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1. Introduction

These are the notes taken by Zhongkai Tao from the topics course taught by Maciej
Zworski in Fall 2022 at Berkeley, on mathematics of condensed matter physics. The
purpose was to provide a general introduction to basic continuous models (rather than
the increasingly popular discrete models) and to their relation to topological structures.

The course (and some follow up presentations) covered the following topics:

Preliminaries on basic geometric and analytical concepts; they can be reviewed
ahead of time, or consulted when they are referenced in the text.

Magnetic Hamiltonian of the free electron; Landau levels, derivation of de Haas{
van Alphen oscillations in that case.

Spectral theory of periodic structures; band theory. Examples of simple band
structures.

Semiclassical derivation of the tight binding model. That is done carefully in
1D (including as an extra a precise description of energy splitting in a double
well problem) with a discussion and numerical illustrations of the 2D case.

Introduction to vector bundles with a stress of two dimensional manifolds and
line bundles; connections, curvature, and Chern numbers developed through
examples.

The adiabatic theorem and the emergence of the Berry phase, connection, and
curvature in that setting.

Topology of band structures: a separated band, decay of Wannier functions,
Thouless pumpings, Landau levels revisited.

2D crystals in magnetic elds and the Peierls substitution; topological inter-
pretation of lower order terms in the e ective Hamiltonian.

We have since corrected and expanded many sections and we are continuing our
work on that. At the moment 810 still needs more attention. Generous support for
this project has been provided by the Simons Foundation's Targeted Grant Award No.
896630 \Moie Materials Magic".



PDE METHODS IN CONDENSED MATTER PHYSICS 5

2. Preliminaries

This section presents preliminaries from analysis and geometry. We provide de-
tailed references when proofs are not given. A brief account of basic geometric pre-
liminaries can be found athttps://math.berkeley.edu/ ~zworski/symple.pdf . For
an in-depth presentation we suggest [Lee12]. For tempered distributionS ) and the
Fourier transform, an in-depth presentation is given in [Ho03, Chapter 7] (see also
[Zw12, Chapter 3] for a more light-hearted treatment). References for pseudodi eren-
tial calculus (going beyond what is needed here) are [DS99] and [Zw12, Chapter 4].
For unbounded operators, a detailed account can be found in [Sch12] and for brief
reviews see [DS99, Chapter 2] and [Zw12, Appendix C.2].

2.1. Symplectic geometry. A symplectic manifoldis a smooth manifoldM with a
non-degenerate closed 2-form on M, called the symplectic form On a cotangent
bundle T M, there is a canonical symplectic structure given by

= d;™dx = d( M dx):
In the case ofM = R", we can think of as a nondegenerate quadratic form on
R" R™
(X; X% 9=h ;X9 h x; §: (2.1)
Given a smooth real-valued functiomp: T M ! R, we de ne the Hamiltonian vector
eld Hp by

(;Hp) = dp:
The Poisson bracket of two functionsg;lb on T M is de ned by
fa;bg= Hyb: (2.2)
In local coordinates, in the case of (2.1), it is given by
X ep@ @p@ ... _* @G> Q@pQa
; @ @x @x@ @ @x @x@
The ow ' = exptH, under the Hamiltonian vector eld is called the Hamiltonian

ow. The ow ' preserves the symplectic form and the functiop { [Zw12, Theorem
2.11]. In particular, it preserves the volume forndVol = "=n! (Liouville's theorem).

Hp = (2.3)

Example 1. If p(x; ) := % 2+ V(x): R R"! R, then the Hamiltonian ow is
given by solving

X=,; —=1r VX):

Thatis, x = r V(x). If we think of V(x) as a potential and ofF(x) = r V(x) as
the corresponding force, then this is Newton's law of motion.
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Example 2. Now we consider the motion of a charged patrticle in the electromagnetic
eld: E, the electric eld and B, the magnetic eld. Maxwell equations give

r B=0, r E=70:
That implies (in the global setting of R") that So there exists an electric potential
V(x) and a magnetic vector potentialA(x) such that
E=r VX); B=r A(X): (2.4)
The force acting on the particle is then given by
F=r V(X)+x B:
To obtain a Hamiltonian formulatiog(we let
PO )=3 (i AX)*+ V(x):
j
The Hamiltonian ow is given by
= A += QA AkX) @V(x):
k
That is,
X X
Xj = @A (X)xkt +=  (@A(X) @A (X)xx @V(X)=(x B r V)
k k
The quantization of this Hamiltonian in the case of a constant magnetic eld is the
Landau Hamiltonian which we will study in §3.

A classical observable is a functioma(x; ), on T R". Under the Hamiltonian ow
'+ = exptH,, the evolution of an observable is given by a(x; ) = a(’ «(x; )). In
other words,

d 1 1 1
g 127 Hea= " Ipiag; (2.5)
where the last expression is given using the Poisson bracket (2.2).

2.2. Analysis on R". The space ofSchwartz functionsis de ned as
S(RY)=fu2C'(RM):x Qu2L*;8; 2Ng

The seminormskuk. = kx @uk.: giveS a structure of a Fechet space { see [H088,
8.2]. The space oSchwartz/tempered distributionsis the d)t(JaI of S , or equivalently,
SAR")=fu:S ! C:9N2N;Cy >0 ju(")j Cn k"k. ;8 2Sag:

i il N
We note that LP(R") S {R") (for the Lebesgue spaceg,P, see [Fo99, Chapter 6])
with the de nition Z
u(' )= u(x)" (x)dx:
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The main advantage of distributions, and in particular of tempered distributions, is
the fact that the derivative is always de ned using formal integration by parts:

(@u('):= u@'); u2sqrR"; ' 2S(R"): (2.6)
The Fourier transform of a Schwartz fur%ctionu 2 S is de ned by
Fu( )=()= u(x)e * dx
Rn

andF : S ! S gives an automorphism of the Schwartz space. Theverse Fourier

transform is given by 5

2)" R
We recall the basic properties of the Fourier transform without proof (see [H00§7.1]
or [Zw12, 83.1]):

F lu(x) = u(x) = u( )e* d: (2.7)

Proposition 2.1. The Fourier transform F : S ! S extend to a continuous linear
isomorphismF : S %! S 9 with the following properties.

(Plancherel theorem) Up to a normalization constantf is an isometry on
L2(R™):

KF uk?, = (2 )"kuk?,:
F@ =i;jF, Fx; =i@F.

Using the Fourier transform, we de ne the Weyl quantization fora2 S (R?") by
Op”(a)u(x) = a"(x; D)u(x)
z ry 2.8)

1 ; X
Bk e ¥ a — u(y)dyd:; u2S (R"):
Foru?2 S we easily check thad(x;D)u2 S as well.
In the notation of (2.8),

o, =1 @

I @x
The de nition (2.8) can be extended to a more general class of functioras(called
symbolsin PDE literature) { see [Zw12, Chapter 4] for an in-depth presentation. For
instance, Op'(x;) is multiplication by x; and Op"( ;) = Dy, .

Example 3. The quantization of the classical magnetic Hamiltonian in Example 2 is
given by «
P=1 (Dg A)?+V(X): (2.9)
j
This is called the magnetic Schredinger operator.
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2.3. Unbounded operators.  The quantization of a classical observable given by (2.8)
is usually an unbounded operator on the Hilbert spade?(R"). We recall some de ni-
tions and results about such operators. Although technical and seemingly dry, these
concepts are essential in the study of Schmdinger operators even if this point is not
universally appreciated.

De nition 2.2. Let Hy; H, be Hilbert spaces. An unbounded operatét : H; ! H,
means is de ned in the terms of its domain, a linear subspaBP) H,, and a linear
map P : D(P) ! H,. The operator P is said to be densely de ned iD(P) is dense
in H;.

De nition 2.3.  The graph of an unbounded operatd? : H; ! H, is
G(P)=f(x;Px):x2D(P)g H; Hy:

P is closed if the graph is closedP is closeable ifG(P) is a graph of an operator.
That operator is then called the closure d® and is denoted byP. We sayP  Q if

G(P) G(Q).

We will say a densely de ned operato® : H ! H on a Hilbert spaceH to be
formally self-adjoint or symmetric if
hPu;vi = hu;Pvi; u;v2 D(P):

Given a densely de ned operatoP : H; ! H, between Hilbert spaces, the adjoinP
is de ned by specifying the domain as

D(P )= fu2H,:9C = C(u); such thatjhu;Pviy,j Ckvky,;8v2 D(P)g (2.10)
dening P :D(P )! Hjby
P u;vi =hu;Pvi; u2D(P );v2D(P):

The adjoint is well de ned by Riesz representation theorem [F099, Theorem 5.25]. We
recall some facts of the adjoint operator:

Proposition 2.4. The operatorP is closed. Also, ifP is densely de ned, therP is
closeable, and® = P

Now we can de neself-adjoint operators.

1The following story is told in [La02]: \In the 1960s Friedrichs met Heisenberg and used the occasion
to express to him the deep gratitude of mathematicians for having created quantum mechanics, which
gave birth to the beautiful theory of operators on Hilbert space. Heisenberg allowed that this was so;
Friedrichs then added that the mathematicians have, in some measure, returned the favor. Heisenberg
looked noncommittal, so Friedrichs pointed out that it was a mathematician, von Neumann, who
clari ed the di erence between a self-adjoint operator and one that is merely symmetric. "What's the
di erence?' said Heisenberg."
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De nition 2.5. Let P be a symmetric (unbounded) operator on a Hilbert spaé¢é.
We sayP is self-adjoint if P = P . The operator P is called essentially self-adjoint if
P is self-adjoint, that isP = P .

Example 4. One way to obtain self-adjoint extensions of symmetric semibounded
operators is via the Friedrichs extension: suppose th& is a densely de ned operator
with a domain Dy(P) and that

C = inf HPu;ui > 1
kuk=1;u2Do(P)

Then there exists a self-adjoint extension d? with domain D (P) such that
WPu;ui  ckuk?;, u?2 D(P):
For the proof see for instance [Ho88, Theorem 3.2.10].

Example 5. SupposeA;(x) are linear, V(x) = 0. Then the Landau Hamiltonian
1 X

> (D A

j
de ned with the domain given by S (R") is an essentially self-adjoint operator. This
follows from a more general case of operator of the form

P = InAx;xi + IhBx;D4i + 2hDy;Bxi + 1hCDy; Dy
whereA = AT, C = CT are two symmetric matrices. Let
p(x; )= ibAX;xi + MBx; i+ iC; i;
be the symbol ofP in the sense that foru2 S ,
Pu=p"(x;D)u;

where we use (2.8) witth = 1. Let N, be the operatorP with domain D(Np) = S (R")
and M, be the operatorP with domain

D(Mp) = fu2 L}(R"): Pu2 L3(R"g:
The proof of the following properties can be found in [Zw12, Appendix C.2]:
My is closed, Ny= M, N, =M, = M,

Those properties imply that if p is real-valued, thenM, is a self-adjoint operator and
N, is essentially self-adjoint.

Another example relevant to condensed matter physics is presented with a detailed
proof in 85.9.1.

The importance of self-adjointness is due to thepectral theorem
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Theorem 1. LetP :H ! H be a self-adjoint operator on a Hilbert space. Then there
exists a measure spacéX; M ; ), a measuable functiorf : X ! R and a unitary
operatorU : H ! L2?(X; ) such that

x 2 D(P) ifand only if f Ux2 L3(X; );
U(Px)=f Ux forany x 2 D(P).

Remark 1. The spectrum of an arbitrary operatorP is de ned as
SpecP)=fz2 C:P zis notinvertible g:

In the case of self-adjoint operators, we can apply Theorem 1 so that it is given by
f (X). In particular in that case the spectrum is real.

Using spectral theorem, we can de ne the unitary evolution by
Ut)y=e ™ tH! H; U®{)=U Megir)U; e™ 2L (X; ):
One then checks (again using the spectral theorem) that far2 D (P),
k(U(t+ h) U(t)u=h+ iPU(t)uky ! 0O; h! O:

(Convert P to multiplication by f and use dominated convergence theorem based on
fu 2 L2)

A quantum observable is a linear operatoA : H ! H, the evolution of a quantum
system is described by

A(t) = U(t) AU(L):

In other words,
d I _
aA(t) = i[P; A(D)]: (2.11)

This is sometimes referred to as théleisenberg picture of quantum mechanics.

The quantum evolution (2.11) and classical evolution (2.5), are related by the corre-
spondence between commutators and Poisson brackets. The simplest example is given

by
Example 6. We havef \;x;g= j and [;x"] =[Dy;X]1= § jk-
The ideal generalization of this would be
[P";d"1= {fp;ag”;
for the quantization (2.8) or for another form of quantization. However the Groe-

newold{Van Hove theorem showed that it is impossible. However, it remains true up
to \lower order terms" { see Proposition 2.7.
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2.4. Properties of pseudodi erential operators. The Weyl quantization has many
good properties.

Proposition 2.6. Leta7! a" denote the Weyl quantization(2.8). Then

Formally, (&%) = (@)". In particular, if a is real, then a" is formally self-
adjointon S .
(Caldeon{Vaillancourt theorem [Zw12, Theorem 4.23]If @ a2 L', then

a'(x;D):L?! L2

is bounded.
(Beals's theorem[Zw12, Theorem 8.3]If A:L?! L2 is bounded and for any
set of linear functions™; : T R"! R,

adyp) adwp)A:L?! L?

is also bounded, then there exists : R* ! C with @ a 2 L' such that
A=a"(x;D).

The rst property is straightforward calculation. The next two are deeper. We
will not prove those properties here but just indicate thel.? boundedness is easy if
we assumea 2 S . In fact, whena 2 S, we write (denoting by F,, the Fourier
transform in the variable x)

2727
1 X+y - -
\ W[y, — . (X y) ix .
I:X. (a (X,D)U)( ) (2 )n a 2 ’ € U(y)e dyd dX'
We write the phase as follows
bk y; i hx i= 20 i hy;2 i
We then put 7
a(; )= a(z; )e” dz
Hence,
. Z
Fa (@"(x;D)u)( )= 2 ] a2 2; )02 )d
1 + .— .
=Gy Al 5)00)d =Kl
Because of Parseval's identityKuk, > = (2 ) "“?kak, 2) it is enough to prove
kKvk 2  Ckvk2: (2.12)

To do this we use the Schur criterion E)r boundedness arf; if

Kv()= K )v()d
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and 7 7
jK(; )jd C;  jK(; )jd C; (2.13)

then (2.12) holds with the sameC. In fact, using Cauchy{Schwarz inequality we see
that
Z Z 2 zZ Z z

kKv k. = K(; Jv()d d jK(; )id K iiv()jd - d
z y4 z
sup JK(; )jd  sup JK(; )jd jv( )j*d C?kvk?»;
(2.14)

which proves (2.12).

In our specic case

K(; )= (Zl)nal( ;)

and (2.13) holds aa2 S sothata; 2 S as well.
We note that we can use a weaker condition:

(s )i @+jip " >0

as that also implies (2.13).

The composition properties for quantizations are also interesting and important.
We recall the following result [Zw12, Theorem 4.18]. In principle, it could be shown
without general theory since it involves only di erential operators.

P

Proposition 2.7.  Supposeyy = | m; &; (X) ,J=1;2 Thena! a% = af where
az enjoys the following asymptotic expansion:
X1 :

% 3 (ODiDyiD) X )aaly; dix=y; = (2.15)
k=0

where is the symplectic form given in(2.1). In particular,
1
[a7'(x;D);8z (x;D)] = ~fau;ag"(x;D) + r*(x; D); (2.16)

where 7! r(x; ) is a polynomial of degree less than the degreefaf;; a,g (which is
less than or equal tan; + m, 1)

We refer to [Zw12, Theorem 4.12] for the proof and the sense in which the asymptotic
expansion (2.15) is valid.
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2.5. Trace class operators. In this section we recall basic properties of trace class
operators.

Let H be a Hilbert space andA : H ! H be a compact operator { see [H088,
De nition 2.5.5]. Then Spec@) = f ;g is discrete and can be ordered as follows

Jool bl it o (2.17)

If A is self-adjoint, then ;'s are real. Moreover, there exists an orthonormal basig, g
consisting of eigenvectors oA, such that
X
Au = ihusgie:
j
In the non-self-adjoint case, there is a similar form usingjngular value decomposition
(SVD):

Proposition 2.8. Let Hy;H, be Hilbert spaces and : H; ! H, be a compact opera-
tor. Then there exists

So S s! O (2.18)
and orthonormal setsfeg H,, ff;g H,, such that
X
Au = sihu; gifj:

j
In fact fsjg'., nf0g = Spec((A A)'™) nf0g = Spec((AA )*) nf0g.

Proof. Observe thatA A : H, ! Hj is a nonnegative self-adjoint operator. Letgg
be the eigenvectors corresponding to the eigenvalmfs: i (A A). Let

(= s 'Ag; 560
oo s =0:
Then f;'s are orthonormal and
X
Au = sihu; g if;:

J
The s;'s are called thesingular valuesof A. We list some of their properties (see
[DyZw?2, Appendix B])
Sh(A) =minfk A KKy, u, :rankkK  ng;
S+k(A+B) s(A)+ s(B); (2.19)
Si+k(AB) sj(A)sk(B); In particular, si(AB) k Aks(B).

Here is an example of the use of those inequalities:
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Example 7. Lets> O andA :L%(T")! HS(T") L2%T") be a bounded operator,
then s;(A) Cj ™. (HereT" = R"=(2 Z)" is a torus andH*® denotes the Sobolev
space { see (5.15) below). This is because

S(A)=s(( +1) 2 +1) *2A)
k ( + 1) SZZAkLz! LZSj (( + l) S=2)
CJ SZFI:
The claims ((  +1) S%2) Cj S"is proved by lattice point counting:
#ij :ijj rg C#fmZZ”;(m2+1) §=2 g Cr n=s.

Now we can give the de nition of trace class operators:

De nition 2.9. Let H be a Hilbert space, the space of trace class operators is de ned

as
X

L,(H)=fA:H! H:Aiscompactand s;(A)< 1g:
i
The norm onL,(H) is de ned as

X
kAk; = Sj (A):
j
This makesL ;(H) a Banach space with a continuous linear functional called the trace:
X
tr(A) = Me;; gi

i
whereg is any orthonormal basis.

The trace norm can also be written a).(S
kAki =  hjAjg;gi
i
where jAj = (A A)¥™ and fe g is any orthonormal basis. This is because for two
orthonormal based g g a)rzd ff;g we have

X
hiAje ;g1 = hjAjf «; frohe s fribg frd = hjAJT; fii: (2.20)
j jikik 0 k
If AX2 L 1(H), then Q: UjAj for some)tgnitary operatorU. Thus
jhAg i gij = JhUjAje ;] KiAj* 6 kkjA]' U gk
j j j
X . . . X . . . 1:2 x
hjAjg ;g i hAjU e U &d = Sj = kAk,:
] k j
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Hence, the trace is well de ned and bounded by the trace norm. For the same reason
as (2.20), the de nition of trace does not depend on the choice of orthonormal bases.
We recall some properties of trace class operators without proof.
(Lidskii'sptheorem) If A 2 L(H) has eigenvalues ; ordered as (2.17), then
(Weyl inequalities) Let A 2 L 1(H) with eigenvalues ; and singular valuess;
ordered as in (2.17) and (2.18), then

x X

(1+j ) (1+s);, 8n:
i=0 j=0
If A:L2%R") ! L?%R")is dened by an integral kernel, Ka(x;y), and A 2
L1(L2(R™), then Ka(x;x) 2 LY(R™) and
Z

tr(A) = K a(X; x)dx:
Rn

P -
This is easily veri ed by rewriting the kernel asK Ao(x;y) =  s;(A)f;(X)g (y).

We remark that the trace class condition is much stronger than the condition that
Ka(x;Xx) can be integrated. For example, for anya 6 1, Au(x) = u(ax) gives a
bounded operator withK(x;y) = (y ax). Then Ka(x;x) = (1 a)x) = j1

a ! (x)and 2

Ka(x;x)dx=j1 a %
But A is far from being in the trace class.
2.6. Grushin problems. In this section we review Schur's complement formula and

its applications to spectral theory. That complement formula a general fact from linear
algebra:

Lemma 2.10. Suppose

P R _ E E.

= . |
R, R E £ X X DX X, (2.21)

are bounded operators on Banach spaces, thBnis invertible if and only if E ., is
invertible. In that case we have

P'=E E,E!E: E!=R, R,P RR: (2.22)
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Proof. The proof is a direct computation. IfE . is invertible, then from

PE+RE =1I;, PE,+R E , =0;
we getPE  PE.E !E = 1. Similarly, since
EP+E.R., =1, E P+E R, =0;
we getEP  E.E !E P = |. We conclude thatP is invertible and P * = E

E.E 1E . The proof for the other case is the same.

If R+ =0, we have the following observation.

Proposition 2.11. If R, =0 in (2.21), thenR, andE are surjective, andR and
E. are injective.

Proof. This is because we have
R:iE+=1;, E R =1
In application to spectral theory we typically start with an operator P and then
construct R so that the operator on the right hand side of (2.21) is invertible. Fol-

lowing Spstrand we call the result aGrushin problem A Grushin problem we well
posed if the operator is invertible:

P R _ E E,
R, 0 E E,.

The perturbations of Grushin problems are stable thanks to a Neumann series argu-
ment:

X1 X 1 X, X, (2.23)

Proposition 2.12. Suppose(2.23) holds, andA : X; ! X, satis es
kEAkxl! xl,kAE kng X, < 1;

then the Grushin problem

P+A R
Pa= R, 0
remains well-posed with the inverse
F o Fs
F F.

where

X
F.=E .+ ( 1)*E A(EA)* E,:
k=1
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Proof. Let
P R
—_ 1
P=E"= R, O
then
P.=P 1+E 'g g
and
1 )Q k
A O A O
1 1 - k
PA—1+E00 P—(l)EOOE
k=0
R K
_ K (EA) 0 _
= E+ I(:1( 1) E A(EA) 1 0 E:

We will usually study the Grushin problem for Fredholm operators. For more details,
see [DyZw2, Appendix C].

De nition 2.13. A bounded linear operatoP : X; ! X, between two Banach spaces
is called a Fredholm operator if the kernel and cokernel Bfare both nite dimensional.
The index of a Fredholm operator is de ned as

indP =dim kerP dim cokelP:

Proposition 2.14. (i) SupposeP : X; ! X, is a Fredholm operator. Then there
exists nite dimensional spacesX and operatorsR : X ! X,andR, : X! Xi

such that the Grushin problem2.23) is well-posed. In particular, the image oP is

closed.

(i) Suppose the Grushin problem(2.23) is well-posed, therP is a Fredholm operator
if and only if E . is a Fredholm operator, and

indP =indE .:
Proof. (i) Let n. =dim kerP andn =dim cokerP. Let X = C" . Suppose kP is
spanned byxy; ; Xn, , by Hahn-Banach theorem there exist&xj : X1! R such that
X; (i) = . We then de ne

Re: X! CY™p X7V (X(X); X, (X)):
On the other hand, choose a representativg; ;y, of cokelP and de ne

X
R :C" I Xy (a3 8, )7! Y
j=1
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We claim the operator

P R
R O
is bijective. First, if
P R u _ .
R. 0 u O

then since the intersection of the range @ and R is zero, we havdPu= R u =0,

sou =0and u2 kerP. From R, u =0 we concludeu = 0 and hence injectivity. On
the other hand, R;R ): X; X ! X, is surjective. Since modifyingu 2 kerP does
not a ect the value of P u, we obtain surjectivity.

Finally, P X, can be viewed as the image of the closed subspa®e ;) under the
invertible map (P; R.) (modkerP). So the image ofP is closed.

(i) Take u =0, we observe that
Pu=v u=Ev+E,v,; 0=E V+E ,v,: (2.24)
SoE :PX;! E X, and induces
E* 1 X,=PX;! X =E .X.:
By Proposition 2.11,E is surjective, SOE” is surjective. On the other handE v 2
E . X, will give usv 2 PX; by (2.24), soE” is also injective. We conclude

dim cokerP = dim cokerE . :

Now we look at
E., :kerE , ! kerP:

It is injective by Proposition 2.11. Moreover, ifu 2 kerP, then by (2.24) we get
V. 2 kerE . such thatE.v, = u, SOE. is also surjective. We conclude

dim kerP =dim kerE .:
This nishes the proof of (ii).
The proof of the following corollary is left as an exercise (see [DyZw2, Appendix
C)):
Corollary 2.15. With de nitions above we have

The set of Fredholm operators is open in the set of bounded operators and the
index map is locally constant.

If K is a compact operator, ther + K is a Fredholm operator andnd (1 + K) =

0.

A Fredholm operator has closed image.
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We conclude this section with a simple example showing hd¥v can be constructed
in the self-adjoint case. It will be useful in85.5.

Example 8. SupposeP is a self-adjoint operator on a Hilbert spacéd and that P
has discrete spectrum. Suppose tha, is an eigenvalue oP of multiplicity m, with

eigenfunctions given by with an eigenfunction; (kujk = 1), j = 1; :m. Then as
in Proposition 2.14, we may takeX = X, = C™ and
xn
(Reu)j = huyyi; Ru = u u:

j=1

When z is near zy, this gives a well-posed Grushin problem foP z. We complete
the eigenspace to an orthonormal basis &f, fu;g'., , wherePu; = zu;, then

X xXn

E(z)v = (zz 2) 1h\/;ujiuj; E:(2)v: = ViUp;
j>m j=1

(E (2)v); = hv;uy;i; E +(@2vs =(z 2zp)Vs:

Now we consider a perturbation by a bounded operatdp, via the Grushin problem

P z+QR ' E E,

R 0 ~ E E,
By Proposition 2.12 we have

*>
E.2=z z+ ( )E Q(EQ) E,: (2.25)
k=1

When m = 1, this gives an expansion for the eigenvalues & + Q, z( ) = zy +
hQuo; Upi + O( 2). As a corollary, we get the Feynman{Hellmann formula

z%0) = Qug; Ui : (2.26)

It also has a direct proof assuming( ) is smooth in : rst write down the eigenvalue
equationP u = z( )u , then di erentiate on . We get

Quo + Pug = zY0)up + ZoUp:

Moreover, hP up; Upi = hug; P ugi = zphug; Upi . Pairing with ug gives (2.26).
In general, we have

E.2=2z 2z A+0(?;, Aj=mMu;uyi; 1 ij m: (2.27)

Hence moduldO( ?), the eigenvalues oP + Q nearz, are given by adding eigenvalues
of A to z.
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2.7. Vector bundles. This section requires some familiarity with basic di erential
geometry, without going much past the de nition of smooth manifolds { see [Zw12,
§814.1] for a quick introduction.

De nition 2.16. Let E; X be topological spaces and : E ! X a continuous map.
The triple (E;X; ) is a called a (complex) vector bundle of rankif for any x 2 X,

1(x) is a (complex) vector space of dimension, and there exists an open covering
f Ujg of X such that we have homeomorphisms;, linear on each ber, andpr, ; =
wherepr, is the projectionU; C'! U;.

) ——uy c
| &
U

A vector bundle of rankl is called a line bundle. We can also consider a smooth
version of this de nition in which topological objects are replaced by the corresponding
C! objects.

Let E;F be two vector bundles oveiX . A vector bundle morphismf :E! F isa
continuous map preserving each ber and linear on each ber:

E—>F

1/

A bijective morphism is called an isomorphism. Leg: Y ! X be a continuous map
between topological spaces, : E'! X be a vector bundle onX, then the pullback
bundle g :gE! Y isdenedas

gE=1f(y;p:y2Y;p2E;, (Pp=9d¥)g gely;p:=Y: (2.28)

If Y I X is an inclusion, then pullback bundle can be thought of as the restriction of
the bundleE to Y and we denote it byEjy .

A vector bundle isomorphic toX C' is called a trivial bundle and we are interested
in criteria guaranteeing triviality. One is provided by the following proposition from
[BoTu82, Section 6]. By de nition, the pullback (2.28) of a trivial bundle is also trivial.

Proposition 2.17. Let X be a compact Hausdor space, anB ! X [0; 1] be a vector
bundle. Letp; : X [0;1]! X be the projectiontoX andipg: X = X f Og! X [0;1]
be the inclusion, thenE = p;i,E. In particular, if i,E is trivial, then E is trivial.

The intuitive meaning of this proposition is that E ! X  [0;1] is trivial if the
restriction of E to any ber X f tqg (there is nothing special about = 0) is trivial.
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A reader less familiar with abstract topological arguments can take this important fact
on faith.

Proof of Proposition 2.17.Let F = iyE. It suces to construct an isomorphism be-
tween E and p,F. Parametrizing the interval [G 1] by t, means thatF can be written
asEji-o. We can nd a nite open cover U; of X and"; > 0, such that over eachJ;,
there is an isomorphism

Eju prg! U [0"] C:
Using the isomorphismFjy, ! U; C', we can now de ne an isomorphism
EjUi [0:"i] ! pleUi 0] = FjUi [0; il

Using a partition of unity, we combine those isomorphisms and getamap : Ejx o !
p.Fix o+ for some" > 0. Since this map is the identity whent = 0, and being an
isomorphism is an open condition, we may assume is an isomorphism by choosing
"> 0 su ciently small.

We now consider the set
S := fs2 (0;1] : there exists an isomorphism¢ Ejx 05! PiFjx [0:90:

The construction of - shows that this set is open. It is also closed sincesf 2 S
ands; ! sy 2 (0;1], we can run the same construction as, to get an isomorphism
Eix 1so "so] = P1(EJx  sog)ix [so "so] fOr some" > 0. Sinces, " 2 S, we have
Ejx t ssg = Ejxt s, "¢ = F and consequentlys, 2 S. By connectedness of [Q], we
have S =[0; 1].

Corollary 2.18. Any vector bundle over a compact contractible Hausdor space is
trivial.

Proof. By de nition, X is contractible if there exist (with denoting a point space)
ic ! X,p: X! andH : X [0;1]! X suchthatHy=idx andH; =1 p. By
Proposition 2.17,E = HyE = H,E = p i E. Sincei E is a bundle over a point, it is
obviously trivial and so is its pullback byp.

For paracompact spaces, this remains true but the proof becomes a bit more subtle.
We provide a direct proof for the case we will need.

Corollary 2.19. Any vector bundle oveR" is trivial.

Proof. Let E be a vector bundle oveR". Then, by Corollary 2.18,E is trivial over
B(O;R) for any R > 0. Let r : Ejgggy ! B(O;R) C' be the corresponding
isomorphism. We claim that we can extend it to r+1 : Ejggrsry ! B(O;R+1) C'.
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To achieve this, letAg = B(0;R +1) nB(0; R)). We x an isomorphism ~g : Ejag !
Ar C' (it exists as the bundle is trivial overB(0; R + 1)). The map
=R Rixeg:fiXi= Rg C'!fi xj=Rg C'
is given by
(x;v) 7! (x;9(x)v); for someg(x) 2 GL,(C).
This allows us to de ne an isomorphism extending g,
R+1 - Ejml B(O,R+1) Cr,
as follows
r(X; €); xi R
(id g(Rx=jxj) H~r(x;€); R j xj R+1:
We combine those isomorphisms to get a trivialization dE .

r+1(X;€) =

3. Spectra of magnetic Schr edinger operators

As the rst class of physically motivated operators, we consider quantum Hamiltoni-
ans describing a particle in a constant magnetic eld. This will be done in dimensions
two and three.

Suppose thatB > 0 and the magnetic eld is given byB = (0;0;B). A choice
of a vector potential for B, in the sense of (2.4), is given byA = (0;Bx4;0). The
corresponding magnetic Schredinger operator is given by (2.9):

Pg = D, +(Dy, + Bxy)®+ D : (3.1)

The symbol of Pg (in the sense of (2.8)) is given by

P = Z+( o+ Bxy)?+ I

We have proved in Example 5 thatPg is essentially self-adjoint with the domain
D(Pg) = fu2 L%R®: Pgu 2 L3(R%g:

Before studying the spectrum oPg, we look at two fundamental examples.

3.1. Spectrum of the Laplace operator. Let P = be the Laplace operator

on R", with domain D(P) = fu 2 L?(R") : Pu 2 L?g. Then we may use Fourier

transform to explicitly diagonalize it, that is, in the sense of Theorem 1, to conjugate
it to a multiplication operator. For that we ge ne

Uu( ) = u(x)e * dx;

@)
which by Proposition 2.1,U : L2(R") ! L2(R") is a unitary operator , and
UPU V()= jav():
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In particular, SpecP) =[0;1 ).
The time-dependent Schmdinger equation is given by
(i@ P)u=0; U= = Ug
and can be explicitly solved by
0( )= e " py:
We call = j j? the dispersion relation.

The closely related operatoiPy = P ~ corresponds to the wave equation. We can
also diagonalize it byUP,U = j j. The dispersion relation for the corresponding half

wave equation (@ Po)u =0 will then be =] j.
P
3.2. Spectrum of the harmonic oscillator. LetP, = + 1221 > 0.
This is called the harmonic oscillator. The change of variablg = * 17%; gives
Dy + ! /x?=1;(Dy+ y?):

Hence to understand the spectrum it su ces to study the operatoP = D2+ x? onR.
We de ne the annihilation operator A = @+ x and the creation operatorA = @+ X.

We then have the following fundamental identities:
AA=D2+x* 1=P 1, AA =D2+x?+1=P+1; -
[AA ]1=2: (3.2)

Let vo = e "2, then we see thatAv, = 0 and hence, using (3.2)P Vv, = Vo. Now we
notice that

PAVi=(AA+1)AVv=3AVy =) Pvi=3vy vii=Av
This suggest a general formula,
Pvi=02n+21)v,; V,:=(A)": (3.3)

We see thatA \creates" higher and higher excited states dP. Sincev, are eigenvec-
tors of P with distinct eigenvalues, we have, from the symmetry d® on L2,

o, Vi =0; né m:

We write the normalized eigenfunction as

_ VYn  _ 2,
= =H xe=z. 3.4
Un = ks~ nx)e (34)
R
SinceHo(x) = ( ze ¥dx) ¥2= ™ an inductive argument based on (3.3), shows

that H,(x) are (real valued) polynomials of degrea, with nonvanishing leading coef-
cients. Moreover, H,( x) =( 1)"Hp(x). They are calledHermite polynomials
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We now claim that the sequencé u,g is an orthonormal basis of_2(R). It su ces
to prove that the span offu,gl_, is dense. For that we takeg 2 L2(R) and assume
that 7

g(X)up(x)dx=0; 8n 2 N:
SinceH,(x) = apx" + ,Zan 6 0, it follows that
g(x)x"e **2dx=0; 8n2 N:
Expandingx 7! e * in Taylor series then shows that
g(x)e ¥ **2dx=0: 8 2 R:
But this means that F,, (g(x)e **=2)( ) 0, implying that g(x) 0.

We de ne 7
U:L3R)! “23(N); Uu(n)=  u(X)u,(x)dx:

Then U is a unitary operator, andUP U u(n) = (2n + 1) u(n). In particular,

SpecD2+ x)=f2n+1:n2 Ng:

P4 _
ForP, =+ = [ I}, it follows that
( )
SpeCP!)= !j(2nj +1): n; 2N
j=1
3.3. Spectrum of the magnetic Schiedinger operator. Now we come back to

the magnetic Schmedinger operator éS.l). We can rst use
1 . :
Uti(x1 21 3) = 5= U(XiiXziXg)e 22 2 2dxadxs
and get
UiPU, = D, +( 2+ Bxy)?*+ &
This looks very much like the harmonic oscillator. To make this exact we put
X1 =B %yl By wi= B%Xl"' B 2 2
so that

Dfl +( 2+ Bxy)® = B(D§1 +yi):

This motivates the introduction of the following unitary operator:
UV(y1 25 3)= B (B Py1 B '3 2 3);
for which we have

U,UPU, U, = B(D] + yi) + &
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Finally, to obtain a diagonalization, Wezde ne
Usu(n; 25 3) = U(Y1 25 3)Un(y1)dys
whereu, is as in (3.4). LetU = UsU,U,, we have
UPU u(n; 2 3)=(B@n+1)+ Zu(n; 5 3):
So we explicitly diagonalize (3.1) and conclude
SpecPs)= fB(2n+1)+ 5:n2N; 5 32 Rg=[B;1):
3.4. A dierent gauge. Changing a gauge refers to changing the magnetic potential
while keeping the magnetic eld xed. It can provide interesting ways to describe

the eigenspaces of operators. We will see this here in the context of two dimensional
magnetic Schredinger operator for a constant magnetic eld.

The two dimensional version oPg is given by
Pg = D, +(Dy, + Bxy)* (3.5)
In that case the argument in83.3 shows that
SpecP)=fB(2n+1): n2 Ng:

The eigenspaces have in nite multiplicity and are given by
z
Hoi= U(X)= Bi  un(BZxy+ B 2 p)f(2)€22d,:f 2L%R) ;  (3.6)
R

whereu, are given in (3.4).

It is interesting to compare this to the eigenfunctions in thesymmetric gaugeob-
tained by changing the vector potential to

A(x)=( 3Bx2;3Bx1):
The operator then becomes
Ps =(Dyx, BX2=2)*+(Dy, + Bx;=2)*:
Putting w = X; + ix, we obtain the following expression foPg:
Pg = + %szsz iB(x1@, Xx:@,)
= 4@@ + ;B%wj’ BwW@ w@)
= 2@+ 3Bw 2@+ 3Bw +B

An eigenfunction corresponding to the lowest eigenvalue, that is, ground state is
given by
Up = exp( iBww):
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The equation shows that other ground states are given by

Bjwj?

u(w;w) = f(w)e 4

wheref (w) is a holomorphig function such that
if (w)j2e “Z-dm(w) < 1 :
C

The energy levels of the two dimensional constant magnetic eld in dimension two
are calledLandau levels The gauge in which ground states are holomorphic multiples
of a Gaussian will be important in89.2 where we discuss topological aspects of Landau
levels.

4. Magnetic oscillations for the free electron

In this section, we study the magnetic oscillations for the free electron. The math-
ematical tool to describe this phenomenon is given by thdensity of states This
concept appears in many places and is central for the mathematical understanding of
condensed matter physics.

4.1. Motivation.  SupposeA is a self-adjoint matrix acting onCN . We can then think
of X

()d = ( )d

2Spec(A)
as measuringdensity of states we count the number of states per unit of energy:
jSpec@) \ [a;Hj is given by the measure ofd; I with the density given by . More
generally, we have
X Z
fC)y= f(C)()d; f 2C(R):
2Spec(A)

We can then think of the measure ( )d as a distribution 2 S {R) (see§2.2).

Another way to think about this is to order the eigenvalues (\states" in physics)
from the smallest one (\ground state") onwards and to consider

di ().
o

This de nition is applicable to any operator with discrete spectrum but care is
needed to guarantee that 2 S R).

I'():=jSpec@®)\ (1 ; ]j sothat ()=

P
Example 9. LetP = + jnzl I 22, 1} > 0, be the harmonic oscillator inR".

§how that forf 2 S (R), f (P) 2 L 1(L%(RM)) (see De nition 2.9) and that trf (P) =
f() ()d where 2SqR).
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This de nition of density of states is not applicable to operators appearing in con-
densed matter physics: already foP =  we see that f (P) is not of trace class. This
follows from the description of the diagonalization of using the Fourier transform
{ see 83.1. The same is true for magnetic Schredinger operators consideredSih

To remedy these problems, we considdensity of stateger unit of energy (as above)
and also per unit volume (in space). That is done by the following renormalisation of
the trace:
tr(1p Lpf(P)),

(2L)" ’
provided that the traces and the limit exist: we are restrictingf (P) to a box of size

L, taking the trace, dividing by the volume of the box, and then letting the size of the
box go to in nity.

(4.1)

#f(P) = lim

The density of states plays an important role in thekinetic theory of solidsas it
allows calculations of such quantities as the internal energy, speci ¢ heat capacity and
thermal conductivity. In this section, we will be interested in the internal energy and
magnetization. That corresponds to choosing the functioh in &f (Pg) using the
Dirac{Fermi distribution (see [Ka03,8D.1.2]): for chemical potentialz, and tempera-
ture T we take

F( )= frag( ):= Tlog 1+exp on : (4.2)

From the mathematical point of view we will be interested in asymptotic behaviour of
free energy, and magnetizationm,

(B)=( B;T;zo;N):= Nz, €f,,1t(Pg); m(B)= @ ( B;T;zop;N); (4.3)

asT! OandB! 0. The chemical potential and the number of particles are related
by the condition that @, = 0 but we will make a simplifying assumption and x N
and z; (the simpli ed relation between them can be derived by puttingT = B =0

{ see [HS90b,82] for a ner analysis explaining why this approximation is justi ed).
The goal will be to see the oscillations im(B) as a function of =B { see Figures 1,

2 and 3. For the fascinating story of theoretical and experimental discoveries related
to these oscillations we refer to [Sh84, Chapter 1].

A mathematician can simply take the speci c function (4.2) on faith and consider
the formula (4.1).

4.2. Density of states. Suppose we have a self-adjoint operatér, then for a bounded
measurable functionf on R, it makes sense to de ng (P) : H ! H thanks to the
spectral theorem. If for anyf 2 C¢(R), f(P) is in trace class (de ned in section
2.5), then we can de ne tf (P) and get a measure supported on the spectrum of,
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de ned via Riesz representation theorem:
z

rf(P)y= f()d ():

This measure is called the density of states foP and in the notation of the previous
section we writed ( )= ( )d , where is a distribution.

In general, however, we may not havé(P) 2 L, even forf 2 C.(R), so we will
study the regularized trace. In our example, whehl = L2(R"), we will use (4.1):

tr(1p o pf (P)):

gf (P)= ILler @L)"
Let us rst look at the example of P = . In this case (see 83.1)

f( )= F (Jj)F

and the integration kernel off () is given by
Z

eV £(j jAd:
7L (419

R
When restricting to the diagonal,K¢( ) (x;x) = g4+ f(j j°d is a constant and is
not integrable. However, when we multiply by a cuto function (x) 2 C! (R"), the

integration kernel of A = (X)f ( ) is

Kicy (Xy) =

XY f(jj>d 2S(R" R"):
If we x atorus T" containing the support of , then

A:L*R"M! Cl(B(O;R)) H3(T"); 8s>0:
Chooses > n and use Example 7, we se& 2 L ; and

1[ L;L]”f( ): 1[ LiL (X)f( ) 2L1:

Thus
1 Z
Kap i) (62)= =g 13 19d
and
Z
2L)" ..
(1 wpf( )= S0t P

2 )
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Figure 1. The rst experimental observation of magnetic oscillations:
the de Haas{van Alphen experiment of putting bismuth in magnetic
eld. Reproduced from [Sh84].

So the regularized trace is given by

1 Z Z Z
B(f( )= - f@i3d = . (s j iHdf(s)ds
(2) @) R e
vol(S" 1)Z o
= 7 (s rH)r" drf (s)ds (4.4)
2@ R0
1
= osTi(gds= () ()d; cpi= YA,
TR - T ey
(Here we use the informal notation for the action of the distribution onf 2 C! .)
Hence thedensity of statedor P = is the distribution cns:Tz,where for > 1,
_S; s>0
T 0 s o *.5)

4.3. Two dimensions. We study the density of states for the 2-dimensional magnetic
Schmdinger operator (sees3.4):

Pg = D, +(Dy, + Bx1)*= U (B(2n+1))U
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whereU : L2(R?) ! “2(N;L2%(R)) is given by
1=4 Z )
Uu(n; )= P? U(X1; X2)un(B¥™2x1 + B 172 5)e ™2 2dx;dx;

and
B1=4 X Z .
U v(X1;X2) = 197 un(B*x1 + B Y2 ))v(n; ,)€*?2d 5
n
see (3.6).
For f 2 S (R), the integration kernel off (Pg) is given by K (x;x9 =
gz X “ ) ) -
2 Un(B*x1+ B 2 5)un(B12x) + B 12 ,)f (B(2n + 1)) €*2 *D 2d ,:
n
Restricting to the diagonal we get
B2 X £ _ _
KXx)= = jun(B¥?x1+ B ' p)j*f (B(2n+1))d ,
B X
= 5 f(B(2n+1)):
n
As in the discussion o = in 84.2 we conclude the regularized trace is
B X
€f(Pg) = > f(B(2n+1)): (4.6)

n
As de ned in 8.1 the free energy per unit volume is given by
(B;T;zo;N)= Nzo ®&f,,7(Ps)

wheref, 1 (x) = T log(1+exp((zo x)=T)) and z; is determined by@, = 0. In the
T ! 0 limit (and the notation of (4.5)),

fzo;T ! (ZO X)}-; fz%;T ! (ZO X)?-; fng ! zo(X):

From (4.6) we get

B X
= Nzo - fur(B@n+1)

n

and

1 X
mB)= @ ( B) = > f,7(B(2n + 1))

n n

X
@n+1f°%  (B@2n+1)):

z0;T

N|w
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Figure 2. The plotof @ as a function of 1=B for the two dimensional
Hamiltonian. It is given by (4.7) where we putzy = 0. It is compared
to the approximation (4.8).

Inthe T ! O limit we have

X
m(B)= - ( zo+2B(2n+1))
zp B(2n+1) O (4.7)
-@(B)= " @BM D @) M= 2

We have the following asymptotic formula form(B) for B ! 0 (see the proof of
[BeZw19, Theorem 3] for a slightly more complicated case of relativistic Landau levels):

1
m(B) = 520 (zB ' 1)+ O(B): (4.8)
where
(t) ;= bt=2c t=2+1=22 ( 1=2;1=2]:
To see this, observe that

o B Zy 1 1 2o
= = — —Z = + =2
M 2B B 5 - @B Drog 1

and consequently B(M +1) z;=2B (zB ! 1)= O(B). We conclude that

—M2+1(ZB(M +1)  z9) = —ZB('\; )

_ 2o+ O(B)
B 2

m(B)

(zB 1 1)

(zoB 1 1)
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Figure 3. The plot of @ :p§ as a function of EB (m = @

Is the \magnetization™) for the three dimensional Hamiltonian { see
883.3,4.4. We also show one term and two terms approximation using
Fourier series/Poisson summation formula. Oscillations are smoother in
3D when a potential is present, that is, when we are dealing with metals.

4.4. Three dimensions. The 3-dimensional case is similar to the 2-dimensional case
presented in&4.3 and we get .
B X

#f (Pg) = W

f(B2n+1)+ 2)d i (4.9)

As a sanity check we verify that@f (Pg)! &f( )as B! 0. Inthat case, (4.9) is
a Riemann sum_and it converges to

L 22, . 22,
m - f(S+ %)degzm . f(2+ %)2dd 3
) 2277,
= f(%2+ 2ddd
@V o o 0 P00
"2 f(j5d =&f( ) :

As in (4.4) we obtain a formula for the density of states:
z
B
Bf(Pe)= f()s()d; &()= 5
(2 ) n=0

We will now follow [HS90b,82] (which in turn follows presentations in the physics
literature such as [Ca64]) and describe asymptotics ef(B) = @ ( B), ( B) =
( B;0O;N;zp) { see (4.3). That means using a specid = f,.r and considering
T ! 0. A version of this celebrated calculation was rst performed by Landau. It is

( @n+1)B).?:  (4.10)
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a ne example of classical asymptotic analysis based on the theory of functions of one
complex variable.

4.4.1. Formula for mg and statement of the resultWe proceed as irg4.3 to use (4.10)
to obtain a formula for mg. (Strictly speaking, we need to di erentiate with respect
to B for T > 0 and then take the limit T ! 0+.) This gives

X 1 3
m(B) = ﬁ 2z0(zo (2n+1)B)? (10=3)(zp (2n+1)B)2 : (4.11)
n=0
The sum in (4.11) can be expressed using thiesz meansf the harmonic oscillator,
b3
r¢s)= (s @n+1),; > 0 (4.12)
n=0
as follows
1 3 Z 1 Zp
= —= 3 — + 1 = . .
m(B) 2 )2 n=o (10:3)Bzrz 5 ZzoBzrz 5 (4.13)

The asymptotics ofr presented in the next section will give
Theorem 2. For m(B) given by(4.11) with zo > O we have, a8 ! 0,

k;(’ 37 +O(BY):  (4.14)

)4 3
3 ( 1)*(k) 2cos
k=1

This result is illustrated in Figure 3. The asymptotics of the next section provide
an expansion of the error term in (4.14) as well. However, when the constazy is
replaced byzy(B) (determined by @, = 0) additional terms appear { see [HS89,
Proposition 2.2].

4.4.2. Asymptotics of Riesz meansThis is a nice exercise in classical analysis which
is a good illustration of various asymptotic methods.

We start with the following application of the Fourier inversion formula (2.7):

Lemma 4.1. In the notation of (4.5) and for Re > 0,

Z .
+ ctil
+ = g u leYdu; (4.15)
21 c il
foranyc>0,andu7!'u 'denedonCn(1 ;0]

Proof. Forc > 0,f( ):= ,e ¢ is integrable and
Z 1 Z 1
f\(s) = e ©&®d =(c+is) I ((ct+is) ) e €4 (c+ is))
0 7 0
=(c+is) 1! e d =( +1)(c+is) L
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Figure 4.  On the left the contour used for the evaluation of the Fourier
transform of 7! ,e ® in the proof of Lemma 4.1. On the right the
contours in (4.15) and the Hankel contour in (4.16).

whereC is the contour [Q1 )3 7! = (c+ is), which we deform to [01 ) (see
Figure 4) and apply the de nition of the -function.

Sinces 7! (c+is) !inintegrable, the Fourier inversion formula ((2.7) withn = 1)
now gives
et =2 "7 (ct+is) lels*9e c(gs;
2 1
where the integral converges since Re 1< 1. Cancellinge °¢ on each side and
putting u = c+ is (with du = ids) gives (4.15).

Remark 2. By putting =1, (4.15) gives the following formula for the reciprocal of
the function:
1 1 Z ct+il
(z+1) 20 ¢
To obtain a formula valid for all z 2 C we need to take advantage of exponential decay
of e when Reu! 1 . For that we deform the contour to aHankel contour, C
shown in Figure 4. The contour deformation is easily justi ed when Re > 0 and, by

analytic continuation, we obtain a formula valid for allz 2 C:

Z
1 1

(z+1) 20 .

z 1

u e'du; Rez > 0:

u? le'du; z2C: (4.16)

We can now obtain asymptotics of the Riesz means:
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Figure 5. Contour deformation used in the proof of Lemma 4.2

Lemma 4.2. Forr (s), > 0, dened by (4.12) we have, for everyM ,

P | |

r (S): ( +1) ( 1)k(k) lcos ks %( +1) + % —J.S +1 2
k=1 .

+0O(s My, s! +1;

P .
where ; come from the Taylor expansior=sinht = jl:O it jti< =2, o=1.
, Py on 1 :
Proof. Using Lemma 4.1 and the fact that _, ¢ 2" ) = &5=(2sinht), Ret > 0,
we rewriter as

( +1)Zc+1

: el(sinht) 't dt; c>0:
41 c il

r(s)=
The residue theorem and contour deformation show that

X
r(s)=( +1) ( (k) ‘tcosks I( +1) +1 (s);
k=1
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where, with the Hankel contourC of Remark 2,

z
I (s):= +h

t (i 1 1A+-
1 Ces(smht) t dt:

This we deform to

") = C.(")+ C () + C(");
whereC (") = (1 ; "] 10 with positive ( ) and negative (+) orientations and
C (") is the circle of radius" centered at 0 with positive orientation { see Figure 5.

Using exponential decay o™ on C (") we see that

I (s)= I (s;'2+ O(e *" 1)

+1 . 4.17
| (s;"):= u el(sinht) 't dt: (4.17)
4 | C(")
We now expandt=sinht in Taylor series at 0 so that in the notation of the lemma,
Z
+1 )M . . "
2 21 ¢

j=0
We now use (4.16) by inserting the \missing" contour& ("), estimating their contri-
butions as in (4%17) and changing varigbles = ts:

i. estd  2dt = i est?  2dt+ O(e " ?)
21 ¢y 21 @
=3 +1 2 ( +2 21) 1+ O(e "Sn 2):
Inserting this in (4.17) gives an expansion for (s) with an error

OM (e"SnZM l+ e "Sn 2):

(The constants depend orM but not s and ".) This can be optimized by choosing
" = "(s) so that e s = "?M  This results in an error estimate

or" H=0(s"?); 1L

(we note that s 1 = "(s)=Mjlog("(s))j &w "(s)! , for any > 0). By changingM
to 4M + 2 and absorbing expansion terms into the error, we conclude the proof of the
asymptotic expansion in Lemma 4.2.

Proof of Theorem 2. We need to show the cancellation of the leading non-oscillatory
contributions in (4.13):

(310 (3

()° (3)
where we used @ +1) = z( z). The next term in the expansion ofr , = %;
provides theO(B z) error in (4.14).

10
3+

5
B2(20=B)2*! +2-27B7(2=B):"! = z3B ( 2

wis

)=0;

NIw
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5. Bloch{Floquet theory

5.1. Motivation.  We will now consider electrons in a periodic structure. The basic
physical question is whether the corresponding material is a conductor or an insulator.
The electrons are interacting with each other and are subjected to forces from the
atoms forming the periodic structure (which we assume do not move or interact with
each other).

An extremely successful model for that is given by a periodic Schredinger operator

P= + V(X); V2CY(R“R); V(x+ )=V(X); 2 ; (5.1)

n

where = - =1 iZ, f jg, linearly independent vectors inR", is a lattice (we
will concentrate onn = 2). This is a Hamiltonian in which there is no interaction
between electrons and it describgsseudoparticlegather than the actual electrons in
the crystal. We will indicate why this approximation is acceptable in85.2. We will
then diagonalize operators such as (5.1) and develbpnd theory

5.2. Hohenberg-Kohn theorem and the passage to non-interacting pseu-
doparticles. The transition to non-interacting pseudo-particles modelling the actual
guantum mechanical system is now most frequently done using the density functional
theory. It is an approach to studying the Schredinger equation by writing quantities
of interest, such as energies, in terms of the particle density, rather than in terms of
the wave function. This can considerably simplify computations, especially when the
number of particles is large.

In an N -body system we are primarily interested in theground statethat is an N -
body wave function (see Theorem 3) which is a function dN (2D or 3D) variables,
for which

e : i = min ;i
k' k=1
In the non-interacting system (especially when considering electrons which are fermions
{ we will neglect such issues here), a composite can be build of non-interacting
particles at di erent energy levels (not the ground state of the full Hamiltonian). The
game here is to replace the actual ground state by a ground state of a non-interactive
system with the same density.

To explain this we present here an extract from the notes bigttps://www.math.
purdue.edu/ ~kdatchev/dftintro.pdf  , see also [Ci23]. They can be consulted for a
more detailed discussion and references. For a physics discussion from the perspective
of condensed matter, see also [JoKal$4.5].

A very general Hamiltonian describing arlN -electron system is given by

B=pP+0.+¥;
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where
X X
P= % i \pee: : L -
j=1 1 0T
X X Z
V=" vr)= &fr (r r)v(r);
i=1 i=1

and wherev is the potential coming from the external forces on the electrons and,

is the Laplacian inr;{variables. HereT is the kinetic energy term, V.. is the repulsive
Coulomb potential energy between the electrons, arid is the potential energy due to
external forces. We are ignoring the sizes of the nuclei, the movements of the nuclei,
spin, and relativistic e ects.

For example, consider a system df electrons in a molecule made up dfl atoms.
Then v is the attractive Coulomb potential energy arising from theM atomic nuclei.
It is given by

X Ze
Ryj’

v(r) = (5.2)

ka7
whereR is the position of thekth nucleus andZy is the number of protons it has.
The density is de ned by

n(r)= ha(r); i
Z Z Z 3

= & dr, d3eri:1 (r i) (ry;:irn); 53

We note that Rd3r n(r) = N, and, for any regionU, the quantity RU d®r n(r) gives the
expected value of the number of electrons to be found .

The basic case is the hydrogen atom, wheid = M = Z; = 1. The ground state
energy of the electron is precisely 0:5 Hartrees, the corresponding wavefunction is
(r)y = e "= ", r = jrj, the density isn(r) = e =, and the probability density
of the electron being at distance from the nucleus is 4 2n(r) and it achieves its

maximum at preciselyr = 1, the Bohr radius.

The point of density functional theory is, instead of writing and computing in terms
of , to write and compute in terms ofn. The basic result is the Hohenberg{Kohn
Theorem which says that ifn(r) is a ground state density, then no information is lost
by doing this.
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5.2.1. The Hohenberg{Kohn Theorem.Consider twoN -electron systems, with Hamil-
tonians }hl and Il?z de ned by:

I'Lq’k =P+ ‘bee"' pk;

with
X X Z
V=" w(r)= & (r r)vi(r);
i=1 i=1
and where eachy is continuous except perhaps at some isolated points where it may
go to in nity (the nuclei).

Theorem 3. Suppose each Hamiltoniai?, has at least one normalizable ground state
k, and these ground states lead to identical densities

n(r) = hMa(r) 1; 11 = Ha(r) ,; oi;

whereb(r) was de ned in (5.3). Thenv; v, is a constant.

Proof. By the variational principle,

MR, 4 4 h By 5 i (5.4)
Sincehpl Kokl =
z z z -
d®r;  dr, dPra «(riiirn) d®r (r rva(r) «(raiiiirn)
7 i=1
= d®*rvy(r)n(r);

and the right hand side is independent ok, (5.4) simpli es to
WP+ 0e) 1 ai h (P+ Vo) o 2

In the same way, starting fromHj?z 2. ol h lbz 1; 1, we get
WP+ 0ee) 2 oi h (P+ Vo) 45 4

Hence both sides are equal and it follows that both; and , are ground states of
both Hamiltonians. Then the result follows from the Lemma below.

Lemma 5.1. If there exists a state which is an eigenstate of both Hamiltonian®,
andM,, thenv; v, is a constant.

Proof. We have
|'b1 = E; and |'b2 = E;;
for someE; and E,. Subtracting, we get

% % Ei+Ey) =0;
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that is,

X (5.5)
W(rgiinrn) == (va(ri)  va(ri))  Ei+ Ez
i=1
Quantum tunngjing/unique continuation { see [Zw12, Theorem 7.7] for a simple version
{ implies that ,j j*> 0O for any open setU. In particular, 6 0 outside of a setS
with no interior. HenceW =0 on S. Since we assume is continuous outside isolated

arbitrary, it follows that v; v, is a constant.

5.2.2. The Kohn{Sham method.The Kohn{Sham method computes densities and en-
ergies using a ctitious N -particle non-interacting system, designed so that its ground
state density is the same as the ground state density for thid -particle interacting
systemi.

More precisely, letvs(r) be the potential (called theKohn{Sham potential) such that

states (calledKohn{Sham orbitals) for the single particle problem

3+ vs(r) i) =),

then

X

n(r)= ji(ni%

i=1
where thisn is the same as the one for the ground state of the problem we are studying.
By the Hohenberg{Kohn theorem, this requirement determines the potential up to an
overall constant. Finding the potential vs(r) is an art in itself (see the references in
the beginning 85.2) but its existence provides some justi cation for the mathematical
approach we present in the next section.

5.3. Periodic structure and the Bloch transform. In this section, we discuss the
Bloch transform for periodic structures. It reduces the study of spectra of operators
with periodic coe cients on R" to the study of families of operators with periodic
boundary conditions. The latter will typically have discrete spectra which are easier
to analyse and compute.

Let R" be a discrete lattice of rankn:

- )

= m!';:m22 ; !2R"j=1; ;n,linearly independent. (5.6)
j=1
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The dual lattice is de ned as

=fm2R":m 222Z;8 2 g m = m; j: (5.7)

For a periodic functionu 2 C! (R"=), we de ne its Fourier coe cients as follows.

1

S R

u(x)e ™*dx; m2

wherejR"= j is the volume of the torus de ned by |,
R"'=:= fx+ : x2R"g:

This is a smooth compact manifold, and we can think of function spaces &7= as
spaces of periodic functions oR", for instance,

C'!(R'=)= fu2C*(RM:u(x+ )=u(x); 8x2R"; 2 ¢

We recall the basic properties of Fourier series.

If u2 C! (R"=), then for any N 2 N, there existsCy > 0 such thatja(m)j
Cn(1+ jmj) N, and
1 X im X.
= Rz 2 a(m)em *: (5.8)
k2
For u 2 C*' (R"=), we have Plancherel identity kuk zrn=) = kukz( . Thus

the mapsu 7! f a(m)gn, extends to a unitary operator onL?(R"=) !
2.

For completeness we give a simple proof, due to Paul Cherno , of the Fourier inversion
formula (5.8) forn = 1 and = 2 Z gase (it easily generalizes). First we note
that it su ces to show u(0) = 0 implies ,, @a(m) =0 (simply subtract u(0) from
u(x) to reduce to this case). But ifu(0) = 0 then u(x) = (&* 1)g(x) for some
g(x) 2 Ct (R=2 Z), and hence

X X

a(m) = (O(m 1) ¢(m))=0:

m2 m2
Here we used the fact, thag is smooth so thatj§(m)j Cy(1+ jmj) N and the series
converges absolutely.

To de ne the Bloch{Floquet transform, we introduce the following family of spaces:

He=fu2 L2 (RM):u(x )=¢€ *u(x); 8 2 g k2R"™ (5.9)

loc

In view of the de nition of the dual lattice Hy+,, = Hy for m 2 and hence we can
parametriseHy by k 2 R"=
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The inner product onHy is given by

hu;vig, == u(x)v(x)dx;
F

where nx 0

F = tj ! i 0 tj <1 R"
is a fundamental domain of , and!;,j =1;2;, ;nis a basis of asin (5.6). The
integrals over tori, R"=, R"= , can be de ned as integrals over the corresponding

fundamental domains.

We now introduce the spacd.?(R"= ;H), that is, the space of measurable func-
tions g: R"= R" I C such that
Z Z

gk;x )= € Kkgk;x); jo(k; x)j%dxdk < 1 : (5.10)

R'=  Rn

We also de ne
Cl(R"= ;Hy):=1fg2C*(R"= ;L2 (R")):gk;x )=¢€ *gk;x); 2 g
The next theorem provides a unitary identi cation of L2(R") with the spaceL?(R"= ;H,).

Theorem 4. Foru2 S (R"), let

k: — 1 X ik
BU( ,X)— JRT e

12 ux ): (5.11)
2

Then B extends to a unitary operator
L*(R™) ! L*(R"= ;Hy):

Moreover,B = B 1= Cwhere .

Cg(x) = g(k; x)dk: (5.12)

jJR= j¥%2 s
Proof. Since 7
é¢ k= jR"= j .o ; °2 ;
RN =

foru2 S, we have
X 1 Z Z

Rz ] e 't Y%yx  Hu(x  9dxdk
. - RN = RN =

N z

jux  )jPdx = . Ju(x)jZdx = Kukf s gny:

kBUkEz

2 RI=

HenceB extends to an isometry fromL?(R") to L*(R"= ;Hy), and B B = | 2(gn).
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We now check thatBB = | and we start with g2 C! (R= ;Hy). Using (5.12) we
get,

Z
1 .
BCy(k; x) = - - el kK ;X d
Qg(k; x) R= ] . o( )
- LT gixd €9 = gk
R= ], e & )

where we used (5.8) (with the roles of and reversed).

The operator B is known as the Bloch or Bloch{Floquet transform. It is also useful
to de ne the modi ed Bloch transform:
Bu(k:x) = € *Bu(k;x); B:L?(R")! H ;
H :=fu2L2 (R" R"=): %(k+ Kex )= é%ulk;x); kK2 ;2 g

loc

kuk? = ju(k; x)j%dkdx
RN = RN =

(5.13)
The advantage is periodicity inx at the expense of losing periodicity irk:

Bukk + k%x )= e *Bu(k;x); k°2

5.4. Bloch{Floquet spectrum: diagonalization of periodic Hamiltonians. Sup-
pose a di erential operator

X

P(x;D) = a (x)D

jj 2

satis es
P(x+ ;D)= P(D); 2
Then, forv 2 L2(R"= ;Hy)\ C! (R"= RM),
BP(x;D)B v(k;x) = P(x; Dx)v(k;x) (5.14)

and

BP(x;D)B v(k;x) = € *P(x;Dy)e * kv(k;x) = P(x;Dyx  Kk)v(k;X):

Example 10. For P = D, with the domain given byH1(R"), we haveBPE = D, k
acting on HY(R=2 Z) for eachk. Its spectrum is given by k+ Z. Let U : L%(R) !
L2(R=Z;2(Z)) be de ned by
B
Uu(k; m) = p? Bu(k; x)e ™ dx:

0
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If we let P, = UPU = m Kk, then :
SpecP) = Specfk) = R:

k2R=Z
For s 2 R, the Sobolev spacél *(R"=) is de ned as
HS(R"=)= fu2S % u(x )=Xu(x); 8 2 ; andkukysre=) < 19 ;

Kukismooy = (L+ jki?)%a(k)i*: (5.15)
k2

The last expression de nes the square of the norm id°. We leave an exercise for the
reader to check that fors 2 N,

HS(R"=)= fu2 L?R"=): @Qu2L%8j | sg
H®R"=)= fu2 L?(R"=): Pu2L?%8p sg
We now prove the fundamental elliptic regularity result:

P
Lemma 5.2. Let P = + i j 1@ (x)D, be a periodic second order di erential
operator onR"= , then there existsC > 0 such that for anyu 2 C! (R"=) ,

kUkHz CkPUkLz + CkUkLz; |_2 = LZ(Rn:) : H2 — HZ(Rn:) :
Proof. We rst note that

z Z oy
kP uk?, + Tkuk?. jh Pu;uij uudx a (x)D, uudx

Z Z
jDuj?dx 2 jDuj?dx  Ckuk?,

RN = RN =

1kDuk?, Ckuk?,; D= ir
Moreover, we also have
kPuk?, k uk?, CkDuk?, CKkuk?,:
Thus, in the notation of (5.15),
kuky> = k uk?; + kuk?, k Puk?, + CkDuk?, + Ckuk?,
(C +1)kPuk?, + 2C(C + 1) kuk?,;

which concludes the proof.

Now suppose that the periodic elliptic operator in Lemma 5.2 is symmetric in the
sense that

hP (X; D)u; Wi 2(rny = hU; P(X;D)Wi 2rny; u;w2 S (RY): (5.16)



PDE METHODS IN CONDENSED MATTER PHYSICS 45
Then fork 2 R,
PP(x;D  K)Uu;Wipzre=y = lu;P(X;D K)Wip2gro=y; U;W 2 C!(R"=): (5.17)

Not to interrupt the presentation, we delegate the proof of self-adjointness of the
operator P(x;D k) with the domain given by H?(R"=) to §5.9.1.

Self-adjointness oP (x;D k) and Lemma 5.2 show that
(P(x;D Kk)+i) ':L*R"=) ! H?*QR"=)

exists and is compact (compactness follows from Lemma 5.2 and the fact that the
inclusion H2(R"=) | L2(R"=) is compact { see, for instance, [DyZw2, Theorem
B.4]). It follows that (P(x;D k)+ i) ! discrete spectrum, with eigenvalues converging
to O (see, for instance, [H088§2.5]). Hence,

Speg =y (P Dy k) = FE;(K)g'o
where
Eo(k) Eu(k)
are real eigenvalues, going th asj !1
Let u; (k; x) be the corresponding orthonormal family of eigenvectors,
P(x;Dx  Kuj(k;x) = Ej(kK)uj(k;x);  huj(k; ) u(k; )itzgre=) =
We can diagonalizeP (x; Dy k) using a unitary operator
Up:L2R"=) I "3(N); Ugu(k;j) = hupup(k; )i (5.18)
Then
UiP(x;Dx  K)U; = Ej(Kk):

Using the modi ed Bloch transform (5.13),8: L2(R") ! H , we diagonalizeP (x;D)
de ned on L?(R") with the domain H?2(R"), as follows

UiBP(x;D)B U, = E(k); E(k)(fa (k)go) = fE;j(j)a (k)gi=
as an unbounded operator oh 2(R"= ; 2(N)). We summarize this in

Theorem 5. The operator P with domain H?(R") is self-adjoint and

[
Spegarny(P) = Speg, (P)

k2R =

SpeQz(an) (P(X;Dx  Kk)) (5.19)
k2R" =

fE; (k)g:

k2R =
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Remark 3. One can obtain a precise asymptotic formula for the counting function
maxfj : Ej(k) Eg which follows from general Weyl laws for elliptic operators { see
for instance [Zw12, Theorem 14.11] and references given there. Here we give the proof
of a rough bound

Ej(ky C Y*¥ cC; (5.20)
where C is independent ofk.

To see this, we rst note that foru2 C! (R=) and for C 1,
hP(x;Dyx k)+ C)u;ui h (= + C)u;ui  Cokuky1kuk, >
h( 3 r- +Clusui  Cikuk?, (5.21)
(C  Cykuk?;;

see the proof of Lemma 5.2. Hende(x; Dy k) is bounded from below and ; (k) +

C) %, for C 0, are the eigenvalues ofR(x;D, k)+ C) . Hence, denoting by
i (A) the j th eigenvalue of a positive self-adjoing operator,

(Ei+C) '= j(( r=+C) ' r=+C)YP(XDx Kk+C)?
k ( r= +C)P(XDx K)+C)'kj(( r=+C)7);

see (2.19). The norm on the right-hand side is uniformly bounded thanks to Lemma
5.2, and an explicit calculation of the eigenvalues of gn- shows that

i(( m=+C) Y Cj N
see Example 7. From this, we get (5.20). (We could have also proceeded directly using
(5.21).)

5.5. Example of band spectra. We now presentf E; (k)g for three periodic opera-
tors.

Example 11. LetP = and =(2 2Z)". ThenP(x;D, Kk)=(Dyx k)?and
SpeG oz (P(X;Dx  K))= f( k+ m)>:m2 Z"g:

The picture for the bands is shown in Picture 6.

Let us look now at two more interesting one-dimensional examples.

Example 12. The Kronig{Penney model is an explicitly solvable model of a one-
dimensional periodic system (see [\Wo78] for a brief account):
X

P:=D2+ qg(x m); g2 Rnfog: (5.22)
m2Z
Here ( m) 2 S qR) is the usual function, ( m)(' ) = ' (m) and all the

calculations can be done based on this. We discuss the domain and self-adjointness of
P in 8.9.2.
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Figure 6. The band structure for the free Laplacian with =(2 2)",
n=1;2. For k in the fundamental domain ofR"= |, = Z", we plot

jip kj’2, p2 Z". That gives 0 Ey(k) Ex(k) . Note that
k! E;(k) are not smooth because of the lack of separation between the
bands.
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We then consider Bloch eigenfunctions and eigenvalues &s4:
Pw(k;x) = E(k)w(k;x); w(k:x 1)= “w(k;x):

They are explicitly given as follows:
. X
w(k;x) = e ®u(k;x); u(k;x):= ui(k;x  m);

m2Z
where
us(k;x) = cu(k)(€ sin (k)x + €K sin( (k)1 X)) La; 523
gsin (k)+2 (k)cos (k)=2 (k)cosk; Im (k) O, E(K)= (k)? '
wherec, (k) is the normalization constant guaranteeingkus (k; )k z2r-z) = 1.
To derive (5.23) we note that away fromZ, (D, k)?u = E(k)u. This means that
u has to be given by eigenfunctions of, k)? on RnZ and be periodic. Hence,
Ujpa = Ae**e* + Be**e X ; 2= E(K):
The jumps at Z will then produce the function terms.

We note that if v is piecewise smooth and has a jump at 0 (so is smooth up to 0 on
both sides) then

Div=" @( o(X)(v(0+) V(0 ))+ @Vjrno)

= o()(V(0+)  v(0 )+ o(x)(@v(0 ) @v(0+) @Virno

Hence to satisfy (D, k)?+ qP m2z (X m))u= E(k)u, we need
uO+)=u ); (@ ik)u(0+) (@ ik)ul )= qu+):
This means that
A+B=¢k+i A+ gk i B:

. - o (5.24)
i (k) @ €*"H)A @ € T)B = gA+B):

The rst equation is solved by (we neglect the overall normalising constant)
A=1 é&<'; B=¢€"" 1

which gives the formula foru; in (5.23). Inserting these values in the second equation
gives the second line in (5.23). We also have to consider the case when in (5.24),
k 22 Z, thatisk=(n+m); =(n m) ,n;m2 Z. That gives the solution

A = B which is not of the form given in (5.23). However, the transcendental equation
is still satis ed.

The transcedental equation for (k) in (5.23) has a discrete set of solutions (with
imaginary values of occurring wheng is negative corresponding negative values of
E (k)) { see Figure 7 for an example withq = 20.
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Figure 7. The rst 7 bands for (5.22) with g = 20. They are computed
using the transcendental equation in (5.23).

The next example uses perturbation theory to see band splitting when a periodic
potential is turned on.

Example 13. Letn=1; 2 R,P = D2+ cosx. We are interested in the spectrum
of P when > 0. We will consider it as a perturbation problem and use the Grushin
problem method to study the perturbation.

We want to study how the bands ofP, = (D, k)2+ cosx split. Example 8in§2.6
shows that when the eigenvalue of), k)2 is simple, the eigenvalues of the perturbed
problem are smooth in near 0 and remain simple there.

There are two cases in which we have a double eigenvalue for O:
k=0, my=m,my,= m,wherem2 N,, P, has eigenvalue, = m?;
k=1 mi=m,m= m+1 m2N,, P, Phas eigenvaluerq  1-2)2.
In the rst case, we consider the following Grushin problem:

P, z R

Py (2) = R. 0

"H?*@R"=) C?! L*R"=) CZ% (5.25)

Let g (x) = p3-€* be eigenfunctions oD, we let

and
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The problem is well-posed withE = R,,E: = R ,
X
Ekv = (n k)? 2) ' eie;

ngé mn2zZ
and
gk -z (m k)2 0
* 0 z (m k)?
Proposition 2.12 and a calculation left to the reader show
Kk n= Z (m Kk)? 0
En(@)= 0 z (m k)2
LU 2 e niQEQ)? e i 0
. 0 hen; Q(EQ)? ‘emi
2n 1 01
o ; 2 1 2m+2y.
+ 4m - m+l((J k) Z) 1 0 + O( )

We then note that forz 2 R,
he m:Q(EQ)? e ni

heTm; Q(EQ)* e mi
hen; Q(EQ)® ' mi = hem; Q(EQ)? ‘eni:

This means that

K oy Z (. m k?Z+wk; ) 0
B (@)= 0 z (m K2+ wk )
2m . 01 2m+2y.
+ “Mcn(k;2) 10 + O( ):

where ¢, (0;m?) 6 0. Hence, the zeros of 7! detE", (z), that is the eigenvalues of
(Dy k)?>+ cosx neark =0;z= m?, are given by

z (k; )=m?+ k> wk; ) P 4m2k2 + 4mc, (k;z)2+ O( 2™*2):
In other words, atk = 0 we see a splitting of size 2™.

In the second casek = % Zo=(m %)2), the eigenfunctions aree 41 and e,,.
Hence we put

hu;e i
RU=U €ms+U-<ey Ru= ru;er,nﬂil
This gives a well-posed Grushin problem witle = R,, E. = R , and
z ( m+1 k)2 0

k =
E% = 0 z (m k)?
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Figure 8. The band structure forP = D2+ cosx: we showE; (k),

05<k 0O5forj 5. Despite appearances there are gaps between
all bands as soon as> 0. See the movie for an animated version with
0 2.

The same calculation as in the previous case shows that

k: oz (m+1 k)2 0
E +(Z) - 0 7 (m k)2
+ X 2 he m"'l;Q(EQ)Z\ le m+1i 0 \
- 0 hem; QEEQ)? eni
2m 1 W1 _ 0 1
+ W ((J k)2 Z) 1 10 + O( 2m+1):

j= m+2
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As before, forz 2 R,
he mi1;QEEQ)? e mui = e ;€ QEQ)? e mul
= hen; Q(EQ)? '€ & miti = hem; Q(EQ)? ‘eni:

So we see a splitting of bands of size 2™ ! aroundz,=(m 1=2)2. In particular,
whenm = 1, we have

z k2 0

K; _ 1 01 2y .
E™ (2) = 0 @ k)2+2 10+O( ):
For k = 1, one gets
z()=3 3 +O(?:
See Figure 8 for the splitting of the bands (with a movie).
5.6. Density of states for periodic Hamiltonians. In 8.2 we provided a moti-

vating discussion of the density of states and considered it for constant magnetic elds
without an external potential. We now use the explicit diagonalization given by the
Bloch transform to describe it in terms of the Bloch{Floquet spectrum of periodic
operators.
We recall,
1 X ik

B:L?(RM)! L"(R"= ;Hy); U7!w €
2

uix )
and
U:L*R"= ;H)! L*R"= ;"3(N)); Uuk;j) = hu(k; );'j(k; Din,

where' ; (k; x) is the j -th eigenfunction of P, : H ' H . That givesUBP(UB) v(k;j) =
E; (K)v(k;j), fvijg 2 “3(N), and hence

UBF (P)(UB) v(k;j) = f(E;(K)v(k]):
Consequently, forw 2 S (R") andf 2 S (R),
X

f (P)w(x) = B (f (Ej (k)" j(k;x)hBw(k; );" j(K; )in,)
| 1 x Z z . -
D f(E;j (k)" j(k;x) e' Yw(y ) j(ky)dydk
IR'="1] . Ro= Rn=
1 x Z z
=T f(Ej(k)' j(k;x)  w(y)' j(k;y)dydk
JZ = | R= RN

. K (x;y)w(y)dy
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where 7

" R= ] e f(Ej (k)" j(k;x)" j(k;y)dk:

We note that this is well de ned forf 2 S (R) thanks to (5.20).

Since' j(k;x+ )=e ® ";(k;x), K(x;x) is -periodic. Thus the regularized trace
(4.1) is given by

Z
€f(P) = - 1 . K (x; x)dx
JRT= ] o=
1 x Z Z
= - — . f(E;(K)j' i (k;x)j2dxdk
R=TR= 1w e Z( RN (5.26)
1
= . f(Ej(k)dk=: f() ()d;
(2 ) J RN = R

where the last integral is meant as a distributional pairing. It de nes thedensity of
states 2 S {R). (We check that the bounds in the de nition of S °in §.2 hold

using (5.20).) It is given by |

Z Z
1 X 1 d X
()= ( E; (k))dk = — dk
2 )" P : (2 )"d 0
In particular, if EN(K) < o<En+1(k) forall k2 R"= | then
Z
0 N

d = -
1 ) JR"= ]

gives the number of states per unit volume, in agreement with the discussionga.2.

We also note that if is a regular value ofE; (k) (that is r «E;(k) 6 O when
Ej(k) = , we can also write

Z
1 ds
= — —_—, 5.27
D7 @) e T E®) 520
where dS is the surface measure of the (smooth) surfadk : E;(k) = g { see for

instance [Ho03, Theorem 6.1.5].

Example 14. We can compute the density of states for the Kronig{Penney Hamilton-
ian in Example 12. Since we are in dimension one, the de nition ofin (5.26) shows
that if is inside of a band,

1 dk
=% q°
To compute ( ) we can use the implicit formula (5.23):
Y
q P

sin
cosk = —Zp_— + cos
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Figure 9. The plot of the density of states (up to a multiplicative
constant) for the Konig{Penney potential. We see the singularities at

the edges of the rst 4 bands { see Figure 7.

The spectral bands are de ned by the condition that
qsin p—
1 —Zp_— + cos 1;

(see Figure 7) in which case,

1 dk  1ij(g+2 )sinp_z 3 qco

S = j
()= 5 — = o p__p .

2 d 8 (1 (gsink =2 +cos )i

p

This is shown in Figure 9.

5.7. Isolated bands for time reversible operators: trivial topology.
study the case when there is an isolated band, that is, léf = fE; (k)

We rst

k2 R'=

oh



PDE METHODS IN CONDENSED MATTER PHYSICS 55

we assume
E; (k) is a simple eigenvalue oP on Hy,
‘ P A (5.28)
i\ ljo=? foranyj 6 j~
We de ne the following orthogonal projections:
(k) :H! ker(Pj,, Ej(k) = C;
.. . (5.29)
E k=€ (ke :LY(R"=) ! keryzre=) (P(X;Dx k) E;j(k)):
We then have
Proposition 5.3.
1 I
(k)= >0 (z Pjn,) 'dz (5.30)

where is a positively oriented closed contour separating from other bands.

Proof. For two functions f;g 2 L?, we de ne the following operator of rank one:
(f qgu:=fhug; u2lL?

If * -(x; k) form an orthonormal basis ofH consisting of eigenfunctions corresponding
to E-(k), then

CGRTGR),

(Z Pij) L= 7 E(k)

This implies that
|
1 . , ,
I (z Pju,) 'dz="; i

Since (k)= "; 'j, this proves the claim.

Remark 4. In general, if we have any operatoP and a simple closed curve such
that \ SpecfP) = ?, then

I
— 1 1
= o7 (z P) "dz

is a projection. To see this, we can take another curve which is homotopic to
insideCnSpecP), and lies in the bounded component o€ n~ (for basic facts about
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topology of curves inC seeI folr instance [NaRal2]). Then

2:(2?)2 (z P) ¥ P) dzd
|71
=G (DM@ P P) dud
|
- (2i1?2 (2 z P) ldzd
1

5T (z P) 'dzd

If P is self-adjoint, then by the spectral theorem, is the spectral projector corre-

sponding to the spectrum inside . This is because
I

f(x)= % (z x) dz= 1, xisinside ;

0; x is outside :

A relevant example is given asz follows

j = % (z P) *dz:L*R™! L*R") (5.31)
where is as in Proposition 5.3 andP is now considered as an operator onh?(R")
(with the domain given by H?(R")). This is the spectral projection corresponding to

the isolated bandl;.

The family ( k) we de ned is analytic in k:

Lemma 5.4. The map
k7! ( k):R"= | B(Hy)

is a real analytic family of operators, that is, there exist§ > 0 such that this map
extends to a holomorphic map

R'= +iB(0;")3 k7! (k)
HereR"= +iB(0;") R"'= +iR"= C"=

Remark 5. Here we are talking about the holomorphy in a Hilbert space, which can
be de ned as follows: suppose we have two Hilbert spadés; H,, and a mapk 7! B (k)
from C" ! B(Hi;H,). Then we sayB (k) is holomorphic if the following equivalent
conditions are satis ed.

Forany' 2 Hy;; 2 Hy, the mapk 7! hB(k)"; 1 is holomorphic;
@B _ im B(k+zg) B(k)

@k zo z

exists in the norm topology.
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The reader can check the equivalence using the uniform boundedness principle { see
Exercise 11.13 in [Ho88].

Proof of Lemma 5.4.In view of (5.29%, it su ces to check that
1 1
k7! € k)= 5T (z P(x;Dy k) *dz;

is holomorphic onU + iB (0;") where U is a neighbourhood of a fundamental domain
of (see 8.3). Sincez P(x;Dx k) in invertible for z 2 and k 2 R", it
remains invertible forz 2 andk in a complex neighbourhoodJ + iB (0;") of U. The
holomorphy ofk 7! P(x; Dy k) is immediate, and shows thak 7! (z P(x;D, k)) ?!
is holomorphic when the inverse exists. This proves the claim.

The eigenspaces k)Hg thus de ne a complex line bundle over the toruRR"=
We refer to Section 2.7 for basic properties of line bundles.

The following theorem tells us that time reversal symmetry implies that this line
bundle is trivial. We follow the proof of [HS89, Lemma 1.1].

Theorem 6. SupposeP(x;D)u = P(x;D)u, then there exists' 2 C! (R"= ;Hy)
such that
P' (k) = Ej(k)' (k), and k' (k)k =1, that is ' (k) is a normalized eigenvector
of P with eigenvalueE; (k).

(k)= (k).
In addition, k 7! ' (k) extends to a holomorphic map frorR"= + iB (0;") to
L2.(R").

Here we recall thatH, LZ.(R").

Proof. We rst note that the de nition of Hy (5.9) shows that if ' (k) 2 Hy then
' (k) 2H . Simplicity of E; (k) and the property Pu = Pu then show that

Ej(K)= Ej( k) “(K)2ker(Pin , E;(K):

Using this we will proceed by induction on the dimensiom to show there exists a
continuous section. Then we will regularize it to get a real analytic section. Without
loss of generality, we may assume = (2Z)" and = Z".

Step 1. Let n =1. Proposition 2.17 shows that a line bundle over an interval is always
trivial. Hence we can choose a continuous sectior(k) such that P ~(k) = E; (k) (k)
andk (k)lk=1for0 k 1=2, and €(0) is real valued. We de ne

(k) := ( k); 1k o

2

To obtain Z-periodic section we proceed as follows: the normalisatiéi( 1=2)k =
k 7(1=2)k = 1 and the simplicity assumption show that there exists 2 R such that
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“( 1=2)=e ' ~(1=2). Putting
(k) - e i(k+1=2) ~(k),

we obtain (1=2) = ( 1=2) which gives a global section oveR=Z satisfying ( k) =

(k).
Step 2: By the induction hypothesis, we may assume there exists a continuous sec-
tion 9k9 on R" 1=z" 1 f 0Og such that qk9Y = A k9. Moreover, P qk9 =
E;(k%0) qk% and k Ak9k = 1. As in Step 1, Proposition 2.17 shows that there
exists a continuous extension to this section

(K):(R" 122" Y0 [0;1=2), ! kery (P Ej(k));  (K%0)= %k9:

Wenowdene on R" *=z" 1 [ 1=2;0]by ( k)= ( k), andwe want ( k% 1=2) =
( k% 1=2) as before. There exists a continuoue’7! (k% 2 R such that

(K33 =€ (K 3
and
K+ ) (kY mod2z;, 22z"*%
Taking complex conjugates gives
(K D=e' 0 KD
or equivalently
(K H=e' (K
Thus e &)= ¢ ( X9 thatis,
k9 (kK% mod2 z:

But (k9 ( k9 is continuous and hence constant (it takes only integer values!).
That constant is equal 0 by takingk®= 0. Similarly, (k°+ g) (k) is constant for
j=1; ;n 1and that constant is zero by takingk®= %q since

NI

9+tg = 3§ =
We conclude (k°+ )= (k9 for 2 Z" . Now de ne

g

(k) = e i(kn+1=2) (ko)( k),

then
K3H=e' O(KH=( K = K& I
Thus gives a continuous global section ovdR"=2".
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Step 3: Having obtained a continuous section : R= ! C! (R")\H y, we want
to regularise it to a real analytic section. For that let (k) = (2 ) "2e ¥*=2 and
“(ky="" (k="), we de ne

(kx)= ek K9e 7 1) (k@ x)dk®
One checks ~ )
(x )=k Ky IR (1kBx  )dk®= & ¥ . (k;X);
so -(k; ) 2Hyg. Now .'-?(k; ) is a real analytic section and «(k; )! (k) in L? norm
as" ! 0. Taking "> 0 small enough, we de ne
=z = (K

r=  o(K)" o( k)dx

By Lemma 5.4," (k) gives a real analytic section in the statement of the theorem.

5.8. Wannier functions and spectral localization to an isolated band. Let
be the spectral projection corresponding to the isolated band {see (5.31). Given a
global section' described in Theorem 6, we see from (5.14) that
(B jOL?(R"= ;Hy) = fu(k;x) = f(k)' (k;x):f 2 L3%R"= )g:

Hence (5.12) gives .

L2(R™) = f(k)' (k;)dk:f 2 L?(R"= )

RN =
P .

Expanding f (k) into Fourier series,f (k) = , a€ ¥ we obtain

X
fk) (k;x)dk= a' (x)

2

JR"™= ] gn=

where 7

1

O(X) = jRn: J .

"(k;x)dk; (X)) =" o(x ): (5.32)

It is now straightforward to check the following

Proposition 5.5. f' (x) : 2 g gives an orthonormal basis of jL?(R"). This
basis gives an isomorphism;L?(R") = “2() .

The proposition shows the existence of functions de ned as follows:

De nition 5.6.  Functions' (x) 2 L?(R") for 2 are called Wannier functions
if they form an orthonormal basis of ;L?(R") and

)= "ex ) 2
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Theorem 6 has the following corollary on the exponential decay of Wannier functions.

Proposition 5.7. Let' ¢(x) be as in(5.32). There exists a constantC > 0 such that
forany 2 N" there isC > 0 with

j@' o(x)j C el X (5.33)

Proof. Let ' (k;x) be as in Theorem 6. Sincd' (k;x) = E;(k)' (k;x), iteration of

Lemma 5.2 shows that (k; ) 2 HE_ for any k. It follows (see, for instance, [Ev10,

86.3])," (k;x) are uniformly bounded forx in the fundamental domain of . Recall
Z
1

=] e ¥ (k;x)dk:

"o(x )=

Using analyticity, we can change integration over fronR"= to integration over the
contourR"= +i=j j", toconclude that' o(x )= O(e ") for x in a fundamental
domain of . This gives a global exponential bound (5.33).

5.9. Appendix on self-adjointness.  Here we present results about the self-adjointness
of unbounded operators which appeared in this chapter.

5.9.1. Operator P(x;D k). We now return to the operatorP = P(x;D) de ned in
Lemma 5.2 and satisfying (5.16). We prove the claim thaP, := P(x;D k) with
domain H?(R"=) is self-adjoint in the sense of De nition 2.5. Lemma 5.2 plays a
crucial role here.

In view of (5.17), P is symmetric onH?(R"=) and hence we haveH?(R"=)

D(P,). We now show thatD(P,) H?(R"=). If u 2 D(P,) then, by de nition
(2.10), there existsC = C(u) > 0 such that

jhu; Pevi2j  Ckvk2; v2 CY(R"=); L%2:= L%)R"=): (5.34)
Let" 2 (0;1) and -(x)=" 2 (x=") with
Z
2 C; (B(0;1);[0:1]); ()= ( x); (x)dx = 1:
Then 7
v(x) = (y)v(x y)dy

is also periodic and

h . u;Pygvigz=hu; « Pyvipz = by Pe( » V)ige + hu [« Py]vipe: (5.35)
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Since the convolution commutes with , [ - ;Pg]v is given by

X Z
‘(@ (x y) a)(Dx k) v(x y)dy

= (Dy k) (-((ax y) a(x))vix y)dy:

ij1

i

Using the facts that on the support of -, a (x y) a (x) = O("), k k.1 = 1,
kK'r «ki:= O(1), and that kf  gk_2 k fk_ :1kgk 2, we obtain

jhu; [« Pylvipz) k ukpzK[ « ; PyJvk, 2

x Z
k uky2 (Dy k) (-(n(a(x y) a(x))vix y)dy
JJ 1 Z L2
Ckuky 2 j-vx y)jdy  + e (y)jiv(x  y)jdy
L2 L2
Cuky z2kvk, 2;

where the constantC®> 0 does not depend ofi. Therefore, by (5.34) and (5.35),
Jh U I:)kViLZj C(U)k " Vk|_2 + C(kUkLZkaLZ CO(U)kaLz; v 2 Cl (Rn:) :

Since Py is symmetric onC! (R"=), this implies that kPx( - u)k.z CYu) for
"2 (0;1). By Lemma 5.2, we have

k « uky2 C°%Pe( ~ u)kea+ C% « uk,. CRu); "2 (0;1):

By letting " ! 0, this implies that u 2 H2(R"=). We conclude that D(P,) =
D(Px) = H2(R"=) and thus Py is self-adjoint.

5.9.2. The Kronig{Penney operator. We now present the domain of the operator (5.22).
We start by de ning H?() where R is an open set:

H2()= fu2L?(): u%u®2 L?() g
whereu® u®denote distributional derivatives ofu, u® (' )= ( 21)ku(" ®)," 2 C ().

We then note that foru 2 H2(Rn0), u;u®2 C((1 ;0]) C([0;1)), that is u
and u® are continuous when restricted to the ﬁosed half-lines[0;1 ). (To see this
we note that fory < x < 0, jud{x) u¥y)j = | yx utt)dtj j x  yjzku®k, ; for the
relation between the distributional derivative and fundamental theorem of calculus see
[Ho03, Theorem 3.1.4].) In particular the limits,u(0 ) and uY0 ) exist. If we de ne

U; W 2 S qR) by u and u®away from 0, then, in the sense of distributions (see [Ho03,
Theorem 3.1.3])

U%= Uy + (u(0+) u(0 )) g+ (ufo+) u%0 ) o



62 ZHONGKAI TAO AND MACIEJ ZWORSKI

Hence, a natural de nition of

is given as follows
D(Py) = fu2 H3Rnf0Og) : u(0+) = u(0 ); uq0+) u%0 )= u (0)g;
Pou:= U%= Uy,+ ((x)u(0):

We leave it as a (not entirely trivial) exercise to see thaP, is self-adjoint. (It is one
of the many self-ajoint extensions ob?2 with the domain C} (Rn0).)

With this in place we can de ne the domain of |the operator (5.22) as follows: let

D := H? | (m;m+1) \ C(R)
m2Z
and
D(P):=fu2D:8m2Z; u{m+) u{m )= qum)g:
If U and U, are distributions onR de ned by I).(2 functions u and u® then foru 2 D(P)

Pu:= U%= U,+q (x  m)u(m):
m2Z

6. The tight binding model

6.1. Motivation.  The tight binding model provides an approximation of Bloch eigen-
values and eigenfunctions (se8.4) for periodic potentials for which + V(x) acting
on L2(R"=) (with the domain H?2(R"=)) has highly localised eigenfunctions.

The detailed discussion of tunneling needed to justify this will probably be unrec-
ognizable to any physicist. We should however note that the precise calculation of
tunneling for the double well potentials and periodic potentials has been analysed
in physics with great precision. An interesting perspective on that is presented by
Coleman in [Co778l1.2], with a doubly welldone version in [Co77, Appendix B].

To introduce the basic idea behind the tight binding model we adapt the presentation
in [Ka03, 84.1.1] and discuss the simplest 1D case, rst from a heuristic perspective and
then more mathematically. References [JoKal%2.5] and [Ka03,84] can be consulted
for more general versions of the theory. 186.4 we show how 1D results apply to
separable 2D models and present some numerical results for more general potentials
with indications to the mathematical literature.

So, let us assumexthat the 1D periodic potential is given as

V(x) = Vo(x  Kk); Vo2 Cl(R;R); suppVy ( %; %)
k22 (6.1)
Vo(0)= 1 Vg(0)=0; Vgt0)> 0; Vo(x)> 1forx60:
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Figure 10. The potential V(x) in (6.1) for Vo(x) = (x2 1)e 20¢,
We do not insist on compact support here but keep all the essential
properties.

A computationally easy example with the same properties (the compact support is
replaced by rapid decay) is shown in Figure 10.

It is natural to assume that the ground state,uo, of Py := @ + Vo(x) (the eigen-
function corresponding to the lowest eigenvaluek 1) is strongly localised to
x = 0. That follows from the comparison with the case of the harmonic oscillator {
see§3.2. One way to formulate it is as follows:

hJo;Uo( + ‘)l 0- (62)
Following physics literature (see [Ka03, (4.13)] we will in fact pretend that can be
replaced by = in (6.2). We use this localized state to build an approximation to a
Bloch eigenstatexcorresponding to the lowest band Bf= @ + V(x):
ulk;x) = @ ug(x+ ) ux k)= €Xu(k;x); u(k) 2Hy; (6.3)
‘27
where Hy, was given in (5.9). Assuming (optimistically) thatPu(k) = E(k)u(k) and
that (6.2) holds exactlywe)g)btain the following formula forE (k):
E()= Eo+ e " MPuguo( + iz Fi=( 33l
“60
The next approximation postulates that only nearest sites interact vid:
WPug;up( + )i = tjj;,  60: (6.4)
The parametert is called the hopping (as inhopping between two adjacent sitesr
the tunneling coe cient. That gives the following tight binding approximation for the

rst Bloch band:
E(k)= Eq 2tcosk: (6.5)
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The term originates from our localisation assumption inuy (quanti ed in (6.2)): the
electrons are tightly bound to the atoms at the individual sites (inZ in our case).

Since neither (6.2) nor (6.4) can hold exactly, even a heuristic argument requires
the introduction of an asymptotic parameter. Since we want strong localisation to the
individual sites at the minima of the potential, we consider the case where the wells
are very deep. That means that our operator is given by

@+ VKx)= 2 (h@)?+VX)= 2P; =1=h &L

The passage to the semiclassical regime (that is, replacingpy h 2) is motivated by the
classical/quantum correspondence: (h@)?+ V (x) is the semiclassical quantisation of
2+ V(x) { see [Zw12, Chapter 4].

The potential V can be given by (6.1), but we prefer the general case (where we
shift the bottom of the well to 0):
V(x+1)= V(x); V(0)=VY0)=0; V2R0)>0; Vjrz >0 (6.6)

As an analogue oflg in the rough argument above, we take the following approximate
eigenfunction. we choose € land 2Cl(( 1+2;1 2);R), (x)=1for
x2[ 1+3;1 3]. We then put

(x) == (Qu(x);

where
(P Ju=0in( 1+ ;1 ),

U( 1+ ): U(l ):O, kUkLZ([ 1+ : 1+ ]):1:

Here, of coursey, , and depend on but for 0 < 1 the contribution of that
dependence will be absorbed into error terms. We have

P = +r, r:=[P; Ju
As in (6.3) we use to construct an element ofH :
k(X) = X e® (x V), «2H
2z X (6.7)
P = «tng n()= e r(x )

‘22
The key is the precise structure of (x) presented in86.2.2:
()= c(h se " “M=N(L+ O(h"));
o) = (1= )2+ O(h); ! = (Vo) 6.8)

Cchy= 000+ = Vmdy'
0
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Let ux 2 H be the actual eigenfunction (we will show that there is a unique simple
eigenvaluek (k) in, say, [G 2'h ]):
Puc = E(K)ug; kugky, =1:

If «w:= hw;uiug, then P(l k)  2h(l k) (since the rest of the spectrum is
greater than 2h ). On the other hand (with norms and products onHy), by (6.7),

hP (I k) ks (l k) ki = Nl WP
= k(l k) KK+ (] k) ki

But this implies that
(2'h k(I k) kk k r¢ke

The de nition of ry in (6.7), (6.8), and then fact that 2h = th + O(h?) show that
YA 1

k(I &) kk= O ) g;:= P V (y)dy;

0
and" can be arbitrarily small if is small enough. From this we conclude that

k ko 2=k «k® k(I ) «k®=k «k* O (&2 >
Hence,
E(KK (K= P « & « «i + O(eX S
h kP i« «i + O %))
= Kk WK+ g i + O(X Sor=hy
= k K2+ vy i+ O(krkk(@ ) k) + O(eX Sor)=hy
= k K2+ hry; i + O SNy

Since (6.8) shows thatr,; i = O(el S*")7") and that k k?> =1+ O(el So*")7) we
conclude that

E(K)=  + My «i + O Sty

Hence, we need to computlry; «i:
Z 1

X
e, ki, = €0 r(x ) (x j)dx
i 0
Now, 3
< ]=0; =0;
suppr( )\Vsupp ( )V [G:L]6; =) | =0 =1
j=1; =0:
Decay of shows thatj = * =0 contribute O(eX S0*")=") and we get

1
bri; «in, =2cosk  r(x) (x 1)dx+ O(el Sor)=hy:
0
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We now recover (6.5):

Z
E(k) = 2tcosk; t:= 1r(x) (x  1)dx+ O(e* Se*)=hy: (6.9)
0

The structure of in (6.8) gives a precise description dfin Theorem 8. In particular,
hlogt = Sp+ O(h):

We should stress that this analysis can be carried out for excited states as well but for
simplicity of the presentation we concentrate on the lowest band.

This outline is essentially complete except for the proof of (6.8) and the calculation
of t. Hence, the rst technical part of this section is devoted to a precise description
of the ground for a single well. That involves introducing techniques useful in other
settings and some of the presentation proceeds in greater generality. With this place
86.3 provides the missing details in the derivation of (6.9) and an asymptotic formula
for t. For completeness§86.5 applies the techniques developed 6.2 to the closely
related but slightly more complicated case of a double well potential.

Finally, 86.4 illustrates band structures in 2D for the potentialV (X1; X2) = Vi(X1) +
V,(X2) which can be analysed using the 1D methods. We will also provide some
numerical examples and pointers to the literature.

6.2. A single well. The analysis of the periodic case i86.1 relied on (6.8), that is,
on the precise description of the ground state of a single well potential in 1D. This is
what we do in this section. For higher dimensional versions, see [DS83] and [He88,
&]. We consider a bounded intervald; b, a < 0 < b, and W satisfying,

W 2 C* ([a;H;R); W(0)= WY0)=0; W0)> 0; Wigapjrog > O: (6.10)

The main result is Theorem 7 and there are many steps in the proof. Since the
statement of the theorem involves concepts and de nitions developed throughout this
section, we ask for the reader's patience.

We retain some higher dimensional aspects of the argument (notably in the dis-
cussion of the Agmon{Lithner estimates) and this section can be considered as an
introduction to the Hel er{Sjpstrand theory of semiclassical spectra for multi-well
potentials { see [He88,88,4], [DS99,88,6] and references given there. Major sim-
pli cations due to working in 1D come in Proposition 6.3 (the WKB construction is
straightforward in 1D), a simple form of the Agmon metric (see Remark 6), and, in
86.386.5, easy calculations of the o diagonal terms in the interaction matrix (6.87)
using Wronskians (see (6.89)).
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6.2.1. Agmon{Lithner estimates. We present these now classical estimates in all di-
mensions following [DS9986]. To formulate them, we need some comments about
Lipschitz functions. Suppose that 2 Lip (R"), that is, there existsM > 0 such that

j(x) ()i Mjx vy (6.11)
We then use 2 C! (B(0;1);[0; 1)), with R (x)dx =1 to de ne
W= v e(x) = (x="): (6.12)

ﬁhe Lipshitz property shows that kr -k_ : is uniformly bounded. In fact, since
r (x)dx =0,
z
roee o )yECx Yy (x)dy
z z

M™ e (y="iy="ldy=M jr (2)jjzjdz:

If we dener 2 S qR") using distribution theory, then ! in S {R") and, for
' 2 Cl(R";RM),
Z
r(')=Ilim r «(x) ' (x)dx= O(k' k.1):

Hence, asL! is the dual of L, r 2 L! (R"). That is the meaning ofr in the
estimates below. (We remark that is in fact di erentiable almost everywhere { see
[Ev10, 85.8.3].) For R" with C! boundary we also recall the space

H2\ Hg() = closure of fu2 C?(): uje =0g (6.13)

. : P
where the closure is in the norm given by ; ; ,k@uk,z) .
With this in place, we can state

Proposition 6.1. Suppose R" is a bounded open set with &' boundary,V 2
C(; R)yand 2 Lip(; R). ThenforP := h? + V andeveryu2 H2\ H}(; C)
(see (6.13)), h> 0,

khr (e "u)k?,, + MV jr  j)e Mu;e Tui 2, =Rehe "Pu;e Mui () : (6.14)

Proof. We present a proof from [DS99] which has the advantage of generalising to the
case of manifolds and forms (with modi cations requiring an introduction of Riemann-
lan metric; a sceptical reader can proceed by direct integration by parts). For that,

we de ne an inner product on di erential forms, by polarising
X X
Kl kfoy = Kljkfa s 1= ljd 2Co (5T )
j j



68 ZHONGKAI TAO AND MACIEJ ZWORSKI

P
The formal adjointofd: C? (), du= ", @ udx;, is then given byd ! = @'
We start with 2 C! () and introduce

dr:ctO)!' ct(;T); d ru=ud;
roy:=(d?) :Co(:T)! CO; r y'= 1@

Since = d d, we have a point-wise statement,
e h?) e M=e™Mhd)e e N(hd)e ="

6.15
=(hd +r y)hd d ~)=h2dd jr j2 hd(d ~)+r yhd: (6.15)

We now assume thatu 2 C! () and put v = e “"u, so that
Rere *( h?) u;e ™ui 2y =Rehe ™( h?) e "v;vi 2 :

When we apply (6.15), we notice that{ yd) = d (d *), and hence the last two
terms disappear after taking real parts. This gives (6.14) fon 2 C! (). For the
integration by parts, we only needu 2 C?() and uje = 0. By approximation we
obtain the statement foru2 H2\ H}().

To prove (6.14) for 2 Lip( ), we rstextend to a Lipschitz functionon R" (and
keep the same notation). That is possible thanks to an easy version of Kirszbraun's
Theorem { see [Ev10,85.4]. We then de ne - by (6.12) and note that (using the
de nition of convolution of distributiogs and compactly supported functions)

ro-= r (y) -(x ydy:

Thenr -!r in L%, (see[Ho03, Theorem 1.3.2]) and hence there exists a sequence
"i 1 Osuchthatr . !r almost everywhere (see [Ru87, Theorem 3.12]). We
can then use that subsequence to pass to the limit from-, in in (6.14) using the
dominated convergence theorem. (In fact, - !r almost everywhere if we use

the more involved Lebesgue di erentiation theorem [Ru87, Theorem 7.17].)

When considering operators h? + V(x) on all of R" we assume
V2 C(R";R); V(X)>Eq x2R"; (6.16)

for someEq. We can then consider the Friedrichs extension (see Example 48a 3) of
P:= h?+ V,withthedomainD(P) H?(R"). Inthat case we have the following
version of the Agmon{Lithner estimates:

Proposition 6.2. Suppose thatV satises (6.16) and D(P) is the domain of the
Friedrichs extension of h? + V. If 2 Lip(R";R) is constant outside of a compact
set then for everyu 2 D(P) (6.14) holds for = R".
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Proof. Let 2 CZ (B(0;2);[0;1]) satisfy jgeo1y 1. ForR> 1 we dene r(x) =
(x=R) (and similarly, (r )r(X):=[r ](x=R)). For u in the domain of the Friedrichs
extension ofP, we have ru 2 H?\ H}(B(0; 2R)) and hence we can apply Proposition

6.1 toug. Since suppr b B(0; 2R), the integration is now overR".

khr (e ™ur)kierny + NV jr  j%)e ™ug; e "Uri 2rny = Rehe TP ug;e “"Ugi 2pe:

We now see that foru 2 D(P) and constant outside of a compact set, we have, as
RI1

L2(R" - - —p  L2(R" -
ur= rUTTEU r (e ur)= rr (e U)+ R Y )re T (e )

and
_ 1 2p 2 LZ(R")
Pur = rPUu 2hR *(r )r hru h°R “( )ru !

Passing to the limit gives (6.14) with = R".

Pu:

Following [DS99, Proposition 6.2] it is useful to apply Proposition 6.1 and 6.2 as
follows.

SupposeF 2 L' (;[0;1))( = R"inthe case of Proposition 6.2), satisfy
V(x) jr (x)j?=F,(x)> F (x)?; almost everywhere. (6.17)
Then, with norms in L2(),
khr (e u)k®+ 1kF.e T"uk® k (F. + F ) 'e "Puk®+ 3kF e uk®  (6.18)
Proof of (6.18). The de nition of F and (6.14) give (recall thatab a? + ib? and
i(a+ b2+ P P+ 189)
h?kr (e “"u)k?+ kF.e “"uk? = Re(e ™Pu;e "u) + kF e “"uk?®
=Re e "(F, + F ) Pu;(F, + F )e ™u + kF e ™uk®
e (F, + F ) Pu *+ Lk(F, + F )e ™uk?+ kF e uk?
e "(F, + F ) Pu *+ 3kF e uk?+ 1kF, e “"uk?:
Moving the last term to the left hand side gives (6.18).

Example 15. Following [DS99, 86.a], we can apply (6.18) to positive Schredinger
operators, P = + V (note that h = 1 here) on R" as follows. Suppose that
V(x) 2 > O0forallx 2 R". That means that inf SpecP) 2 and in particular
Pu= v, has a solutionu 2 D(P) for any v 2 L?(R"). We obtain an exponential decay
estimate onu if we restrict the support of v:

v2 L2(R"); suppv B(0;Ry); p—
o ' ' = ke r uk+ ke uk 4kvk: (6.19
(0= "6 Ro)lrmworg®) (6.19)
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For that, we rst take R >Ry and

p—,. . p—
r(X) = (1Xj  Ro)1g©:Rr)nB(O:Ry)(X) + (R Ro)lringr)(X);

andF, = P V(xX) jr  r(X)j? P- and F =0 and apply (6.18) with = R". We
thenlet R!1 to obtain (6.19). (The details are left as an exercise with an answer
in [DS99, 86.a].)

Since (6.19) gives exponential decay, we conclude from Rellich{Kodratchev's theo-
rem (see [Ev1085.7]) thatfor 2 Cl,P ! :L?! L2?is a compact operator ( is
meant as a multiplication operator here; both regularity and decay are improved). For
generalV, a modi cation by an additive constant gives a more general statement:

V>Eo> =)

6.20
8 2CI(RY(P ) ! :L*%R")! L?*R") is a compact operator. (6.20)

This provides a PDE proof (as opposed to the more general operator theoretical proof
{ see [DS99, Theorem 4.19]) of the following fact which we use in our analysis below:

liminf V(x) Eo =) infSpeg{ + V) Eqo (6.21)

jxjl1
that is the spectrumof + Vin(1 ;Ey)Iis discrete.
Proof of (6.21). We proceed as follows. For anf; < E o, there existsRq such that

for jxj > R, V(X) > E ;. In the notation of the proof of Proposition 6.2,V, =
V + Eq g, > E; and (6.20) gives

( + Vo o) 'R : L% L? iscompactfor ¢ <E;.
Since for 2 CnSpec( + W),
( + VW )1Ro:(+V0 O)lRo
+(+ Vo )Mo XN o+ Voo o)t R

it follows that if 2 Spec( + VW), then the operator ( + VW )l g, isa
compact operator onL?(R"). We now write

+ V =( + Vo )M HTC)N: T()=( + Vo ) 'Eo&:

Hence for 2 Spec( + V) (and in particular for < E 4, sinceVy > E;), 2
Spec( + V)ifandonlyofl+T( )isinvertible. But 7!'1+T( ), 2 Cn[E;;1)isa
holomorphic family of Fredholm operators invertible when 2 R. Analytic Fredholm
theory [DyZw2, Theorem C.8] shows that the poles ofl (+ T( )) ! are discrete in
CnlE;; 1), SinceE; < E( was arbitrary, (6.21) follows.
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6.2.2. The ground state for a single well potentialWe start by a construction of an
approximate ground state. We use the notation

x
a a+ ha + = ha;
j=0
to mean that for everyN 1 there exists a constanCy > 0 such that
X1t
a ah  CyhV: (6.22)
i=0
We recall that Borel's Lemma [Zw12, Theorem 4.15] shows that for argf's we can
nd an a (satisfying suitable bounds) so that (6.22) holds.

Proposition 6.3. There exist' ="' (x;h) and = (h) with asymptotic expansions
NI COR ITCO R
p___
") =(sgnx) W(x); '(0)=0; ' 0 ' ;2C*([aH);
200 = JWDOWE) 1= (egmOw(9}); 10 =0: (6.23)
(h) th+ oh®+ ;1= 1Iw%Xo)
so that
((hD)?+ W(x)  (h)(e  ®M=)= O(ht)e "=, (6.24)

uniformly for x 2 [a; b.
Proof. We nd

"(x;h) T (X)+ h'(x)+ ; (h) h ;+h%,+ ; (6.25)
by solving

e XM= n2@+ w(x) (h)e &M= ¢ (6.26)
in a suitable asymptotic sense. This will be achieved if we show that
( Pxh)2+ W(x)+ b Rxh) () O

in the sense of (6.22). Inserting (6.25) into this equation giveés{x) = (sgn x)IO W (x)
and
X 1
2 5(%)" P(x) Y)Y )+ (%) =05 T o(x) = (x):

1

q
Since' J(x) =  TWO0)x(1 + O(x)), solving this requires a choice of; for which we
can divide by' 5(x) at x = 0:
00 Xl 0 0 a
i ="7100) 2(0) 7 -(0); 1= 1

1

TWoR0):
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We then get a recursive formula

9=t ey Sy o
POz |
In particular, |

2(sgnx). W(x) 2 W(X)

where the function in brackets vanishes at 0 and hence can be divided (xgﬂ W(x) =
IX + O(x?).

We conclude that for' (x;h) and (h) given by (6.25) with' ; and ; chosen above
we obtain from (6.26)

(h@+W() (e ST = Ot )e KM,

and it is clear that we can replace (x;h) by ' (x) on the right hand side.

We can normalise the WKB state so that
w(x) = ¢(h)h exp( ' (x;h)=h); KkwKiz(ap = 1: (6.27)

The normalising constant is computed by the method of steepest descent based on
"(x) = %!x 2+ O(x® { see [Zw12, Theorem 3.11] (the version in which the phase
2" (x)=his replaced by 2 (x)=his obtained in the same way). This gives,

c(h) = (!= )1+ O(h)): (6.28)

In our applications of Proposition 6.1, we will use the following notation: for a

real-valued function' (x),
u(x) = &(e " ¢ 629
8"> 0k2N9C >0 j@u(x)j] Ce ®=h+"=h '

where the estimates are valid in the region of de nitions of the functiona;w and ' .
A special, and frequently occurring case, is whén(x) = S is a constant.

Proposition 6.4. Suppose thaWW satis es (6.10) and Py(h) is the Dirichlet realisation
of (hDy)?+ W(x) on[a;d. Then for any xed ! < < 3!, there existshy such that
for O<h<h g,

Speco(h)\ [0; h )= (h)g; (6.30)

where (h) has an asymptotic expansion given i¥6.23). Moreover, if u is the nor-
malised eigenfunction corresponding to(h) then, in the notation of (6.23) and (6.29),

u(x) = (e " ™™M): x 2 [a;b: (6.31)
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In fact, more precisely, there existdN 2 N, such that

8k9C j(h@)*u(x)j Ch Ne = x2a;b: (6.32)

In the proof and in the next section we will need the following lemma (which can
be re ned in many di erent ways but is su cient for us here):

Lemma 6.5. SupposeA is a self-adjoint operator,A 0 and that := 1. (A) has

nite rank. Suppose thatfu;g’., and 0 satisfy
u 2 D(A); kuk=1; k(A Huyk " jhusyip i 6 "< (6.33)
Then
k(I ) uyk "=: (6.34)
If in addition (" + ("= )?)J < 1then
tr J; d(; Spec@)) (6.35)

that is, there are at least]) eigenvalues ofA (counted with multiplicities) in [0; 2 ].

Proof. To see (6.34) we note that sinc&(l ) 2 (1 ),
AL ) uui=PA0 )1 ) us( ) wio 2k ) uk®
On the other hand
A ) usyi=h1 ) Aujuio = k(I ) ke + () i krgk
and hence
(2 k() wk hr (0 ) wio k() uk;
(6.34) follows.

For (6.35) it su ces to show that w; := wu;,j =1; ;J, are linearly independent

and for that we consider the Gramian matrix,G, with entries given by
hwi;wii = hui;upi + P)ui; uji = hugsupi + Dui; ( )uji

i Ay jagi (= )P+
where we used the estimate ohu;; u;ji in (6.33) and (6.34). This means thaG = | + R
where we can estimate the norm d® by J(" + ("= )?) (using, for instance, the discrete
version of the Schur estimate { see (2.13) and (2.14)). Hence, the assumption gives
kRk < 1 and the Gramian is invertible, showing the independence of's. This gives

the rst part of (6.35). The second part is immediate from the spectral theorem and
the boundk(A  )u;k " in (6.33).

(6.36)

Proof of Proposition 6.4. We proceed in three steps:
Step 1. We start by proving that if

(Po(h)  (h)u=0; u(@=u(b=0; kuk.eqap =1;
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(h) 2 [0; Mh], then (6.32) holds withN depending onM and the potential W (and
on k). For that we will use (6.14) with V(x) = W(x) (h) and
(x)= "(x) ChlogC; "(x) Ch;
~ (X)) Chlog( (x)=h); " (x) Ch

where C will be chosen later.

Then for' (x) Ch, we use' {x)2 = W(x) (see (6.23)) and the assumption (h)
Mh to see that

(6.37)

' 2
Vo) 0P=we) () Y chX)

(%)
_ . Lx)? ' x)?
=wW(x) (h) O(x)2+2ChW C2h2- 07 (6.38)
_ W (x) Ch W(X).
= (h)+ Ch,(x) 2 0 Mh+Ch,(X).

Both W(x) and ' (x) are positive away from 0 and
W(x)=12x*+ O(x%); ' (x)= 3Ix 2+ O(x%);

near 0. HenceW(x) C;' (x), x 2 [a;d and we see that in (6.38) we can choo%e
large enough so that for (x) Ch,

V(x)  x)? h:
We now apply (6.18) with
F2= (V 091 ch= (Nl cn 1 g chMh;

andF2? = (V(x) x)?)1 xy cn h. The estimate (6.18) gives

kh@(e "u)k® + ikF.e "uk® 3kF e ~uk*:
Now,

e( 0™ = ¢ (9= max (C;" (x)=h) ©;

and hence for somé&\, (we havekuk, z2(ap) = 1),

kKh@(e™ u)kyz(qary + k€™ UK 2qary Ch N:

The Sobolev embedding theorefrgives (6.32) withk = 0. For higher derivatives we
use the equation: itk 1,

(h@)(e™ (h@) u) = e (h@)" "[(W(x)  (h)ul+" ™ (h@)u;
and the bound follows by induction.

ZP%ticularIy simple in the one dimensional case as foru 2 C2 with u(a) = 0, ju(x)j?
(2=h) . ju(y)hux(y)idy  (2=h)kuki2(ap) khuxKL2(ap) -
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Step 2. We now use Lemma 6.5 to obtain (6.30): if 2 C! ((a;b);[0;1]) is equal to 1
near O then we can use the normalized WKB stat® in (6.27) to obtainu; := w=kw k
which satis es the assumptions of Lemma 6.5 witlA = Py(h), J =1, = h and
" = O(h'!). This implies that Py(h) has an eigenvalue which is asymptotically given
by (h) in (6.23) (and we use the same notation for it).

To see that there is exactly one eigenvalue in;[® ], suppose that for some 2
[0; Mh], (Po(h) )V =0, kvk_2qan) =1, v(a) = v(b) = 0. By the argument in Step
1 of the proof, (6.32) holds for. For 0 < 1 we de ne

vi) = (h 2 v 2CH(C 22501 (0=1; X L
On the support of {h 2* x) the estimate (6.32) (which holds forv) gives
j(h@* vi(x)j = O(h Ne '@ = O(h Ne " “=¢) = O(h):
(We recall that ' (x) = 3!x 2+ O(x3) and ' (x) > 0 for x 6 0.) Hence, for
Up = vi=kvikK;
we have
(Po(h)  )up =[Po(h); (h z* )us= O(ht )L2(R): (6.39)
On the other hand,
Po(h) = (hD,)? + 1 52+ O(x%); O(x°) (h =" x)= O(h °):
Thus (6.39) gives
(hD)*+ 12x%  Juy = O(h% ery:
We can now apply Lemma 6.5 withA = (hD,)? + ! 2x2 to see that
d(;th (2N+1)) = d(; Spec(hDx)?+ ! *x?))
= O(h: ?);
where the spectrum of the harmonic oscillator was computed §3.2.

Hence any eigenvalue d?y(h) in [0; h ] has to satisfy (forh small enough), = 'h +
O(h% 3). If there wereJ > 1 of them, we could use the orthonormal eigenfunctions of
Po(h) cut-o by (h 2t X) in Lemma 6.5 with" = O(h% 3). That would contradict
the simplicity of the eigenvalues of the harmonic oscillator. This completes the proof
of (6.30).

The key remaining key fact in our study of the single well is a comparison between
the exact eigenfunction and the WKB state constructed in Proposition 6.3:

Theorem 7. Suppose that := ¢(h)h %exp( " (x; h)=h) is constructed in Proposition
6.3 with c¢(h) given in (6.28), and u(x) 0 is given in Proposition 6.4. Then for any
2 C; ((a;b;[0; 1)),

(u )= 0(h')e ™ in C! ([a;h). (6.40)
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Proof. We choosee 2 C! ((a;b);[0;1]) such thate 1 on a neighbourhoodd® 1f]
supp ,a<a< 0<b%<b. Wethenputw:= e(u ). Then (6.34) in Lemma 6.5
applied with J =1 and u; = e , and the equation (see the proof of (6.32)) show that

w = O(hl )Cl ([a;0)) - (641)
Since bothu and satisfy (6.32), we also have (with estimates on derivatives)
w= 0O(h Me ®= x 2 [a;B:
Since @ (h))u=0, and (from (6.24)) (P (h)) = O(h')e =", we have
(P (M)w=eP(h) (h)(u )+[P;e](u )
~ _ (6.42)
= O(ht)e " + r(h); r(h)= O(h Me " : suppr suppe®

We want to use this in (6.14) with an appropriate weight. To do that we change
between weight used in Step 1 of the proof of Proposition 6.4 (to obtain (6.32)),

o(x) =" (x) Chlogmax(C;" (x)=h);
to aweight ;< (1 ") on the support ofe® In dimension one that is very simple
(see [DS99, Appendix tas6] for the higher dimensional version): choos& and by so
that
max(suppe®\ (a;0)) <ap<a® HB<bg< minsuppe®\ (0;b);
and then put
1(X) = Laao)(X) o0(@0) + Liaging1(X) 0(X) + Ligpity(X) o(bv):
We can use (6.18) as in the proof (6.32) with = ;. We note that (see (6.42))
e "r(h) = O(h M)e e = 1y ppe0= O(h M)e ™" Lgyppeo
= O(ht):

We now (6.18) tow (see Step 1 of the proof of Proposition 6.4) with

F2= (V2?1 cn Mhl cn(X);

FZ=(V(X) 2031 cn(x) Chl cp(x): ae.

From (6.42) and (6.43), and recalling thatv = W (h) sothat F. + F h=C, we
obtain

(6.43)

(F, + F ) e ™™Py, (h)w= O(h!).::
By (6.41) and that suppF f ' (x) Chg, we have
F e ™"w=O(h!),::
This gives
kh@(e *"w)k® + IkF, e *="wk?
3kF e =hwk? + k(F, + F ) e ©™"(Py,  (h))wk®= O(h!):
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Figure 11. We illustrate Theorem 8 by computing the Bloch eigenval-
ues for toV(x) = sin? x using 2°+ 1 Fourier modes Gy =2=,! =
and A =log 2 in this case.

On [ao; ],
e 1007 = ¢ (%' max (C;' (x)=h) ;
and hence,
kh@(e™ W)kiz(agino) + k€™ WKL2(agmg = O(h"):

Using the Sobolev embedding theorem as at the end of Step 1 in the proof of Propo-
sition 6.4, gives (6.40).

6.3. The periodic case. We now assume thatV 2 C! (R;R) satises (6.6) and
consider

P(h):= h?@+ V(x):H*R)! L3R): (6.44)

Following the discussion in86.1, our goal is to describe the rst band of the spectrum
of P(h), Eo(k;h), ash ! 0. We denote byPy(h) the operator P(h) acting on Hy
given in (5.9) (with = Z and n =1, and the domain given byHZ2.(R) \H ). Then
Eo(k; h) is the rst eigenvalue of P, (h), with other eigenvalues denotedg; (k; h), j 1.
The main result is
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Figure 12.  An illustration of the rst part of (6.47) for the potential
used in Figure 11. The convergence is convincing but smaller values of
h would be needed to get td5,!

Theorem 8. Under the assumptiong6.6) and in the notation above we have, for any
"> 0, Exi(k;h) 3  ")h; and

Eo(k;h)= (h) t(h)cosk + O-(e @S0 "=y
t(h) = 4" fi=e e So=h(1 + O(h)); (6.45)
q

(h) th+ h*+ ;= 1V%0);
where
1 1 Z 1" 1
So= V(x)zdx; A= Ijlmo% IV (x) 2dx+log V(") : (6.46)
0 !

A numerical illustration of the theorem is given in Figure 11. It is a special case of a
result of Outassourt [Ou87] )(see also [He886.2]) which we will review in8.4. The
following corollary was proved earlier by Barry Simon (see [He88, Corollary 6.2.7] and
[Si84]):

Corollary 6.6. Under the assumptions of Theorem 8, consider the bands of the spec-
trum:
Im(h) = fEn(k;h): k2 R=2 Zg:
Then
}Li'mohlogjlo(h)j = So;

_ 1 (6.47)
rLI!moh (minl.(h) maxlg(h))=2":

Proof. The rst equality in (6.47) follows immediately from (6.45). For the second
equality, we recall from Theorem 8 thatE,(k;h) > 3(! ")h for any xed "> O.

Hence, it is enough to construct an approximate eigenfunction &(h) (that is, for
k =0, as any k would do), corresponding to &1 + o(h). For that, we use the second
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eigenfunction of the harmonic oscillator (se€3.2) and proceed as in (6.7):
X .
u(x) = c(hh ¥ (x e 't V=N u2H, = L¥(R=2)
22
wherec(h) 1 is a normalizing constant chosen so that thatuk, >(r-z) = 1. We have
Po(h)u = 3!hu + O2(h®32). ThereforeE;(0;h) 3'h + O(h®32).

An outline of the proof of Theorem 8 was given i86.1 after (6.6) and we will follow
it, providing technical details leading to the precise calculation af(th). That occupies
the rest of this section.

For 0 < 1 we de neP (h) as the Dirichlet realisation of P (h) = (hD,)?+ V on
[ 1+ ;1 ] Thisis an operator of the form described ir§6.2.2.

Let (h) be the rst eigenvalue of the operatorP (h):
(P (h) (h)u(h)y=0 onl = 1+ ;1 ],

ku(h)kizq y =1; u(h)je =0: (6.48)

If 2Cl(( 1+2;1 2 )[0;1])isequaltolin( 1+3 ;1 3 )we put (dropping
the dependence ot in the notation):

=u =) PMh = (h) +r r:=[Ph),; Ju (6.49)

We use to construct an approximate eigenfunction oPy(h):

()= e™ (x j): (6.50)
j2z
Since X
x )= e o (x o=l et (x (j+)
j2z j2z
=% W(x);
we see that 2 H,\ C! (R). Also, in the notation of (6.49),
X
Pe(h) «= (h) «+r; = e™Mr( j): (6.51)

j2z
To streamline the notation we modify (6.29) to
u(x)= @ (e =™ ¢

8" ki ; 9C; j@u(x)j Ce ™™ ()™ jm ()=0: (6.52)

From (6.32) we then see that we have pointwise estimates
YA 1

@re(x) = @ (e *™);  So:= g V (x)dx: (6.53)

0
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We now show thatEq(k; h) is an isolated eigenvalue oy, uniformly in k and h:
Proposition 6.7. Let Pc(h) be the Floguet operator de ned afteq6.44). Then for

any < 3(:v%0))z and h small enough,
SpecPu(h) \ [0; h ] = fEo(k;h)g; Eo(k;h)=  (h)+ @ (e *™); (6.54)
where (h) was de ned in (6.48) and we used the notatior(6.52).

Proof. In view of (6.51) and (6.53) we already know that

d(SpecPx(h)); (h))= @ (e *™);
and it remains to show that (h)+ @ (e S°7") is the only eigenvalue oPy(h) in [0; h ].

For that, we recall Theorem 5 and consider
((hDx  hk)?+ V(x))wi(h) = Ex(h)wi(h);

Wi(x +1) = wi(x); 0 Ex(h) h:
As explained in §&.4, ug(h;x) = €*wg(h;x) is then an eigenfunction ofP,(h) with
eigenvaluek (h). In particular estimates onwy(h) will translate to estimates on eigen-

functions of P(h). An adaptation of the proof of Proposition 6.1 gives, for any Lips-
chitz function on R=Z, ,

Rete ((hD  hk)2+ V(x)  Ex(h)Wi; e Wi zrez) =
k(hDyx  K)(e ™Wi)kizrzy + NV Ex(h) ir e wise My zgrez):
Arguing as in Step 1 of the proof of Proposition 6.4 we see that (6.32) holds for
wi(x) for x 2 K b ( 1;1). Consequently it remains true for the eigenfunctions of
P«(h). SupposeE;(h), 1 j J, are the eigenvalues oPy(h) in [0; h ] and ul (h)
the corresponding eigenfunctions lying irHy \ C! (R). The estimate (6.32) shows
u i (h)=k u \k.z2¢ y (with the same as in (6.49)) satisfy the assumptions of Lemma

6.5 with A = P (h) (see (6.48)) and' = @ (e S°="). But then the fact that P (h) has
only one eigenvalue in [Dh ] (see Proposition 6.4) shows thad = 1.

Let ux 2 H be the normalised eigenfunction oPy(h) corresponding to the eigen-
value Eq(k; h) in (6.54). We then consider the orthogonal projection
KW = hw; Uil ug:

In view of (6.54), SpecPx(h)) nfEq(k; h)g is bounded from below by th (for h small
enough) and hence
P (h)(I k) 2h: (6.55)

For  de ned in (6.44) we have (with norms and products orHy),
hP (h) (! k) k(I k) ki = h(l KPk(h) «
= (h)k(l k) kK2 + rg; (1 DELE
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Combined with (6.55), this implies that
(2'h (h)k( k) kk Kk rgk:

Since 2h (h) = th + O(h?), (6.53) shows that
Zyp
k(W) k=08 (e ®™); So= V(y)dy:

0

Hence
k K kkz =k ka k (l k) kk2 =k kk2 (C] (e ZSo=h):
From that we obtain the following relation between (h) and Eq(k; h):

Eo(k;h)k k2= HPc(h) « «; & «i + @ (e 20"
h «Pe(h) & « i + @ (e *™)
(hk K+ b ki + @ (e 27
(k K2+ hry; i + O(krkk(L ) (k) + @ (e 257"
(K K>+ hr; i + @ (e 2™

Since (6.8) shows thatiry; i = @& (e ™) and that k k> = 1+ @ (e 5™ we
conclude that

Eo(k;h) = (h)+ hry; i + @ (e ).

To compute the right hand side we recall from (6.42) and (6.50) that

Z,

X
br; «i= €0 r(x ) (x j)dx
0

Now,

] =0;
suppr( )\ supp (- )\ [01]6; =) | j=0; =1;
o1
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Decay of shows thatj = * = 0 contribute & (e 25°=") and hence modulo () that
error term (and with u given in (6.48) and used on the de nition of , (6.49))

Z 1
hr; i 2cosk  r(x) (x 1)dx
° Z 1Z 1
= 2h%cosk ( Ux)+2 Ux) (x  Du(x 1dx
7 0 0
= 2h? cosk 1 ™ (x DuEUIx 1) ux)U(x 1))dx
Z

0

+2h%cosk  u(x) Ax Du(x 1)dx
2h?cosk(u(H)u( 1) u( Huid)):

We now calculate the Wronskian using Proposition 6.3 and Theorem 7: fpqj 1

Ux) = oh fe ©e (1 + O(h));

. o (6.56)
ux) = c(h)h (" {x)+ O(h))e ~®=he "10(9:
We have
Z 1 Z Z
') = PV 5= OdeF 1pde;
0 3 3

sothat' (3)+ ' ( 3)= So, whereS; is given in (6.53).
Finally, using (6.23),

Z
=3 (VOHEV(X)T 1=V (x)7 dx
0
23
=1im 3 (3logV(x)° 1=V (x)?)dx
oz, !
= ,I,i!rr})% "2 IV (x) zdx + IlogV (") + ilogV(3):

From a similar formula for* 4( %) we obtain

Z .
B Dm0 Mxrlog V() HlogV(d):
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These calculations and (6.28) inserted into (6.56) give
u(uy 3 u HU3)
= ¢(h)%h %( % %) ' 0(%)4_ O(h))e ¢ (3 =hg 1) "1 B)
=2h (1= )2V(d)ze St 2109V (1+ O(h))
=2h (1= )iete *(1+ O(h));
where A and Sy are given by (6.46).
6.4. Higher dimensional examples.  In this section, we will indicate, with pointers
to the literature, how the semiclassical approach to the tight binding approximation

works in higher dimensions. We will concentrate on two dimensions and provide nu-
merical illustrations.

Hence, we consider periodic potentials iR?, V 2 C! (R?=Z?) and operators

P(x;Dy):= h*+ V(x); x=(X1;X2) 2 R% (6.57)
In this mathematical formulation, the tight binding model corresponds to describing
R?=2 Z?3 k 7! E;(k; h) 2 Specfy); (6.58)

ash! 0, in terms of states localised in a fundamental domain due to the presence
of one more potential wells. The basic idea is the same in dimension one described
in 86.1. For more general cases, we refer again to the physics texts [JoKa825] or
[Ka03, 84.1].

The operatorPy in (6.58) is the operator corresponding t& and acting onH, with
the domain given byH, \ HZ2_ (R?) { see 8.4. It is unitarily equivalent to

B = (hD,, hk;)’>+(hDy, hky)*+ V(x); D(B)= H?*R*=Z?);
that is, to an operator acting on periodic functions.
The analogue of the assumption (6.6) is now
V(0)=0; rV(0)=0; Vjgrenz > 0;

VA0) = (gj i:/\/(?é) %Zil\/(((;))) is positive de nite: (6-59)

The simplest higher dimensional case is given by considering
V(X) = Vi(x1) + Va(X2); Vi, ] =1;2, satisfy (6.6). (6.60)
In that case, we have
Eo(k;h) = E(ky; h) + Ed(kz; h);
where E/(k; h) are the ground states of one dimensional operators
PL= h2@+ Vi(y): HA(R*=Z?) ! L2(R?*=Z?:
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Figure 13.

ZHONGKAI TAO AND MACIEJ ZWORSKI

A numerical illustration of (6.65). For an animated version

seehttps://math.berkeley.edu/ ~zworski/Bloch_movie.mp4 .
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