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1. Introduction

These are the notes taken by Zhongkai Tao from the topics course taught by Maciej
Zworski in Fall 2022 at Berkeley, on mathematics of condensed matter physics. The
purpose was to provide a general introduction to basic continuous models (rather than
the increasingly popular discrete models) and to their relation to topological structures.

The course (and some follow up presentations) covered the following topics:

� Preliminaries on basic geometric and analytical concepts; they can be reviewed
ahead of time, or consulted when they are referenced in the text.

� Magnetic Hamiltonian of the free electron; Landau levels, derivation of de Haas{
van Alphen oscillations in that case.

� Spectral theory of periodic structures; band theory. Examples of simple band
structures.

� Semiclassical derivation of the tight binding model. That is done carefully in
1D (including as an extra a precise description of energy splitting in a double
well problem) with a discussion and numerical illustrations of the 2D case.

� Introduction to vector bundles with a stress of two dimensional manifolds and
line bundles; connections, curvature, and Chern numbers developed through
examples.

� The adiabatic theorem and the emergence of the Berry phase, connection, and
curvature in that setting.

� Topology of band structures: a separated band, decay of Wannier functions,
Thouless pumpings, Landau levels revisited.

� 2D crystals in magnetic �elds and the Peierls substitution; topological inter-
pretation of lower order terms in the e�ective Hamiltonian.

We have since corrected and expanded many sections and we are continuing our
work on that. At the moment §10 still needs more attention. Generous support for
this project has been provided by the Simons Foundation's Targeted Grant Award No.
896630 \Moir�e Materials Magic".
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2. Preliminaries

This section presents preliminaries from analysis and geometry. We provide de-
tailed references when proofs are not given. A brief account of basic geometric pre-
liminaries can be found athttps://math.berkeley.edu/ ~zworski/symple.pdf . For
an in-depth presentation we suggest [Lee12]. For tempered distributions (S 0) and the
Fourier transform, an in-depth presentation is given in [Ho03, Chapter 7] (see also
[Zw12, Chapter 3] for a more light-hearted treatment). References for pseudodi�eren-
tial calculus (going beyond what is needed here) are [DS99] and [Zw12, Chapter 4].
For unbounded operators, a detailed account can be found in [Sch12] and for brief
reviews see [DS99, Chapter 2] and [Zw12, Appendix C.2].

2.1. Symplectic geometry. A symplectic manifold is a smooth manifoldM with a
non-degenerate closed 2-form� on M , called the symplectic form. On a cotangent
bundle T � M , there is a canonical symplectic structure given by

� =
X

d� j ^ dxj = d(
X

� j ^ dxj ):

In the case ofM = Rn , we can think of � as a nondegenerate quadratic form on
Rn � Rn :

� (X; � ; X 0; � 0) = h� ; X 0i � h X; � 0i : (2.1)

Given a smooth real-valued functionp : T � M ! R, we de�ne theHamiltonian vector
�eld Hp by

� (�; Hp) = dp:

The Poisson bracket of two functions,a; b, on T � M is de�ned by

f a; bg = Hab: (2.2)

In local coordinates, in the case of (2.1), it is given by

Hp =
X

j

@p
@�j

@
@xj

�
@p
@xj

@
@�j

; f a; bg =
X

j

@p
@�j

@b
@xj

�
@p
@xj

@a
@�j

: (2.3)

The 
ow ' t = exp tH p under the Hamiltonian vector �eld is called the Hamiltonian

ow . The 
ow ' t preserves the symplectic form and the functionp { [Zw12, Theorem
2.11]. In particular, it preserves the volume formdVol = � n=n! (Liouville's theorem).

Example 1. If p(x; � ) := 1
2 � 2 + V(x) : Rn � Rn ! R, then the Hamiltonian 
ow is

given by solving

_x = �; _� = �r V(x):

That is, •x = �r V(x). If we think of V(x) as a potential and of ~F (x) = �r V(x) as
the corresponding force, then this is Newton's law of motion.
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Example 2. Now we consider the motion of a charged particle in the electromagnetic
�eld: ~E, the electric �eld and ~B, the magnetic �eld. Maxwell equations give

r � ~B = ~0; r � ~E = ~0:

That implies (in the global setting of Rn ) that So there exists an electric potential
V(x) and a magnetic vector potential ~A(x) such that

~E = �r V(x); ~B = r � ~A(x): (2.4)

The force acting on the particle is then given by

~F = �r V(x) + _x � ~B:

To obtain a Hamiltonian formulation we let

p(x; � ) = 1
2

X

j

(� j � A j (x))2 + V(x):

The Hamiltonian 
ow is given by

_x j = � j � A j (x); _� j =
X

k

@j Ak(x)( � k � Ak(x)) � @j V(x):

That is,

•x j = �
X

k

@kA j (x) _xk + _� j =
X

k

(@j Ak(x) � @kA j (x)) _xk � @j V(x) = ( _x � ~B � r V) j :

The quantization of this Hamiltonian in the case of a constant magnetic �eld is the
Landau Hamiltonian which we will study in §3.

A classical observable is a function,a(x; � ), on T � Rn . Under the Hamiltonian 
ow
' t = exp tH p, the evolution of an observable is given by' �

t a(x; � ) = a(' t (x; � )). In
other words,

d
dt

' �
t a = ' �

t Hpa = ' �
t f p; ag; (2.5)

where the last expression is given using the Poisson bracket (2.2).

2.2. Analysis on Rn . The space ofSchwartz functionsis de�ned as

S (Rn ) = f u 2 C1 (Rn ) : x � @�
x u 2 L1 ; 8�; � 2 Nng:

The seminormskuk�;� = kx � @�
x ukL 1 giveS a structure of a Fr�echet space { see [Ho88,

§2.2]. The space ofSchwartz/tempered distributionsis the dual of S , or equivalently,

S 0(Rn ) = f u : S ! C : 9N 2 N; CN > 0 ju(' )j � CN

X

j � j;j� j� N

k' k�;� ; 8' 2 S g:

We note that Lp(Rn ) � S 0(Rn ) (for the Lebesgue spaces,Lp, see [Fo99, Chapter 6])
with the de�nition

u(' ) :=
Z

u(x)' (x)dx:
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The main advantage of distributions, and in particular of tempered distributions, is
the fact that the derivative is always de�ned using formal integration by parts:

(@x j u)( ' ) := � u(@x j ' ); u 2 S 0(Rn ); ' 2 S (Rn ): (2.6)

The Fourier transform of a Schwartz functionu 2 S is de�ned by

F u(� ) = û(� ) =
Z

Rn
u(x)e� ix �� dx

and F : S ! S gives an automorphism of the Schwartz space. Theinverse Fourier
transform is given by

F � 1u(x) = �u(x) =
1

(2� )n

Z

Rn
u(� )eix �� d�: (2.7)

We recall the basic properties of the Fourier transform without proof (see [Ho03,§7.1]
or [Zw12,§3.1]):

Proposition 2.1. The Fourier transform F : S ! S extend to a continuous linear
isomorphismF : S 0 ! S 0, with the following properties.

� (Plancherel theorem) Up to a normalization constant,F is an isometry on
L2(Rn ):

kF uk2
L 2 = (2 � )nkuk2

L 2 :

� F @x j = i� j F , F x j = i@� j F .

Using the Fourier transform, we de�ne the Weyl quantization fora 2 S (R2n ) by

Opw(a)u(x) = aw(x; D )u(x)

=
1

(2� )n

Z
ei (x � y)�� a

�
x + y

2
; �

�
u(y)dyd�; u 2 S (Rn ):

(2.8)

For u 2 S we easily check thataw(x; D )u 2 S as well.

In the notation of (2.8),

Dx j =
1
i

@
@xj

:

The de�nition (2.8) can be extended to a more general class of functionsa (called
symbolsin PDE literature) { see [Zw12, Chapter 4] for an in-depth presentation. For
instance, Opw(x j ) is multiplication by x j and Opw(� j ) = Dx j .

Example 3. The quantization of the classical magnetic Hamiltonian in Example 2 is
given by

P = 1
2

X

j

(Dx j � A j (x))2 + V(x): (2.9)

This is called the magnetic Schr•odinger operator.
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2.3. Unbounded operators. The quantization of a classical observable given by (2.8)
is usually an unbounded operator on the Hilbert spaceL2(Rn ). We recall some de�ni-
tions and results about such operators. Although technical and seemingly dry, these
concepts are essential in the study of Schr•odinger operators even if this point is not
universally appreciated1.

De�nition 2.2. Let H1; H2 be Hilbert spaces. An unbounded operatorP : H1 ! H2

means is de�ned in the terms of its domain, a linear subspaceD(P) � H1, and a linear
map P : D(P) ! H2. The operator P is said to be densely de�ned ifD(P) is dense
in H1.

De�nition 2.3. The graph of an unbounded operatorP : H1 ! H2 is

G(P) = f (x; Px) : x 2 D(P)g � H1 � H2:

P is closed if the graph is closed.P is closeable ifG(P) is a graph of an operator.
That operator is then called the closure ofP and is denoted byP. We say P � Q if
G(P) � G(Q).

We will say a densely de�ned operatorP : H ! H on a Hilbert spaceH to be
formally self-adjoint or symmetric if

hPu; vi = hu; Pvi ; u; v 2 D(P):

Given a densely de�ned operatorP : H1 ! H2 between Hilbert spaces, the adjointP �

is de�ned by specifying the domain as

D(P � ) = f u 2 H2 : 9C = C(u); such that jhu; Pvi H 2 j � CkvkH 1 ; 8v 2 D(P)g (2.10)

de�ning P � : D(P � ) ! H1 by

hP � u; vi = hu; Pvi ; u 2 D(P � ); v 2 D(P):

The adjoint is well de�ned by Riesz representation theorem [Fo99, Theorem 5.25]. We
recall some facts of the adjoint operator:

Proposition 2.4. The operatorP � is closed. Also, ifP � is densely de�ned, thenP is
closeable, andP = P �� .

Now we can de�neself-adjoint operators.

1The following story is told in [La02]: \In the 1960s Friedrichs met Heisenberg and used the occasion
to express to him the deep gratitude of mathematicians for having created quantum mechanics, which
gave birth to the beautiful theory of operators on Hilbert space. Heisenberg allowed that this was so;
Friedrichs then added that the mathematicians have, in some measure, returned the favor. Heisenberg
looked noncommittal, so Friedrichs pointed out that it was a mathematician, von Neumann, who
clari�ed the di�erence between a self-adjoint operator and one that is merely symmetric. `What's the
di�erence?' said Heisenberg."
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De�nition 2.5. Let P be a symmetric (unbounded) operator on a Hilbert spaceH .
We sayP is self-adjoint if P = P � . The operator P is called essentially self-adjoint if
P is self-adjoint, that is P = P � .

Example 4. One way to obtain self-adjoint extensions of symmetric semibounded
operators is via the Friedrichs extension: suppose thatP is a densely de�ned operator
with a domain D0(P) and that

c0 := inf
kuk=1 ;u2 D 0 (P )

hPu; ui > �1 :

Then there exists a self-adjoint extension ofP with domain D(P) such that

hPu; ui � c0kuk2; u 2 D(P):

For the proof see for instance [Ho88, Theorem 3.2.10].

Example 5. SupposeA j (x) are linear, V(x) = 0. Then the Landau Hamiltonian

1
2

X

j

(Dx j � A j (x))2;

de�ned with the domain given by S (Rn ) is an essentially self-adjoint operator. This
follows from a more general case of operator of the form

P = 1
2hAx; x i + 1

2hBx; D x i + 1
2hDx ; Bx i + 1

2hCDx ; Dx i

whereA = AT , C = CT are two symmetric matrices. Let

p(x; � ) = 1
2hAx; x i + hBx; � i + 1

2hC�; � i ;

be the symbol ofP in the sense that foru 2 S ,

Pu = pw(x; D )u;

where we use (2.8) withh = 1. Let Np be the operatorP with domain D(Np) = S (Rn )
and M p be the operatorP with domain

D(M p) = f u 2 L2(Rn ) : Pu 2 L2(Rn )g:

The proof of the following properties can be found in [Zw12, Appendix C.2]:

M p is closed, N p = M p, N �
p = M �

p = M �p.

Those properties imply that if p is real-valued, thenM p is a self-adjoint operator and
Np is essentially self-adjoint.

Another example relevant to condensed matter physics is presented with a detailed
proof in §5.9.1.

The importance of self-adjointness is due to thespectral theorem:
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Theorem 1. Let P : H ! H be a self-adjoint operator on a Hilbert space. Then there
exists a measure space(X; M ; � ), a measuable functionf : X ! R and a unitary
operator U : H ! L2(X; � ) such that

� x 2 D(P) if and only if f � Ux 2 L2(X; � );
� U(Px) = f � Ux for any x 2 D(P).

Remark 1. The spectrum of an arbitrary operatorP is de�ned as

Spec(P) = f z 2 C : P � z is not invertible g:

In the case of self-adjoint operators, we can apply Theorem 1 so that it is given by
f (X ). In particular in that case the spectrum is real.

Using spectral theorem, we can de�ne the unitary evolution by

U(t) = e� itP : H ! H; U(t) = U� M exp(� itf )U; e� itf 2 L1 (X; � ):

One then checks (again using the spectral theorem) that foru 2 D(P),

k(U(t + h) � U(t))u=h+ iPU(t)ukH ! 0; h ! 0:

(Convert P to multiplication by f and use dominated convergence theorem based on
fu 2 L2.)

A quantum observable is a linear operatorA : H ! H , the evolution of a quantum
system is described by

A(t) = U(t)� AU(t):

In other words,

d
dt

A(t) = i [P; A(t)]: (2.11)

This is sometimes referred to as theHeisenberg picture of quantum mechanics.

The quantum evolution (2.11) and classical evolution (2.5), are related by the corre-
spondence between commutators and Poisson brackets. The simplest example is given
by

Example 6. We havef � k ; x j g = � jk and [� w
k ; xw

j ] = [ Dxk ; x j ] = 1
i � jk .

The ideal generalization of this would be

[pw; qw] = 1
i f p; qgw;

for the quantization (2.8) or for another form of quantization. However the Groe-
newold{Van Hove theorem showed that it is impossible. However, it remains true up
to \lower order terms" { see Proposition 2.7.



PDE METHODS IN CONDENSED MATTER PHYSICS 11

2.4. Properties of pseudodi�erential operators. The Weyl quantization has many
good properties.

Proposition 2.6. Let a 7! aw denote the Weyl quantization(2.8). Then

� Formally, (aw)� = ( a)w. In particular, if a is real, then aw is formally self-
adjoint on S .

� (Calder�on{Vaillancourt theorem [Zw12, Theorem 4.23]) If @�
x;� a 2 L1 , then

aw(x; D ) : L2 ! L2

is bounded.
� (Beals's theorem[Zw12, Theorem 8.3]) If A : L2 ! L2 is bounded and for any

set of linear functions` j : T � Rn ! R,

ad`w
1 (x;D ) � � � ad`w

N (x;D ) A : L2 ! L2

is also bounded, then there existsa : R2n ! C with @�
x;� a 2 L1 such that

A = aw(x; D ).

The �rst property is straightforward calculation. The next two are deeper. We
will not prove those properties here but just indicate theL2 boundedness is easy if
we assumea 2 S . In fact, when a 2 S , we write (denoting by F x! � the Fourier
transform in the variable x)

F x! � (aw(x; D )u)( � ) =
1

(2� )n

Z Z Z
a

�
x + y

2
; �

�
ei (x � y)�� u(y)e� ix �� dyd�dx:

We write the phase as follows

hx � y; � i � h x; � i = � 2hx+ y
2 ; � � � i � h y;2� � � i :

We then put

â1(�; � ) :=
Z

a(z; � )e� iz �� dz:

Hence,

F x! � (aw(x; D )u)( � ) =
2n

(2� )n

Z
â1(2� � 2�; � )û(2� � � )d�

=
1

(2� )n

Z
â1(� � �; � + �

2 )û(� )d� := [ K û](� ):

Because of Parseval's identity (kukL 2 = (2 � )� n=2kûkL 2 ) it is enough to prove

kKv kL 2 � CkvkL 2 : (2.12)

To do this we use the Schur criterion for boundedness onL2: if

Kv (� ) =
Z

K (�; � )v(� )d�
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and Z
jK (�; � )jd� � C;

Z
jK (�; � )jd� � C; (2.13)

then (2.12) holds with the sameC. In fact, using Cauchy{Schwarz inequality we see
that

kKv k2
L 2 =

Z �
�
�
�

Z
K (�; � )v(� )d�

�
�
�
�

2

d� �
Z � Z

jK (�; � )jd�
� � Z

jK (�; � )jj v(� )j2d�
�

d�

�
�

sup
�

Z
jK (�; � )jd�

� �
sup

�

Z
jK (�; � )jd�

� � Z
jv(� )j2d�

�
� C2kvk2

L 2 ;

(2.14)

which proves (2.12).

In our speci�c case

K (�; � ) :=
1

(2� )n
â1(� � �; � + �

2 );

and (2.13) holds asa 2 S so that a1 2 S as well.

We note that we can use a weaker condition:

jâ1(�; � )j � (1 + j� j)� n� " ; " > 0;

as that also implies (2.13).

The composition properties for quantizations are also interesting and important.
We recall the following result [Zw12, Theorem 4.18]. In principle, it could be shown
without general theory since it involves only di�erential operators.

Proposition 2.7. Supposeaj =
P

j � j� m j
aj;� (x)� � , j = 1; 2. Then aw

1 � aw
2 = aw

3 where
a3 enjoys the following asymptotic expansion:

a3 �
1X

k=0

1
k!

�
i
2

� (Dx ; D � ; Dy; D � )
� k

a1(x; � )a2(y; � )jx= y;� = � ; (2.15)

where� is the symplectic form given in(2.1). In particular,

[aw
1 (x; D ); aw

2 (x; D )] =
1
i
f a1; a2gw(x; D ) + r w(x; D ); (2.16)

where � 7! r (x; � ) is a polynomial of degree less than the degree off a1; a2g (which is
less than or equal tom1 + m2 � 1.)

We refer to [Zw12, Theorem 4.12] for the proof and the sense in which the asymptotic
expansion (2.15) is valid.
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2.5. Trace class operators. In this section we recall basic properties of trace class
operators.

Let H be a Hilbert space andA : H ! H be a compact operator { see [Ho88,
De�nition 2.5.5]. Then Spec(A) = f � i g is discrete and can be ordered as follows

j� 0j � j � 1j � � � � � j � j j ! 0: (2.17)

If A is self-adjoint, then� j 's are real. Moreover, there exists an orthonormal basisf ej g
consisting of eigenvectors ofA, such that

Au =
X

j

� j hu; ej i ej :

In the non-self-adjoint case, there is a similar form usingsingular value decomposition
(SVD):

Proposition 2.8. Let H1; H2 be Hilbert spaces andA : H1 ! H2 be a compact opera-
tor. Then there exists

s0 � s1 � � � � � sj ! 0; (2.18)

and orthonormal setsf ej g � H1, f f j g � H2, such that

Au =
X

j

sj hu; ej i f j :

In fact f sj g1
j =0 n f 0g = Spec((A � A)1=2) n f 0g = Spec((AA � )1=2) n f 0g.

Proof. Observe that A � A : H1 ! H1 is a nonnegative self-adjoint operator. Letf ej g
be the eigenvectors corresponding to the eigenvaluess2

j = � j (A � A). Let

f j =
�

s� 1
j Aej ; sj 6= 0

0; sj = 0:

Then f j 's are orthonormal and

Au =
X

j

sj hu; ej i f j : �

The sj 's are called thesingular valuesof A. We list some of their properties (see
[DyZw2, Appendix B])

sn (A) = min fk A � K kH 1 ! H 2 : rank K � ng;

sj + k(A + B) � sj (A) + sk(B );

sj + k(AB ) � sj (A)sk(B ); In particular, sk(AB ) � k Aksk(B ).

(2.19)

Here is an example of the use of those inequalities:
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Example 7. Let s > 0 and A : L2(Tn ) ! H s(Tn ) � L2(Tn ) be a bounded operator,
then sj (A) � Cj � s=n. (Here Tn = Rn=(2� Z)n is a torus andH s denotes the Sobolev
space { see (5.15) below). This is because

sj (A) = sj (( � � + 1) � s=2(� � + 1) s=2A)

� k (� � + 1) s=2AkL 2 ! L 2 sj (( � � + 1) � s=2)

� Cj � s=n:

The claim sj (( � � + 1) � s=2) � Cj � s=n is proved by lattice point counting:

# f sj : jsj j � r g � C# f m 2 Zn : (m2 + 1) � s=2 � r g � Cr � n=s:

Now we can give the de�nition of trace class operators:

De�nition 2.9. Let H be a Hilbert space, the space of trace class operators is de�ned
as

L 1(H ) = f A : H ! H : A is compact and
X

j

sj (A) < 1g :

The norm on L 1(H ) is de�ned as

kAk1 =
X

j

sj (A):

This makesL 1(H ) a Banach space with a continuous linear functional called the trace:

tr( A) =
X

j

hAej ; ej i

whereej is any orthonormal basis.

The trace norm can also be written as

kAk1 =
X

j

hjAjej ; ej i

where jAj = ( A � A)1=2 and f ej g is any orthonormal basis. This is because for two
orthonormal basesf ej g and f f j g we have

X

j

hjAjej ; ej i =
X

j;k;k 0

hjAjf k ; f k0ihej ; f k i hej ; f k0i =
X

k

hjAjf k ; f k i : (2.20)

If A 2 L 1(H ), then A = UjAj for some unitary operatorU. Thus
X

j

jhAej ; ej ij =
X

j

jhUjAjej ; ej ij �
X

j

kjAj1=2ej kkjAj1=2U� ej k

�

 
X

j

hjAjej ; ej i
X

k

hjAjU� ek ; U� ek i

! 1=2

=
X

j

sj = kAkL 1 :
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Hence, the trace is well de�ned and bounded by the trace norm. For the same reason
as (2.20), the de�nition of trace does not depend on the choice of orthonormal bases.

We recall some properties of trace class operators without proof.

� (Lidskii's theorem) If A 2 L (H ) has eigenvalues� j ordered as (2.17), then
tr( A) =

P
j � j .

� (Weyl inequalities) Let A 2 L 1(H ) with eigenvalues� j and singular valuessj

ordered as in (2.17) and (2.18), then
nX

j =0

j� j j �
nX

j =0

sj ; 8n;

nY

j =0

(1 + j� j j) �
nY

j =0

(1 + sj ); 8n:

� If A : L2(Rn ) ! L2(Rn ) is de�ned by an integral kernel, K A (x; y), and A 2
L 1(L2(Rn )), then K A (x; x) 2 L1(Rn ) and

tr( A) =
Z

Rn
K A (x; x)dx:

This is easily veri�ed by rewriting the kernel asK A (x; y) =
P

sj (A)f j (x)ej (y).

We remark that the trace class condition is much stronger than the condition that
K A (x; x) can be integrated. For example, for anya 6= 1, Au(x) = u(ax) gives a
bounded operator withK A (x; y) = � (y � ax). Then K A (x; x) = � ((1 � a)x) = j1 �
aj � 1� (x) and

Z
K A (x; x)dx = j1 � aj � 1:

But A is far from being in the trace class.

2.6. Grushin problems. In this section we review Schur's complement formula and
its applications to spectral theory. That complement formula a general fact from linear
algebra:

Lemma 2.10. Suppose
�

P R�

R+ R+ �

�
=

�
E E +

E � E � +

� � 1

: X 1 � X � ! X 2 � X + (2.21)

are bounded operators on Banach spaces, thenP is invertible if and only if E � + is
invertible. In that case we have

P � 1 = E � E+ E � 1
� + E � ; E � 1

� + = R+ � � R+ P � 1R� : (2.22)
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Proof. The proof is a direct computation. IfE � + is invertible, then from

PE + R� E � = I; PE + + R� E � + = 0;

we getPE � PE+ E � 1
� + E � = I . Similarly, since

EP + E+ R+ = I; E � P + E � + R+ = 0;

we get EP � E+ E � 1
� + E � P = I . We conclude that P is invertible and P � 1 = E �

E+ E � 1
� + E � . The proof for the other case is the same. �

If R+ � = 0, we have the following observation.

Proposition 2.11. If R+ � = 0 in (2.21), then R+ and E � are surjective, andR� and
E+ are injective.

Proof. This is because we have

R+ E+ = I; E � R� = I: �

In application to spectral theory we typically start with an operator P and then
construct R� so that the operator on the right hand side of (2.21) is invertible. Fol-
lowing Sj•ostrand we call the result aGrushin problem. A Grushin problem we well
posed if the operator is invertible:

�
P R�

R+ 0

�
=

�
E E +

E � E � +

� � 1

: X 1 � X � ! X 2 � X + (2.23)

The perturbations of Grushin problems are stable thanks to a Neumann series argu-
ment:

Proposition 2.12. Suppose(2.23) holds, andA : X 1 ! X 2 satis�es

kEAkX 1 ! X 1 ; kAE kX 2 ! X 2 < 1;

then the Grushin problem

PA =
�

P + A R �

R+ 0

�

remains well-posed with the inverse
�

F F+

F� F� +

�

where

F� + = E � + +
1X

k=1

(� 1)kE � A(EA)k� 1E+ :
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Proof. Let

P = E� 1 =
�

P R�

R+ 0

�

then

PA = P
�

1 + E
�

A 0
0 0

��

and

P � 1
A =

�
1 + E

�
A 0
0 0

�� � 1

P � 1 =
1X

k=0

(� 1)k

�
E

�
A 0
0 0

�� k

E

= E +
1X

k=1

(� 1)k

�
(EA)k 0

E � A(EA)k� 1 0

�
E: �

We will usually study the Grushin problem for Fredholm operators. For more details,
see [DyZw2, Appendix C].

De�nition 2.13. A bounded linear operatorP : X 1 ! X 2 between two Banach spaces
is called a Fredholm operator if the kernel and cokernel ofP are both �nite dimensional.
The index of a Fredholm operator is de�ned as

indP = dim ker P � dim cokerP:

Proposition 2.14. (i) SupposeP : X 1 ! X 2 is a Fredholm operator. Then there
exists �nite dimensional spacesX � and operatorsR� : X � ! X 2 and R+ : X 1 ! X +

such that the Grushin problem(2.23) is well-posed. In particular, the image ofP is
closed.

(ii) Suppose the Grushin problem(2.23) is well-posed, thenP is a Fredholm operator
if and only if E � + is a Fredholm operator, and

indP = ind E � + :

Proof. (i) Let n+ = dim ker P and n� = dim cokerP. Let X � = Cn � . Suppose kerP is
spanned byx1; � � � ; xn+ , by Hahn-Banach theorem there existsx �

j : X 1 ! R such that
x �

j (x i ) = � ij . We then de�ne

R+ : X 1 ! Cn+ ; x 7! (x �
1(x); � � � ; x �

n+
(x)) :

On the other hand, choose a representativey1; � � � ; yn � of cokerP and de�ne

R� : Cn � ! X 2; (a1; � � � ; an � ) 7!
n �X

j =1

aj yj :
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We claim the operator
�

P R�

R+ 0

�

is bijective. First, if
�

P R�

R+ 0

� �
u

u�

�
= 0;

then since the intersection of the range ofP and R� is zero, we havePu = R� u� = 0,
so u� = 0 and u 2 kerP. From R+ u = 0 we concludeu = 0 and hence injectivity. On
the other hand, (R; R� ) : X 1 � X � ! X 2 is surjective. Since modifyingu 2 kerP does
not a�ect the value of Pu, we obtain surjectivity.

Finally, PX1 can be viewed as the image of the closed subspace (X 1; 0) under the
invertible map (P; R+ ) (mod kerP). So the image ofP is closed.

(ii) Take u� = 0, we observe that

Pu = v () u = Ev + E+ v+ ; 0 = E � v + E � + v+ : (2.24)

SoE � : PX1 ! E � + X + and induces

E #
� : X 2=PX1 ! X � =E� + X + :

By Proposition 2.11,E � is surjective, soE #
� is surjective. On the other hand,E � v 2

E � + X + will give us v 2 PX1 by (2.24), soE #
� is also injective. We conclude

dim cokerP = dim cokerE � + :

Now we look at

E+ : kerE � + ! kerP:

It is injective by Proposition 2.11. Moreover, ifu 2 kerP, then by (2.24) we get
v+ 2 kerE � + such that E+ v+ = u, so E+ is also surjective. We conclude

dim kerP = dim ker E � + :

This �nishes the proof of (ii). �

The proof of the following corollary is left as an exercise (see [DyZw2, Appendix
C]):

Corollary 2.15. With de�nitions above we have

� The set of Fredholm operators is open in the set of bounded operators and the
index map is locally constant.

� If K is a compact operator, thenI + K is a Fredholm operator andind (I + K ) =
0.

� A Fredholm operator has closed image.
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We conclude this section with a simple example showing howR� can be constructed
in the self-adjoint case. It will be useful in§5.5.

Example 8. SupposeP is a self-adjoint operator on a Hilbert spaceH and that P
has discrete spectrum. Suppose thatz0 is an eigenvalue ofP of multiplicity m, with
eigenfunctions given by with an eigenfunctionuj (kuj k = 1), j = 1; � � � ; m. Then as
in Proposition 2.14, we may takeX � = X + = Cm and

(R+ u) j = hu; uj i ; R� u� =
mX

j =1

u� ;j uj :

When z is near z0, this gives a well-posed Grushin problem forP � z. We complete
the eigenspace to an orthonormal basis ofH , f uj g1

j =1 , wherePuj = zj uj , then

E(z)v =
X

j>m

(zj � z)� 1hv; uj i uj ; E+ (z)v+ =
mX

j =1

v+ ;j uj ;

(E � (z)v) j = hv; uj i ; E � + (z)v+ = ( z � z0)v+ :

Now we consider a perturbation by a bounded operatorQ, via the Grushin problem
�

P � z + �Q R �

R+ 0

� � 1

=
�

E � E �
+

E �
� E �

� +

�
:

By Proposition 2.12 we have

E �
� + (z) = z � z0 +

1X

k=1

(� � )kE � Q(EQ)k� 1E+ : (2.25)

When m = 1, this gives an expansion for the eigenvalues ofP + �Q , z(� ) = z0 +
� hQu0; u0i + O(� 2). As a corollary, we get the Feynman{Hellmann formula

z0(0) = hQu0; u0i : (2.26)

It also has a direct proof assumingz(� ) is smooth in � : �rst write down the eigenvalue
equation P � u� = z(� )u� , then di�erentiate on � . We get

Qu0 + P _u0 = z0(0)u0 + z0 _u0:

Moreover,hP _u0; u0i = h_u0; Pu0i = z0h_u0; u0i . Pairing with u0 gives (2.26).

In general, we have

E �
� + (z) = z � z0 � �A + O(� 2); A ij = hQui ; uj i ; 1 � i; j � m: (2.27)

Hence moduloO(� 2), the eigenvalues ofP + �Q nearz0 are given by adding eigenvalues
of �A to z0.
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2.7. Vector bundles. This section requires some familiarity with basic di�erential
geometry, without going much past the de�nition of smooth manifolds { see [Zw12,
§14.1] for a quick introduction.

De�nition 2.16. Let E; X be topological spaces and� : E ! X a continuous map.
The triple (E; X; � ) is a called a (complex) vector bundle of rankr if for any x 2 X ,
� � 1(x) is a (complex) vector space of dimensionr , and there exists an open covering
f Ui g of X such that we have homeomorphisms, j , linear on each �ber, andpr1� � j = �
wherepr1 is the projection Uj � Cr ! Uj .

� � 1(Uj ) Uj � Cr

Ui

�
pr1

 j

A vector bundle of rank1 is called a line bundle. We can also consider a smooth
version of this de�nition in which topological objects are replaced by the corresponding
C1 objects.

Let E; F be two vector bundles overX . A vector bundle morphismf : E ! F is a
continuous map preserving each �ber and linear on each �ber:

E F

X

f

A bijective morphism is called an isomorphism. Letg : Y ! X be a continuous map
between topological spaces,� : E ! X be a vector bundle onX , then the pullback
bundle � g� E : g� E ! Y is de�ned as

g� E := f (y; p) : y 2 Y; p2 E; � (p) = g(y)g; � g� E (y; p) := y: (2.28)

If Y ! X is an inclusion, then pullback bundle can be thought of as the restriction of
the bundle E to Y and we denote it byEjY .

A vector bundle isomorphic toX � Cr is called a trivial bundle and we are interested
in criteria guaranteeing triviality. One is provided by the following proposition from
[BoTu82, Section 6]. By de�nition, the pullback (2.28) of a trivial bundle is also trivial.

Proposition 2.17. Let X be a compact Hausdor� space, andE ! X � [0; 1] be a vector
bundle. Letp1 : X � [0; 1] ! X be the projection toX and i 0 : X = X �f 0g ! X � [0; 1]
be the inclusion, thenE �= p�

1i �
0E. In particular, if i �

0E is trivial, then E is trivial.

The intuitive meaning of this proposition is that E ! X � [0; 1] is trivial if the
restriction of E to any �ber X � f t0g (there is nothing special aboutt = 0) is trivial.
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A reader less familiar with abstract topological arguments can take this important fact
on faith.

Proof of Proposition 2.17. Let F = i �
0E. It su�ces to construct an isomorphism be-

tween E and p�
1F . Parametrizing the interval [0; 1] by t, means thatF can be written

as Ej t=0 . We can �nd a �nite open cover Ui of X and " i > 0, such that over eachUi ,
there is an isomorphism

EjUi � [0;" i ] ! Ui � [0; " i ] � Cr :

Using the isomorphismF jUi ! Ui � Cr , we can now de�ne an isomorphism

EjUi � [0;" i ] ! p�
1F jUi � [0;" i ] = F jUi � [0; " i ]:

Using a partition of unity, we combine those isomorphisms and get a map� " : E jX � [0;" ] !
p�

1F jX � [0;" ] for some" > 0. Since this map is the identity whent = 0, and being an
isomorphism is an open condition, we may assume� " is an isomorphism by choosing
" > 0 su�ciently small.

We now consider the set

S := f s 2 (0; 1] : there exists an isomorphism ~� s : E jX � [0;s] ! p�
1F jX � [0;s]g:

The construction of � " shows that this set is open. It is also closed since ifsi 2 S
and si ! s0 2 (0; 1], we can run the same construction ats0 to get an isomorphism
EjX � [s0 � ";s 0 ]

�= p�
1(E jX �f s0g)jX � [s0 � ";s 0 ] for some" > 0. Sinces0 � " 2 S, we have

EjX �f s0g
�= E jX �f s0 � " g

�= F and consequentlys0 2 S. By connectedness of [0; 1], we
have S = [0; 1]. �

Corollary 2.18. Any vector bundle over a compact contractible Hausdor� space is
trivial.

Proof. By de�nition, X is contractible if there exist (with � denoting a point space)
i : � ! X , p : X ! � and H : X � [0; 1] ! X such that H0 = id X and H1 = i � p. By
Proposition 2.17,E = H �

0E �= H �
1E = p� i � E. Sincei � E is a bundle over a point, it is

obviously trivial and so is its pullback byp. �

For paracompact spaces, this remains true but the proof becomes a bit more subtle.
We provide a direct proof for the case we will need.

Corollary 2.19. Any vector bundle overRn is trivial.

Proof. Let E be a vector bundle overRn . Then, by Corollary 2.18,E is trivial over
B(0; R) for any R > 0. Let � R : E jB (0;R) ! B (0; R) � Cr be the corresponding

isomorphism. We claim that we can extend it to� R+1 : E jB (0;R+1) ! B (0; R + 1) � Cr .
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To achieve this, letAR = B(0; R + 1) nB(0; R)). We �x an isomorphism ~� R : E jA R !
AR � Cr (it exists as the bundle is trivial overB(0; R + 1)). The map

~� j jx j= R � � R j � 1
jx j= R : fj xj = Rg � Cr ! fj xj = Rg � Cr

is given by
(x; v) 7! (x; g(x)v); for someg(x) 2 GL r (C).

This allows us to de�ne an isomorphism extending� R ,

� R+1 : E jB (0;R+1) ! B (0; R + 1) � Cr ;

as follows

� R+1 (x; e) =
�

� R(x; e); jxj � R;
(id � g(Rx=jxj)� 1)~� R(x; e); R � j xj � R + 1:

We combine those isomorphisms to get a trivialization ofE. �

3. Spectra of magnetic Schr •odinger operators

As the �rst class of physically motivated operators, we consider quantum Hamiltoni-
ans describing a particle in a constant magnetic �eld. This will be done in dimensions
two and three.

Suppose thatB > 0 and the magnetic �eld is given by ~B = (0 ; 0; B). A choice
of a vector potential for ~B, in the sense of (2.4), is given byA = (0 ; Bx 1; 0). The
corresponding magnetic Schr•odinger operator is given by (2.9):

PB = D 2
x1

+ ( Dx2 + Bx 1)2 + D 2
x3

: (3.1)

The symbol ofPB (in the sense of (2.8)) is given by

pB = � 2
1 + ( � 2 + Bx 1)2 + � 2

3:

We have proved in Example 5 thatPB is essentially self-adjoint with the domain

D(PB ) = f u 2 L2(R3) : PB u 2 L2(R3)g:

Before studying the spectrum o fPB , we look at two fundamental examples.

3.1. Spectrum of the Laplace operator. Let P = � � be the Laplace operator
on Rn , with domain D(P) = f u 2 L2(Rn ) : Pu 2 L2g. Then we may use Fourier
transform to explicitly diagonalize it, that is, in the sense of Theorem 1, to conjugate
it to a multiplication operator. For that we de�ne

Uu(� ) =
1

(2� )n=2

Z
u(x)e� ix �� dx;

which by Proposition 2.1,U : L2(Rn ) ! L2(Rn ) is a unitary operator , and

UPU� v(� ) = j� j2v(� ):
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In particular, Spec(P) = [0 ; 1 ).

The time-dependent Schr•odinger equation is given by

(i@t � P)u = 0; uj t=0 = u0

and can be explicitly solved by

û(� ) = e� it j� j2 û0:

We call � = j� j2 the dispersion relation.

The closely related operatorP0 =
p

� � corresponds to the wave equation. We can
also diagonalize it byUP0U� = j� j. The dispersion relation for the corresponding half
wave equation (i@t � P0)u = 0 will then be � = j� j.

3.2. Spectrum of the harmonic oscillator. Let P! = � � +
P d

j =1 ! 2
j x2

j , ! j > 0.
This is called the harmonic oscillator. The change of variableyj =

p
! j x j gives

D 2
x j

+ ! 2
j x2

j = ! j (D 2
y + y2):

Hence to understand the spectrum it su�ces to study the operatorP = D 2
x + x2 on R.

We de�ne the annihilation operator A = @x + x and thecreation operatorA � = � @x + x.
We then have the following fundamental identities:

A � A = D 2
x + x2 � 1 = P � 1; AA � = D 2

x + x2 + 1 = P + 1;

[A; A � ] = 2:
(3.2)

Let v0 = e� x2=2, then we see thatAv0 = 0 and hence, using (3.2),Pv0 = v0. Now we
notice that

PA� v0 = ( A � A + 1) A � v0 = 3A � v0 =) Pv1 = 3v1; v1 := A � v0

This suggest a general formula,

Pvn = (2 n + 1) vn ; vn := ( A � )nv0: (3.3)

We see thatA � \creates" higher and higher excited states ofP. Sincevn are eigenvec-
tors of P with distinct eigenvalues, we have, from the symmetry ofP on L2,

hvn ; vm i = 0; n 6= m:

We write the normalized eigenfunction as

un =
vn

kvnkL 2
= Hn (x)e� x2=2: (3.4)

SinceH0(x) = (
R

R e� x2
dx)� 1=2 = � � 1=4, an inductive argument based on (3.3), shows

that Hn (x) are (real valued) polynomials of degreen, with nonvanishing leading coef-
�cients. Moreover, Hn (� x) = ( � 1)nHn (x). They are calledHermite polynomials.
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We now claim that the sequencef ung is an orthonormal basis ofL2(R). It su�ces
to prove that the span of f ung1

n=0 is dense. For that we takeg 2 L2(R) and assume
that Z

g(x)un (x)dx = 0; 8n 2 N:

SinceHn (x) = anxn + � � � , an 6= 0, it follows that
Z

g(x)xne� x2=2dx = 0; 8n 2 N:

Expanding x 7! e� ix� in Taylor series then shows that
Z

g(x)e� ix� � x2=2dx = 0; 8� 2 R:

But this means that F x! � (g(x)e� x2=2)( � ) � 0, implying that g(x) � 0.

We de�ne

U : L2(R) ! `2(N); Uu(n) =
Z

u(x)un (x)dx:

Then U is a unitary operator, andUPU� u(n) = (2 n + 1) u(n). In particular,

Spec(D 2
x + x) = f 2n + 1 : n 2 Ng:

For P! = � � +
P d

j =1 ! 2
j x2

j , it follows that

Spec(P! ) =

(
dX

j =1

! j (2nj + 1) : nj 2 N

)

:

3.3. Spectrum of the magnetic Schr•odinger operator. Now we come back to
the magnetic Schr•odinger operator (3.1). We can �rst use

U1u(x1; � 2; � 3) =
1

2�

Z
u(x1; x2; x3)e� ix 2 � 2 � ix 3 � 3 dx2dx3

and get
U1PU�

1 = D 2
x1

+ ( � 2 + Bx 1)2 + � 2
3:

This looks very much like the harmonic oscillator. To make this exact we put

x1 = B � 1
2 y1 � B � 1� 2; y1 = B

1
2 x1 + B � 1

2 � 2;

so that
D 2

x1
+ ( � 2 + Bx 1)2 = B(D 2

y1
+ y2

1):

This motivates the introduction of the following unitary operator:

U2v(y1; � 2; � 3) = B � 1=4v(B � 1=2y1 � B � 1� 2; � 2; � 3);

for which we have
U2U1PU�

1 U�
2 = B(D 2

y1
+ y2

1) + � 2
3:
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Finally, to obtain a diagonalization, we de�ne

U3u(n; � 2; � 3) =
Z

u(y1; � 2; � 3)un (y1)dy1

whereun is as in (3.4). LetU = U3U2U1, we have

UPU� u(n; � 2; � 3) = ( B(2n + 1) + � 2
3)u(n; � 2; � 3):

So we explicitly diagonalize (3.1) and conclude

Spec(PB ) = f B(2n + 1) + � 2
3 : n 2 N; � 2; � 3 2 Rg = [ B; 1 ):

3.4. A di�erent gauge. Changing a gauge refers to changing the magnetic potential
while keeping the magnetic �eld �xed. It can provide interesting ways to describe
the eigenspaces of operators. We will see this here in the context of two dimensional
magnetic Schr•odinger operator for a constant magnetic �eld.

The two dimensional version ofPB is given by

PB = D 2
x1

+ ( Dx2 + Bx 1)2: (3.5)

In that case the argument in§3.3 shows that

Spec(PB ) = f B(2n + 1) : n 2 Ng:

The eigenspaces have in�nite multiplicity and are given by

Hn :=
�

u(x) = B
1
4

Z

R
un (B

1
2 x1 + B � 1

2 � 2)f (� 2)eix 2 � 2 d� 2 : f 2 L2(R)
�

; (3.6)

whereun are given in (3.4).

It is interesting to compare this to the eigenfunctions in thesymmetric gaugeob-
tained by changing the vector potential to

~A(x) = ( � 1
2Bx 2; 1

2Bx 1):

The operator then becomes

PB = ( Dx1 � Bx 2=2)2 + ( Dx2 + Bx 1=2)2:

Putting w = x1 + ix 2 we obtain the following expression forPB :

PB = � � + 1
4B 2jxj2 � iB (x1@x2 � x2@x1 )

= � 4@w@�w + 1
4B 2jwj2 � B (w@w � �w@�w)

=
�
� 2@w + 1

2B �w
� �

2@�w + 1
2Bw

�
+ B

An eigenfunction corresponding to the lowest eigenvalue, that is, aground state, is
given by

u0 = exp( � 1
4Bw �w):
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The equation shows that other ground states are given by

u(w; �w) = f (w)e� B j w j 2

4

wheref (w) is a holomorphic function such that
Z

C
jf (w)j2e� B j w j 2

2 dm(w) < 1 :

The energy levels of the two dimensional constant magnetic �eld in dimension two
are calledLandau levels. The gauge in which ground states are holomorphic multiples
of a Gaussian will be important in§9.2 where we discuss topological aspects of Landau
levels.

4. Magnetic oscillations for the free electron

In this section, we study the magnetic oscillations for the free electron. The math-
ematical tool to describe this phenomenon is given by thedensity of states. This
concept appears in many places and is central for the mathematical understanding of
condensed matter physics.

4.1. Motivation. SupposeA is a self-adjoint matrix acting onCN . We can then think
of

� (� )d� :=
X

� 2 Spec(A)

� (� � � )d�

as measuringdensity of states: we count the number of states per unit of energy:
jSpec(A) \ [a; b]j is given by the measure of [a; b] with the density given by � . More
generally, we have

X

� 2 Spec(A)

f (� ) =
Z

f (� )� (� )d�; f 2 C(R):

We can then think of the measure� (� )d� as a distribution � 2 S 0(R) (see§2.2).

Another way to think about this is to order the eigenvalues (\states" in physics)
from the smallest one (\ground state") onwards and to consider

! (� ) := jSpec(A) \ (�1 ; � ]j so that � (� ) =
d! (� )

d�
:

This de�nition is applicable to any operator with discrete spectrum but care is
needed to guarantee that� 2 S 0(R).

Example 9. Let P = � � +
P n

j =1 ! 2
j x2

j , ! j > 0, be the harmonic oscillator inRn .
Show that for f 2 S (R), f (P) 2 L 1(L2(Rn )) (see De�nition 2.9) and that tr f (P) =R

f (� )� (� )d� where� 2 S 0(R).
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This de�nition of density of states is not applicable to operators appearing in con-
densed matter physics: already forP = � � we see that f (P) is not of trace class. This
follows from the description of the diagonalization of� � using the Fourier transform
{ see§3.1. The same is true for magnetic Schr•odinger operators considered in§3.

To remedy these problems, we considerdensity of statesper unit of energy (as above)
and also per unit volume (in space). That is done by the following renormalisation of
the trace:

etr f (P) := lim
L !1

tr( 1[� L;L ]n f (P))
(2L)n

; (4.1)

provided that the traces and the limit exist: we are restrictingf (P) to a box of size
L, taking the trace, dividing by the volume of the box, and then letting the size of the
box go to in�nity.

The density of states plays an important role in thekinetic theory of solidsas it
allows calculations of such quantities as the internal energy, speci�c heat capacity and
thermal conductivity. In this section, we will be interested in the internal energy and
magnetization. That corresponds to choosing the functionf in etr f (PB ) using the
Dirac{Fermi distribution (see [Ka03,§D.1.2]): for chemical potentialz0 and tempera-
ture T we take

f (� ) := f T;z0 (� ) := T log
�

1 + exp
�

z0 � �
T

��
: (4.2)

From the mathematical point of view we will be interested in asymptotic behaviour of
free energy, 
 and magnetizationm,


( B ) = 
( B; T; z0; N ) := Nz0 � etr f z0 ;T (PB ); m(B) = @B 
( B; T; z0; N ); (4.3)

as T ! 0 and B ! 0. The chemical potential and the number of particles are related
by the condition that @z0 
 = 0 but we will make a simplifying assumption and �x N
and z0 (the simpli�ed relation between them can be derived by puttingT = B = 0
{ see [HS90b,§2] for a �ner analysis explaining why this approximation is justi�ed).
The goal will be to see the oscillations inm(B) as a function of 1=B { see Figures 1,
2 and 3. For the fascinating story of theoretical and experimental discoveries related
to these oscillations we refer to [Sh84, Chapter 1].

A mathematician can simply take the speci�c function (4.2) on faith and consider
the formula (4.1).

4.2. Density of states. Suppose we have a self-adjoint operatorP, then for a bounded
measurable functionf on R, it makes sense to de�nef (P) : H ! H thanks to the
spectral theorem. If for any f 2 Cc(R), f (P) is in trace class (de�ned in section
2.5), then we can de�ne trf (P) and get a measure� supported on the spectrum ofP,



28 ZHONGKAI TAO AND MACIEJ ZWORSKI

de�ned via Riesz representation theorem:

tr f (P) =
Z

f (� )d� (� ):

This measure� is called the density of states forP and in the notation of the previous
section we writed� (� ) = � (� )d� , where� is a distribution.

In general, however, we may not havef (P) 2 L 1 even for f 2 Cc(R), so we will
study the regularized trace. In our example, whenH = L2(Rn ), we will use (4.1):

etr f (P) = lim
L !1

tr( 1[� L;L ]n f (P))
(2L)n

:

Let us �rst look at the example of P = � �. In this case (see §3.1)

f (� �) = F � 1f (j� j2)F

and the integration kernel off (� �) is given by

K f (� �) (x; y) =
1

(2� )n

Z
ei (x � y)�� f (j� j2)d�:

When restricting to the diagonal,K f (� �) (x; x) = 1
(2� )n

R
f (j� j2)d� is a constant and is

not integrable. However, when we multiply by a cuto� function � (x) 2 C1
c (Rn ), the

integration kernel of A = � (x)f (� �) is

K A (x; y) =
� (x)
(2� )n

Z
ei (x � y)�� f (j� j2)d� 2 S (Rn � Rn ):

If we �x a torus Tn containing the support of� , then

A : L2(Rn ) ! C1
c (B (0; R)) � H s(Tn ); 8s > 0:

Chooses > n and use Example 7, we seeA 2 L 1 and

1[� L;L ]n f (� �) = 1[� L;L ]n � (x)f (� �) 2 L 1:

Thus

K 1 [� L;L ]n f (� �) (x; x) =
1[� L;L ]n

(2� )n

Z
f (j� j2)d�

and

tr( 1[� L;L ]n f (� �)) =
(2L)n

(2� )n

Z
f (j� j2)d�:
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Figure 1. The �rst experimental observation of magnetic oscillations:
the de Haas{van Alphen experiment of putting bismuth in magnetic
�eld. Reproduced from [Sh84].

So the regularized trace is given by

etr( f (� �)) =
1

(2� )n

Z
f (j� j2)d� =

1
(2� )n

Z

R

Z

Rn
� (s � j � j2)d�f (s)ds

=
vol(Sn� 1)

(2� )n

Z

R

Z 1

0
� (s � r 2)r n� 1drf (s)ds

=
Z

R
cns

n � 2
2

+ f (s)ds =:
Z

� (� )f (� )d�; c n :=
vol(Sn� 1)

2(2� )n
:

(4.4)

(Here we use the informal notation for the action of the distribution� on f 2 C1
c .)

Hence thedensity of statesfor P = � � is the distribution cns
n � 2

2
+ , where for
 > � 1,

s

+ :=

�
s
 ; s > 0;
0 s � 0:

(4.5)

4.3. Two dimensions. We study the density of states for the 2-dimensional magnetic
Schr•odinger operator (see§3.4):

PB = D 2
x1

+ ( Dx2 + Bx 1)2 = U� (B (2n + 1)) U
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whereU : L2(R2) ! `2(N; L2(R)) is given by

Uu(n; � 2) =
B 1=4

p
2�

Z
u(x1; x2)un (B 1=2x1 + B � 1=2� 2)e� ix 2 � 2 dx1dx2

and

U� v(x1; x2) =
B 1=4

p
2�

X

n

Z
un (B 1=2x1 + B � 1=2� 2)v(n; � 2)eix 2 � 2 d� 2;

see (3.6).

For f 2 S (R), the integration kernel of f (PB ) is given by K (x; x0) =

B 1=2

2�

X

n

Z
un (B 1=2x1 + B � 1=2� 2)un (B 1=2x0

1 + B � 1=2� 2)f (B (2n + 1)) ei (x2 � x0
2 )� 2 d� 2:

Restricting to the diagonal we get

K (x; x) =
B 1=2

2�

X

n

Z
jun (B 1=2x1 + B � 1=2� 2)j2f (B (2n + 1)) d� 2

=
B
2�

X

n

f (B (2n + 1)) :

As in the discussion ofP = � � in §4.2 we conclude the regularized trace is

etr f (PB ) =
B
2�

X

n

f (B (2n + 1)) : (4.6)

As de�ned in §4.1 the free energy per unit volume is given by


( B; T; z0; N ) = Nz0 � etr f z0 ;T (PB )

wheref z0 ;T (x) = T log(1 + exp((z0 � x)=T)) and z0 is determined by@z0 
 = 0. In the
T ! 0 limit (and the notation of (4.5)),

f z0 ;T ! (z0 � x)1
+ ; f 0

z0 ;T ! � (z0 � x)0
+ ; f 00

z0 ;T ! � z0 (x):

From (4.6) we get


 = Nz0 �
B
2�

X

n

f z0 ;T (B (2n + 1))

and

m(B) = @B 
( B ) = �
1

2�

X

n

f z0 ;T (B (2n + 1)) �
B
2�

X

n

(2n + 1) f 0
z0 ;T (B (2n + 1)) :
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Figure 2. The plot of @B 
 as a function of 1=B for the two dimensional
Hamiltonian. It is given by (4.7) where we putz0 = 0. It is compared
to the approximation (4.8).

In the T ! 0 limit we have

m(B) =
1

2�

X

z0 � B (2n+1) � 0

(� z0 + 2B(2n + 1))

= @B 
( B ) =
M + 1

2�
(2B(M + 1) � z0) ; M :=

�
z0 � B

2B

�
:

(4.7)

We have the following asymptotic formula form(B) for B ! 0 (see the proof of
[BeZw19, Theorem 3] for a slightly more complicated case of relativistic Landau levels):

m(B) =
1

2�
z0� (z0B � 1 � 1) + O(B); (4.8)

where

� (t) := bt=2c � t=2 + 1=2 2 (� 1=2; 1=2]:

To see this, observe that

M =
�

z0 � B
2B

�
=

�
z0

2B
�

1
2

�
= � (z0B � 1 � 1) +

z0

2B
� 1

and consequently 2B(M + 1) � z0 = 2B� (z0B � 1 � 1) = O(B). We conclude that

m(B) =
M + 1

2�
(2B(M + 1) � z0) =

2B(M + 1)
2�

� (z0B � 1 � 1)

=
z0 + O(B)

2�
� (z0B � 1 � 1):
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Figure 3. The plot of @B 
 =
p

B as a function of 1=B (m := @B 

is the \magnetization") for the three dimensional Hamiltonian { see
§§3.3,4.4. We also show one term and two terms approximation using
Fourier series/Poisson summation formula. Oscillations are smoother in
3D when a potential is present, that is, when we are dealing with metals.

4.4. Three dimensions. The 3-dimensional case is similar to the 2-dimensional case
presented in§4.3 and we get

etr f (PB ) =
B

(2� )2

X

n

Z
f (B(2n + 1) + � 2

3)d� 3: (4.9)

As a sanity check we verify thatetr f (PB ) ! etr f (� �) as B ! 0. In that case, (4.9) is
a Riemann sum and it converges to

1
2(2� )2

Z

R

Z 1

0
f (s + � 2

3)dsd�3 =
1

2(2� )2

Z

R

Z 1

0
f (� 2 + � 2

3)2�d�d� 3

=
1

(2� )3

Z

R

Z 2�

0

Z 1

0
f (� 2 + � 2

3)�d�d�d� 3

=
1

(2� )3

Z
f (j� j2)d� = etr f (� �) :

As in (4.4) we obtain a formula for the density of states:

etr f (PB ) =
Z

f (� )� B (� )d�; � B (� ) =
B

(2� )2

1X

n=0

(� � (2n + 1) B)
� 1

2
+ : (4.10)

We will now follow [HS90b,§2] (which in turn follows presentations in the physics
literature such as [Ca64]) and describe asymptotics ofm(B) = @B 
( B ), 
( B ) :=

( B; 0; N; z0) { see (4.3). That means using a speci�cf = f z0 ;T and considering
T ! 0. A version of this celebrated calculation was �rst performed by Landau. It is



PDE METHODS IN CONDENSED MATTER PHYSICS 33

a �ne example of classical asymptotic analysis based on the theory of functions of one
complex variable.

4.4.1. Formula for mB and statement of the result.We proceed as in§4.3 to use (4.10)
to obtain a formula for mB . (Strictly speaking, we need to di�erentiate 
 with respect
to B for T > 0 and then take the limit T ! 0+.) This gives

m(B) =
1

(2� )2

1X

n=0

�
2z0(z0 � (2n + 1) B)

1
2
+ � (10=3)(z0 � (2n + 1) B)

3
2
+

�
: (4.11)

The sum in (4.11) can be expressed using theRiesz meansof the harmonic oscillator,

r 
 (s) :=
1X

n=0

(s � (2n + 1)) 

+ ; 
 > 0; (4.12)

as follows

m(B) =
1

(2� )2

1X

n=0

�
� (10=3)B

3
2 r 3

2

� z0

B

�
+ 2z0B

1
2 r 1

2

� z0

B

��
: (4.13)

The asymptotics ofr 
 presented in the next section will give

Theorem 2. For m(B) given by(4.11) with z0 > 0 we have, asB ! 0,

B � 1
2 m(B) =

2z0

(2� )2
�

�
3
2

� 1X

k=1

(� 1)k(�k )� 3
2 cos

�
k�z 0

B
�

3�
4

�
+ O(B

1
2 ): (4.14)

This result is illustrated in Figure 3. The asymptotics of the next section provide
an expansion of the error term in (4.14) as well. However, when the constantz0 is
replaced by z0(B ) (determined by @z0 
 = 0) additional terms appear { see [HS89,
Proposition 2.2].

4.4.2. Asymptotics of Riesz means.This is a nice exercise in classical analysis which
is a good illustration of various asymptotic methods.

We start with the following application of the Fourier inversion formula (2.7):

Lemma 4.1. In the notation of (4.5) and for Re
 > 0,

� 

+ =

�( 
 + 1)
2�i

Z c+ i 1

c� i 1
u� 
 � 1e�u du; (4.15)

for any c > 0, and u 7! u� 
 � 1 de�ned on C n (�1 ; 0].

Proof. For c > 0, f (� ) := � 

+ e� c� is integrable and

f̂ (s) =
Z 1

0
� 
 e� � (c+ is )d� = ( c + is)� 
 � 1

Z 1

0
((c + is)� )
 e� � (c+ is )d(� (c + is))

= ( c + is)� 
 � 1
Z

C
� 
 e� � d� = �( 
 + 1)( c + is)� 
 � 1:
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Figure 4. On the left the contour used for the evaluation of the Fourier
transform of � 7! � 


+ e� �s in the proof of Lemma 4.1. On the right the
contours in (4.15) and the Hankel contour in (4.16).

where C is the contour [0; 1 ) 3 � 7! � = � (c + is), which we deform to [0; 1 ) (see
Figure 4) and apply the de�nition of the �-function.

Sinces 7! (c+ is)� 
 � 1 in integrable, the Fourier inversion formula ((2.7) withn = 1)
now gives

� 

+ e� c� =

�( 
 + 1)
2�

Z 1

�1
(c + is)� 
 � 1e� ( is+ c)e� �c ds;

where the integral converges since� Re
 � 1 < � 1. Cancellinge� �c on each side and
putting u = c + is (with du = ids) gives (4.15). �

Remark 2. By putting � = 1, (4.15) gives the following formula for the reciprocal of
the � function:

1
�( z + 1)

=
1

2�i

Z c+ i 1

c� i 1
u� z� 1eudu; Rez > 0:

To obtain a formula valid for all z 2 C we need to take advantage of exponential decay
of eu when Reu ! �1 . For that we deform the contour to a Hankel contour, C
shown in Figure 4. The contour deformation is easily justi�ed when Rez > 0 and, by
analytic continuation, we obtain a formula valid for all z 2 C:

1
�( z + 1)

=
1

2�i

Z

C
u� z� 1eudu; z 2 C: (4.16)

We can now obtain asymptotics of the Riesz means:
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Figure 5. Contour deformation used in the proof of Lemma 4.2

Lemma 4.2. For r 
 (s), 
 > 0, de�ned by (4.12) we have, for everyM ,

r 
 (s) = �( 
 + 1)

 
1X

k=1

(� 1)k(�k )� 
 � 1 cos
�
k�s � 1

2(
 + 1) �
�

+ 1
2

MX

j =0


 j

�( 
 + 2 � 2j )
s
 +1 � 2j

!

+ O(s
 � 1� 2M ); s ! + 1 ;

where
 j come from the Taylor expansiont= sinht =
P 1

j =0 
 j t2j , jt j < �= 2, 
 0 = 1.

Proof. Using Lemma 4.1 and the fact that
P 1

n=0 et (s� 2n� 1) = ets=(2 sinht), Ret > 0,
we rewrite r 
 as

r 
 (s) =
�( 
 + 1)

4�i

Z c+ 1

c� i 1
est (sinh t)� 1t � 
 � 1dt; c > 0:

The residue theorem and contour deformation show that

r 
 (s) = �( 
 + 1)
1X

k=1

(� 1)k(�k )� 
 � 1 cos
�
k�s � 1

2(
 + 1) �
�

+ I 
 (s);
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where, with the Hankel contourC of Remark 2,

I 
 (s) :=
�( 
 + 1)

4�i

Z

C
est (sinh t)� 1t � 
 � 1dt:

This we deform to
eC(") := C+ (" ) + C� (" ) + C(");

where C� (" ) = ( �1 ; � " ] � i0 with positive (� ) and negative (+) orientations and
C(") is the circle of radius" centered at 0 with positive orientation { see Figure 5.

Using exponential decay ofest on C� (" ) we see that

I 
 (s) = I 
 (s; ") + O(e� "s " � 
 � 1);

I 
 (s; ") :=
�( 
 + 1)

4�i

Z

C(" )
est (sinh t)� 1t � 
 � 1dt:

(4.17)

We now expandt= sinht in Taylor series at 0 so that in the notation of the lemma,

I 
 (s; ") =
�( 
 + 1)

2

MX

j =0


 j

2�i

Z

C(" )
est t2j � 
 � 2dt + O("2M � 
 � 1e"s ):

We now use (4.16) by inserting the \missing" contoursC� (" ), estimating their contri-
butions as in (4.17) and changing variablesu = ts:

1
2�i

Z

C(" )
ets t2j � 
 � 2dt =

1
2�i

Z

eC(" )
ets t2j � 
 � 2dt + O(e� "s " � 
 � 2)

= s
 +1 � 2j �( 
 + 2 � 2j )� 1 + O(e� "s " � 
 � 2):

Inserting this in (4.17) gives an expansion forr 
 (s) with an error

OM (e"s "2M � 
 � 1 + e� "s " � 
 � 2):

(The constants depend onM but not s and ".) This can be optimized by choosing
" = "(s) so that e� 2"s = "2M . This results in an error estimate

O("(s)M � 
 � 2) = O(s� M=2); � 1;

(we note that s� 1 = "(s)=Mj log("(s)) j &M " (s)1� � , for any � > 0). By changing M
to 4M + 2 and absorbing expansion terms into the error, we conclude the proof of the
asymptotic expansion in Lemma 4.2. �

Proof of Theorem 2. We need to show the cancellation of the leading non-oscillatory
contributions in (4.13):

�
�( 5

2)

�( 7
2)

10
3 B

3
2 (z0=B)

3
2 +1 + 2

�( 3
2)

�( 5
2)

z0B
1
2 (z0=B)

1
2 +1 = z

5
2
0 B � 1(� 2

5
10
3 + 4

3) = 0 ;

where we used �(z + 1) = z�( z). The next term in the expansion ofr 
 , 
 = 1
2 ; 3

2

provides theO(B
1
2 ) error in (4.14). �
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5. Bloch{Floquet theory

5.1. Motivation. We will now consider electrons in a periodic structure. The basic
physical question is whether the corresponding material is a conductor or an insulator.
The electrons are interacting with each other and are subjected to forces from the
atoms forming the periodic structure (which we assume do not move or interact with
each other).

An extremely successful model for that is given by a periodic Schr•odinger operator

P = � � + V(x); V 2 C1 (Rn ; R); V(x + 
 ) = V(x); 
 2 � ; (5.1)

where � =
L n

j =1 
 j Z, f 
 j gn
j =1 linearly independent vectors inRn , is a lattice (we

will concentrate on n = 2). This is a Hamiltonian in which there is no interaction
between electrons and it describespseudoparticlesrather than the actual electrons in
the crystal. We will indicate why this approximation is acceptable in§5.2. We will
then diagonalize operators such as (5.1) and developband theory.

5.2. Hohenberg-Kohn theorem and the passage to non-interacting pseu-
doparticles. The transition to non-interacting pseudo-particles modelling the actual
quantum mechanical system is now most frequently done using the density functional
theory. It is an approach to studying the Schr•odinger equation by writing quantities
of interest, such as energies, in terms of the particle density, rather than in terms of
the wave function. This can considerably simplify computations, especially when the
number of particles is large.

In an N -body system we are primarily interested in theground statethat is an N -
body wave function (see Theorem 3) which is a function ofN (2D or 3D) variables,
for which

hbH ;  i = min
k' k=1

hbH'; ' i :

In the non-interacting system (especially when considering electrons which are fermions
{ we will neglect such issues here), a composite can be build of non-interacting
particles at di�erent energy levels (not the ground state of the full Hamiltonian). The
game here is to replace the actual ground state by a ground state of a non-interactive
system with the same density.

To explain this we present here an extract from the notes byhttps://www.math.
purdue.edu/ ~kdatchev/dftintro.pdf , see also [Cr� 23]. They can be consulted for a
more detailed discussion and references. For a physics discussion from the perspective
of condensed matter, see also [JoKa19,§4.5].

A very general Hamiltonian describing anN -electron system is given by

bH = bT + bVee + bV ;
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where

bT = � 1
2

NX

j =1

� j ; bVee =
X

1� i<j � N

1
jr i � r j j

;

bV =
NX

i =1

v(r i ) =
NX

i =1

Z
d3r � (r � r i )v(r );

and wherev is the potential coming from the external forces on the electrons and �j

is the Laplacian inr j {variables. HereT̂ is the kinetic energy term,V̂ee is the repulsive
Coulomb potential energy between the electrons, and̂V is the potential energy due to
external forces. We are ignoring the sizes of the nuclei, the movements of the nuclei,
spin, and relativistic e�ects.

For example, consider a system ofN electrons in a molecule made up ofM atoms.
Then v is the attractive Coulomb potential energy arising from theM atomic nuclei.
It is given by

v(r ) = �
MX

k=1

Zk

jr � R k j
; (5.2)

whereR k is the position of thekth nucleus andZk is the number of protons it has.

The density is de�ned by

n(r ) = hbn(r ) ;  i

=
Z

d3r 1

Z
d3r 2 � � �

Z
d3r N  (r 1; : : : ; r N )

NX

i =1

� (r � r i ) (r 1; : : : ; r N );

bn(r ) :=
NX

i =1

� (r � r i ):

(5.3)

We note that
R

d3r n(r ) = N , and, for any regionU, the quantity
R

U d3r n(r ) gives the
expected value of the number of electrons to be found inU.

The basic case is the hydrogen atom, whereN = M = Z1 = 1. The ground state
energy of the electron is precisely� 0:5 Hartrees, the corresponding wavefunction is
 (r ) = e� r =

p
� , r = jr j, the density is n(r ) = e� 2r =� , and the probability density

of the electron being at distancer from the nucleus is 4�r 2n(r ) and it achieves its
maximum at preciselyr = 1, the Bohr radius.

The point of density functional theory is, instead of writing and computing in terms
of  , to write and compute in terms ofn. The basic result is the Hohenberg{Kohn
Theorem which says that ifn(r ) is a ground state density, then no information is lost
by doing this.
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5.2.1. The Hohenberg{Kohn Theorem.Consider twoN -electron systems, with Hamil-
tonians bH1 and bH2 de�ned by:

bHk = bT + bVee + bVk ;

with

bVk =
NX

i =1

vk(r i ) =
NX

i =1

Z
d3r � (r � r i )vk(r );

and where eachvk is continuous except perhaps at some isolated points where it may
go to in�nity (the nuclei).

Theorem 3. Suppose each HamiltonianbHk has at least one normalizable ground state
 k , and these ground states lead to identical densities

n(r ) = hbn(r ) 1;  1i = hbn(r ) 2;  2i ;

wherebn(r ) was de�ned in (5.3). Then v1 � v2 is a constant.

Proof. By the variational principle,

hbH1 1;  1i � h bH1 2;  2i : (5.4)

SincehbV1 k ;  k i =
Z

d3r 1

Z
d3r 2 � � �

Z
d3r N  k(r 1; : : : ; r N )

NX

i =1

Z
d3r � (r � r i )v1(r ) k(r 1; : : : ; r N )

=
Z

d3r v1(r )n(r );

and the right hand side is independent ofk, (5.4) simpli�es to

h( bT + bVee) 1;  1i � h ( bT + bVee) 2;  2i :

In the same way, starting fromhbH2 2;  2i � h bH2 1;  1i , we get

h( bT + bVee) 2;  2i � h ( bT + bVee) 1;  1i :

Hence both sides are equal and it follows that both 1 and  2 are ground states of
both Hamiltonians. Then the result follows from the Lemma below. �

Lemma 5.1. If there exists a state which is an eigenstate of both HamiltoniansbH1

and bH2, then v1 � v2 is a constant.

Proof. We have
bH1 = E1 and bH2 = E2 ;

for someE1 and E2. Subtracting, we get

( bV1 � bV2 � E1 + E2) = 0;
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that is,
W(r 1; : : : ; r N ) (r 1; : : : ; r N ) = 0 ;

W(r 1; : : : ; r N ) :=
NX

i =1

(v1(r i ) � v2(r i )) � E1 + E2:
(5.5)

Quantum tunneling/unique continuation { see [Zw12, Theorem 7.7] for a simple version
{ implies that

R
U j j2 > 0 for any open setU. In particular,  6= 0 outside of a setS

with no interior. HenceW = 0 on S. Since we assumev is continuous outside isolated
points, this implies that W = 0 almost everywhere. Since the point (r 1; : : : ; r N ) is
arbitrary, it follows that v1 � v2 is a constant. �

5.2.2. The Kohn{Sham method.The Kohn{Sham method computes densities and en-
ergies using a �ctitiousN -particle non-interacting system, designed so that its ground
state density is the same as the ground state density for theN -particle interacting
system bH .

More precisely, letvs(r ) be the potential (called theKohn{Sham potential) such that
if "1; : : : ; "N are the N lowest energies, and' 1; : : : ; ' N , the corresponding normalized
states (calledKohn{Sham orbitals) for the single particle problem

�
� 1

2 � + vs(r )
�

' i (r ) = " i ' i (r );

then

n(r ) =
NX

i =1

j' i (r )j2;

where thisn is the same as the one for the ground state of the problem we are studying.
By the Hohenberg{Kohn theorem, this requirement determines the potential up to an
overall constant. Finding the potential vs(r ) is an art in itself (see the references in
the beginning§5.2) but its existence provides some justi�cation for the mathematical
approach we present in the next section.

5.3. Periodic structure and the Bloch transform. In this section, we discuss the
Bloch transform for periodic structures. It reduces the study of spectra of operators
with periodic coe�cients on Rn to the study of families of operators with periodic
boundary conditions. The latter will typically have discrete spectra which are easier
to analyse and compute.

Let � � Rn be a discrete lattice of rankn:

� =

(
nX

j =1

mj ! j : mj 2 Z

)

; ! j 2 Rn , j = 1; � � � ; n, linearly independent. (5.6)
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The dual lattice � � is de�ned as

� � = f m 2 Rn : m � 
 2 2� Z; 8 
 2 � g; m � 
 :=
nX

j =1

mj 
 j : (5.7)

For a periodic function u 2 C1 (Rn=�), we de�ne its Fourier coe�cients as follows.

û(m) =
1

jRn=� j1=2

Z

Rn =�
u(x)e� im �xdx; m 2 � � ;

wherejRn=� j is the volume of the torus de�ned by �,

Rn=� := f x + � : x 2 Rng:

This is a smooth compact manifold, and we can think of function spaces onRn=� as
spaces of periodic functions onRn , for instance,

C1 (Rn=�) = f u 2 C1 (Rn ) : u(x + 
 ) = u(x); 8 x 2 Rn ; 
 2 � g:

We recall the basic properties of Fourier series.

� If u 2 C1 (Rn=�), then for any N 2 N, there existsCN > 0 such that jû(m)j �
CN (1 + jmj)� N , and

u(x) =
1

jRn=� j1=2

X

k2 � �

û(m)eim �x : (5.8)

� For u 2 C1 (Rn=�), we have Plancherel identity kukL 2 (Rn =�) = kuk`2 (� � ) . Thus
the maps u 7! f û(m)gm2 � � extends to a unitary operator onL2(Rn=�) !
`2(� � ).

For completeness we give a simple proof, due to Paul Cherno�, of the Fourier inversion
formula (5.8) for n = 1 and � = 2 � Z case (it easily generalizes). First we note
that it su�ces to show u(0) = 0 implies

P
k2 � � û(m) = 0 (simply subtract u(0) from

u(x) to reduce to this case). But if u(0) = 0 then u(x) = ( eix � 1)g(x) for some
g(x) 2 C1 (R=2� Z), and hence

X

m2 � �

û(m) =
X

m2 � �

(ĝ(m � 1) � ĝ(m)) = 0 :

Here we used the fact, thatg is smooth so thatjĝ(m)j � CN (1 + jmj)� N and the series
converges absolutely.

To de�ne the Bloch{Floquet transform, we introduce the following family of spaces:

H k = f u 2 L2
loc(R

n ) : u(x � 
 ) = ei
 �ku(x); 8
 2 � g; k 2 Rn : (5.9)

In view of the de�nition of the dual lattice H k+ m = H k for m 2 � � and hence we can
parametriseH k by k 2 Rn=� � .
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The inner product on H k is given by

hu; vi H k :=
Z

F
u(x)v(x)dx;

where
F =

nX
t j ! j : 0 � t j < 1

o
� Rn

is a fundamental domain of �, and ! j , j = 1; 2; � � � ; n is a basis of � as in (5.6). The
integrals over tori, Rn=�, Rn=� � , can be de�ned as integrals over the corresponding
fundamental domains.

We now introduce the spaceL2(Rn=� � ; H k), that is, the space of measurable func-
tions g : Rn=� � � Rn ! C such that

g(k; x � 
 ) = ei
 �kg(k; x);
Z

Rn =� �

Z

Rn =�
jg(k; x)j2dxdk < 1 : (5.10)

We also de�ne

C1 (Rn=� � ; H k) := f g 2 C1 (Rn=� � ; L2
loc(R

n )) : g(k; x � 
 ) = ei
 �kg(k; x); 
 2 � g:

The next theorem provides a unitary identi�cation ofL2(Rn ) with the spaceL2(Rn=� � ; H k).

Theorem 4. For u 2 S (Rn ), let

Bu(k; x) =
1

jRn=� � j1=2

X


 2 �

e� i
 �ku(x � 
 ): (5.11)

Then B extends to a unitary operator

L2(Rn ) ! L2(Rn=� � ; H k):

Moreover, B� = B� 1 = C where

Cg(x) =
1

jR=� � j1=2

Z

Rn =� �
g(k; x)dk: (5.12)

Proof. Since Z

Rn =� �
ei ( 
 � 
 0)�kdk = jRn=� � j� 
;
 0; 
; 
 0 2 � ;

for u 2 S , we have

kBuk2
L 2 =

X


;
 02 �

1
jRn=� � j

Z

Rn =� �

Z

Rn =�
e� i (
 � 
 0)�ku(x � 
 )u(x � 
 0)dxdk

=
X


 2 �

Z

Rn =�
ju(x � 
 )j2dx =

Z

Rn
ju(x)j2dx = kuk2

L 2 (Rn ) :

HenceB extends to an isometry fromL2(Rn ) to L2(Rn=� � ; H k), and B� B = I L 2 (Rn ) .
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We now check thatBB� = I and we start with g 2 C1 (R=� � ; H k). Using (5.12) we
get,

BCg(k; x) =
1

jRn=� � j

X


 2 �

e� i
 �k
Z

Rn =� �
g(�; x � 
 )d�

=
1

jRn=� � j

X


 2 �

Z

Rn =� �
g(�; x )ei
 �(� � k)d� = g(k; x);

where we used (5.8) (with the roles of � and �� reversed). �

The operator B is known as the Bloch or Bloch{Floquet transform. It is also useful
to de�ne the modi�ed Bloch transform:

eBu(k; x) = eix �kBu(k; x); eB : L2(Rn ) ! H ;

H := f u 2 L2
loc(R

n � Rn=�) : u(k + k0; x � 
 ) = eik 0�xu(k; x); k0 2 � � ; 
 2 � g;

kuk2
H :=

Z

Rn =� � � Rn =�
ju(k; x)j2dkdx

(5.13)
The advantage is periodicity inx at the expense of losing periodicity ink:

eBu(k + k0; x � 
 ) = eik 0�x eBu(k; x); k0 2 � � :

5.4. Bloch{Floquet spectrum: diagonalization of periodic Hamiltonians. Sup-
pose a di�erential operator

P(x; D ) =
X

j � j� 2

a� (x)D �

satis�es

P(x + 
; D ) = P(x; D ); 
 2 � :

Then, for v 2 L2(Rn=� � ; H k) \ C1 (Rn=� � � Rn ),

BP(x; D )B� v(k; x) = P(x; D x )v(k; x) (5.14)

and

eBP(x; D ) eB� v(k; x) = eix �kP(x; D x )e� ix �kv(k; x) = P(x; D x � k)v(k; x):

Example 10. For P = Dx with the domain given byH 1(Rn ), we have eBP eB� = Dx � k
acting on H 1(R=2� Z) for eachk. Its spectrum is given by� k + Z. Let U : L2(R) !
L2(R=Z; `2(Z)) be de�ned by

Uu(k; m) =
1

p
2�

Z 2�

0

eBu(k; x)e� imx dx:
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If we let Pk = UPU� = m � k, then

Spec(P) =
[

k2 R=Z

Spec(Pk) = R:

For s 2 R, the Sobolev spaceH s(Rn=�) is de�ned as

H s(Rn=�) = f u 2 S 0 : u(x � 
 ) = u(x); 8
 2 � ; and kukH s (Rn =�) < 1g ;

kuk2
H s (Rn =�) :=

X

k2 � �

(1 + jkj2)sjû(k)j2: (5.15)

The last expression de�nes the square of the norm inH s. We leave an exercise for the
reader to check that fors 2 N,

H s(Rn=�) = f u 2 L2(Rn=�) : @�
x u 2 L2; 8j� j � sg;

H 2s(Rn=�) = f u 2 L2(Rn=�) : � pu 2 L2; 8p � sg:

We now prove the fundamental elliptic regularity result:

Lemma 5.2. Let P = � � +
P

j � j� 1 a� (x)D �
x be a periodic second order di�erential

operator on Rn=� , then there existsC > 0 such that for anyu 2 C1 (Rn=�) ,

kukH 2 � CkPukL 2 + CkukL 2 ; L2 = L2(Rn=�) ; H 2 = H 2(Rn=�) :

Proof. We �rst note that

1
2kPuk2

L 2 + 1
2kuk2

L 2 � jh Pu; uij � �
Z

Rn =�
� u�udx �

�
�
�
�
�
�

Z

Rn =�

X

j � j� 1

a� (x)D �
x u�udx

�
�
�
�
�
�

�
Z

Rn =�
jDuj2dx � 1

2

Z

Rn =�
jDuj2dx � Ckuk2

L 2

� 1
2kDuk2

L 2 � Ckuk2
L 2 ; D := 1

i r x :

Moreover, we also have

kPuk2
L 2 � k � uk2

L 2 � CkDuk2
L 2 � Ckuk2

L 2 :

Thus, in the notation of (5.15),

kukH 2 = k� uk2
L 2 + kuk2

L 2 � k Puk2
L 2 + CkDuk2

L 2 + Ckuk2
L 2

� (C + 1) kPuk2
L 2 + 2C(C + 1) kuk2

L 2 ;

which concludes the proof. �

Now suppose that the periodic elliptic operator in Lemma 5.2 is symmetric in the
sense that

hP(x; D )u; wi L 2 (Rn ) = hu; P(x; D )wi L 2 (Rn ) ; u; w 2 S (Rn ): (5.16)
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Then for k 2 Rn ,

hP(x; D � k)u; wi L 2 (Rn =�) = hu; P(x; D � k)wi L 2 (Rn =�) ; u; w 2 C1 (Rn=�) : (5.17)

Not to interrupt the presentation, we delegate the proof of self-adjointness of the
operator P(x; D � k) with the domain given by H 2(Rn=�) to §5.9.1.

Self-adjointness ofP(x; D � k) and Lemma 5.2 show that

(P(x; D � k) + i )� 1 : L2(Rn=�) ! H 2(Rn=�)

exists and is compact (compactness follows from Lemma 5.2 and the fact that the
inclusion H 2(Rn=�) ,! L2(Rn=�) is compact { see, for instance, [DyZw2, Theorem
B.4]). It follows that ( P(x; D � k)+ i )� 1 discrete spectrum, with eigenvalues converging
to 0 (see, for instance, [Ho88,§2.5]). Hence,

SpecL 2 (Rn =�) (P(x; D x � k)) = f E j (k)g1
j =0

where

E0(k) � E1(k) � � � �

are real eigenvalues, going to1 as j ! 1 .

Let uj (k; x) be the corresponding orthonormal family of eigenvectors,

P(x; D x � k)uj (k; x) = E j (k)uj (k; x); huj (k; � ); u` (k; � )i L 2 (Rn =�) = � j` :

We can diagonalizeP(x; D x � k) using a unitary operator

U1 : L2(Rn=�) ! `2(N); U1u(k; j ) := hu; uj (k; � )i : (5.18)

Then

U1P(x; D x � k)U�
1 = E j (k):

Using the modi�ed Bloch transform (5.13), eB : L2(Rn ) ! H , we diagonalizeP(x; D )
de�ned on L2(Rn ) with the domain H 2(Rn ), as follows

U1
eBP(x; D ) eB� U�

1 = E(k); E(k)(f aj (k)g1
j =0 ) := f E j (j )aj (k)g1

j =0

as an unbounded operator onL2(Rn=� � ; `2(N)). We summarize this in

Theorem 5. The operator P with domain H 2(Rn ) is self-adjoint and

SpecL 2 (Rn )(P) =
[

k2 Rn =� �

SpecH k
(P)

=
[

k2 Rn =� �

SpecL 2 (Rn =�) (P(x; D x � k))

=
[

k2 Rn =� �

f E j (k)g:

(5.19)
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Remark 3. One can obtain a precise asymptotic formula for the counting function
maxf j : E j (k) � Eg which follows from general Weyl laws for elliptic operators { see
for instance [Zw12, Theorem 14.11] and references given there. Here we give the proof
of a rough bound

E j (k) � C � 1j 2=n � C; (5.20)

whereC is independent ofk.

To see this, we �rst note that for u 2 C1 (R=�) and for C � 1,

h(P(x; D x � k) + C)u; ui � h (� � Rn =� + C)u; ui � C0kukH 1 kukL 2

� h (� 1
2 � Rn =� + C)u; ui � C1kuk2

L 2

� (C � C1)kuk2
L 2 ;

(5.21)

see the proof of Lemma 5.2. HenceP(x; D x � k) is bounded from below and (E j (k) +
C)� 1, for C � 0, are the eigenvalues of (P(x; D x � k) + C)� 1. Hence, denoting by
� j (A) the j th eigenvalue of a positive self-adjoing operator,

(E j (k) + C)� 1 = � j (( � � Rn =� + C)� 1(� � Rn =� + C)(P(x; D x � k) + C)� 1)

� k (� � Rn =� + C)(P(x; D x � k) + C)� 1k� j ((� Rn =� + C)� 1);

see (2.19). The norm on the right-hand side is uniformly bounded thanks to Lemma
5.2, and an explicit calculation of the eigenvalues of� � Rn =� shows that

� j ((� Rn =� + C)� 1) � C1j � 2=n;

see Example 7. From this, we get (5.20). (We could have also proceeded directly using
(5.21).)

5.5. Example of band spectra. We now presentf E j (k)g for three periodic opera-
tors.

Example 11. Let P = � � and � = (2 � Z)n . Then P(x; D x � k) = ( Dx � k)2 and

SpecL 2 (Rn =Zn )(P(x; D x � k)) = f (� k + m)2 : m 2 Zng:

The picture for the bands is shown in Picture 6.

Let us look now at two more interesting one-dimensional examples.

Example 12. The Kronig{Penney model is an explicitly solvable model of a one-
dimensional periodic system (see [Wo78] for a brief account):

P := D 2
x +

X

m2 Z

q�(x � m); q 2 R n f 0g: (5.22)

Here � (� � m) 2 S 0(R) is the usual � function, � (� � m)( ' ) = ' (m) and all the
calculations can be done based on this. We discuss the domain and self-adjointness of
P in §5.9.2.
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Figure 6. The band structure for the free Laplacian with � = (2 � Z)n ,
n = 1; 2. For k in the fundamental domain ofRn=� � , � � = Zn , we plot
jp � kj2, p 2 Zn . That gives 0 � E1(k) � E2(k) � � � � . Note that
k ! E j (k) are not smooth because of the lack of separation between the
bands.
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We then consider Bloch eigenfunctions and eigenvalues as§5.4:

Pw(k; x) = E(k)w(k; x); w(k; x � 1) = eik w(k; x):

They are explicitly given as follows:

w(k; x) = e� ikx u(k; x); u(k; x) :=
X

m2 Z

u1(k; x � m);

where

u1(k; x) = c1(k)(eikx sin� (k)x + eik (1+ x) sin(� (k)(1 � x))) 1[0;1];

qsin� (k) + 2 � (k) cos� (k) = 2 � (k) cosk; Im � (k) � 0; E(k) = � (k)2;
(5.23)

wherec1(k) is the normalization constant guaranteeingku1(k; � )kL 2 (R=Z) = 1.

To derive (5.23) we note that away fromZ, (Dx � k)2u = E(k)u. This means that
u has to be given by eigenfunctions of (Dx � k)2 on R n Z and be periodic. Hence,

uj [0;1] = Aeikx ei�x + Beikx e� i�x ; � 2 = E(k):

The jumps at Z will then produce the � function terms.

We note that if v is piecewise smooth and has a jump at 0 (so is smooth up to 0 on
both sides) then

D 2
xv = � @x (� 0(x)(v(0+) � v(0� )) + @xvjRn0)

= � � 0
0(x)(v(0+) � v(0� )) + � 0(x)(@xv(0� ) � @xv(0+)) � @2

x vjRn0

Hence to satisfy ((Dx � k)2 + q
P

m2 Z � (x � m))u = E(k)u, we need

u(0+) = u(1� ); (@x � ik )u(0+) � (@x � ik )u(1� ) = � qu(0+) :

This means that

A + B = eik + i� A + eik � i� B;

i� (k)
�
(1 � eik + i� )A � (1 � eik � i� )B

�
= � q(A + B):

(5.24)

The �rst equation is solved by (we neglect the overall normalising constant)

A = 1 � eik � i� ; B = eik + i� � 1;

which gives the formula foru1 in (5.23). Inserting these values in the second equation
gives the second line in (5.23). We also have to consider the case when in (5.24),
k � � 2 2� Z, that is k = ( n + m)�; � = ( n � m)� , n; m 2 Z. That gives the solution
A = � B which is not of the form given in (5.23). However, the transcendental equation
is still satis�ed.

The transcedental equation for� (k) in (5.23) has a discrete set of solutions (with
imaginary values of� occurring whenq is negative corresponding negative values of
E(k)) { see Figure 7 for an example withq = 20.
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Figure 7. The �rst 7 bands for (5.22) with q = 20. They are computed
using the transcendental equation in (5.23).

The next example uses perturbation theory to see band splitting when a periodic
potential is turned on.

Example 13. Let n = 1; � 2 R, P� = D 2
x + � cosx. We are interested in the spectrum

of P� when � > 0. We will consider it as a perturbation problem and use the Grushin
problem method to study the perturbation.

We want to study how the bands ofPk = ( Dx � k)2 + � cosx split. Example 8 in §2.6
shows that when the eigenvalue of (Dx � k)2 is simple, the eigenvalues of the perturbed
problem are smooth in� near 0 and remain simple there.

There are two cases in which we have a double eigenvalue for� = 0:

� k = 0, m1 = m, m2 = � m, wherem 2 N+ , P � =0
k has eigenvaluez0 = m2;

� k = 1
2 , m1 = m, m2 = � m + 1, m 2 N+ , P � =0

k has eigenvalue (m � 1=2)2.

In the �rst case, we consider the following Grushin problem:

P �
k (z) =

�
P �

k � z R�

R+ 0

�
: H 2(Rn=�) � C2 ! L2(Rn=�) � C2: (5.25)

Let ej (x) = 1p
2�

eijx be eigenfunctions ofDx , we let

u� =
�

u��

u� +

�
; v+ =

�
v+ �

v++

�
;

and

R� u� = u�� e� m + u� + em ; R+ u =
�

hu; e� m i
hu; em i

�
:
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The problem is well-posed withE � = R+ , E+ = R� ,

E kv =
X

n6= � m;n 2 Z

((n � k)2 � z)� 1hv; en i en ;

and

E k
� + =

�
z � (� m � k)2 0

0 z � (m � k)2

�
:

Proposition 2.12 and a calculation left to the reader show

E k;�
� + (z) =

�
z � (� m � k)2 0

0 z � (m � k)2

�

+
mX

`=1

� 2`

�
he� m ; Q(EQ)2`� 1e� m i 0

0 hem ; Q(EQ)2`� 1em i

�

+
� 2m

4m

m� 1Y

j = � m+1

(( j � k)2 � z)� 1

�
0 1
1 0

�
+ O(� 2m+2 ):

We then note that for z 2 R,

he� m ; Q(EQ)2`� 1e� m i = he� m ; Q(EQ)2`� 1e� m i

= hem ; Q(EQ)2`� 1e� m i = hem ; Q(EQ)2`� 1em i :

This means that

E k;�
� + (z) =

�
z � (� m � k)2 + w(k; � ) 0

0 z � (m � k)2 + w(k; � )

�

+ � 2mcm (k; z)
�

0 1
1 0

�
+ O(� 2m+2 ):

where cm (0; m2) 6= 0. Hence, the zeros ofz 7! detE k;�
� + (z), that is the eigenvalues of

(Dx � k)2 + � cosx near k = 0; z = m2, are given by

z� (k; � ) = m2 + k2 � w(k; � ) �
p

4m2k2 + � 4mcm (k; z)2 + O(� 2m+2 ):

In other words, at k = 0 we see a splitting of size� 2m .

In the second case (k = 1
2 , z0 = ( m � 1

2)2), the eigenfunctions aree� m+1 and em .
Hence we put

R� u� = u�� e� m+1 + u� + em ; R+ u =
�

hu; e� m+1 i
hu; em i

�
:

This gives a well-posed Grushin problem withE � = R+ , E+ = R� , and

E k
� + =

�
z � (� m + 1 � k)2 0

0 z � (m � k)2

�
:
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Figure 8. The band structure for P = D 2
x + � cosx: we showE j (k),

� 0:5 < k � 0:5 for j � 5. Despite appearances there are gaps between
all bands as soon as� > 0. See the movie for an animated version with
0 � � � 2.

The same calculation as in the previous case shows that

E k;�
� + (z) =

�
z � (� m + 1 � k)2 0

0 z � (m � k)2

�

+
mX

`=1

� 2`

�
he� m+1 ; Q(EQ)2`� 1e� m+1 i 0

0 hem ; Q(EQ)2`� 1em i

�

+
� 2m� 1

22m� 1

m� 1Y

j = � m+2

(( j � k)2 � z)� 1

�
0 1
1 0

�
+ O(� 2m+1 ):
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As before, forz 2 R,

he� m+1 ; Q(EQ)2`� 1e� m+1 i = heix e� m+1 ; eix Q(EQ)2`� 1e� m+1 i

= hem ; Q(EQ)2`� 1eix e� m+1 i = hem ; Q(EQ)2`� 1em i :

So we see a splitting of bands of size� � 2m� 1 around z0 = ( m � 1=2)2. In particular,
when m = 1, we have

E k;�
� + (z) =

�
z � k2 0

0 z � (1 � k)2

�
+ 1

2 �
�

0 1
1 0

�
+ O(� 2):

For k = 1
2 , one gets

z� (� ) = 1
4 � 1

2 � + O(� 2):

See Figure 8 for the splitting of the bands (with a movie).

5.6. Density of states for periodic Hamiltonians. In §4.2 we provided a moti-
vating discussion of the density of states and considered it for constant magnetic �elds
without an external potential. We now use the explicit diagonalization given by the
Bloch transform to describe it in terms of the Bloch{Floquet spectrum of periodic
operators.

We recall,

B : L2(Rn ) ! Ln (Rn=� � ; H k); u 7!
1

jRn=� � j1=2

X


 2 �

e� i
 �ku(x � 
 )

and

U : L2(Rn=� � ; H k) ! L2(Rn=� � ; `2(N)); Uu(k; j ) = hu(k; � ); ' j (k; � )i H k

where' j (k; x) is the j -th eigenfunction ofPk : H k ! H k . That givesUBP(UB)� v(k; j ) =
E j (k)v(k; j ), f vk;j g 2 `2(N), and hence

UBf (P)(UB)� v(k; j ) = f (E j (k))v(k; j ):

Consequently, forw 2 S (Rn ) and f 2 S (R),

f (P)w(x) =
X

j

B� (f (E j (k)) ' j (k; x)hBw(k; � ); ' j (k; � )i H k )

=
1

jRn=� � j

X

j;


Z

Rn =� �
f (E j (k)) ' j (k; x)

Z

Rn =�
e� i
 �yw(y � 
 )' j (k; y)dydk

=
1

jRn=� � j

X

j

Z

Rn =� �
f (E j (k)) ' j (k; x)

Z

Rn
w(y)' j (k; y)dydk

=
Z

Rn
K (x; y)w(y)dy



PDE METHODS IN CONDENSED MATTER PHYSICS 53

where

K (x; y) =
1

jRn=� � j

X

j

Z

Rn =� �
f (E j (k)) ' j (k; x)' j (k; y)dk:

We note that this is well de�ned for f 2 S (R) thanks to (5.20).

Since' j (k; x + 
 ) = e� ik �
 ' j (k; x), K (x; x) is �-periodic. Thus the regularized trace
(4.1) is given by

etr f (P) =
1

jRn=� j

Z

Rn =�
K (x; x)dx

=
1

jRn=� jjRn=� � j

X

j

Z

Rn =� �

Z

Rn =�
f (E j (k)) j' j (k; x)j2dxdk

=
1

(2� )n

X

j

Z

Rn =� �
f (E j (k))dk =:

Z

R
f (� )� (� )d�;

(5.26)

where the last integral is meant as a distributional pairing. It de�nes thedensity of
states, � 2 S 0(R). (We check that the bounds in the de�nition of S 0 in §2.2 hold
using (5.20).) It is given by

� (� ) =
1

(2� )n

X

j

Z

Rn =� �
� (� � E j (k))dk =

1
(2� )n

d
d�

 
X

j

Z

� j (k)� �
dk

!

In particular, if EN (k) < � 0 < E N +1 (k) for all k 2 Rn=� � , then
Z � 0

�1
� (� )d� =

N
jRn=� j

gives the number of states per unit volume, in agreement with the discussion in§4.2.

We also note that if � is a regular value ofE j (k) (that is r kE j (k) 6= 0 when
E j (k) = � , we can also write

� (� ) =
1

(2� )n

Z

E j (k)= �

dS
jr E j (k)j

; (5.27)

where dS is the surface measure of the (smooth) surfacef k : E j (k) = � g { see for
instance [Ho03, Theorem 6.1.5].

Example 14. We can compute the density of states for the Kronig{Penney Hamilton-
ian in Example 12. Since we are in dimension one, the de�nition of� in (5.26) shows
that if � is inside of a band,

� (� ) =
1

2�

�
�
�
�
dk
d�

�
�
�
� :

To compute � (� ) we can use the implicit formula (5.23):

cosk =
qsin

p
�

2
p

�
+ cos

p
�:
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Figure 9. The plot of the density of states (up to a multiplicative
constant) for the Konig{Penney potential. We see the singularities at
the edges of the �rst 4 bands { see Figure 7.

The spectral bands are de�ned by the condition that

� 1 �
qsin

p
�

2
p

�
+ cos

p
� � 1;

(see Figure 7) in which case,

� (� ) =
1

2�

�
�
�
�
dk
d�

�
�
�
� =

1
8�

j(q+ 2� ) sin
p

�=�
3
2 � qcos

p
�=� j

(1 � (qsin
p

�= 2
p

� + cos
p

� )2)
1
2

:

This is shown in Figure 9.

5.7. Isolated bands for time reversible operators: trivial topology. We �rst
study the case when there is an isolated band, that is, letI j = f E j (k) : k 2 Rn=� � g,
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we assume

E j (k) is a simple eigenvalue ofP on H k ,

I j \ I j 0 = ? for any j 6= j 0.
(5.28)

We de�ne the following orthogonal projections:

�( k) : H k ! ker(PjH k
� E j (k)) �= C;

e�( k) = eix �k �( k)e� ix �k : L2(Rn=�) ! kerH 2 (Rn =�) (P(x; D x � k) � E j (k)) :
(5.29)

We then have

Proposition 5.3.

�( k) =
1

2�i

I



(z � PjH k )� 1dz (5.30)

where
 is a positively oriented closed contour separatingI j from other bands.

Proof. For two functions f; g 2 L2, we de�ne the following operator of rank one:

(f 
 g)u := f hu; gi ; u 2 L2:

If ' ` (x; k) form an orthonormal basis ofH k consisting of eigenfunctions corresponding
to E` (k), then

(z � PjH k )� 1 =
X

`

' ` (�; k) 
 ' ` (�; k)
z � E` (k)

:

This implies that

1
2�i

I



(z � PjH k )� 1dz = ' j 
 ' j :

Since �( k) = ' j 
 ' j , this proves the claim. �

Remark 4. In general, if we have any operatorP and a simple closed curve
 such
that 
 \ Spec(P) = ? , then

� =
1

2�i

I



(z � P)� 1dz

is a projection. To see this, we can take another curve ~
 which is homotopic to 

insideCnSpec(P), and 
 lies in the bounded component ofCn~
 (for basic facts about



56 ZHONGKAI TAO AND MACIEJ ZWORSKI

topology of curves inC see for instance [NaRa12]). Then

� 2 =
1

(2�i )2

I

~


I



(z � P)� 1(� � P)� 1dzd�

=
1

(2�i )2

I

~


I



(� � z)� 1((z � P)� 1 � (� � P)� 1)dzd�

=
1

(2�i )2

I

~


I



(� � z)� 1(z � P)� 1dzd�

=
1

2�i

I



(z � P)� 1dzd�

= � :

If P is self-adjoint, then by the spectral theorem, � is the spectral projector corre-
sponding to the spectrum inside
 . This is because

f (x) =
1

2�i

I



(z � x)� 1dz =

�
1; x is inside
;
0; x is outside
:

A relevant example is given as follows

� j :=
1

2�i

Z



(z � P)� 1dz : L2(Rn ) ! L2(Rn ) (5.31)

where 
 is as in Proposition 5.3 andP is now considered as an operator onL2(Rn )
(with the domain given by H 2(Rn )). This is the spectral projection corresponding to
the isolated bandI j .

The family �( k) we de�ned is analytic in k:

Lemma 5.4. The map

k 7! �( k) : Rn=� � ! B (H k)

is a real analytic family of operators, that is, there exists" > 0 such that this map
extends to a holomorphic map

Rn=� � + iB (0; ") 3 k 7! �( k):

Here Rn=� � + iB (0; ") � Rn=� � + iRn = Cn=� � .

Remark 5. Here we are talking about the holomorphy in a Hilbert space, which can
be de�ned as follows: suppose we have two Hilbert spacesH1; H2, and a mapk 7! B(k)
from Cn ! B (H1; H2). Then we sayB(k) is holomorphic if the following equivalent
conditions are satis�ed.

� For any ' 2 H1;  2 H2, the map k 7! hB(k)';  i is holomorphic;

�
@B
@kj

:= lim
z! 0

B(k + zej ) � B (k)
z

exists in the norm topology.
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The reader can check the equivalence using the uniform boundedness principle { see
Exercise II.13 in [Ho88].

Proof of Lemma 5.4. In view of (5.29), it su�ces to check that

k 7! e�( k) =
1

2�i

I



(z � P(x; D x � k)) � 1dz;

is holomorphic onU + iB (0; ") where U is a neighbourhood of a fundamental domain
of � � (see §5.3). Sincez � P(x; D x � k) in invertible for z 2 
 and k 2 Rn , it
remains invertible forz 2 
 and k in a complex neighbourhoodU + iB (0; ") of U. The
holomorphy ofk 7! P(x; D x � k) is immediate, and shows thatk 7! (z� P(x; D x � k)) � 1

is holomorphic when the inverse exists. This proves the claim. �

The eigenspaces �(k)H k thus de�ne a complex line bundle over the torusRn=� � .
We refer to Section 2.7 for basic properties of line bundles.

The following theorem tells us that time reversal symmetry implies that this line
bundle is trivial. We follow the proof of [HS89, Lemma 1.1].

Theorem 6. SupposeP(x; D )u = P(x; D )u, then there exists' 2 C1 (Rn=� � ; H k)
such that

� P ' (k) = E j (k)' (k), and k' (k)k = 1, that is ' (k) is a normalized eigenvector
of P with eigenvalueE j (k).

� ' (� k) = ' (k).
� In addition, k 7! ' (k) extends to a holomorphic map fromRn=� � + iB (0; ") to

L2
loc(R

n ).

Here we recall thatH k � L2
loc(R

n ).

Proof. We �rst note that the de�nition of H k (5.9) shows that if ' (k) 2 H k then
' (k) 2 H � k . Simplicity of E j (k) and the property Pu = P �u then show that

E j (k) = E j (� k); ' (k) 2 ker(PjH � k � E j (k)) :

Using this we will proceed by induction on the dimensionn to show there exists a
continuous section. Then we will regularize it to get a real analytic section. Without
loss of generality, we may assume � = (2� Z)n and � � = Zn .

Step 1: Let n = 1. Proposition 2.17 shows that a line bundle over an interval is always
trivial. Hence we can choose a continuous section~ (k) such that P ~ (k) = E j (k) ~ (k)
and k ~ (k)k = 1 for 0 � k � 1=2, and e (0) is real valued. We de�ne

~ (k) := ~ (� k); � 1
2 � k � 0:

To obtain Z-periodic section we proceed as follows: the normalisationk ~ (� 1=2)k =
k ~ (1=2)k = 1 and the simplicity assumption show that there exists� 2 R such that
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~ (� 1=2) = e� i� ~ (1=2). Putting

 (k) = e� i (k+1 =2)� ~ (k);

we obtain  (1=2) =  (� 1=2) which gives a global section overR=Z satisfying  (� k) =
 (k).

Step 2: By the induction hypothesis, we may assume there exists a continuous sec-
tion  0(k0) on Rn� 1=Zn� 1 � f 0g such that  0(k0) =  0(� k0). Moreover, P  0(k0) =
E j (k0; 0) 0(k0) and k 0(k0)k = 1. As in Step 1, Proposition 2.17 shows that there
exists a continuous extension to this section

	( k) : (Rn� 1=Zn� 1)k0 � [0; 1=2]kn ! kerH k (P � E j (k)) ; 	( k0; 0) =  0(k0):

We now de�ne 	 on Rn� 1=Zn� 1� [� 1=2; 0] by 	( � k) = 	( k), and we want 	( k0; 1=2) =
	( k0; � 1=2) as before. There exists a continuousk0 7! � (k0) 2 R such that

	( k0; 1
2) = ei� (k0) 	( k0; � 1

2)

and

� (k0+ 
 ) � � (k0) mod 2� Z; 
 2 Zn� 1:

Taking complex conjugates gives

	( � k0; � 1
2) = e� i� (k0) 	( � k0; 1

2)

or equivalently

	( k0; � 1
2) = e� i� (� k0) 	( k0; 1

2):

Thus ei� (k0) = ei� (� k0) , that is,

� (k0) � � (� k0) mod 2� Z:

But � (k0) � � (� k0) is continuous and hence constant (it takes only integer values!).
That constant is equal 0 by takingk0 = 0. Similarly, � (k0+ ej ) � � (k) is constant for
j = 1; � � � ; n � 1 and that constant is zero by takingk0 = � 1

2ej since

�
�
� 1

2ej + ej
�

= �
�

1
2ej

�
= �

�
� 1

2ej
�

:

We conclude� (k0+ 
 ) = � (k0) for 
 2 Zn� 1. Now de�ne

 (k) := e� i (kn +1 =2)� (k0) 	( k);

then

 (k0; 1
2) = e� i� (k0) 	( k0; 1

2) = 	( k0; � 1
2) =  (k0; � 1

2):

Thus  gives a continuous global section overRn=Zn .
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Step 3: Having obtained a continuous section : R=� � ! C1 (Rn ) \ H k , we want
to regularise it to a real analytic section. For that let � (k) = (2 � )� n=2e� k2=2 and
� " (k) = " � n � (k="), we de�ne

 " (k; x) =
Z

Rn
� " (k � k0)eix �(k0� k)  (k0; x)dk0:

One checks

 " (k; x � 
 ) =
Z

Rn
� " (k � k0)ei (x � 
 )�(k0� k)  (k0; x � 
 )dk0 = ei
 �k  " (k; x);

so " (k; �) 2 H k . Now  " (k; �) is a real analytic section and " (k; �) !  (k) in L2 norm
as " ! 0. Taking " > 0 small enough, we de�ne

' (k) =
' 0(k)

� R
Rn =� � ' 0(k)' 0(� k)dx

� 1=2
; ' 0(k) = �( k) " (k):

By Lemma 5.4,' (k) gives a real analytic section in the statement of the theorem.�

5.8. Wannier functions and spectral localization to an isolated band. Let � j

be the spectral projection corresponding to the isolated bandI j {see (5.31). Given a
global section' described in Theorem 6, we see from (5.14) that

(B� j C)L2(Rn=� � ; H k) = f u(k; x) = f (k)' (k; x) : f 2 L2(Rn=� � )g:

Hence (5.12) gives

� j L2(Rn ) =
� Z

Rn =� �
f (k)' (k; �)dk : f 2 L2(Rn=� � )

�
:

Expanding f (k) into Fourier series,f (k) =
P


 2 � a
 ei
 �k , we obtain

1
jRn=� � j

Z

Rn =� �
f (k)' (k; x)dk =

X


 2 �

a
 ' 
 (x)

where

' 0(x) :=
1

jRn=� � j

Z

Rn =� �
' (k; x)dk; ' 
 (x) := ' 0(x � 
 ): (5.32)

It is now straightforward to check the following

Proposition 5.5. f ' 
 (x) : 
 2 � g gives an orthonormal basis of� j L2(Rn ). This
basis gives an isomorphism� j L2(Rn ) �= `2(�) .

The proposition shows the existence of functions de�ned as follows:

De�nition 5.6. Functions ' 
 (x) 2 � j L2(Rn ) for 
 2 � are called Wannier functions
if they form an orthonormal basis of� j L2(Rn ) and

' 
 (x) = ' 0(x � 
 ); 
 2 � :



60 ZHONGKAI TAO AND MACIEJ ZWORSKI

Theorem 6 has the following corollary on the exponential decay of Wannier functions.

Proposition 5.7. Let ' 0(x) be as in (5.32). There exists a constantC > 0 such that
for any � 2 Nn there is C� > 0 with

j@� ' 0(x)j � C� e�j x j=C: (5.33)

Proof. Let ' (k; x) be as in Theorem 6. SinceP ' (k; x) = E j (k)' (k; x), iteration of
Lemma 5.2 shows that' (k; �) 2 H k

loc for any k. It follows (see, for instance, [Ev10,
§6.3]), ' (k; x) are uniformly bounded forx in the fundamental domain of �. Recall

' 0(x � 
 ) =
1

jRn=� � j

Z

Rn =� �
ei
 �k ' (k; x)dk:

Using analyticity, we can change integration over fromRn=� � to integration over the
contour Rn=� � + i
= j
 j" , to conclude that ' 0(x � 
 ) = O(e� " j
 j) for x in a fundamental
domain of �. This gives a global exponential bound (5.33). �

5.9. Appendix on self-adjointness. Here we present results about the self-adjointness
of unbounded operators which appeared in this chapter.

5.9.1. Operator P(x; D � k). We now return to the operatorP = P(x; D ) de�ned in
Lemma 5.2 and satisfying (5.16). We prove the claim thatPk := P(x; D � k) with
domain H 2(Rn=�) is self-adjoint in the sense of De�nition 2.5. Lemma 5.2 plays a
crucial role here.

In view of (5.17), Pk is symmetric onH 2(Rn=�) and hence we haveH 2(Rn=�) �
D(P �

k ). We now show that D(P �
k ) � H 2(Rn=�). If u 2 D(P �

k ) then, by de�nition
(2.10), there existsC = C(u) > 0 such that

jhu; Pkvi L 2 j � CkvkL 2 ; v 2 C1 (Rn=�) ; L2 := L2(Rn=�) : (5.34)

Let " 2 (0; 1) and � " (x) = " � 2� (x=") with

� 2 C1
c (B (0; 1); [0; 1]); � (x) = � (� x);

Z
� (x)dx = 1:

Then

� " � v(x) =
Z

� " (y)v(x � y)dy

is also periodic and

h� " � u; Pkvi L 2 = hu; � " � Pkvi L 2 = hu; Pk(� " � v)i L 2 + hu; [� " � ; Pk ]vi L 2 : (5.35)
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Since the convolution commutes with� �, [ � " � ; Pk ]v is given by
X

j � j� 1

Z
� " (y)(a� (x � y) � a� (x))( Dx � k)� v(x � y)dy

=
X

j � j� 1

Z
(Dy � k)� (� " (y)(a� (x � y) � a� (x))) v(x � y)dy:

Using the facts that on the support of� " , a� (x � y) � a� (x) = O("), k� " kL 1 = 1,
k"r � " kL 1 = O(1), and that kf � gkL 2 � k f kL 1 kgkL 2 , we obtain

jhu; [� " � ; Pk ]vi L 2 j � k ukL 2 k[� " � ; Pk ]vkL 2

� k ukL 2














X

j � j� 1

Z
(Dy � k)� (� " (y)(a� (x � y) � a� (x))) v(x � y)dy














L 2

� CkukL 2

� 








Z
j� " (y)v(x � y)jdy










L 2

+










Z
" jr � " (y)jjv(x � y)jdy










L 2

�

� C0kukL 2 kvkL 2 ;

where the constantC0 > 0 does not depend on". Therefore, by (5.34) and (5.35),

jh� " � u; Pkvi L 2 j � C(u)k� " � vkL 2 + C0kukL 2 kvkL 2 � C0(u)kvkL 2 ; v 2 C1 (Rn=�) :

Since Pk is symmetric on C1 (Rn=�), this implies that kPk(� " � u)kL 2 � C0(u) for
" 2 (0; 1). By Lemma 5.2, we have

k� " � ukH 2 � C00kPk(� " � u)kL 2 + C00k� " � ukL 2 � C00(u); " 2 (0; 1):

By letting " ! 0, this implies that u 2 H 2(Rn=�). We conclude that D(P �
k ) =

D(Pk) = H 2(Rn=�) and thus Pk is self-adjoint.

5.9.2. The Kronig{Penney operator. We now present the domain of the operator (5.22).
We start by de�ning H 2(
) where 
 � R is an open set:

H 2(
) = f u 2 L2(
) : u0; u002 L2(
) g;

whereu0; u00denote distributional derivatives ofu, u(k)(' ) = ( � 1)ku(' (k)), ' 2 C1
c (
).

We then note that for u 2 H 2(R n 0), u; u0 2 C((�1 ; 0]) � C([0; 1 )), that is u
and u0 are continuous when restricted to the closed half-lines� [0; 1 ). (To see this
we note that for y < x < 0, ju0(x) � u0(y)j = j

Rx
y u00(t)dtj � j x � yj

1
2 ku00kL 2 ; for the

relation between the distributional derivative and fundamental theorem of calculus see
[Ho03, Theorem 3.1.4].) In particular the limits,u(0� ) and u0(0� ) exist. If we de�ne
U; U2 2 S 0(R) by u and u00away from 0, then, in the sense of distributions (see [Ho03,
Theorem 3.1.3])

U00= U2 + ( u(0+) � u(0� )) � 0
0 + ( u0(0+) � u0(0� )� 0:
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Hence, a natural de�nition of

P0 := D 2
x + �� 0(x)

is given as follows

D(P0) = f u 2 H 2(R n f 0g) : u(0+) = u(0� ); u0(0+) � u0(0� ) = � �u (0)g;

P0u := � U00= � U2 + �� 0(x)u(0):

We leave it as a (not entirely trivial) exercise to see thatP0 is self-adjoint. (It is one
of the many self-ajoint extensions ofD 2

x with the domain C1
c (R n 0).)

With this in place we can de�ne the domain of the operator (5.22) as follows: let

D := H 2

 
[

m2 Z

(m; m + 1)

!

\ C(R)

and
D(P) := f u 2 D : 8 m 2 Z; u0(m+) � u0(m� ) = � qu(m)g:

If U and U2 are distributions onR de�ned by L2 functions u and u00, then for u 2 D(P)

Pu := � U00= � U2 + q
X

m2 Z

� (x � m)u(m):

6. The tight binding model

6.1. Motivation. The tight binding model provides an approximation of Bloch eigen-
values and eigenfunctions (see§5.4) for periodic potentials for which� �+ V(x) acting
on L2(Rn=�) (with the domain H 2(Rn=�)) has highly localised eigenfunctions.

The detailed discussion of tunneling needed to justify this will probably be unrec-
ognizable to any physicist. We should however note that the precise calculation of
tunneling for the double well potentials and periodic potentials has been analysed
in physics with great precision. An interesting perspective on that is presented by
Coleman in [Co77,§II.2], with a doubly welldone version in [Co77, Appendix B].

To introduce the basic idea behind the tight binding model we adapt the presentation
in [Ka03, §4.1.1] and discuss the simplest 1D case, �rst from a heuristic perspective and
then more mathematically. References [JoKa19,§2.5] and [Ka03,§4] can be consulted
for more general versions of the theory. In§6.4 we show how 1D results apply to
separable 2D models and present some numerical results for more general potentials
with indications to the mathematical literature.

So, let us assume that the 1D periodic potential is given as

V(x) =
X

k2 Z

V0(x � k); V0 2 C1
c (R; R); suppV0 � (� 1

2 ; 1
2)

V0(0) = � 1; V 0
0(0) = 0 ; V 00

0 (0) > 0; V0(x) > � 1 for x 6= 0:
(6.1)
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Figure 10. The potential V(x) in (6.1) for V0(x) = ( x2 � 1)e� 20x2
.

We do not insist on compact support here but keep all the essential
properties.

A computationally easy example with the same properties (the compact support is
replaced by rapid decay) is shown in Figure 10.

It is natural to assume that the ground state,u0, of P0 := � @2
x + V0(x) (the eigen-

function corresponding to the lowest eigenvalue,E0 � � 1) is strongly localised to
x = 0. That follows from the comparison with the case of the harmonic oscillator {
see§3.2. One way to formulate it is as follows:

hu0; u0(� + `)i � � `0: (6.2)

Following physics literature (see [Ka03, (4.13)] we will in fact pretend that� can be
replaced by = in (6.2). We use this localized state to build an approximation to a
Bloch eigenstate corresponding to the lowest band ofP = � @2

x + V(x):

u(k; x) :=
X

`2 Z

eik` u0(x + `); u(x � `; k ) = ei`k u(k; x); u(k) 2 H k ; (6.3)

where H k was given in (5.9). Assuming (optimistically) that Pu(k) = E(k)u(k) and
that (6.2) holds exactlywe obtain the following formula forE(k):

E(k) = E0 +
X

`6=0

e� ik` hPu0; u0(� + `)i L 2 (F ) ; F := ( � 1
2 ; 1

2 ]:

The next approximation postulates that only nearest sites interact viaP:

hPu0; u0(� + `)i = � t� j` j1; ` 6= 0: (6.4)

The parameter t is called the hopping (as inhopping between two adjacent sites) or
the tunneling coe�cient. That gives the following tight binding approximation for the
�rst Bloch band:

E(k) = E0 � 2t cosk: (6.5)
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The term originates from our localisation assumption inu0 (quanti�ed in (6.2)): the
electrons are tightly bound to the atoms at the individual sites (inZ in our case).

Since neither (6.2) nor (6.4) can hold exactly, even a heuristic argument requires
the introduction of an asymptotic parameter. Since we want strong localisation to the
individual sites at the minima of the potential, we consider the case where the wells
are very deep. That means that our operator is given by

� @2
x + � 2V(x) = � 2(� (h@x )2 + V(x)) =: � 2P; � = 1=h � 1:

The passage to the semiclassical regime (that is, replacing� by h� 2) is motivated by the
classical/quantum correspondence:� (h@x )2 + V(x) is the semiclassical quantisation of
� 2 + V(x) { see [Zw12, Chapter 4].

The potential V can be given by (6.1), but we prefer the general case (where we
shift the bottom of the well to 0):

V(x + 1) = V(x); V(0) = V 0(0) = 0 ; V 00(0) > 0; V jRnZ > 0 (6.6)

As an analogue ofu0 in the rough argument above, we take the following approximate
eigenfunction: we choose 0< � � 1 and � 2 C1

c (( � 1 + 2�; 1 � 2� ); R), � (x) = 1 for
x 2 [� 1 + 3�; 1 � 3� ]. We then put

 (x) := � (x)u(x);

where
(P � � )u = 0 in ( � 1 + �; 1 � � ),

u(� 1 + � ) = u(1 � � ) = 0 ; kukL 2 ([ � 1+ �; 1+ � ]) = 1:

Here, of course,u, � , and  depend on� but for 0 < � � 1 the contribution of that
dependence will be absorbed into error terms. We have

P  = � + r; r := [ P; � ]u:

As in (6.3) we use to construct an element ofH k :

 k(x) :=
X

`2 Z

e� ik`  (x � `);  k 2 H k ;

P  k = � k + r k ; r k(x) :=
X

`2 Z

e� ik` r (x � `):
(6.7)

The key is the precise structure of (x) presented in§6.2.2:

 (x) = c(h)h� 1
4 e� ' (x;h )=h(1 + O(h1 )) ;

c(h) = ( !=� )
1
2 + O(h); ! := ( 1

2V 00(0))
1
2 ;

' (x; h) = ' (x) + h' 1(x) + � � � ; ' (x) :=
Z x

0

p
V(y)dy ' 1

2 ! 2x2:

(6.8)
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Let uk 2 H k be the actual eigenfunction (we will show that there is a unique simple
eigenvalueE(k) in, say, [0; 2!h ]):

Puk = E(k)uk ; kukkH k = 1:

If � kw := hw; uk i uk , then P(I � � k) � 2!h (I � � k) (since the rest of the spectrum is
greater than 2!h ). On the other hand (with norms and products onH k), by (6.7),

hP(I � � k) k ; (I � � k) k i = h(I � � k)P  k ;  k i

= � k(I � � k) kk2 + hr k ; (I � � k) k i :

But this implies that
(2!h � � )k(I � � k) kk � k r kk:

The de�nition of r k in (6.7), (6.8), and then fact that 2!h � � = !h + O(h2) show that

k(I � � k) kk = O(e(� S0+ " )=h); S0 :=
Z 1

0

p
V(y)dy;

and " can be arbitrarily small if � is small enough. From this we conclude that

k� k  kk2 = k kk2 � k (I � � k) kk2 = k kk2 � O (e2(� S0+ " )=h):

Hence,

E(k)k kk2 = hP� k  k ; � k  k i + O(e2(� S0+ " )=h)

= h� kP k ; � k  k i + O(e2(� S0+ " )=h)

= � k kk2 + hr k ; � k  k i + O(e2(� S0+ " )=h)

= � k kk2 + hr k ;  k i + O(kr kkk(1 � � k) kk) + O(e2(� S0+ " )=h)

= � k kk2 + hr k ;  k i + O(e2(� S0+ " )=h):

Since (6.8) shows thathr k ;  k i = O(e(� S0+ " )=h) and that k kk2 = 1 + O(e(� S0+ " )=h) we
conclude that

E(k) = � + hr k ;  k i + O(e2(� S0+ " )=h):

Hence, we need to computehr k ;  k i :

hr k ;  k i H k =
X

j;`

eik (j � ` )
Z 1

0
r (x � `) (x � j )dx:

Now,

suppr (� � `) \ supp (� � j ) \ [0; 1] 6= ; =)

8
<

:

j = 0; ` = 0;
j = 0; ` = 1;
j = 1; ` = 0:

Decay of shows that j = ` = 0 contribute O(e2(� S0+ " )=h) and we get

hr k ;  k i H k = 2 cosk
Z 1

0
r (x) (x � 1)dx + O(e2(� S0+ " )=h):
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We now recover (6.5):

E(k) = � � 2t cosk; t := �
Z 1

0
r (x) (x � 1)dx + O(e2(� S0+ " )=h): (6.9)

The structure of  in (6.8) gives a precise description oft in Theorem 8. In particular,

h logt = � S0 + O(h):

We should stress that this analysis can be carried out for excited states as well but for
simplicity of the presentation we concentrate on the lowest band.

This outline is essentially complete except for the proof of (6.8) and the calculation
of t. Hence, the �rst technical part of this section is devoted to a precise description
of the ground for a single well. That involves introducing techniques useful in other
settings and some of the presentation proceeds in greater generality. With this place
§6.3 provides the missing details in the derivation of (6.9) and an asymptotic formula
for t. For completeness,§6.5 applies the techniques developed in§6.2 to the closely
related but slightly more complicated case of a double well potential.

Finally, §6.4 illustrates band structures in 2D for the potentialV(x1; x2) = V1(x1) +
V2(x2) which can be analysed using the 1D methods. We will also provide some
numerical examples and pointers to the literature.

6.2. A single well. The analysis of the periodic case in§6.1 relied on (6.8), that is,
on the precise description of the ground state of a single well potential in 1D. This is
what we do in this section. For higher dimensional versions, see [DS99,§3] and [He88,
§2]. We consider a bounded interval [a; b], a < 0 < b, and W satisfying,

W 2 C1 ([a; b]; R); W(0) = W 0(0) = 0 ; W00(0) > 0; Wj [a;b]nf 0g > 0: (6.10)

The main result is Theorem 7 and there are many steps in the proof. Since the
statement of the theorem involves concepts and de�nitions developed throughout this
section, we ask for the reader's patience.

We retain some higher dimensional aspects of the argument (notably in the dis-
cussion of the Agmon{Lithner estimates) and this section can be considered as an
introduction to the Hel�er{Sj•ostrand theory of semiclassical spectra for multi-well
potentials { see [He88,§§3,4], [DS99,§§3,6] and references given there. Major sim-
pli�cations due to working in 1D come in Proposition 6.3 (the WKB construction is
straightforward in 1D), a simple form of the Agmon metric (see Remark 6), and, in
§6.3,§6.5, easy calculations of the o� diagonal terms in the interaction matrix (6.87)
using Wronskians (see (6.89)).
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6.2.1. Agmon{Lithner estimates. We present these now classical estimates in all di-
mensions following [DS99,§6]. To formulate them, we need some comments about
Lipschitz functions. Suppose that � 2 Lip ( Rn ), that is, there exists M > 0 such that

j�( x) � �( y)j � M jx � yj: (6.11)

We then use� 2 C1
c (B (0; 1); [0; 1 )), with

R
� (x)dx = 1 to de�ne

� " := � � � " ; � " (x) := " � n � (x="): (6.12)

The Lipshitz property shows that kr � " kL 1 is uniformly bounded. In fact, sinceR
r � (x)dx = 0,

jr � " (x)j � " � n� 1

�
�
�
�

Z
(r � )(y=")(�( x � y) � �( x))dy

�
�
�
�

� M" � n
Z

jr � (y=")jjy="jdy = M
Z

jr � (z)jjzjdz:

If we de�ne r � 2 S 0(Rn ) using distribution theory, then � " ! � in S 0(Rn ) and, for
' 2 C1

c (Rn ; Rn ),

r �( ' ) = lim
" ! 0

Z
r � " (x) � ' (x)dx = O(k' kL 1 ):

Hence, asL1 is the dual of L1, r � 2 L1 (Rn ). That is the meaning of r � in the
estimates below. (We remark that � is in fact di�erentiable almost everywhere { see
[Ev10, §5.8.3].) For 
 � Rn with C1 boundary we also recall the space

H 2 \ H 1
0 (
) = closure of f u 2 C2(
) : uj@
 = 0g (6.13)

where the closure is in the norm given by
P

j � j� 2 k@� ukL 2 (
) .

With this in place, we can state

Proposition 6.1. Suppose
 � Rn is a bounded open set with aC1 boundary, V 2
C(
; R) and � 2 Lip( 
; R). Then for P := � h2� + V and everyu 2 H 2 \ H 1

0 (
; C)
(see (6.13)), h > 0,

khr (e� =hu)k2
L 2 (
) + h(V � jr � j2)e� =hu; e� =hui L 2 (
) = Rehe� =hPu; e� =hui L 2 (
) : (6.14)

Proof. We present a proof from [DS99] which has the advantage of generalising to the
case of manifolds and forms (with modi�cations requiring an introduction of Riemann-
ian metric; a sceptical reader can proceed by direct integration by parts). For that,
we de�ne an inner product on di�erential forms, by polarising

k! k2
L 2 (
) :=

X

j

k! j k2
L 2 (
) ; ! :=

X

j

! j dxj 2 C1
c (
 ; T � 
) :
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The formal adjoint of d : C1
c (
), du =

P
j @x j udxj , is then given byd� ! = �

P
j @x j ! j .

We start with � 2 C1 (
) and introduce

d� ^ : C1
c (
) ! C1

c (
 ; T � 
) ; d� ^ u := ud� ;

r � y := ( d� ^ )� : C1
c (
 ; T � 
) ! C1

c (
) ; r � y ! =
X

j

! j @x j � :

Since� � = d� d, we have a point-wise statement,

e� =h(� h2�) e� � =h = e� =h(hd� )e� � =he� =h(hd)e� � =h

= ( hd� + r � y)(hd � d� ^ ) = h2d� d � jr � j2 � hd� (d� ^ ) + r � y hd:
(6.15)

We now assume thatu 2 C1
c (
) and put v = e� =hu, so that

Rehe� =h(� h2�) u; e� =hui L 2 (
) = Rehe� =h(� h2�) e� � =hv; vi L 2 (
) :

When we apply (6.15), we notice that (r � y d)� = d� (d� ^ ), and hence the last two
terms disappear after taking real parts. This gives (6.14) foru 2 C1

c (
). For the
integration by parts, we only needu 2 C2(
) and uj@
 = 0. By approximation we
obtain the statement for u 2 H 2 \ H 1

0 (
).

To prove (6.14) for � 2 Lip ( 
), we �rst extend � to a Lipschitz function on Rn (and
keep the same notation). That is possible thanks to an easy version of Kirszbraun's
Theorem { see [Ev10,§5.4]. We then de�ne � " by (6.12) and note that (using the
de�nition of convolution of distributions and compactly supported functions)

r � " (x) =
Z

r �( y)� " (x � y)dy:

Then r � " ! r � in L1
loc (see [Ho03, Theorem 1.3.2]) and hence there exists a sequence

" j ! 0 such that r � " j ! r � almost everywhere (see [Ru87, Theorem 3.12]). We
can then use that subsequence to pass to the limit from �" j in � in (6.14) using the
dominated convergence theorem. (In fact,r � " ! r � almost everywhere if we use
the more involved Lebesgue di�erentiation theorem [Ru87, Theorem 7.17].) �

When considering operators� h2� + V(x) on all of Rn we assume

V 2 C(Rn ; R); V(x) > E 0; x 2 Rn ; (6.16)

for someE0. We can then consider the Friedrichs extension (see Example 4 in§2.3) of
P := � h2� + V, with the domain D(P) � H 1(Rn ). In that case we have the following
version of the Agmon{Lithner estimates:

Proposition 6.2. Suppose thatV satis�es (6.16) and D(P) is the domain of the
Friedrichs extension of� h2� + V. If � 2 Lip( Rn ; R) is constant outside of a compact
set then for everyu 2 D(P) (6.14) holds for 
 = Rn .
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Proof. Let � 2 C1
c (B (0; 2); [0; 1]) satisfy � jB (0;1) � 1. For R > 1 we de�ne � R(x) =

� (x=R) (and similarly, ( r � )R(x) := [ r � ](x=R)). For u in the domain of the Friedrichs
extension ofP, we have� Ru 2 H 2 \ H 1

0 (B (0; 2R)) and hence we can apply Proposition
6.1 to uR . Since suppuR b B(0; 2R), the integration is now overRn .

khr (e� =huR)kL 2 (Rn ) + h(V � jr � j2)e� =huR ; e� =huR i L 2 (Rn ) = Rehe� =hPuR ; e� =huR i L 2Rn :

We now see that foru 2 D(P) and � constant outside of a compact set, we have, as
R ! 1 ,

uR = � Ru
L 2 (Rn )
�! u; r (e� =huR) = � Rr (e� =hu) + R� 1(r � )Re� =hu

L 2 (Rn )
�! r (e� =hu);

and

PuR = � RPu � 2hR� 1(r � )R � hr u � h2R� 2(� � )Ru
L 2 (Rn )
�! Pu:

Passing to the limit gives (6.14) with 
 = Rn . �

Following [DS99, Proposition 6.2] it is useful to apply Proposition 6.1 and 6.2 as
follows.

SupposeF� 2 L1 (
; [0 ; 1 )) (
 = Rn in the case of Proposition 6.2), satisfy

V(x) � jr �( x)j2 = F+ (x)2 � F� (x)2; almost everywhere. (6.17)

Then, with norms in L2(
),

khr (e� =hu)k2 + 1
2kF+ e� =huk2 � k (F+ + F� )� 1e� =hPuk2 + 3

2kF� e� =huk2: (6.18)

Proof of (6.18). The de�nition of F� and (6.14) give (recall thatab � a2 + 1
4b2 and

1
4(a + b)2 + b2 � 3

2b2 + 1
2a2)

h2kr (e� � =hu)k2 + kF+ e� =huk2 = Re(e� =hPu; e� =hu) + kF� e� =huk2

= Re


e� =h(F+ + F� )� 1Pu; (F+ + F� )e� =hu

�
+ kF� e� =huk2

�



 e� =h(F+ + F� )� 1Pu




 2

+ 1
4k(F+ + F� )e� =huk2 + kF� e� =huk2

�



 e� =h(F+ + F� )� 1Pu




 2

+ 3
2kF� e� =huk2 + 1

2kF+ e� =huk2:

Moving the last term to the left hand side gives (6.18). �

Example 15. Following [DS99, §6.a], we can apply (6.18) to positive Schr•odinger
operators, P = � � + V (note that h = 1 here) on Rn as follows. Suppose that
V(x) � 2� > 0 for all x 2 Rn . That means that inf Spec(P) � 2� and in particular
Pu = v, has a solutionu 2 D(P) for any v 2 L2(Rn ). We obtain an exponential decay
estimate onu if we restrict the support of v:

v 2 L2(Rn ); suppv � B(0; R0);
�( x) :=

p
� (jxj � R0)1Rn nB (0;R0 )(x)

�
=)

p
� ke� r uk + � ke� uk � 4kvk: (6.19)
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For that, we �rst take R > R 0 and

� R(x) :=
p

� (jxj � R0)1B (0;R)nB (0;R0 )(x) +
p

� (R � R0)1Rn nB (0;R)(x);

and F+ :=
p

V(x) � jr � R(x)j2 �
p

� and F� = 0 and apply (6.18) with 
 = Rn . We
then let R ! 1 to obtain (6.19). (The details are left as an exercise with an answer
in [DS99,§6.a].)

Since (6.19) gives exponential decay, we conclude from Rellich{Kodratchev's theo-
rem (see [Ev10,§5.7]) that for � 2 C1

c , P � 1� : L2 ! L2 is a compact operator (� is
meant as a multiplication operator here; both regularity and decay are improved). For
generalV , a modi�cation by an additive constant gives a more general statement:

V > E 0 > � =)

8� 2 C1
c (Rn ) (P � � )� 1� : L2(Rn ) ! L2(Rn ) is a compact operator.

(6.20)

This provides a PDE proof (as opposed to the more general operator theoretical proof
{ see [DS99, Theorem 4.19]) of the following fact which we use in our analysis below:

lim inf
jx j!1

V(x) � E0 =) inf Specess(� � + V) � E0; (6.21)

that is the spectrum of � � + V in (�1 ; E0) is discrete.

Proof of (6.21). We proceed as follows. For anyE1 < E 0, there existsR0 such that
for jxj > R 0, V (x) > E 1. In the notation of the proof of Proposition 6.2,V0 :=
V + E0� R0 > E 1 and (6.20) gives

(� � + V0 � � 0)� 1� R0 : L2 ! L2 is compact for� 0 < E 1.

Since for� 2 C n Spec(� � + V0),

(� � + V0 � � )� 1� R0 = ( � � + V0 � � 0)� 1� R0

+ ( � � + V0 � � )� 1(� 0 � � )( � � + V0 � � 0)� 1� R0 ;

it follows that if � =2 Spec(� � + V0), then the operator (� � + V0 � � )� 1� R0 is a
compact operator onL2(Rn ). We now write

� � + V � � = ( � � + V0 � � )� 1(I + T(� )) ; T(� ) := ( � � + V0 � � )� 1E0� R :

Hence for � =2 Spec(� � + V0) (and in particular for � < E 1, since V0 > E 1), � =2
Spec(� �+ V) if and only of I + T(� ) is invertible. But � 7! I + T(� ), � 2 Cn[E1; 1 ) is a
holomorphic family of Fredholm operators invertible when� =2 R. Analytic Fredholm
theory [DyZw2, Theorem C.8] shows that the poles of (I + T(� )) � 1 are discrete in
C n [E1; 1 ), SinceE1 < E 0 was arbitrary, (6.21) follows. �
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6.2.2. The ground state for a single well potential.We start by a construction of an
approximate ground state. We use the notation

a � a0 + ha1 + � � � =
1X

j =0

hj aj ;

to mean that for everyN � 1 there exists a constantCN > 0 such that
�
�
�
�
�
a �

N � 1X

j =0

aj hj

�
�
�
�
�

� CN hN : (6.22)

We recall that Borel's Lemma [Zw12, Theorem 4.15] shows that for anyaj 's we can
�nd an a (satisfying suitable bounds) so that (6.22) holds.

Proposition 6.3. There exist ' = ' (x; h) and � = � (h) with asymptotic expansions

' (x; h) � ' (x) + h' 1(x) + � � � ;

' 0(x) = (sgn x)
p

W(x); ' (0) = 0 ; ' � 0; '; ' j 2 C1 ([a; b]);

' 0
1(x) = 1

2(W 0(x)=W(x) � != ((sgnx)W(x)
1
2 ); ' 1(0) = 0 ;

� (h) � !h + � 2h2 + � � � ; ! :=
q

1
2W 00(0);

(6.23)

so that
((hDx )2 + W(x) � � (h))( e� ' (x;h )=h) = O(h1 )e� ' (x)=h; (6.24)

uniformly for x 2 [a; b].

Proof. We �nd

' (x; h) � ' (x) + h' 1(x) + � � � ; � (h) � h� 1 + h2� 2 + � � � ; (6.25)

by solving
e' (x;h )=h(� h2@2

x + W(x) � � (h))e� ' (x;h )=h � 0 (6.26)

in a suitable asymptotic sense. This will be achieved if we show that

� (' 0(x; h))2 + W(x) + h' 00(x; h) � � (h) � 0:

in the sense of (6.22). Inserting (6.25) into this equation gives' 0(x) = (sgn x)
p

W(x)
and

� 2' 0
0(x)' 0

j (x) �
j � 1X

`=1

' 0
` (x)' 0

j � ` (x) + ' 00
j � 1(x) � � j = 0; ' 0(x) := ' (x):

Since' 0
0(x) =

q
1
2W 00(0)x(1 + O(x)), solving this requires a choice of� j for which we

can divide by ' 0
0(x) at x = 0:

� j = ' 00
j � 1(0) �

j � 1X

`=1

' 0
` (0)' 0

j � ` (0); � 1 = ! :=
q

1
2W 00(0):
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We then get a recursive formula

' 0
j (x) =

1
2' 0

0(x)

 

' 00
j � 1(x) �

j � 1X

`=1

' 0
` (x)' 0

j � ` (x) � � j

!

:

In particular,

' 0
1(x) =

1

2(sgnx)
p

W(x)

 
(sgnx)W 0(x)

2
p

W(x)
� !

!

;

where the function in brackets vanishes at 0 and hence can be divided (sgnx)
p

W(x) =
!x + O(x2).

We conclude that for' (x; h) and � (h) given by (6.25) with ' j and � j chosen above
we obtain from (6.26)

(� h2@2
x + W(x) � � (h))e� ' (x;h )=h = O(h1 )e� ' (x;h )=h;

and it is clear that we can replace' (x; h) by ' (x) on the right hand side. �

We can normalise the WKB state so that

w(x) = c(h)h� 1=4 exp(� ' (x; h)=h); kwkL 2 (a;b) = 1: (6.27)

The normalising constant is computed by the method of steepest descent based on
' (x) = 1

2 !x 2 + O(x3) { see [Zw12, Theorem 3.11] (the version in which the phase
2i' (x)=h is replaced by 2' (x)=h is obtained in the same way). This gives,

c(h) = ( !=� )1=4(1 + O(h)): (6.28)

In our applications of Proposition 6.1, we will use the following notation: for a
real-valued function' (x),

u(x) = eO(e� ' (x)=h) ()

8 " > 0; k 2 N 9 C > 0 j@k
x u(x)j � Ce� ' (x)=h+ "=h

(6.29)

where the estimates are valid in the region of de�nitions of the functionsu; w and ' .
A special, and frequently occurring case, is when' (x) = S is a constant.

Proposition 6.4. Suppose thatW satis�es (6.10) and P0(h) is the Dirichlet realisation
of (hDx )2 + W(x) on [a; b]. Then for any �xed ! < � < 3! , there existsh0 such that
for 0 < h < h 0,

Spec(P0(h)) \ [0; �h ] = f � (h)g; (6.30)

where � (h) has an asymptotic expansion given in(6.23). Moreover, if u is the nor-
malised eigenfunction corresponding to� (h) then, in the notation of (6.23) and (6.29),

u(x) = eO(e� ' (x)=h); x 2 [a; b]: (6.31)
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In fact, more precisely, there existsN 2 N, such that

8 k 9 C j(h@x )ku(x)j � Ch� N e� ' (x)=h; x 2 [a; b]: (6.32)

In the proof and in the next section we will need the following lemma (which can
be re�ned in many di�erent ways but is su�cient for us here):

Lemma 6.5. SupposeA is a self-adjoint operator,A � 0 and that � := 1[0;2� ](A) has
�nite rank. Suppose that f uj gJ

j =1 and 0 � � � � satisfy

uj 2 D(A); kuj k = 1; k(A � � )uj k � "; jhui ; uj ij � "; i 6= j; " < �: (6.33)

Then
k(I � �) uj k � "=�: (6.34)

If in addition (" + ( "=� )2)J < 1 then

tr � � J; d(�; Spec(A)) � "; (6.35)

that is, there are at leastJ eigenvalues ofA (counted with multiplicities) in [0; 2� ].

Proof. To see (6.34) we note that sinceA(I � �) � 2� (I � �),

hA(I � �) uj ; uj i = hA(I � �)( I � �) uj ; (I � �) uj i � 2� k(I � �) uj k2:

On the other hand

hA(I � �) uj ; uj i = h(I � �) Au j ; uj i = � k(I � �) uj k2 + hr j ; (I � �) uj i ; kr j k � ";

and hence
(2� � � )k(I � �) uj k2 � h r i ; (I � �) uj i � "k(I � �) uj k;

(6.34) follows.

For (6.35) it su�ces to show that wj := � uj , j = 1; � � � ; J , are linearly independent
and for that we consider the Gramian matrix,G, with entries given by

hwi ; wj i = hui ; uj i + h(� � I )ui ; uj i = hui ; uj i + h(� � I )ui ; (� � I )uj i

= � ij + aij ; jaij j � ("=� )2 + ";
(6.36)

where we used the estimate onhui ; uj i in (6.33) and (6.34). This means thatG = I + R
where we can estimate the norm ofR by J (" +( "=� )2) (using, for instance, the discrete
version of the Schur estimate { see (2.13) and (2.14)). Hence, the assumption gives
kRk < 1 and the Gramian is invertible, showing the independence ofwj 's. This gives
the �rst part of (6.35). The second part is immediate from the spectral theorem and
the bound k(A � � )uj k � " in (6.33). �

Proof of Proposition 6.4. We proceed in three steps:

Step 1. We start by proving that if

(P0(h) � � (h))u = 0; u(a) = u(b) = 0 ; kukL 2 ([a;b]) = 1;



74 ZHONGKAI TAO AND MACIEJ ZWORSKI

� (h) 2 [0; Mh], then (6.32) holds with N depending onM and the potential W (and
on k). For that we will use (6.14) with V(x) = W(x) � � (h) and

�( x) =
�

' (x) � Ch logC; ' (x) � Ch;
' (x) � Ch log(' (x)=h); ' (x) � Ch

(6.37)

whereC will be chosen later.

Then for ' (x) � Ch, we use' 0(x)2 = W(x) (see (6.23)) and the assumption� (h) �
Mh to see that

V(x) � � 0(x)2 = W(x) � � (h) �
�

' 0(x) � Ch
' 0(x)
' (x)

� 2

= W(x) � � (h) � ' 0(x)2 + 2Ch
' 0(x)2

' (x)
� C2h2 ' 0(x)2

' (x)2

= � � (h) + Ch
W(x)
' (x)

�
2 �

Ch
' (x)

�
� � Mh + Ch

W(x)
' (x)

:

(6.38)

Both W(x) and ' (x) are positive away from 0 and

W(x) = ! 2x2 + O(x3); ' (x) = 1
2 !x 2 + O(x3);

near 0. Hence,W(x) � C1' (x), x 2 [a; b] and we see that in (6.38) we can chooseC
large enough so that for' (x) � Ch,

V(x) � � 0(x)2 � h:

We now apply (6.18) with

F 2
� = � (V � � 0(x)2)1' (x)� Ch = � (h)1' (x)� Ch � 1' (x)� ChMh;

and F 2
+ = ( V(x) � � 0(x)2)1' (x)� Ch � h. The estimate (6.18) gives

kh@x (e� =hu)k2 + 1
2kF+ e� =huk2 � 3

2kF� e� =huk2:

Now,
e�( x)=h = e' (x)=h max (C; ' (x)=h)� C ;

and hence for someN , (we havekukL 2 ([a;b]) = 1),

kh@x (e'=h u)kL 2 ([a;b]) + ke'=h ukL 2 ([a;b]) � Ch� N :

The Sobolev embedding theorem2 gives (6.32) with k = 0. For higher derivatives we
use the equation: ifk � 1,

(h@x )(e'=h (h@x )ku) = e'=h (h@x )k� 1[(W(x) � � (h))u] + ' 0e'=h (h@x )ku;

and the bound follows by induction.

2Particularly simple in the one dimensional case as foru 2 C2 with u(a) = 0, ju(x)j2 �
(2=h)

Rx
a ju(y)hux (y)jdy � (2=h)kukL 2 ([ a;b]) khux kL 2 ([ a;b]) .
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Step 2. We now use Lemma 6.5 to obtain (6.30): if� 2 C1
c ((a; b); [0; 1]) is equal to 1

near 0 then we can use the normalized WKB statew in (6.27) to obtain u1 := �w= k�w k
which satis�es the assumptions of Lemma 6.5 withA = P0(h), J = 1, � = �h and
" = O(h1 ). This implies that P0(h) has an eigenvalue which is asymptotically given
by � (h) in (6.23) (and we use the same notation for it).

To see that there is exactly one eigenvalue in [0; �h ], suppose that for some� 2
[0; Mh], (P0(h) � � )v = 0, kvkL 2 ([a;b]) = 1, v(a) = v(b) = 0. By the argument in Step
1 of the proof, (6.32) holds forv. For 0 < � � 1 we de�ne

v1(x) = � (h� 1
2 + � x)v(x); � 2 C1

c (( � 2; 2); [0; 1]); � (x) = 1 ; jxj � 1:

On the support of � 0(h� 1
2 + � x) the estimate (6.32) (which holds forv) gives

j(h@x )kv1(x)j = O(h� N e� ' (x)=h) = O(h� N e� h � 2� =C) = O(h1 ):

(We recall that ' (x) = 1
2 !x 2 + O(x3) and ' (x) > 0 for x 6= 0.) Hence, for

u1 := v1=kv1k;

we have
(P0(h) � � )u1 = [ P0(h); � (h� 1

2 + � � )]u1 = O(h1 )L 2 (R) : (6.39)

On the other hand,

P0(h) = ( hDx )2 + ! 2x2 + O(x3); O(x3)� (h� 1
2 + � x) = O(h

3
2 � 3� ):

Thus (6.39) gives
((hDx )2 + ! 2x2 � � )u1 = O(h

3
2 � 3� )L 2 (R) :

We can now apply Lemma 6.5 withA = ( hDx )2 + ! 2x2 to see that

d(�; !h (2N + 1)) = d(�; Spec((hDx )2 + ! 2x2))

= O(h
3
2 � 3� );

where the spectrum of the harmonic oscillator was computed in§3.2.

Hence any eigenvalue ofP0(h) in [0; �h ] has to satisfy (forh small enough),� = !h +
O(h

3
2 � 3� ). If there wereJ > 1 of them, we could use the orthonormal eigenfunctions of

P0(h) cut-o� by � (h� 1
2 + � x) in Lemma 6.5 with " = O(h

3
2 � 3� ). That would contradict

the simplicity of the eigenvalues of the harmonic oscillator. This completes the proof
of (6.30). �

The key remaining key fact in our study of the single well is a comparison between
the exact eigenfunction and the WKB state constructed in Proposition 6.3:

Theorem 7. Suppose that := c(h)h� 1
4 exp(� ' (x; h)=h) is constructed in Proposition

6.3 with c(h) given in (6.28), and u(x) � 0 is given in Proposition 6.4. Then for any
� 2 C1

c ((a; b); [0; 1]),

� (u �  ) = O(h1 )e� '=h in C1 ([a; b]). (6.40)
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Proof. We choosee� 2 C1
c ((a; b); [0; 1]) such that e� � 1 on a neighbourhood [a0; b0] �

supp� , a < a0 < 0 < b0 < b. We then put w := e� (u �  ). Then (6.34) in Lemma 6.5
applied with J = 1 and u1 = e� , and the equation (see the proof of (6.32)) show that

w = O(h1 )C1 ([a;b]) : (6.41)

Since bothu and  satisfy (6.32), we also have (with estimates on derivatives)

w = O(h� N )e� ' (x)=h; x 2 [a; b]:

Since (P � � (h))u = 0, and (from (6.24)) (P � � (h)) = O(h1 )e� '=h , we have

(P � � (h))w = e� (P(h) � � (h))( u �  ) + [ P; e� ](u �  )

= O(h1 )e� '=h + r (h); r (h) = O(h� N )e� '=h ; suppr � suppe� 0:
(6.42)

We want to use this in (6.14) with an appropriate weight. To do that we change
between weight used in Step 1 of the proof of Proposition 6.4 (to obtain (6.32)),

� 0(x) = ' (x) � Ch log max(C; ' (x)=h);

to a weight � 1 < (1 � ")' on the support of e� 0. In dimension one that is very simple
(see [DS99, Appendix to§6] for the higher dimensional version): choosea0 and b0 so
that

max(suppe� 0 \ (a;0)) < a 0 < a 0; b0 < b0 < min suppe� 0 \ (0; b);

and then put

� 1(x) := 1[a;a0 ](x)� 0(a0) + 1[a0 ;b0 ](x)� 0(x) + 1[b0 ;b](x)� 0(b0):

We can use (6.18) as in the proof (6.32) with � = � 1. We note that (see (6.42))

e� 1=hr (h) = O(h� N )e� 1=he� '=h 1supp e� 0 = O(h� N )e� "'=h 1supp e� 0

= O(h1 ):
(6.43)

We now (6.18) tow (see Step 1 of the proof of Proposition 6.4) with

F 2
� = � (V � � 0

1(x)2)1' (x)� Ch � Mh1' � Ch (x);

F 2
+ = ( V(x) � � 0

1(x)2)1' � Ch (x) � Ch1' � Ch (x): a.e.

From (6.42) and (6.43), and recalling thatV = W � � (h) so that F+ + F� � h=C, we
obtain

(F+ + F� )� 1e� 1=h(P0 � � (h))w = O(h1 )L 2 :

By (6.41) and that suppF� � f ' (x) � Chg, we have

F� e� 1=hw = O(h1 )L 2 :

This gives

kh@x (e� 1=hw)k2 + 1
2kF+ e� 1=hwk2

� 3
2kF� e� 1=hwk2 + k(F+ + F� )� 1e� 1=h(P0 � � (h))wk2 = O(h1 ):
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Figure 11. We illustrate Theorem 8 by computing the Bloch eigenval-
ues for toV(x) = sin 2 �x using 210 + 1 Fourier modes (S0 = 2=� , ! = �
and A = log 2 in this case.

On [a0; b0],

e� 1 (x)=h = e' (x)=h max (C; ' (x)=h)� C ;

and hence,

kh@x (e'=h w)kL 2 ([a0 ;b0 ]) + ke'=h wkL 2 ([a0 ;b0 ]) = O(h1 ):

Using the Sobolev embedding theorem as at the end of Step 1 in the proof of Propo-
sition 6.4, gives (6.40). �

6.3. The periodic case. We now assume thatV 2 C1 (R; R) satis�es (6.6) and
consider

P(h) := � h2@2
x + V(x) : H 2(R) ! L2(R): (6.44)

Following the discussion in§6.1, our goal is to describe the �rst band of the spectrum
of P(h), E0(k; h), as h ! 0. We denote byPk(h) the operator P(h) acting on H k

given in (5.9) (with � = Z and n = 1, and the domain given byH 2
loc(R) \ H k). Then

E0(k; h) is the �rst eigenvalue ofPk(h), with other eigenvalues denotedE j (k; h), j � 1.
The main result is
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Figure 12. An illustration of the �rst part of (6.47) for the potential
used in Figure 11. The convergence is convincing but smaller values of
h would be needed to get toS0!

Theorem 8. Under the assumptions(6.6) and in the notation above we have, for any
" > 0, E1(k; h) � 3(! � " )h; and

E0(k; h) = � (h) � t(h) cosk + O" (e� (2S0 � " )=h);

t(h) = 4
p

h!=�e A e� S0=h(1 + O(h));

� (h) � !h + � 2h2 + � � � ; ! :=
q

1
2V 00(0);

(6.45)

where

S0 =
Z 1

0
V(x)

1
2 dx; A = lim

" ! 0

1
2

� Z 1� "

"
!V (x)� 1

2 dx + log V(")
�

: (6.46)

A numerical illustration of the theorem is given in Figure 11. It is a special case of a
result of Outassourt [Ou87] )(see also [He88,§6.2]) which we will review in§6.4. The
following corollary was proved earlier by Barry Simon (see [He88, Corollary 6.2.7] and
[Si84]):

Corollary 6.6. Under the assumptions of Theorem 8, consider the bands of the spec-
trum:

I m (h) := f Em (k; h) : k 2 R=2� Zg:

Then
� lim

h! 0
h logjI 0(h)j = S0;

lim
h! 0

h� 1(min I 1(h) � maxI 0(h)) = 2 !:
(6.47)

Proof. The �rst equality in (6.47) follows immediately from (6.45). For the second
equality, we recall from Theorem 8 thatE1(k; h) > 3(! � " )h for any �xed " > 0.

Hence, it is enough to construct an approximate eigenfunction ofP0(h) (that is, for
k = 0, as any k would do), corresponding to 3!h + o(h). For that, we use the second
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eigenfunction of the harmonic oscillator (see§3.2) and proceed as in (6.7):

u(x) = c(h)h� 3=4
X

`2 Z

(x � `)e� ! (x � ` )2=2h; u 2 H 0 = L2(R=Z)

wherec(h) � 1 is a normalizing constant chosen so that thatkukL 2 (R=Z) = 1. We have
P0(h)u = 3!hu + OL 2 (h3=2). Therefore E1(0; h) � 3!h + O(h3=2). �

An outline of the proof of Theorem 8 was given in§6.1 after (6.6) and we will follow
it, providing technical details leading to the precise calculation oft(h). That occupies
the rest of this section.

For 0 < � � 1 we de�neP � (h) as the Dirichlet realisation ofP(h) = ( hDx )2 + V on
[� 1 + �; 1 � � ]. This is an operator of the form described in§6.2.2.

Let � � (h) be the �rst eigenvalue of the operatorP � (h):

(P � (h) � � � (h))u(h) = 0 on I � := [ � 1 + �; 1 � � ],

ku(h)kL 2 (I � ) = 1; u(h)j@I� = 0:
(6.48)

If � 2 C1
c (( � 1+2�; 1� 2� ); [0; 1]) is equal to 1 in (� 1+3�; 1� 3� ) we put (dropping

the dependence onh in the notation):

 := �u =) P(h) = � � (h) + r; r := [ P(h); � ]u: (6.49)

We use to construct an approximate eigenfunction ofPk(h):

 k(x) :=
X

j 2 Z

e� ikj  (x � j ): (6.50)

Since

 k(x � `) =
X

j 2 Z

e� ikj  (x � ` � j ) = ei`k
X

j 2 Z

e� ik (j + `)  (x � (j + `))

= ei`k  k(x);

we see that k 2 H k \ C1 (R). Also, in the notation of (6.49),

Pk(h) k = � � (h) k + r k ; r k :=
X

j 2 Z

e� ikj r (� � j ): (6.51)

To streamline the notation we modify (6.29) to

u(x) = eO� (e� S0=h) ()

8 "; k; �; 9 C; j@k
x u(x)j � Ce� (S0+ "+ 
 (� )) =h; lim

� ! 0

 (� ) = 0 :

(6.52)

From (6.32) we then see that we have pointwise estimates

@j
x r k(x) = eO� (e� S0=h); S0 :=

Z 1

0

p
V(x)dx: (6.53)
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We now show thatE0(k; h) is an isolated eigenvalue ofPk , uniformly in k and h:

Proposition 6.7. Let Pk(h) be the Floquet operator de�ned after(6.44). Then for
any � < 3(1

2V 00(0))
1
2 and h small enough,

Spec(Pk(h)) \ [0; �h ] = f E0(k; h)g; E0(k; h) = � � (h) + eO� (e� S0=h); (6.54)

where� � (h) was de�ned in (6.48) and we used the notation(6.52).

Proof. In view of (6.51) and (6.53) we already know that

d(Spec(Pk(h)); � � (h)) = eO� (e� S0=h);

and it remains to show that� � (h)+ eO� (e� S0=h) is the only eigenvalue ofPk(h) in [0; �h ].

For that, we recall Theorem 5 and consider

((hDx � hk)2 + V(x))wk(h) = Ek(h)wk(h);

wk(x + 1) = wk(x); 0 � Ek(h) � �h:

As explained in §5.4, uk(h; x) = eixk wk(h; x) is then an eigenfunction ofPk(h) with
eigenvalueE(h). In particular estimates onwk(h) will translate to estimates on eigen-
functions of Pk(h). An adaptation of the proof of Proposition 6.1 gives, for any Lips-
chitz function on R=Z, �,

Rehe� =h((( hDx � hk)2 + V(x) � Ek(h))wk ; e� =hwk i L 2 (R=Z) =

k(hDx � k)(e� =hwk)kL 2 (R=Z) + h(V � Ek(h) � jr � j2)e� =hwk ; e� =hwk i L 2 (R=Z) :

Arguing as in Step 1 of the proof of Proposition 6.4 we see that (6.32) holds for
wk(x) for x 2 K b (� 1; 1). Consequently it remains true for the eigenfunctions of
Pk(h). SupposeE j

k(h), 1 � j � J , are the eigenvalues ofPk(h) in [0; �h ] and uj
k(h)

the corresponding eigenfunctions lying inH k \ C1 (R). The estimate (6.32) shows
�u j

k(h)=k�u j
kkL 2 (I � ) (with the same � as in (6.49)) satisfy the assumptions of Lemma

6.5 with A = P � (h) (see (6.48)) and" = eO� (e� S0=h). But then the fact that P � (h) has
only one eigenvalue in [0; �h ] (see Proposition 6.4) shows thatJ = 1. �

Let uk 2 H k be the normalised eigenfunction ofPk(h) corresponding to the eigen-
value E0(k; h) in (6.54). We then consider the orthogonal projection

� kw := hw; uk i uk :

In view of (6.54), Spec(Pk(h)) n f E0(k; h)g is bounded from below by 2!h (for h small
enough) and hence

Pk(h)(I � � k) � 2!h: (6.55)

For  k de�ned in (6.44) we have (with norms and products onH k),

hPk(h)(I � � k) k ; (I � � k) k i = h(I � � k)Pk(h) k ;  k i

= � � (h)k(I � � k) kk2 + hr k ; (I � � k) k i :
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Combined with (6.55), this implies that

(2!h � � � (h))k(I � � k) kk � k r kk:

Since 2!h � � � (h) = !h + O(h2), (6.53) shows that

k(I � � k) kk = eO� (e� S0=h); S0 =
Z 1

0

p
V(y)dy:

Hence

k� k  kk2 = k kk2 � k (I � � k) kk2 = k kk2 � eO� (e� 2S0=h):

From that we obtain the following relation between� � (h) and E0(k; h):

E0(k; h)k kk2 = hPk(h)� k  k ; � k  k i + eO� (e� 2S0=h)

= h� kPk(h) k ; � k  k i + eO� (e� 2S0=h)

= � � (h)k kk2 + hr k ; � k  k i + eO� (e� 2S0=h)

= � � (h)k kk2 + hr k ;  k i + O(kr kkk(1 � � k) kk) + eO� (e� 2S0=h))

= � � (h)k kk2 + hr k ;  k i + eO� (e� 2S0=h):

Since (6.8) shows thathr k ;  k i = eO� (e� S0=h) and that k kk2 = 1 + eO� (e� S0=h) we
conclude that

E0(k; h) = � � (h) + hr k ;  k i + eO� (e� 2S0=h):

To compute the right hand side we recall from (6.42) and (6.50) that

hr k ;  k i =
X

j;`

eik (j � ` )
Z 1

0
r (x � `) (x � j )dx:

Now,

suppr (� � `) \ supp (� � j ) \ [0; 1] 6= ; =)

8
<

:

j = 0; ` = 0;
j = 0; ` = 1;
j = 1; ` = 0:
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Decay of shows that j = ` = 0 contribute eO� (e� 2S0=h) and hence modulo (� ) that
error term (and with u given in (6.48) and used on the de�nition of , (6.49))

hr k ;  k i � 2 cosk
Z 1

0
r (x) (x � 1)dx

= � 2h2 cosk
Z 1

0

Z 1

0
(� 00u(x) + 2 � 0u0(x)) � (x � 1)u(x � 1)dx

= 2h2 cosk
Z 1

0
� 0(x)� (x � 1)(u(x)u0(x � 1) � u(x)0u(x � 1))dx

+ 2h2 cosk
Z

� 0(x)u(x)� 0(x � 1)u(x � 1)dx

� 2h2 cosk(u( 1
2)u0(� 1

2) � u(� 1
2)u0( 1

2)) :

We now calculate the Wronskian using Proposition 6.3 and Theorem 7: forjxj � 1� � ,

u(x) = c(h)h� 1
4 e� ' (x)=he� ' 1 (x)(1 + O(h));

u0(x) = � c(h)h� 5
4 (' 0(x) + O(h))e� ' (x)=he� ' 1 (x) :

(6.56)

We have

' ( 1
2) =

Z 1
2

0

p
V(x)dx; ' (� 1

2) =
Z 0

� 1
2

p
V(x)dx =

Z 1

1
2

p
V(x)dx;

so that ' ( 1
2) + ' (� 1

2) = S0, whereS0 is given in (6.53).

Finally, using (6.23),

' 1( 1
2) = 1

2

Z 1
2

0

�
(V(x)

1
2 )0=V(x)

1
2 � !=V (x)

1
2

�
dx

= lim
" ! 0

1
2

Z 1
2

"
( 1

2 logV(x))0 � !=V (x)
1
2 )dx

= � lim
" ! 0

1
2

 Z 1
2

"
!V (x)� 1

2 dx + 1
2 logV(")

!

+ 1
4 logV( 1

2):

From a similar formula for ' 1(� 1
2) we obtain

� ' 1( 1
2) � ' 1(� 1

2) = lim
" ! 0

1
2

� Z 1� "

"
!V (x)� 1

2 dx + log V(")
�

� 1
2 logV( 1

2):
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These calculations and (6.28) inserted into (6.56) give

u( 1
2)u0(� 1

2) � u(� 1
2)u0( 1

2)

= � c(h)2h� 3
2 (' 0(� 1

2) � ' 0( 1
2) + O(h))e� ( ' ( 1

2 )+ ' (� 1
2 )) =he� ' 1 ( 1

2 )� ' 1 (� 1
2 )

= 2h� 3
2 (!=� )

1
2 V( 1

2)
1
2 e� S0=heA� 1

2 log V ( 1
2 )(1 + O(h))

= 2h� 3
2 (!=� )

1
2 eA e� S0=h(1 + O(h));

whereA and S0 are given by (6.46).

6.4. Higher dimensional examples. In this section, we will indicate, with pointers
to the literature, how the semiclassical approach to the tight binding approximation
works in higher dimensions. We will concentrate on two dimensions and provide nu-
merical illustrations.

Hence, we consider periodic potentials inR2, V 2 C1 (R2=Z2) and operators

P(x; D x ) := � h2� + V(x); x = ( x1; x2) 2 R2: (6.57)

In this mathematical formulation, the tight binding model corresponds to describing

R2=2� Z2 3 k 7! E j (k; h) 2 Spec(Pk); (6.58)

as h ! 0, in terms of states localised in a fundamental domain due to the presence
of one more potential wells. The basic idea is the same in dimension one described
in §6.1. For more general cases, we refer again to the physics texts [JoKa19,§2.5] or
[Ka03, §4.1].

The operatorPk in (6.58) is the operator corresponding toP and acting onH k , with
the domain given byH k \ H 2

loc(R
2) { see §5.4. It is unitarily equivalent to

ePk = ( hDx1 � hk1)2 + ( hDx1 � hk1)2 + V(x); D( ePk) = H 2(R2=Z2);

that is, to an operator acting on periodic functions.

The analogue of the assumption (6.6) is now

V(0) = 0 ; r V(0) = 0 ; V jR2nZ2 > 0;

V 00(0) :=
�

@2
x1

V(0) @2
x1x2

V(0)
@2

x1x2
V(0) @2

x2
V(0)

�
is positive de�nite:

(6.59)

The simplest higher dimensional case is given by considering

V(x) = V1(x1) + V2(x2); Vj , j = 1; 2, satisfy (6.6). (6.60)

In that case, we have
E0(k; h) = E 1

0(k1; h) + E 2
0(k2; h);

whereE j
0(k; h) are the ground states of one dimensional operators

P j
k = � h2@2

j + Vj (y) : H 2(R2=Z2) ! L2(R2=Z2):



84 ZHONGKAI TAO AND MACIEJ ZWORSKI

Figure 13. A numerical illustration of (6.65). For an animated version
seehttps://math.berkeley.edu/ ~zworski/Bloch_movie.mp4 .
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