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4 ZHONGKAI TAO AND MACIEJ ZWORSKI

1. INTRODUCTION

This are the notes taken by Zhongkai Tao from the topics course taught by Maciej
Zworski in Fall 2022 at Berkeley, on mathematics of condensed matter physics.

We will cover the following topics:

e Magnetic Hamiltonian of the free electron; Landau levels, derivation of de Haas—
van Alphen oscillations in that case.

e Spectral theory of periodic structures; band theory.
e Berry phase, curvature and Chern numbers.

e 2D crystals in magnetic fields and the Peierls substitution; semiclassical study
of the de Haas—van Alphen effect.

e Semiclassical derivation of the tight binding model.

e Introduction to many-body interactions and the language (if nothing more) of
second quantization.

2. PRELIMINARIES

We discuss some preliminaries which will be useful later. A brief account of geometric
preliminaries can be found at https://math.berkeley.edu/~zworski/symple.pdf.
For tempered distributions (*”) and Fourier transform an in depth presentation is
provided in [Ho03, Chapter 7] (see also [Zw12, Chapter 3] for a more light-hearted
treatment). References for pseudodifferential calculus (going beyond what is needed
here) are [DS99] and [Zwl12, Chapter 4]. For unbounded operators, a detailed ac-
count can be found in [Sch12] and for brief reviews see [DS99, Chapter 2] and [Zw12,
Appendix C.2].

2.1. Symplectic geometry. A symplectic manifold is a smooth manifold M with a
non-degenerate closed 2-form o on M, called the symplectic form. On a cotangent
bundle T* M, there is a canonical symplectic structure given by

o= d&Ndz; =d()_ & Aday).

In the case of M = R"™, we can think of ¢ as a non-degenerate quadratic form on
R™ x R™:
o(X,Z, X" 2 =(EX") - (X,Z). (2.1)


https://math.berkeley.edu/~ztao/
https://math.berkeley.edu/~zworski/
https://math.berkeley.edu/~zworski/
https://math.berkeley.edu/~zworski/symple.pdf
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Given a smooth real-valued function p : T*M — R, we may define the Hamiltonian
vector field H, by

In local coordinates, it is given by

= - 2 2.2
afj al'j alll'j 8@ ( )

The flow ¢, = exptH, under the Hamﬂtoman vector field is called the Hamilton-
tan flow. It is straightforward to verify that ¢, preserves the symplectic form and
the function p. In particular, it preserves the volume form d Vol = ¢™/n! (Liouville
theorem).

Example 1. Let p(z,§) = 362 4+ V(z) : R” x R — R, then the Hamiltonian flow is
given by

That is, & = —VV (z). We think of V(z) as a potential and F(z) = —VV () as the
force, then this is Newton’s law of motion.

Example 2. Suppose there is a charged particle in an electromagnetic field. By
Maxwell equation

V-B= 6, V x E=0.

So there is a potential V() and a vector potential A(x) such that
E=-VV(z), B=V x A(z).

The force on the particle is then given by

F=—VV(z)+ix B.
Now we have an equivalent Hamiltonian formulation. Let

1
p(z,€) =3 D (&= Aj() + Vi),
J

The Hamiltonian flow is given by

=& — 4 Za Ai(@) (& — A(@)) — 0;V (2).
That is,
Zak D)iy + & =Y (0;Ar(z) — OpA;(2))7y — O}V (z) = (i x B—VV);.

k
The quantlzatlon of this Hamiltonian in the case of a constant magnetic field is the
Landau Hamiltonian which we will study in §3.
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A classical observable is a function a on T*R". Under the Hamiltonian flow ¢, =
exptH,, the evolution of the observable is given by yja(z,§&) = a(pi(z,§)). In other
words,

d * * *
a%a =y Hpa = o, {p,a}. (2.3)

2.2. Analysis on R". The space of Schwartz functions is defined as
S (R™) = {u € C°(R") : 2*0Pu € L™ Vo, € N"}.

The seminorms |[ullo5 = ||2%0%ul| L~ give . a structure of Fréchet spaces. The space
of Schwartz/tempered distributions is the dual of ., or equivalently,

S'(R") ={u: —C:3N €N,Cy >0, such that [u(p)| < Cx Y [l¢]las Ve € 7.

oel,| BISN

We note that LP(R") C .’/(R"), with the definition

The main advantage of distributions, and in particular of tempered distributions, is
the fact that the derivative is always defined using formal differentiation by parts:

(On,u)(@) == —u(0p; ), ue€ L' (R"), peLR"). (2.4)

The Fourier transform of a Schwartz function u € . is defined by

Fu(§) =u(f) = / u(z)e ™ Sdr

n

and F : ¥ — % gives an automorphism of the Schwartz space. The inverse Fourier
transform is given by

1
(2m)"

Flu(x) = a(x) = /R u(§)e™ e de. (2.5)

We recall the basic properties of Fourier transform without proof.

Proposition 2.1. The Fourier transform F : . — ./ extend to a continuous linear
isomorphism F : . — ', with the following properties.

e (Plancherel theorem) Up to a normalization constant, F is an isometry on
1Fullzz = (2m)" |ullZ--

® .7:3% :ij./—", .F.Q?j :Za£]F
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Using Fourier transform, we can define the Weyl quantization for a € .%(R?") by

Op”(a)u(z) = a*(z, D)u(x) = L /ei(z_y)'fa (.75 + y,f) u(y)dydé, uwe S (RY).

(2m)n 2
(2.6)
For u € . you can check that a*(x, D)u € . as well.
Here
10
= 1 817]' ‘

This definition can be extended to a more general class of symbols such that Op*(z;)
is multiplication by z; and Op“(§;) = D,,. In this class we will only need the case
when a € . or when a(z,§) is a polynomial in .

Example 3. The quantization of Landau’s Hamiltonian is given by
1
P=3 > (Da, — Aj(2))* + V(2).

J

This is called the magnetic Schrodinger operator.

2.3. Unbounded operators. The quantization of a classical observable is ususally
an unbounded operator on a Hilbert space. We recall some results for unbounded
operators.

Definition 2.2. Let Hy, Hy be Banach spaces. An unbounded operator P : Hy — Ho
means a linear subspace D(P) C Hy along with a linear map P : D(P) — Hy. P is
called densely defined if D(P) is dense in Hy.

Definition 2.3. The graph of an unbounded operator P : Hy — Hs is
G(P) ={(z,Px):x € D(P)} C Hy x H,.

P is closed if the graph is closed. P is closeable if G(P) is the graph of an operator P,
called the closure of P. We say P C Q if G(P) C G(Q).

We will say a densely defined operator P : H — H on a Hilbert space H to be
formally self-adjoint or symmetric if

(Pu,v) = (u, Pv), u,v € D(P).

Given a densely defined operator P : H; — Hj, between Hilbert spaces, the adjoint P*
is defined as

D(P*) ={u € Hy: 3C = C(u), such that |(u, Pv)y,| < C||v||n,,Yv € D(P)}
and P* : D(P*) — H, satisfying
(P*u,v) = (u, Pv), wu€ D(P*),v e D(P).
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The adjoint is well-defined by Riesz representation theorem. We recall some facts of
the adjoint operator without proof

Proposition 2.4. The operator P* is closed. Also, if P* is densely defined, then P is
closeable and P = P**.

Now we can define self-adjoint operators.

Definition 2.5. Let P : H — H be a symmetric operator on a Hilbert space H. We
say P is self-adjoint if P = P*. P is called essentially self-adjoint if P is self-adjoint,
that is P = P*.

Example 4. One way to obtain self-adjoint extensions of symmetric semibounded
operators is via Friedrich’s extension: suppose that P is a densely defined operator
with a domain Dy(P) and that

co = inf Pu,u) > —o0.
R

Then there exists a self-adjoint extension of P with domain D(P) such that
(Pu,u) > col|ul|®, u € D(P).
For the proof see for instance [Ho88, Theorem 3.2.10].

Example 5. Suppose A;(z) are linear, V() = 0. Then Landau’s Hamiltonian
1
5 2 (Dsy = 4;(@))”,
J

defined with the domain given by .#(R") is an essentially self-adjoint operator. This
follows from a more general case of operator of the form

1 1 1 1
P= §(Am, x) + §<Bm, D,)+ §<Dx, Bzx) + §(CDw, D.)

where A = AT, C = O7 are two symmetric matrices. Let
1 1
p(a.€) = H{Av.a) + (Ba.&) + L(CES)
be the symbol of P in the sense that for u € .7,
Pu = p*(x, D)u.

Let N, be the operator P with domain D(N,) = .(R") and M, be the operator P
with domain

D(M,) = {u € L*(R") : Pu € L*(R")}.
The proof of the following properties can be found in [Zw12, Appendix C.2]

e M, is closed;
o Np = M,;
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o Ny =My = M.
Those properties imply that if p is real-valued, then M, is a self-adjoint operator and

N, is essentially self-adjoint.

The importance of self-adjointness is due to the following spectral theorem.

Theorem 1. Let P : H — H be a self-adjoint operator on a Hilbert space. Then there
exists a measure space (X, M, ), a measuable function f : X — R and a unitary
operator U : H — L*(X, u) such that

o v € D(P) if and only if f-Ux € L*(X, u);
o U(Px)= f-Ux for any x € D(P).

Remark 1. The spectrum of an arbitrary operator P is defined as
Spec(P) = {z € C: P — z is not invertible }.
In the case of self-adjoint operators, we can apply Theorem 1 so that it is gwen by
f(X). In particular in that case the spectrum is real.
Using spectral theorem, we can define the unitary evolution by
Ut)y=e " H— H, Ut)=U"MupupU, e eL®X,p).
One then checks (again using the spectral theorem) that for u € D(P),
(Ut +h)—Ut)u/h+iPU(t)u|l|g — 0, h— 0.
(Convert P to multiplication by f and use dominated convergence theorem based on
fue L?)
A quantum observable is a linear operator A : H — H, the evolution of a quantum
system is described by (Heisenberg picture)
A(t) =U(t)*AU(t).
In other words,

d .
ZA(t) =[P AW, (2.7)

Comparing the quantum evolution (2.7) with the classical evolution (2.3), we obtain
a similarity between them. The Poisson bracket corresponds to the commutator after
quantization. This is explained in the following example.

Example 6. We have {&,z;} = 6;, and [, 2¥] = [D,,, x;] = 105
The ideal generalization of this would be

[P, q"] = —i{p,a}",
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for the quantization (2.6) or another form of quantization. However the Groenewold—Van
Hove theorem showed that it is impossible. However, it remains true up to “lower order
terms” — see Proposition 2.7.

2.4. Properties of pseudodifferential operators. The Weyl quantization has many
good properties.

Proposition 2.6. e Formally, (a™)* = (@)¥. In particular, if a is real, then a®
1s formally self-adjoint.
e (Calderon—Vaillancourt theorem [Zw12, Theorem 4.23]) If 0f.a € L*, then
a“(x,D) : L? — L? is bounded.
e (Beals theorem [Zw12, Theorem 8.3]) If A : L* — L? is bounded and ad,, ade, - - - A :
L? — L? is also bounded, then there exists a : R*" — C with 05 .a € L™ such
that A = a*(x, D).

The first property is straightforward calculation. The next two are deeper. We will
not prove those properties here but just indicate the L? boundedness is easy if we
assume a € .. In fact, when a € ., we write

@ (z, Du(n) = (Qi)n /] a(”“"‘;y,ﬁ) eIy (e dyde do.

We write the phase as follows

<Ji—y7£> - <I77]> = _2<mT+y777_§> - <ya 25—77>

We then put
a1(¢, ) == /a(z,f)e_iz'cdz.
Hence,
— on A A
(e D)ulo) = oo [ (20— 26, €026 — )
- G 1= B9 = (Kl

Because of Parseval’s identity (||ul/z2 = (27)~"/2||4||z2) it is enough to prove

| K2 < Clv| L. (2.8)
We now recall Schur’s criterion for boundedness on L?: if
Kolo) = [ Kn.0v(Od

and

/ K (0, O)ldn < C. / K(n,OldC < C, (2.9)


https://en.wikipedia.org/wiki/Canonical_quantization#Groenewold.27s_theorem
https://en.wikipedia.org/wiki/Canonical_quantization#Groenewold.27s_theorem
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then (2.8) holds with the same C. In fact, using Cauchy—Schwarz inequality we see

that
ol = [ \ [ 56000 < / ( / |K<n,<>rd<) ( L <>Hv<<>\2d<) dn

< (s [ 1.0 (suw [160.0lan) ([ 1t0)Pac) < €2l

(2.10)

which proves (2.8).
In our specific case
and (2.9) holds as a € . so that a; € . as well.
We note that we can use a weaker condition:
|a1(C, O < L+ )™, >0,
as that also implies (2.9).

The composition properties for quantizations are also interesting. We recall the
following result without proof. In principle, it could be shown without general theory
since it involves only differential operators.

Proposition 2.7. Suppose a; = _, <., @j.a(@)E%, j =1,2. Then af o a3 = ay’ with

k
s ~ Z Ll ( DﬂU?DﬁvDvan)) ar(z,§)as(y,n)|e=y.c=n; (2.11)
where o is the symplectic form given in (2.1). In particular,
1
[allv(‘% D)? ag’(x, D)] - g{ala a2}w($a D) + Tw(*T? D):

where & — r(x,§) is a polynomial of degree less than the degree of {ay,as} (which is
less than or equal to my +mg —1.)

We refer to [Zw12, Theorem 4.12] for the proof and the sense in which the asymptotic
expansion (2.11) is valid.

2.5. Trace class operators. In this section we recall basic properties of trace class
operators.

Let H be a Hilbert space and A : H — H be a compact operator. Then Spec(A) =
{\;} is discrete and can be ordered as
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If A is self-adjoint, then A;’s are real. Moreover, there exists an orthonormal basis {e; }
consisting of eigenvectors of A, such that

Au = Z Aj(u, e;)e;.
J

In the non-self-adjoint case, there is a similar form using singular value decomposition

(SVD).

Proposition 2.8. Let Hy, Hy be Hilbert spaces and A : Hy — Hy be a compact opera-
tor. Then there exists

Sp >85> >5; =0, (2.13)
and orthonormal sets {e;} C Hy, {f;} C Hs, such that

Au = Zsj(u,ej>fj.

In fact {s;} \ {0} = Spec((A*A)"/%) \ {0} = Spec((AA*)"/?)\ {0}.

Proof. Observe that A*A : Hy — H, is a non-negative self-adjoint operator. Let {e;}
be the eigenvectors corresponding to the eigenvalues s? = )\j(A*A). Let

£ = sj_lAej, s; # 0
J O, Sj = 0.

Then it is direct to check f;’s are orthonormal and
Au = Zsj(u, ei) fj-
J
O

The set {s;} are called singular values of A. We list some properties without proof.

e 5,(A) =min{||A — K||g,—m, : rtank K < n}.
o sivi(A+ B) < 5,(4) + 54(B).
o 5;1,(AB) < s;(A)si(B). In particular, si(AB) < || A||sk(B).

Here is an example of how to use those inequalities.

Example 7. Let s > 0 and A : L*(T") — H*(T") C L*(T") be a bounded operator,
then s;(A) < Cj~/™. This is because

5;(A) = 5;((—A +1)"/2(=A +1)*/?A)
< (=A + )72 A g es; (A +1)777)
< Cj—s/n'
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The claim s;((—A + 1)7%/2) < Cj=*/" is proved by lattice point counting:
#{s; 1 |sjl 21} S#{m €2 (m* + 1) =0} <o
Now we can give the definition of trace class operators.

Definition 2.9. Let H be a Hilbert space, the family of trace class operators is
Li(H)={A:H — H: A is compact and Zsj(A) < 00}

J

The norm for L1(H) is defined as
1A = s;(A).

J
It makes L£1(H) a Banach space with a continuous functional called trace:
tr(A) =) (Aej,e;)
J

where e; is any orthonormal basis.

The trace norm can also be written as
1A =) (1 Alej. e5)
J
where |A| = (A*A)Y/? and {e;} is any orthonormal basis. This is because for two
orthonormal bases {e;} and {f;} we have

> (Alesie5) = Y (Al fus ferdless fid(ess fiod = D (1Al frs ). (2.14)

j Jek! k
If Ae £1(H), then A = U|A| for some unitary operator U. Thus
> HAej el = [(UIAles, e < D IAMelll[[A]V2U7¢|
J J J

1/2
< <Z<|A|€jaea‘> Z<|A|U*ekaU*ek>> =2 s =4l

j k J

So the trace is well defined and bounded by the trace norm. For the same reason as
(2.14), the definition of trace does not depend on the choice of orthonormal bases.

We recall some properties of trace class operators without proof.

o (Lidskii’s theorem) If A € L£(H) has eigenvalues \; ordered as (2.12), then
tI‘(A) = Zj )‘j'
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o (Weyl inequalities) Let A € £1(H) with eigenvalues \; and singular values s;
ordered as in (2.12) and (2.13), then

J J
o If A: L*(R") — L*(R") is in £;(L*(R")), with integration kernel K 4(x,y),
then Ka(z,z) € L'(R") and
tr(A) = | Ka(z,z)dx.

This is easily verified by Ka(z,y) =Y s;(A4)f;(x)e;(y).

We remark that the trace class condition is much stronger than the condition that
K4(z,x) can be integrated. For example, for any a # 1, Au(z) = u(ax) gives a
bounded operator with K4(x,y) = 6(y — ax). Then Ku(z,z) = 06((1 —a)z) = |1 —
a|~'§(x) and

/KA(x,x)dx =11—a|l™"

But A is far from being in the trace class.
2.6. Grushin problems. In this section we review Schur’s complement formula and

its application to spectral theory. Schur’s complement formula is a direct lemma in
linear algebra:

Lemma 2.10. Suppose

-1
P R\ (E B\
<R+ R+_> = (E_ E_+) : X1 X X_ — X2 X X+ (215)

are bounded operators on Banach spaces, then P is invertible if and only if E_y is
wnvertible. Moreover, in such case we have

P'=F-E,E.E., E,=R,_ —R,P'R_. (2.16)
Proof. The proof is direct. If F_, is invertible, then from
PE+R E =1, PE.+R_ FE . =0,
we get PE — PE+E:JIFE_ = [. Similarly, since
EP+E,R, =1, EP+FE R, =0,

we get EP — E,E_.E P = I. We conclude that P is invertible and P~! = E —
E+E:iE_. The proof for the other direction is similar. U
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If R, =0, we have the following observation.
Proposition 2.11. If R, = 0in (2.15), then R, and E_ are surjective, and R_ and
E. are injective.
Proof. This is because we have

R.E.,=1, E.R =1

O
We will call the R, = 0 case a Grushin problem, that is
~1
P R_ F FE
(R+ 0 ) = (E_ E_++) Xy x X_ = Xo x X, (2.17)

Perturbation of Grushin problems are stable due to the Neumann series argument.
Proposition 2.12. Suppose (2.17) is true, and suppose A : X1 — X5 satisfies
IEAl X —x0, [[AE ] xox, < 1,

P+A R
(e )

F F,
F. F,

then the Grushin problem

15 still well-posed with inverse

where
Fi=E_+) (-)'E_A(EA)"'E,.
k=1
Proof. Let
P R_
_ o1 _
P=et=(n o)
then
A0
puep(iee ()
and
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O

We will usually study the Grushin problem for Fredholm operators. For more details,
see [DyZw2, Appendix CJ.

Definition 2.13. A bounded linear operator P : X1 — X, between two Banach spaces
15 called a Fredholm operator if the kernel and cokernel of P are both finite dimensional.
The index of a Fredholm operator is defined as

indP = dim kerP — dim cokerP.

Proposition 2.14. (i) Suppose P : X1 — X, is a Fredholm operator. Then there
exists finite dimensional spaces X1 and operators R_ : X_ — Xy and Ry : X; — X
such that the Grushin problem (2.17) is well-posed. In particular, the image of P is
closed.

(ii) Suppose the Grushin problem (2.17) is well-posed, then P is a Fredholm operator

if and only of E_, 1s a Fredholm operator, and

indP =indF_,.

Proof. (i) Let ny = dim kerP and n_ = dim cokerP. Let X, = C"+. Suppose kerP is
spanned by z1,- -, z,,, by Hahn-Banach theorem there exists 27 : X; — R such that
2} (7;) = 0i5. We then define

R, : Xy —=C", o (zi(x), 2 (x)).

» P ng

On the other hand, choose a representative yi,--- ,y,_ of coker P and define

R_:(Cni_>X27 (a’h'.'aan—)'_)zajyj'
j=1
P R_
R, 0
P R_ U _o,
R, O U_

then since the intersection of the range of P and R_ is zero, we have Pu= R_u_ =0,
so u_ =0 and u € kerP. By Ryu = 0 we conclude v = 0. We conclude injectiveness.
On the other hand, (R, R_) : X1 xX_ — X, is surjective by definition. Since modifying
u € ker P does not affect value of Pu, we conclude the whole matix is also surjective.

We claim the operator

is bijective. First, if

Finally, PX; can be viewed as the image of the closed subspace (X;,0) under the
invertible map (P, Ry) (modkerP). So the image of P is closed.
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(ii) Take u_ = 0, we observe that
Pu=v <— wu=FEv+F, v, 0=F v+ FE ,v,. (2.18)
So E_: PX; — F_. X, and induces
E* . X,/PX, —» X_|E_.X,.

By Proposition 2.11, E_ is surjective, so E? is surjective. On the other hand, F_v €
E_. X, will give us v € PX; by (2.18), so E* is also injective. We conclude

dim coker P = dim cokerF_ .

Now we look at
E. :kerE_, — kerP.

It is injective by Proposition 2.11. Moreover, if u € kerP, then by (2.18) we get
vy € kerEF_ such that FLv, = u, so F; is also surjective. We conclude

dim kerP = dim kerE_ .
This finishes the proof of (ii). O

Corollary 2.15. e The family of Fredholm operators is open and the index map
15 locally constant, that is

ind : mo(Fred(H4, Ha)) — Z.

e If K is a compact operator, then ind (I + K) = 0.
o A Fredholm operator has closed image.

2.7. Vector bundles. Let E, X be topological spaces, 7 : E — X is called a (com-
plex) vector bundle of rank r if for any x € X, 771(x) is a (complex) vector space of
dimension r, and there exists a covering {U;} of X such that we have an isomorphism
which is linear on each fiber

7T71<Ui) i> UZ x C"

s
pry

Ui

A vector bundle of rank 1 is called a line bundle. We will only consider complex vector
bundles.
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Let E, F' be two vector bundles over X. A vector bundle morphism f : E — F'is a
continuous map preserving each fiber and linear on each fiber:

E-—1,F

1/

A bijective morphism is called an isomorphism. Let g : Y — X be a continuous map
between topological spaces, m : E — X be a vector bundle on X, then the pullback
bundle 7y«g : g*E — Y is defined as

gE={(y,p):yeY,pe E,n(p) =9}, 7grly,p) =y

If Y — X is an inclusion, then pullback bundle can be thought of as the restriction of
the bundle E to Y and we denote it by Ely.

A vector bundle isomorphic to X x C" is called a trivial bundle. In general, a vector
bundle can be nontrivial, and we are interested in criteria guaranteeing triviality. One
is provided by the following proposition from Bott—Tu [BoTu82, Section 6].

Proposition 2.16. Let X be a compact Hausdorff space, and E — X x[0, 1] be a vector
bundle. Letpy : X x[0,1] — X be the projection to X andip: X = X x{0} — X x[0, 1]
be the inclusion, then E = pyigE. In particular, if igE is trivial, then E is trivial.

Proof. Let F' = ijE. It suffices to construct an isomorphism between E and pjF.
We call the variable t € [0, 1], then at t = 0, E|;—o = F' by definition. We can then
find a finite cover U; of X, such that over each U;, there exists ¢; > 0 such that the
isomorphism extends to U; x [0,¢;]. Using a partition of unity, we get a map E — piF
in a neighbourhood X x [0, ] for some ¢ > 0. By choosing & small, we may assume it
is an isomorphism since isomorphism is an open condition. By connectedness of [0, 1],
we can extend this isomorphic to the whole X x [0, 1]. O

Corollary 2.17. Any vector bundle over a compact contractible Hausdorff space is
trivial.

Proof. By definition, X is contractible if there exist (with * denoting a point space)
i:x—=>X,p: X —>xand H: X x[0,1] — X such that Hy = idy and H; =iop. By
Proposition 2.16, £ = HjE = H{E = p*t*E. So E is a trivial bundle. U

For paracompact spaces, this remains true but the proof becomes a bit more subtle.
We provide a direct proof for the case we will need.

Corollary 2.18. Any vector bundle over R™ is trivial.
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Proof. Let E be a vector bundle over R®. Then F is trivial over B(0,¢) for some
e > 0. Since B(0,R)\ B(0,¢) is homeomorphic to S"~* x [0,1], we conclude from
Proposition 2.16 that F is trivial over B(0, R) for any R > 0. Then it is easy to glue
those trivializations to get a global trivialization of E over R". 0

3. SPECTRA OF MAGNETIC SCHRODINGER OPERATORS

Let B > 0 be a constant and suppose we have a constant magnetic field B= (0,0, B).
Let the vector potential be A = (0, Bxy,0). We are interested in the spectrum of the
magnetic Schrodinger operator

Pg = D2 + (Dy, + Bxy)* + D2, (3.1)

with symbol pp = &2 + (& + Bxp)? + &2. We have proved in Example 5 that Pp is
self-adjoint with domain

D(Pp) = {u € L*(R®) : Pgu € L*(R*)}.

Before studying Pg, we first look at two simpler examples.

3.1. Spectrum of the Laplace operator. Let P = —A be the Laplace operator
on R", with domain D(P) = {u € L*(R") : Pu € L?} = H*(R"). Then we may use
Fourier transform to conjugate and explicitly diagonalize it. Let

u(€) = s [ wla)e i

then U : L?(R™) — L*(R™) is unitary, and
UPU* = [¢]*.
In particular, Spec(P) = [0, 00).
The propagation equation
(10 — P)u=0, ul=o = uo
can be explicitly solved by
a(g) = e Ml g,
We call A = [£]? the dispersion relation.

There is a similar operator Py = v/—A. We can also diagonalize it by UP,U* = [¢].
The dispersion relation for the corresponding half wave equation (i0; — Py)u = 0 will
then be A = [£].



20 ZHONGKAI TAO AND MACIEJ ZWORSKI

3.2. Spectrum of the harmonic oscillator. Let P, = —A + ijl wizd, w; > 0.

This is called the harmonic oscillator. For each j, we can do a change of variable
y; = /wjr; and get

2 2.2 2 | .2
Without loss of generality, we study the operator P = D? + x* on R. We define the
“annihilation operator” A = D, — ix and the “creation operator” A* = D, + ix. We
notice

e A*A=D?+2*-1=P—1;
e AA*=D?+2>+1=P+1;
o [A A =2.

Let vy = e */2, then it is easy to verify that Avy = 0, thus Pvy = vo. We notice
PA*vy = (A*A+ 1)A*vy = 3A% vy, so we will let v; = A*vy and we have Pv; = 3v;. In
general, let
vy = (A™)"vg

then

Pv, = (2n+ 1)v,.
So A* “creates” higher and higher excited states of P. Since v, are eigenvectors of P
with distinct eigenvalues, we have

(Un,vm) =0, n#m.
Unp, _ . e .
Let u, = ol = H,(z)e "/ it is easy to verify inductively that H,(z) are poly-
UnllL2
nomials of degree n, with nonvanishing leading coefficients. Moreover, H,(—z) =

(=1)"H,(x). Those polynomials H,(x) are called Hermite polynomials.

We now claim the sequence {u,} is an orthonormal basis of L*(R). It suffices to
prove span{u,} is dense. We prove by contradiction: suppose there is 0 # g € L?(R)
such that

0= /g(x)un(x)dac, Vn e N,
then we know

/g(x)x"er/de =0, VneN
By Taylor expansion of e~¢ we know
/ g(x)e ™ Ry =0, VEER.

This implies that g(x) = 0, a contradiction.

So if we define

U:L*R) — A(N), Uu(n)= /u(x)un(x)dx
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Then UPU*u(n) = (2n + 1)u(n). In particular,

Spec(P) ={2n+1:n € N}.

For P, = —A+ Y% w?2?, it follows that

Jj=1"3"3

Spec(P,) = {ij(an +1):n; € N} :

Jj=1

3.3. Spectrum of the magnetic Schrodinger operator. Now we come back to
the magnetic Schrodinger operator (3.1). We can first use

1

Uru(xq,&2,83) = %/U(Ila$27$3)€_i22§2_i$3£3d$2d£ﬂ3

and get
Uy PU; = D2 + (& + Bay)* + &5
Then it looks very much like the harmonic oscillator: we put
T = B_%yl — B, = Biay + B_%fza
so that
D2, + (& + Bx1)? = B(DZ + ;).
This motivates the introduction of the following unitary operator:
UQU(yb §2a 53) - B_1/4U(B_1/2?Jl - B_1§2a 527 53)7
for which we have
U2UPULU; = B(Dy, + 1) + &
We then use
Vs, €2,62) = [ o o, &Junun)d,
and let U = UsUyU;. Then
UPU u(n, &,8) = (B(2n + 1) + §)u(n, &, &)-
So we explicitly diagonalize (3.1) and conclude

Spec(Pg) = {B(2n+1) + & :n € N, &, & € R} = [B, ).
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3.4. A different gauge. We could also consider a two dimensional version of Pg:
Pg = D?, + (D,, + Ba))%. (3:2)
In that case
Spec(Pg) = {B(2n+1) : n € N}.

The eigenspaces have infinite multiplicity and are given by

/un(B%xl + B28) f(6)e™ede, : f € L?(R)}.
R

el

H, = {u(x) - B

It is interesting to compare this to the eigenfunctions in the symmetric gauge:
Pp = (D,, — B13/2)* + (D,, + Bx1/2)*.
In this case, let w = x1 + iz9, we have
Pp = —A+ 1 B?|z|* — iB(210s, — 220,,)
= —40,05 + 1 B*|w|* — B(wd,, — W)
= (=20, + 3Bw) (205 + 1Bw) + B

_ Buww

) and the other ground states can be

So one ground state is given by uy = exp(

written as ,
Blw|
u(w,w) = f(w)e™ 1

where f(w) is a holomorphic function such that

/ |F(w)[2e= "5 dm(w) < oo,

4. MAGNETIC OSCILLATIONS FOR THE FREE ELECTRON

In this section we study the magnetic oscillations for the free electron. The mathe-
matical tool to study it is the density of states.

4.1. Motivation. Suppose A is a self-adjoint matrix acting on C¥. We can then think
of

dp(N) = > S(A = p)dr = p(A)dA
pESpec(A)
as measuring density of states: we count the number of states per unit of energy:

b
[Spec(A) N [a, b]] = / ap(N).

More generally, we have

> = [0, £ e C).
)

nESpec(A
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Another way to think about this is to order the eigenvalues (“states” in physics) from
the smallest one (“ground state”) onwards and to consider

w(A) = [Spec(A) N (=00, All,  p(A) =

We can then think of the measure dp()) as a distribution p € .#”(R) (see §2.2).

These definition is applicable for any operator with discrete spectrum but already
care is needed to guarantee that p € ..

Example 8. Let P = —A + Z?Zl w?-x?, w; > 0, be the harmonic oscillator in R".

Show that for f € .7, f(P) € L£1(L*(R")) and that trf(P) = [ f(A\)p(A\)d\ where
pe S (R).

This definition of density of states is not applicable to operators appearing in con-
densed matter physics: already for P = —A we see that f(P) is not of trace class.
The same is true for magnetic Schrodinger operators considered in §3. We have then
consider density of states per unit of energy (as above) per unit volume. That is done
by renormalizing the trace and introducing

= (L e f(P))
wf(P) = lim ——ore

provided that the traces and the limit exist: we are restricting f(P) to a box of size
L, taking the trace and then dividing by the volume of the box and letting L — oo.

Density of states plays an important role in the kinetic theory of solids as it allows
calculations of such quantities as the internal energy, specific heat capacity and thermal
conductivity. In this section, we will be interested in the internal energy and magneti-
zation. That corresponds to choosing the function f in trf (Pp) using the Dirac—Fermi
distribution (see [Ka03, §D.1.2]): for chemical potential z; and temperature 7" we take

fA) := frz(A) == Tlog (1 + exp (ZOT_ A)) : (4.1)

From the mathematical point of view we will be interested in asymptotic behaviour of

free energy, 2 and magnetization m,
Q(B) = Q(B,T, 2, N) := Nzg — trfo, 7(Pg), m(B) = 9pQB,T, 2, N). (4.2)

as T'— 0 and B — 0. The chemical potential and the number of particles are related
by the condition that 0.,€2 = 0 but we will make a simplifying assumption and fix N
and zp (the simplified relation between them can be derived by putting T'= B = 0
— see [HS90b, §2] for a finer analysis explaining why this approximation is justified).
The goal will be to see the oscillations in m(B) as a function of 1/B — see Figures 1,
2 and 3. For the fascinating story of theoretical and experimental discoveries related
to these oscillations we refer to [Sh84, Chapter 1].
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4.2. Density of states. Suppose we have a self-adjoint operator P, then for a bounded
measurable function f on R, it makes sense to define f(P) : H — H thanks to spectral
theorem. If for any f € C.(R), f(P) is in trace class (defined in section 2.5), then we
can define trf(P) and get a measure p supported on the spectrum of P, defined via
Riesz representation theorem:

trf(P) = / FNdp(N).

This measure p is called the density of states for P. In general, however, we may not
have f(P) € L, even for f € C.(R), so we will study the regularized trace. In our
example, when H = L?(R"), we will study

51(9) i P,

(4.3)

Let us first look at the example of P = —A. In this case
f(=A)=Ff(lgP)F
and the integration kernel of f(—A) is given by

Kyielon) = s [ €506l

When restricting to the diagonal, Ky_ay(x,z) = ﬁ J f(I€]*)d¢ is a constant and is
not integrable. However, when we multiply by a cutoff function x(z) € C3°(R™), the
integration kernel of A = y(z)f(—A) is

Kalay) = S5 [ e pigyag e (e x ),
If we fix a torus T™ containing the support of x, then
A L*(R") — C°((B(0, R)) C H*(T™), Vs> 0.
Choose s > n and use Example 7, we see A € L1 and

L roef(=A) =1 x(z)f(=A) € L.

Thus

Ky sttan) = =0 [ pyae
and

s F-8) = o [ FER)E
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F1GURE 1. The first experimental observation of magnetic oscillations:
the de Haas—van Alphen experiment of putting bismuth in magnetic

field. Reproduced from [Sh&4].

So the regularized trace is given by

tr(f(=A ?)de = 0(s — [g[*)def(s)ds
= VOI Sn ) // (5 —r*)r"” 1drf(s) (4.4)
/R s T 19 = o), o= )

n—2
so the density of states is the distribution c,s,* , where for v > —1,

~ ) s, s>0,
s} .—{ 0 s<0. (4.5)

4.3. Two dimensions. We study the desity of states for the 2-dimensional magnetic
Schrodinger operator

Pg = D2 + (Dy, + Bx1)* =U*(B(2n+1))U
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where U : L*(R?) — ¢*(N, L*(R)) is given by

Bl/4 )
Uu(n,&) = \/Q_/U(Jfl,I2>un<Bl/2ZE1 + B-12&) e ™2y day
T
and
Bl/4
U v(xy, x9) = Z/un (BY2zy + B7Y2&,)u(n, &)e®282dg,.

For f € #(R), the integration kernel of f(Pg) is
Bl/2

K(z,2') =

Z/un (B2x; + B Y28 u, (B 22, + B-12&,) f(B(2n + 1))e'®2~2)¢ g,
Restricting to the diagonal we get

B1/2
Z/|un Bl/2x + B2 )| f(B(2n+1))d& = Zf (2n +1))

As before we conclude the regularlzed trace is

trf(Pg) = Z f(B(2n +1)) (4.6)

K(xz,x) =

As discussed in §4.1 the free energy per volume is given by
Q(B,T,z,N) = Nzg — trfoy 7(Pp)
where f., r(z) = Tlog(1 + exp(*5*)) and 2 is determined by 3 69 =0. Inthe T — 0
limit,
fzmT_> (ZO_I)1+7 f;o,T% _(Zo_x)g»u szT_>6 ( )
where

] =1"1450, Rey>—1. (4.7)
From (4.6) we get

Q =Nz — % ZfZO,T(B(Qn +1))

and

m(B) = 352(B) =~ 3~ Fur (B +1)) = 5 3 (0n 1) 4(Blen + 1)

n

In the T — 0 limit we have

mB)=— Y (—2+2Bn+1)
z0—B(2n+1)>0

and
M4+1

™

m(B) = 0pUB) =

(4.8)

2B(M +1) — z), M= {ZO_B}.

2B
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FIGURE 2. The plot of 952 as a function of 1/B for the two dimensional
Hamiltonian. It is given by (4.8) where we put zop = 0. It is compared
to the approximation (4.9).

One can show without much trouble (see proof of [BeZw19, Theorem 3] for a slightly
more complicated case of relativistic Landau levels) that

m(B) = %ZOU(ZOB* )4 OB), o) = [t/2 —t/2+1/2.  (49)

4.4. Three dimensions. The 3-dimensional case is similar to 2-dimensional case and
we get

F(P5) = oy 30 [ S(BCn-+1) + s (4.10)

As a sanity check we verify that trf(Pg) — trf(—A) as B — 0. Observe as B — 0,
(4.10) is a Riemann sum and converges to

L R -t 2y g2 _ 1 2, ¢2
2(2)? /f(5+£3)d5d£3 = 2(2n) /f(ﬂ + &5)2pdpdés = ) /f(p + &3)pdpdfdés

o | Fle)ee

As in (4.4) we obtain a formula for the density of states:

T (Ps) :/f(A)pB()\)dA, ) = —— S (= @+ DB)E (@)
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(rescaled) magnetization

0.015 one term approximation
== == two term approximation

0.01

0.005

-0.005 *

-0.01 |-
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FIGURE 3. The plot of 9Q/vB as a function of 1/B (m = 05
is the “magnetization”) for the three dimensional Hamiltonian — see
§83.3,4.4. We also show one term and two terms approximation using
Fourier series/Poisson summation formula. Oscillations are smoother in
3D when a potential is present, that is, when we are dealing with metals.

We will follow [HS90b, §2] (which in turn follows presentations in the physics lit-
erature such as [Ca64]) and describe asymptotics of m(B) = 0gQ(B), Q(B) :=
Q(B,0,N, z) — see (4.2). That means using a specific f = fr., and considering
T — 0.

4.4.1. Formula for mp and statement of the result. We proceed as in §4.3 to we obtain
from (4.11) a formula for mpg. (Strictly speaking, we need to differentiate 2 with
respect to B for T' > 0 and then take the limit 7" — 0+.) This gives

I & 1 3
m(B)= o ; (220(20 — 20+ B)T = (10/3)(0 — 20+ DB)F) . (4.12)

The sum in (4.12) can be expressed using the Riesz means of the harmonic oscillator,

o0

r(s) =Y (s—(2n+1)], >0, (4.13)

n=0

as follows

oy o (0t (3) <208y (3) . caa

n=0

The asymptotics of r., presented in the next section will give
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Theorem 2. For m(B) given by (4.12) with zy > 0 we have, as B — 0,

B im(B) = é:;; () (=1)*(xk) "2 cos (k;ZO - ?%) +O(B2).  (4.15)

This result is illustrated in Figure 3. The asymptotics of the next section provide
an expansion of the error term in (4.15) as well. However, when the constant zy is
replaced by zy(B) (determined by 0,,Q2 = 0) additional terms appear — see [HS89,
Proposition 2.2].

4.4.2. Asymptotics of Riesz means. This is a nice exercise in classical analysis which
is a good illustration of various asymptotic methods.

We start with the following application of the Fourier inversion formula (2.5):

Lemma 4.1. In the notation of (4.7) and for Rey > 0,

r 1 c+1i00
ol = M/ u e du, (4.16)

2mi —ico

for any ¢ > 0, and uw — u=""! defined on C\ (—o0,0].
Proof. For ¢ > 0, f(0) := ole  is integrable and

fls) = /0 ol ) o = (¢ + is)”l/o ((c+1is)o) e ") d(o(c + is))

— (c4is) 7! / e Tdr = T(y + 1)(c + is) .
4

where ¢ is the contour [0,00) 3 0 +— 7 = o(c + is), which we deform to [0,00) and
apply the definition of the I'-function.

Since s + (c+1is)77"! in integrable, the Fourier inversion formula ((2.5) with n = 1)
now gives

27

where the integral converges since —Rey — 1 < —1. Cancelling e~?¢ on each side and
putting u = ¢ + is (with du = ids) gives (4.16). O

r 1) [~ .
O.le—ca — M/ (C + Z'S)—7—1ecr(zs—&—c)e—acds7

o0

Remark 2. By putting o = 1, (4.16) gives the following formula for the reciprocal of

the I' function: '

1 1 /c—l-zoo L ug R -

_ = — u e'du ez :
L(z+1) 2w J, ’

To obtain a formula valid for all z € C we need to take advantage of exponential decay
of e* when Reu — —oo. For that we deform the contour to a Hankel contour, €

—100
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C4
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O
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C V\—P'dmo_

T -plane

F1GURE 4. On the left the contour used for the evaluation of the Fourier
transform of o — ¢]e?® in the proof of Lemma 4.1. On the right the
contours in (4.16) and the Hankel contour in (4.17).

shown in Figure J. The contour deformation is easily justified when Rez > 0 and, by
analytic continuation, we obtain a formula valid for all z € C:

1 1 X
_— = — FThetd : 4.1
N 27ri[gu edu, z€C (4.17)

We can now obtain asymptotics of the Riesz means:

Lemma 4.2. For r,(s) defined by (4.13) for v > 0 we have, for every M,

o0 M
ry(s) =T (y+1) <Z(—1)k(7rk:)_7_1 Ccos (/m-s — —(ﬁ;)ﬂ) + % —F( +72] —2j) 5”1‘2]')
k=1 =0 - \7 J

+ 0(57_1_2]\/[),

where y; come from the Taylor expansion t/sinht = E;’io vt )t < m/2, 9 = 1.

Proof. Using Lemma 4.1 and the fact that > °°  e!(=2n=1 = ¢t /(2sinh t), we rewrite
T, as

T 1 c+0o0o
ry(s) = %/ e (sinh¢) "1~ dt,

—100
The residue theorem and contour deformation show that

[e.o]

r(s) = D(y + 1) S (= 1) (k)7L cos (/m - @) 4 L(s),
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c*fd)

C-'®
FiGURE 5. Contour deformation used in the proof of Lemma 4.2

where, with the Hankel contour ¢ of Remark 2,

L(y+1)

Ls) = =40

/ et (sinht) 't dt.
%

This we deform to
Cle) = C(e) +F_(c) + o),
where €1 = (—o0, —¢] £ i0 with positive (—) and negative (+) orientations and € (¢)
is the circle of radius € centered at 0 with positive orientation — see Figure 5.
Using exponential decay of e on €x(g) we see that

L(v+1)
41

L(s) = L(s,e) + O(e™¢7™"),  IL(s,¢) := / e*!(sinh )¢ dt.
€ (e)

(4.18)
We now expand t/sinht in Taylor series at 0 so that in the notation of the lemma,

M

r 1 1 ,

],Y(S,&T) = % E ’YJ% [J( )GSttZJ_ﬂ{_2dt + 0(82M_7_1€€S).
J=0 &
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We now use (4.17) by inserting the “missing” contours @ (¢), estimating their contri-
butions as in (4.18) and changing variables u = ts:

1 , 1 ,
— eIt = — eSS4t + Oe e 7?)
2 Jg (o) 2m J (e

= s (v 4+2 - 25)  + O(e =57 7?).
Inserting this in (4.18) gives an expansion for r.(s) with an error
O(e5eM=171 4 emes7172),
This can be optimized by choosing & = £(s) so that e=2%* = ¢2 and gives an error es-

timate O(e(s)M=772) = O(s~™/2), M > 1 (we note that s~! = &(s)/M|log(e(s))| Zum
g(s)179, for any 6 > 0). By changing M this concludes the proof. O

Proof of Theorem 2. We need to show the cancellation of the leading non-oscillatory
contributions in (4.14):
L)

L(3)

2

L)
r'(3)
where we used T'(z + 1) = 2I'(z). The next term in the expansion of r,, v = 2,
provides the O(Bz) error in (4.15).

3
2

5
(20/B)* ! 4+ 22020 BE (20/B) i+ = 23 BTH(— 210 4 1) =0,

10
5 B

[ woree

5. BLOCH-FLOQUET THEORY

5.1. Motivation. We will now consider electrons in a periodic structure such as a
crystal or a metal. In this case, electrons are interacting with each other and are
subjected to forces from the atoms forming the periodic structure (which we assume
do not move or interact with each other).

An extremely successful model for that is given by a periodic Schrodinger operator
P=—A+V(x), VeC*R%R), V(z+1)=V(), 7T,  (51)

where I' = @;‘leZ, {7j}j=, linearly independent vectors in R, is a lattice in R
(we will concentrate on n = 2). This is a Hamiltonian in which there is no interac-
tion between electrons and it corresponds to a pseudo-particle rather than the actual
electrons in the metal. We will indicate why this approximation is acceptable in §5.2.

We will then diagonalize operators such as (5.1) and develop band theory.

5.2. Hohenberg-Kohn theorem and the passage to non-interacting pseu-
doparticles. The transition to non-interacting pseudo-particles modelling of the ac-
tual quantum mechanical system is now most frequently done using the density func-
tional theory. It is an approach to studying the Schrodinger equation by writing
quantities of interest, such as energies, in terms of the particle density, instead of in
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terms of the wave function. This can simplify computations considerably, especially
when the number of particles is large.

In an N-body system we are primarily interested in the ground state that is an N-
body wave function ¢ (see Theorem 3) which is a function of N (2D or 3D) variables,
for which

(W|H|w) = min, (el H]p).

In the non-interacting system (especially when considering electrons which are fermions
— we will neglect such issues here), a composite 1 can be build of non-interacting
particles at different energy levels (not the ground state of the full Hamiltonian). The
game here is to replace the actual ground state by a ground state of a non-interactive
system with the same density.

To explain this we present here an extract from the notes by https://www.math.
purdue.edu/~kdatchev/dftintro.pdf, see also [Cr*23]. They can be consulted for a
more detailed discussion and references.

A very general Hamiltonian describing an N-electron system is given by

H=T+V,.+V,

=

N N
~ 1 2 ~ ]- - — 3 - =
=33 Vam 3 o VXm0 e
j=1 1<i<j<N '* J i=1 i=1
and where v is the potential coming from the external forces on the electrons. Here T
is the kinetic energy term, V. is the repulsive Coulomb potential energy between the
electrons, and V' is the potential energy due to external forces. We are ignoring the
sizes of the nuclei, the movements of the nuclei, spin, and relativistic effects.

For example, consider a system of N electrons in a molecule made up of M atoms.
Then v is the attractive Coulomb potential energy arising from the M atomic nuclei,

given by
M

v(F) = Z ‘F_ Rk (5.2)

where I%k is the position of the kth nucleus and Zj is the number of protons it has.
The density is defined by

n(®) = (AF)|6) :/d3r1/d3r2---/d%w*(fl,...,FN)Zé(f—ﬁW(ﬁ,...,fN).

Note that [ d®rn(F) = N, and, for any region U, the quantity [, d*rn(7) gives the
expected value of the number of electrons to be found in U.


https://www.math.purdue.edu/~kdatchev/dftintro.pdf
https://www.math.purdue.edu/~kdatchev/dftintro.pdf
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The basic case is the hydrogen atom, where N = M = Z; = 1. The ground state
energy of the electron is precisely —0.5 Hartrees, the corresponding wavefunction is
P(r) = e"/y/m, the density is n(r) = e %" /m, and the probability density of the
electron being at distance r from the nucleus is 47r*n(r) and it achieves its maximum
at precisely r = 1 Bohr radius.

The point of density functional theory is, instead of writing and computing in terms
of ¥, to write and compute in terms of n. The basic result is the Hohenberg—Kohn
Theorem which says that if n(7) is a ground state density, then no information is lost
by doing this.

5.2.1. The Hohenberg—Kohn Theorem. Consider two N-electron systems, with Hamil-
tonians H; and H, defined by:

=T 4V T
with

N N
Uo=Y o) = Z/d%(w— o (7),
=1 =1

and where each v, is continuous except perhaps at some isolated points where it may
go to infinity (the nuclei).

Theorem 3. Suppose each Hamiltonian Hy has at least one normalizable ground state
|Yr), and these ground states lead to identical densities

n(7) = (Pu| () |¢1) = (ol (7)[1ha),
where
(| (7)|r) = /d3r1/d3r2---/dng@/z,:(Fl,...,FN)Zé(F—ﬁ)@bk(Fl,...,FN).
Then vi — vy 1S a constant.

Proof. By the variational principle,

(1| Hy|yh1) < (o Hy|ho). (5.3)
Since
N
wilfilon) = [@ny [ @r [ @it i)Y [ @rse-mn@ud,
i—1

= /dgr v (7)n(7),
and the right hand side is independent of k, (5.3) simplifies to
(i T + Veelthr) < (T + Veeltha).
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In the same way, starting from (o] Ha|ths) < (01| Ha|tby), we get

Wz’T + VeeW2> < <¢1\T + VeeW1>-

Hence both sides are equal and it follows that both [¢) and |1¢5) are ground states of
both Hamiltonians. Then the result follows from the Lemma below. 0]

Lemma 5.1. If there exists a state |¢) which is an eigenstate of both Hamiltonians
H, and H,, then vi — vy is a constant.

Proof. We have
Hily) = Er[¢)  and  Ha|Y) = Eslv),
for some E; and F,. Subtracting, we get

(Vi = Vo — By + Ea)|v) =0,

and hence
N
W, tN)Y(F, .. Ty) = 0, where W(r,...,7N) = Z(Ul(ﬁ‘)—UQ(Fi))—EH—Ez-
i=1
(5.4)
From this we will conclude that W(r,...,7y) = 0 for all points (7,...,7y). This

will complete the proof because then Zivl(vl(f;) — v9(13)) — Ey + E5 = 0 which

implies vy (7;) — vo(7;) is independent of 7;. The tricky part here is that we must rule
out the possibility that v» = 0 and W # 0. We will use the fact (due to quantum
tunneling/unique continuation) that [, [4)[* > 0 for any region U.

To carry this out, multiply (5.4) by ¢*(7,...,7~) and integrate over an arbitrary
region U to obtain
[ wier=o
U
for any region U. We have

0=/W|w|23maxvv/ P2,
U U U

which implies maxy W > 0, and similarly

0= [ Wiwk = winw [ juP
U v U

which implies miny W < 0. Hence

mUinW <0< mgXW (5.5)
Fix any point (7,...,7y), and consider regions U containing that point and getting
smaller and smaller. As the diameter of U goes to zero, both ming W and maxy W
converge to W (7, ...,7y) because W is continuous. Hence, (5.5) becomes

W(Flw"aFN) <0< W<Fla---7FN)7
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which implies W (7, ...,7x) = 0. Since the point (7, ...,7y) was arbitrary, it follows
that W = 0 everywhere. 0

5.2.2. The Kohn—Sham method. The Kohn—Sham method computes densities and en-
ergies using a fictitious N-particle non-interacting system, designed so that its ground
state density is the same as the ground state density for the N-particle interacting
system H.

More precisely, let vs(7) be the potential (called the Kohn-Sham potential) such
that if e1,..., ey are the N lowest energies and ¢, ...,y corresponding normalized
states (called Kohn—Sham orbitals) for the single particle problem

then

where this n is the same as the one for the ground state of the problem we are studying.
By the Hohenberg—Kohn theorem, this requirement determines the potential up to an
overall constant.

5.3. Periodic structure and the Bloch transform. In this section we discuss the
Bloch transform for periodic structures.

Let I' € R™ be a lattice of rank n. The dual lattice I'* is defined as
I"={keR":k-ve2nZVVyeT}.
For periodic functions u € C*(R"/I"), we can define the Fourier series as follows.
u(k) = ;/ u(z)e **dx, kel
IR /T2 Jgu r
We recall the properties of Fourier series.

o If u e C*(R"/T"), then for any N € N, there exists Cy > 0 such that |u(k)| <
1 :
_N . _ ~ ik-x
CN(l + ‘k|) . In this case, u(m) = W E u(k)e .

kel
e For u € C*(R"/T"), we have Plancherel identity |

the Fourier series extends to a unitary operator on L2

u”L2(R7L/F) = ||U||42(F*). ThU.S

Here we just show a simple proof, due to Paul Chernoff, of the Fourier inversion formula
for n = 1 and I' = 27Z case (it easily generalizes). First we note that it suffices to
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show u(0) = 0 implies >, . @(k) = 0. But w(0) = 0 implies u(z) = (" — 1)g(x) for
some g(z) € C*(R/27Z). Thus

S alk) = 37 (k= 1) = (k) = 0.

ker* ker™
Here we used the fact, that ¢ is smooth so that (k)| < Cn(1 + |k|)~V
Now for any 6 € R”/F* let

={ue L} (R"):u(zx—~) =e"u(x),vy € T}. (5.6)

The inner product on Hy is given by

(1) 1= [ ol

where F' C R" is a fundamental domain of I'. need to define a fundamental domain?

We consider the space L*(R™/T*; Hy), that is measurable functions g : R"/T* xR™ —
C such that

90,2 — ) = &g(0, ), / / 196, 2) Pdudd < oo,
n/]_"* n/]_"

Now we can state our theorem.

Theorem 4. For u € ./ (R"), let

Bu(f, x) = |Rn/r*|1/2ze DOz — ). (5.7)

vyel

Then B extends to a unitary operator
L*(R™) — L*(R"™/T*; Hy).
Moreover, B* = B~ = C where

Cyg(z) = !

- 0. 2)do.
mﬁwﬂémﬂ<)

Proof. First we check

1Bulf =

G0 Y
v,y €T ’R”/F | n /T /"/F u(x —y)u(r —')drdd

:§j/ |Mm~m%x=/|w®RM=HWémw

yerl

Then we check B is invertible with inverse C.

1 .
BCg(9 ZL‘ —Z’Y@/ o ,Y)d,]_ — / 9(7_’ x)ew-(’r—e)d,]_
’R"/F*| Z R [R™ /T % R" /T

’YEF n/r‘*

=g(0,x).
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CBu(z) = ]R"l/l"*| Z/R e 0u(x — 4)df = u(z).

"/EF n/F*

Sometimes we also use the modified Bloch transform
Bu(f,z) = e’ Bu(b, z)
such that

Bu(f + k,z —~) = ¢**Bu(d,z), keT*

5.4. Bloch—Floquet spectrum: diagonalization of periodic Hamiltonians. Now
suppose we have a differential operator P(z, D) = 3, <5 @a(2)D* such that P(z +
v, D) = P(x, D) for any v € I". Then

BP(x,D)B*v(0,x) = P(z,D;)v(0, x)
and
BP(x,D)B*v(#,z) = ¢’ P(x, D,)e "% (0, 2) = P(x, D, — 0)v(h, x).

Example 9. For P = D,, we have BPB* = D, — 0 acts on H'(R/27Z) for each 6.
The spectrum is given by —6 + Z.
Let U : L*(R) — LA(R/Z; (*(Z)),
1 2

Uu(8,m) = N Bu(0, x)e” "™ dz.

If we let Py = UPU* =m — 0, then

Spec(P) = U Spec(FPy) = R.
0€R/Z

Recall for s € R, the Sobolev space H*(R"/I") is defined as

HR"T)={ue S :u(lx—v) =u(z), Vy €T, and Z(l + |k[®)%|a(k)]* < oo}
kel
The sum in the definition of H*® defines the square of the norm in H*.
We leave an exercise for the reader to check that for s € N,
H*(R™/T) = {u € L*(R"/T) : 0%u € L? V|a| < s},
H*R"/T) = {u e L*(R"/T) : APu € L? V¥p < s}.

We recall the elliptic regularity lemma.
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Lemma 5.2. Let P = —A+ 3, . aa(x)Dg be a periodic second order differential
operator on R™/T", then there exists C > 0 such that for any v € C>(R"/T"),

|ul| g2 < O||Pul|g2 + Cllul|z2, L? = L*(R™/T), H?*= H*(R"/T).

Proof. First,

1 1
NPl + 5lluli = [(Puw)| = -

Auudzr — / ao () DSuudx
R"/T R /T Z

laf<1

1
2/ |Du|2d93——/ |Dul*dz — C|lul|7:

1
> 51 Dullzz = Cllullza.
Moreover, we also have

1Pullz2 > |Aullzz = ClIDullz: — Cllullz..

Thus
[ullmz = | Aullze + ullfz < [[Pullze + Cl[Dull72 + CllullZ:
< (€ + 1)[[PullZa +2C(C + 1)ull22,
which concludes the proof. O

Now suppose the periodic elliptic operator in Lemma 5.2 gives self-adjoint operators

P(z,D, —0) : H*(R"/T') — L*(R"/T), then
(P(z,D, —0) +i)~ " : L*(R"/T") — H*(R"/T)

is compact, and thus has discrete spectrum, with eigenvalues converging to 0. So it is
easy to see

SpeCLQ(R”/F)(P(xa D, —0)) ={E;(9) ;‘io
where
Ey(0) < Ey(0) < ---
are real eigenvalues, going to oo as 7 — oo. We summarise this in

Theorem 5.

Speczgn) (P) = U Specy,, (Fp)
9cRn /T

= U SpeCLQ(Rn/F)<P(x7 D, — 9)) (58)

9cRn /T

= | {E0)}

OeR™ /T'*
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Example 10. Let P = —A and ' = (27Z)". Then Py = (D, — 0)* and Spec(Pp) =
{(—=0 +m)? : m € Z"}. The picture for the bands is shown in Picture 6.

Let us look at two more interesting one dimensional examples.

Example 11. The Kronig—Penney model is an explicitly solvable model of a one
dimensional periodic system (see [Wo78]| for a brief account):

P:=D]+ ) g¢(x—m). (5.9)

meZ

We then consider Bloch eigenfunctions and eigenvalues as §5.4:
Pw(f,2) = E(Q)w(d,z), wd,z—1)=ew(d, ).
They are explicitly given as follows:

w(f,z) = e 0, x), ud,z):= Z uy (0, x —m),

mez
where
w6, 2) = c1(0)(€ sin a(0)z + ¢ sin(a(6)(1 — 2))) L, (5.10)
gsina(f) + 2a(0) cos () = 2a(f) cosf, Ima(f) >0, E(9) = a(f)? '
where ¢;(f) is the normalization constant guaranteeing ||u;(f,e)||z2®/z = 1. The

transcedental equation for () in (5.10) has a discrete set of solutions (with imaginary
values of o occurring when ¢ is negative) — see Figure 7. We see that u(6,0) =
c1(0)e? sin a(f) = uy1 (0, 1) which means that
w(®,z +m) =u(d,z), ul@+2nl x)=e"ud,z), (cZ,
u(e,0) € C(R;C)N HL (R;C), eu(z, o) € C°(R;C).

loc

(5.11)

The discontinuities of x — 0, u(z, ) are needed to produce the J-function potential:

PO)u(0,z) := <(Dx — 0+ gz - m)> w(0, ) = E(0)u(0, z). (5.12)

meZ

The next example uses perturbation theory to see band splitting when a periodic
potential is turned on.

Example 12. Let n = 1,\ € R, P\ = D? + Acosx. We are interested in the spectrum
of Py, when \ > 0. We will consider it as a perturbation problem and use the Grushin
problem method to study the perturbation. See Section 2.6 for more details.
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One dimension Two dimensions
T

05 \'\\ //r 05
0 \r 0

-0.5

FIGURE 6. The band structure for the free Laplacian with I' = (27Z)",
n = 1,2. For # in the fundamental domain of R" /T, I'* = Z", we plot
lp— 0]?, p € Z". That gives 0 < E;(0) < Ey(f) < ---. Note that
6 — E;(8) are not smooth because of the lack of separation between the
bands.

41
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500 Bands for the Kronig-Penney potential with q = 20

400 \/_

300

200

100

-3 -2 -1 0 1 2 3

FIGURE 7. The first 7 bands for (5.9) with ¢ = 20. They are computed
using the transcendental equation in (5.10).

Let P} = (D, — 0)? + Acos . We will consider the following Grushin problem.

Pp(z) = (P;+ : %‘) : H*(R"/T') x CF — L*(R"/T") x CF. (5.13)

First we consider the case when 2 is a simple eigenvalue with eigenfunction ug (||ug||zz =
1). Then as in Proposition 2.14, we may take k = 1 and

Riu = (u,up), R_u_ =u_ump.

When A = 0, this gives a well-posed Grushin problem. Let {u;}32, be an orthonormal
basis such that Pu; = z;u;, then

1
E(z)v = Z :(v, (T E. (z)vy = vyu,
i#0 ™
E-(’Z)U = <U7u0>u07 E—+<Z)U+ = (Z - ZO)U-i-'

Now we consider a perturbation by () = cos x, via the Grushin problem
—1
(P—z+)\Q R) _ (EA Ei)
R, 0 EA B,
By Proposition 2.12 we have

B (2)=2z—2+ Z YE_QEQ)*E,. (5.14)

So z(A\) = zp + MQuo, up) + O(N?). As a corollary, we get the Feynman-Hellmann
formula

2'(0) = (Quo, ug)-
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It also has a direct proof assuming z(A) is smooth in A: first write down the eigenvalue
equation P*u* = z(\)u?, then differentiate on \. We get

QUO + PUO = Z,(())Uo + Z(ﬂio.
Moreover, (P, ug) = (tg, Pug) = zo{tg, ug). Pairing with ug gives
<0 = (QUO, U0>-

Now we want to study how the bands of Py = (D, — 6)? + Acosz split. There are
two cases where we have a double eigenvalue for A = 0:
o= 0 my = m, my = —m, where m € N, P;=0 has eigenvalue zy = m?;

e 0=1 my=m,my=—m+1, meN,, P}Chas eigenvalue (m — 1/2)2.

In the first case, we consider the Grushin problem (5.13) with k = 2. Let e;(z) =

\/%7 e be eigenfunctions of D,, we let

()= ()
U_ = ,
U—t U+
and
R_u_=u__e_, +u_,e,, ( Uy €—m ) )
(u, em)
This gives a well-posed Grushin problem with £ = R,, EF, = R_, and
2 z— (—m —0)? 0

-t 0 z—(m—0)*)"
By Proposition 2.12 we get

—(—=m — 0)* 0

EG’A _ z ( m
—+(2) ( 0 5 — (m _ 9)2

 yon [((e—m QEQ)™ Te_y,) 0
+Z/\ ( 0 (em,Q(EQ)%_lem))

k=1
A (001 -
o 11 6-07-2) (7 ) +oue

Note for z € R,

(emm, QUEQ)* o) = (€=, Q(EQ)*1e_yn)
= {em, QEQ)* 'e=m) = (em, Q(EQ)™ em).

Thus we will see a splitting of the bands of size ~ A?™around z, = m?.
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A=0.5 A=1.5
6 6
4 4
2 2
0 0
-2 ' -2
-0.5 0 0.5 -0.5 0 0.5
A=2.5 A=3.5

2 L
2
0
0 L
2t
-2 s ; - :
-0.5 0 0.5 -0.5 0 0.5

FIGURE 8. The band structure for P = D2 + Acosa: we show E;(6),
—0.5 < 0 < 0.5 for 5 < 5. Despite appearances there are gaps between
all bands as soon as A > 0. See the movie for an animated version with
0< <2,

In the second case, we still have k = 2, but eigenfunctions become e_,,; and e,,, so

Uy €_py
Ru =u__e pi1t+uyen Riu= (< (u, em§1>> .

This still gives a well-posed Grushin problem with £- = R,, F,. = R_, and

B - (z—(—m0+1—9)2 z_(rg_W)‘


https://math.berkeley.edu/~zworski/cos_movie.mp4
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By Proposition 2.12 we get

N G Y

m (e_m 17Q(EQ)2k_le,m ) 0

+ kz:;)\% ( + 0 + (em,Q(EQ)%_lem))
)\mel m—1

o 1 (G=07=2)" ((1) (1)) + O,

Jj=—m+2
Note for z € R,
(et QUEQ) Ye_pi) = (e, € QUEQ)TTe_pry)
— (ems QUEQ)* e e it) = (em, QUEQ)* e,0).

So we see a splitting of bands of size ~ A\*™~! around zy = (m — 1/2)?. In particular,
when m = 1, we have

E¥ (2) = (Z_OQQ L (10_ 9)2) +% <(1) (1)) +O(\).

1A
(V) = 75 +0(V).

See Figure 8 for the splitting of the bands (with a movie).

5.5. Density of states for periodic Hamiltonians. In §4.2 we provided motivating
discussion of the density of states and considered it for constant magnetic field without
an external potential. We now use the the explicit diagonalization given by the Bloch
transform to describe it in terms of Bloch—Floquet spectrum. We recall,

* 1 —4y-
BL2<Rn)—>Ln(Rn/F ;HQ); UHWZQ WQU({E—’}/)

vyel

and
U:L"(R"/T*;Hy) — L"(R"/T*I"(N)), Uu(f, k)= (u(6,e), (0, ))n,

where ¢y (0, z) is the k-th eigenfunction of Py : Hy — Hy. That gives UBP(UB)*v(6,k) =
E(0)v(0, k) and hence

UBF(P)(UB) (0, k) = f(E(6))v(0, k).
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F(PYw(x) = B (f(Ex(6))er(8, 2)(Bw(6, o), 0x(6, ))n,)

k

1 —iyy — ~Non (O
=TT 2 o TEODR00) [ty )

= o L B0 [ e = [ Ky

R'I’L
where
1 -
K(ay) = e 3 [ HEO) 0,2 .
BT 2 Joe

Note K (z,z) is I-periodic, and thus the regularized trace (4.3) is given by
~ 1
trf(P) =

TV =R feoe

(271r)n Z/n/p* F(Ei(0))do =: /Rf(A)p()\)d)\,

where the last integral is meant as distributional pairing and it defines the density of

states, p € .'(R). It is given by
mm—iz/ SO\ — By(0))do = —— L Z/ 4
(2m)™ £~ Jgnjr : (2m)™ dA \ == Jx 0)<n

In particular, if Ex(6) < Ao < En41(0) for all € R™*/T™*, then

Ao N
[ oir= R T

(e 9]

K(x, x)dx F(Ex(0))]e(0, 2)|"dwdb

e 2 .
R TIR ] 2 e Jar

gives the number of of states per unit volume in agreement with the discussion in §4.2.

We also note that if A is a regular value of E(f), we can also write

1 dsS
p(A) = W Zk:/Ek(9)>‘ W

Example 13. We can compute the density of states for the Kronig-Penney Hamil-
tonian in Example 11. That amounts to computing df/dE inside the spectrum and
for that we can use the implicit formula (5.10):

gsinvE
cos) = ——— +cosVE.
2V E

The spectral bands are defined by the condition that
< gsin VE

< —l—COS\/Egl,
WE
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FIGURE 9. The plot of the density of states (up to a multiplicative
constant) for the Konig-Penney potential. We see the singularities at
the edges of the first 4 bands — see Figure 7.

(see Figure 7) in which case,

a1 1
Fioha 1_1(1 — (¢sin VE/VE 4 cos VE)?) ™2 ((q +2F) sin\/E/E% — qcos \/E/E) .
This is shown in Figure 9.

5.6. Isolated bands for time reversible operators: trivial topology. We first
study the case when there is an isolated band, that is let I; = {E;(0) : § € R"/I"},

we assume
Ex(0) is a simple eigenvalue of P on Hy,

IyN1; = @ for any j # k.

Let I1(0) : Ho — ker(P|,, — Ex(0)) = C and II(0) = e?TI(0)e~" : L*(R"/T*) —
ker(P(z, D, — 0) — Ex(0)), we claim

(5.15)
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Proposition 5.3.

271

M) = - f(z ~ Ply) (5.16)
Y
where 7 is a positively oriented closed contour separating I, from other bands.

Proof. For two functions f, g, define

f®g:=flu,g)
Then the spectral theorem shows that

o ( ®90 0
(Z_Pl’Hg Z J — ]( )
J

(6)

This implies that
1

— — Ply,) tdz = .
9 W(Z l1,) " dz = @1 @ Qg

O
Remark 3. In general, if we have any operator P and a simple closed curve v such
that v N Spec(P) = @, then
1
I=— ¢(z—P)'dz
271

is a projection. We can take another curve 5 which is homotopic to 7 inside C \
Spec(P), and ~y inside the interior of 5. Then

i) 7{;{ z— P) ¢ — P) 'dzd¢
- T 75 75 (€= 2)M((z = P = (¢ — P) )dzdc

o 7{?{ — )Yz — P)"'dzdC

— (z— P) tdzdc¢

2m
=1II.

If P is self-adjoint, then by functional calculus, 11 is the spectral projector to the spec-
trum inside v. This is because

1 1 .
flz) = — ]{(2 —2) Mz = ) T8 mszd.e v,
2mi J, 0, x is outside .

We can think of 11 as the spectral projector even for non-self-adjoint operators.

The family II(d) we defined is analytic in 6.
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Lemma 5.4. The map
0 — T1(0) : R" /T — B(Hy)

1s a real analytic family of operators, that is there exists € > 0 such that this map
extends to a holomorphic map

R"/T* +iB(0,£) 3 6 v 11(6).

Proof. 1t suffices to check for

- 1
I0) = — f(z — P(x,D, — 0))"'d®,
27 J,
whose holomorphicity is clear from the definition. U

Remark 4. Here we are talking about the holomorphicity in a Banach space, so we
recall the following definition.

Suppose we have two Hilbert spaces Hy, Hs, and a map 0 — B(0) from C* —
B(Hy, Hy). Then we say B(0) is holomorphic if the following equivalent conditions are

satisfied.

e For any p € Hy,v € Hy, the map 0 — (B(0)p,v) is holomorphic;
e The derivative in the weak sense Op, B(A) = 0;
0B . B0+ ze;) — B(9)

e — = lim exists in the norm topology.
o0, = . pology

The reader can check the equivalence using uniform boundedness principle.

The eigenspace Hy thus defines a complex line bundle over the torus R"/I"*. We
refer to Section 2.7 for basic properties of line bundles.

The following theorem tells us when there is time reversal symmetry, the line bundle
is actually trivial.

Theorem 6. Suppose P(x,D)u = P(x,D)u, then there exists ¢ € C(R"/I'; Hy)
such that

o Pp(f) = Ex(0)p(0), and ||(0)|| = 1, that is (0) is a normalized eigenvector
of P with eigenvalue E(0).

o o(—8) = p(6).

e In addition, 8 — (0) extends to a holomorphic map on R"/I'™* +iB(0,¢)

Remark 5. In other words, this theorem shows that if a line bundle L over a torus
satisfies L* = L, then L has to be trivial. This reflects the fact that H*(R™/T*,Z) =
/\2 [ is torsion-free. We will give an elementary proof following the proof of [HS89,
Lemma 1.1].
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Proof. We first note that is that if p(0) € Hy then ¢(6) € H_p. Simplicity of Ej(6)
and the property Pu = Pu show that

Ew(0) = Ex(=0), @(0) € ker(Ply_, — Ey(6)).

Using this we will proceed by induction on the dimension n to show there is a
continuous section. Then we will regularize it to get a real analytic section. Without
loss of generality, we may assume [' = (27Z)™ and ['* = Z".

Step 1: Let n = 1. By Proposition 2.16, we can choose a continuous section @ZJ(Q) such

that Pi(0) = Ex(0)¢ () and [|1(0)|| = 1 for 0 < 6 < 1/2. We define () := ¢(—6)
for —1/2 < 6 < 0. One can check this defines a section except we want to glue at
0 =1/2 and § = —1/2. Since ||)(—1/2)|| = ||¢(1/2)|| = 1, there exists & € R such
that 1(—1/2) = e~4)(1/2). We then let

V() = e EHR(G),
so that ¥(1/2) =1 (—1/2). It glues to a global section on R/Z.

Step 2: By induction hypothesis, we may assume there exists a continuous sec-

tion ¢/(6") on R™"1/Z"' x {0} such that ¢/(#") = ¢'(—6'). Moreover, Py'(§) =
Ei(6',0)9'(¢') and ||¢'(0")|| = 1. By Proposition 2.16, there exists a continuous exten-
sion to this section

W(0) : (R™/Zm )y x [0,1/2)g, — kery, (P — Ex(0)),  W(#,0) = ¢/(¢).

We now define ¥ on R"~!/Z" "1 x[—1/2,0] by ¥(—0) = ¥ (), and we want U (¢, 1/2) =
U(#',—1/2) as before. In general one only has

U(0',1/2) = w(, —1/2)
where a(6’) € R such that
a +v)=a(@) mod 27Z, ~€Z"

Taking the conjugate we have

U(—0',—1/2) = e O)y(—0',1/2)
or equivalently

VO, —1/2) = e 00 1/2).
Thus e!?) = (=) and

a(f) = a(—0) mod 27Z.

Since « is continuous at 0, we conclude a(6’) = a(—0"). Since

1 1 1
(6] —§€j+€j = §€j = —§€j ,
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we conclude a (0 + ) = a(#') for v € Z"~!. Now define
1/}<9) — e—i(0n+l/2)a(0’)qj(0>’

then
W(0,1/2) = e N0, 1/2) = W0, —1/2) = (60, —1/2).
Thus 1 gives a continuous global section over R™/Z".

Step 3: Having obtained a continuous section ¢ : R/T* — C°°(R") N Hy, we want
to regularlize it to get a real analytic section. Let x () = (2r) /2e /2 and x.() =
e~"x(0/¢), we define

V.0, 1) = / Xe(0 — e =Dy(0' z)de .
One checks
¢5(9, T — ,y) — / Xg(g . el)ei(x—'y).(el_e)w(el’ T — 7)d9/ — €i7.9¢6(9’ x)7

s0 (0, ) € Hg. Now 1.(0, -) is a real analytic section and 1.(6,-) — 9(6) in L? norm
as ¢ — 0. Taking € > 0 small enough, we define
¥o(0)
() = - 5
<f]Rn/F* 900(9)()00(_0)dx>

By Lemma 5.4, ¢() gives a real analytic section satisfying all the required properties.
[l

wo(0) = T1(6)1(6).

5.7. Wannier functions and spectral localization to an isolated band. Given
the global section in Theorem 6, we see that

(BILC)LA(R™ /T Hy) = {u(8,2) = f(0)p(9, ) : f e L*(R"/T")}.
Thus

m e = { [ 000 1 e PR/}

Expanding f(6) into Fourier series, we obtain f(0) = >_ 1 a,e? and
1
p—— f(0)(0,-)db = Z Ay (6)
BT o
where
1
wo(x) = ——== (0, x)dd (5.17)

[R™/T*] Jgon -

and ¢, (x) = @o(x — ). We conclude
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Proposition 5.5. {p,(x) : v € T'} gives an orthonormal basis of 11, L*(R"). This
basis gives an isomorphism I, L*(R™) = ¢*(T).

One can also check those properties directly. The basis ., are called Wannier func-
tions.

Theorem 6 has the following corollary about exponential decay of Wannier functions.

Proposition 5.6. There exists a constant C' > 0 such that for any o € N" there is
Co > 0 with

|0%po(x)| < Coe™ V. (5.18)

Proof. Recall

1

- iv-0
R/ S (6, x)db.

wo(z — )

Using analyticity we can deform the contour from R"/I™* to R"™/I™* +i~y/|v|e, so we con-
clude that po(z—7) = O(e~¢M!). These estimates are uniform for x in the fundamental
domain of T" and (5.18) follows. O

6. THE TIGHT BINDING MODEL

6.1. Motivation and examples.

6.2. A warm up: a double well potential. In this section we will consider the
problem of a double well potential on the line

Viz)=V(-x), V(1)=V'(1)=0, V'(1)>0,
V‘R\{:I:l} >0, lim inf V(SL’) > 0, Ve COO<R)

|z|—o00

(6.1)

(z? — 1)%. The corresponding semiclassical

A standard example is given by V(z) = 3

Schrodinger operator is given by
P(h) := —h?0? +V(z). (6.2)

The main result of this section concerns the exponentially small splitting between the
two smallest eigenvalues of P(h):

Theorem 7. Suppose that P(h) given by (6.2) with V(z) satisfying (6.1). Then for
0<h< ho,

Spec(P(h)) N[0, ah] = {Ai(h), da(h)}, < 3(3V"(1)?, (6.3)
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and

Na(h) = M) = 4y /h(EVI(1)} freAemS0/m(1 + O(h)),

1 1+¢ lv//<1) (64)
So = / VVi(z)dr, A:= lim / i 2V(:U) +loge
-1

e—0+ —lte

We adapt, in a self-contained way, Helffer’s presentation from [He88, §4.5] — see
also earlier works by Landau-Lifshitz, Reed—Simon, and Harrell mentioned there. An
interesting physics perspective on the double well problem is presented by Coleman in
[Co77, §11.2] (with a doubly well done version in [Co77, Appendix B]).

There are many steps in the proof of Theorem 7 and they will be relevant to the
solutions of the periodic problem. We retain some higher dimensional aspects of the
argument (notably in the discussion of the Agmon-Lithner estimates) and this section
can be considered as an introduction to the Helffer-Sjostrand theory of semiclassical
spectra for multi-well potentials — see [He88, §83,4], [DS99, §§3,6] and references given
there. Major simplifications due to working in 1D come in Proposition 6.3 (the WKB
construction is particularly simple in 1D), the simple form of the Agmon metric (see
Remark 6), and an easy calculation of the off diagonal terms in the interaction matrix
(6.51) using a Wronskian (see (6.53)).

6.2.1. Agmon—Lithner estimates. We present these now classical estimates in all di-
mensions following [DS99, §6]. To formulate them we need some comments about
Lipschitz functions. Suppose that ® € Lip (R"), that is, there exists M > 0 such that

|[@(x) — @(y)| < Mz —yl. (6.5)

We then use x € C(B(0,1);[0,1]), with [x = 1 to define @, := & x x., x.(z) :=
e~ "x(z/e). The Lipshitz property shows that ||[V®.|| ~ is uniformly bounded. In fact,
since [ Vx =0,

Ve (2)] <e

50wt ) - oty

< Me / Vx(w/e)ly/eldy = M / Vx(2)|2dz.

If we define V& € 2'(R") using distribution theory, then . — ® in Z'(R") and, for
p € CX(R™;R"),

Va(p) = lim [ Ve.(2) - p(x)dz = O(¢]1).

Hence, as L™ is the dual of L', V® € L*(R"). That is the meaning of V® in the
estimates below. (We remark that @ is in fact differentiable almost everywhere — see
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[Ev10, §5.8.3].) For Q C R™ with C'! boundary we also recall the space

H?N Hy(Q) = closure of {u € C*(Q) : u|sq = 0} (6.6)
where the closure is in the norm given by >, o, [[0%ul[r2(q).-

Proposition 6.1. Suppose Q C R" is a bounded open set with a C* boundary, 0Q, W &
C(%;R) and ® € Lip(Q;R). Then for P := —h*A +V and every u € H?> N H}(; C)
(see (6.6)), h >0,

IRV (e*/"u) || 2y + (V — [V@[H)e® ™ u, e/Mu) 12y = Re(e® " Pu, e®™u) 121y, (6.7)

Proof. We present a proof from [DS99] which has the advantage of generalising to the
case of manifolds and forms (with modifications requiring an introduction of Riemann-
ian metric; a sceptical reader can proceed by direct integration by parts). For that we
define an inner product on differential forms,

||W||%2(Q) = Z lwillze), w:= ijdxj € CX(2,TQ).
r ,

J

The formal adjoint of d : Cg°(Q), du = >, 9, ;udz;, is the given by d'w = — 3, 0, ,w;.

We start with @ € C*°(Q2) and introduce
dOA : CF(Q) — C(Q,T*Q), dP Au:=udd,
Vo= (dPA)* : CX(Q,TQ) = CX(Q), VO w =) w, .
J

Since —A = d*d, we have a point-wise statement,
€<I>/h<_h2A)€—¢’/h _ eq)/h(hd*)e—é/heé/h(hd)e—é/h

6.8

= (hd* + V&) (hd — dPA) = R2d*d — |V®|* — hd*(dPA) + V L hd. (68)

®/h

We now assume that u € C°(Q2) and put v = e®/"u, so that

Re(e®™(—h?A)u, e®™u) 12(q) = Re(e® ™ (=h?A)e™ v, v) 12(q).

When we apply (6.8) we notice that (V® 1d)* = d*(dPA), the last two terms disappear
after taking of real parts. This gives (6.7) for u € C°(€2). For the integration by parts,
we only need u € C*(Q) and usq = 0. By approximation we obtain the statement for
ue H*NHOD).

To prove (6.7) for ® € Lip (Q), we first extend ® to a Lipschitz function on R"
(and keep the same notation). We then define ®. as in the discussion after (6.5) and
note that (using the definition of convolution of distributions and compactly supported
functions)

Vo, (z) = /V(D(m)xs(x)dx.
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Then V&, — V® in L] _ (see [Ho03, Theorem 1.3.2]) and hence there exists a sequence

loc

g; — 0 such that V&, — V& almost everywhere (see [Ru87, Theorem 3.12]). We
can then use that subsequence to pass to the limit from ®., in @ in (6.7) using the
dominated convergence theorem. (In fact, V&. — V& almost everywhere if we use
the more involved Lebesgue differentiation theorem [Ru87, Theorem 7.17].) U

When considering operators on all of R” we assume
VeCO(ER), IFEeRVreR" V(z)> E. (6.9)

We can then consider the Friedrichs extension (see Example 4 in §2.3) of P := —h?A+
V, with the domain D(P) c H'(R"). In that case we have the following version of
the Agmon-Lithner estimates:

Proposition 6.2. Suppose that V' satisfies (6.9) and D(P) is the domain of the
Friedrichs extension of —h*A+ V. If ® € Lip(R";R) is constant outside of a compact
set then for every uw € D(P) (6.7) holds for Q = R"™.

Proof. Let x € C(B(0,2);[0,1]) satisfy x|p@,1) = 1. For R > 1 we define xp(z) =
x(x/R). For w in the domain of the Friedrichs extension of P, we have xru €
H? N H}(B(0,2R)) and hence we can apply Proposition 6.1 to ug. Since suppup €
B(0,2R), the integration is now over R".

HhV(eq’/huR)HLz(Rn) + (V= |VO)e? Mup, eq’/huR>L2(Rn) = Re(e® " Pug, e*"ug) ropn.

We now see that for u € D(P) and ® constant outside of a compact set, we have, as
R — oo,

2 n 2 n
UR = XRU gy u, V(e®Mup) = xgV(e? ") + R7Y(x)ge*Mu LR e®/u,

and
~1 2 p—2 L*(R?)
Pur = xgPu—2hR™ " (Vx)r - hVxu — "R “(Ax)gu —  Pu.
Passing to the limit gives (6.7) with = R"™. O
Following [DS99, Proposition 6.2] it is useful to apply Proposition 6.1 and 6.2 as

follows. In the setting those proposition, if Fy € L*(0;[0,00)) (€ = R™ in the case of
Proposition 6.2), satisfy

V(z) — |[V®(2)|* = Fy(2)*> — F_(z)?, almost everywhere, (6.10)
then, with norms in L*(Q),

1RV (e )| + gl Fye® M ul* < (|(Fy + FL) e Pull® + | Foe™"ull”. (6.11)
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Proof of (6.11). The definition of F and (6.7) give
B2V (e~ M) || + || Fre®u|®> = Re(e® " Pu, e*/u) + || F_e®Mu|?
< Re (e®"(Fy + F_)"'Pu, (F; + F_)e®"u) + || F_e*/Mu|?
< ||e*™(Fy + F) " Pul* + L (Fy + F_)e® " ul® + | F_e®/ u)?
< ||e™(Fy + F_) " Pul|” 4+ 2| F_e® u|]® + L||(F.e® .
Moving the last term to the left hand side gives (6.11). O

Example 14. Following [DS99, §6.a] we can apply (6.11) to positive Schrodinger
operators as follows. Suppose that V' > 2« > 0. That means that inf Spec(P) > 2«
and in particular Pu = v, P = —A+V, (note that h = 1 here) has a solution v € D(P)
for any v € L*(R"). We obtain an exponential decay estimate on u if we restrict the
support of v:

v € L2(R"), suppwv C B(0, Ry),

(ID(x) = \/&]an\B(07RO)(|x| — RO)
For that we first take

Dp(x) = Valpo.r)\B0.R) ([2] = Ro) + Valgmpo.r) (R — Ro),
and F, = /V(z) — |[V®g(z)]? > Va and F_ = 0 and apply (6.11) with Q = R".

(The details are left as an exercise with an answer in [DS99, §6.a].)

} — Va|[e®Vu|| + af[e®ul| < 2|jv].  (6.12)

Since (6.12) gives exponential decay, we conclude from Rellich-Kodratchev’s theo-
rem (see [Ev10, §5.7]) that for x € C°, P~'x : L?* — L? is a compact operator (both
regularity and decay are improved). By adding a constant to V' we conclude that

V>E>\N =

00 n -1, .72 n 2 ny : (613)
Vx € CE(R") (P — X)) "x: L*(R") — L*(R") is a compact operator.

This gives a PDE proof (as opposed to the more general operator theoretical proof —
see [DS99, Theorem 4.19]) of the following fact which we use in our analysis here:

liminf V(z) > Ey = inf Spec(—A + V) > Ey, (6.14)

|z| =00

that is the spectrum of —A 4+ V in (—oo, Ey) is discrete. To see this we proceed as
follows. For any E; < Ep, there exists Ry such that for |z| > Ry, V(z) > E;. In the
notation of the proof of Proposition 6.2, Vi :=V + Egxg, > E1 and (6.13) gives

(=A+Vo— Xo) *Xr, : L = L? is compact for \g < F.

Since
(_A + ‘/0 - )\)_1XR0 = <_A + ‘/0 - AD)_]-><R0
+ (A +Vo =N o = N (=A+ Vo — X)Xk,
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it follows that for A & Spec(—A + Vp), (—=A + Vo — X\)"!xg, is a compact operator on
L?. We now write
~A+V A= (-A+Vo = NI +TWN), T\ = (=A+ Vo — N "Eyxz.

Hence for A ¢ Spec(—A + V4) (and in particular for A < FEj, since Vo > Ey), A ¢
Spec(—A+V) if and only of I+7(A) is invertible. But A — I+T'(\), A € C\[E}, ) is a
holomorphic family of Fredholm operators invertible when A ¢ C. Analytic Fredholm
theory [DyZw2, Theorem C.8] shows that the poles of (I + T'(\))~! are discrete in
C\ [E1,0), Since E; < Ej was arbitrary, (6.14) follows. O

6.2.2. A single well. We now present results concerning a single well potential in di-
mension one. For higher dimensional versions see [DS99, §3] and [He88, §2]. We
consider a bounded interval [a,b], a < 0 < b, and W satisfying,

W e COO([CL, b];R), W(O) = W/(O) = 0, W”(O) > 0, W|[a,b}\{0} > 0. (6.15)

We start by a construction of an approximate ground state. We use the notation
oo
a~a0+ha1+---=Zhjaj,
§=0

to mean that for every N > 1 there exists a constant such that
N-1
la =Y a;l’| < Cyh™. (6.16)
=0
We recall that Borel’s Lemma [Zw12, Theorem 4.15] shows that for any a;’s we can
find an a (satisfying suitable bounds) so that (6.16) holds.
Proposition 6.3. There ezist ¢ = @(x,h) and X\ = A(h) with asymptotic expansions
p(x,h) ~ p(x) + hey(z) + -+,
Sol(x) =V W(:L‘), QP(O) =0, 20, ¢;€ Cm([avb])7
pi(@) = 5GW'(2)/W(x)2 — GW"(0))2)/W(z)2, ¢1(0) =0,

A(h) ~ A+ Aoh? 4+ A = %W”(O),

((hDy)? + W (z) — A(h))(e~?@M/hy = O(R*) e~ @/, (6.18)
uniformly for x € [a,b].

(6.17)

so that

Proof. We want to find

solving

eP @M p292 4 W (x) — A(h))e ?@M/h (6.20)
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in a suitable asymptotic sense. This will be achieved if we show that
—(#' (2, h))* + W(2) + he"(z, h) = A(h) ~ 0.

in the sense of (6.16). Inserting (6.19) into this equation gives ¢'(z) = /W (x) and

—_

—2¢0 () () — y Pe(2) @ o(@) + 51 (@) =X =0, po() := ().

~
I

Since ¢)(z) = 1/3W"(0)z + O(x?), solving this requires a choice of \; for which we

can divide by ¢f(x):

j—1
A= (0) =) @i(0)¢) ,(0), A =/3W(0).
/=1

We then get a recursive formula

)= o (so;’_1<x>—Zwuwg_[(m)—&).

In particular,

T o /W) \2yW ()
where the function in brackets vanishes at 0 and hence can be divided /W(x) =
1
(3W"(0)) 22 + O(?).
We conclude that for p(x,h) and A(h) given by (6.19) with ¢; and A; chosen above
we obtain from (6.20)

) = (W'(x) %W”(O>>,

(—h*0% + W (x) — A(h))e~#@MM = O(p>)e ¢/,

and it is clear that we can replace ¢(z, h) by ¢(z) on the right hand side. O

We can normalise the WKB state so that
w(z) = c(h) exp(—p(z, h)/h), |wllr2@p =1. (6.21)
The normalising constant is computed by the method of steepest descent based on

o(z) = 54/3W"(0)2* + O(2*) — see [Zw12, Theorem 3.11] (the real version in which

the phase i2p(z)/h is replaced by 2¢(x)/h is obtained in the same way). This gives,

c(h) = (AW"(0))2 /m)Y4(1 + O(h)). (6.22)
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In our applications of Proposition 6.1 we will use the following notation: for ¢ € Lip
of S € R,

u(z) = O(e#@MY w(z) = O(e™5/™)
= (6.23)
Ve>0k€e RIC >0 [0Fu(x)| < Ce?@/Mtelh | gky(z)] < CeS/htelh,

where the estimates are valid in the region of definitions of the functions.

Proposition 6.4. Suppose that W satisfies (6.15) and Py(h) is the Dirichlet realisation
of (hD,)* + W(z) on [a,b]. Then for any a < 3(%W”(O))% there exists hy such that
for 0 < h < hy,

Spec(Py(h)) N[0, ah] = {A(h)}, (6.24)

where A(h) has an asymptotic expansion given in (6.17). Moreover, if u is the nor-
malised eigenfunction corresponding to A(h) then, in the notation of (6.17) and (6.23),

u(z) = O(e @My 1 e a,b). (6.25)
In fact, more precisely,

ANVEIC |(hdy)fu(z)| < Ch Ne @/ 2 ¢ [a,b]. (6.26)

In the proof and in the next section we will need the following lemma (which can
be refined in many different ways but is sufficient for us here):

Lemma 6.5. Suppose A is a self-adjoint operator, A >0 and that I1 := 1 2/ (A) has
finite rank. Suppose that {uj}le and 0 < X < ¢ satisfy

uj € D(A), |yl =1, [[(A=Null <&, [ui,uy)| <e, i#j, e<d.  (6.27)
Then

I(1 = Muyl| < /o (6.28)
If in addition J(e + (¢/6)%) < 1 then
trIT > J,  d(\,Spec(A)) <e, (6.29)

that is, there are at least J eigenvalues of A (counted with multiplicities) in [0, 24].

Proof. To see (6.28) we note that
(A = T)uy, uj) > 26[|(1 — Tuyl*.
On the other hand
(P(I —M)uy, u;) = (I =) Auj,u;) = M|[(I = IDwy||? + (rj, (I = M), [yl <e.

and hence
(26 = MII(I = M)uy||> < (ri, (I = Muy) < el (I — My,
(6.28) follows.
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For (6.29) it suffices to show that w; := Ilu;, j =1,---, J, are linearly independent
and for that we consider the Gramian matrix, G, with entries given by

(wi, w;) = (i, ug) + (1T = DN, uj) = (ui, ug) + (0= Dug, (IT = Duy)
=0y +ai, ay| < (e/0)° +e

where we used the estimate on (u;, u;) in (6.27) and (6.28). This means that G = I+ R

where we can estimate the norm of R by J(e+ (¢/§)? (using, for instance, the discrete

version of the Schur estimate — see (2.9) and (2.10)). Hence, the assumption gives
|R|| <1 and the Gramian is inverible, showing the independence of w;’s. O

(6.30)

Proof of Proposition 6./. We proceed in three steps:
Step 1. We start by proving that if (Py(h)—A(h))u = 0, [[ul[z2(ae) = 1, A(h) € [0, M)
then (6.26) holds with N depending on M and the potential W (and on k). For that
we will use (6.7) with V(z) = W(z) — A(h) and
p(x) — Chlog C, ¢(x) < Ch,
O(x) = 6.31
= { 50~ Chtosow, o = e (03

Then for p(x) > Ch, we use ¢'(x)*> = W(x) (see (6.17)) and the assumption A(h) <
Mh to see that

/ 2 / 2
Vi(a) — @) = Wx) — A(h) — (2 —20n 2 4 oo 0]
(#) = ¥ (o) = W(a) = AW - ) ~ 200 E 05 L
W (x) ( Ch ) W (x)
—Ah)+Ch——(2——— | > — .
W oy B o o)
Since W (z) > Cip(z), x € |a, b (both functions are positive away from 0 and W (x) =
TW(0)2? + O(z?), p(z) = s(GW ( ))m + O(2?) near 0), we see that we can choose
C' large enough so that for p(z) >
V(z) — (a:)2 > coh, co > 0.

We now apply (6.11) with
F? = —(V = 9" (2)Lp@m<cn < M) Lp@y<cn < Lo@<cnMh,

and F} = (V(z) — @' (2)*)Lp@w)>cn > coh, ¢ > 0. Since for ¢(x)/h > C, e losle@/h >
hC/C’ (6.11) gives (since ||ul| L2(ja) = 1

Hhax(dp/hu)ﬂp([mb]) + Hesp/huH[;([a’b]) < Clh_c+1,

and Sobolev embedding' gives (6.26) with k = 0 and N = C. For higher derivatives
we use the equation: if £ > 1,

(ha$>(€<p/h(ha$)ku) = ecp/h(ham)k_l[(w(x) — A(h))u] + 90/6¢/h(haw)ku

!Particularly simple in one case as for u € C? with u(a) = 0, |u(z)]? < 3 5 uy)ua (y)|dy <

%HUHLQ([a,b}) [l ||L2([a,b])-
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and the bound follows by induction.

Step 2. We now use Lemma 6.5 to obtain (6.24). We first note that if y € C°((a, b); [0, 1])
is equal to 1 near 0 then we can use the normalized WKB state w in (6.21) to ob-
tain u; := yw/||xw|| which satisfies the assumptions of Lemma 6.5 with A = FPy(h),

J =1, = ah and ¢ = O(h*>). This implies that Fy(h) has an eigenvalue which is
asymptotically given by A(h) in (6.17) (and we use the same notation for it).

Step 3. To see that there exactly on eigenvalues in [0, ah|, suppose that for some
p € [0, Mh], (Py(h) — p)v =0, ||v]|r2(ap) = 1, v(a) = v(b) = 0. By the argument in
Step 1 of the proof, (6.26) holds for v. For 0 < 6 < 1 we define

vi(r) = xo(h=*a)o(a), xo € CZ((=2,2:[0.1)), xo(w) =1, Jo| <1,

On the support of x4(h2~%z) the estimate (6.26) (which holds for v) gives
[(he) vr()| = O(h~Ne?t) = O(h=Ne /%) = O(h™).
(We recall that () = L(2W"(0))2z + O(z%) and ¢(z) > 0 for = # 0.) Hence,
(P phur = O(h™) 2@y, ur = vr/|[on. (6.32)

On the other hand,

Po(h) = (hD:)* + 50" (0)a" + O@), - O xo(h™*0x) = O(hF),
and (6.32) gives

)
1t
o(h) —

(hD.)? + LW (0)2? — pyuy = O(h2~) 2.
We can now apply Lemma 6.5 with A = (hD,)? + 1W"”(0)z? to see that
d(p, (3W"(0)2h(2N + 1)) = d(u, Spec((hD)* + W (0)2%)) = O(h> ),
where the spectrum of the harmonic oscillator was computed in §3.2.

Hence any eigenvalue of Py(h) in [0, ah| has to satisfy (for A small enough), p =
(%W”(O)) 2h + O(h2739). If there were J > 1 of them, we could use the orthonor-
mal eigenfunctions of Py(h) cut-off by xo(h2~°z) in Lemma 6.5 with ¢ = O(hz39).
That would contradict the simplicity of the spectrum of the harmonic oscillator. This
completes the proof of (6.24). U

The key fact is a comparison between the exact eigenfunction and the WKB state
constructed in Proposition 6.3:

Proposition 6.6. Suppose that ¢ := c(h)h™1 exp(—¢(z, h)/h) is constructed in Propo-
sition 0.3 with c(h) given in (6.22), and u(x) > 0 given in Proposition 6./. Then for
any x € C((a,b);[0,1]),

x(u =) = O(h®)e " in C=([a,b]). (6.33)
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Proof. We choose X € C°((a,b); [0, 1]) such that X = 1 on a neighbourhood [d/, ] D
suppx, a < a’ <0 < b <b. We then put w := x(u — ). Then (6.28) in Lemma 6.5
applied with J = 1 and u; = X%, and the equation (see the proof of (6.26)) show that

w = O(hoo)coo([mb]).
Since both u and ¢ satisfy (6.26), we also have (with estimates on derivatives)
w = O(hN0)e ?@/M 1 ¢ [a,b].
Now,
(P = Nw = X(P(h) = A(h))(u — ) + [P, X](u = )
—p/h —No\ ,,—¢/h ~ (6.34)
= O(h>®)e ?" +r(h), r(h) = O ™) ?" suppr C supp X'

We want to use this in (6.7) with an appropriate weight. To do that we change between
weight used in Step 1 of the proof of Proposition 6.4 (to obtain (6.26)),

®o(z) = () — Clogmax(C, ¢ (x)/h),

to a weight ®; < (1 — €)¢ on the support of Y. In dimension one that is very simple
(see [DS99, Appendix to §6] for the higher dimensional version): choose ag and by so
that

maxsupp x N (a,0) < ap < a’, b < by < minsupp x N (0,d),
and then put

(I)l(l’) = ﬂ[aﬂo} ($)(I)0<a0) + ﬂ[ao,bo] (:L’)(I)O(l‘) + ﬂ[bo,b] ($)q)0(b0).

We can use (6.11) as in the proof (6.26) with ® = ®;: the contribution of e®*/"r(h)
(see (6.34)) is now O(h>). Applying (6.11) to w as in Step 1 of the proof of Proposition
6.4 gives (6.33). O

6.2.3. A double well. We now assume that V' satisfies (6.1) and start with an applica-
tion of Proposition 6.2 to this case:

Proposition 6.7. Suppose that V satisfies (6.1), P(h) = (hD,)*+V (z), and for some
M >0,

(P(h) = p(h)yu(h) = 0, |lu(h)|lz2@) =1, pu(h) € [0, MA]. (6.35)
If
d(z) = minps(z), ¢(z) = VV(2), x>0, p=(£1) =0, (6.36)

then, in the notation of (6.23),

u(z) = Oe~ 4@y, (6.37)
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Remark 6. If we define a degenerate metric on R by g = V(z)dz? then d(x) is the
distance of x to the set {—1,1}, with respect to this metric. In any dimension and
energy level we can define g = (V(x) — E)da® where fi(z) == f(2)1@)>0(z) and dz?
is the Euclidean metric. This is the celebrated Agmon metric which is the analogue of
the classical Jacobi metric (E — V(x)) dx? for the classically forbidden region — see
(DS99, §6.b] and [He88, §3.2].

Proof of Proposition 6.7. We will apply Proposition (6.2) with W =V — u(h), and
Dp(x) = (1 = 0)d(x)Ls<d@)<-s)ar) () + 0(1 = 0)Law)<s(x) + (1 = 0)d(R) La)>d(r)-
We can then take 0 < 0 < 1 and choose Fy in (6.11) so that (we note that near +1,
d(z) ~ (z £1)* ~ V(z))

Fi () |s<d@)<(i-syary = VOV (x) — p(h) > 30,  Fi(2)|awy>a-s)am = V'V (2),
1

F@)limzs =0, F(x) = (V — p(h)* = O(h}).
We then obtain (6.37) as in the proof of Proposition 6.4 and by taking R — oco. [

We can finally give

Proof of Theorem 7. We proceed in a number steps.
Step 1. We start by proving (6.3) using (6.24) and (6.37). For that we introduce

Pi(h) = (hD,)* + V() with 0 boundary conditions on #[—1 +n, Ry). (6.38)

The parameters 0 < n < 1 and Ry > 1 will be chosen later. We introduce eigenfunc-
tions of Py (h):

(Pr(h) = Ah))uy(h) = 0, uyp(=1+n) = ui(R) =0,

(6.39)
||u+(h)||L2([—1+n,Ro]) =1, U_(l‘,h) = U+(—l‘, h)a

and recall from (6.25) that uy = O(e~%+), where ¢ were introduced in (6.36).

We then take x; € C*°(R,[0,1]) with suppxs C (=1 +2n, Ry —7n), x4+ = 1 on
(=14 3n, Ry — 2n), and put x_(z) = x4+ (—z). We also put

Sui= [ VViads = pu(-1)

and choose Ry large enough so that ¢ (Ry) > 25y. To streamline the notation we will
modify (6.23) to

u(z) = O, = Ve, kIC |0Fu(z)| < CeGotetrtm/h (6.40)
where lim,_,o (1) — 0. In this notation we have

Yg = xxtx, (P(h) = A(h))s = 6n(€_so/h)a (6.41)



64 ZHONGKAI TAO AND MACIEJ ZWORSKI

and

(W, o) = (g, 1) + /(1 —X2)O(e7 >+ dy = 1 4 O, (7>,

o N (6.42)
(Wy, )y = / @(6—(<p+(w)+<p7(:c))/h)dx — O<e—So/h)7

1-2n
since for |z] <1, p4(x) + ¢_(x) = Sp. Lemma 6.5 applied with A = P(h) then shows
that P(h) has at least two eigenvalues in [0, ah).

We now reverse this argument and construct approximate eigenfunctions for Pi.
Hence suppose that there exist w;(h) € D(P(h)), j = 1,2, 3, such that

(P(h) = Aj(h))w;(h) =0, 0 < A;(h) < ah, (wi(h),w;(h)) = d;.

Since P(h) commutes with U f(z) := f(—x), we can assume that w,’s are either odd
or even. T'wo of them have to be of the same parity, say w; and ws.

We now introduce x+ € C*°(R,[0,1]) with suppx+ C (2n,Ry —n), X+ = 1 on
(3n, Ry — 27), and put X_(z) = x+(—x). Then

(P(h) = X (M) (Xswy) = Oy, j=1,2,

~ ~ ~ ~ N - 6.43
2(Xpwi, Xawy) = Y (e, Xew;) = 0 + Ope /), (6.43)
+
where we used the fact that w;, j = 1,2, have the same parity. Since i w, are

approximate eigenfunctions of the Dirichlet problem on [—1 + 7, Ry] we see that we
can replace A;(h) by A(h) in (6.43). We can now apply Lemma 6.5 with A = P, (h),
A = A(h) and u; = w;/|lwj| to conclude that P, (h) has two eigenvalues in [0, ahl
which contradicts (6.24). Hence, (6.3) holds.

Step 2. Let II := Ljg ) (P(h)) and, in the notation of (6.41), define
wy =Is,  Jlwe — i = Oy(e” /M), (6.44)

where the norm estimate follows from (6.28). As in (6.30) we see from this and (6.42)
that

(s ws) = 1+ Oe0/), (i w ) = (i) + O/, (6.45)
We can assume that ¢1 are real and put ¢t := (¢4, ¢_). The Gramian of w4 is given
by
Q= (i, wi) (wy,w-) _ Lt + @“n(eqso/h)’
<UJ_, U}+> <U)_, ’lU_> t 1
o (6.46)
G 2 = < X _§t> +5n(e*250/h),
1
and hence

@y, @] = [wy, w ]GV (6.47)
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is an orthonormal basis of IIL? and
Wy = wy — stw_ + O, (e™2%/M) i = w_ — Ttw, + O, (e~2%/), (6.48)
Step 3. We now calculate the matrix of ITPII in the basis (6.47). We first note that
Plwy —tpy) = PIL = D)y = (L= I) Pips
= A =D + (M= Dy, 72 = [P x| us,
where uy were defined in (6.39). Hence, (6.25) and (6.44) give

P(wi - wi) = 6n(6*50/h>L2

(6.49)

Consequently,
(Pwy,we) = (Pu,ihr) + (P(ws — ), we — u) = (Pihy,hs) + O(e /") 1

and
(P, w_) = (Pu, o) + Ope*5/") 1o
Using (6.42) and the definition of 74 in (6.49) we see that, modulo On(e_”o/h)
(<P¢+J/J+> <P¢+J/J—>> _ < At (re, vy) <¢+7 -)+ (s, >>
(P, i) (P ) Mo ) + (rs ¥y) + (ro,v) '
Since
[P, x+] = —h*}\. — 2h)/ hO,, (6.50)
and supp x+ C [-14 2n, =14 3n] U [Ry — 3n, Ry — 21|, (6.25) shows that

(re,s) = O, (672S0/h) .

The transformation (6.48) eliminates (¢;,%_) in the off-diagonal terms: in the nota-
tion of (6.46) and (6.48) we have, modulo O, (e=2%0/") we have the following matrix
representation of ITPII:

— <Pﬁ’+aﬁ’+> <Pﬁ’+aﬁ’—> _ 3 <P¢+>¢+> <P¢+7"¢’—> -1
HPH_<<Pw_,w+> <Pw_,w_>)_G <<Pw_,w+> <Pw_,¢_>)G

z@ f) Bi=(ry,uo).

Step 4. We now use Proposition 6.6 to calculate 5 in (6.51). Using (6.50) we obtain

(6.51)

() = =1 [ (e + 2t e = =1 [ (o, = (e

= K2 /X’er_(quu’_ — v u_)dr + h2/x'+u+xl_u_da:.
(6.52)
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We note that the support properties of X’ show that the last term is 677(6_250/ ). We
now notice that [ x’,x_dr = 1 and that the Wronskian u;u’ — u/,u_ is constant on
the support of x/, x_. Hence, in (6.51),

B = h*(uy (0)u(0) — v, (0)u_(0)). (6.53)

We now use Propositions 6.3 and 6.6 (and recall that ¢_(x,h) = ¢, (—z,h) and that
0+ (0) + ¢_(0) = Sp) to see that

B = =2c(h)*hz @/, (0, )+ OW/M(1 4+ O(h>))
= =213 ((3V"(1))2 /m) 2 (0)e 20+ O/ (1 4 O(n)).
We also recall from (6.17) that,
~2p,4(0) = / (V@3 /v(@)t = V()3 /V(2)?) da

l—e

= lim (LlogV(z)) — AV"(1))2 )V (2)7da

e—0 0

e\ J1yn(n)
— _lim / V2 e - Hog V(1 — o)) | - Llog V(0).
0

Since ¢/, (0) = 4/V(0) and
3(log V(1 —¢)) =loge + O(e),

we obtain

B = —2((3V"(1))2h/m)ze A5/ (1 + O(h)),

A= lim

1
e—0+ 2

—1+e V(x)

1+e Lymnq (654)
/ 2 ()+10g5 .

In view of (6.51), Aa(h) — A1(h) = 208 + 677(6’25‘)“), so by taking ¢ and 7 small we
obtain (6.4). O

Remark 7. From (6.51) we conclude that the Dirichlet eigenvalue X\, (h), of P(h) on
[—1+4+n, R], Ro>1, 0 <n <1, provides a good approzimation for the eigenvalue of
the double well problem:

M () = Ay(h) + B+ Op(e7 /M), Mi(h) = Ao(h) = B+ Oy(e25/),

=

where B < 0 was given in (6.54) and we used the notation (6.40).
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6.3. The periodic case. We now assume that V € C*(R;R),
Vie+1)=V(z), V(0)=V'(0)=0, V"(0)>0, Vl]gpz>0 (6.55)
and consider
P(h) := —h*0? +V(x) : H*(R) — L*(R). (6.56)
We can apply the Bloch-Floquet theory of §5.3 to P(h).

Our goal is to describe the first band of the spectrum of P(h), Eo(0,h), as h — 0.
We denote by Py(h) the operator P(h) acting on Hy given in (5.6) (with I' = Z and
n =1, and the domain given by HZ (R)NHy). Then Ey(6, h) is the first eigenvalue of
Fy(h).

Theorem 8. Under the assumptions (6.55) and in the notation above we have, for
any € > 0,
Eo(6,h) = A(h) + B(h) cos f + O (e~ 250=e)/h)

B(h) = 4y/h\; /me 2e™ 50/ (1 + O(h)), (6.57)

A(h) ~ Ah 4+ Mh? 4+, M\ =4/3V"(0),

where

e—0

So = /01 V(z)2dr, A=lim}l (/ MV (x)"2dx — L(log v@))) . (6.58)

For 0 < n < 1 we define Py(h) as the Dirichlet realisation of P(h) = (hD,)*+V on
[—1 47,1 —mn]. This is an operator of the form described in §6.2.2.

Let A, (h) be the first eigenvalue of the operator Fy(h):
(P(h) = Ay(h))u(h) = 0 on I := [=1+n,1 =1,
lu(P)l|z2,) =1, u(h)or, = 0.

Remark 8. Just as in the case of the double well and in the notation of (6.40) we
have that in (6.57),

(6.59)

A(h) = Ay(h) + Oy(e>0M),

If x € C((—1+2n,1—-2n);[0,1]) is equal to 1 in (—143n, 1 —3n) we put (dropping
the dependence on h in the notation):
v :=xu = Ph)Yy=\Nh)Y+r, r:=[P(h),xlu. (6.60)

We use 1 to construct a quasimode of Py(h):

Yo(z) =Y e ap(a — k). (6.61)

kEZ
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Since
Yoz —0) =D e (@ — 0 —k) =™ e Oz — (k+ 1))
keZ keZ
= ¢4y (),
we see that 1y € Hy N C®°(R). Also, in the notation of (6.60),
Py(hyy = A(h)bg + 19, 1o:= Y e r(e—k). (6.62)
keZ

From (6.26) we see that (in the notation (6.40)) we have a pointwise estimate

OFrg(z) = 6,](6’50/”), So = /1 VvV (zx)de. (6.63)

Proposition 6.8. Let Py(h) be the Flogquet operator defined after (6.56). Then for
any a < 3(%‘/”(0))% and h small enough,

Spec(Ps(h)) N[0, ah] = {Xg(R)},  Ag(h) = A(R) + O, (e /M), (6.64)
where A(h) was defined in (6.59) and we used the notation (6.40).

Proof. In view of (6.62) and (6.63) we already know that
d(Spec(Py(h)), A(h)) = Oy(e™ /),

and it remains to show that A(h)+ O, (e~50/") is the only eigenvalue of Py(h) in [0, ah].

For that we recall Theorem 5 and consider
(hDy — 0)? + V(2))ug(h) = Eg(h)ug(h), ug(x+1) = ug(z), 0< Ey(h) < ah.

As explained in §5.4, e®uy(h,z) is then an eigenfunction of Pp(h) with eigenvalue
E(h). In particular estimates on ug(h) will translate to estimates on eigenfunctions of
Py(h). An adaptation of the proof of Proposition 6.1 gives for any Lipschitz function
on R/Z, ®,

Re(e®"(((hD, — 0)> + V(z) — Ey(h))ue, 6©/hU9>L2(R/Z) =
[(hD = 0)(e® " up) || L2@yz) + (V = Eg(h) = [VO*)e™ " ug, e Mup) 2z

Arguing as in Step 1 of the proof of Proposition 6.4 we see that (6.26) holds for
ug(z) for x € K € (—1,1). Consequently it remains true for the eigenfunctions of
Py(h). Suppose Ej(h), 1 < j < J, are the eigenvalues of P(6) in [0,ah] and u/(h)
the corresponding eigenfunctions lying in Hy N C*°(R). The estimate (6.26) shows
xu (h) /|| xu?|| 21,y (with the same x as in (6.60)) satisfy the assumptions of Lemma
6.5 with A = Py(h) and € = (57,(6_50/’1). But then the fact that Py(h) has only one
eigenvalue in [0, ah] (see Proposition 6.4) shows that J = 1. O
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Let Iy : Hg — Hg be the orthogonal projection onto the eigenspace of Ag(h). Using
(6.61) we define the following element of the eigenspace:

wy = gy, |[wg — o) = Op(e=5/),

where the bound follows from Lemma 6.5 using the argument described in the proof
of Proposition 6.8, see (6.44). Then, as in (6.45)

lwoll3, = 1+ Oyle/™),

and
(Pp(h)wg, wg) = A(h) + (rg, wg) = A(h) + (rg,vg) + 6n(e—250/h)‘

We now go back to (6.62) and compute (we can assume that 1 is real valued):

(ro, e)n }:1Mfu/ (z — O¢(z — k)da.

Now,
k=0, (=0
suppr(e —¢) Nsupp (e — k) N[0,1] # 0 = k=0, (=1,
k=1, 0=0.

Decay of v shows that £ = ¢ = 0 contribute (577(6*250/ ") and hence, proceeding as in
(6.52) and modulo that error term,

(ro, Vo)p, = 20056’/ r(z)y(x — 1)de

= —2h? cos@/ / )+ 2x v () x(z — Du(x — 1)dx

= —2h? Cose/O x(@) x(x — 1) (u(x)u'(x — 1) — u(x)u(z — 1))dz
— 2h? COSQ/X’(x)u(x)X(x — Du(zr — 1)dx

= —2h% cos O(u(i)u'(—3) — u(=H)'(2)).

We now calculate the Wronskian using Propositions 6.3 and 6.6: for |z| <1 —mn,
u(aj) = C(h)h_%e_W(x)/he_Sol(x)(l + O(h))’

5 (¢ (z) + (f)(h))e—eo(m)/he—cm(x)‘

W' (z) = —c(h)h™2 (669)

We have
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so that p(3) + ¢(—3%) = Sy, where Sy is given in (6.63). Finally,

1
2

N

—p1(

>:;KUWMWWuﬁ4ﬂWWWWm0w

1
2

(Slog V() — (AV"(0)}/V (&) ¥ds

1 1 . 1 e %V” (0) 1 1 1
o) - =timd | [ —do - JogV(e) | - blog V().
Hence

(3 (=3) —u(=$)'(3) = ~2h"2 (3V"(0) /m)2e e /M1 + O(h),

2 2

where A and Sy are given by (6.58).

6.4. Higher dimensional examples.

7. TOPOLOGY FOR BAND STRUCTURES

7.1. Line bundles through an example: the Bloch sphere. In this section we

introduce the concept of a line bundle over a surface, working with the specific example

over 2-dimensional sphere S* = {z € R?: |z| = 1}.

7.1.1. Definition of a line bundle. First we recall the definition in Section 2.7 special-

ized to line bundles.

Definition 7.1. Let L, X be two topological spaces, and m : L — X be a continuous

map. Then m: L — X is called a (continuous) complex line bundle if

e For any x € X, mY(x) is a 1-dimensional vector space over C;

o There is an open covering {U;} of X such that there is a continuous map

hj: 7w Y (U;) = U; x C which is a linear isomorphism on each fiber.

7T_1(Uj) L Uj x C

™
pry

Uj
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If L, X are smooth manifolds, m and h; are all smooth maps, then m : L — X 1is
called a smooth complex line bundle.

If L, X are complex manifolds, ™ and h; are holomorphic maps, then w: L — X s
called a holomorphic line bundle.

IfU;NU; # @, then hjoh; ' : U;nU;xC — U;nU;xC is given by (x,A) — (, gi;(x) ).
The maps g;; : U;NU; — C* are called transition functions. Transitions function satisfy
the following compatibility properties.

* gij(7)gji(r) = 1;
® gij(2) gk (z)gri(x) = 1.
Conversely, if we are given a family of transition functions satisfying those com-

patibility properties, then we can recover the line bundle. The line bundle being
smooth /holomorphic is equivalent to the transition functions being smooth /holomorphic.

We also define sections of a line bundle, as a generalization of functions.

Definition 7.2. Let m : L — X be a line bundle, a section is a map s : X — L such
that mo s =idx. It is called a continuous (smooth, holomorphic) section if s : X — L

is continuous (smooth, holomorphic). The family of continuous (smooth, holomorphic)
sections is denoted C(X; L) (C*(X;L), O(X;L)).

Using local charts X = (J Uj, a section can also be described by functions s; : U; — C
such that g;;s; = s;.

7.1.2. The Bloch sphere. A concrete example of a line bundle, will be a bundle over S?
given by an eigenspace of a self-adjoint family of operators parametrized by S?. As we
will see it is equivalent to the tautological line bundle over the projective space and,
after taking unit vectors, to the Hopf fibration of S?.

The operator is defined using the Pauli matrices:

(01 (0 —i (1 0
=) PTG o) B0 1)
From them we build a family of operators parameterized by x € S*:
. e T3 Xr1 — 7:1'2
H(z) = ;xjoj ($1 vz, ) : (7.1)

It is clear that H(z) = H(x)* : C* — C? (as Hilbert space equipped with the standard
inner product) and it is easy to check that Spec(H (z)) = {£1}.
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On S? we use two coordinate charts given by stereographic projections: let NP be
the “north pole” given by x3 = 1 and SP the “south pole” , x3 = —1. We then have

UO::SQ\NPBx%z(x):weC
1—I3
and
Y1 — 1Yo
U :=S*\SP >y — =w= e C.
1 \ y—=w(y) =w o

The transition map between them is w = 2.

We are interested in the line bundle given by V, = ker(H(z) — 1) C C?, considered
as a subbundle of the rank 2 trivial bundle S? x C2. We have

m:c(i), x # NP, Vszc(é).

The sphere S? can be identified with CP' defined as the set of complex lines inside
C2. In projective coordinates,

CP' = {[2:21]:20#0or z; #0,2; € C}.

Here the projective coordinate [z : z1] means [zp : 21] = [2( : 2}] if and only if there
exists A € C* such that (29, 21) = (2, 21). In local coordinates, we can use

_ z=2z/2, 20 #0;
(70 + 2] '_){ z=2zy/z1, 21 #0.

The line bundle V' is called the tautological line bundle because its fiber is nothing but
the line that [z : 2] represents in CP'. The trivialization map is given by projection
to the second/first coordinate:

ho([Z() : 21]) S (21) — )\Zo, 20 7é 0;

)

2
hl([Z() : 21]) CA (21) — )\2’1, 21 7’é 0;
0
Thus g1 0 gy : A2o + Az and the transition function gio([2o : 21]) = 21/20 = z on

Uo N U;. This indeed gives V' a holomorphic line bundle structure.
Sections of V' is then given by sg,s1 : C — C such that s1(1/2) = gi0(2)so(2) =
z80(2) for z € C*.

Example 15. While V has a lot of smooth sections, the only holomorphic section of
it is 0. This is because if we expand

o0 oo
So(z) = Zakzk, s1(w) = Z bw',
k=0 1=0
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FIGURE 10. Part of the foliation (7.2) with R3 ~ S3 \ NP folliated by
circles made out of linked key rings. See also an animated version.

then s1(1/2) = zso(z) implies that
agz + a2 4+ =by+ bz 4

that is a, = b, = 0 for any k,[. There are other holomorphic line bundles with
transition function gio(2) = 27, that is s;(1/2) = 2 %s¢(z) (they are called O(k)-
bundles). Only when &k > 0, there exists nonzero holomorphic sections.

Remark 9. The bundle V is intimately related to the Hopf fibration of S3. For that

we consider S* = {(z9,21) € C*: |20]*> + |21|> = 1} € C?, v : V, = C? the inclusion
and

St~ VNS4 st L epl ~ % f(z0,21) = [20: 21], fou=id. (7.2)

The circles V, N'S? foliate the sphere S® in a nontrivial way illustrated in Figure 10.


https://www.youtube.com/watch?v=AKotMPGFJYk
https://en.wikipedia.org/wiki/Hopf_fibration
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7.1.3. Connections and curvature. Now we define connections, which are generaliza-
tions of the exterior derivative.

Definition 7.3. Let L — X be a smooth line bundle, a connection D on L is a linear
map

D:C®(X;L) - C*X; LT*X)
such that D(fs) = fDs+ s®df for any f € C*(X) and s € C*(X; L).

In local coordinates, a section s is represented by a family of functions s; : U; — C
such that s;(z) = g;;(z)s;j(x). Suppose the section Ds is represented by D;s;, then by
Leibniz rule we may assume

Djsj(x) = ds;j(x) + 0;(x)s;(x), 0; € C=(U; T"X).
The compatibility condition is
9ij(ds; +0;s;) = ds; + 0is; = d(gijs;) + 0igijs; = 9i5(ds; + 0is;) + s;dgij,
that is 6; = 6, + g;ldgij. A family of {6;} satisfying the compatibility condition will
give a connection on L.

Given a connection D, we can define its curvature:

Proposition 7.4. In local coordinates, we define O|y, := db;, then © gives a globally
defined closed 2-form on X.

Proof. 1t is clear that it is closed. We only need to check it is the compatible on U;NU;:
O

© is called the curvature form of the connection. It will depend on the choice of
connection, but its cohomology class does not.

Proposition 7.5. Suppose Dy, Dy are two connections on L, ©1,0, are two corre-
sponding curvature forms. Then there exists n € C*°(X;T*X) such that ©; = Oy +dn.

Proof. On U; N U;, ©1 — O3 = d(6) — 62). We claim 6; — 05 defines a global 1-form
n on X. It suffices to check on U; N U; 61; — 03 = 61; — 05, but this follows from
01 — 01 = 05 — Oy = ggldgij 0

As a corollary, when X is a 2-dimensional compact smooth manifold with a smooth
line bundle L, one can define a number

(L) = i/X@. (7.3)

2T



PDE METHODS IN CONDENSED MATTER PHYSICS 75

This is called the Chern number of the line bundle and is independent of the choice of
the connection, thus a topological invariant. We will prove it is an integer.

Example 16. Let us come back to our example of the Bloch sphere. Recall we have
the tautological line bundle V' given by ker(H(z) — 1) on the sphere S?. Denote
i : V. — S* x C? the inclusion to trivial bundle. For a section s € C*®(S* V), i 0 s
gives a smooth function S* — C such that i o s(x) € ker(H(z) — 1). We can define a
connection on V' via

Ds(x) = IL,(d(i o 5)) (7.4)

where II, is the orthogonal projection from C? to V, = ker(H(z) — 1) under the
standard Hermitian inner product on C2. It is easy to check it is a connection:

D(fs)(x) =11,(d(fios)) =,(ios®df + fd(ios)) =s®df + fDs.

We compute the curvature of this connection using a different basis (that is a different
trivialization). Let

1 z 1 1

o) =y (1) 0= g (o)

then H(z)u;(x) = uj(x) and |uj(x)| = 1. We have
d(sju;) = ujds; + s;du,

and

I(d(sju;)) = (ujds; + sjdu;, ujyu; = u;ds; + sj(duj, u;)u;.
So Djs; = ds; + sj(duj, uj).

We should note that the definition (7.4) does not rely on the special structure of V'

but only on the fact that we have an inclusion of V' in the trivial bundle S? x C2. If we

have an inclusion in a more general trivial bundle S? x H where H is a Hilbert space,
we can still use the definition (7.4).

This is a special case of a Hermitian connection the definition of which we now recall:

Definition 7.6. A Hermitian metric on a line bundle w : L — X is a smooth family
of Hermitian metrics | - |, on each fiber w1 (z).

In local coordinates, this can be written as |v|2 = hj(x)[v|?>. The compatibility
condition gives
hy(@)ls;(@)* = hilsi(@)]* = halg; () *]s; ()],

that is h; = h;|gi;|*. There are always many Hermitian structures on a line bundle by
a partition of unity argument.
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Definition 7.7. Let D be a connection on the line bundle L — X. D 1is called a
Hermitian connection if

d((s(z), s (z))z) = (Ds(x), s'(x)), + (s(x), Ds'(x)),, Vs,s € C°(X;L).

Equivalently, |s(x)|, is preserved under the parallel transport induced by D (parallel
transport is defined via the equation Ds(t)(%(t)) =0).

Let us choose a local frame u; such that |u;| = 1, then

d<5j7 s > - <d8j7 5;) + <8j7d53'>

/
J
and
(Dsj, 85) + (s, Dss) = (ds; + 055, 85) + (s5,ds; + 0;5%).
Thus D being Hermitian means (0;s;, s7) = (s;, 0;s}), that is ; = —0;.
If L is a holomorphic line bundle, we say D is compatible with the holomorphic

structure if D' = 9. There is a unique Hermitian connection on L compatible with
the holomorphic structure, called the Chern connection.

Given a connection D on L and a curve 7(¢) on X, one can define the parallel
transport of s via the equation Ds(t)(¥(t)) = 0. Suppose D is Hermitian and ~ is
closed, that is v(0) = (1) = x € X, then |s(0)|, = |s(1)|., and there exists § € R
such that s(1) = €?s(0). The factor ¢? is called the holonomy of the connection D on
the curve 7, denoted by holp(7). If 7 is a simple closed curve inside a single chart Uj,
then the equation

s5(t) +0;5(y(t))s;(t) =0

can be solved explicitly and gives

holp(7) = exp (— /7 ej> — exp (— /ﬂ @) (7.5)

where 2 is a region enclosed by ~. The last term on the right is independent of the
choice of charts and one can verify this formula works even if v is not contained in a
single chart U; by a subdivision argument.

Exercise 7.8. Let us consider the Hermitian connection defined in (7.4). On can
compute on Uy

1
0 = (dug,ug) = 5 (Zdz — zdz)

(1+12?)

and
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sin et

For example, on the circle given by z(t) = (0 < ¢ < 7), we can compute

1 —cosp

dz N dz
holp(y) = exp (/ —>
|z|>sin ¢/(1—cos ¢) (]‘ + |Z|2)2

o d
= exp (27m'/ i 2) = exp(mi(1l — cos )).

in? p/(1—cos )2 (1 + 8)

Now we prove the Chern number is an integer.

Theorem 9. ¢,(L) defined in (7.3) is an integer.

Proof. Let x € X. Choose small neighbourhoods €2, converging to x and v = 9€,,

then
- [ ) -2 (].)

Thus exp(fX@)zland fX@GZMZ. O

If we are on the sphere S?, there is another simple proof: notice for the equator -,

/@—/90—01—/gfoldgw—/dloggloE%TiZ.
X ¥ ¥ v

For the tautological line bundle V' with connection © defined in (7.4), we have

/ / dz/\dz = 2mi.
S2 ‘Z’

7.2. Line bundles over tori. Let I' C R” be a lattice and X = R"/T" be an n-
dimensional torus. We are interested in line bundles over the torus.

Thus ¢, (V) = —1.

First we recall the notion of pullback. Let f : Y — X be a continuous map, then
one can define the pullback bundle f*L to be

FL=Y xxL={(y,0) €Y x L: f(3) = 7(v)}.

Suppose {U;} is a covering of X such that 7—!(U;) is trivial, then {f~1(U;)} is a
covering of Y such that f*L|s-1(y,) is trivial. So f*L is a line bundle over Y. When f
is smooth /holomorphic, one can check f*L is smooth/holomorphic.

When we look at a line bundle L — X over the torus X = R"/I, there is a natural
quotient map p : R" — R"/T". By Corollary 2.18, p*L — R"™ must be a trivial line
bundle, so we identify p*L with R” x C. Now I" has a natural action on p*L by

’7'(y7’0) = (y+’7av>7
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lifting the action on the base, that is
I'x p*L —— p*L
r iY — ll/
L is exactly the quotient bundle under the I'-action
L=A{(y,A\) €Y x L:py) =n()}/(y+7,v) ~ (y,v)) =p"L/T".
Since we identify p* L with the trivial bundle R” x C, the action of I" can be written as
7 (@A) = (@47, e0(2)N). (7.6)

Those e, (x)’s are called multipliers. Because (y1 +72) - (z,A) =71 - (72 - (2, A)), they
must satisfy

6W1+72(x) = €n (1} + '72)672 (JJ), 60(x> =1 (77)
We can then describe sections of L as follows.
C®(X;L) ={uec C*R") :u(z +v) = e (x)u(x), Vy € I'}. (7.8)

Since the choice of trivialization p*L — R™ x C is not unique, if we change e, (z) to
é,(x) = eg(zﬂ)ev(x)e—g(r)’
we will get an isomorphic line bundle L. Indeed, the family of line bundles over X up
to isomorphism is given by
{e3(2) : ey () = €5, (& + M)ens ()} 4 (2) ~ &5 () = P e ()79,

Let L — X = R"/T" be a smooth line bundle, and h be a Hermitian metric on L. h
then induces a metric on p*L = R™ x C such that

h(x) = hz +7)ley (2)]*. (7.9)
Conversely, any smooth function h(x) : R™ — R satisfying the above condition defines
a Hermitian metric on L.

Similarly, connection D on L induces a connection on the pullback bundle p*L =
R™ x C such that

(p*D)p*s = p"(Ds).
Suppose (p*D)s = ds + s for some 0 € C*(R";T*R"™). Then 6 has to satisfy for
se€ C®(X;L)
d(ey(x)s(x)) + 0(x + v)ey(@)s(x) = ds(x +7) + 0(x + v)s(x +7)
= ey(7)(ds(z) + 0(x)s(z)),
that is,
O +7) = 0(z) — e () dey (2).
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The curvature is given by © = df. When n =2, let Q = {sy + 172 : 0 < s5,t < 1} be
the fundamental domain one can check that the Chern number is an integer directly
in this case. We use (7.7) to see that

/X /899—/[0% ) =0z +72)) — /[0’1]%(9(%)—9@—1-71))

= /0 (ey, (t11) "M den, (t1) = (e, (t72) " dey, (172)) (7.10)

= log €2 (71) — log €y (O) — log €n (72) + log €n (O)
= log €, 4+,(0) —loge,,++,(0) =0  mod 27iZ.

We can simplify the multipliers a bit when n = 2.

Proposition 7.9. IfI' = Zry, & Z,, we can always choose e, (x) = 1.

Proof. Recall a (complex) line bundle over the circle St is always trivial, thus by an
easy adaptation Proposition 2.16, any (complex) line bundle over S* x R is also trivial.
Consider the projection p : R?/v,Z — X = R?/T". The pullback p*L must be a trivial
line bundle. As before, there is a natural action of 7,7 on p*L such that L = p* L/, Z.
Suppose in a trivialization p*L = R?/,Z x C, the action is given by

nyz - (Ia A) = (z +nye, 67172('7:))‘)'
Then we can describe L by multipliers e, (z) and e, (z) = 1. O

Remark 10. In higher dimensions, it is not true that any line bundle over (R/Z)*
R is trivial. However, one can still play a similar game by choosing the generators
carefully. There is also an analogous version in holomorphic case. For more details,
see Griffiths—Harris [GH14, Section 2.6].

As an application, we prove that if ¢;(L) = 0 then L is trivial (Note this is not true
in the holomorphic setting).

Proposition 7.10. Let n =2, I' = wZ ® yZ. If c;(L) = 0, then L is trivial.

Proof. By Proposition 7.9, we may assume e., (x) = 1. Then ¢;(L) = 0 implies that

| ety e i) = . (7.11)

Since d(e, (x) tde,(x)) = 0, we can find f € C*(R?) such that df = e.,(z) 'de,,(z).
Modifying f by a constant gives e.,(x) = exp(f(z)). Since

€2 (ZE + ’71) = Cyy (1’ + /71)671 (JZ) = 6’71+’Y2(5L‘) = €6y (‘T + '72)672 (ZL“) = Cyy (JZ),
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e+, () is periodic in vy and f(x+v1) = f(z)+ 2mik for some k € Z. But (7.11) implies
k=0 and f(x) is v, periodic. Now we claim we can find g € C°°(R?/v,Z) such that

g9(z + ) —g(z) = f(z)
Let x(x) € C*®(R?/v7Z) be a cutoff function such that suppx C {z = ayy1 + as7o :
ag > —1} and x(x) =1 on {x = a1 + azy2 1 az > 0}. Let

o0

g9(x) =Y x(@—nm) (& —nya) — (1= x(z + (n = )y2)) f(z + (n — 1)),

n=1

then g € C*°(R?/~,7Z) since this is a finite sum. Moreover,
9(x +12) —g(x) = x(2) f(2) + (1 = x(2)) f(z) = f(z).
Now we let
6 () = e e (2)e,

Then é,,(x) = e9@=9@+) = 1 and é,,(r) = e /@e,(z) = 1. Thus L is isomorphic
to the trivial line bundle. U

When n = 2, we identify R? with C, so that C/I" is a complex manifold. It is called
an elliptic curve (for reasons related to elliptic functions and elliptic integrals). It is a
fact that every holomorphic line bundle over C is trivial. So we can do the same thing
as above and get a family of holomorphic multipliers e, (z) : C — C*. Note that there
are many different holomorphic structures on a smooth line bundle over an elliptic
curve (in fact, they all differ by a translation).

Given a Hermitian connection h(z), we can write down the Chern connection di-
rectly:

0(z) = 0.(log h(2))dz = h(2)'0.h(2)dz (7.12)
It is direct to check it is Hermitian and D%! = 0. We check it is compatible:

0(z + ) = 0, log(h(z + v))dz = 8, log(h(z)|e,(z)| *)dz = 0(z) — e, (2) ' D.e,(2)dz.

A classical subject from 19th century is elliptic functions and theta functions. By
Liouville’s theorem, the only holomorphic function on C/I" is constant. So people study
meromorphic functions on C/T", which are called elliptic functions, and holomorphic
sections of a line bundle, which are called theta functions.

Definition 7.11. Let z,7 € C,Im7 > 0. The Jacobi theta function is

O(z;7) = Z exp(min®T + 2minz).

nez
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Letl e N, a,b e %Z, the theta function with rational characteristics a,b is

Oup(z;7) = Z exp(mi(n + a)?1 + 27wi(n 4+ a)(z +b)).

nez

Since Im7 > 0, the series converges absolutely and gives a holomorphic function.
Here z is the variable on the universal cover C of C/T';, and 7 should be thought of
as the variable that parameterize the family of elliptic curves C/T"; with I, = Z+ Zr.
The Jacobi theta function is quasi-periodic

0(z+1;7)=0(z;7), O(z+7;7)=e ™7 2"50(2; 7).
In general,

O(z+m+nr;7) = e’”"ZT’Q“i”ZH(z; 7).

2

Let epinr(2) = exp(—min*T — 2minz), then one checks

em2+n27'(z +my + an)emH-an(Z)

= exp(—minsT — 2ming(z + my + ny7) — TINIT — 27ing 2)
= exp(—mi(ny 4+ n2)*T — 2mi(ny + no)2)

= €my-+mat(n+na)r(2)-

S0 {€em+nr(2)} defines a holomorphic line bundle over C/I'; and 6(z;7) is a nonzero
holomorphic section of it.

One can check the metric given by h(z) = exp(—2n|Imz|?/|Im7|) satisfies the
compatibility condition (7.9). The corresponding Chern connection is given by 6(z) =

7r(Z—_f)alz with curvature © = Z-dz A dz. So

Im
C(L)———i/@——l
! 27 X '

So the Jacobi theta function is a nontrivial holomorphic section of a line bundle of
degree 1. In fact, Riemann—Roch theorem tells us this is the unique nontrivial holo-
morphic section of this line bundle (up to scalar).

In general, there are more complicated line bundles of higher degrees. The theta
functions with rational characteristics ,,(lz; 7) satisfies

Oun(1(z+1):7) = Oy (12;7),  Oan(l(z+7);7) = e THET2020 (12 7).

—mil?T—2mil2z

Thus they describe a holomorphic line bundle with e;(2) = 1 and e, (z) = ¢
A simple calculation shows this line bundle has Chern number /2, and again Riemann—
Roch theorem implies that it has [? linearly independent holomorphic sections. Indeed,
one can check directly that a basis is given by {0,,(2) : a,b € %Z/ Z}. We provide an
elementary proof below.



82 ZHONGKAI TAO AND MACIEJ ZWORSKI

Proposition 7.12. Suppose Im7 > 0 and ' = Z @& Z7, and X = C/I" is a complex
torus. Let L be a line bundle over X defined by multipliers

e1(2) = € e (2) = P72m= o B C,m e Z.
Then the dimension of holomorphic sections of L (denoted by O(X; L)) is equal to

m, if m > 0;
dimc O(X;L) =< 0, if m < 0;
0orl, ifm=0, depending on whether L is trivial.

Remark 11. Note by (7.10), m = ¢1(L) is the Chern number of the line bundle.

Proof. Let w be a holomorphic section of L, we write
w(z) = e"*u(z),

then u(z+1) = u(2),u(z+7) = P~ =2mmzy (2) . We can then expand u into Fourier
series

u(z) = 3 a, ()
nez
Since u(z) is holomorphic, a,(y) is also holomorphic, and a,(y) = a, are constants.
The condition u(z + 7) = e'F=am)=2mmzy () gives

an627r7,n7' _ ez(,B—aT) -

If m=0and f—ar € 2n7Z (i.e. when L is trivial), then one has a nonzero solution
ap = 0y, for B — at = 2mirt. Otherwise we get a,, = 0 for all n.

For m # 0, the solution is determined by a choice of ag, a1, - , ajm—1. If m <0, the
solution a,, would grow exponentially (|a,| > %6”2/ ©) and the series would diverge.
Thus there is no nonzero holomorphic sections when m < 0. If m > 0, then the
solution a, decays exponentially (|a,| < Ce™™*/¢) and gives holomorphic sections. So

dim O(X; L) = m for m > 0. O

8. TOPOLOGY IN PHYSICS: THE ADIABATIC THEOREM AND DECAY OF WANNIER
FUNCTIONS

Here we present two examples of consequences of non-trivial topology in physics.
The first concerns adiabatic evolution. We first revisit the Bloch sphere (see §5.3) and
see the emergence of holonomy in adiabatic evolution in that case. We then consider
general line bundles over R?/T* (the Brillouin zone) given by Bloch eigenfunctions and
show how their nontriviality affects decay of Wannier functions (see §5.6 for the first
instance they appeared here, albeit in trivial topology).
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8.1. Adiabatic theorems and parallel transport. In this section we introduce the
adiabatic theorem. To gain respect for the general case proved in §8.2 below we first
look at a special case of the Bloch operator (7.1).

Proposition 8.1. Let x(t) = (rcost,rsint, (1 — r®)'/2) be a curve on the sphere.
Consider the initial value problem

{ iedywe = (H(x(t)) — Dw,,
We =0 € Va(0)-

Then there exists w(t) € Vy) independent of €, such that
w(t) = w(t) + O(e). (8.1)
Remark 12. If we write the equation as

{ i0yw. = H(x(et))w,
ws’t:O € ‘[7:(0)7

then we will conclude w.(t) = e "w(et) + O(e). The —1 term will just affect the
phase. The adiabatic theorem describes behavior of a system under a slowly varying
Hamiltonian.

Proof. Let

w 1 pett w 1 1
L= (1T+p)2\ 1 )" 2= (14 p2)i/2 \ —pe

be the normalized eigenvectors. Let w(t) = ¢1(t)ui(t) + co(t)ug(t). Then

Cl(t) = —Cl<7l1, U1> — CQ<'L.L2, u1>,
) ) ' i
CQ(t) = —01<U1,U2> — C2<u27u2> + €C2.
In other words,
2
0 (t) = —1 ; P it
ér(t) = —ierg e +2021 +p2€ 7

Co(t) = —ic e+ | —+ .
2(1) 2 2(5 1—|—p2)
Let a1(t) = c1(t) and as(t) = e cy(t), then

2

P
1+ p? 1+ p?’

p 21 ip* .
1+p2+a2<e T Z)'

dl (t) = —ial + iag

dg (t) = —ial



84 ZHONGKAI TAO AND MACIEJ ZWORSKI

This is an ordinary differential equation with constant coefficients. The matrix

i P iP
1+p2 1—|—/g2
L % i’
Z1—1—p2 5 + 1+p2 t

has eigenvalue \; = 2i/e +ip?/(1+ p?) —i+ O(e) and Ay = —ip?/(1+ p?) + O(e) and
eigenvectors v, = (?) +0(g), vy = (é) + O(e). Thus

. 2 .
al(t> _ _Zl—ilﬂ Zl_,fpz 1
=exp |t , 9 ip? , 0
ax(t) TR v

— exp((—ig/(1 1 9)0) (3) L 0.

In conclusion
we(t) = exp((—ip?/ (1 + p*))t)us (t) + Oe), (8.2)
which gives (8.1). O

The general adiabatic theorem describes a system with slowly varying Hamiltonian.
It was first proposed by Born and Fock, and later proved mathematically by Kato
[Kabh§]

Theorem 10. Let P(s),s € [0,1] be a smooth family of bounded self-adjoint operators
on a Hilbert space H, and \(s) be a smooth family of simple eigenvalues of P(s) such
that dist(A(s),Spec(P(s)) \ {A(s)}) > & > 0 is bounded from below. Consider the

following nitial data problem

{ iedyu. = P(t)ue,
u:(0) = uy € ker(P(0) — A(0)).

Then there ezists u(t) € ker(P(t) — A(t)) independent of € such that

uc(t) = exp (-3 /0 t A(s)ds) u(t) + On(e).

€
We postpone the proof until §8.2.

Remark 13. The boundedness assumption of P(t) is not essential, and the proof
adapts to unbounded cases under reasonable assumptions. We only prove the bounded
case for simplicity.

In order to understand the next theorem, we need to introduce parallel transport.
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Definition 8.2. Let 7 : L — X be a line bundle over a smooth manifold X, and ~(t)
be a smooth curve on X. The parallel transport of so € 7~ (v(0)) is a section s(t) of
L along ~(t) such that

Ds(t)(7(t)) = 0. (8.3)

Suppose L C X x H and the connection D is inherited from H as in (7.4). Then if
we choose a local orthonormal frame uy, D is given by ds; + (duy,u;)s;. The parallel
transport equation can be rewritten as

<%(81(t)u1(’y(t))),u1(7<t))> _

Let s(t) = si(t)ui(y(t)), it is equivalent to (£s(t),s(t)) = 0 or (s(t + 6),s(t)) =
(s(t),s(t)) + O(6?).

The following theorem of Barry Simon [Si83] gives an interpretation of the adiabatic
theorem in terms of parallel transport.

Theorem 11. Suppose X is a smooth manifold, v(s) is a smooth curve on X. Let
P(s) = P(y(s)) is a family of operators satisfying the same conditions in Theorem 10.
Let V, = ker(P(z) — A(z)) be the line bundle defined by the eigenspace of P(s) and
D be the inherited connection from H. Then u(t) given in Theorem 10 is the parallel
transport of ug along y(t).

Proof. We may assume A(z) = 0 and ignore the phase. Then wu(s) = lim. o u.(s). To
prove u(s) is the parallel transport, it suffices to show (“£u(s),u(s)) = 0. For taht, in
turn, it suffices to show for any ¢ € C3°((0,1)) we have

/ p(s) <%u(s),u(s)> ds = 0.

[ 66 (Grute)ate) s =ty [o0) (Goaute) et ) s
d

~tin— [ ¢(6) (o) (e ds = [ pto) (u(s) o)) ds

We calculate

e—0

=~ [ +1m [ o) wls) POy s

“tim L [ o(s) (Pls)uls), u(s)) ds

e—0 g
=0.

We conclude (<Lu(s),u(s)) = 0 and this finishes the proof. O
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Remark 14. A quick formal argument indicating validity of Theorem 11 goes as fol-
lows:
1

<%u(8),U(S)> = lim <d%us(5)a U(5)> = —lim — (P(s)uc(s), u(s))

__ 15%2 (ua(s), P(s)u(s)) = 0.

But we need to justify the change of order for limit and deriwative. Thus we need the
help of a test function ¢ € C§° in the actual proof.

As a corollary, we conclude
Corollary 8.3. In Theorem 11, if v(0) = v(1) and XA = 0, then u(1) = holp(vy)u(0).

Remark 15. One can check that the answer in (8.2) agrees with the computation in
Ezample 7.8. In (8.2), p =siny/(1 — cosp) and

holp () 2mip? 271 27i(1 — cos p)?
e} =eX — = €ex = €X
ay P 1+ p? P 1+ p? P (1 —cosg)? +sin® p

= exp(mi(1 — cos p)).

8.2. Proof of the Adiabatic Theorem. In this section we give the proof of Theorem
10. The main idea is a new unitary evolution called the adiabatic evolution.

Proof of Theorem 10. Step 1: We may assume A(t) = 0 without loss of generality.
Let U(t) be the unitary evolution defined by P:

i U(t) = P(t)U(t), U(0)=1id, (8.4)
then wu.(t) = U(t)ug. Following Kato [[Ka58] we define the adiabatic evolution to be

ie0,UA(t) = (P(t) + ie[TI(t), I(#))Ua(t), Ua(0) = id

where
1

[(t) == — 7{(2 — P(t))dz
2mi J,

is the projection to the eigenspace with eigenvalue A(t) = 0 (v is a simple closed curve

such that A(¢) lies inside and Spec(P(t)) \ {A(f)} lies outside). Note this defines a

unitary evolution because [II1(¢), I1(¢)] is anti-self-adjoint. We claim
[(t)UA(t) = Ua(t)I1(0).

This is because
i (U T UA (1)
= Ua(t)" (=P (®)II(t) — ie[TL(t), TL($)|TL(t) + iell(t) + I () P(t) + iclI(¢)[I1(2), II(£)])UnA(2)

— icU(t)* (T1(¢) + 20L()II(£)TI(t) — TI(¢)TL(t) — T($)II(2))UA(t) = 0.
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In the last step we use

_4d
o dt

and consequently TI(#)II(£)II(t) = 2I(¢)IL(¢)I1(t) = 0. As a consequence,

(1) = - (IL(1)?) = TI()II(¢) + (1))

u(t) i= Us(t)uo = I Ua(t)ug € ker(P(t) — A(t)).

Moreover, since P(t)U4(¢)I1(0) = P(t)II(t)U4(t) = 0, we have

iedu(t) = (P(t) + de[ll(t), ) )Ua(t)uo = ie[11(2), T(#)]u(t),
that is, du(t) = [I1(¢), II(¢)]u(t) which shows that u(t) is independent of e.
Step 2: It remains to prove u.(t) — u(t) = Og(e). We need to estimate

Ua(t) = V() = U) [ U Us)ds

U(t)
£

i

/0 U(s)"(—=P(s) + P(s) + ie[ll(s),I1(s)])Ua(s)ds

t
— U / U () [[1(s), TI(s)]Ua(s)ds.
0
The key now is to find a smooth family operator s — X(s) such that

[11(s), 1(s)] = [X(s), P(s)]-

87

(8.5)

(8.6)

That is because we then have a chance of gaining an epsilon in (8.5) as (8.4) and (8.6)

give
U(s)*[X(s), P(s)]U(s) = € (i05[U(s)" XU (s)] — iU (s)"[0: X (5)]U (s))

We claim that

X(s) = — & (= — P(s))"MTI(s) (2 — P(s))"\d=

271 -

gives (8.6). Indeed,

X(9). P(5)] = g 2 = (o) HGs), Po)) G = P(s)) e
= 5 (== PO)I(6). 2~ Ps))(= — P(s) e
= o= $I110s). (= — P(s) iz

Y

= [II(s), I(s)].

(8.7)
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So we can write the integrand in (8.5) as
U(s)*[X(s), P(s)]Ua(s) = icdy(U(s)* X (s)Ua(s)) — iU (s)* X (5)Unx(s)
— igU (s)" X (s)[11(s), I(s)]Ua(s),
Inserting this into (8.5) gives

[Ua(t) = U@)[| < el[U#)* X (#®)Ua(t) — X0)]

+ 8/0 (IX ()] + 1X () II(s), (s)][)ds = O(e).
Thus u.(t) — u(t) = (U(t) — Ua(t))uo = On(e), as claimed. O

8.3. The line bundle of eigenfunctions over R?/I™*. Suppose that

P(x,D) = (Dy, + Aj(2))* + V(2),
j=1 (8.8)
Aj(x+7) = Aj(z), V(z+v)=V(z), yeT, ze€R%.
We also assume that for some k& (5.15) holds. We then define
= {[0,v] € R x L*(R*/T))/ ~: v € kerpzge/r)(P(z, D — 0) — E(0))}, (5.9)
0,0] = [0',V] < (0,v) ~(0',v) < dpel*, 0 =0+p, v =71(phv,
where [7(p)v](z) = e@Ply(z).
The reason for 7(p) is the fact that it provides unitary equivalence
P(z,D -6 —p)=71(p)P(z,D —0)r(p)*, § €R* pel™
In particular, for u € H*(R/T),
Pz, D = 0)u(z) = Ep(x) <= Pz, D —0—p)lr(p)ul(z) = E[r(p)u](z).
We have

Lemma 8.4. Definition (8.9) gives a complex line bundle over C/I'*,

7:L—C/T", 7:[0,v] = [0] € C/A. (8.10)
Proof. Let R" > 6 — u(0,e) € C°(R?/T") be a smooth family of solutions to P(x, D —
O)u(l,x) = E(0)u(f, z), [|[u(@, ®)| 2@y = 1.

The action of the discrete group T'*, p : (6,v) — (0 4+ p,7(p)v) on the (trivial)
complex line bundle

L:={0,7u(0):0C, 7€C}~CyxC,, (8.11)

is free and proper, and the quotient map is given by F(0, 7u(6)) = [0, 7u(#)]. Hence
its quotient by that action, L, is a smooth manifold of dimension two. With 7 given
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by (8.10), m~([0]) =~ kerp2(g2/r) (P (2, D — 0) — E(#)) and has a vector space structure
and local coordinates # provide the needed trivializations. [l

From the presentation in §7.2 we see that we can use u(, x), 6 € F, F' a fundamental
domain of I'*, as a frame and then for # € F, the connection is given by D(su) =
(ds + ns)u,

n = (dou(0, ®),u(0,®)) L2n/r) = (Op,u, u)d0; + (Og,u, u)dby, 6 € F. (8.12)
This is the Berry connection in the setting of Floquet eigenfunctions over R?/T"*. This
gives the following formula for the curvature, called the Berry curvature in this setting:

e = d?? = -2 Im(ﬁglu(ﬁ, .), 892U(0, .)>L2(R2/F)d91 N d927 0 e F. (813)
(The other terms give (97 g, u, u)dfs A dfy + (95, u,u)dby A df; = 0.) We then have

a(l) = %/Flm(ﬁglu,@@wd&dﬁg. (8.14)

In particular if the integral on the right hand side does not vanish then the line bundle
is non-trivial.

Theorem 6 shows that in case of time reversal symmetry, in particular when A; = 0
in (8.8), the line bundle L is trivial and ¢;(L) = 0. A yet stronger statement follows
from symmetries of V:

Proposition 8.5. Suppose that P = —A + V(z) and that (5.15) holds for E(0) =
Ex(0). If for some xy,

V(zg + ) =V(rg — x), (8.15)
then the Berry curvature given by (8.13) satisfies
0 =0. (8.16)

Proof. We can assume that zo = 0. In view of (8.13),

Q= —/ dou(0, ) A dopu (0, x)dx.
R2/T

Since we assumed that the eigenvalue E(0) is simple, V(z) = V(x) and V (z) = V(—x)
imply that

uw(@,z) = a1 ()u(—0,z), u(—0,z) =ax(d)u(f,—z), |a;(0)]=1.
Hence with () := a;(0)as(0),
u(d,z) = a(@)u(d, —x), «oe CR"/T"). (8.17)

The periodicity and smoothness of a hold as for p € I'* we have

aO+p) = [ W@ @t e = [ @ e, ) = al6).
R2,T R

2/1"
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This gives
Q- / do(0, 2) A do(a(0)u(0, —))dz
R2/Z2

= —a(h) / dou(0, ) A dpu(0, —z)dx + doa(0) N / u(0, —z)dgu(f, x)dz.
R2/72 R2/72
The first term vanishes since

/ dou(0, ) A dpu(0, —x)dx = / dou(0, —z) A dou(0, x)dx
R?/72 R2/Z2

= —/ dou(0, ) A deu (0, —x)dz.
R2 /72
For the second term we notice that
/ u(f, —x)dgu(l, x)dx = %dg/ u(f, —x)u(f, x)dzr = 1dy(a(h)™1),
R2 /72 R2 /72
so that

2

da(0) A / (0, —2)dgu(6, 2)dz = Lda(0) A dg(a(0)"1) = 0,
]RQ/Z2
and the conclusion (8.16) follows. O

8.4. Berry connection and curvature via perturbation theory. In the notation
of §8.3 and assuming (5.15) again we can express the connection (8.12) and its curvature
using formulas from second order perturbation theory. Since we will consider other
energy levels we now write u = uy, nad E = Ej, — see (5.15).

We first note that (P(x, D — 0) — E(0))u(0,z) = 0 implies that
(P(x,D — 0) — Ex(0))0,ur(0) = 0p, E.(0)ur(0) — 2(Dy, — 0r)ur(0).

Since the inner product of the left hand side with u, vanishes we see that the right
is also orthogonal to uy (and that 0p, Ex(0) = 2((D., — 0¢)ur(0), ur())). This means
that, for a(f) € R,

On,us(6) = (Do, (6), )2y (el ),
J#k k

Then, for the curvature (8.13) we get © = H(0)d0, A df, where
H(Q) == Im(é?gluk(@), OQQUk(9)>

m ((Dy,us(6),;(6)) (Dry(8), 40} ) (8.18)
(Ex — Ej)° ‘

=8y
J#k
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8.5. Decay of Wannier functions. We again suppose that (5.15) holds and we
denote by IIy = 1, (P), the spectral projection associated to the isolated band Ij. In
§5.7 we discussed the basis of II; L2(R?) for time reversible operators P, Pu = P (for
instance, P = —A + V', with V real valued). We now consider a more general case.

Definition 8.6. Suppose that the condition (5.15) holds. Then ¢y is a Wannier
function associated to the band Iy if {@o(x — ¥)}yer form an orthonormal basis of
of 15, (P)L*(R?).

We note that that
©(0, ) := |R"/T*|"2By (6, 8) € kery, (P — Ei(0)).

The condition that {¢o(z—7)},er forms an orthonormal basis implies ||p (6, ®)||, =
1: let F' be a fundamental domain of R"/T",

el = 3 [ e nle —)anle — s

vy er

=) /Rn wo(z)po(r — 7)dx = /n lo(z)Pdx = 1.

vyel
Conversely, (see §5.6) any normalized family p(0,x) € L*(R?/T};H,) satisfying
Py(0) = E(0)p(0) and ||¢(0)||3, = 1 produces a Wannier function

1

= — w(0,z)do. 8.19
IR"/T*| Jgn ps (6. 2) (8.19)

vo(2) = po(x)

Hence we always have a Wannier function once (5.15) is satisfied.

The simplicity assumption in (5.15) then shows that (6, e) is uniquely determined
up to a multiplicative (measurable) factor f(0), |f(0)| = 1, and that

Bl (P)L*(R?) = {g(0)¢(0, ) : g € L*(R?/T")}.
We also note that for a, 5 € T,

1 —i(a —1 1 —i{a—
|R2/_F*|<6 @0, e 0 0) 2w o) = W/R?/F* /Rme @08, x) Pddd

1

= “Ha=B0dg = §

e af-
IR?/T*| Jre ’
Writing g(0) = > ,cp aae %, {a,} € ¢*(T), we see from this that

{@o(x — ) },er is an orthonormal basis of 1y, (P)L*(R?). (8.20)

We now make a general statement about the relation between regularity of in § and
decay in = (which holds in any dimension):
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Lemma 8.7. Suppose u € < (R?) and that B is the modified Bloch transform (see
§5.3). Then Dy, Bu = (xju) and

/ / | Do, Bu(9, z)|*d6dz = Cr / |zju(z)|da. (8.21)
R2/T JR2/T* R?
For v e ' (R* x R?/T) satisfying v(0 + p,z + ) = 7(p)v(0, x), we then define
ol = 3 [ Dgu(0,0) . (5.22)
i<k 7 B2 /20"

provided that the right hand side (with distributional derivatives on R?* x R?/T" and the
integral over a fundamental domain of a larger lattice 2T") is finite. It follows that

ng||H$(R2/F*><R2/F) ~ H<JJ>kUHL2(R2), (823)
and that Bu € Hf(Rz/F* x R2/T) if and only if (x)*u € L*(R?).
Proof. For u € .(R?) we have
Bu(f,z) = cp Z ey (x — ) € OF(R2, C*°(R?*/T,)).

vyel

Then

Do, Bu(, ) = cr »_ ' (1 — yj)ule — ) = Blejul(6, z),

vyel

and (8.21) and (8.22) follow. A density argument then gives the last conclusion. [

Let us assume that I' = Z? and that ¢;(L) # 0. Then, using the results of §7.2 we
choose ¢(#, x) such that

p(0 +p,x) = e,(0)[T(D)¢](0,2), pEZL® ee(0)#1 ee, () =1 (8.24)
Using Definition 8.6 we now formulate

Theorem 12. Suppose that P is given by (8.8) and that for some k, (5.15) holds. Let
L be the line bundle over R?/T* given by (8.9). Then the following are equivalent:

(1) there exists a Wannier function satisfying |0%po(z)| < Cae™l, ¢ > 0;
(2) there exists a Wannier function satisfying [5. |z|*|¢o(z)[*dz < co;

(3) er(L) =0

Remark 16. A more general version of this result valid for multiple bands and di-
mension three was provided in [Mo™18]. It is also optimal as far as the exponent 2 in
(2) is concerned. Localization of Wannier functions and its link to topology is related
to interesting physical phenomena such as superconductivity — see [Val8].
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Remark 17. We have shown that for line bundles over tori c1(L) = 0 is equivalent to
L being trivial (in fact, in full generality, ci(L) is the only topological invariant of a
line bundle, see [BoTu82|). Hence, the theorem states that having a decaying Wannier
function is equivalent to triviality of the line bundle of L, that is for having a smooth
family R?* 3 6 — () € C=(R?/T), satisfying 7(p)p(0) = @(0+p), lp(0) ]| 2ee/r) = 1,
Pz, Dy — 0)p(0) = Ei(0)(0).

Proof of Theorem 12. The implication (1) = (2) is obvious. To see that (2) = (3)
we use (8.23) to see that ¢(f,x) = |R"/T*|'2By, € H!. But this means that
0 — e " @p(0, ) form R/T* — kery, (P — E(0)) C Hg is an H' section satisfy-
ing [|¢(0)]|L2(r2/r) = 1. We then use the following lemma:

Lemma 8.8. Let L be a smooth complex line bundle over R?/T*, and there exists a
unitary H' section s : R?/T* — L, then L is trivial.

Proof. Let 1 = 3, x; be a partition of unity on R?/T* such that supp x; C U; and
L is trivial over U; (see Definition 7.1). We then choose ¢, : 7= 1(U;) — U; x C be a
trivialization. Let ¢ € C°(B(0,1);R) with [¢(z)dz =1 and put ¢.(x) = e *p(z/e).
Then

soi= 397 (Yo v s;) € CF(RYTHL), 5= 95(x58), s — sll — 0, &= 0.
J

We now denote by |v| the Hermitian length of v € L defined using the L? norm
(see §8.3) and introduce a distance function, d : L x L — [0,00), on L (for instance
by introducing a Riemannian metric). We can now estimate the distance between
se(z) € L and the compact subset {v € L : |v| = 1} of L:

d(se(z), {v € L:[v] =1})* < min d(s.(z),5(y))" < 052/|_ ~ d(se(), s(y))*dy

lz—y|<e

)

= 62872 /|x—y|<5 (Ie * s5(x) = 5 ()[* + [ — y[?) dy,
’ (8.25)

where the O(|x — y|?) term came from the change of the Hermitian metric on different
fibers. Its overall contribution after integration is O(g?).

To estimate the first term, we recall the Poincaré inequality (see for instance [Ev10,
§5.8.1])

[ sl sPdy<C [ (9s)Pd
le—y|<e |lz—y|<e
where
1
[s1]ae = — s5(y')dy’
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is the average of s; over the disc B(x,¢). We also note that by the Cauchy-Schwarz
inequality and properties by 1. we have

2

(e * (55 = [sjle) (@)]” =

/ el = ) (55(y) — [5,]ee)dy
le—vl<e (8.26)

< Ce™ /Iﬂc—y|<5 |55 (y) — [Sj]r,€|2dy'
Thus,
=2 e * J ) “d
. /|H<€| sj(@) = 5;(y)[*dy
— 52/_ < [V % (55 = [85]22) (@) = (55(y) = [8]uc) [Py

< Culthe # (55 — [83]0c) (@) + 257 / 155 (9)[57]2.cdy

lz—y|<e

< Che? / 155 () — [53]uc 2dy
|z—y|<e
<Gy |UswPd 0 e
|z—y|<e

where we used (8.26) to obtain the penultimate inequality.

Returning to (8.25), we have shown that d(s.(z),{v € L :|v| =1}) - 0ase — 0,
and hence s, is a smooth, nonvanishing section of L. Thus L must be trivial. 0

It remains to show that (3) = (1). From Proposition 7.10 we see that the line
bundle L is trivial. That implies existence of a C* non-vanishing section, that is of a
smooth map 0 — p(6,), ||¢(0)| 2@2/r) = 1 (see above). But then the regularization
procedure in the proof of Theorem 6 gives us a real analytic section @(#). (The only
modification needed is in the normalization where we need to divide by the square root

of (p0(8),¢0(0))r2(r2/r) to guarantee holomorphy.) Exponentially decaying Wannier
function is then obtained as in Proposition 5.18. 0

9. TWO EXAMPLES OF TOPOLOGY IN BAND THEORY

Here we present two cases of non-trivial line bundles arising in condensed matter
physics. The first one is motivated by the work of Thouless [Th83] and has physical
implications which we do not discuss but provide references for. The second comes
from considering 2D Landau Hamiltonians of §3 with rational magnetic fluxes. It
turns out that in that case one can use magnetic translations to develop an analogue
of Bloch—Floquet theory and that leads to non-trivial topology.
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9.1. Thouless pumping. Suppose that P := D? + V(x) where V(z + 27) = V(x),
V € C*(R;R) (regularity is irrelevant here and could for instance consider the Kronig—
Penney model of Example 11). Following §5.4 we have

Spec(P) = D I;, I; :={E;0):0eR/Z}.

Suppose that E(f) = Ei() and (5.15) holds, that is the band I} is isolated. It follows
from Theorem 6 that there exists u(,z) € C*°(R x R) satisfying

(Dy = 0)* + V(2))u(8, 2) = EO)u(0, ), u(0+p,x+2nl) =™ u(d,z), pleL
(We have u(f,z) = e®¢(0,x), where ¢ is the (normalized) Bloch eigenfunction of
Theorem 6.) We then consider the periodic family of operators

P\ :=D>+V(z—X), PO, :=(D,—0)?2+V(x—N\).
The eigenfunction corresponding to E(6) is given by u(0, \)(z) = u(f,z — \) and
u(f +p,x +210) = e Fr(p)u(9, A),  [r(p)v](z) == e"Po(@). (9.1)
As in §8.3, we consider the following natural line bundle defined in a way similar to
(8.9):
Ly :={(\[6,v]) e R x (R x L*(R/Z))/ ~ : v € kerpzm/z)(P(0,\) — Ex(6))},
[0,0] =[0',v] <= (B,v) ~(0',V) < TpeZ & =0+p, v =r1(p.
(9.2)
We define the connection using the Hermitian structure inherited from L*(R/27Z) —
see (7.4): for (0, \) € (0,1) x (0,27), using the frame s(6, \) = ((6, A), f(0, Nu(6, ),
DS(Qa /\) = ((07 /\)7 (dG,)\f + <d9,)\u7 u)f)u(ﬁ, >\))
The curvature is then given by
© = O\ (ug, u)yd\ A df + Op(uy, uydd N dX
= ((un, ug) — (ug, ur))dd A dX\ = 2i Im{uy, ug)dd A dX
The Chern number is given as in (8.14) but with ¢, = A and 6, = . Since

hu(f,z —N) = —0,u(f,z — \)

(9.3)

and wu is periodic in x, we get

L) = - /[ o
L / 1 ( / (0206, N u(Bz =) d:c) g (9.4)

2m
—2/ / Im 8 u(0, z)Opu(0, x)) dxdb.
0
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We now observe (see (9.3)) that

—2Im(0,u(0, x)0pu(f, x))dd N dx = id(upudf + u,udx),
so that the Stokes theorem gives

ci(Ly) = i/ol([uga](H,O) — [upul(0,2m))do +i/02ﬂ([uzﬂ](1,x) — [u,u](0, z))dx.
We now use (9.1) to see that
u(0,27) = u(6,0), u(l,z)=e"u(0,z).
This gives
[ugt] (0,0) — [uptr](0,27) =0, [uza](1,2) — [uu)(0, x)] = i|u(0, z)[*.
Since fozﬂ |u(0, z)|?dx = 1 (u is normalied in L?) we conclude that
ci(Lr) = —1. (9.5)
In particular the line bundle Ly is nontrivial.

Remark 18. We could also evaluate ¢i(Lr) using multpliers (7.7) as in (7.10). From
(9.1) we get that e 2-0)(0,\) = €P* and that give (9.5).

For physical aspects of this example, involving the concept of polarization and Thou-
less pumping, see [MoMol8, §4.1] and [Val8, §1.1.2]. For a youtube presentation
see https://topocondmat.org/w3_pump_QHE/pumps.html (thanks to Zhen Huang for
this suggestion).

Mathematical treatment of the more subtle case of D24+W (z)+V (z—\), W (z+27) =
W (z), was recently given in [Dr21]. An argument similar to the one presented here
appeared in [Go20] (thanks to Alexis Drouot for these references). Those results were
motivated by the study of spectral flows rather than by Thouless pumping.

9.2. Landau levels revisited. We now return to §3.4 and consider the two dimen-
sional Landau Hamiltonian in the symmetric gauge and recall that with w = x1 + ix,,

Pp=AAp+ B, Ag:=e PP/ D )PP/t = oD, — LiBuw. (9.6)

The infinitely degenerate ground states are given by
_ _ Blw]? B
ww,w) = fwe ™, feo©), [Irwpe
To describe this space using Bloch—Floquet theory we need operators which commute
with Pg and replace v — u(z — ), v € T.

B|

S dmw) < 0o, (9.7)

Definition 9.1. Let I" be a lattice in C. For magnetic field B and v € I' a magnetic
translation by «y is defined on L*(C,dm(w)) as

TPu(w) = eiB(m_M)u(w — ). (9.8)
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We immediately check that

ApTP = TP A, (TP) =TP, TPTEH = exP07TETE, (9.9)
and
PgTP =TPPg, ~el. (9.10)

Remark 19. This definition, due to Zak (see [HS89] and references given there), can
be generalized to all dimensions so that (9.10) holds. We restrict ourselves to R?> ~ C
to keep the presentation simple.

The problem with a generalization of Bloch—Floquet theory is that the magnetic
translations do not commute — see (9.9). However if
%B(’y’f‘y — ') € 2miZ, ~y,y €T, (9.11)

then TVBTVJ? = TEf T! B and we can define

AP = {ue L} (C): V’yEFTVBu:e%(RWk;*)u}, keC.

loc
The point is that {TW }yer is an abelian group on two generators and it irreducible

representations are one dimensional and are given by
vy m(y) :C = C, m(v)z = e TR,k € C/T*.
For u € .#(C), the magnetic Bloch transform is given by,

1
C/T|2

BPu(k, z) = Z e_%(f“’ijﬁ)Tfu(a:) € L*(C/T* 24P). (9.12)

It extends to a unitary operators as for u € .#(C) we have

—5(k(y=")+k(7-7
e 2 dm(k)) e
’yEF ~'el /(C/F |C/F | (/(C/F

—ZZ/ 0yre s O 0= Ny — y)u(w = 7Y dm (w /|u )2dm(w

yel' /el

N

(@G=)=20="Dy(w — y)ulw — ' )dm(w)

As is easily seen from (9.12), the inverse of B is given by

1
_— v(k, z)dm(k).
C/T i // (k, 2)dm(k)

(See also the proof of Theorem 4.) Hence, as in §5.4,

BEPpCPu(k,z) = [Pgu(k, e)](x),

CPu(z) :=

We are interested in the space corresponding to the ground state:

Vil i=ker 5(Pp — B) = ker ;45 Ap. (9.13)
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It is convenient now to specialize to specific lattices of the form

o
F=Z®&7Z, Imr>0, I'*=—2'T
ImT
(A general lattice is given by w1Z ® woZ = w1 (Z ® (fwy/w1)Z) and we can arrange the

sign of Im 7, 7 = wy/wy). The condition (9.11) becomes

B
Np:=—1Imrt €Z. (9.14)
2T

Theorem 13. Suppose that (9.14) holds. Then the vector subspace of 6P correspond-
ing to the ground state of B (see (9.13)) is finite dimensional and

dimker .5 (Pp — B) = Np.

Proof. In (9.7) it is convenient to write f(w) = g(w) exp(Bw?/4), so that for u € JAE,

TBu(w) = egBImwu(w —1)= G%BImwe—%B(w—l)(w—l)eiB(w—l)zg(w —1)

B(=1(w0)) o § BU=2w) = { Blul>+} Bu® o _ 1)

e‘iB‘w‘uiBng(w —1).

. ; ; _1 2,1 2
Since TPu = e'fieky = et Reke=3Blul+38w" (1)) we conclude that

glw — 1) = e'BFkg(w). (9.15)

Similarly,

i

TTBu(w) — 62BIm(w?)u(u} . ,7_) _ e%BIm(’?w)e—%B(w—T)(u’J—’F)e%B(w—T)Q‘g(w . 7_)

%B Im(w?)eiB(—h\Q—‘r(’Fw—&—Tﬂ)) B(T2—2Tw)€—%B|w|2+%Bw2

=e el glw — 1)

_ eéBImT(T—2w)e—%B|w|2+%Bw2g(w . ,7_)'

Again, TBu(w) = ez &)y (1), we obtain

(l_(T+k7’—)7%BIm T(T—2w) (l_(T+k7’—)7i7rNB(7—72w)g(w) (916)

g(w—T):e% g(w):eé

This means that we can consider g as a section of a holomorphic line bundle over C/I".
Proposition 7.12 tells us holomorphic sections form a vector space of dimension Ng.

One can also see the dimension from Riemann-Roch theorem. Residue theorem
shows that the number of zeros of g is given by Np and the theorem follows from
the Riemann-Roch theorem: suppose g and g¢o satisfy (9.15) and (9.16). Then
g1(w)/g2(w) is a meromorphic function on C/T" with at most Np poles at locations
(counted with multiplicities) of the zeros Np. But that space has dimension Ng. [
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Suppose Np = 1. In that case we obtain a vector bundle over C/T"*. To set it up

we take the map
Tk : %’j{B — %B, u(w) — neu(w) := ¢ 3 (Wk+wk)

nPpr = Pp(k) .= (Ap — k)*(Ap — k) + B.

u(w) (9.17)
We also note that for p € ['*, we have a unitary map
o A = A, ThPp(k)m, = Pp(k +p). (9.18)
As in §8.3 this leads to a definition of a natural line bundle over C/T"*:
Ly = {[k, o] € (C x )] ~: v € ket yp (Pp(k) — B)} , 919
k,v] = K, v] < (k,v)~ (K,v') < Tpel*, k'=k+p, v =,
Remark 20. Under an assumption stronger than (9.11) (or equivalently (9.14)),
sIm B(y1%) € 27Z, v, €T, (9.20)
we can identify ;P with L?-sections of a line bundle over C/T':
AP ~ [*(C/T; Ep), (9.21)

where Ep — C/T is the line bundle defined using (7.6) with multipliers e,(z) :=
e2BMEN - We first check that this function satisfies the cocycle condition (7.7):

o iBImZP’yl—i-"yQ o 1 BIm Z4+v2)M LIm 272 —iBIm’YQ:}/l _
ppio(2) = FICOIET) — DI g In(52) 5B IO — ¢ (2 4 y)eny (2),

where the last equality comes from (9.20). Now, u € P means that (see (9.8))
u(z +y) = ey (2)u(z) which in view of (7.8) gives (9.21).

We have

Theorem 14. Definition (9.19) gives a holomorphic line bundle with a hermitian

metric defined by ||v]|%,s and the Chern number ¢;(Lg) = —1.
<70

Proof. Let us consider the function g in the proof of Theorem 13 for k = 0. It satisfies
g€ 0(C), glz+1)=g(2), g(z+7)=e T g(z).
This means that up to a multiplicative constant
g(z) =0(z,7) := Z exp(min®T + 2minz),
nez

that is ¢ is the theta function from Definition 7.11. (Uniqueness follows an argument
similar to the proof of Proposition 7.12 — see [Mu83, §1.1]; we also comment that the
zero of g(z) in the fundamental domain spanned by 1 and 7 is at (7 +1) — see [Mu83,
I, Lemma 4.1].)
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We now define
w0z —ik/B, 1)

F = e 2(= 7
o) = i)

so that
Felz+1) = Fe(2), Fu(z+7)=e 20 2B R () = (m=27/Bk R () = Fi(2).
where we used (9.14) with Np = 1. Let u € ker z(Ap), u(z) = e~ 1Bl 1B g ().
Then

u(k, z) := Fi(2)u(z) € ker 8 (Ap — k), u(k+p,z)= ep(k) trpulk, 2),  (9.22)
where 7, was defined in (9.17) and for p = iB(n + m7),

ep (k) = emm T2/ B (9.23)
and we check that this a multiplier, that is, it satisfies (7.7).
The action of I'*, p : (k,v) — (k + p, 7pv) on the (trivial) complex line bundle

L:={(k,7uk) : keC, 7€C}~CyxC,, (9.24)
is free and proper, and the quotient map is given by =, (k, Tu(k)) = [k, Tu(k)]. Hence
its quotient by that action,NL, is a smooth complex manifold of dimension 2. We then
define the action of I'* on L as in (7.6):

p - (k,wu(k)) = (k+p, ep(k)ru(k +p)), pel”,
so that
7. (k, ku(k)) = 7 (k + p, ep(k)ku(k + p)).
This gives L the structure of a complex line bundle over C/I'™*.

The hermitian structure is inherited from L?(C/I") and the resulting hermitian struc-

ture on L of (9.24). In coordinates (k,7) on L, we get
hk) = [Ju(k)| %

This gives us also a hermitian structure on L: from (9.22) we see that

h(K) = [ep (k) *h(k +p), p e T*. (9.25)
To h we associate the Chern connection (7.12) and the curvature © — see Proposition
7.4. Then we use (7.10):

i
c(Lp) = — Q=-1, 9.26

completing the proof. O

Remark 21. Another way to compute the Chern number is to use (7.10):
i(iB)

=1
B

% (log eip,(iB) — loge;p-(0) — loge;(iBT) + log e;5(0)) =

Cl(LB) =
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Remark 22. Since kerp2(c/ry(Pp(k) — B) is one dimensional we can always choose a
holomorphic gauge:

0= Di[(Ap = K)v(k)] = (Ap = K)[Dgu(kK)] = Dio(k) = a(k)jo(k),

—ia(k)qu/2,U'

and a can be replaced by 0 by choosing changing v to v, :=e
10. 2D PERIODIC STRUCTURES IN CONSTANT MAGNETIC FIELD: EFFECTIVE
HAMILTONIANS

We now study the case with a smooth periodic potential V(z) € C*°(R?) and V (z +
v) =V (z) for any v € T". Let
2 ) 1
Pgo:=> (D + Aj(2))>,  A(z) = (~Bxy/2,Bx1/2), Dy = =0y,
=t i (10.1)
Pp=Ppy=Pgo+V.

We will use our knowledge of the cases B = 0 and V = 0 and our goal is to consider
the problem perturbatively as B — 0. The perturbation is very singular but a careful
study of the case B = 0 combined with the magnetic translations will provide a needed
framework. We follow the proof given by Helffer—Sjostrand [HS89]. For a presentation
of more general perturbations of periodic structures and references, see [DS99, Chapter
12] and [Te03].

We consider the simplest case of an isolated band, that is we assume that (5.15) and

we are interested in the spectrum of Pg for small B.

The basic result is a mathematical version is the construction of an effective Hamil-
tonian: there exists a family of function on R?/T'*, depending holomorphically on z
and smoothly on B,

R?/T* 3 (x,€) = b(z,x,, B) = bo(2, 2, &) + Bby (2, 2,£) + O(B?)
such that for A near I = {Ey(0) : 0 € R?/T*},
A € Specyage)(Pp) <= 0 € Specja)(b"(A, x, BD,, B)).

Here 0™ (A, z, BD,, B) is the Weyl quantization of the periodic function b € S(R?),
see (10.23). The linear eigenvalue problem for Pg is replaced by a lower dimensional
nonlinear eigenvalue problem. Also, the operator b“(z,z, BD,, B) can be used to
understand the density of states — see §11.

We have
60(27$7€) :Z_Ek<x>£)v (102)
and that is known as the Peierls substitution. This shows that the first approximation

of the spectrum is given by the spectrum of Ej(z, BD,) on L*(R) (see the discussion
of the Harper operator in §10.6). The first correction term is given in (10.27). On the
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“energy surface” by(z,x,§, B) = z — Ex(x,&) = 0 (which is most relevant to correction
terms in Bohr-Sommerfeld rules for z) we have (see (10.29) for a derivation)

61 (ﬂ?v f) =0b (:Ea §, Z)‘b()(z7x,§):0

/JRZ/F<P(T) — Ex(m)Vou(r,y) AVou(ry)dy, 7= (z,§)

(10.3)

IS

which is a formula appearing in the physics literature — see for instance [Fu*10, equation

(10)].

10.1. Periodic potentials revisited. In order to consider magnetic field as a pertur-
vation we analyze a Grushin problem P := —A+V under the isolated band assumption
(5.15). Theorem 12 then shows that the topology of the band is trivial. In particu-
lar, we have exponentially decaying Wannier functions ¢, (z) = ¢o(x — «) such that
lo(z)] < Ce™1®/C for some C' > 0.

Proposition 10.1. With the notation introduced above, let

P(z) = (PR:Z %‘) c H?(R?) x 2(T') — L*(R?) x I*(T)

where R_u_ := Y ru_(a)pa(r) and Ryu(a) = (u,¢a). Then for z € nbhde([y),
P(z) is invertibile with

e E(z) Ei(2)
Ple)™ =E(2): (E_ 2) E_+(Z)>’ (10.4)

where E(y) = [R2/T*[7! [po . e E(6)d6.
Proof. Let I1 = IIj, = 1, (P) be the spectral projection to the band I. One can verify
directly that

E(z) = ~MT)(P—-2)7'(I 1), E_(2)=Ry, Ei(2)=R-

and E_, (z) given above solve the equation. O

Since the magnetic field introduces a very strong perturbation near infinite, we will
need weighted estimates for £(z):

Proposition 10.2. Let f € C?*(R%R) and e/ (v,vy) = (e/@v(x),ef/@v (a)). If
1/ oo + 1/ loo %8 sufficiently small, then e/ P(z)e~! is invertible with bounded inverse

Heflp(z)ileifHL2><IQHH2><12 <C.
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Proof. We estimate each term in

"p— - eof —f
s p_ (e(P=2z)e! eR_e
e’ P(z)e ( eI Re 0 )

Notice ef (P — z)e™f = (D, + 10, f)? + V(z) — z, we have
(P~ 2)e! —(P—2)=i(Vf Dy + D, V)~ [V

This is small in H? — L? norm once || f'|lco + || /"]l is small. The term on R, gives
e’ Rie fu = /@ (e @y(z), po(z)) = (u, D@y (2))

and (efRye™ — R)u = (u, (e/=7@ — 1)p,(z)). So we can estimate

/O (f(@) = f(2))e @I gt| |0, ()

S CHf/Hoo|Oé — :C|e||fl||oo|a7x|ef‘x,a‘/ci

("D —1)pa(a)| =

(10.5)

Now,
e/Rie™d —Du(a) = | K(o,2)u(z)dz, K(a,z):= (/@7 _1)p,(2),
R2
and we showed in (10.5) that if || || < 1/C' is sufficiently small,
|K (o, )| < Ce~l==ol ¢ > 0.
Hence e/R,e”/ — R, : L? — [? is bounded with a small norm by Schur’s inequality
(see (2.9), (2.10)).

Similarly we also obtain the smallness of ||e/R_e ™/ — R_||;2_ 2. Since P(z) is in-
vertible and e/P(z)e~/ — P(z) has small norm as an operator H? x [ — L? x [, we
conclude e/P(z)e~/ is invertible with a bounded inverse. O

10.2. Functional spaces associated to Pp. The operator Pp is essentially self-
adjoint as was discussed in Example 5. The domain was given by

D(Ppy) = {u € L*(R) : Pgou € L*(R?)},

where Ppou was considered as an element of .’ after distributional differentiation
(2.4). Tt is convenient to give a different characterization of the domain using magnetic
Sobolev spaces which we define as follows. For o € N2, we put

(D, + A)* = (D,, — Bxs/2)Y(D,, + Bx1/2).
(We note that the order matters but the commutator of D,, — Bxs/2 and D,,, + Bxy/2
is given by multiplication by B.) With that notation we define
HE(R™) = {u € L*(R?) : (D, + A)*u € L*(R?), |a| <k}, k€N,

where again the derivatives are taken in the sense of distributions. We note that
C>(R?) is dense in HpE(R?).
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To relate H% to the domain of Pgg we have
Lemma 10.3. There exist Cy such that for u € C°(R?)
1Dy + A)*ul| 2 < Co(l[Ppoull 2 + [Jull2),  [o] < 2. (10.6)

Proof. This is based on the observation that for & = A(zg) := (—Bwo2/2, Bxo1/2)
we have

(D, + A(x)) e = (D, + Ar — 20))* = (Dy + A(y))*, @ =m0 +y,
and €60 Pp (z, D, )e "2 = Ppo(y, D,).

Local elliptic estimates (see the proof of Lemma 5.2 or [Zw12, Theorem 7.1] for a
detailed elementary presentation) then show that

[(Dy + A(y))* vl L2B0,1)) < ColllPBo(y; Dy)vllLzso2) + Ivllz2Bo2)), ol < 2.

Applying this to v(y) = €020ty (x4 + y), gives

1(Da + A(2)) ull L2(B(ao,1)) < ColllPoullL2(Bwo,2) + llullL2(B(w0,2))); (10.7)
where the constant is independent of 2. We can now use a cover, say, R? = UPG% 722 B(p, 1),

so that (10.7) applied with zo = p and summed over 1Z* gives (10.6) with C; =
64Cy. U

If u, Pgo € L? then approximation by elements of C> shows that (10.6) remains
valid and that D(Pgo) = Hz(R?). The estimate remains true when Pg is replaced
by Pgy and it can also be used to show that Pg y is essentially self-adjoint (apply the
definitions from §2.3) with the same domain.

10.3. Grushin problem for small constant magnetic fields. In the notation of
§10.2 we consider the following Grushin problem:
_ B
Pylz) = (P%B : %—) L H2(R?) x X(T) — L2(R?) x 2(T) (10.8)
+

where

Zu ()T Ppo(x), RPu(a):= (u, T ),

acl

The boundedness of
RE . A(I) — L*(R?), RZ:L*R?* — (*(I),
follows from the Schur criterion (2.10) and the exponential decay of pg(x):
=Y K(r,au-(a), K(z,a):=Tlp(z), |K(r,a)| < ekl

ael

with the similar statement for Rf.
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We define
B .— ,3B(ov-a
7, v(a) = el @7~y (o — )
as the discrete analogue of (9.8) and

T 0
B .__
7 _(8 TB>’

S
then

TPPy(z) = Pp(2)T). (10.9)
This means that the operator obtained from the Grushin problem commutes with the
magnetic translation. We only need to check Tf Rf = Rfo as the other one is dual

to this one.
TfRfu(a) =€ B(aﬁ7&7)<u> @af'y('f» = eiB((ﬂia’Y) <ua €
_ <6iB(xﬁ—i7)u(x — ), eiB(m—m)%(I — )

= (Tfu, pa) = RY[TYu)(0).

B(z(a—)-z(a—))

=
=

wo(z — a+7))

We now show that our Grushin problem is well posed:

Theorem 15. For z € nbhd¢ (1) and |B| < 1, the operator
Pp(z) : H5(R?) x I*(T) — L*(R?) x I*(T)
1s invertible with uniformly bounded inverse.

Proof. We choose a partition of unity 6., such that
S 0,@) =1, 0,(x) = oz — ), bola) € C(RE [0, 1),

~yel
Let

0,(z) O
= 10.1
0.0 = ("7 ) (10.10)
and &y(z) = Py(2)~!, we construct the approximate inverse Fp as
Fom Y TPETE G, Y TIGOTS,
vyel’ vyer
We claim || Fp|r2x2om2 <2 < C < 0o. We need to estimate

(D+ A 0 (D + A)® 0

Let n > 0; denote

et 0 (D+A)> 0
K= ( 0 e’7<'>> < 0 1) £00o.
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By weighted estimate (Proposition 10.2), K : L? x I> — L? x [? is bounded for 7
sufficiently small and |a| < 2. We now choose 6y € C5°(R?) so that the corresponding
©p defined as in (10.10) satisfies ©o0y = ©9. We then have

D+ A)* 0 —n(-) 0 _
(( ; ) 1) Fo=3 A, A :=TF (6 i W) K&,T?.  (10.11)

(&
vyel

To prove the boundedness of the sum of A,’s we need the classical Cotlar-Stein Lemma:

Proposition 10.4. Suppose that B; : Hy — Hy,j € N are bounded operators between
Hilbert spaces Hy and Hsy, and that there exists M > 0 such that for all 7,

S IB;Bllz <M, > |IB;B;|? < M,
keN keN

then Bu :=

Bju converges in Hy and defines an operator satisfying

||BHH1HH2 < M.

j€J

Proof. Let us first assume that B; = 0 for j > J so that B is well defined. Since B*B
is self-adjoint, the spectral theorem (Theorem 1) implies that ||B||*™ = ||(B*B)™||. In
addition,

J
(B°B)"= Y B;Bj,...B, B = Z Bir.. o

J1yesjom=1 J1yeees Jam=1

where we note that we have 2m sums. The summands are estimated as follows:

1Bji...gom | < B3, B M1 B, Biall - - - B, Biyal,

and
1B o | < 1Byl B BRI+ - 1B By M| B -
Since || B;|| = HB;‘BJ-H% < M, multiplying these estimates and taking square roots we
obtain
/2

||BJ177.72m|| S M||leB.72||1/2||B B* ||1/2 || ]Qm 2 jgm 1||1/2|| ]2m 1 ]2m||

The advantage lies in having products of 2m — 1 terms which we can sum separately:

J
IBI*™ = 1(BB™< > 1Bj ol
J1y--J2m=1
J
S M Z HB B* H1/2 H ]2m 1 j2mHl/2 S MJMszl’

Jiyej2m=1
where the J factor came from having 2m sums and only 2m—1 factors in the summands.
Hence
IB| < J2aM —s M as m — oo. (10.12)
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For the general case we take u € H; of the form u = Bjv for some k and some
v € Hy. Then

1Y Byl = 1> BiBioll < Y 1B Bl B Billl[ol| < M2|Jol]-
j=1 =1 =1
We conclude that ) 7%, Bju converges for u € ¥ := span{Bj(H) | k=1,...}.

We have proved || Z}]=1 Bj| < M for any J, and that »27°, Bju converges for
any u € Y. Hence, the series converges for any v € X (the closure of ¥ in H)).

In fact, if suffices to show that for u € 3, we have the Cauchy sequence property:
[ ZJK:L Bjul| <e,if L, K > N. For that we choose u € ¥ such that ||[u—u|| < e/(2M)

and for which || 31 | Bjuo|| < /2, if L, K > N. Then

K K K
1> Byull < 1) Byuoll + 11 Bjlu —uo)| < e+ Mlju—uol| <,
j=L j=L j=L

where we used the fact for any finite sum of B; we have the bound (10.12). It also
follows that

o] J 00
I Byull < fin sup (H > Bl 1) Bﬂ\l) < Mjuf-
j=1 e j=1

j=J+1

If u is orthogonal to ¥, then u € ker(By) for all k; in which case > 5oy Bju = 0. Hence
the series Z;’il Bju converges in norm for all v € H; and defines an operator of norm
bounded by M. O

We want to apply this proposition with the index set N replaced by I' and B; given
by A, v € T defined in (10.11). First of all, since K : L? x [? — L? x [? is bounded,
each A, : L* x [* — L? x [? is uniformly bound. Moreover,

* B
Aadp =T, < 0 e

5 B BE e (€70 B
)KGOTJ% Oo ( 0 en<->) T

For |a — B > 1, (:)07'_%7/’33(:)0 = 0 by the support property. So »_sp ||AQAZH% <C
for some C' > 0. On the other hand,

e 4 B e (€0 pop (¢ 0 S 7B
Thus

| A% Ag|l < C\|6_"<'>7:i7'536_’7<'>|| < C'sup e M@ enle=(B-a)) < CenlB=al,
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So we conclude 5 - ||AZA5H% < C for some C > 0. Using Proposition 10.4 and
recalling (10.11), we proved that

((D +0A>°‘ (;

is bounded and therefore Fp : L? x [ — H% x [? is bounded.

Now we compute

PsFp =Y TPPs€OTE =I1+K, K=Y TP(Ps—Po)&OTE. (10.13)

vyel yel’

)fB:L2><z2—>L2><l2, la] <2

We claim || K ||z2xe2sr2x2 = O(B) and thus Fp is an approximate right inverse. In
order to estimate the norm K, we compute

Ps—Py= Y _ O(B)x;D,, + O(B)[z|> + O(B)
and
T 00 = Tyipol = e —1||po(x — )| < C|Bl|z — al|ale™ =1/
< C|Bale”l#=al/¢",
107 (TF 00 — Too)| < C(|Bal + [Ba|Hel=el/e.
Thus as in the proof of Proposition 10.2, for || f'||o sufficiently small we have
e (o) H(RY — RY)e! = Op22(B); e /(RE — RY) () 'ef = O, 12(B).

Now we write

=n(:) 0 ) 0
(Pp — Po)EOy = (e . e_w) Kp, Kp:= (e . e”<’>) (Ps — Po)&Os.

By Proposition 10.1, we conclude ||Kg||z2x212x2 = O(B). We now write

. B 6_77<'> O B
K=Y () ) KaT?
vel’
Using Cotlar—Stein Lemma as before, we conclude || K||r2x2 51252 = O(B). For B
sufficiently small || K| < 1 and we can define

53 = .FB Z(—K)j so that PBSB =1.
j=0

A similar construction gives an approximate left inverse by defining

Gp =3 O TL&TE = 3 T 0ST?,

vyerl’ vyer

We will then get the left inverse £ such that £5Pp = I. Since the left inverse and
right inverse must be equal, we conclude that £; = Ep is the inverse of Pp and the
proof is finished. O



PDE METHODS IN CONDENSED MATTER PHYSICS 109
We conclude this section with an analogue of Proposition 10.2:

Proposition 10.5. For f with properties from Proposition 10.2 and Pg given by (10.8)
then e/ Pg(z)e~! is invertible with bounded inverse, and

Hef,PB(Z)_le_f||L2><12—>H123><l2 <C.
The proof follows the same lines as the proof in the case of B = 0.

10.4. Stability of spectral gaps. In §10.3 we considered z in a neighbourhood of
an isolated band of Py = —A + V(z). It is also natural to ask what happens when
2o ¢ Spec(—A + V(x)). In that case we proceed as in the proof of Theorem 15 but
without setting up a Grushin problem, that is using invertibility of (Py — z9)~'. In the
notation of (10.10) we put

Fp =Y TP(Py— z) 6,7,
vyel’

where Tf are magnetic translations (9.8). A simpler version of the analysis of (10.13)
then shows that

(Pp—2)Fy =1+ Kp, Kp=0O(B): [}R?) — L*(R?).

which provides us with a right inverse. Similarly we obtain a left inverse. This proves
the following theorem of Nenciu and of Simon. We note that no assumption on the
spectrum are made here. All we need is that z is outside the spectrum of F.

Theorem 16. Suppose Pp = (D,, —Bxa/2)*+(D,,+iBx1/2)*+V (z), V € C*(R*R),
V(z+v)=V(x),y€Tl. Then for B sufficiently small

29 ¢ Spec(Py) = 2y ¢ Spec(Pp). (10.14)
A modification of the proof gives in fact a stronger statement than (10.14) (see [S]89,
Proposition 2.4]): if 2o ¢ Spec(Pg,) then there exists ¢ > 0 such that
|20 — 2| +|B — By| <& = 2y ¢ Spec(Pp).

10.5. Effective Hamiltonian for small magnetic fields. In view of Theorem 15
we can define

Pu(z)"! = Ep(2) = (gig; £ <("‘Z>)> L L2(R?) x (2(T') — HA(R?) x (A(T"). (10.15)

In view of (2.16) the operator EZ, (z) is the effective Hamiltonian in the sense that
the existence of its inverse controls invertibility of Pg — z:

(Pp—2)' = EP(2) — EP(2)EZ_(2) 'EP(2), =z € nbhdc(Iy). (10.16)

We now have an analogue of (10.4):
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Proposition 10.6. There exists (z, B,a) — f(z, B,«), z € nbhd¢(1;,), B € nbhdg(0),
a € I, satisfying, uniformly in z and B,

f(z,B,a)| < Ce~ >0, (10.17)
such that, in the notation of (10.15),
[E5 (2)0)(a) =Y 2P f (2, Ba — B)u(B). (10.18)
ser

Proof. From (10.9) we conclude that for all v € T', 72E" (z) = EP (2)7” . On the

ol
level of the matrix elements of E% +(z) that means that

6%BPMZEB (z,p— 7, B)v ZE (2, p, B)ezPP 0 (3 — 7)

= ZE_ 2.9, B+ 7)eB(),
B

that is,
e%Bp/\'yEJ_S (Z 0 —, ﬁ) _ 62B,B/\»yEB (Z,p,ﬁ—i-’)/),
or, by putting p = a — 8 and taking v = —f,
EP (z,a,8) = e’%B(“"@)A(’B)JF%B'BA(’@EEF(z, a— B,0) = e2BNED L (z,a— (,0).
Hence we can put
f(z,B,7) = B2, (2,7,0).

To obtain exponential decay we note that Proposition 10.5 applied with f(x) = ¢o(z),
0 < ¢g < 1, shows that

¢ f(z,B,y) = eV EE () (e7*®dy(e))(7) € (T).
In particular, the left hand side is bounded and that gives (10.17). O

10.6. Harper’s operator. We will show that f is a smooth function of B and hence
the first approximation of EZ, (z) is given by

v(a) = 2v(a) — Mpv(a), Mpv(a Ze?BO‘AﬂE - 0).
Bel

In the simplest tight binding model, I' = Z*, I'* = 2772, and
E(n, m) = 0p1 + 6n1+0mi1+ Om_1, (n,m)e€Z?
which corresponds to E(0) = 2(cos 6 + cosbs).
Since (n,m) A (n+1,m) =+m and (n,m) A (n,m + 1) = Fn, we see that

v(n,m) Mz, e%Bmv(n— 1,m) +e_%Bmv(n+ 1,m) +e_%B”v(n, m—1) —i—e%B"U(n, m+1).
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FIGURE 11. Spectrum of Harper’s operator (10.21): the horizontal
axis represents magnetic flux through a fundamental domain which for
I' = Z? is equal to B; the vertical axis is the spectral parameter. The
spectrum is a Cantor set when B/27 ¢ Q and a union of ¢ disjoint in-
tervals when B/2m = p/q € Q. This picture is known as the Hofstadter
butterfly. Reproduced from the original figure by Douglas Hofstadter
under Creative Commons License CC BY-SA 3.0. The proof of the
structure of the spectrum in the general case is due to Avila and Jito-
mirskaya [AvJi09].
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We now introduce a unitary transformation

Up: *(T') — ('), Upv(n,m) := e%Bm”v(n,m),
so that

UpMpUp

v(n,m) v(in —1,m)+v(n+1,m) +e B(n,m—1) +ePmv(n,m+ 1).

We are interested in the spectrum of Mp which is the same as the spectrum of M, B =
UiMpUg. We can consider this operator on the Fourier transform side § € R?/T*
where it becomes
u(0) — 2cos 6y u(f) + 2[cos(BDg, + Oo)u)(0), u e L*(R*/T*), T* =277
or, putting x = 6, € R/27Z, T = —0 € R/27Z,
Hpw(z,7) := [Hp(T)w(e, 7)](x), (10.19)
Hp(7) :=cosz +cos(BD, — 1), Hpg(r): L*(R/27Z) — L*(R/277Z). '

This is the celebrated Harper operator.

We now claim that
B ¢ 21Q == Specag oz (Hp(T)) = Spec 2 (g 2.7y (HB(0)), 7 €R. (10.20)
Proof of (10.20). This follows from two observations:
Hp(kB) = UHg(0)U;;, k€ Z,
Upu(x) := e*u(x), U, : L*(R/27Z) — L*(R/277Z),
and, using irrationality of B/2xr (which implies ergodicity of § — 6 + B mod 27),
Vedk e ZNne€Z |cos(B(n+k))—cos(Bn—rT)| <e.

In particular || cos(BD, + Bk) —cos(BDy — 7)|| L2(r/272)— L2 (R/27z) < €. But this means
that for any € > 0 there exists k € Z such that

HHB(T) - HB<kn)|’L2(R/27TZ)—>L2(R/27rZ) = HHB(T) - Uk:HB(O)UI:||L2(R/2WZ)—>L2(R/27rZ) <é&.

For bounded self-adjoint operators, A;, j = 1,2, ||(4; — A\)7|| = 1/d(), Spec(4;))
(which follows from the spectral theorem, Theorem 1), gives

|A; — Azl <& = Spec(A;) C Spec(As) + (—¢,¢).
We apply this this with
Al = HB(T), A2 = UkHB(O)U]:, SpeC(A2) = SpeCL2(R/27rZ)(HB<O))'

Since ¢ is arbitrary, (10.20) follows. O
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In the notation of (10.19) it follows that, if B ¢ 27Z,

SpeCLQ(R2/2ﬂ.22)(HB) - SpeCLz(R/2ﬂz)HB<T), T E R,

as sets. In view of this we can consider (abusing notation slightly) the following
operator with the same spectrum:

Hp: L2((R/27TZ)JJ X (R/BZ)T) - LQ((R/27TZ)96 X (R/BZ)T),
Hpw(z,7) = [Hp(T)w(e, 7)](x).

We can then define a (modified) Bloch transform in this context (see §5.3)

Vg : L*(R) = o, # ={uc L} (R :u(x+27mm, 7+ kB) = e “u(x, 1)},

loc
Veu(x,T) 1= Z e_%T(x_Qﬂm)u(x —2mm), (x,7) € R/27Z x R.
meZ
As in §5.4,
LViHEVp = cosz + cos(BD,) : L*(R) — L*(R). (10.21)
This is another version of Harper’s operator — see Figure 11. We note that it is given as
a semiclassical quantization of the (postulated) Bloch energy, F(z, ) where we replace

(01,02) by (x,&) € T*R. The small magnetic field B plays the role of the semiclassical
parameter.

10.7. Smooth dependence on B. To study smoothness of B — f(z, B), where f is
given in Proposition 10.6, it is natural to differentiate £5(z) = Pp(z)~! with respect
to B. The difficulty we encounter is the fact that spaces on which Pg(z) act (and are
invertible on) depend on B. Using weighted estimates from Proposition 10.5 we can
however consider these operators as acting on smaller spaces which are independent of

B:
Lemma 10.7. Let

AF = (\2) VHNR?), L :=()(a) VD),

N N

be Fréchet spaces with seminorms |[ul|pv n = [[(®)Nullge, |v]len = [[()V0] .
Then, in the notation of (10.8),

’PB(Z)I%QXX—)%OXX, ZEIlbhd@(]k),

1s a bounded operator, invertible for sufficiently small B, with a uniformly bounded
1nuerse,

Ep(z) : H° x L — H#*x ¥, B €nbhdg(0), z € nbhde(ly).
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Proof. We first check that for any B and k, 5% = (y(z)"VHE(R?). This follows

from
1{2)N (Dy + A(2))ull 2 < C[[{@) 1w g
and

o)V Dgull 2 = [[{2)Y (Dy + Alz) = Al2))ull 2 < C Y [e) VU (D, + A(@) u] .

B<a
To show boundedness and invertibility we then use Proposition 10.5 with
fn(x) = Nx(enz)logle), [le™ullgn ~ [lull v -

Here we take y € C*(R?;[0,1]) equal to 0 for |z| < 1 and equal to 1 for |x] > 2. We
then choose ey so that Ney log(ey') is sufficiently small as then ||fi ]| + || fv] < 1 as
required by the assumptions of Proposition 10.5. On one hand, we have

1Pe(2)ullsoxcn ~ €™ Pr2)ull2xe = [l Pp(2)e™ ™ e ul| 22
< Olle™ull g < Cle™ a2z ~ [lullpezxcnv2-
On the other hand, we have
I€s(2)ullpzxey ~ e/ Ep(2)ulluzxie < Clle?2Ep(2)ul 2 2
= Clle/+2Ep(2)e N 2e™ 2 a2 < Clle™*2ul| 2 ~ [[ullpoxc, v 12,

which completes the proof. 0

With this in place we can consider derivatives of Pg(2):
Proposition 10.8. For z € nbhdc¢(/y),
nbhdg (0) > B + Pp(z) is in C°°(nbhdg(0), B(H#?* x L, H#° x ZL)).
Consequently, B + Ep(z) : H° x L — 7 x £ is also a smooth function of
B € nbhdg(0).

Proof. Recall

PB —Z R§ B B B
pB(Z) = RB ’ E U— T 900 )7 R+U<Ck) = <U7Ta ()00>
+

0
ael

We need to check each individual block is smooth in B. First Pg = (D,, — Bxy/2)* +
(D, + Bx1/2)?% is smooth in B since polynomials are smooth. For RZ : £ — HO, we
note

0T po(x) = %Im(wd)chpo(x).
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Since |¢o(z)| < Ce1#1/C the operator

OpRE 1 u_(a) — Zu Im (za)TEpo(z) : L — H°

acl’

is bounded by Schur’s criterion. Moreover,

(RE — RPo — (B — By)dgR2)u_(x)

= 3w (@) (TP o(a) ~ T () — 5(B — Bo) Im(za) TP go(x)

ael

=Y u (@) OB - Bo)?),

ael

Thus by Schur’s criterion again, g RE is indeed the derivative of RZ. We can iterate
this argument to conclude R® € C*(nbhdg(0), B(L — H")). The smoothness for R¥
is similar.

The smoothness of £g(z) comes from the identity
EB@B,PB + (GBEB)PB =0
and thus 05€p = —53(83773)83. O

As a corollary, f(z, B, «) is smooth in B and we can calculate derivatives 0% f (2, B, «).
By the weighted estimate, for 0 < § < 1

”€6<.>aBgB(Z)6_5<.>||L2><l2—>H]23><l2 = ||€6<.>gB(z)(aBPB<Z))5B(Z)6_6<.>||L2><12—>H123><l2
= € Ep(2)e e (9pPp(2))e e ER(2)e | Laip 3 w2 < 00,

we conclude [ 05EB (2)e % |22 < 00 and e*“dpf(z, B,a) € I*(T). We can
iterate with more derivatives and conclude that

0% f(2, B,a)| < Cre~lel B € nbhdg(0), z € nbhde(1y). (10.22)

10.8. The algebra of effective Hamiltonians. Recall the effective Hamiltonian
E?B _(z) is given by operators of the form

Mp(fyu(0) = f#pula) =D _et®f(a — Bu(B), fe(I).
Ber
We study operators of this form in this section. Note Mp(f) : I}(T') — I}(T) is a

bounded linear map, we define

A = (M) : £ €D IMa(DI = IMa(H) s = .

We claim Ap has the structure of a Banach *-algebra. Recall a Banach *-algebra is a
Banach algebra A over C such that

e There is an involution operator *: A — A, i.e. ™ = .
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o (x4 y) =x*+y*, (zy)* = y*z* for any z,y € A;

e (A\x)*=Xz* forany A € C, x € A.

If the * operation satisfies the C* identity ||z*z|| = ||z||* for any x € A, we say A is
a C*-algebra. Classical examples of C*-algebras include continuous functions over a
compact Hausdorff space, bounded operators on a Hilbert space and the C*-enveloping

algebra of the convolution algebra of a locally compact group.

The multiplication and * operation is naturally defined on Ag, and we note

Mp(f) = Mg(f), fla)=f(-a); Mp(f)M5(g9) = Mp(Mz(f)g).
On checks

(Mp(flu,v) = > 2P f(a = Bu(B)v(a)

a,Bel

= > u(B)esf(a— Bv(a) = (u, Mp(f)v)
a,BeD
and

Mp(H)Mp(gula) = Y e3P f(a — B)exPvg(8 — p)u(p)

B,pET
Z

= ) 2PN (0 — g — p)er BTG (y)u(p)
B,pel’

=) eato (Z BN fa —p 7)9(7)) u(p)

pel’ vyel

= MpMp(f)g)u(a).

All the properties of * follows from the definition. For the C* identity, one checks that

IMp(f) Me(NIl = | F#afln =3

ael

N el F (G — oc)f(ﬁ)‘

ger

<SS STUHB - QlIFB)] = I3

a€el’ gel’

The identity will never hold for general f € I*(T'), so Agp is not a C*-algebra. However,
one can define the reduced C*-enveloping algebra C*(Apg) as the closure of Ap inside
B(I*(T")). It is, by definition, a natural C*-algebra.

One note that if (B — B')|R?/T| € 4nZ, then Ag = Ap:. Since f#pg = g# g/,
Ap is commutative if and only if B|R?/T| € 2nZ.
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Proposition 10.9. Suppose |f(a)| < Ce™l fora € T, then Mp(f)~" : 1*(T) — 1*(T)
exists if and only if there exists g : I — C such that |g(a)| < Ce~de! and

[#B9 = g#Bf = do.

Proof. Suppose there exists such g, then it is obvious that Mp(f)™' = Mp(g). On
the other hand, suppose Mp(f) is invertible on [*(T). Since
[T'vaMB<f)] =0,
we know Mp(f)™' = Mz(g) for some g € [°(T"). Moreover,
lglliz = M5 (g)dollr2 < 0.

Choose ¢ : I' — R such that ¢ is constant near oo and ||¢||Lp < 1, then by the
exponential decay of f, we have

[e?Mp(f)e™? = Mp(f)llizme < 1.
This implies that for some 0 < § < 1, ||e’l®g]|;> < oo and thus
lg(a)] < Ce0l.
U

Recall 70 f () = esBeM fa—y) = M_p(05) f(cr). We have the commutator relation

This is the Weyl commutator relation, which motivates us to give a semiclassical in-

terpretation of the effective Hamiltonian.

10.9. Semiclassical structure of the effective Hamiltonian. The effective Hamil-
tonian EZ . can be interpreted as a semiclassical pseudodifferential operator, where B
is considered as a semiclassical parameter.

Recall for a(z,&) € C*(R?) such that |09 .a(z,§)| < C,, we may define the Weyl

quantization of a as

Op“(a)u(z) = a”(x, D)u(z) L /R2 a (x ;— y,f) @Sy (y)dyde,  u € S(R).

T o
(10.23)

We note that
PPty (g) = @By (x + B),  ™eBPry(x) = eu(x + B).
So €!BP= el 3ls0 satisfy the Weyl commutator relation

ezBDw em‘ — ezBeza:ezBDw )

We recall two basic lemmas on the Weyl quantization of exponential of more general
linear functions.
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Lemma 10.10. For a,b € R,
Opw(ei(am+b§)) — ei(az-‘,-be)
where v(t, x) = @@ +0P)y (1) is defined by
(i0; + ax + bD,)v = 0,
v(0,z) = u(z).

Proof. Let v(t,z) = e P)y(z). It is direct to check from the definition that
v(t, z) = e+ 3P%aby (1 4 ¢h). On the other hand,

Op" (0 )u(e) = 5 [ e et M)y = o [ CEa (¢ - 0 de
_ % ei(%+(b+x)(£+a/2))ﬁ(£)d£ _ eiaeriab/Zu(x +b) = v(1, x).
U
Lemma 10.11.
pi(@1z+b1 D) yilaza+ba D) _ eg(blarbm)ei((a1+az)z+(b1+b2)Dz)_
Proof. We check
ei(a1m+b1Dz)ei(angrbgDz)u(I) _ ei(alerlez)eia22+ia2b2/2u<x + by)
_ eia1x+ia1b1/2€ia2(x+b1)+m2b2/2u(q; + by + bo)
= ¢llazbimaibe) 2 gilartaz)etilartan) (batb2) /2y (0 4 ) 4 )
= ilazbi—a1b2)/2i((ar+a2)a+(br+02) D)y ().
U

Now for f € [*(Z?), let
R(f) = 3 OpP(eBeionn) f(a) : L(R) — L*R).

a€Z?

Since the generators satisfy the same Weyl commutator relation, we have

Proposition 10.12. For f,g € (1(Z?), R(f) o R(9) = R(f#59)-
Moreover, if | f(a)] < Ce™l then R(f) = Op®(a(x, BE)) where
a(z,&) = Y et f(q) € O%(R?/2nZ?)
a€Z?
is a real analytic periodic function. Similarly, if |f(a)] < Cy{a)™ for any N € N,
then a(x, &) is a periodic smooth function.

We can then interpret the spectrum of Pg as a nonlinear spectrum problem for a
semiclassical pseudodifferential operator as follows.
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Theorem 17. Suppose f : Z> — C such that |f(a)| < Ce then the following are
equivalent

(a) 0 ¢ Spece2(z2)(MB(f));

(b) 0 ¢ SPGCL2(R) (R(f));

(c) R(f) : L* — L? is invertible, and there exists b € C*(R?/27Z?*) such that
R(f)~" = Op”(b(x, BE)).

Proof. By Proposition 10.12, (a) implies (b). Also it is clear that (c) implies (a), since
we can take g to be the Fourier transform of b so that R(f)™! = R(g). Proposition
10.12 again tells us Mp(f)~"is Mp(g).

We are left with showing (b) implies (¢). In order to do this, we need use Beals
Lemma (see [Zw12, Theorem 8.3]) which tells us R(f)™' = Op”(b(z, BE)) for some
b € C*(R?) with |05 .b(z,&)| < C,. In order to show b(z, ) is periodic, we introduce
k(x,€) = 20 — o for (wg, &) € 2n7Z%/ B and conjugate using k“(x, BD,) by Lemma
10.11:

eik“’(m,BDz)ei(azm—i-alBDz)e—ikw (z,BDg) i(agBm0+alB§0)ei(agm—&—alBDm) _ ez’(azx—l—alBDm)

=€

Thus [e?**@BD2) R(£)] = 0 and [’ ®BP=) R(f)71] = 0. On ther other hand,
ek @BDa)pw (0 BD Yo k" @BD:) — pv(3 4 By, BD, + B&).

So b(x, &) € C°(R?/2rZ?) is a periodic function. By Fourier series argument again,
b(x, &) = Y g(a)e@1&+e2®) for a rapidly decaying g : Z? — C. We have R(f)™! =

a€Z?

R(g) and thus Mp(f)~! = Mp(g) by Proposition 10.12. By Proposition 10.9, |g(a)| <
Ce~el has exponential decay. Thus b € C¥(R?/277Z?) is real analytic.

O

10.10. Computation of the semiclassical effective Hamiltonian. In this section
we want to compute the semiclassical expansion of the symbol b(x,§) € C¥(R?/2nZ?)
defined via Theorem 17 and Proposition 10.6:

b(z,x,f; B) = b()(Z,Jj,f) + Bb1<2,l’,§) + O<BQ)

By Proposition 10.8, b(z, x,&; B) is smooth in B and z. Taking B = 0 we conclude
bo(x,&) = z — E(&, x) from Proposition 10.1. In order to compute by, we differentiate

in B. Since 0p€p(2) = —€p(2)(0.Pr(2))Ex(2), we have
OpE® (2)|p—o = —E_0pPpE, — E_(2)0sR?E, — E_0pRPE_,(2).
Recall Pg = (D,, — Bry/2)? + (D,, + Bz1/2)* + V(x), so

OpPp = 11D, — 12D, + 1 B|z|*.
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Moreover, E_v(a) = Riv(a) = (v,94) and E vy () = R_vy(z) = Y vi(a)pa(z).
acl
Thus the first term is given by

—FE_(0Pg|p=0)F10p(c) = —/ (x1Dy, — 29Dy, )po(x)pa(x)d. (10.24)
RQ
The second term is

B ()00 a0 Btofa) = 5 Y (05(0) = Ba = B) [ (@ A Dgala)ipalalda

per
(10.25)
and the third term is
~E (0B |0) B-1 (ola) =3 3 [ (@1 8)(c0u(6) ~ B(B)gs(olpalelie
o (10.26)

When I' = Z2 we can write

(z,2,) = > OpE" (2)|p=odo(a)e™ sz,

a€Z?

The first term (10.24) gives

-2 / 1Dy, — 12Dy )0 (y) Paly) s dy = — / 1Dy = 12D3)0(y)2((E @), y)dy
a€Z? R
The second term (10.25) gives

5 2 () = Bla— 8D [ (4 Bouly)aauldy

2
a,6622 R

= (e~ B(&,2)

\

©o(y) (1 Dy — y2De)((€, ), y)dy

RQ

and the third term (10.26) gives

— g X e / (v A B)80(8) — B9 ()7l

aﬁEZQ

=3 [ wABDBE) e wAE Dy

/3622

B 2(27T)2 /R? /RQ/Qﬂ—ZQ E(0)(y1 Do, — y2Do,) (0, y)((€, %), y)dbdy.
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We conclude that by(z, z,€) is given by

/RQ(%Dyg - yszl)gpo(y)mdy

+1(z— E(¢ 2)) /RQ ©o(y) (Y1 Dy — yoDe)p((€, ), y)dy

2(2i77)2 /R? /R2/27rz2 E(0)(y1Ds; — y2Da,)0(8, ) (€, ), y)dbdy

1 .
— st |, [ (200D, = Dy, + i1 De, ~ 2Du ) E(O)) (6. ) w0y
2(2m)? Jpe R2 /2772

+ 4z = B o) [ onls)TnDs — mDIAE 210}y

(10.27)
We are interested in the case when b(z,z,§; B) = 0. Then z = E(¢, ) + O(B) and the
second term on the right hand side of (10.27) is of higher order.

Denote 7 = (&, z) and (aq, as) A (b1, ba) = asb; — a1be. In this notation the y-integral
of the first term can be rewritten as

32n) 5> /0 2(y =) A Dy —i(y —7) AN Do E(9))p(0,y — 7)o(T,y — 7)dy

ez 1)x[0,1)

- 2<2w>2 2 / Q=) ADy = ily =) A DeEE) 00, y)e(r y)dy

=3[ = D) A 2D, ~ TE@)el6,1)50 .

Integrating in 6 gives

/RZ/ZQ (y + Do) A (Dy = 5VE(m)e(r,y)(7, y)dy

= ;VE(T) /\/ / (y+ D )o(T,y)p(T,y)dy +/ / (y + D7) A Dyo(r,y)e(T,y)dy
R2/72 R2 /72

= 5VE(T) A(Dru(r,8),u(r,8)) + (D A (=7 + Dy)u(r, ), u(r, ®)),

where u(7,y) = ™ p(1,y) — see §3.3. The term wedged with VE(7) is essentially
the Berry connection (8.12). We conclude

bl(x7€7 >|b0(290§ IVE( ) <D7-U(T, 0),u(7’, .)>

+((r = D,) A Dou(r,8),u(r, ), 7= (). (10.28)

Here we used the fact that 7 A D, = —D_. A 7. We note that

0=V.(P(1) — Ex(m)u(r) = (P(1) — Ex(7))V,u(r) + (V. P(7)u(r) — Vo Ep(T)u(T)
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and that
V.P(t) =2(t — D,)

Hence, we can rewrite (10.28) as follows

bl (:l:a 57 Z)‘b()(Z,.’IJ,f):O — _% / <P(T) - Ek‘(T))vTu<T7 y) A VTU(TJ :U)dy (1029>

R2/T

Remark 23. Under the symmetry assumption V(x) = V(—xz) (see Proposition 8.5)
the second term in (10.28) can be simplified. We write

El(l‘,f, Z) = <(T - Dy) A D7u<7—7 ‘)7u(7-7 .>>7 T= (£> x)7
and we first note that (see §8./)
S9E(r) = - (D, ~ Dutr.y)ulrgdy =~ [(D, = Dyulr (. ~y)a(r)dy
where we used (8.17). Hence

0= 4D, AVLE(r) = Do A [(D, = mutr.ulr, ~v)a(r)dy
=b — /(Dy — 1)u(t,y) A Dyu(r, —y)a(T)dy — %VTE(T) A a(t) ' Dya(r)

— b + /u(T, yY)[(t — Dy) A Dyul(r, —y)o(T)dy — %VTE(T) A a(T) ' Dra(T)

= 2y — IV.E(T) Aa(r) " Dra(r).

We conclude that
by = 1V,E(T) A a(r) "' Dra(T).
We use this to show that reflection symmetry (8.15) implies that by|p=. = 0. In fact,

/R2/Z2 Dou(r, z)u(r, z)dr = / D-a(r)u(T, —z)a(r)u(r, —)dz

R2/72
S / Du(r, x)u(r, z)dx + a(7)Dra(T) 1.
R2/Z2

Moreover, D, fRQ/ZQ u(T, x)u(r, x)dx = 0 implies that

/ Dou(r, z)u(, z)dr = / Dou(r, z)u(T, z)dz.
R2/72 R2 /72

Thus

/ Du(r, x)u(T, z)dr = —%a(T)_lDToz(T)
R2 /72
and (10.28) gives

bi(2,&, 2) b (2060 = 3V E(T) A (—%a(T)’lDTOz(T) + %a(T)’lDTOz(T)) =0.

2
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Remark 24. The second term in the Bohr—-Sommerfeld expansion, relevant to de
Haas—van Alphen oscillations, is given by

i [ bl (10.30)
E(x)=p

where t corresponds to the parametrization of E = u (we assume here that VE # 0
when E = p) given by the Hamilton vector field (see (2.2)):

(@(t),€(t)) = Hy, (2(t),£(t)) = (O E(§(2), x(1)), =0 E(£(1), x(1))).-
This means that
(8§E, &cE) VAN (al, ag)dt = <(8xE, —85E), (0,1, a2)>

or

[ wwngit= [ (D) ADur)utr el + 4 [ 0
E(€z)=p E(€z)=p Yo

where n = ng/ZQ dou(0,y)u(f,y)dy is the Berry connection (8.12). The cycle v, is
given by E(0) = p with the orientation determined by the direction of the Hamilton
vector field Hy,. Since under the symmetry assumption (8.15), dn = 0, in that case we
get a nontrivial contribution only when -y, is topologically non trivial.

11. 2D PERIODIC STRUCTURES IN CONSTANT MAGNETIC FIELD: DENSITY OF
STATES

11.1. Regularized traces B # 0. In this section we consider the density of states in
the previous model. Now we move to the case that B # 0 and small. First we show
the existence of trf(Pg). Suppose

f(Ppw(x) = | K(z,y)w(y)dy.

R2
Since [T, Pg| = 0, we have [T7, f(Pg)| = 0, i.e. K(z+7,y+7) = esBE—IME (1, y).
This implies that K (z + v,z 4 ) = K(z,x) for any 7 € I', and hence the existence of
the limit
~ 1 1
trf(Pg) = lim —/ K(z,z)dx = —— K(x,z)dx.
(2L)* Ji_p 2 IR2/T| Jgz,r

L—oo

Suppose we have an operator M : [*(T') — [?(T) defined as

M(f)(a) =Y M(a,7)f(7),

vyer
we can define the modified trace as
~ . 1
trM = Lh—{%o EIAE M (o, ).

a€ellN[—L,L]?
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If M = Mg(f) such that M (a, 8) = €28 f(a—p3), then we have similarly trMp(f) =
/O Moreover, suppose R(f) = a*(z, BD,), then

|R2/T|
fo) |
R2/T] — (2n)? // a(z, & B)dwdt.

The modified trace has similar properties as a trace:

tI‘MB(f)

Proposition 11.1. Suppose A; : L*(R") — L*(R"),j = 1,2 such that |A;(z,y)| <
Ce=l==Yl for some C,c > 0, then (suppose both sides are well-defined)

tr(A; Ay) = tr(Ay4;).
Suppose T' C R™ is a lattice and B : L*(R") — [*(T"),C : I*(T") — L*(R™) such that
|B(a, )| < Ce~l=ol|C0(z, a)| < Cecle=e
for some C,c > 0, then tr(CB) = tr(BC)

Proof. We only prove the first claim, as the second is proved in the same way. By
definition,

tr(A;Ay) = lim —/ / Ay (z,y)As(y, x)dydx
[-L,L]" JR™

L—oo

= lim o oL /n/[LL]n 2(y, ) Ai (2, y)dady.

By assumption,

[ Aol g o As(y,y) — As A (y,y)| < Cembliely e [—L, L)

and
[AgT Lo Ar(y, y)| < Cem b=l gy & L L]".
Thus
At Asl0) = U sy < OL
and
E}(141142) = Lh_I}C}O (211;)7I e Aol LL"Al(y y)dy
= Jim e [ Bepap Ay = (),

completing the proof. 0

To compute trf (Pp), we will use the Helffer-Sjostrand formula which is based on
the existence of almost analytic continuations:
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Proposition 11.2. Let f € C3(R), then for any § there exists f € C°(C) such that
fle=Ff,  8f()=O(Imz|>), supp f C supp f + Bc(0,9).
In particular, we have

1 [ -
fx)==[ 0f(2)(x — 2)tdm(z), x€R. (11.1)
T Jc
Proof. The identity (11.1) comes from the fact that - is the fundamental solution of
d.. The function f is constructed as follows. Let x(y) € C5°(R) be a cutoff function
such that x(y) = 1 near z = 0. Let ¢(x) € C§°(R) be a cutoff function such that
t(x) = 1 near supp f. We define

Fla i) = LER [ Fronueret+tag
It is clear that f € (J°°( ) and flg = f. We consider
ofe-+ i) = X [ fpuereemag
W) [ Fronterer g+ ) [ ey et

The term with x'(y) vanishes near the real line. The last term is

w(z);c(y) /R f(f)gx,(yg)ei(mygdg:iw(fv)ﬁy)y]v /R FOEN () Ny (ye) e g
= O(ly|")

since (y€)~Ny/(y€)e!@ W) is uniformly bounded and f (€) is rapidly decreasing.
The first term is

//f yg z(:r: T+1y fdxdg
asez(z T+iy)€
/ / f@ +Zy)dxd€

/ / FOM )i

/ / @ () )~ gz
i(r — T +1iy)

O(lyl™ )
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since (y&) Nty (y€)e!@*+ W) is uniformly bounded and

f(Z) —iFE g~ /(@) 1-0; ! i€ 77
/Rz'(x—:i—l—iy)e gdx_/Rz‘(x—izHy)(Hf?) c

= 0(1+6)7)

is rapidly decreasing in & for |z — | > ¢ > 0 since supp f Nsupp ¢’ = .
We conclude df (z + iy) = O(|y|V) for any N > 0. O

Now for the self-adjoint operator Pp we have (by spectral theorem)

F(P) = 1 [ 0F:)(Ps = 2) ().
c
Recall from (10.16) that
(Pgp—2)"' = EP(2) — Ef(z)E]_i(z)_lEf(z).

Since E7(z) is holomorphic, we have

F(Py) = =2 [ 8F(2)EB(2)EP, (2) EP(2)dm(=).

T Jc
By Proposition 11.1 and 9,EZ, (z) = —8,((R?) "' (Pg — 2)(RY) ') = EB(2)E(2),

trf(Pp) = _% /c Of (2)trEZ (2)EZ (2) " EE (2)dm(2)
- ‘% / 0f () B2 (2) L (2) EE, (2)'dm(2)
C
_ _% / Of ()i ((0.EP, (2)) EZ,(2) " )dm(=).
C

11.2. Smoothness of B — trf(Pg) for f € C>(R).

11.3. Bohr—Sommerfeld quantization rule for pseudodifferential operators
in 1D. In this section we introduce the Bohr-Sommerfeld quantization rule. Let
p(z, & h) : T*R — R be a smooth real symbol such that P = Opj}’(p) is self-adjoint.
Suppose p(x,&; h) has an asymptotic expansion

p(, & h) ~ polw,€) + hpi(2,€) + RPpa(w, &) + -+ .
e Let I = [E_, E,] C R and suppose there is a topological annulus A C py* ()
such that 9.4 = A, U A_ with Ay a connected component of py'(Ey).
e Suppose pg has no critical point in A.
e Suppose A_ is included by the disk W bounded by A,.
e Suppose pg > E outside W.
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Then we have

Theorem 18. The spectrum of P inside I is given by
Spec(P)NI ={E,} + O(h™)

where E, = E,(h) satisfies the Bohr—-Sommerfeld quantization rule:
~ > Si(En)l = 2mnh (11.2)
j=0
and
S()(E) = / Sdl‘, Sl(E) =TT — / p1|dt|
TE TE
where vg = pyt (E) N A.

Proof. Following [CdV05], we suppose the expansion (11.2) holds and try to compute
each term by the following trace formula.

trf(P) =Y f(S;'(2mnh)) + O(h™). (11.3)

ne”Z

By Poisson summation formula, the right hand side of (11.3) is given by

%f Y(2mh)) =5 h/f w))du + O(h )—%h/f )S) (E)dE + O(h™).
By Helffer—Sjostrand formula, the left hand side of (11.3) is given by
trf(P) = —tr/@ f(z 2) " tdm(2)

where f is an almost analytic extension of f. Let us compute

(P—2z)"" =Opy (Z thj(Z)> :

— 2)# (Z hjqj(Z)> =1= (Z hjqj(2)> #(p — 2),

we can determine inductively that

Since

G = (po—2)7", (J1=—(— Zrﬂ po—2)"

]90—22’
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Thus if the full symbol of f(P) is of(f(P)), then

twf(P) = ﬁ |ty

=5 /*Rﬁ/af ot (P — 2)™Hdm(z)dxdé

-1
= 27Th S (f(po) + hf (p[) P1 + Zh]( 1)1)' f(l_l)(po)sz> dl’df

27Th/f </ \dt\—h plldtHZ ( )Z_I/WErﬂydt\) dE.

Compare both sides of (11.3), we get
YE YE

By choosing a Hamiltonian p which interpolates between p(z,£) and the harmonic
oscillator p = 2% 4 €2, pP= —h%9% + 2%, we can see the constants C; are independent of
the operator and can be computed using the harmonic oscillator. One checks directly
that for the harmonic oscillator, Spec(P) = {(2n 4+ 1)h : n € N}, and

/ ¢de = TE.

mE + C() + Clh = 2mnh.
We conclude Cy =0, Cy = 7. O

So

Remark 25. The factor C7 = m comes from the Maslov index of the circle vg. In
general, suppose N is a Lagrangian submanifold of T*R™, then there is an integral
cohomological class M € H'(A;Z) called Maslov class as defined in [Arn67]. Let

a =Y &dx; be the contact 1—f0rm the Bohr sommerfeld quantization condition says
1 1

In the case n =1 and A is a czrcle, HY(A;Z) = Z and M = 2. Integrating over the
circle would give the first two terms of (11.2).

11.4. Magnetic oscillations in density of states: topological corrections.
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