0, giving (7.12).
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2. We now show that v = 0 away from the characteristic set %) of P(\) on 0f2
(see (2.3)). For each zy € 9\ %)\ we can find a neighbourhood V' C R? of xy and
coordinates (y1,y2) on V such that for some open interval .# C R

NNV = {yl = 07 Y2 € ﬂ}? P<)\)|V = Z aa(y)agjl’ az o 72 0.

o <2

(The non-characteristic property means that the conormal bundle of {y; = 0} is disjoint
from the set of zeros of } 7, _, aan®.) Now, by [19, Theorem 2.3.5] we see that (7.12)

implies Uly = Y, < we(y2)6% (y1), ux € D'(F). Hence, for some u; € D'(.F),

PNUly = a2,0(y)uK(y2)5(K+2)(yl) + Z ﬂk(yz)(s(k)(yl)-
k<K+1
By (7.11) we have P(\)U|y = Zvly = a(y2)v(y2)d(y1), @ # 0. Thus ug = 0. (Here
we use ¥, as a local coordinate on 0L to identify v|sony with a distribution on .#.)
[terating this argument shows that Ul = 0 which means v|ynsq = 0.

3. We have shown that suppwv is contained in the finite set ). On the other hand,
v € I*(0, NIZ| U N*XY) is smooth away from 3. Since ¥y N %)\ = 0 by (2.3), we
get v = 0. U

Remark. The proof would be simpler if we knew that the limiting single layer potential
operators Sy ;0 were injective acting on the conormal spaces (4.39) — this would imply
the injectivity of Cy140 on I*(9Q, NX X LIN*XT) without the support condition in (7.10)
as follows from Step 1 of the proof above. However, that is not clear. Under the
dynamical assumptions made here, the proof of Proposition 5.4 shows that ker Sy ;0 C
ker Cy140 is finite dimensional but injectivity seems to be a curious open problem.

7.4. Boundary data analysis. Fix f € C2°(Q2) and let J C (0,1) be an open interval
such that each A € J satisfies the Morse—Smale conditions of Definition 2. Consider
the solution to the boundary-value problem (4.21):

uy, € C*(Q), Pwu, =f, uulon =0, weT+1i(0,00).

In this section, we combine the results of §§7.2-7.3 to study the behaviour as Imw — 0+
of the ‘Neumann data’ defined using (4.26):

vy = Nyu, € C™(9Q; T 00).
We first show the following convergence statement:
Proposition 7.3. Assume that w; =+ A € J, Imw; > 0. Then for all B >0

Vs, = Urgio N H’%’B(aQ;T*aﬂ) as j — oo (7.14)
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where vy € H’%*(ﬁﬂ; T*0Q) is the unique distribution such that
Uapio € T3 (09, N* S5 U N* ),

CarioUatio = (Rasiof)loa,  supp Rayio(f — Zvayio) C Q. 1)
Moreover, vy € T5(9Q, N* ST UN*ET).
Proof. 1. We start with a few general observations. Recall the equation (5.1):
Covy = (Ruf)loq, Ruof = FE,*f € C™(R?). (7.16)
Moreover, by (4.28) we have
1o u, = Ru(f — Zvy,). (7.17)
By Lemma 4.3, E,; = Exy0 in D'(R?). Passing to the limit in (7.16) we see that
CoyVw; = (Ratiof)lo in C(09). (7.18)

2. We now show a boundedness statement: for each 8 > 0 there exists a constant C'
(depending on f and f3) such that for all j

<C (7.19)

vaj ||H_%_’8(8Q;T*3Q) — :
We proceed by contradiction. If (7.19) fails then we may pass to a subsequence to
make [[vy, |, 15 — 0o. We then put

0 1= Ml 5= o
By (7.18) we have
Co,v; — 0 in C(09). (7.20)

By compactness of the embedding H 3By N , where we fix N > % + 3, we may
pass to a subsequence to make

vi = vy in HYN forsome vy € H N(9Q;T*0Q).
Now Lemma 7.1 applies and gives
v = v in H 3 00T 00), vy e IH(0Q, N Sy UN*ST). (7.21)
By Lemma 4.16 and passing to the limit in (7.17) using Lemma 4.3 we get
Cu, v — CrpioUo  in D'(09), lou; = —RyyioZvy in D'(R?).
Thus by (7.20) and since supp(lg u;) C Q for all j we have
Crtiovo = 0, supp(Rx+i0Zv) C Q.

Now Lemma 7.2 gives vg = 0. On the other hand the first part of (7.21) and the fact
that [[v;|| 1 5 =1 imply that [vo|[ -3 5 =1, which gives a contradiction.
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3. Fix § > 0 and take an arbitrary subsequence v,,;, which converges to some v
in H2?. By Lemma 7.1 and (7.18) we have v € I%Jr(@Q,Nj‘;E; U N*¥1). By
Lemma 4.16 and (7.18) we have Cyy0v = (Rxviof)|oq. Finally, passing to the limit
in (7.17) using Lemma 4.3 we have supp Ry, i0(f — Zv) C Q. Thus v satisfies (7.15).
By Lemma 7.2 there is at most one distribution which satisfies (7.15). This implies
that all the limits of convergent subsequences of v, in H ~27# have to be the same.

On the other hand by (7.19) and compactness of the embedding H 38 — g 38
when 0 < 8" < 8 we see that the sequence v, is precompact in H -38, Together with
uniqueness of limit of subsequences this implies the convergence statement (7.14).

We finally show that vy € Ii(OQ, NiXT UN*XEY). From (7.15) we get similarly
to (5.6)
Ur+i0 = B;+i0biv)\+i0 + B)T+iob)_\*v)\+i0 + grario  Where griq0 € COO(SI§ T*Sl)-

It remains to apply Lemma 5.5. 0

We now upgrade Proposition 7.3 to a convergence statement for all the deriva-
tives OFv,. Here v, € C®(0Q; T*0N) is holomorphic in w € J + i(0,00): indeed,

u, € C*(9) is holomorphic by the Remark following Lemma 4.4 and the operator N,
defined in (4.26) is holomorphic as well.

As in the proof of Proposition 7.3 we will use the spaces I¥(9Q, NiX) U N*XY)
which depend on A = Rew. We recall from §4.6.9 the family of diffeomorphisms

0,:S' 5090, 6,EH =%, reJ,

with the pullback operator ©5 mapping *(9Q, N* X} U N*3Y) to the A-independent
space I*(St, NxX~ LI N*X+). Denote

U, = 0%, € C°ESHT*SY, weJ+i(0,00), \=Rew.
If vy1i0 is defined in (7.15), then we also put
Uapio = Ofonpio € TH(S, NS UNEY), e J.

Writing w = A + ie, denote by 940, the ¢-th derivative of v, in A with ¢ fixed. (Note
that unlike v, the function v, is not holomorphic in w.)

We are now ready to give the main technical result of this section. The proof is similar
to that of Proposition 7.3 (which already contains the key ideas), using additionally
Lemma 4.17 which establishes regularity in A of the operators C,, conjugated by ©,.

Proposition 7.4. We have

Uagpio € CX(T; I7(S, N* S~ LU N* ) (7.22)
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where the topology on 117 (S!, Njkri_ U N*S4) is defined using the seminorms (3.20).
Moreover, for each A € J and ¢ we have as € — 0+

Unic = Oapio in I37(S,N*S™LN*EY), (7.23)

with convergence locally uniform in .

Remarks. 1. From (7.22) we get a regularity statement for vy, ;0 = O Ur1io:
Unsio € CH(T; H 2747 (09, T*9))  for all L.
Here the loss of ¢ derivatives comes from differentiating ©™ in A.

2. The property (7.22) can be reformulated as follows: the distribution (A, x) —
Ustio() lies in I9H(J x 9Q, N1X; U N*XF) where X7 = {(\,2) | A € J, z € &}
and we orient the conormal bundles N *E; using the positive orientation on 0.

Proof. 1. We start with a few identities on v, w € J + (0, 00). Let C, = 030,07,
A = Rew, be the conjugated restricted single layer potential defined in (4.83). Applying
©3 to (7.16) we get

Colw = G, where Gy, := 0% ((Ruf)|on)- (7.24)
From (7.17) we have

lou, = R,(f —ZO,"0,). (7.25)
Differentiating these identities ¢ times in A = Rew, we get
-1
~ ~ ¢ ~
0~ 14 —r o
w w = w w W)y 2
C.07, = oG Z;(})&a &)(@&) (7.26)
=y
R,IO5 030, = 0L Ruf — lo 0luy — Y | (r) (05" (R,ZOY)) (350L). (7.27)
r=0

2. Take an arbitrary sequence w; = A\; +1ic; — A € J, Imw; > 0. We show that for
each ¢ € Ny

d50.,, is bounded uniformly in j in [%(Sl, Nj:f]_ L N*S). (7.28)
We use induction on ¢, showing (7.28) under the assumption
030y, is bounded uniformly in j in I%J’(Sl, Nii_ UN*SH) forall 7 < . (7.29)
Fix arbitrary # > 0; the main task will be to show that

||8f\5wj||H,%,B is bounded in j. (7.30)

We argue by contradiction: if (7.30) does not hold then we can pass to a subsequence

to make [|050, | — 00. Define

H 38

5 = 5, IO,y e 0,45 =L (7.31)
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Since H—>~# embeds compactly into H~~, where we fix N > % + 3, we may pass to a
subsequence to get
v; =0 in HN forsome v, € H N (SYT*S). (7.32)
We now analyse the right-hand side of (7.26) for w = w;. Since R,f = E, * f,
OLE., = 05Exiio in D'(R?) by Lemma 4.3, and f € C(Q) is independent of j, we
see that N
953G, is bounded uniformly in j in C*(S"). (7.33)
By Lemma 4.17 and (7.29) we next have for all r < ¢
(8§_T5wj)(8§5wj) is bounded uniformly in j in I~ 3+(S!, NS UN*TF). (7.34)
Dividing (7.26) by \|8§ij|\H_%_ﬁ, we then get
CoBy — 0 in ITH(SY, NIE~ LN, (7.35)
We now apply Lemma 7.1 to

e St i Ok o —%p ~
vj = @Aj vj, v = 0,1, Cuvj= @/\j Cu, U

and get
vy —vy in H 278wy e ITH(0Q, NIXy UN Y. (7.36)
By Lemma 4.16 and (7.36) we have C,,v; — Cx1i0v0 in D'(092), thus by (7.35)
C,\_H‘(ﬂ)() =0. (737)

We now obtain a support condition on R).,0Zvy by analyzing the right-hand side
of (7.27) for w = wj;. Similarly to the proof of (7.33) we have

LR, [ is bounded uniformly in j in C™(R?).
By a similar argument using additionally (7.29) we get for all r < ¢
(8§’T(ijf@;j*))(8§'ﬁwj) is bounded uniformly in j in D'(R?),
where we denote 8’§(ij19;],*) = 05 (R,ZO™)|w=a; -
By Lemma 4.3 and (7.36) we get
ijI@;j*i?j — RypioZvg in D'(R?).
Now, dividing (7.27) by |05, I,,~1-5 and using that supp(lg dluy,,) C Q for all j we
obtain B
supp(Rx+i0Zvg) C 2. (7.38)
Applying Lemma 7.2 and using (7.36)—(7.38) we now see that vy = 0. This gives a

contradiction with (7.36), since [lv;| 1, is bounded away from 0 by (7.31). This
finishes the proof of (7.30).

The bound (7.30) implies the stronger boundedness statement (7.28). Indeed, the
proof of Lemma 7.1 (more precisely, (7.9) and the paragraph following it) shows that
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any seminorm of ©,"9{7,,, in 151(09, NI¥, UNZEY) (see (3.20)) is bounded in terms
of || 050, l,,-1s (for any choice of §) and of some 13489, NI, I_INiZj\“j)—seminorm
of @;_*Cijc?f\'ﬁwj. The former is bounded in j by (7.30) and the latter is bounded in j
by (7.26), (7.33), and (7.34).

3. From (7.28) we see that (as before, using the seminorms (3.20)), the family of dis-
tributions ¥y s is bounded uniformly in € € (0, 1] in the space C>(J; I3+ (S, Nii‘ L
N*31)). By the Arzela-Ascoli Theorem [28, Theorem 47.1] and since any sequence
which is bounded in J1t(S?, Nj';i’ L Nii*) is also precompact in this space (follow-
ing from (3.20) and the compactness of embedding H* C H' for s > t) it follows
that Uy is also precompact in the space C*(J; I%JF(SI, N_";i_ L fofr)). Moreover,
Uxpic — Untio in the space CO(J; H 2 (S T*S')) by Proposition 7.3. Together these
two statements imply that as ¢ — 0+

Uapic = Dapio 0 CX(J; I3 (S, NES~ LU N* ),

giving (7.22) and (7.23). O

7.5. Proof of Theorem 2. Fix f € CX*(Q), let w = A\ + i where A € J and
0 < e < 1. Without loss of generality we assume that f is real-valued. It suffices to
show existence of the limit of (P — (A +ig)?)1 f, since (P — (X —ig)?)~1 f is given by
its complex conjugate.

Let u, € C*(R2) be the solution to the boundary-value problem (4.21). Recall-
ing (7.1) we see that
(P—w))'f =Au, € C™(Q).
Next, by (4.29) we have
uy = (Ruf)]la — Suvs (7.39)
where the ‘Neumann data’ v, := Nyu, € C®(9; T*00N) is defined using (4.26).
By Proposition 7.3 we have
Untie —> Unpio 1N H_%_@Q; T*0Q) ase — 0+,
with convergence locally uniform in A € J. Using Lemma 4.3 and recalling that
R,f = E, * f and S,v, = (R,Zv,)|q, we pass to the limit in (7.39) to get
Unyic = Untio = (Ratiof)|o — Sxgiotasio in D'() ase — 0+,

with convergence again locally uniform in A € J. This gives the convergence state-
ment (1.15) with

(P — X —i0)" f = Auypio.
Next, since Ryiiof € C°(R?) and vy € Ii(aQ,NJ’;E; LI N*X7), we apply the
mapping property (4.39) to get uxy0 € I71(Q, A~(\)) which implies

(P =X —i0)'f e I'(Q,A~ ().
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Since C°(12) is dense in H1(Q) (see for instance [30, Lemma 5]), it is then standard
(see for instance [7, Proposition 4.1]) that the spectrum of P in [J? is purely absolutely
continuous. O

8. LARGE TIME ASYMPTOTIC BEHAVIOUR

We will now adapt the analysis of [13, §§5,6] and use (1.13) to describe asymptotic
behaviour of solutions to (1.1), giving the proof of Theorem 1. Assume that A € (0, 1)
satisfies the Morse-Smale conditions of Definition 2 and fix an open interval J C (0,1)
containing A such that each w € J satisfies the Morse-Smale conditions as well (this
is possible by Lemma 2.6). We emphasize that in this section, in contrast with §§4—7,
we denote by A the fixed real frequency featured in the forcing term in (1.1) and by w
an arbitrary real number (often lying in 7).

8.1. Reduction to the resolvent. Fix f € CX*(Q;R) and let u be the solution
o (1.1). We first split (1.13) into two parts. Fix a cutoff function
e e CX(T;[0,1]), =1 on [A=0§A+4] forsomed > 0. (8.1)

By (1.13) we can write

u(t) = Ag' Re (e™ (w1 (t) +11(2))), (8.2)
where, with W, defined in (1.13),
wi(t) = p(VPYWiA(P)f, () = (I — p(VP))Wi(P) [ (8.3)

The contribution of r; to u is bounded in H'(2) uniformly as ¢ — oo as follows from
Lemma 8.1. We have

; 2
| Re (¢™r1(1)) ||H*1(Q) = o

Ifllm-1) forall t>0. (8.4)
Proof. We calculate Re(e™'ry(t)) = RyA(P)f where

Rea(() = Re (Wi ()(1 — o(v3))) = VA et = 2VE)),

Since » = 1 near A, we see that supjg [Rex| < 2/(Ad). Now (8.4) follows from the
functional calculus for the self-adjoint operator P on H~1((Q). O

Define for w € J the limits in D’(£2) (which exist by Theorem 2, see §7.5)
ut(w) == Ay (P — w? +140)7'f. (8.5)

Here u™(w) is the complex conjugate of u™ (w) since f is real valued.
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FIGURE 13. An illustration of (8.8) with X5 = {27 (\), 25 (\)}.

By Stone’s formula for the operator P (see for instance [12, Theorem B.10]) and a
change of variables in the spectral parameter we have

Agtun(t) = = [ el)Win@?)(u (@) - u (@) do
(8.6)

= %/0 /Rgo(w)(ei(wk)s o efi(er)\)s)(qu(w) —u (w)) dwds.

8.2. Global geometry. The proof of Theorem 2 in §7.5 shows that u*(w) are smooth
families of cononormal distributions associated to w-dependent lines in R2, more pre-
cisely

ut(w) € I7H(Q, A (w)) (8.7)

where A% (w) are defined in (1.9). To understand the behaviour of Ag'w;(t) as t — oo
we present an explicit version of (8.7), relying on Proposition 7.4. The most confusing
thing here are the signs defined in (1.8). Figures 4, 13, and 14 can be used for guidance
here.

Let w € J and X C 99 be the attractive/repulsive sets of the chess billiard b(e, w)
defined in (1.6). Recall that b =" o4~ and the involutions v*(e,w) map ¥} to 3.
Let n be the minimal period of the periodic points of b. To simplify notation, we
assume that each of the sets ¥ consists of exactly n points, that is, it is a single
periodic orbit of b (as opposed to a union of several periodic orbits), but the analysis
works in the same way in the general case. We write (with the cyclic convention that

T (W) = 27 (W), 75 (W) = 75 (w))
55 ={ri@hia, v @) =2, v (@) =2, (8.8)

and b (27 (w),w) = xfﬂ. By Lemma 2.6, we can make z; (w) depend smoothly
onw € J.
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of (W) i (w+e)

FIGURE 14. An illustration of Lemma 8.2, showing the periodic trajec-
tory of the chess billiard for w and for w + ¢, ¢ > 0. In this example

+

blue and red segments move as w grows. For example, the entire red
segment {x € Q | £ (z — z{ (w)) = 0}, which connects z] (w) to z; (w),
lies inside the half-plane {x | £}, . (x — 2T (w + ¢)) < 0}, which is consis-

tent with (8.10).

In the notation of (1.8) and (1.9),

= |~ YU | NDE (e (),

k k=1

NS (o () = E(x )

vt = v (), w) = sen Al (ot ().

vi =v; =1, vy =v, = —1. Lemma 8.2 shows in which direction the

(=2 (W) =0, v7>0},
N7 (y, (W)) {(w,7dl]) : €5 (2 — 2 (w)) =0, w7 <0},

91

(8.9)

where (£ (x) := (*(x,w). We note that ;" are independent of w € J. To obtain A*(w)

we switch the sign of 7 in (8.9) — see Figure 4.

We need the following geometric result (see Figure 14):

Lemma 8.2. With the notation above we have for all w € J

reQ, (E(z—afw)=0 = sgn[d.(C5(z—2Ww)))] = Fuy.

Proof. 1. We note that the definition (1.3) of 4= and (8.8) give

Glo-at@) = G-, ={ "

We also note that (2.6) implies

sgn Opl; (27 (w)) =1 v (2] (w), w) = —v*(ai (W), w) = =,

(8.10)

(8.11)

(8.12)



92 SEMYON DYATLOV, JIAN WANG, AND MACIEJ ZWORSKI

where 6 — x() € 0 is a positive parametrization of 9Q by S;. It is sufficient to
establish (8.10) with @i replaced by 27 where £ is given in (8.11):

reQ, x—2f(Ww)=0 = sgnl[d.(05(x—2f(W))] = Fvi. (8.13)
2. Using (2.7) and the condition on x in (8.13) we see that
3 (x —zf (W)
‘o F _ ¢ _ gt F
D [0 (2 — 2f (w))] 20l = w?) d. 0 (O] (w)). (8.14)

We start by considering the sign of the second term on the right hand side:

— s o (0,7 () = — sgnld )0 () 0.0(aF (@) = v sgn A, [0(aF(@))], (3.15)
where we used (8.12).

We now put f :=6ob" o~ with n the primitive period. Then (2.15) and (1.6) give

FOET@)),w) = 0EF W), Buf(r,0) > 0, F(1— [ f)OGF (), w) > 0.
Differentiating the first equality in w gives
OLI0T(W))] = Duf O),0)], oy /(1 = 00T (), ),
and hence sgn d,,[0(z] (w))] = F1. Returning to (8.15) we see that
—sgn d (= (0,2F (w)) = Fvi.
3. We next claim that
1€, (Z(z—1f(w)=0 = sgnli(z—x]f(w)) € {Fv],0}. (8.16)

Combined with (8.14) and the conclusion of Step 2, this will give (8.13) and hence
(8.10). Since the set on the left-hand side of (8.16) is given by = = (1 — t)zf (w) +

t% (xf(w)), 0 < ¢t < 1, it suffices to establish the conclusion in (8.16) for x =
vE(xf (w)). For that we use (2.5) and (8.12) which give

sen (5 (1 (a7 () — o (@) = £v5(af (@),w) = Foi,
completing the proof. O
In the notation of this section, Theorem 2 is reformulated as follows. Note that

henceforth in this section, £ denotes a sign (either + or —) in contrast with its use in
the statement and proof of Theorem 2.

Lemma 8.3. In the notation of (8.5), (8.9) and with € € {+, -},

=Y ) gia(mw) +uj(zw), ugeC@xJ), gi.eD(R,
P (8.17)

1 .
g;i(x,w) = 5 / elﬁ‘%(x_x%(w))&i,:t(’raw) d7_7 (x)w) S RQ X j,
R

2m
where a . € ST (T, x R;) is supported in {T: + eviT > 1}
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Proof. We consider the case of ¢ = —, with the case ¢ = + following since u™(w) =
u~(w). Recall from §7.5 that

U (W) = Uwrio = (Rogiof)|a — SutioVu-rio,
where Ry, i0f € C*(R? x J) by Lemma 4.3 and
Voyio € C(T; 13H(09Q, NS LUN*SH)),

with smoothness in w understood in the sense of Proposition 7.4. By the mapping
property (4.39) we have

SutioVurio € C°(T; T (Q, A (w))).

Here smoothness in w is obtained by following the proof of Lemma 4.9, which writes
Suraov for v € C®(J; 137 (8Q, Ni{zF(w)})) as a sum of a function in C=(Q x
J) and the pullback by (% of a conormal distribution to (£ (27 (w)) = £E(zf(w))
with k, ¢ related by (8.11). This gives the representation (8.17). Here we can fol-
low (1.9) and (8.9) to obtain an explicit parametrization of the conormal bundles
NxTE(ap (w)) = NiIZ (2] (w)) and check that af , can be written as a sum of a sym-
bol supported in {7: + 8V]:€t7' > 1} and a symbol which is rapidly decaying in 7, with
the contribution of the latter lying in C>=(Q2 x 7). O

The next lemma disposes of the term ug:

Lemma 8.4. Suppose that u*(z,w) € C®(Q x J). If wy is defined by (8.6) then for
any k, there exists Cy such that for all t >0, ||Ag wy(t Ner@) < Ck-

Proof. Recalling (8.6), we see that it suffices to prove that for any u € C*®(Q x J)

oup [ O)oxy < Co where w(t)i= [ [ o) (1 ) dads.

Integrating by parts in w, we get

.T S 1 2 ei(w*)\)s ,I(WJF)\ s
! // [(1+5%) 711+ DI ) dud
- /0 /R(l + D?)[p(w)u(z, w)| (@5 — et (1 4 6271 duwds

which is bounded in C*(§2) uniformly in ¢ > 0. O

Returning to (8.6) we see that we have to analyse the behaviour of

wkixt =3 // W)+ (z,w)e BEWN duds, e, € {4+, -}, (8.18)
7r



94 SEMYON DYATLOV, JIAN WANG, AND MACIEJ ZWORSKI
as t — 0o. More precisely, if the term uf in the decomposition (8.17) were zero, then

Agtw (z,t) ZZ Z 56'@021 z,t). (8.19)

k=1 =+ ee’e{+,—}

8.3. Asymptotic behaviour of w,‘ii For 7 # 0, define
o 1 [t ko ok N
Api(z t, ) = %/ /e” & (r—a (W) Fi(e'w— )S‘P(W)ai,i(ﬂ w) dwds

/ / BRI (W) 4 (r,w) dwdr,

in the notation used for g; , in Lemma 8.3, where in the second line we made the
change of variables s = 7r. We then have

1 /
wid (e t) = o= | Api(et,7)dr, (8.20)

in the sense of oscillatory integrals (since 9,02 (r — xf(w)) = d¢E # 0 the phase is

nondegenerate — see [19, §7.8]). From the support condition in Lemma 8.3 we get
AP (2, t, 1) A0 =  eyfr > 1. (8.21)
The lemma below shows that we only need to integrate over a compact interval in 7:

Lemma 8.5. There exist x € C°((0,00)) and ¢ satisfying (8.1) such that for

Al (ot 7) 1= zﬂ/ [ e I ) () ()

1 Tee
gy /RAk:i(a:, t,7)dr,

we have ||@ii(t)||ck(§) < Cy, for every k and uniformly as t — oco.

TpL (e, t) =

Proof. 1. Put F(x,w) := £X(z — 2 (w)). Lemma 8.2 shows that for all w € J
€, Flr,w)=0 = Fufd,F(r,w)>0.

Fix a cutoff function w € C>(Q) such that ¢ = 1 in a neighborhood of {z € Q |
F(x,)\) = 0} and Fvif0,F(z,\) > 0 for all z € suppt. Choosing ¢ supported in a
sufficiently small neighborhood of A\, we see that there exists x € C2°((0, 00)) such that
for all w € supp ¢

r€QNsupp(l —¢) = F(z,w) #0; (8.22)
r€QNsuppy = Frifo,F(z,w) ¢ supp(l — x). (8.23)
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2. Using the singular support property of conormal distributions (see §3.2) and (8.22),
we have

(1 —v(@)p(w)gi +(z,w) € C®(Q x R).
The proof of Lemma 8.4 shows that || (1—1&(95))@23; (Ol cx @) < Ck, uniformly ast — oo.
On the other hand, (8.23) implies that for some constant ¢ > 0
wEsuppy, € QNsuppy, 1 € supp(l — x(Ee'vite))
= |0 F(z,w)+e'r| > c(r).

Integration by parts in w shows that
o2 [v(@) A t,)| = O((r) ™),
uniformly in ¢. But that gives uniform smoothness of @/)(x)fﬁ,izi(x,t), finishing the
proof. [l
The lemma shows that in the study of (8.18) we can replace A in (8.20) by

BZ:i(J?, t’ T) - Ai’i(l’, ta 7—) - giii(l', t, T)
= l/T / eiT(@f(zkai(w))+(5’wf>\)r)X(j:g’ykir)gp(w)aii(q-’w) dwdr.
2 Jo Jr ,

Define the limit B,‘ii(x, 00, T) by replacing the integral fOt/T dr above by fo(sgm)oo dr,
which is well-defined thanks to the cutoff y(4¢'v;fr), where we recall that x € C°((0, 00)).
The next lemma describes the behaviour of this limit as 7 — oo:

Lemma 8.6. Denote F(z,w) := (X(z — xif(w)). Then e‘”F(I’A)BZi(x, 00, T) lies in
the symbol class S~ (Q, x R;) and
X(Fvp OF (2, 0)a5 (1, 0) + STHQ X R), e=¢' =+,

e*”F(‘””\)BZ’i(L 00, T) € i
’ ST x R), otherwise.

Proof. We first note that if +¢'v;"7 < 0 then BZ’i(az, 00, 7) = 0. Hence we can assume
that

sgn T = +c'vit. (8.24)
In that case we can replace limits of integration in r by (—oo, c0), with 7 replaced
by |7| in the prefactor 7~. The method of stationary phase (see for instance [19,

Theorem 7.7.5]) can be applied to the double integral fR2 dwdr and the critical point
in given by

w=¢N r=—-0,F(r,w).
Since w = —A lies outside of the support of ¢, if ¢ = — then (by the method of
nonstationary phase) we have Bz:'i(x,oom) € S7°(Q x R). We thus assume that
¢’ = +, which by (8.24) gives iy,fT > 0. If e = — then the support property of aj , in
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Lemma 8.3 shows that BZi (x,00,7) = 0. Thus we may assume that € = &’ = +. In the

latter case the method of stationary phase gives the expansion for BZ"i(x, oo, 7). O

We now analyse the remaining term given by

1 /
/ Cri(z,t,7)dr, (8.25)
R

v (T, t) = Py

where
e’ T (sgn)oo ir (65 (z—aF (W) +(Ew=A)r) | &’ €
Ck,ﬂ:(xat?T) = o |, Re ¢ k Xk,i(r>(10(w)ak,i(7—a w) dwdr,

and Xi"i(r) = x(e'viir) € CX(R\ {0}). The last lemma deals with this term:
Lemma 8.7. For v,‘ii given by (8.25) we have, for every 5 > 0,
R 2 @) y35 gy =0 as t = cc. (8.26)

Proof. 1. We put ¢’ = + as the other case is similar and simpler. To simplify notation
we will often drop € and k. Fix a cutoff function

Y € CX(R), ((F)Y =1 near Q forall w € supp . (8.27)
For x € R?, t > 0, and w € J, define
Us(w,t,w) = (€3 () Va (b (2),t,w),
where (in the sense of oscillatory integrals)

T (sgnT)oo . o )~
Vi t,w) = / %/ W DI ()b (7, w) drdr,
R 4 (8.28)

aE
b= 2’“—; €SI, xR, X:=xiy € CX(R\0).

Then we have for x € Q)
v,‘zzi(x,t) = / o(w)Uy(z,t,w) dw,
R

which together with the Fourier characterization of the Sobolev space H 2h (R?) implies
the following bound, where U, denotes the Fourier transform of U, in the x variable:

&,+ 2 1-28
IO soay < [ ©

2. Thinking of LE (see (4.3)) as elements of the dual R? of (R?)* we have by (4.4)
(R*)" 2 & = L&) + Lo (€)Lg, €5 € (R?)™.

/R ()T (6., w) | de. (8.29)
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Hence, since det d(z1, 22)/0((], () = 3wVl — w?,

Fae (F(E:(2))g(£; (2))) = / e OB @IS OLE) f(0F (2))g(05 (2)) da
R2
= LoVT =B f(L5(€))9(L5(€))-
Consequently,
Us(€,t,w) = LE(E)D(LE(E), t,w — ND(LE (€))e HE OB @ @p(LE(E),w),  (8.30)

where we absorbed the Jacobian into b and put

(sgn7)oo A
D(r,t,p) = / X(r)e " dr, T #0.

P

Since ¥ € C®(R), we have D(t,,p) — 0, for fixed 7 # 0 as t — oo, uniformly in p.
In view of the support condition in Lemma 8.3 (which implies that |LE(£)] > 1 on the
support of Uy) we then get

/ (W)U (€, t,w)dw — 0 ast — oo, (8.31)
R

for all ¢ € R2. Using the Dominated Convergence Theorem and (8.29) we see that to
establish (8.26) it is enough to show that the integrand on the right hand side of (8.29)
is bounded by a t-independent integrable function of &.
3. We have
D(r,t,p)] < Clrp) . (8:32)

Indeed, since the support of X is bounded, we have D = O(1). On the other hand,
when |7p| > 1 we can integrate by parts using that e”?" = (iTp) =10, which gives
the estimate.

Recalling (8.30), (8.32) and using that )€ < (R) by (8.27) and b(T,w) = O(<T>_1+§)
by (8.28), we get

T, t,w)] < CULT(©)) " (LEE©))* (w — N IE()) ™

Thus is remains to show that

/R () H(E,w) du

< 0
L2 (R2)

where  H(&,w) := (&) (LT (LE(€)) 2 ((w — NLE(©)) ™

Using the integral version of the triangle inequality for L*(IRZ), this reduces to

8
2

[ Ny do < o (8.33)
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Fix w € supp ¢ and make the linear change of variables £ — n = (n,n_), nx = LZ().
Then we see that

1H (&) laqmy) < C/Rz (=2 ne) 70 () {(w — A\)ns)~ dn.

Integrating out 7+ and making the change of variables ¢ := (w — \)ns, we get (for w
bounded and assuming § < 1)

_ -2 _
(6.0 ey < € [ (10 = M) ™ dine < o = AP
Thus )
[ e@NHE Dy do <0 [ - do <,
R 0

giving (8.33) and finishing the proof. O

8.4. Proof of Theorem 1. We now review how the pieces presented in §§8.1-8.3 fit
together to give the proof of Theorem 1.

In view of (8.2), Lemma 8.1, and (8.7) it suffices to show that
Agrwi(t) = ut(N) + ra(t) + é(t),

- 8.34
2@l = O1), @)l 3 =0 ast— oo, (8.34)

We use the formula (8.6) which expresses Ag'w;(t) as an integral featuring the dis-
tributions u®(z,w), ¢ € {+,—}. Lemma 8.3 gives a decomposition of u° into the
conormal components g; , and the smooth component ug. Lemma 8.4 then shows that
the contribution of u§ to Ag'w;(t) can be absorbed into r4(t).

The contribution of conormal terms gj ;. to Agtwi(t) is then given by (8.19). Re-
stricting integration in r using the cut-off 1 — x in Lemma 8.5, produces other terms
which can be absorbed into 75(¢). The limit of the remaining terms as t — 400 is de-
scribed in Lemma 8.6: summing over k and + gives the leading term as ut(\) (as seen
by returning to Lemma 8.3, where the cutoff x does not matter by (8.22) and (8.23))
and terms which again can be absorbed in ry(t).

What is left is given by a sum of (8.25). Lemma 8.7 shows that those terms all go
to 0 in H2(Q) as t — oo and their sum constitutes é(t).
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