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1. INTRODUCTION

These lecture notes originate from a Fall 2022 course at Berkeley. It was given by
Maciej Zworski and the original notes were taken by Zhongkai Tao. They have since
been expanded and revised resulting in the current version.

The purpose is to provide a general introduction to continuous models in condensed
matter physics and to their relation to topological structures. The notes are intended to
be as self-contained as possible with only basic concepts of mathematical analysis and
the notation (rather than deeper concepts) of differential geometry as prerequisites.
In particular, we provide proofs of all the needed results from the theory of partial
differential equations and from differential topology. We concentrate on the simplest
cases, in particular, on two dimensional structures, with their popularity in modern
physics serving as an additional excuse.

The choice of topics is motivated by PDE examples in which analysis and spectral
theory interact with topology. Many different (typically more advanced) approaches to
that are possible, with one important reference being the monograph by Prodan and
Schulz-Baldes [PrSc16]. We also note that a recent comprehensive account of PDE
with periodic coefficients can be found in Kuchment [Ku26].

The guiding thread here is the use of PDE and spectral methods to pass from peri-
odic Schrodinger operators, through Bloch bands and tight-binding approximations, to
band topology and weak magnetic-field asymptotics. More specifically, the following
outline shows what is covered:

e Preliminaries on basic geometric and analytical concepts; they can be reviewed
ahead of time, or consulted when they are referenced in the text.

e Magnetic Hamiltonian of the free electron; Landau levels, derivation of de Haas—
van Alphen oscillations in the free case; this provides an introduction to such
concepts as density of states and gives examples of classical analysis applied to
a concrete physical problem.

e Spectral theory of periodic structures; Bloch—Floquet transform, band theory;
examples of band structures; Wannier functions.

e Semiclassical derivation of the tight binding model: detailed analysis in 1D (in-
cluding some higher dimensional aspects, and as a bonus, a precise description
of energy splitting in a 1D double well problem); a discussion and numerical
illustrations of the 2D case.
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e Introduction to vector bundles with emphasis on two dimensional manifolds and
line bundles; connections, curvature, and Chern numbers developed through
elementary examples.

e The adiabatic theorem and the emergence of the Berry phase, connection, and
curvature in that setting; proof of the adiabatic theorem included for complete-
ness.

e Topology of band structures: Berry connection and curvature for Bloch eigen-
functions; the quantum metric and ideal bands; the relation of topology to the
decay of Wannier functions.

e Other examples of topology in band theory: Thouless pumping and Landau
levels.

e 2D crystals in weak magnetic fields and the Peierls substitution; derivation of
the Harper model; interpretation of lower order terms in the effective Hamil-
tonian and the Bohr-Sommerfeld quantization rules.

We are fortunate to include two appendices which complement the presentation.
Appendix A by Kevin Stubbs explains the second quantization formalism. Although
the notes are devoted to non-interacting (pseudo)particles, the language of second
quantization is commonly used in physics even in that case and, among other things,
the appendix relates it to the PDE notation used in the main body of the notes.

Appendix B by Kiril Datchev and Adam Wasserman provides a mathematical intro-
duction to one of the most used tools in science: the density functional theory (DFT).
The relevance here lies in explaining the passage from many-body electron problem
governed by Coulomb potentials to one-body “pseudo-particles” governed by effective
smooth potentials. This justifies the effective one-particle smooth-potential framework
used in the notes.

Acknowledgments. Generous support for this project was provided by the Simons
Foundation’s Targeted Grant Award No. 896630 “Moiré Materials Magic”. We would
like to thank the members of that “Magic” group: Eric Cances, Svetlana Jitomirskaya,
Tim Kaxiras, Lin Lin, Mitch Luskin and Allan MacDonald. Although the moiré physics
of twisted 2D structure is not discussed here, its study provided motivation for the
inclusion of many topics.

We are grateful to the faithful audience of the course in Berkeley, especially, Dan
Borgnia, Yonah Borns-Weil, Izak Oltman, Ning Tang and Mengxuan Yang. Interac-
tion with many colleagues in maths and in physics had an effect on our (imperfect)
understanding of the subject and on the writing of these notes. Special thanks are due
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to Simon Becker, Alexis Drouot, Craig Evans, Jeff Galkowski, Kevin Li, Joel Moore,
Kevin Stubbs, Alex Watson, Jens Wittsten, and Henry Zeng.

MZ was first introduced to the mathematics of condensed matter physics in an MIT
course given by Victor Guillemin in 1990, and in subsequent joint seminars on the
works of Helffer-Sjostrand. A small fraction of those works are the backbone of the
approach presented here (most notably in Chapters 6 and 11) and we would like to
thank Bernard Helffer and Johannes Sjostrand for their guiding contributions. We are
also particularly grateful to Barry Simon, especially for demystifying the Berry phase
and formulating it in terms of differential topology (see Chapter 8).

Finally, we would like to thank ChatGPT for help in proofreading different versions
of this text and for improving the MATLAB codes used for the numerical illustrations.

2. PRELIMINARIES

This section presents preliminaries from analysis and geometry. We provide de-
tailed references when proofs are not given. A brief account of basic geometric pre-
liminaries can be found at https://math.berkeley.edu/~zworski/symple.pdf. For
an in-depth presentation we suggest [Leel2]. For tempered distributions () and the
Fourier transform, an in-depth presentation is given in [H003, Chapter 7] (see also
[Zw12, Chapter 3] for a more light-hearted treatment). References for pseudodifferen-
tial calculus (going beyond what is needed here) are [DS99] and [Zw12, Chapter 4].
For unbounded operators, a detailed account can be found in [Sch12] and for brief
reviews see [DS99, Chapter 2] and [Zw12, Appendix C.2].

2.1. Symplectic geometry. A symplectic manifold is a smooth manifold M with a
non-degenerate closed 2-form ¢ on M, called the symplectic form. On a cotangent
bundle T* M, there is a canonical symplectic structure given by

o= d&Ndz;=d()_ & Aday).

In the case of M = R", we can think of ¢ as a nondegenerate quadratic form on
R™ x R™:
o(X,2, X" 2 =(Z, X)) — (X,Z). (2.1)

Given a smooth real-valued function p : T*M — R, we define the Hamiltonian vector

field H, by

o(-, H,) = dp. (2.2)
The Poisson bracket of two functions, a,b, on T*M is defined by

{a,b} = H,b. (2.3)


https://math.berkeley.edu/~zworski/symple.pdf
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In local coordinates, in the case of (2.1), it is given by

sza_?i_@@ {a,b} = Z@@—@@' (2.4)
j

The flow ¢; = exptH, under the Hamiltonian vector field is called the Hamiltonian
flow. The flow ¢, preserves the symplectic form and the function p — [Zw12, Theorem
2.11]. In particular, it preserves the volume form d Vol = 0" /n! (Liouville’s theorem).

Example 1. If p(z,§) := %52 + V(z) : R* x R" — R, then the Hamiltonian flow is
given by solving
i=¢€ E=-VV(x).

That is, & = —VV (). If we think of V(z) as a potential and of F(z) = —VV (z) as
the corresponding force, then this is Newton’s law of motion.

Example 2. Now we consider the motion of a charged particle in time independent
electromagnetic field: E, the electric field and B, the magnetic field. Maxwell equations
give

V-B=0, VxE=0.
That implies (in the global setting of R™) that there exists an electric potential V' (z)
and a magnetic vector potential A(x) such that

E=-VV(z), B=V x A(z). (2.5)
The force acting on the particle is then given by
F=-VV(z)+ixB.
To obtain a Hamiltonian formulation we let

p(z,&) =3 Z(fj — Aj(x))* 4+ V().

The Hamiltonian flow is given by

=64 &= D A6~ o) OV (o).

That is,
Z OuAj()in + & =D (0jAx(x) — OA;(2))7x — 9,V (x) = (& x B = VV);.
k

The quantization of this Hamiltonian in the case of a constant magnetic field is the
Landau Hamiltonian which we will study in §3.
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A classical observable is a function, a(z, &), on T*R™. Under the Hamiltonian flow
¢y = exptH,, the evolution of an observable is given by ¢;a(x,&) = a(pi(x,€)). In
other words,

d * * *
%@ta = ¢ Hpa’ = ¥y {p7 CL}, (26>

where the last expression is given using the Poisson bracket (2.3).

2.2. Analysis on R". The space of Schwartz functions is defined as
S (R™) = {u € C*°(R") : 20°u € L>® Vo, € N"}.

The seminorms ||ul|a 5 = ||[2*0%u||r~ give .7 a structure of a Fréchet space — see [HO8S,
§2.2]. The space of Schwartz/tempered distributions is the dual of ., or equivalently,
SR ={u:—>C:INEN,Cy >0 [u(@)| <Cx > [l¢llas Ve € 7.

o, BISN

We note that LP(R™) C #/(R") (for the Lebesgue spaces, LP, see [F099, Chapter 6])
with the definition

ulg) = [ ula)ola)da,

The main advantage of distributions, and in particular of tempered distributions, is
the fact that the derivative is always defined using formal integration by parts:

(00)(9) = —uldry9), uE S (RY), e SR (2.7)

The Fourier transform of a Schwartz function u € . is defined by

Fu(é) =u(é) = /n u(z)e ™ Sdx

and F : .Y — . gives an automorphism of the Schwartz space. The inverse Fourier

transform is given by
1 )
Flu(x) = a(r) = 2 /Rn u(€)e e de. (2.8)

We recall the basic properties of the Fourier transform without proof (see [H603, §7.1]
or [Zwl2, §3.1]):

Proposition 2.1. The Fourier transform F : . — % extend to a continuous linear
isomorphism F : . — ', with the following properties.

o (Plancherel theorem) Up to a normalization constant, F is an isometry on
L2<Rn)
1Fullzz = (2m)" |ullZ2-
® .7:3% = ijf, .F.%j = 28,5].7:
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Using the Fourier transform, we define the Weyl quantization for a € .%(R*") by
Op*(a)u(z) = a™(x, D)u(z)
1 o r+y
= ie=y)¢ dyd R™).
o [ @ () utdude, e @Y
For u € . we easily check that a“(x, D)u € .7 as well.
In the notation of (2.9),

(2.9)

10
The definition (2.9) can be extended to a more general class of functions a (called
symbols in PDE literature) — see [Zw12, Chapter 4] for an in-depth presentation. For
instance, Op"(z;) is multiplication by x; and Op™(¢;) = D,;.

Example 3. The quantization of the classical magnetic Hamiltonian in Example 2 is
given by

P =3 (Dy, = Aj(@)* + V(). (2.10)
J
This is called the magnetic Schrodinger operator.

2.3. Unbounded operators. The quantization of a classical observable given by (2.9)
is usually an unbounded operator on the Hilbert space L*(R™). We recall some defini-
tions and results about such operators. Although technical and seemingly dry, these
concepts are essential in the study of Schrédinger operators even if this point is not
universally appreciated’.

Definition 2.2. Let Hy, Hy be Hilbert spaces. An unbounded operator P : Hy — H,
means is defined in the terms of its domain, a linear subspace D(P) C Hy, and a linear
map P : D(P) — Hy. The operator P is said to be densely defined if D(P) is dense
m Hl-

Definition 2.3. The graph of an unbounded operator P : Hy — Hsy is
G(P) ={(z,Px):x € D(P)} C Hy x Hs.

P is closed if the graph is closed. P is closeable if G(P) is a graph of an operator.
That operator is then called the closure of P and is denoted by P. We say P C Q if
G(P) C G(Q).

The following story is told in [L.a02]: “In the 1960s Friedrichs met Heisenberg and used the occasion
to express to him the deep gratitude of mathematicians for having created quantum mechanics, which
gave birth to the beautiful theory of operators on Hilbert space. Heisenberg allowed that this was so;
Friedrichs then added that the mathematicians have, in some measure, returned the favor. Heisenberg
looked noncommittal, so Friedrichs pointed out that it was a mathematician, von Neumann, who
clarified the difference between a self-adjoint operator and one that is merely symmetric. ‘What’s the
difference?’ said Heisenberg.”
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We will say a densely defined operator P : H — H on a Hilbert space H to be
formally self-adjoint or symmetric if

(Pu,v) = (u, Pv), wu,v € D(P).

Given a densely defined operator P : Hy — H, between Hilbert spaces, the adjoint P*
is defined by specifying the domain as

D(P*) = {u € Hy: 3C = C(u), such that [(u, Pv)y,| < C||lv||y,,Yv € D(P)} (2.11)
defining P*: D(P*) — H; by
(P*u,v) = (u, Pv), wue D(P*),ve D(P).

The adjoint is well defined by Riesz representation theorem [F099, Theorem 5.25]. We
recall some facts of the adjoint operator:

Proposition 2.4. The operator P* is closed. Also, if P* is densely defined, then P is
closeable, and P = P**.

Now we can define self-adjoint operators.

Definition 2.5. Let P be a symmetric (unbounded) operator on a Hilbert space H.
We say P is self-adjoint if P = P*. The operator P is called essentially self-adjoint if
P is self-adjoint, that is P = P*.

Example 4. One way to obtain self-adjoint extensions of symmetric semibounded
operators is via the Friedrichs extension: suppose that P is a densely defined operator
with a domain Dy(P) and that

co = inf (Pu,u) > —o0.
[[ull=1,ueDo(P)

Then there exists a self-adjoint extension of P with domain D(P) such that
(Pu,u) > collul|®>, ue D(P).
For the proof see for instance [H688, Theorem 3.2.10].

Example 5. Suppose A;(z) are linear, V() = 0. Then the Landau Hamiltonian
1
5 D (D = Aj(@))?,
J

defined with the domain given by .#(R") is an essentially self-adjoint operator. This
follows from a more general case of operator of the form

P= %(Ax, x) + %<B$, D,)+ %(Dx, Bzx) + %(CDQC, D,)
where A = AT, C = O7 are two symmetric matrices. Let

p(x, &) = §(Ax,x) + (Bx, &) + 5(CE,§),
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be the symbol of P in the sense that for u € .7,
Pu = p“(z, D)u,

where we use (2.9) with h = 1. Let N, be the operator P with domain D(N,) = ./ (R")
and M, be the operator P with domain

D(M,) = {u € L*(R") : Pu € L*(R")}.
The proof of the following properties can be found in [Zw12, Appendix C.2]:
M, is closed, N, = M,, Ny = M; = M.
Those properties imply that if p is real-valued, then M), is a self-adjoint operator and

N, is essentially self-adjoint.

Another example relevant to condensed matter physics is presented with a detailed
proof in §5.8.1.

The importance of self-adjointness is due to the spectral theorem:

Theorem 1. Let P : H — H be a self-adjoint operator on a Hilbert space. Then there

exists a measure space (X, M, ), a measuable function f : X — R and a unitary
operator U : H — L*(X, ) such that

ez € D(P) if and only if f-Ux € L*(X, u);
o U(Pzx) = f-Ux for any x € D(P).

Remark 1. The spectrum of an arbitrary operator P is defined as
Spec(P) = {z € C: P — z is not invertible }.

In the case of self-adjoint operators, we can apply Theorem 1 so that it is given by
f(X). In particular in that case the spectrum is real.

Using spectral theorem, we can define the unitary evolution by
Ut)=e "™ H— H, Ut)=U"MupupU, e eL>X,p).
One then checks (again using the spectral theorem) that for u € D(P),
(Ut +h)—U®)u/h+iPU(t)ullg — 0, h— 0.

(Convert P to multiplication by f and use dominated convergence theorem based on
fueL?)

A quantum observable is a linear operator A : H — H, the evolution of a quantum
system is described by

A(t) = U AU(L).
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In other words,

d .
ZA(t) =[P AW, (2.12)

This is sometimes referred to as the Heisenberg picture of quantum mechanics.
The quantum evolution (2.12) and classical evolution (2.6), are related by the corre-

spondence between commutators and Poisson brackets. The simplest example is given

by

Example 6. We have {&,, x;} = 0;; and (&), 2] = [Dy,, ;] = 0.

1

The ideal generalization of this would be
", q"] = i {p.a}",

for the quantization (2.9) or for another form of quantization. However the Groe-
newold—Van Hove theorem showed that it is impossible. Nevertheless, it remains true
up to “lower order terms” — see Proposition 2.7 for a simple version.

2.4. Properties of pseudodifferential operators. The Weyl quantization has many
good properties.

Proposition 2.6. Let a +— aV denote the Weyl quantization (2.9). Then

e Formally, (a™)* = (@)V. In particular, if a is real, then a% is formally self-
adjoint on 7.
e (Calderén—Vaillancourt theorem [Zw12, Theorem 4.23]) If 05 .a € L>, then

a“(x,D): L* — L*

18 bounded.

o (Beals’s theorem [Zw12, Theorem 8.3]) If A: L?> — L? is bounded and for any
set of linear functions ¢; : T*R" — R,

adgxf/(x’l)) s adp;\f](x,D) A L2 — L2
is also bounded, then there exists a : R** — C with 03 .a € L such that

A=a"(z,D).

The first property is straightforward calculation. The next two are deeper. We
will not prove those properties here but just indicate the L? boundedness is easy if
we assume a € .. In fact, when a € ., we write (denoting by F,_,, the Fourier
transform in the variable x)

Faowla e Dp0) = oz [ [ [0 (S5 €) e sutppe = rayean
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We write the phase as follows

(x—y, &) — (x,n) = =2(5L,n — &) — (y, 26 — 7).

We then put
a1(¢, ) == /a(z,§)e_iz'<dz.
Hence,
Forona® (. DY) = gy | (20 = 26,0026 — )
1 - ¢y 5 — [FOr
- e @l € B = i)

Because of Parseval’s identity (||ul/z2 = (27)~"/2||4||z2) it is enough to prove
1 Kv|[r2 < Cflv]|re. (2.13)
To do this we use the Schur criterion for boundedness on L?: if
Kolo) = [ Kn.0v(Od
and
[1Kmolm=<c. [ixwmou<c (214)
then (2.13) holds with the same C. In fact, using Cauchy—Schwarz inequality we see

that
Can < / ( / |K<n,<>|d<) ( [ 1z, <>||v<<>|2d<) iy

Il = [ | [ KO0t

< (s [ 1. 01ac) (suw [ 160.0lan) ([ 1t0)Pac) < 2ol

(2.15)

which proves (2.13).
In our specific case
1
K = ——ay(n—( %
(777 C) (27’(’)” ay (77 ga 2 (77 + C))?
and (2.14) holds as a € . so that a; € . as well. We note that we can use a weaker
condition:

|CAI,1(C,§)| < (1 + |C|)_n_8a e >0,
as that also implies (2.14).

The composition properties for quantizations are also interesting and important.
We recall the following result [Zw12, Theorem 4.18]. In principle, it could be shown
without general theory since it involves only differential operators.
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Proposition 2.7. Suppose a; = 37, <, @j.a(@)E®, j =1,2. Then af oay = a3 where
asg enjoys the following asymptotic expansion:

as ~ ) T (50(1% De, Dy, Dn)) a1(2, §)az(y, m)|s=y,e=n; (2.16)
k=0

where o is the symplectic form given in (2.1). In particular,
1
[a‘lﬂ(xv D)7 a;v(l‘? D)] = g{alv QQ}W(xa D) + TW(Ia D)7 (2'17)

where & — r(x,£) is a polynomial of degree less than the degree of {ay,as} (which is
less than or equal to my +my — 1.)

We refer to [Zw12, Theorem 4.12] for the proof and the sense in which the asymptotic
expansion (2.16) is valid.

2.5. Trace class operators. In this section we recall basic properties of trace class
operators.

Let H be a Hilbert space and A : H — H be a compact operator — see [HO88,
Definition 2.5.5]. Then Spec(A) = {\;} is discrete and can be ordered as follows

If A is self-adjoint, then A;’s are real. Moreover, there exists an orthonormal basis {e; }
consisting of eigenvectors of A, such that

Au = Z Aj(u, e;)e;.
J

In the non-self-adjoint case, there is a similar form using singular value decomposition

(SVD):

Proposition 2.8. Let Hy, Hy be Hilbert spaces and A : Hy — Hy be a compact opera-
tor. Then there exists
802812"'28j—>0, (219)

and orthonormal sets {e;} C Hy, {f;} C Hs, such that

Au = Zsj(u,ej>fj.

In fact {s;}320 \ {0} = Spec((A*A)"/?) \ {0} = Spec((AA")"/2) \ {0}.

Proof. Observe that A*A : Hy — H; is a nonnegative self-adjoint operator. Let {e;}
be the eigenvectors corresponding to the eigenvalues s? = )\j(A*A). Let

f- sj*lAej, s; # 0
I O, Sj = 0.
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Then f;’s are orthonormal and
Au:Zsj(u,ej>fj. O
j
The s;’s are called the singular values of A. We list some of their properties (see
[DyZw2, Appendix B])
$n(A) = min{||A — K||g, - p, : rank K < n};
sj+k(A+ B) < s;(A) + sg(B); (2.20)
sj+k(AB) < s;(A)sg(B); In particular, si(AB) < || A|sk(B).
Here is an example of the use of those inequalities:
Example 7. Let s > 0 and A : L*(T") — H*(T") C L?*(T") be a bounded operator,

then s;(A) < Cj=*/". (Here T" = R"/(27Z)" is a torus and H* denotes the Sobolev
space — see (5.19) below). This is because

5;(A) = s;((—A +1)72(—=A +1)*/2A)
< (A + 12 A oo, (A + 1))
<y
The claim s;((—A + 1)7%/2) < Cj=*/" is proved by lattice point counting:
#{s; 1|5l >r} <CH{meZ": (m* +1)2 >r} < Or /s,

Now we can give the definition of trace class operators:

Definition 2.9. Let H be a Hilbert space, the space of trace class operators is defined
as

Li(H)={A:H — H: A is compact and Zsj(A) < o0}
J

The norm on L1(H) is defined as
1A =) 55(A).
J
This makes L1(H) a Banach space with a continuous linear functional called the trace:
tr(A) =) (Aej,e;)
J

where e; 1s any orthonormal basis.

The trace norm can also be written as

1Al = (1Alej e)

J
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where |A| = (A*A)Y/? and {e;} is any orthonormal basis. This is because for two
orthonormal bases {e;} and {f;} we have

Z<|A‘€j>€j> = Z<’A|fk:afk'><ejvfk><ej>fk’> = Z<’A‘fkafk>' (2.21)

J Jok.E k

If Ae L£y(H), then A = U|A| for some unitary operator U. Thus

> e el = [UIAlej, e < ) IAM elll[[AIV2U7¢|
J J J

1/2
= DR TR D SRR TS

J k J
Hence, the trace is well defined and bounded by the trace norm. For the same reason
as (2.21), the definition of trace does not depend on the choice of orthonormal bases.

We recall some properties of trace class operators without proof.

o (Lidskii’s theorem) If A € L£(H) has eigenvalues \; ordered as (2.18), then
tr(A) =), A

o (Weyl inequalities) Let A € £,(H) with eigenvalues \; and singular values s;
ordered as in (2.18) and (2.19), then

Z|)\J| SZS]‘, V’I’L7

7=0 7=0
H1+|)\| Hl—l—s]
7=0 7=0

o If A: L*(R") — L*(R") is defined by an integral kernel, K4(z,y), and A €

L1(L*(R")), then K4(x,x) € L'(R") and

tr(A) = Ka(z,z)dx.
R”
This is easily verified by rewriting the kernel as K4(z,y) = > s,;(A) f;(x)e;(y).
We remark that the trace class condition is much stronger than the condition that
K4(z,x) can be integrated. For example, for any a # 1, Au(z) = u(ax) gives a
bounded operator with K4(z,y) = 6(y — ax). Then Ku(z,z) = 06((1 —a)z) = |1 —
a|7'§(x) and

/KA(x,x)dx =1—a|l™

But A is far from being in the trace class.
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2.6. Grushin problems. In this section we review Schur’s complement formula and
its applications to spectral theory. That complement formula a general fact from linear
algebra:

Lemma 2.10. Suppose

—1
P R\ _ (E E\
<R+ RJr) = (E E+> : X1 X X_ — X2 X X+ (222)

are bounded operators on Banach spaces, then P is invertible if and only if E_, is
wnvertible. In that case we have

P'-E-EE'E., E'=R, —R,P'R_. (2.23)

Proof. The proof is a direct computation. If F_, is invertible, then from
PE+R FE =1, PE,+R_FE . =0,

we get PE — PE+E:J1FE_ = [. Similarly, since
EP+E,R, =1, EP+FE R, =0,

we get P — E+E:}FE,P = I. We conclude that P is invertible and P~! = E —
E,E_1E . The proof for the other case is the same. U

If R, =0, we have the following observation.

Proposition 2.11. If R, =0 in (2.22), then Ry and E_ are surjective, and R_ and
E. are injective.

Proof. This is because we have
R.E, =1 FE R =1 O
In application to spectral theory we typically start with an operator P and then
construct R4 so that the operator on the right hand side of (2.22) is invertible. Fol-

lowing Sjostrand we call the result a Grushin problem. A Grushin problem we well
posed if the operator is invertible:

—1
P R\ (E EN\"
(R+ 0 > = (E_ E_+> : X1 x X_ — X2 X X+ (224)

The perturbations of Grushin problems are stable thanks to a Neumann series argu-
ment:

Proposition 2.12. Suppose (2.24) holds, and A : X1 — X5 satisfies
||EA||X1—>X17 ||AE||X2—>X2 <1,
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then the Grushin problem

remains well-posed with the inverse

F F,
F. F,

where
F.=E .+ Z VE_A(EAE, .
Proof. Let
el P R_
Pog = (R+ '
then
A0
7:,4_7»<1+g(0 0))
and

(el ) B )

= (EA)* 0
et (E A(EA)*1 o) & -

M

We will usually study the Grushin problem for Fredholm operators. For more details,
see [DyZw2, Appendix CJ.

Definition 2.13. A bounded linear operator P : X1 — Xy between two Banach spaces
1s called a Fredholm operator if the kernel and cokernel of P are both finite dimensional.
The index of a Fredholm operator is defined as

indP = dim kerP — dim cokerP.

Proposition 2.14. (i) Suppose P : X1 — Xy is a Fredholm operator. Then there
exists finite dimensional spaces X1 and operators R_ : X_ — X5 and Ry : X; — X
such that the Grushin problem (2.24) is well-posed. In particular, the image of P is
closed.

(ii) Suppose the Grushin problem (2.24) is well-posed, then P is a Fredholm operator
if and only of E_, 1s a Fredholm operator, and

indP =indFE_,.
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Proof. (i) Let ny = dim kerP and n_ = dim cokerP. Let X, = C"*. Suppose kerP is
spanned by z1,- -, z,,, by Hahn-Banach theorem there exists 27 : X; — R such that
27 (x;) = 6;5. We then define

R, : X, —»C™, zw (zi(x), -,z (x)).

) n4

On the other hand, choose a representative y;,--- ,,_ of cokerP and define

R_;Cn7—>X2, (al,-",an,)HZajyj-
j=1
P R_
R, 0
P R_ U _0,
R, O U_

then since the intersection of the range of P and R_ is zero, we have Pu= R_u_ =0,
sou_ =0 and u € kerP. From R,u = 0 we conclude u = 0 and hence injectivity. On
the other hand, (R, R_) : X7 x X_ — Xy is surjective. Since modifying u € kerP does
not affect the value of Pu, we obtain surjectivity.

We claim the operator

is bijective. First, if

Finally, PX; can be viewed as the image of the closed subspace (Xj,0) under the
invertible map (P, R;) (modkerP). So the image of P is closed.

(ii) Take u_ = 0, we observe that
Pu=v <— wu=Fv+Fv, 0=F v+ FE ,v,. (2.25)
So E_:PX; — E_ X, and induces
E*: X,/PX, - X_/E_, X,

By Proposition 2.11, E_ is surjective, so E* is surjective. On the other hand, F_v €
E_, X, will give us v € PX; by (2.25), so E is also injective. We conclude

dim coker P = dim cokerE_ .

Now we look at
E, :kerE_, — kerP.

It is injective by Proposition 2.11. Moreover, if u € kerP, then by (2.25) we get
vy € kerEF_, such that F, v, = u, so F, is also surjective. We conclude

dim kerP = dim kerE_ .
This finishes the proof of (ii). O
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The proof of the following corollary is left as an exercise (see [DyZw2, Appendix

C]):
Corollary 2.15. With definitions above we have

e The set of Fredholm operators is open in the set of bounded operators and the
mdex map s locally constant.

o [f K is a compact operator, then I+ K is a Fredholm operator and ind (I+K) =
0.

e A Fredholm operator has closed image.

We conclude this section with a simple example showing how R4 can be constructed
in the self-adjoint case. It will be useful in §5.4.

Example 8. Suppose P is a self-adjoint operator on a Hilbert space H and that P
has discrete spectrum. Suppose that zg is an eigenvalue of P of multiplicity m, with
eigenfunctions given by with an eigenfunction u; (||u;|| = 1), 7 =1,---,m. Then as
in Proposition 2.14, we may take X_ = X, = C™ and

(Riu); = (u,uj), R_u_ = Zu U

When z is near zg, this gives a well-posed Grushin problem for P — z. We complete

the eigenspace to an orthonormal basis of H, {u;}%

721, where Puj = zju;, then

E(z)v =Y (2 —2) " (v, u)u, Ey(2)vy = vaua‘a

(E-(2)v); = (v,uy), E_(2)vs = (2 — 20)v4.

Now we consider a perturbation by a bounded operator (), via the Grushin problem

-1
<P—z+)\Q R_> :(Ei E})
E* E*,

Ry 0
By Proposition 2.12 we have
E* (2)=2z—2+ Z Y E_Q(EQ)E,. (2.26)

When m = 1, this gives an expansion for the eigenvalues of P + AQ, z(\) = zy +
MQuo, up) + O(A?). As a corollary, we get the Feynman—Hellmann formula

2'(0) = {Quo, uo). (2.27)

It also has a direct proof assuming z(A) is smooth in A: first write down the eigenvalue
equation PAu? = z(\)u?, then differentiate on \. We get

QUO + PUO = Z/(O)UO + Zouo.
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Moreover, (P, ug) = (tg, Pug) = zo(tg, ug). Pairing with ug gives (2.27).
In general, we have
B (2)=2— 20— A+ 0\, A= (Quj,u;), 1<4i,j<m. (2.28)

Hence modulo O()\?), the eigenvalues of P+ \Q near z, are given by adding eigenvalues
of \A to zg.

2.7. Vector bundles. This section requires some familiarity with basic differential
geometry, without going much past the definition of smooth manifolds — see [Zw12,
§14.1] for a quick introduction.

Definition 2.16. Let E, X be topological spaces and m : E — X a continuous map.
The triple (E, X, 7) is a called a (complex) vector bundle of rank r if for any z € X,
71 () is a (complex) vector space of dimension v, and there exists an open covering
{U;} of X such that we have homeomorphisms, 1;, linear on each fiber, and prio¢; = m
where pry is the projection U; x C" — U;.

J/

A wector bundle of rank 1 is called a line bundle. We can also consider a smooth

—— U; xC"

version of this definition in which topological objects are replaced by the corresponding
C™ objects.

Let E, F be two vector bundles over X. A vector bundle morphism f: F — Fis a
continuous map preserving each fiber and linear on each fiber:

E—>F

L

A bijective morphism is called an isomorphism. Let g : Y — X be a continuous map
between topological spaces, m : E — X be a vector bundle on X, then the pullback
bundle mg«p : g* ' — Y is defined as

gE={(y,p):yeY,pe E,n(p) =9}, 7grly,p) =y (2.29)

If Y — X is an inclusion, then pullback bundle can be thought of as the restriction of
the bundle E to Y and we denote it by Ely.

A vector bundle isomorphic to X x C" is called a trivial bundle and we are interested
in criteria guaranteeing triviality. One is provided by the following proposition from
[BoTu82, Section 6]. By definition, the pullback (2.29) of a trivial bundle is also trivial.
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Proposition 2.17. Let X be a compact Hausdorff space, and E — X x[0, 1] be a vector
bundle. Letpy : X x[0,1] — X be the projection to X andip: X = X x{0} — X x[0, 1]
be the inclusion, then E = pjigE. In particular, if ijE is trivial, then E is trivial.

The intuitive meaning of this proposition is that £ — X x [0,1] is trivial if the
restriction of E to any fiber X x {¢y} (there is nothing special about ¢ = 0) is trivial.
A reader less familiar with abstract topological arguments can take this important fact
on faith.

Proof of Proposition 2.17. Let F' = ijE. It suffices to construct an isomorphism be-
tween E and piF. Parametrizing the interval [0, 1] by ¢, means that F' can be written
as Eli—o. We can find a finite open cover U; of X and ¢; > 0, such that over each Uj,
there is an isomorphism

Elu,xjo,e) = Ui x [0,&] x C".
Using the isomorphism F|y, — U; x C", we can now define an isomorphism

E

UiX[O,Ei] — pTF UiX[O,Ei] - FlU; X [0781]

Using a partition of unity, we combine those isomorphisms and get a map k. : E|x« 0,6 —
PiF|xx[0, for some ¢ > 0. Since this map is the identity when ¢ = 0, and being an
isomorphism is an open condition, we may assume k. is an isomorphism by choosing
e > 0 sufficiently small.

We now consider the set
S :={s € (0,1] : there exists an isomorphism & : E|x o, = P1F|xx[0,5 }-

The construction of x. shows that this set is open. It is also closed since if s; € S
and s; — s € (0, 1], we can run the same construction at sy to get an isomorphism
Elxxiso—es0] = Pi(E|xx{s0})|xx[s0—e,50] fOr some € > 0. Since sy — e € 5, we have
Elxxiso} = Elxxiso—e} = F and consequently sy € S. By connectedness of [0, 1], we
have S = [0, 1]. O

Corollary 2.18. Any wvector bundle over a compact contractible Hausdorff space is
trivial.

Proof. By definition, X is contractible if there exist (with * denoting a point space)
i:x—=>X,p: X —>xand H: X x[0,1] — X such that Hy = idy and H; =iop. By
Proposition 2.17, F' = HfE = H{E = p*i*E. Since ¢*E is a bundle over a point, it is
obviously trivial and so is its pullback by p. ([l

For paracompact spaces, this remains true but the proof becomes a bit more subtle.
We provide a direct proof for the case we will need.

Corollary 2.19. Any vector bundle over R™ is trivial.
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Proof. Let E be a vector bundle over R". Then, by Corollary 2.18, E is trivial over

B(0,R) for any R > 0. Let rp : Elgggr — B(0,R) x C" be the corresponding
isomorphism. We claim that we can extend it to kr+1 @ Elggrgy — B0, R+ 1) xC".
To achieve this, let Ar = B(0, R+ 1)\ B(0, R)). We fix an isomorphism &g : E|4, —
Ag x C" (it exists as the bundle is trivial over B(0, R + 1)). The map

Flial=r © Rl _p * {lz] = B} x C" = {|z| = R} x C"

is given by
(x,v) — (z,g9(x)v), for some g(x) € GL,(C).

This allows us to define an isomorphism extending kg,

KR+1 - E‘m — B(O,R—l— 1) X (CT,

as follows
(2, €) = kr(z,e), lz] < R,
e (id x g(Rz/|z]) Yir(z.e), R<|z|<R+1.
We combine those isomorphisms to get a trivialization of E. 0

3. SPECTRA OF MAGNETIC SCHRODINGER OPERATORS

As the first class of physically motivated operators, we consider quantum Hamiltoni-
ans describing a particle in a constant magnetic field. This will be done in dimensions
two and three.

Suppose that B > 0 and the magnetic field is given by B = (0,0,B). A choice
of a vector potential for B, in the sense of (2.5), is given by A = (0, Bx1,0). The
corresponding magnetic Schrodinger operator is given by (2.10):

Pp = D3, + (Do, — Bxy)* + D3, (3.1)
The symbol of Py (in the sense of (2.9)) is given by
pp =& + (& — Bri)* + &,
We have proved in Example 5 that Pg is essentially self-adjoint with the domain
D(Pp) = {u € L*(R®) : Pgu € L*(R*)}.

Before studying the spectrum o fPg, we look at two fundamental examples.
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3.1. Spectrum of the Laplace operator. Let P = —A be the Laplace operator
on R", with domain D(P) = {u € L*(R") : Pu € L?}. Then we may use Fourier
transform to explicitly diagonalize it, that is, in the sense of Theorem 1, to conjugate
it to a multiplication operator. For that we define

Uu(€) = (27T—1)n/2/u(x)e_”'§da:,
which by Proposition 2.1, U : L*(R") — L?(R") is a unitary operator , and
UPU*v(€) = [¢[*v(€).

In particular, Spec(P) = [0, 00).

The time-dependent Schrodinger equation is given by

(10, — P)u =0, uli—o =up
and can be explicitly solved by
a(g) = e Ml g,

We call A = [£]? the dispersion relation.

The closely related operator Py = +/—A corresponds to the wave equation. We can
also diagonalize it by UPy)U* = |£|]. The dispersion relation for the corresponding half
wave equation (i0; — Fy)u = 0 will then be A = [£].

3.2. Spectrum of the harmonic oscillator. Let P, = —A + ijl wiz?, w; > 0.

This is called the harmonic oscillator. The change of variable y; = | /w;z; gives
Dfﬂj +w?ah = wi(DI + 7).

Hence to understand the spectrum it suffices to study the operator P = D2 + 2 on R.
We define the annihilation operator A = 0,+x and the creation operator A* = —0,+x.

We then have the following fundamental identities:
AA=D24+2°-1=P—1, AA ' =D’+2>+1=P+1, 2
[A, A*] = 2. (3:2)

Let vy = e **/2, then we see that Avy = 0 and hence, using (3.2), Pvg = v9. Now we
notice that

PA™ vy = (A"A+ 1A%y = 34"y = Puv; = 3vy, v := Ay
This suggest a general formula,
Pu, = 2n+ v, v, := (A") . (3.3)

We see that A* “creates” higher and higher excited states of P. Since v,, are eigenvec-
tors of P with distinct eigenvalues, we have, from the symmetry of P on L?,

(U, Um) =0, n#m.
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We write the normalized eigenfunction as

= H,(z)e™"/? (3.4)

Since Hy(z) = ([ e % dr)~"/? = 771/%, an inductive argument based on (3.3), shows
that H,(x) are (real valued) polynomials of degree n, with nonvanishing leading coef-
ficients. Moreover, H,(—x) = (—=1)"H,(z). They are called Hermite polynomials.

We now claim that the sequence {u,} is an orthonormal basis of L?(R). It suffices
to prove that the span of {u,}>, is dense. For that we take ¢ € L*(R) and assume
that

/g(m)un(x)dg; =0, VneN.
Since H,(r) = a,a™ + -, a, # 0, it follows that

/g(x):v”e_xZ/Qd:v =0, VneN.
Expanding x +— e~*¢ in Taylor series then shows that
/ g(x)e ™ Ry =0, VEER.

But this means that F,_,¢(g(z)e=**/2)(¢) = 0, implying that g(z) = 0.
We define
U:L*(R) = A(N), Uu(n)= /u(x)un(zt)d:v

Then U is a unitary operator, and UPU*u(n) = (2n + 1)u(n). In particular,
Spec(D? +2) = {2n+1:n € N}.

For P, = —A + Z;l:l wiz?, it follows that

Spec(P,) = {ij@nj +1):n; € N} :

j=1
3.3. Spectrum of the magnetic Schrodinger operator. Now we come back to
the magnetic Schrodinger operator (3.1). We can first use

1 . ‘

Uru(z1,§2,&3) = 2—/10(371,%2,553)6”62&mg’é‘?’dxgdxg

T

and get
UlpUik == Dil + (52 — Bl‘l)2 + fg

This looks very much like the harmonic oscillator. To make this exact we put

z1 =B 2y + B, y = Bz, — BT16,
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so that
D3, + (& — Bx1)* = B(Dy, + y7)-
This motivates the introduction of the following unitary operator:

UQU(yh 527 63) = B_1/4U(B_1/2?Jl + B_1§27 527 63)7

for which we have
U.UiPULUy = B(Dj, + i) + &5
Finally, to obtain a diagonalization, we define

Vs, 60,60) = [ o o, &Junun)dn,
where u,, is as in (3.4). Let U = U3U,U;, we have
UPU*u(n, &, &) = (B(2n + 1) + &)u(n, &, &)
So we explicitly diagonalize (3.1) and conclude
Spec(Pg) = {B(2n+ 1) + & :n € N, &, & € R} = [B, ).
3.4. A different gauge. Changing a gauge refers to changing the magnetic potential
while keeping the magnetic field fixed. It can provide interesting ways to describe

the eigenspaces of operators. We will see this here in the context of two dimensional
magnetic Schrodinger operator for a constant magnetic field.

The two dimensional version of Pg is given by
PB = Dil —+ (_DI2 — B$1>2. (35)
In that case the argument in §3.3 shows that
Spec(Pg) ={B(2n+1):n € N}.

The eigenspaces have infinite multiplicity and are given by

H, = {u(x) =B /Run(B%xl — B8 f(&)eRde, : f € LQ(R)} , (3.6)

N

where u,, are given in (3.4).

It is interesting to compare this to the eigenfunctions in the symmetric gauge ob-
tained by changing the vector potential to

A(z) = (=1Bay, 1Bx), B:=V x A=(0,0,B).
In the notation if differential forms,
A= %B(—xgdxl + x1dxs), B =dA = Bdxry A dxs.
The operator (2.10) then becomes
Pp = (D,, + Bxy/2)* + (D,, — Bx,/2)* (3.7)
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Putting w = x; 4 125 we obtain the following expression for Pg:
Pp=—A+1Ba’ +iB(210,, — 220;,)
= —40,,05 + 1 B*|w|* — B(wd,, — W)
= (20, + 3Bw) (205 + 1Bw) + B
= ARAp+ B, Ap:=2D;— jiBw.
Hence, the ground states (eigenfunctions corresponding to the eigenvalue B) are given

by the L? solutions to Agu = 0. Since
eiB\w\zABefiBle = 2Dy, (3.8)
it follows that the ground states are given by

u(w, ©) = f(w)e 5"

where f(w) is a holomorphic function such that

/ |Fw)Pe 5 dm(w) < co.
C

The energy levels of the two dimensional constant magnetic field in dimension two
are called Landau levels. The gauge in which ground states are holomorphic multiples
of a Gaussian will be important in §10.2 where we discuss topological aspects of Landau
levels.

4. MAGNETIC OSCILLATIONS FOR THE FREE ELECTRON

In this section, we study the magnetic oscillations for the free electron. The math-
ematical tool to describe this phenomenon is given by the density of states. This
concept appears in many places and is central for the mathematical understanding of
condensed matter physics.

4.1. Motivation. Suppose A is a self-adjoint matrix acting on C¥. We can then think
of
p(NdX = D (A — p)dA
pESpec(A)
as measuring density of states: we count the number of states per unit of energy:
|Spec(A) N [a,b]] is given by the measure of [a,b] with the density given by p. More
generally, we have

> 0= [f0e0in fe ),
)

nESpec(A

We can then think of the measure p(A)dA as a distribution p € #/(R) (see §2.2).
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Another way to think about this is to order the eigenvalues (“states” in physics)
from the smallest one (“ground state”) onwards and to consider
dw(\)

dx

This definition is applicable to any operator with discrete spectrum but care is
needed to guarantee that p € ./'(R).

w(A) := |Spec(A) N (—o0, A]| so that p(A) =

Example 9. Let P = —A + Z?:1 wjz'l‘?, w; > 0, be the harmonic oscillator in R"™.
Show that for f € Z(R), f(P) € £L1(L*(R")) (see Definition 2.9) and that trf(P) =
[ FN)p(N)dX where p € ' (R).

This definition of density of states is not applicable to operators appearing in con-
densed matter physics: already for P = —A we see that f(P) is not of trace class. This
follows from the description of the diagonalization of —A using the Fourier transform
— see §3.1. The same is true for magnetic Schrodinger operators considered in §3.

To remedy these problems, we consider density of states per unit of energy (as above)
and also per unit volume (in space). That is done by the following renormalisation of

the trace: a (P))
~ T tr [-L,L]"
R 7 T
provided that the traces and the limit exist: we are restricting f(P) to a box of size
L, taking the trace, dividing by the volume of the box, and then letting the size of the
box go to infinity.

(4.1)

The density of states plays an important role in the kinetic theory of solids as it
allows calculations of such quantities as the internal energy, specific heat capacity and
thermal conductivity. In this section, we will be interested in the internal energy and
magnetization. That corresponds to choosing the function f in trf (Pp) using the
Dirac—Fermi distribution (see [Ka03, §D.1.2]): for chemical potential zy and tempera-
ture T" we take

FN) == fra(N) = Tlog (1 + exp <ZO; A)) . (4.2)

From the mathematical point of view we will be interested in asymptotic behaviour of
free energy, 2 and magnetization m,

Q(B) = Q(B, T, 2, N) := Nz — trfo, 7(Pg), m(B) =B, T,2,N), (4.3)

as T'— 0 and B — 0. The chemical potential and the number of particles are related
by the condition that 0,,€2 = 0 but we will make a simplifying assumption and fix N
and zp (the simplified relation between them can be derived by putting 7' = B = 0
— see [HS90b, §2] for a finer analysis explaining why this approximation is justified).
The goal will be to see the oscillations in m(B) as a function of 1/B — see Figures 1,
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2 and 3. For the fascinating story of theoretical and experimental discoveries related
to these oscillations we refer to [Sh&4, Chapter 1].

A mathematician can simply take the specific function (4.2) on faith and consider
the formula (4.1).

4.2. Density of states. Suppose we have a self-adjoint operator P, then for a bounded
measurable function f on R, it makes sense to define f(P) : H — H thanks to the
spectral theorem. If for any f € C.(R), f(P) is in trace class (defined in section
2.5), then we can define trf(P) and get a measure p supported on the spectrum of P,
defined via Riesz representation theorem:

tef(P)= [ FOVdu().
This measure p is called the density of states for P and in the notation of the previous
section we write du(\) = p(A)dA, where p is a distribution.
In general, however, we may not have f(P) € L; even for f € C.(R), so we will

study the regularized trace. In our example, when H = L*(R"™), we will use (4.1):

@f(P) = lim tr(ﬂ[—(Léz];nf(P))'

Let us first look at the example of P = —A. In this case (see §3.1)

f(=D0) = FU(IEP)F
and the integration kernel of f(—A) is given by

1 )
Kyile) = o [ €506

When restricting to the diagonal, Ky_ay(x,z) = ﬁ J F(I€]*)d¢ is a constant and is

not integrable. However, when we multiply by a cutoff function x(z) € C(R™), the
integration kernel of A = y(z)f(—A) is

Kale.g) = oo [ € f(eP)a € 7 (R xR

If we fix a torus T" containing the support of y, then
A: L*(R") — C=(B(0,R)) C H(T™), Vs>0.
Choose s > n and use Example 7, we see A € L1 and
Lz f(=A) =1 x(z)f(=A) € L.

Thus

Ti_rom
Ky seay(aa) = S [ piepyae
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F1GURE 1. The first experimental observation of magnetic oscillations:
the de Haas—van Alphen experiment of putting bismuth in magnetic

field. Reproduced from [Sh&4].

and

I IEIN)

So the regularized trace is given by

tr(f(-A

)¢ = (s = [¢P)def(s)ds

=V°15”1 / / - "Rldrf() (1.4)

/chs+ F(s)ds = /p()\)f()\)dA, Cn = %

(Here we use the informal notation for the action of the distribution p on f € C°.)
n—2

Hence the density of states for P = —A is the distribution ¢,s,* , where for v > —1,

~ _J s, s>0, 4
8+'_{O s <0. (4:5)
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4.3. Two dimensions. We study the density of states for the 2-dimensional magnetic
Schrodinger operator (see §3.4):

Pp =D? + (D,, — Bx1)* =U*(B(2n + 1))U
where U : L*(R?) — (*(N, L*(R)) is given by
B1/4

Uu(n,&) = u(zy, To)uy (BY 22, — B=1Y2&,)e "2 2 dy duy
N
and
Bl/4 ]
Urv(xy, 72) Z/Un (BY?2; — B712&)0(n, &)e™dEs,
see (3.6).
For f € /(R), the integration kernel of f(Pg) is given by K(z,2') =
Bl/2 . /
Z / un(B"?2y — B7V26)u,(BY22) — B=126) f(B(2n + 1))e! 727224,
Restricting to the diagonal, we get
B1/2
Z / |un (B2 — B72&)[* f(B(2n + 1))dé,
Z f(B(2n+1
As in the discussion of P = —A in §4.2 we conclude the regularized trace is
trf(Pg) = Z f(B(2n+ 1)) (4.6)

As defined in §4.1 the free energy per unit volume is given by
Q(B,T, 2, N) = Nzg — trf., 7(Pg)

where f,, r(z) = T'log(1+ exp((z0 — x)/T")) and 2y is determined by 9,,2 = 0. In the
T — 0 limit (and the notation of (4.5)),

for = (o —2)y,  fror— —(20—2)%, o5 — 0,(2).
From (4.6) we get

Q =Nz — % ZfZO,T(B(Qn +1))

and

m(B) = 30(B) = ~5 37 fuir(BCn 1) = 3 3 (n+ 1) La (B0 + 1)

n
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FIGURE 2. The plot of 052 as a function of 1/B for the two dimensional
Hamiltonian. It is given by (4.7) where we put zo = 0. It is compared
to the approximation (4.8).

In the T — 0 limit we have

m(B) = % S (x4 2B@En+1)
ZOB(2n+}\)420 1 B (47)
= 9pQB) = 2; (2B(M +1) —z), M := {202; J .

We have the following asymptotic formula for m(B) for B — 0 (see the proof of
[BeZw19, Theorem 3] for a slightly more complicated case of relativistic Landau levels):

m(B) = %ZOO’(ZOB_I —1)+O(B), (4.8)

where
o(t):=|t/2] —t/2+1/2 € (-1/2,1/2].

To see this, observe that

o ZO—B o 20 1 - -1 Zo_
M‘{ 2B J_LB 2J_U(Z°B D+op 1

and consequently 2B(M + 1) — 29 = 2Bo (2B~ — 1) = O(B). We conclude that

m(B) = MQ;F 1(2B(M +1)—2) = %ﬁa(zoB_l —1)
_ 2+ O0B) gy,

2
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(rescaled) magnetization

0.015 one term approximation

== == two term approximation

0.01
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FIGURE 3. The plot of 9Q/vB as a function of 1/B (m = 05
is the “magnetization”) for the three dimensional Hamiltonian — see
§83.3,4.4. We also show one term and two terms approximation using
Fourier series/Poisson summation formula. Oscillations are smoother in
3D when a potential is present, that is, when we are dealing with metals.

4.4. Three dimensions. The 3-dimensional case is similar to the 2-dimensional case
presented in §4.3 and we get

T (Py) = % > [ Hen+ 1)+ e (4.9)

As a sanity check we verify that trf(Pg) — trf(—A) as B — 0. In that case, (4.9) is
a Riemann sum and it converges to

1 0o ) o - 2
2(2m)? /JR/O f(8+§3)dsd§3—2(27r)2 /R/O f(p?* +€2)2pdpdés

27 [e%¢)
= (er)3 /R /0 /0 F(0* + &) pdpdfdes

s | UeP)e = Tr(-A).

As in (4.4) we obtain a formula for the density of states:
B o0
(27)?

Gf(P) = [ 10V pa() = (A—Cn+DB)E (410)

n=0

We will now follow [HS90b, §2] (which in turn follows presentations in the physics
literature such as [Ca64]) and describe asymptotics of m(B) = 0gQ2(B), Q(B) =
Q(B,0,N, z) — see (4.3). That means using a specific f = f,,r and considering
T — 0. A version of this celebrated calculation was first performed by Landau. It is
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a fine example of classical asymptotic analysis based on the theory of functions of one
complex variable.

4.4.1. Formula for mp and statement of the result. We proceed as in §4.3 to use (4.10)
to obtain a formula for mp. (Strictly speaking, we need to differentiate 2 with respect
to B for T' > 0 and then take the limit 7" — 0+.) This gives

1

m(B) = s ; (22020 — 20+ DB)T = (10/3)(20 — 20+ DB)T) . (4.11)

o0

The sum in (4.11) can be expressed using the Riesz means of the harmonic oscillator,

o0

ry(s) = Z(s —(2n+1)3, >0, (4.12)
as follows :
m(B) = # nz; (—(10/3)B%r% (%) + 220 By <z_§>> . (4.13)

The asymptotics of 7, presented in the next section will give

Theorem 2. For m(B) given by (4.11) with zy > 0 we have, as B — 0,

B im(B) = (5:321“ (2)> (= 1)* (k)" cos (’”;0 - ?jf) +O(BY).  (4.14)

This result is illustrated in Figure 3. The asymptotics of the next section provide
an expansion of the error term in (4.14) as well. However, when the constant z, is
replaced by zy(B) (determined by 0,,2 = 0) additional terms appear — see [HS89,
Proposition 2.2].

4.4.2. Asymptotics of Riesz means. This is a nice exercise in classical analysis which
is a good illustration of various asymptotic methods.

We start with the following application of the Fourier inversion formula (2.8):

Lemma 4.1. In the notation of (4.5) and for Rey > 0,

r 1 c+i00
ol = %/C u e du, (4.15)

—100

for any ¢ > 0, and v — u=""! defined on C\ (—o0, 0].

Proof. For ¢ > 0, f(o) := ole * is integrable and

N

f(s) = /000 o7 ) 4o = (¢4 is) 77! /000(<C +i5)0) e 7 d(o (¢ + is))

= (c+ is)_“’_l/ e Tdr =T(y+1)(c+is) 71
¢
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¢+ 100
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(c+1is)[0,00)
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c — 100
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FIGURE 4. On the left the contour used for the evaluation of the Fourier
transform of o + o] e~ 7% in the proof of Lemma 4.1. On the right the
contours in (4.15) and the Hankel contour in (4.16).

where € is the contour [0,00) 3 ¢ — 7 = o(c + is), which we deform to [0, 00) (see
Figure 4) and apply the definition of the T'-function.

Since s — (c+1is)77"! in integrable, the Fourier inversion formula ((2.8) with n = 1)
now gives

r 1) [~ .
O_lefca — (72;: ) / (C + Z~S>7'y71ea(zs%»c)‘sfacds7

o0

where the integral converges since —Re~vy —1 < —1. Cancelling e~?¢ on each side and
putting u = ¢ + is (with du = ids) gives (4.15). O

Remark 2. By putting o = 1, (4.15) gives the following formula for the reciprocal of

the I' function:

1 1 c+ioo L

_— = — et Rez > 0.
T(z+1) 27m'/c wooedn hes

To obtain a formula valid for all z € C we need to take advantage of exponential decay
of e when Reu — —oo. For that we deform the contour to a Hankel contour, &
shown in Figure 4. The contour deformation is easily justified when Re z > 0 and, by
analytic continuation, we obtain a formula valid for all z € C:

1 1

= [ ulend C. 4.16
T(z+1) 2m/ﬂ e e (4.16)

We can now obtain asymptotics of the Riesz means:
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Imt¢

c+io

® 271
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FiGure 5. Contour deformation used in the proof of Lemma 4.2

Lemma 4.2. Forr,(s), v > 0, defined by (4.12) we have, for every M,

= N —1)*(rk) " cos (krs — L )+ 1 N I
o) =T+ 1) <Z< Uy eos (s 300 0%) +£ 3 )

+ 07712y s too,

where y; come from the Taylor expansion t/sinht = Z;io Yt )t < /2, 9 = 1.

Proof. Using Lemma 4.1 and the fact that Y o0 e!®=2"=1) = ¢t /(2sinht), Ret > 0,
we rewrite 1., as

r 1 c+oo
ry(s) = %/ e!(sinht) "'t dt, ¢ > 0.

—100
The residue theorem and contour deformation show that

o0

ro(s) = Dy + 1) S (=) (ah) ™ cos (ks — Ly + 1)) + 1, (s).
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where, with the Hankel contour ¥ of Remark 2,
L(s):= F(Z—;l)/ge”(sinht)ltvldt.
This we deform to

C(e) = () +C () + ),
where €4(¢) = (—o0, —¢] £ 0 with positive (—) and negative (+) orientations and
% (¢) is the circle of radius ¢ centered at 0 with positive orientation — see Figure 5.

Using exponential decay of e on €4 () we see that

L,(s) = I,(s,) + O(e = "7),

r 1
S(s,€) = M/ e (sinht) "'t at.
%(e)

4
We now expand t/sinht in Taylor series at 0 so that in the notation of the lemma,

(4.17)

M
P+~ / . .
I — 1y Stt2] ¥ th O 2M—~v—1 _es )

We now use (4.16) by inserting the “missing” contours €. (¢), estimating their contri-
butions as in (4.17) and changing variables u = ts:

1 , 1 ,
— eIt = — eSSt + Oe e 7?)
2m Jg (o) 2m J (e

= TV (y £ 2 —25) 7+ O(e =572,
Inserting this in (4.17) gives an expansion for r.(s) with an error
OM(66582M—’y—1 + 6_685_7_2).

(The constants depend on M but not s and e.) This can be optimized by choosing
e = ¢(s) so that e 2% = &M This results in an error estimate

Oe(s)M 7)) = O(s™™2), > 1,
(we note that s™1 = e(s)/M|log(e(s))| Zar (s)'7, for any § > 0). By changing M
to 4M + 2 and absorbing expansion terms into the error, we conclude the proof of the

asymptotic expansion in Lemma 4.2. 0

Proof of Theorem 2. We need to show the cancellation of the leading non-oscillatory
contributions in (4.13):
L(3)

L(3)

2

L)
r'(3)
where we used I'(z + 1) = 2I'(z). The next term in the expansion of r,, v = 1,
provides the O(Bz) error in (4.14).

3 3
2 2

1 1 5
wp B2 (20/B)TH = 50 B (=3 +§) =0,

O woree
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5. BLOCH-FLOQUET THEORY

5.1. Motivation. We will now consider electrons in a periodic structure. The basic
physical question is whether the corresponding material is a conductor or an insulator.
The electrons are interacting with each other and are subjected to forces from the
atoms forming the periodic structure (which we assume do not move or interact with
each other).

An extremely successful model for that is given by a periodic Schrodinger operator
P=-A+V(x), VeC®R%R), V(z+vy) =V(z), yeTl, (5.1)

where I' = @?:1 viZ, {7j}j=, linearly independent vectors in R", is a lattice (we
will concentrate on n = 2). This is a Hamiltonian in which there is no interaction
between electrons and it describes pseudoparticles rather than the actual electrons in
the crystal. Why this approximation is acceptable is explained in Appendix B by Kiril
Datchev and Adam Wasserman. We will then diagonalize operators such as (5.1) and
develop band theory.

5.2. Periodic structure and the Bloch transform. In this section, we discuss the
Bloch transform for periodic structures. It reduces the study of spectra of operators
with periodic coefficients on R" to the study of families of operators with periodic
boundary conditions. The latter will typically have discrete spectra which are easier
to analyse and compute.

Let I' € R™ be a discrete lattice of rank n:

= {Z mjw; :m; € Z} ., wj€R" j=1,--- n, linearly independent. (5.2)

j=1
The dual lattice I'* is defined as

I"={meR":m-~ve€2nZ, VyeT}, m-v::Zmﬂj. (5.3)
j=1
For a periodic function u € C*°(R"/T"), we define its Fourier coefficients as follows.
1 )
w(m) = —/ u(z)e " dx, mel™, (5.4)
IR /T2 Jgn r

where |[R"/T'| is the volume of the torus defined by T,
R*"/I':={z+T:2eR"}.

This is a smooth compact manifold, and we can think of function spaces on R"/T" as
spaces of periodic functions on R”, for instance,

C*R")T') ={uec C*R") :u(z +v) =u(z), Ve € R",y € I'}.
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We recall the basic properties of Fourier series.

o If u € C°(R"/I"), then for any N € N, there exists Cy > 0 such that |a(m)| <
Cn(1+|m|)™, and

1 ~ im-x
u(z) = ENEE k; a(m)e™e. (5.5)

e For u € C°(R"/T"), we have Plancherel identity ||u||2@®n/ry = [|ul/2@r+). Thus
the maps u + {a(m)}ner- extends to a unitary operator on L*(R"/T) —
2(T).

For completeness we give a simple proof, due to Paul Chernoff, of the Fourier inversion
formula (5.5) for n = 1 and [I' = 27Z case (it easily generalizes). First we note
that it suffices to show u(0) = 0 implies ), . @(m) = 0 (simply subtract «(0) from
u(x) to reduce to this case). But if u(0) = 0 then u(z) = (¢ — 1)g(z) for some
g(x) € C*(R/27Z), and hence

> dafm) =Y (§(m —1) = g(m)) = 0.

mel* mel*

Here we used the fact, that g is smooth so that [§(m)| < On (14 |m|)~" and the series
converges absolutely.

To define the Bloch—Floquet transform, we introduce the following family of spaces:

Hy = {u € L (R s u(x — ) = e u(z), vy €T}, keR"™ (5.6)

In view of the definition of the dual lattice Hy,,, = Hy for m € I'* and hence we can
parametrise Hy, by k € R"/I"™.

The inner product on Hy, is given by

(U, )3y, = / u(z)v(x)de,
F
where
F={>tiw;:0<t; <1} cR" (5.7)
is a fundamental domain of I', and w;, j = 1,2,--- ,n is a basis of I as in (5.2). The

integrals over tori, R"/T", R" /T can be defined as integrals over the corresponding
fundamental domains.

We now introduce the space L*(R™/T*;H,.), that is, the space of measurable func-
tions g : R"/T™* x R™ — C such that

oka =) =crgha) [ [ jgko)Pdedk <o (59
R T+ JRA T

We also define
C™(R"/T* Hy) :={g € C®(R"/T*; Lt (R™)) : g(k,x — ) = e" " g(k,x), y € T}
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We now provide a unitary identification of L?(R™) with the space L?(R"/T*; Hy):

Theorem 3. Foru € ./ (R"), let
—1 k
Bu(k,z) = |R”/F*|1/2 E ” -). (5.9)

Then B extends to a unitary operator
L*(R™) — L*(R™/T*; Hy).
Moreover, B* = B~ = C where

1

Proof. Since
/ ei('yf’yl)'kdk e ’Rn/r*’(sfy’fy’; ’)/7 ’Y/ E F’
Rn /T

for u € ., we have

1Bul|7: = / / T =k (2 — (e — o) dzdk
_ / Sl - v>|2dx — [ ) Pz = g,
R"/T 2T 1

Hence B extends to an isometry from L*(R") to L*(R"/I'™*; Hy,), and B*B = I12(gn).

We now check that BB* = I and we start with g € C*°(R/I'*; H;,). Using (5.10) we
get,

—iy-k o
BCy(k,z) = |]R”/F*] Ze /R”/F* g(T,x —~y)dr

z (T—k) _
ar/r*rZ/ o’ 7= o),

where we used (5.5) (with the roles of I" and I'* reversed). O

The operator B is known as the Bloch or Bloch—Floquet transform.

Example 10. The simplest example of an element of H; is given as follows. Let
= {300 tpy —3 < t; < 1} be a fundamental domain of I'* (see (5.7) for the
analogous case of I)

g(k,x) = e @EP) L ecp4 F*. (5.11)
This defines a measurable non-smooth function from R"/T™* to C*°(R") satisfying

u(k,z —7) = e " u(k, x),
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which means that u € L*(R"/T*;H,,) in the sense of (5.8). We compute

Cy(x) = [R"/T*| 112 /

Rn /T

| n
:\F*P/ exp | =t Y tjx-p;|dty---dt,
[—1/2,1/2)" 2t

J=1

g(k, z)dk = |F*|—é/ e~k
F*

j=1 %Jf'pj

We can rewrite it as

Cy(x) = |R”/F*|1/2Hsin0 <%> € L*(R"), sincT :=

J=1

sinT

. (5.12)

We note that this formula depends on the choice of a fundamental domain but that is
natural as our definition of g depended on that choice.

We also note that, in the sense of distributions,
/ g(k,2)g(k', x)dx = (27)"0p«(k — k') = |F*||F|op-(k — k'), (5.13)

where dr+ (k) is the delta function on R /T"* or, equivalently, the I'*-periodic § function
on R™:

Or+(k) =" d(k - p). (5.14)

pel*

The formula (5.13) should be understood as follows: for f € C*°(R™/T* x R"/I'*)

/ (/ g(k,:c)g(k’,a:)f(k,k’)dkdk’) dx = |F*||F| Fk, k)dk. (5.15)
n \JRn/T*xRn /T*

Rn /T

A generalisation of (5.13) (in the precise sense of (5.15)) is given in the next Propo-
sition:

Proposition 5.1. Suppose that g;(k,z) € L*(R"/T*;H), j = 1,2 in the sense of
(5.8). Then in the sense of distributions (see (5.13))

|R"™/T*|* /n g1(k, 2)g2(K', x)dx = op-(k — k') Agl(k,x)gg(k’,x)dx. (5.16)
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The formal argument for (5.16) goes as follows

/ g1(k, ) g2 (K, z)dx = Z/ gi(k,x —7)ga(K',x — 7)dz
" yel’ F

:/gl(k,x)gQ(k;’,x)de6i7'(k_k/)
F

yel’
= |R"/T*|or(k — k') / g1(k, z)g2(K, x)dz,
F

where we used the Fourier inversion formula (5.5) written in the sense of distributions
(the Poisson summation formula). The proof below makes this argument fully rigorous.

Proof. Put h(k) := [, g1(k,z)g2(k, z) dz, so that, by the Cauchy Schwartz inequality,
h € L'(R"/T*). We claim that, in the sense of distributions (see (5.13)) the left hand
side of (5.16) is equal to dr«(k — k') h(k). To see this, it is enough to test against
functions of the form f(k, k") = @(k)B(K"), p,v € C*(R"/T*). Using Theorem 3,

Clom)w) = R/ [ (k) (h, )

and similarly for ¢ g,. Therefore, by the unitarity of C,

e [ (f B E2) o RCCE i) ds

( (Spgl) <¢92>)L2(Rn
= (¢g1, ¢92)L2(Rn/r*;wk,)

-/ e ([ ok 0igtaran ) a

_ /R » ( /R " 5 (ke — k’)de’) h(k) (k) dk,

which concludes the proof. 0]

It is also useful to define the modified Bloch transform:
Bu(k,z) = ¢**Bu(k,z), B:L*(R") — 2,
={ue Ll (R"xRYD):uk+ Kk, z—~)=e"ulk,x), ¥ eT*, v eI},

||u||§¢ = / |u(k:,x)|2dkdx
R" /T* xR" /T

The advantage is periodicity in x at the expense of losing periodicity in k:

Bu(k + K,z —~) = e**Bu(k,z), k eT*

(5.17)
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5.3. Bloch—Floquet spectrum: diagonalization of periodic Hamiltonians. Sup-
pose a differential operator

P(z,D) = Y  an(z)D"
la]<2
satisfies
P(x+~,D)= P(z,D), ~el.
Then, for v € L*(R"/T*; Hy) N C=(R"/T* x R"),
BP(z,D)B*v(k,z) = P(z, D,)v(k,x) (5.18)
and

BP(z, D)B*v(k,z) = ¢*P(x, D,)e " *v(k,x) = P(x, Dy — k)v(k, z).

Example 11. For P = D, with the domain given by H'(R"), we have BPB* = D, —k
acting on H'(R/27Z) for each k. Its spectrum is given by —k + Z. Let U : L?*(R) —
[2(R/Z; 3(Z)) be defined by

1 2m ]
Uu(k,m) = 7 ), Bu(k,x)e” "™ dx.

If we let P, = UPU* =m — k, then

Spec(P) = U Spec(Py) = R.
kER/Z

For s € R, the Sobolev space H*(R"/I") is defined as
H*(R"T) ={ue S u(xz—7v) =u(x), VyeT, and |Jul|gs@n/mr < 00},
by = D (L Rk (519)

kel™

[l
The last expression defines the square of the norm in H*. We leave an exercise for the
reader to check that for s € N,
H*(R™"/T) = {u € L*(R"/T) : 0%u € L* V|a| < s},
H*(R")T) = {u e L*(R"/T) : APu € L* Vp < s}.
We now prove the fundamental elliptic regularity result:

Lemma 5.2. Let P = —A + 3, o aa(x)Dg be a periodic second order differential
operator on R™ /T, then there exists C' > 0 such that for any u € C=(R"/T"),

lullgz < CllPullg2 + Cllull2,  L* = LAR"/T), H* = H*(R"/T).
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Proof. We first note that

HPull7z + ull72 > [(Pu,u)| > — Autudr — / Z ao(2) DSuudz
R"/T Re/T S

> / | Du|?dx — %/ | Dul*dz — Cl|ul|72
R /T R /T

> 51 Dulliz = Cllullze, D= {V..

Moreover, we also have
[Pull7> > | Aullz: — CllDull7 — Cllull7.
Thus, in the notation of (5.19),
lull i = |AulZ2 + [ullZ> < [|Pullz> + Cl| DullZ: + Clullz:
< (C+[[Pullfz +2C(C + Dllullz,

which concludes the proof. O

Now suppose that the periodic elliptic operator in Lemma 5.2 is symmetric in the
sense that

(P(z, D)u,w)r2mny = (u, P(x, D)w) p2rny, u,w € L (R"). (5.20)
Then for k € R,

(P(x, D — k)u,w)r2@n/ry = (u, P(x, D — k)w) p2gn 1y, uw,w € CR"/I').  (5.21)
Not to interrupt the presentation, we delegate the proof of self-adjointness of the
operator P(x, D — k) with the domain given by H?*(R"/T") to §5.8.1.

Self-adjointness of P(z, D — k) and Lemma 5.2 show that

(P(z,D —k)+1i)~': L*(R"/T) — H*(R"/T)

exists and is compact (compactness follows from Lemma 5.2 and the fact that the
inclusion H?(R"/T") — L*({R"/T') is compact — see, for instance, [DyZw?2, Theorem
B.4]). Tt follows that (P(z, D—k)+14)~! discrete spectrum, with eigenvalues converging
to 0 (see, for instance, [H088, §2.5]). Hence,

SpeCm(Rn/F)(P(fE»Dx —k)) = {E;(k) ?io
where
Ey(k) < Ev(k) < -
are real eigenvalues, going to oo as j — o0.

Let u;j(k, x) be the corresponding orthonormal family of eigenvectors,

P(x, Dy — k)uj(k,x) = Ej(k)u;(k, ), (u;(k, o), ui(k,®))r2@n/ry = o
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We can diagonalize P(x, D, — k) using a unitary operator
Uy : LX(RYT) — 2(N), Uyu(k,j) = (u,u;(k,e)). (5.22)
Then
Using the modified Bloch transform (5.17), B : L2(R") — J, we diagonalize P(z, D)
defined on L?(R") with the domain H?(R"), as follows
UrBP(x, D)B'UY = E(k), E(k)({a;(k)}720) == {E;(5)a;(k)}50
as an unbounded operator on L*(R"/T*; (*(N)). We summarize this in

Theorem 4. The operator P with domain H?*(R™) is self-adjoint and

Speczgny (P) = U Specy,, (P)
keRn /T

= U SpecLz(Rn/F)(P(% D:Jc - k)) (523)
keR™ /T*

= U Em)
kER™ /T
Remark 3. One can obtain a precise asymptotic formula for the counting function
max{j : £;(k) < E} which follows from general Weyl laws for elliptic operators — see
for instance [Zw12, Theorem 14.11] and references given there. Here we give the proof
of a rough bound
E;j(k) > C7 2 — O, (5.24)
where C' is independent of k.
To see this, we first note that for u € C*°(R/I') and for C' > 1,
(P(z, Dy — k) + Cu,u) > ((=Aprnjr + C)u,u) — Collul| g ||ul| 2
Z <(—%ARH/F + C’)u,u) — Cl”uH%Q (525)
> (C = C)lullZe,
see the proof of Lemma 5.2. Hence P(z, D, — k) is bounded from below and (E;(k) +
C)~Y, for C' > 0, are the eigenvalues of (P(x, D, — k) + C)~!. Hence, denoting by
A;(A) the jth eigenvalue of a positive self-adjoing operator,
(Ej(k) + C) " = XN((—Agnyr + C)H(=Agajr + C)(P(z, D, — k) + C)71)
< N(=Agnjr + O)(P(z, Dy = k) + C) A ((Agnyr + C) 7,
see (2.20). The norm on the right-hand side is uniformly bounded thanks to Lemma
5.2, and an explicit calculation of the eigenvalues of —Agn r shows that

Ai(Agnyr 4+ C)7Y < Oy =2,
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see Example 7. From this, we get (5.24). (We could have also proceeded directly using

(5.25).)

5.4. Examples of band spectra. We now present {E£;(k)} for three periodic oper-
ators.

Example 12. Let P = —A and I' = (27Z)". Then P(x, D, — k) = (D, — k)? and
Speczgnzny (P2, Dy — k) = {| =k +m|* : m € Z"}.

The picture for the bands is shown in Picture 6. This example is related to Example 10
as the g(k,z) correspond to the eigenvalues |k|? for k € F* (the fundamental domain
chosen there).

Let us look now at two more interesting one-dimensional examples.

Example 13. The Kronig-Penney model is an explicitly solvable model of a one-
dimensional periodic system (see [Wo78]| for a brief account):

P:=D]+) ¢(xr—m), qeR\{0}. (5.26)

Here 6(e —m) € &'(R) is the usual ¢ function, 6(e — m)(¢) = ¢(m) and all the
calculations can be done based on this. We discuss the domain and self-adjointness of
P in §5.8.2.

We then consider Bloch eigenfunctions and eigenvalues as §5.3:

Pw(k,z) = E(k)w(k,z), w(k,z—1)=c*w(k,z).
They are explicitly given as follows:

w(k,z) = e *uk,z), ulk,z):= Zul(k,x —m)

mez
where
ui (k, ) = c1 (k)€™ sin a(k)z + e sin(a(k) (1 — 2)))Ljq
gsina(k) + 2a(k) cosa(k) = 2a(k) cosk, Ima(k) >0, E(k)= ( )%

where ¢ (k) is the normalization constant guaranteeing ||u;(k, ®)||r2®/z) = 1.

To derive (5.27) we note that away from Z, (D, — k)?*u = E(k)u. This means that
u has to be given by eigenfunctions of (D, — k)? on R\ Z and be periodic. Hence,

(5.27)

ul[(),l] — Aeikxeiax + Beikme—iax7 Oé2 — E(k’)

The jumps at Z will then produce the ¢ function terms.
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One dimension Two dimensions
T

05 \'\\ //r 05
0 \r 0

-0.5

FIGURE 6. The band structure for the free Laplacian with I' = (27Z)",
n = 1,2. For k in the fundamental domain of R"/T™* I'* = Z", we plot
lp — k|?, p € Z". That gives 0 < Ey(k) < FEy(k) < ---. Note that
k — E;(k) are not smooth because of the lack of separation between the
bands.

47
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500 Bands for the Kronig-Penney potential with q = 20

300

200

100

-3 -2 -1 0 1 2 3

FIGURE 7. The first 7 bands for (5.26) with ¢ = 20. They are computed
using the transcendental equation in (5.27).

We note that if v is piecewise smooth and has a jump at 0 (so is smooth up to 0 on
both sides) then
D3v = =, (0(2)(v(0+) = v(0-)) + Fzv[ry0)
= —0p(2)(v(0+) — v(0—)) + do () (0:v(0—) — Bpv(0+)) — Tvlmo
Hence to satisfy ((Dy — k)*> 4+ ¢>_,.cz 0(x —m))u = E(k)u, we need
w(04+) = u(l-), (9, —ik)u(0+) — (0, — ik)u(l—) = —qu(0+).
This means that
A + B = eik-‘r’ich + Gik_mB,

- o 5.28
ia(k) (1 — ™) A — (1 — ¢**)B) = —q(A + B). (5.28)

The first equation is solved by (we neglect the overall normalising constant)

A=1-— eikfia B = eikJria -1

Y J

which gives the formula for u; in (5.27). Inserting these values in the second equation
gives the second line in (5.27). We also have to consider the case when in (5.28),
k+a € 2nZ, that is k = (n+m)m, a = (n —m)m, n,m € Z. That gives the solution
A = — B which is not of the form given in (5.27). However, the transcendental equation
is still satisfied.

The transcedental equation for «(k) in (5.27) has a discrete set of solutions (with
imaginary values of o occurring when ¢ is negative corresponding negative values of
E(k)) — see Figure 7 for an example with ¢ = 20.

The next example uses perturbation theory to see band splitting when a periodic
potential is turned on.
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Example 14. Let n = 1,\ € R, P\, = D2+ Acosx. We are interested in the spectrum
of Py, when A > 0. We will consider it as a perturbation problem and use the Grushin
problem method to study the perturbation.

We want to study how the bands of P, = (D, —k)?+ X cos x split. Example 8 in §2.6
shows that when the eigenvalue of (D, —k)? is simple, the eigenvalues of the perturbed
problem are smooth in A near 0 and remain simple there.

There are two cases in which we have a double eigenvalue for A = 0:

e k=0, m; =m, my =—m, where m € N, P}=0 has eigenvalue zy = m?;
e k=12, mi=m, my=—-m+1,meN,, P} has eigenvalue (m — 1/2).

In the first case, we consider the following Grushin problem:
A
PAz) = (PkR : %-) HP(R™T) x C2 = [ARYT) x C%. (5.29)
+

Let e;(z) = \/%eijw be eigenfunctions of D,, we let
U__ Vi
U_ = 5 Vg = )
<U—+) (U++>

_ _ ((usemm)
Ru_ =u__e_p,+u_e, Riu= ( (e )

and

The problem is well-posed with E_ = R,, F', = R_,

FEFy = Z (n—k)?—2)" v, en)en,

n#tm,nel

(7 (—m — k)? 0
-t 0 z—(m—k)?)"
Proposition 2.12 and a calculation left to the reader show
— (—=m —k)? 0
Ek’/\ _ z ( m
26= (T T ey

- 20 <€—m:Q(EQ)2Z716—m> 0
+£ZI>\ ( 0 <€m>Q(EQ)2£16m>>

and

m—1

# I w-wr-a7 (] o) + o,

Jj=—m+1
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We then note that for z € R,

(e-m, QUEQ)* e ) = (e-m, Q(EQ)* o)
= (€m, Q(EQ)%_lm> = <em7Q(EQ)2é_lem>-

This means that

kg (2= (=m—k)* +w(k,N) 0
0 1

2m
+ A" (K, 2) (1 0

) + O\,

where ¢,,(0,m?) # 0. Hence, the zeros of z — det E*7(2), that is the cigenvalues of
(D, — k)? + Acosz near k = 0,z = m?, are given by

ze(k, ) = m? + k2 —w(k, \) £ /4m2k2 4 Mme,, (k, 2)2 + O(A\2™12),

In other words, at k = 0 we see a splitting of size \?™.

In the second case (k = 3, 20 = (m — 3)?), the eigenfunctions are e_,, 1 and ep,.

Hence we put
Ru =u__e py1+u_re, Ru= (s €ms1) :
’ (u, €m)
This gives a well-posed Grushin problem with - = R,, £, = R_, and
gt z—(—m+1—k)? 0
-t 0 z—(m—k)?)"
The same calculation as in the previous case shows that

e G

9 (emi1, QEQ)* e i) 0
ZZIA%( Q) o)
2m—1 m—1
+% T (G-k?—2" (? é)+0(x2m+l).

Jj=—m+2

As before, for z € R,

(e, QUEQP s} = (" errr, QD e s}
= (em, Q(EQ)%_Ieme——m-&-ﬁ = <€m>Q(EQ)%_16m>-
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A=0.5 A=1.5
6 6
4 4
2 2
0 0
-2 ' -2
-0.5 0 0.5 -0.5 0 0.5
A=2.5 A=3.5

2 F
2
0
0 L
2L
-2 - . s ;
-0.5 0 0.5 -0.5 0 0.5

FIGURE 8. The band structure for P = D2 + Acosz: we show Fj;(k),
—0.5 < k < 0.5 for j < 5. Despite appearances there are gaps between

all bands as soon as A > 0. See the movie for an animated version with
0<A<2.

So we see a splitting of bands of size ~ A\*™~! around zy = (m — 1/2)2. In particular,
when m = 1, we have

E"Nz2) = <Z _Okz L (10_ k)g) + 1 <(1] (1)) +O(N2).

For k = %, one gets

(V) =1L 002,

T4

See Figure 8 for the splitting of the bands (with a movie).


https://math.berkeley.edu/~zworski/cos_movie.mp4
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5.5. Density of states for periodic Hamiltonians. In §4.2 we provided a moti-
vating discussion of the density of states and considered it for constant magnetic fields
without an external potential. We now use the explicit diagonalization given by the
Bloch transform to describe it in terms of the Bloch—Floquet spectrum of periodic
operators.

We recall,

n n(mn /T 1 —i
yerl’

and
U: L*(R"/T* Hy,) — L*R"/T(N)),  Uu(k, j) = (u(k, o), 0;(k, ),

where ¢;(k, z) is the j-th eigenfunction of P : Hy, — Hj. That gives UBP(UB)*v(k,j) =
Ei(k)v(k,7), {ve;} € (*(N), and hence

UBf(P)(UB) v(k, j) = f(E;(k))o(k, j).
Consequently, for w € Y(R") and f € .Z(R),

ZB* k))pj(k, x)(Bw(k,e),0;(k,))wu,)

= R /F*I Z / . k))e;(k, x) /R o e Vw(y — ), (k,y)dydk
Rn/p*| Z/n/r* k))e;(k, x) /nw(y)%(/f,y)dydk

= [ K(z,y)w(y)dy

Rn

where

Ko) = [ [ PR 2 e

We note that this is well defined for f € #(R) thanks to (5.24).

Since p;(k,z+7) = e *7p;(k,x), K(x,z) is D-periodic. Thus the regularized trace
(4.1) is given by

trf(P) = |R”1/F| o K(x,x)dx
1 2
- W T Z / o Rn/rf(Ej(k))le(k,xH Bidk (5.50)

))dk = /f
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where the last integral is meant as a distributional pairing. It defines the density of
states, p € .#'(R). (We check that the bounds in the definition of . in §2.2 hold
using (5.24).) It is given by

] 1 d
(271)” ; /Rn/r* (5(>\ — Ej(k>>dkf = Wa <; /)\j(k)<)\ dk)

In particular, if Ex(k) < Ao < En41(k) for all k& € R"/T*, then

Ao N
| = g

[e.9]

p(A) =

gives the number of states per unit volume, in agreement with the discussion in §4.2.

We also note that if A is a regular value of E;(k) (that is VyE;(k) # 0 when
E;(k) = A, we can also write

1 ds

= [ e (5:31)
@m)™ JE;my=r IVE; (k)]

where dS is the surface measure of the (smooth) surface {k : E;(k) = A} — see for

instance [Ho03, Theorem 6.1.5].

Example 15. We can compute the density of states for the Kronig-Penney Hamilton-
ian in Example 13. Since we are in dimension one, the definition of p in (5.30) shows
that if A is inside of a band,

dk

o) = o= ||,

T or

To compute p(A) we can use the implicit formula (5.27):

¢ sin VA
cosk = +cos V.
2V

The spectral bands are defined by the condition that

g sin \/X
2v/A

—1< +cos VA < 1,

(see Figure 7) in which case,

1

o

dk| i|(‘1+2>\)sin\/X/)\% — qcosVA/

PN = 5r |dx] = & (1 — (gsin VA/2V/X + cos VA)2)2

This is shown in Figure 9.
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FIGURE 9. The plot of the density of states (up to a multiplicative
constant) for the Konig-Penney potential. We see the singularities at
the edges of the first 4 bands — see Figure 7.

5.6. Isolated bands for time reversible operators: trivial topology. We first
study the case when there is an isolated band, that is, let I; = {E;(k) : k € R*/T"™*},

we assume o .
E;(k) is a simple eigenvalue of P on Hy,

5.32
I;NI; =@ for any j # j'. ( )
We define the following orthogonal projections:
(k) : Hy — ker(Ply, — E;(k)) =C,
~ , . 5.33
(k) = ™ I(k)e ™% : L*(R"/T) — keryo(gnry(P(x, D, — k) — E;(k)). (5.33)
We then have
Proposition 5.3.
1 -1
(k) = 5 f (2 — Ply,)\d= (5.34)
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where v is a positively oriented closed contour separating I; from other bands.

Proof. For two functions f, g € L?, we define the following operator of rank one:

(f®g)u:= flu,g), u€ L’

If o(z, k) form an orthonormal basis of H;, consisting of eigenfunctions corresponding
to Ey(k), then

(- ®<Pz k)

This implies that

1
i (Z — Ply,) 7'z = ¢; @ ;.
Since II(k) = ¢; ® p;, this proves the claim. O

Remark 4. In general, if we have any operator P and a simple closed curve ~ such
that v N Spec(P) = &, then
1

I=— ¢(z—P)'dz
2mi

is a projection. To see this, we can take another curve 4 which is homotopic to y
inside C\ Spec(P), and 7 lies in the bounded component of C\ ¥ (for basic facts about
topology of curves in C see for instance [NaRal2]). Then

(2ri)? j{j{ z—P)"'(( = P)'dzdC
- T F -t - - Py isic

o 7{?{ — )Yz — P)"'dzdC

— (z— P) tdzdc¢

2m
=1II.

If P is self-adjoint, then by the spectral theorem, II is the spectral projector corre-
sponding to the spectrum inside . This is because

1 1, ) 1, xisinside 7,
f(z) = 7{(2’ x) dz—{o’ . .

2mi x 1s outside 7.

A relevant example is given as follows
1
I, .= — [ (2 — P)'dz : L*(R") — L*(R") (5.35)
v

J 211
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where 7 is as in Proposition 5.3 and P is now considered as an operator on L*(R")
(with the domain given by H?(R™)). This is the spectral projection corresponding to
the isolated band I;.

The family II(k) we defined is analytic in k:

Lemma 5.4. The map
k— II(k) : R"/T"* — B(Hk)

1s a real analytic family of operators, that s, there exists € > 0 such that this map
extends to a holomorphic map

R™/T* +iB(0,¢) 3 k ~— TI(k).
Here R"/T* +iB(0,e) C R"/T* + iR" = C"/T*.

Remark 5. Here we are talking about the holomorphy in a Hilbert space, which can
be defined as follows: suppose we have two Hilbert spaces Hy, Hy, and a map k — B(k)
from C* — B(H;, Hy). Then we say B(k) is holomorphic if the following equivalent
conditions are satisfied.

e For any ¢ € Hy,1 € Hy, the map k — (B(k)y, 1) is holomorphic;
0B . B(k+ ze;) — B(k)
e — = lim
8/4:]- z—0 z

exists in the norm topology.

The reader can check the equivalence using the uniform boundedness principle — see
Exercise 11.13 in [H688].

Proof of Lemma 5./. In view of (5.33), it suffices to check that
~ 1
k—T(k) = — f(z — P(z,D, — k) dz,
2mi J,
is holomorphic on U + iB(0, ) where U is a neighbourhood of a fundamental domain
of I'* (see §5.2). Since z — P(x,D, — k) in invertible for z € 7 and k € R, it
remains invertible for z € v and k in a complex neighbourhood U +iB(0,¢) of U. The

holomorphy of k +— P(z, D, —k) is immediate, and shows that k +— (z—P(x, D,—k))™!
is holomorphic when the inverse exists. This proves the claim. U

The eigenspaces II(k)Hy thus define a complex line bundle over the torus R™/I™.
We refer to Section 2.7 for basic properties of line bundles.

The following theorem tells us that time reversal symmetry implies that this line
bundle is trivial. We follow the proof of [HS89, Lemma 1.1].

Theorem 5. Suppose P(x,D)u = P(x,D)u, then there exists p € C(R"/T*; Hy)
such that



PDE METHODS IN CONDENSED MATTER PHYSICS 57

o Py(k) = Ej(k)p(k), and ||¢(k)|| = 1, that is ¢(k) is a normalized eigenvector
of P with eigenvalue E;(k).

o o(—k) = 7(F).

e In addition, k — (k) extends to a holomorphic map from R"™/T™* +1B(0,¢) to
L (R™).

loc

Here we recall that Hy, C L3 (R™).

loc

Proof. We first note that the definition of H;, (5.6) shows that if ¢(k) € H; then
o(k) € H_y,. Simplicity of E;(k) and the property Pu = Pu then show that

Ei(k) = Ej(—k), @(k) € ker(Ply_, — E;(k)).
Using this we will proceed by induction on the dimension n to show there exists a
continuous section. Then we will regularize it to get a real analytic section. Without
loss of generality, we may assume I' = (27Z)" and '™ = Z".

Step 1: Let n = 1. Proposition 2.17 shows that a line bundle over an interval is always
trivial. Hence we can choose a continuous section (k) such that Py (k) = E;(k)y (k)
and || (k)| =1 for 0 < k < 1/2, and 9(0) is real valued. We define

Bk) == G(—k), —L<k<o.

To obtain Z-periodic section we proceed as follows: the normalisation ||¢)(—1/2) =
|1¥(1/2)]] = 1 and the simplicity assumption show that there exists a € R such that

(—1/2) = e~*4)(1/2). Putting

(k) = e B2 (k)
we obtain 1(1/2) = 1(—1/2) which gives a global section over R/Z satisfying ¢ (—k) =
Y(k).

Step 2: By the induction hypothesis, we may assume there exists a continuous sec-

tion ¢/(k’') on R"™1/Z"1 x {0} such that ¢/(k') = ¢'(—=k"). Moreover, Py/(k') =
E;(K',0)' (k') and ||¢'(K')|| = 1. As in Step 1, Proposition 2.17 shows that there
exists a continuous extension to this section

W(k) : (RH/ZM ) % [0,1/2)k, — kersy (P — Ej(k)), — W(K,0) = ¢/'(K).
We now define ¥ on R"1/Z"~' x[~1/2,0] by ¥(—k) = ¥(k), and we want ¥(k',1/2) =
U(k',—1/2) as before. There exists a continuous k' — a(k’) € R such that
(K, 1) = eIk, 1)
and

a(k' +7) = a(k) mod2rZ, ~ecZ'"
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Taking complex conjugates gives

or equivalently

Thus e'**) = ¢ia(=K) that is,
alk') = a(—=k) mod 27Z.

But a(k’) — a(—k') is continuous and hence constant (it takes only integer values!).
That constant is equal 0 by taking &' = 0. Similarly, a(k’ + e;) — a(k) is constant for
j=1,---,n—1 and that constant is zero by taking k' = —%ej since

a (=3¢ +¢) = a(ze) =a(-3¢).
We conclude a(k’' + ) = a(k’) for v € Z"'. Now define
w(k) = 67i(kn+1/2)a(kl)\11(k‘)’
then

YY) = e MUE, L) =Tk, 1) = (K, -1).

2
Thus 1 gives a continuous global section over R™/Z".

Step 3: Having obtained a continuous section ¢ : R/T* — C*(R") N Hy, we want

—n/26—k2/2

to regularise it to a real analytic section. For that let x(k) = (2m) and

Xe(k) = e ™x(k/e), we define
Ve (k,x) = / Xe(k — K)e™® =R (k' 2)dk'.
One checks
Yk, x —7) = / Xe(k — KN el @ D =Ry (1! 2 — 3)dk = e *o(k, x),

s0 ¥.(k,-) € Hy. Now 9.(k, ) is a real analytic section and v, (k,-) — ¥ (k) in L? norm
as € — 0. Taking € > 0 small enough, we define

wo(k) |
(fR"/r* %(k)SOO(—k)dx)l/Q

p(k) = wo(k) = TI(k)y (k).

By Lemma 5.4, p(k) gives a real analytic section in the statement of the theorem. [J
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5.7. Wannier functions and spectral localization to an isolated band. Let II;
be the spectral projection corresponding to an isolated band I; — see (5.35).

We have the following general definition:

Definition 5.5. Suppose that the condition (5.32) holds. Then @y is a Wannier
function associated to the band I; if {¢o(x — v)}yer form an orthonormal basis of

of 1, (P)L2(R™).

Example 16. We can see how it works in a simple case of —A and I = (27Z)"— see
Examples 10 and 12. The bands are obviously not isolated but we can still consider
g(k,z) in (5.11) which is a Bloch eigenfunction corresponding to |k|?, =3 < k; < 3. If
we define ¢y := Cg (as in Example 10) then ¢, = ¢o(x — ) are mutually orthogonal:
since sinc = 1), (5.12) gives

Bo(€) = 2" Ty 10 () = 3(6) = (2m)"e T,
We also see that

]”(6)7 S (QWZ)n

_11
2'2

L?—closure (span7€(2wz)n{@y}) = LQ([_%v %]n)

In dimension one, we can consider I, = [0, }1] as a band which does intersect other

bands I,,,m € Z \ {0} except at the end points, since they are given by
j _— [(m_ %)2a(m+%)2]7 mz 17
" [(_m_ %)27<_m+%)2]’ m < —1.
Hence,
1;,(—A)L*(R) = L?—closure (span. co.z{¢+}) - (5.36)

In higher dimension for more general operators, such as —A+V', we can have genuinely
isolated bands and there we will see the same phenomenon as in (5.36).

We note that the basis, ¢~ (x) := po(z—7), v € I gives an isomorphism IT; L?(R™) =
(*(T"). Also, in the notation of Theorem 3,
p(k, o) = [R"/T*["2Bpy(k, o) € kery, (P — E;(k)).
If ' is a fundamental domain of R™/T", then
lo(k, o5, = > / e gy (@ — 7)oz — 7)de
F

v,y'er
=S et [l —de = [ Jeuto)lde =1
~ver R™ R

In other words, the condition that {¢o(x — ) }er forms an orthonormal basis implies
(K, @) 7, = 1.
Conversely, we have the following
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Proposition 5.6. Suppose that p(k,z) € L*(R"/T*; Hy) satisfies Po(k) = E;(k)p(k)
and ||¢o(k,®)|ln, = 1. Then

wo(x) : L ok, z)dk. (5.37)

|R/T R" /T
1s a Wannier function in the sense of Definition 5.5.
Proof. The simplicity assumption in (5.32) shows that

Bl (P)L*(R") = {g(k)p(k,x) : g € L*(R"/T")}. (5.38)

We claim that
R"/T* 2" p(k, ), €T,
is an orthonormal basis of B1,(P)L*(R"). In fact,

|Rn/F*‘ <€i'y'k90(]€, x>7 ei’yl.kgp(k, CC»LQ(R’”‘/F*;Hk)

1 / / ik-(y=") 2
. e' lo(k, x)|*dxdk
[R™/T*| Jgo jr= Jrn
1
[R™/T*[ Jin

Since B : L*(R™) — L*(R™/T*; Hy) is unitary and (see Theorem 3)

B~ <|Rn/:][:‘*|1/2 ewk@(kax))
1
R /T Rn /T
1
RIS e

k=) Jl = 577,‘

e* ok, x)dk

(k& —~)dk = go(z —7),
we conclude that ¢o(z) is a Wannier function. O

Given a global section ¢ described in Theorem 5, we can expand g(k) in (5.38) into
Fourier series, g(k) = >_
1

g(k)p(k, x)dk = a~po(xr — 7y

|R”/F*| R/ ( ) ( ) Z Y 0( )

vyel

er ave”'k, we obtain

where g is defined in (5.37).

Theorem 5 has the following corollary on the exponential decay of Wannier functions.

Proposition 5.7. Let po(z) be as in (5.37). There exists a constant C > 0 such that
for any a € N" there is C, > 0 with

070 ()] < Coe™V/E. (5.39)
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Proof. Let ¢(k,z) be as in Theorem 5. Since Py(k,z) = E;(k)¢(k, ), iteration of
Lemma 5.2 shows that p(k,-) € Hf_ for any k. It follows (see, for instance, [Fv10),
§86.3]), w(k, z) are uniformly bounded for x in the fundamental domain of I'. Recall

B 1
‘Rn/r*‘ Rn/l"*

wol(r — ) e”'kgo(k:, x)dk.

Using analyticity, we can change integration over from R"/I'* to integration over the
contour R" /T +i7/|v|e, to conclude that o(x —v) = O(e~<1!) for x in a fundamental
domain of T". This gives a global exponential bound (5.39). O

5.8. Appendix on self-adjointness. Here we present results about the self-adjointness
of unbounded operators which appeared in this chapter.

5.8.1. Operator P(xz, D — k). We now return to the operator P = P(x, D) defined in
Lemma 5.2 and satisfying (5.20). We prove the claim that P, := P(x, D — k) with
domain H?(R"/T) is self-adjoint in the sense of Definition 2.5. Lemma 5.2 plays a
crucial role here.

In view of (5.21), Py is symmetric on H*(R™/T") and hence we have H?(R"/T) C
D(P}). We now show that D(P;) c H*(R"/T). If u € D(P}) then, by definition
(2.11), there exists C'= C(u) > 0 such that

|(u, Pov)r2| < Cllv||ze, v € C®RYT), L*:=L*R"/T). (5.40)

Let € € (0,1) and x.(z) = e 2x(z/¢e) with

e CR(BO:(0.1). x(@) = x(-2), [ x(e)ds=1.
Then
Xe ¥ v(z) = /xe(’y)v(l‘ —y)dy
is also periodic and
(Xe * u, Ppv)r2 = (U, Xe * Pro) 2 = (u, Po(Xe * 0)) 12 + (U, [Xe*, Pi]v) 2. (5.41)

Since the convolution commutes with —A, [y.*, Py|v is given by

> [ xel)eae = ) = aule)) (D = K)o~ g)dy

lal<1

=Y [0, =0 (ul)aale = ) — aula)) oo~ w)dy

le|<1
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Using the facts that on the support of x., an(z — y) — an(z) = O(e), ||xellr = 1,
1eVxellzr = O(1), and that || f = g|[zz < ||fllz1]lgllz2, we obtain

[{u, xex, Bio) 2| < lull 2|, Pilvllz2

<l | 32 (D= 17 (6 )eae = 9) = aa(a)) vle ~ )iy

laf<1

SWWm(/M&M@—M@

< Clull 2ol 2z,

L2
L2)

where the constant C’ > 0 does not depend on e. Therefore, by (5.40) and (5.41),
| (e *w, Proy 2| < Clu)[xe * 0llpz + Clull2[[ol] 2 < C(w)]jol 2, v e CF(R?/T).

Since Py is symmetric on C*°(R"/T"), this implies that ||Px(xe * u)||2 < C’'(u) for
e € (0,1). By Lemma 5.2, we have

| ettt = vtay

e # ulle < C"IPuxe * )z + € e # ulli < C'(w), = € (0, 1),

By letting ¢ — 0, this implies that v € H?*(R"/T'). We conclude that D(P}) =
D(P,) = H*(R"/T") and thus P is self-adjoint.

5.8.2. The Kronig—Penney operator. We now present the domain of the operator (5.26).
We start by defining H?(Q2) where 2 C R is an open set:

H*(Q) ={ue L*(Q): v, u" € L*(Q)},

where u’, 1" denote distributional derivatives of u, u™(¢) = (—1)*u(p™®), p € C(Q).

We then note that for v € H*(R \ 0), u,u’ € C((—00,0]) & C(|0,00)), that is u
and v’ are continuous when restricted to the closed half-lines £[0,00). (To see this
we note that for y < x < 0, |u/(z) — v/ (y)| = |fyx W (t)dt] < |z — y|z|u"| 12; for the
relation between the distributional derivative and fundamental theorem of calculus see
[H603, Theorem 3.1.4].) In particular the limits, u(0+) and «'(0+) exist. If we define
U,Us € '(R) by u and u” away from 0, then, in the sense of distributions (see [H603,
Theorem 3.1.3))

U" =Us + (u(0+) — u(0—))dy + (u'(04) — u'(0—)dp.
Hence, a natural definition of
Py := D2 + ado(x)
is given as follows
D(Py) = {u € H*(R\ {0}) : u(0+) = u(0—), u'(0+) —u'(0—) = —au(0)},
Pou := —U" = =Us + ady(x)u(0).
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We leave it as a (not entirely trivial) exercise to see that Py is self-adjoint. (It is one
of the many self-ajoint extensions of D? with the domain C2°(R \ 0).)

With this in place we can define the domain of the operator (5.26) as follows: let

9 = H* <U(m,m+1)> N C(R)

mez.
and
D(P):={ue 2: VYmeZ, u(m+)—u(m—)=—qu(m)}.
If U and U; are distributions on R defined by L? functions u and u”, then for u € D(P)

Pu:=-U"=-U, + chS(x —m)u(m).

mEZ

6. THE TIGHT BINDING MODEL

6.1. Motivation. The tight binding model provides an approximation of Bloch eigen-
values and eigenfunctions (see §5.3) for periodic potentials for which —A+V (z) acting
on L*(R"/T") (with the domain H*(R"/T")) has highly localised eigenfunctions.

The detailed discussion of tunneling needed to justify this will probably be unrec-
ognizable to any physicist. We should however note that the precise calculation of
tunneling for the double well potentials and periodic potentials has been analysed
in physics with great precision. An interesting perspective on that is presented by
Coleman in [Co77, §I1.2], with a doubly well done version in [Co77, Appendix B.

To introduce the basic idea behind the tight binding model we adapt the presentation
in [[Ka03, §4.1.1] and discuss the simplest 1D case, first from a heuristic perspective and
then more mathematically. References [JoKal9, §2.5] and [Ka03, §4] can be consulted
for more general versions of the theory. In §6.4 we show how 1D results apply to
separable 2D models and present some numerical results for more general potentials
with indications to the mathematical literature.

So, let us assume that the 1D periodic potential is given as
V(zg) =) Volz —k), Vo€ CE(R:R), suppVp C (=5,3)
keZ (6'1)
Vo(0) = =1, V5(0)=0, V§(0)>0, Vy(z)> —1for z # 0.

A computationally easy example with the same properties (the compact support is
replaced by rapid decay) is shown in Figure 10.

It is natural to assume that the ground state, ug, of Py := —9% + Vy(z) (the eigen-
function corresponding to the lowest eigenvalue, Fy ~ —1) is strongly localised to
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FIGURE 10. The potential V(z) in (6.1) for Vy(z) = (22 — 1)e 207",
We do not insist on compact support here but keep all the essential
properties.

x = 0. That follows from the comparison with the case of the harmonic oscillator —
see §3.2. One way to formulate it is as follows:

<UO, U()(. + €)> ~ 040. (62)

Following physics literature (see [Ka03, (4.13)] we will in fact pretend that ~ can be
replaced by = in (6.2). We use this localized state to build an approximation to a
Bloch eigenstate corresponding to the lowest band of P = —9% + V(x):

u(k,x) == Zeikguo(x +0), ulx—€,k) = e ulk,z), u(k) € Hy, (6.3)
¢z
where H;, was given in (5.6). Assuming (optimistically) that Pu(k) = E(k)u(k) and
that (6.2) holds ezactly we obtain the following formula for E(k):
E(k) = EO —+ Z eiild(P’U/O, Uo(Q + €>>L2(F)7 F = (—%, %]
40

The next approximation postulates that only nearest sites interact via P:
(Pug,ug(® + £)) = —toyn, ¢ #0. (6.4)

The parameter ¢ is called the hopping (as in hopping between two adjacent sites) or
the tunneling coefficient. That gives the following tight binding approximation for the
first Bloch band:

E(k) = Ey — 2t cos k. (6.5)

The term originates from our localisation assumption in ug (quantified in (6.2)): the
electrons are tightly bound to the atoms at the individual sites (in Z in our case).
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Since neither (6.2) nor (6.4) can hold exactly, even a heuristic argument requires
the introduction of an asymptotic parameter. Since we want strong localisation to the
individual sites at the minima of the potential, we consider the case where the wells
are very deep. That means that our operator is given by

—02 +a’V(z) = o*(—(hd,)* + V(z)) =1 a’P, a=1/h> 1.

The passage to the semiclassical regime (that is, replacing A by h=2) is motivated by the
classical /quantum correspondence: —(hd,)? + V() is the semiclassical quantization
of £+ V(z) — see [Zw12, Chapter 4].

The potential V' can be given by (6.1), but we prefer the general case (where we
shift the bottom of the well to 0):

Vie+1)=V(z), V(0)=V'(0)=0, V"0)>0, V]gz>0 (6.6)

As an analogue of ug in the rough argument above, we take the following approximate
eigenfunction: we choose 0 < 7 < 1 and x € C°((—1+ 20,1 — 2n);R), x(z) =1 for
x € [-1+43n,1 — 3n]. We then put

where
(P—XNu=0in (-1+4+mn,1—n),

u(=1+n)=u(l—n)=0, [ullrz1enpiry =1
Here, of course, u, A, and ¥ depend on n but for 0 < n < 1 the contribution of that
dependence will be absorbed into error terms. We have

Pyp=Xp+r, r:=][P xu.

As in (6.3) we use 1 to construct an element of Hy:

Yi(r) =Y e (e —0), i € Hy,

Lel

Py = M+ 1, ril@) =Y e Hr(z — ).

ez

The key is the precise structure of ¥ (x) presented in §6.2.2:
blr) = e()h™se # (1 O(h)),
e(h) = (w/m)2 + O(h), w:=(3V"(0))%, (6.8)

o(x,h) = p(x) +he(z) +-+, olx):= /01‘ VYV (y)dy ~ 10?2

Let uy € Hy be the actual eigenfunction (we will show that there is a unique simple
eigenvalue E(k) in, say, [0, 2wh]):
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If Tliw := (w, ug)uy, then P(I —1I;) > 2wh(I — I1;) (since the rest of the spectrum is
greater than 2wh). On the other hand (with norms and products on Hy), by (6.7),

(P(I = e )ow, (I = Wi)tow) = (I — i) P, ¥)
= M = Te)voe|* + (i, (1 = )b
But this implies that
2wh = A)(I = )] < [l7e]l-
The definition of 7 in (6.7), (6.8), and then fact that 2wh — A = wh + O(h?) show that

17 = )| = O(e-So+oh), / V),

and € can be arbitrarily small if 7 is small enough. From this we conclude that

I = [ = = TRl = [ — O(2-50+)
Hence,
E(E)||vr]* = (PTaby, TTethy) 4 O (250 Fo/h)
= (I, Py, Iihy) + O(e250t=)/hy
= Al[toe]l® + (ri, og) + O(>50+my
= M[exl1® + (r, i) + Ol [[(1 = T) e ]|) + O SoF=)7m)
= A xl|* + (re, i) + O(e250+M),

Since (6.8) shows that (ry, 1) = O(e(=50+)/h) and that ||¢p]|? = 1 + O(el=%0F)/") we
conclude that
E(k) = A+ (ri, i) + O(e2 50/,

Hence, we need to compute (ry, ¥):

vt = / (v — O)(a — j)da.

Now,
j=0, =0,
suppr(e — ) Nsuppip(e —j) N[0, 1] #0 = ¢ j=0, (=1,
j=1,0=0.

Decay of ¥ shows that j = £ = 0 contribute O(e*=%+)/") and we get

1
(k> Vi), = ZCosk/ r(x)(x — 1)dx + 0(62(*So+6)/h).
0

We now recover (6.5):

E(k) =X —2tcosk, t:=— /1 ()Y (x — 1)dz + O(eXSoFe)/hy, (6.9)
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The structure of ¢ in (6.8) gives a precise description of ¢ in Theorem 7. In particular,
hlogt = —Sy + O(h).

We should stress that this analysis can be carried out for excited states as well but for
simplicity of the presentation we concentrate on the lowest band.

This outline is essentially complete except for the proof of (6.8) and the calculation
of t. Hence, the first technical part of this section is devoted to a precise description
of the ground for a single well. That involves introducing techniques useful in other
settings and some of the presentation proceeds in greater generality. With this place
§6.3 provides the missing details in the derivation of (6.9) and an asymptotic formula
for t. For completeness, §6.5 applies the techniques developed in §6.2 to the closely
related but slightly more complicated case of a double well potential.

Finally, §6.4 illustrates band structures in 2D for the potential V' (xy, x9) = Vi (1) +
Va(x2) which can be analysed using the 1D methods. We will also provide some
numerical examples and pointers to the literature.

6.2. A single well. The analysis of the periodic case in §6.1 relied on (6.8), that is,
on the precise description of the ground state of a single well potential in 1D. This is
what we do in this section. For higher dimensional versions, see [DS99, §3] and [He88,
§2]. We consider a bounded interval [a,b], a < 0 < b, and W satisfying,

W e C*([a,b];R), W(0)=W'(0)=0, W"0)>0, Wguo > 0. (6.10)

The main result is Theorem 6 and there are many steps in the proof. Since the
statement of the theorem involves concepts and definitions developed throughout this
section, we ask for the reader’s patience.

We retain some higher dimensional aspects of the argument (notably in the dis-
cussion of the Agmon-Lithner estimates) and this section can be considered as an
introduction to the Helffer—Sjostrand theory of semiclassical spectra for multi-well
potentials — see [He88, §83.4], [DS99, §§3,6] and references given there. Major sim-
plifications due to working in 1D come in Proposition 6.3 (the WKB construction is
straightforward in 1D), a simple form of the Agmon metric (see Remark 6), and, in
§6.3,86.5, easy calculations of the off diagonal terms in the interaction matrix (6.87)
using Wronskians (see (6.89)).

6.2.1. Agmon—Lithner estimates. We present these now classical estimates in all di-
mensions following [DS99, §6]. To formulate them, we need some comments about
Lipschitz functions. Suppose that ® € Lip (R"), that is, there exists M > 0 such that

|®(z) — ®(y)| < Mz —yl. (6.11)
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We then use x € C°(B(0,1);[0,00)), with [ x(z)dz =1 to define
O =D xx., x(x):=e"x(z/e). (6.12)

The Lipshitz property shows that ||V®.| = is uniformly bounded. In fact, since
[ Vx(z)dz =0,

Ve (2)] <e

J@ow/e@E-y - <1><x>>dy\

< Me / VX (/o) ly/eldy = M / Vx(2)|2dz.

If we define V& € ./(R"™) using distribution theory, then ®. — & in .#”/(R") and, for
v € C(R™;R™),

Vo(p) =1lim [ VO (z)- p(x)dr = O(||¢]|L1).

Hence, as L™ is the dual of L', V® € L*(R"). That is the meaning of V® in the
estimates below. (We remark that ® is in fact differentiable almost everywhere — see
[Ev10, §5.8.3].) For Q C R™ with C' boundary we also recall the space

H?N Hy(Q) = closure of {u € C*(Q) : u|sq = 0} (6.13)
where the closure is in the norm given by >_,, o, |0%ul|r2(0)-

With this in place, we can state

Proposition 6.1. Suppose Q C R" is a bounded open set with a C* boundary, V €
C(Q;R) and ® € Lip(;R). Then for P := —h*A+V and every u € H*> N H}(Q; C)
(see (6.13)), h >0,

HhV(e‘b/hu)Hiz(Q) +((V = [VO)e® u, e®™u) 12 () = Re(e® " Pu, e®"u) 120y (6.14)
Proof. We present a proof from [DS99] which has the advantage of generalising to the
case of manifolds and forms (with modifications requiring an introduction of Riemann-

ian metric; a sceptical reader can proceed by direct integration by parts). For that,
we define an inner product on differential forms, by polarising

2y = 3 leslBoey @ i= S wyds; € C(Q,T°9).
J J

The formal adjoint of d : C°(Q2), du = 3, 9, ;udz;, is then given by d*w = — 3. 9, w;.

We start with ® € C*°(Q2) and introduce
dOA : C(Q2) —» CX(Q,T7Q), dP Au = udd,
Vo= (dPA)*: CX(Q,TQ) — CX(Q), VP iw=) w, .
J
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Since —A = d*d, we have a point-wise statement,
eé/h(_hQA)e—':D/h _ e@/h(hd*)e—Cb/he‘P/h(hd)e—@/h

6.15
= (hd* + V&) (hd — dBA) = h2d*d — V|2 — hd*(dPA) + VO _ hd. (6.15)

®/h

We now assume that u € C°(€2) and put v = ¢*/"u, so that

Re(e®™(—h2A)u, e®™u) 12 () = Re(e®™(=h?A)e™ v, v) 12(q).

When we apply (6.15), we notice that (V® 4 d)* = d*(dPA), and hence the last two
terms disappear after taking real parts. This gives (6.14) for v € C*(Q2). For the
integration by parts, we only need u € C%(Q) and u|sq = 0. By approximation we
obtain the statement for u € H* N HJ ().

To prove (6.14) for & € Lip (Q2), we first extend ® to a Lipschitz function on R” (and
keep the same notation). That is possible thanks to an easy version of Kirszbraun’s
Theorem — see [Ev10, §5.4]. We then define ®. by (6.12) and note that (using the
definition of convolution of distributions and compactly supported functions)

Vo, (z) = / Vo (y)x.(z — y)dy.

Then V&, — V& in L (see [H603, Theorem 1.3.2]) and hence there exists a sequence
g; — 0 such that V&, — V& almost everywhere (see [Ru87, Theorem 3.12]). We
can then use that subsequence to pass to the limit from @, in ® in (6.14) using the
dominated convergence theorem. (In fact, V&, — V& almost everywhere if we use
the more involved Lebesgue differentiation theorem [Ru87, Theorem 7.17].) U

When considering operators —h?A + V(z) on all of R” we assume
Ve CR"R), V(z)> E, €R", (6.16)

for some Ey. We can then consider the Friedrichs extension (see Example 4 in §2.3) of
P := —h?A+V, with the domain D(P) C H'(R"). In that case we have the following
version of the Agmon-Lithner estimates:

Proposition 6.2. Suppose that V' satisfies (6.16) and D(P) is the domain of the
Friedrichs extension of —h?*A+ V. If ® € Lip(R™;R) is constant outside of a compact
set then for every u € D(P) (6.14) holds for Q = R".

Proof. Let x € C(B(0,2);[0,1]) satisfy x|p@,1) = 1. For R > 1 we define xp(z) =
x(x/R) (and similarly, (Vx)r(z) := [Vx|(xz/R)). For u in the domain of the Friedrichs
extension of P, we have ygru € H*NH{(B(0,2R)) and hence we can apply Proposition
6.1 to ug. Since suppur € B(0,2R), the integration is now over R".

||hV(eq)/huR)HLz(Rn) + (V= |VO)e?  up, e@/huR>L2(Rn) = Re(e® " Pug, e*"ug) ropn.
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We now see that for u € D(P) and ® constant outside of a compact set, we have, as
R — oo,

2 n
UR = XRU Lg) u, V(e‘b/huR) = XRV(eq’/hu) + RN (VX)r e®/h Lg) V(eq’/hu),

and
2(pn
Pug = xgPu — 2hR™Y(VX)r - hVu — R2R2(Ax)ru -5 Pu.
Passing to the limit gives (6.14) with Q = R"™. O
Following [DS99, Proposition 6.2] it is useful to apply Proposition 6.1 and 6.2 as
follows.
Suppose Fp € L>®(Q;[0,00)) (2 = R™ in the case of Proposition 6.2), satisfy

V(z) — |V®(2)|? = Fy(x)*> — F_(z)?, almost everywhere. (6.17)
Then, with norms in L*(Q),

IRV (e M u)|? + S Fee®Mul® < |[(Fy + Fo) e Pul? + S| Fe®Mul. (6.18)
Proof of (6.18). The definition of F and (6.14) give (recall that ab < a® + $b* and
ila+0)? +0* < 50° + 5a°)

RV (e ) 2 + | Fye™ ul = Re(e®" Pu, ¢*/"u) + | F®/"u?
= Re ("M Fy + F_) ' Pu, (Fy + F_)e*/Mu) + || F_e®/Mu?
< ||e*™Fy + F)"'Pu H + A(Fy + Fo)e® ) + || F_e®Mu?
< ||e(1)/h(F4r + F.) _IPUH + 3| Foe® ) + 1| Fre® %
Moving the last term to the left hand side gives (6.18). O

Example 17. Following [DS99, §6.a], we can apply (6.18) to positive Schrodinger
operators, P = —A + V (note that h = 1 here) on R™ as follows. Suppose that
V(z) > 2a > 0 for all x € R". That means that inf Spec(P) > 2« and in particular
Pu = v, has a solution u € D(P) for any v € L?(R"). We obtain an exponential decay
estimate on u if we restrict the support of v:

v € L*(R"), suppv C B(0, Ry),
®(z) := va(|z| — Ro)Lrm\ p(0,r) ()
For that, we first take R > Ry and
Dp(x) == V(x| — Ro)Lpo,r)\B0,R) (%) + Va(R — Ro)Llrmpo,r) (),

and F, :=/V(z) — [V®g(x)|2 > y/a and F_ = 0 and apply (6.18) with Q = R". We
then let R — oo to obtain (6.19). (The details are left as an exercise with an answer
in [DS99, §6.a].)

} — Val|e® V| + afle®ul| < 4]v]. (6.19)
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Since (6.19) gives exponential decay, we conclude from Rellich-Kodratchev’s theo-
rem (see [Ev10, §5.7]) that for x € C°, P71y : L?* — L? is a compact operator (x is
meant as a multiplication operator here; both regularity and decay are improved). For

general V', a modification by an additive constant gives a more general statement:
V>FE >\ =

-1 2 2 . (6.20)

Vx € CX(R™) (P —A)""x: L*(R") — L*(R") is a compact operator.

This provides a PDE proof (as opposed to the more general operator theoretical proof
—see [DS99, Theorem 4.19]) of the following fact which we use in our analysis below:

liminf V(z) > Ey = inf Spec.(—A + V) > Ej, (6.21)

ess(
|z| =00

that is the spectrum of —A 4+ V in (—o0, Ey) is discrete.

Proof of (6.21). We proceed as follows. For any E; < Ejy, there exists Ry such that
for |z| > Ry, V(x) > E;. In the notation of the proof of Proposition 6.2, V; :=
V + Eoxr, > E1 and (6.20) gives

(=A + Vo — Xo) *xr, : L* = L* is compact for \g < E.
Since for A € C\ Spec(—A + V),
(=A+Vo =N xr, = (A + Vo = X)X
F (A + Vo =)o = M (A + Vo — Ao) " Xro»

it follows that if A\ ¢ Spec(—A + Vp), then the operator (—A + Vo — \)"lyg, is a
compact operator on L*(R"). We now write

AV A= (A + Vo= NI+ TN), TN = (=A + Vo — A" Egxn.

Hence for A\ ¢ Spec(—A + Vp) (and in particular for A < Ej, since Vy > E}), A ¢
Spec(—A+V) if and only of I+T'()\) is invertible. But A — I+T(\), A € C\[F1, ) is a
holomorphic family of Fredholm operators invertible when A ¢ R. Analytic Fredholm
theory [DyZw2, Theorem C.8] shows that the poles of (I + T'(\))~! are discrete in
C\ [E4, 00), Since F; < Ey was arbitrary, (6.21) follows. d

6.2.2. The ground state for a single well potential. We start by a construction of an
approximate ground state. We use the notation

a~a0+ha1+---=Zhjaj7
=0

to mean that for every N > 1 there exists a constant Cy > 0 such that

N-1

a— Zajhj

J=0

< Cyh". (6.22)
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We recall that Borel’s Lemma [Zw12, Theorem 4.15] shows that for any a;’s we can
find an a (satisfying suitable bounds) so that (6.22) holds.

Proposition 6.3. There ezist o = @(x,h) and X\ = A(h) with asymptotic expansions
¢'(x) = (sgna)yW(z), ¢(0)=0, ¢=0, ¢,p;€C([a,b]),

P(x) = LW (@) /W (@) — w/ (sgn )W (@)}), @1(0) =0, (6:29)
A(h) ~wh+ Xah® + -+ w = /3W"(0),
so that
((hDy)? + W (z) — A(h))(e~#@M/hy = O(p)e= @/, (6.24)
uniformly for x € [a,b).
Proof. We find
oz, h) ~ @)+ hpi(x) + -, AR) ~hAy +h*Ag + -+, (6.25)
by solving
PO _p202 £ W (x) — A(h))e ?@M/h (6.26)

in a suitable asymptotic sense. This will be achieved if we show that
—(&' (2, h))? + W (2) + he" (2, h) = A(h) ~ 0.

in the sense of (6.22). Inserting (6.25) into this equation gives ¢'(x) = (sgnz)/ W (z)
and
7j—1
_2Q00 gO 90] E + 90] 1( ) /\j = 07 900('1;> = QO(ZE)
=1

Since pf(z) = 1/3W"(0)z(1 + O(x)), solving this requires a choice of \; for which we

can divide by ¢f(x) at x = 0:

% 1 ( Z‘Pf 90] (0 M =wi= %W”(O)~

We then get a recursive formula

In particular,
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where the function in brackets vanishes at 0 and hence can be divided (sgnz)/W(z) =
wz + O(z?).

We conclude that for ¢(z, h) and A(h) given by (6.25) with ¢; and A; chosen above
we obtain from (6.26)

(—h*0% + W (x) = A(h))e~#@MT = O(p>)e= ¢/,
and it is clear that we can replace p(z, h) by ¢(z) on the right hand side. O

We can normalise the WKB state so that
w(z) = c(h)h " exp(—p(x,h)/h), ||wlr2p = 1. (6.27)

The normalising constant is computed by the method of steepest descent based on
o(z) = jwa® + O(a®) — see [Zw12, Theorem 3.11] (the version in which the phase
2ip(x)/h is replaced by 2¢(x)/h is obtained in the same way). This gives,

c(h) = (w/m)Y4(1 + Oh)). (6.28)

In our applications of Proposition 6.1, we will use the following notation: for a
real-valued function ¢(x),

u(z) = O(e= @My —
Ve>0,k e NIC >0 |0fu(x)| < Ce#/Mte/n

where the estimates are valid in the region of definitions of the functions u,w and .
A special, and frequently occurring case, is when p(z) = S is a constant.

(6.29)

Proposition 6.4. Suppose that W satisfies (6.10) and Py(h) is the Dirichlet realisation
of (hD,)*> + W(z) on [a,b]. Then for any fived w < o < 3w, there exists hy such that
for 0 < h < hy,

Spec(Po(h)) N[0, ah] = {A(h)}, (6.30)

where A(h) has an asymptotic expansion given in (6.23). Moreover, if u is the nor-
malised eigenfunction corresponding to A(h) then, in the notation of (6.23) and (6.29),

u(z) = O(e @My e a,b. (6.31)
In fact, more precisely, there exists N € N, such that
VEIC |(hd,)fu(z)] < ChNe #@/h 1 € [a,b]. (6.32)

In the proof and in the next section we will need the following lemma (which can
be refined in many different ways but is sufficient for us here):

Lemma 6.5. Suppose A is a self-adjoint operator, A > 0 and that 11 := 1 25(A) has
finite rank. Suppose that {u;}]_; and 0 < X\ <0 satisfy

uj € D(A), |yl =1, [[(A—=XNu;|l <e, [(u,u;)| <e, i#j, €<0. (6.33)
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Then
(I —I)u,l| <e/é. (6.34)
If in addition (e + (¢/0)?)J < 1 then
trII > J,  d(),Spec(A)) < e, (6.35)

that is, there are at least J eigenvalues of A (counted with multiplicities) in [0, 24].

Proof. To see (6.34) we note that since A(I —II) > 26(1 — 1I),
(A(I = Iy, ug) = (AU = (I = Muy, (1 = M) = 20[(1 = Wyl |*.
On the other hand
(A(I = )y, uz) = (I = ) Awg, uz) = M = Muy||* + (ry, (T = M), sl <e,
and hence
(20 = M = T ||* < (i, (T — Muy) < e[ (7= My,
(6.34) follows.

For (6.35) it suffices to show that w; := llu;, j =1,---, J, are linearly independent
and for that we consider the Gramian matrix, G, with entries given by

(wi, wy) = (ug, uz) + (AL = Dug, ug) = (ug, uz) + (11— Dws, (IL— Tuy) (6.36)

= 0ij + aij,  ag| < (e/0)* + ¢, .

where we used the estimate on (u;, u;) in (6.33) and (6.34). This means that G = I+ R
where we can estimate the norm of R by J(e+ (£/§)?) (using, for instance, the discrete
version of the Schur estimate — see (2.14) and (2.15)). Hence, the assumption gives
|R|| <1 and the Gramian is invertible, showing the independence of w;’s. This gives

the first part of (6.35). The second part is immediate from the spectral theorem and
the bound ||(A — N)u,|| <ein (6.33). O

Proof of Proposition 6./. We proceed in three steps:
Step 1. We start by proving that if
(Po(h) = A(R))u =0, wu(a) =u(b) =0, |u|r2qas = 1,

A(h) € [0, M ], then (6.32) holds with N depending on M and the potential W (and
on k). For that we will use (6.14) with V' (z) = W(z) — A(h) and

_ | p(z) = ChlogC, o(z) < Ch,
o) = { o) — Chlog(p(@)/h). plz) > Ch (6.:37)

where C' will be chosen later.
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Then for p(x) > Ch, we use ¢'(z)? = W(z) (see (6.23)) and the assumption A(h) <
M to see that

Vir) - @) = (¢ Chg%))
_ G (@)
= W) = A(h) = ¢/ (@) + 2000 o O (6.38)
_ W) (, Ch B W(z)
= =AW+ Che (2 g0(%)) > —Mh+Ch_

Both W(z) and ¢(x) are positive away from 0 and
W(z) =w’z? + O0(z?), () = twz® + O(z?),

near 0. Hence, W(z) > Cip(z), = € [a,b] and we see that in (6.38) we can choose C
large enough so that for p(z) > Ch,

V(z) — ®'(x)* > h.
We now apply (6.18) with
F2 = —(V = 9" (2)*)Lomy<cn = Mh) Lp@<on < Lo@<cnMh,
and F? = (V(z) — ®'(2)?)1p@)>cn > h. The estimate (6.18) gives
B3 )|+ | Foe il < 3| F_c™ 2

Now,
e2@)/h _ p(@)/h max (C, p(x )/h)

and hence for some N, (we have ||u||r2(jap) = 1),
Hh&p(e‘p/hu) HLQ([U«,b]) + H@c'o/hu”Lz([a’bD < ChiN.

The Sobolev embedding theorem? gives (6.32) with & = 0. For higher derivatives we
use the equation: if k£ > 1,

(hdy)(e#!" (hdy)*u) = e/ (hd,)* (W (z) — A(h))u] + @'/ (hd,) u

and the bound follows by induction.

Step 2. We now use Lemma 6.5 to obtain (6.30): if x € C((a, b); [0, 1]) is equal to 1
near 0 then we can use the normalized WKB state w in (6.27) to obtain u; := yw/||xw||
which satisfies the assumptions of Lemma 6.5 with A = Py(h), J = 1, § = ah and

= O(h®™). This implies that Py(h) has an eigenvalue which is asymptotically given
by A(h) in (6.23) (and we use the same notation for it).

ZParticularly simple in the one dimensional case as for u € C? with u(a) = 0, |u(z)?® <
(2/h) [ [uy)hug (y)|dy < (2/h)|ull L2 (a6 1Pt L2 ((a,0) -
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To see that there is exactly one eigenvalue in [0, «h|, suppose that for some p €
[0, MR), (Po(h) = p)v =0, [[v||r2(ap) = 1, v(a) = v(b) = 0. By the argument in Step
1 of the proof, (6.32) holds for v. For 0 < § < 1 we define

vi(e) = x(h"Pap(e), x € CR((=2.20,1), x(@) =1, |a] < 1.
On the support of x/(h~2%2) the estimate (6.32) (which holds for v) gives
|(hd,) oy (2)] = O(hNem#@/hy = O(h=Ne /) = O(h*).
(We recall that ¢(z) = jwz? + O(z®) and ¢(z) > 0 for = # 0.) Hence, for

uy = vy/|lv1,

we have
1

(Po(h) — pyur = [Po(h), x(h™ 2 e)Juy = O(h*) r2(s). (6.39)
On the other hand,
Py(h) = (hD,)? + w2 + O(z*), O(x®)x(h~2"z) = O(h2~).
Thus (6.39) gives
(hD,)” + e = pyuy = O(hF ) 2 a).
We can now apply Lemma 6.5 with A = (hD,)? + w?z? to see that
d(p,wh(2N + 1)) = d(u, Spec((hD,)? + w?z?))
= O(h="%),
where the spectrum of the harmonic oscillator was computed in §3.2.

Hence any eigenvalue of Py(h) in [0, ah] has to satisfy (for A small enough), u = wh+
O(h2739). If there were J > 1 of them, we could use the orthonormal eigenfunctions of
Py(h) cut-off by x(h~2+9z) in Lemma 6.5 with ¢ = O(h2~%). That would contradict
the simplicity of the eigenvalues of the harmonic oscillator. This completes the proof
of (6.30). 0

The key remaining key fact in our study of the single well is a comparison between
the exact eigenfunction and the WKB state constructed in Proposition 6.3:

Theorem 6. Suppose that ) := c(h)h’i exp(—p(z, h)/h) is constructed in Proposition
6.3 with c¢(h) given in (6.28), and u(x) > 0 is given in Proposition 6.4. Then for any
X € C°((a,b);[0,1]),

x(u =) = O(h®)e " in C=([a,b]). (6.40)
Proof. We choose Y € C°((a,b); [0, 1]) such that ¥ = 1 on a neighbourhood [a/, '] D

suppx, a < a’ <0 <V <b. We then put w := Y(u — ). Then (6.34) in Lemma 6.5
applied with J = 1 and u; = X7, and the equation (see the proof of (6.32)) show that

w = O(hoo)coo([a’b]). (641)
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Since both u and 1) satisfy (6.32), we also have (with estimates on derivatives)
w= O Ve ?@/" 5 e la,b).
Since (P — A(h))u = 0, and (from (6.24)) (P — A(h))y = O(h>®)e™%/", we have
(P = A(h))w = X(P(h) = A(h))(u = ) + [P, X](u — )
—w/h N~ —o/h . (6.42)
= O(h>®)e ?" +-r(h), r(h) = O N)e#" suppr C supp Y.

We want to use this in (6.14) with an appropriate weight. To do that we change
between weight used in Step 1 of the proof of Proposition 6.4 (to obtain (6.32)),

Bo(x) = pl) — Chlogmax(C, ¢(x)/h),
to a weight ®; < (1 — €)¢ on the support of X’. In dimension one that is very simple
(see [DS99, Appendix to §6] for the higher dimensional version): choose ag and by so
that
max(supp X' N (a,0)) < ag < a’, b < by < minsupp X' N (0,d),
and then put
Q1 () = Lig,00)(2)Po(a0) + Lagpe) () Po(z) + Lpg,p () Po(bo).
We can use (6.18) as in the proof (6.32) with & = ®;. We note that (see (6.42))
e®/Mr(h) = O(h™™)e® e M ppw = OBV )e M p v
= O(h*).
We now (6.18) to w (see Step 1 of the proof of Proposition 6.4) with
F? = —(V = &)(2)*)1y@m)<on < Mhlg<on(w),
F? = (V(z) — ) (2)*)1yscn(®) > Chly<on(z). ae.
From (6.42) and (6.43), and recalling that V' =W — A(h) so that F\, + F_ > h/C, we

obtain

(6.43)

(Fp 4 F_ ) re® /" (Py — M(h))w = O(h%) 2.
By (6.41) and that supp F C {p(z) < Ch}, we have
F_e®/My = O(h™) .
This gives
1hde (e w)* + 5| Fre™ Mo ?
< SN F_e™Mwl? + [[(Fy + F)7te™ M (By = A(h)w]|* = O(h).

On [ag, b,
eP1@/h — 2@/ max (C, (z) /h) 7,
and hence,
1A (5" w2 1) + 1" 0l 12 = O(B).
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(Eo(m/2,h) — Ey(k, h))e%/"\ /1 Jwhe ™ = cos k(1 + O(h))

0.5

-0.5

15 | I I I I |
0 1 2 3 4 5 6

FiGUurE 11. We illustrate Theorem 7 by computing the Bloch eigenval-
ues for to V(x) = sin® mx using 21° + 1 Fourier modes (Sp = 2/7, w =7
and A = log?2 in this case.

Using the Sobolev embedding theorem as at the end of Step 1 in the proof of Propo-
sition 6.4, gives (6.40). O

6.3. The periodic case. We now assume that V' € C*(R;R) satisfies (6.6) and
consider

P(h) = —h*0?>+V(z) : H*(R) — L*(R). (6.44)
Following the discussion in §6.1, our goal is to describe the first band of the spectrum
of P(h), Ey(k,h), as h — 0. We denote by Pg(h) the operator P(h) acting on Hj
given in (5.6) (with I' = Z and n = 1, and the domain given by H2 (R) N Hy). Then

Ey(k, h) is the first eigenvalue of Py (h), with other eigenvalues denoted E;(k, h), j > 1.
The main result is

Theorem 7. Under the assumptions (6.6) and in the notation above we have, for any
e>0, Ey(k,h) > 3(w—¢e)h, and

Eo(k,h) = A(h) — t(h) cosk + O (e~ =)/,
t(h) = 4/ hw/mete™5/M (1 + O(h)), (6.45)

AR) ~wh+Xh® 4+ wi=4/3V7(0),

2
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Asymptotics of the width of the first band for —h20? + sin?(7z), 0.03 < h < 0.1
0.65 -

0.6

0.55

0.5
0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

FIGURE 12. An illustration of the first part of (6.47) for the potential
used in Figure 11. The convergence is convincing but smaller values of
h would be needed to get to Sp!

where

Sp = /01 V(z)2dz, A =limk (/:_awV(m)—%dx + log V(5)> . (6.46)

e—0 2

A numerical illustration of the theorem is given in Figure 11. It is a special case of a
result of Outassourt [Ou87] )(see also [He88, §6.2]) which we will review in §6.4. The
following corollary was proved earlier by Barry Simon (see [He88, Corollary 6.2.7] and
[Si84]):

Corollary 6.6. Under the assumptions of Theorem 7, consider the bands of the spec-
trum:

In(h) :=A{E.(k,h): k€ R/2nZ}.
Then
—lim hlog |Iy(h)| = So,
h—0

lim 2~ (min I; (h) — max Iy(h)) = 2w.

h—0

(6.47)

Proof. The first equality in (6.47) follows immediately from (6.45). For the second
equality, we recall from Theorem 7 that E;(k,h) > 3(w — ¢)h for any fixed € > 0.
Hence, it is enough to construct an approximate eigenfunction of Fy(h) (that is, for
k =0, as any k would do), corresponding to 3wh + o(h). For that, we use the second
eigenfunction of the harmonic oscillator (see §3.2) and proceed as in (6.7):

u(x) _ C<h)h73/4 Z(m i g)efw(xfg)2/2h’ ueHy = L2(R/Z)
LE

where c(h) ~ 1 is a normalizing constant chosen so that that ||u|[;2/z) = 1. We have
Py(h)u = 3whu + Op2(h*?). Therefore Ey(0,h) < 3wh + O(h3/?). O
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An outline of the proof of Theorem 7 was given in §6.1 after (6.6) and we will follow
it, providing technical details leading to the precise calculation of ¢(h). That occupies
the rest of this section.

For 0 < n < 1 we define P"(h) as the Dirichlet realisation of P(h) = (hD,)?>+V on
[—1+4n,1 —mn]. This is an operator of the form described in §6.2.2.

Let A, (h) be the first eigenvalue of the operator P"(h):
(P(h) = Ay(h))u(h) = 0 on I, := [=1+n,1 =],
lu(P) |2y =1, u(h)lor, = 0.

If x € C((—1+2n,1—2n);[0,1]) is equal to 1 in (—143n, 1 —3n) we put (dropping
the dependence on h in the notation):

(6.48)

Y =xu = Ph)y=N,(h)Y+r, r:=[P(h),x]u. (6.49)
We use 1 to construct an approximate eigenfunction of Py (h):
(x) = Ze"kj@/}(x — 7). (6.50)
€T
Since
Ye(r —0) = e M@ —L—j) =™y e Yz — (j 4 1))
jEL JET
— 6i£k¢k($),
we see that ¢, € Hi N C*(R). Also, in the notation of (6.49),
Pe(h)p = Ny(h)y + 15, 1 = Z e k(e — ). (6.51)
jEZ

To streamline the notation we modify (6.29) to
u(z) = O,(e™ /M) —

Ve, kyn, 30, |hu(x)] < CemSoreml/h, lim () = 0.

(6.52)

From (6.32) we then see that we have pointwise estimates
1
Pr(x) = Ople™M), Sy = / VV(x)d. (6.53)
0

We now show that Ey(k, h) is an isolated eigenvalue of Py, uniformly in k& and h:

Proposition 6.7. Let Py(h) be the Floquet operator defined after (6.44). Then for
any a < 3(%‘/”(0))% and h small enough,

Spec(Py(h)) N[0, ah] = {Eo(k,h)},  Eo(k, h) = \j(h) + O, (e=5/M), (6.54)
where \,(h) was defined in (6.48) and we used the notation (6.52).
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Proof. In view of (6.51) and (6.53) we already know that
A(Spec(Py(h)), Ay(h)) = Oyle™ /™),
and it remains to show that )\n(h)+(5n(e*50/h) is the only eigenvalue of Py (h) in [0, ah].
For that, we recall Theorem 4 and consider
((hD, — h)? + V(@))wr(h) = By(hywe(h),
wi(r + 1) = wi(z), 0< Ex(h) < ah.
As explained in §5.3, ug(h,r) = e®*wy(h,x) is then an eigenfunction of Py (h) with
eigenvalue E(h). In particular estimates on wy(h) will translate to estimates on eigen-

functions of Py(h). An adaptation of the proof of Proposition 6.1 gives, for any Lips-
chitz function on R/Z, ®,

Re<€¢/h(<<th — hl{?)Q + V(ZE) — Ek(h))wk, Gé/hwk>L2(R/Z) =
||(th — k:)(e(b/hwk)HLz(R/Z) + <(V — Ek(h) — |V(I)‘2)€q)/hwk, €q>/hwk>L2(R/Z).

Arguing as in Step 1 of the proof of Proposition 6.4 we see that (6.32) holds for
wg(x) for x € K € (—1,1). Consequently it remains true for the eigenfunctions of
Pi(h). Suppose Ei(h), 1 < j < J, are the eigenvalues of Py(h) in [0,h] and ) (h)
the corresponding eigenfunctions lying in Hy N C*°(R). The estimate (6.32) shows
Xui(h)/quiHLz(In) (with the same x as in (6.49)) satisfy the assumptions of Lemma
6.5 with A = P7(h) (see (6.48)) and & = O, (e~%/"). But then the fact that P7(h) has
only one eigenvalue in [0, ah| (see Proposition 6.4) shows that J = 1. O

Let uy € Hy be the normalised eigenfunction of Py (h) corresponding to the eigen-
value Ey(k,h) in (6.54). We then consider the orthogonal projection

Mw = (w, ug)uy.

In view of (6.54), Spec(Py(h)) \ {Eo(k, h)} is bounded from below by 2wh (for h small
enough) and hence
Pu(h)(I — L) > 2wh. (6.55)

For v, defined in (6.44) we have (with norms and products on Hy,),
(Pe(h)(I = Wi) e, (I — )iy = (1 — L) P(h) ok, )
= XML = T )ty ||* + (i, (1 — T )be).
Combined with (6.55), this implies that
(2wh = Ay (M) = T )i || < [l
Since 2wh — \,(h) = wh 4+ O(h?), (6.53) shows that

17 = )] = By (e=5/m), 5, = / V.
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Hence
Tl = bell® = (7 = Tl = el — Oyl 250/%).

From that we obtain the following relation between A, (h) and Ey(k, h):

Eo(k, ) ||voel® = (Po(h) ity Tiabe) + O, (e 250/
= (I Pe()n, Tth) + O (e~ 250/7)
Ay (Mo ]l* + (i, i) + (9,7(6_250/h)
A
A

(Wl + (s i) + OIrall |1 = )y ) + Op(e250/Y)
(k2 + (i, ) + Oy (72507

Since (6.8) shows that (ry, ) = (5n(e_50/h) and that [[¢]> = 1 + (5,7(6_S°/h) we
conclude that

Eo(k, h) = Xy(h) + (ri, i) + Oy (e72%/M).
To compute the right hand side we recall from (6.42) and (6.50) that

(Th, Vi) = Z ekl e)/ — O)(x — j)dx.

Now,
J=0,0=0,
suppr(e — ) Nsupp (e —j)N[0,1] #0 = ¢ j=0, { =1,
j=1, (=0

Decay of ¢ shows that j = ¢ = 0 contribute (577(6_250/") and hence modulo (=) that
error term (and with u given in (6.48) and used on the definition of v, (6.49))

(re, ¥n) = 2005/{:/ r(z)Y(x — 1)dz
= 242 cosk/ / )+ 22X (2))x(z — Du(z — 1)dz
=2h? cosk/o "(x)x(z — D) (u(x)u'(x — 1) — u(z) u(z — 1))dx

+ 2h*cos k / X (x)u(z)x'(x — Du(x — 1)dz
= 2h* cos k(u($)v'(—1) — u(—3)u'(3))-

We now calculate the Wronskian using Proposition 6.3 and Theorem 6: for |z| < 1—m,
u(z) = c(h)h~ie #@/he=1@) (1 4 O(h)),

W(z) = —c(M)h~5 (¢ (x) + O(h))e~¢@/he=01@), (6.56)
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We have
(1) = / VYV (x)de, o(—3) —/;\/—dx—/ V'V (x)de,

so that p(3) + ¢(—3) = Sp, where Sy is given in (6.53).
Finally, using (6.23),

1 2

From a similar formula for ¢;(—3) we obtain

wV(.:E)_%dx + 3 log V(s)) + 1logV(3).

e—0 2

—p1(3) = r(=3) = lim (/1_8wV(.fc)_§dx +log V(e)) — 31og V(3).

These calculations and (6.28) inserted into (6.56) give

u(3)u'(—3) —u(—3)v'(3)

_ —c(h)Qh*%(np’(—%) ¢'(3) +O(h))e™ (e(3)+e(=3)/hg—e1(3)—¢1(—3)

= 20 (w/m) PV (1) e A BBV ) (1 4 O(h)

= 2h" 2 (w/m)2ete /M (1 + O(h)),
where A and Sy are given by (6.46).
6.4. Higher dimensional examples. In this section, we will indicate, with pointers
to the literature, how the semiclassical approach to the tight binding approximation

works in higher dimensions. We will concentrate on two dimensions and provide nu-
merical illustrations.

Hence, we consider periodic potentials in R?, V' € C°°(R?/Z?) and operators
P(x,D,) = —h*A+V(z), x=(v;,15) € R%. (6.57)
In this mathematical formulation, the tight binding model corresponds to describing
R?/277° > k — E;(k, h) € Spec(Py), (6.58)

as h — 0, in terms of states localised in a fundamental domain due to the presence
of one more potential wells. The basic idea is the same in dimension one described
in §6.1. For more general cases, we refer again to the physics texts [JoKal9, §2.5] or
[Ka03, §4.1].
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V(z/27) = sin® 21 + sin® 23 — 0.5 sin(x, + x2) Ey(k,h), |ki], k2| < 2w, h =0.1

1

05

-0.5

~J

V(z/2r) = sin® z1 + sin® x5 — 2.0sin(z; + z2) Eo(k,h), |ki],|ke| < 27w, h =0.1
1 - - 7 ol

FIGURE 13. A numerical illustration of (6.65). For an animated version
see https://math.berkeley.edu/~zworski/Bloch_movie.mp4.
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V(z/27) = sin® 2 + sin® 2y — 4.5sin(x; + x2) xo = argmin V' (x)
\\1\;::

— Geodesic corresponding t0 Sz 4 (zo+1,20) = 166

\ W \
\ \

N
— Geodesic corresponding t0 Sy, 4,),(zg+1,00-1) = 1.08

FIGURE 14. Geodesics for the Agmon metric gy = (V(z) — V (z0))da?,
where V' is given in the figure and V(xg) is the minimum of the Z*-
periodic potential V. After changing variables x — x—x(, corresponding
to S(,0,0,0) = dv((0,0),(1,0)) and So,0),01,-1) = dv((0,0), (1, 1)) for
V' used in Figure 15. We see that S 0),1,-1) > S(0,0),(1,0)- We remark
that we also have S(o0),1,-1) > S(0,0),01,1)- For an animated version
of the figure on the left see https://math.berkeley.edu/~zworski/
Agmon_movie.mp4.

The operator Py in (6.58) is the operator corresponding to P and acting on H,, with
the domain given by H; N HZ (R?) — see §5.3. It is unitarily equivalent to

By, = (hDy, — hky)? + (hD,, — hk))? + V(z), D(B) = H*(R?/Z?),
that is, to an operator acting on periodic functions.

The analogue of the assumption (6.6) is now

V(0)=0, VV(0)=0, Vl]gzz >0,

2V 22,V . .. . (6.59)
V"(0) := ( o T1r2 is positive definite.
0z,2,V(0)  02,V(0)
The simplest higher dimensional case is given by considering
V(z) = Vi(z1) + Va(zs), V;, j = 1,2, satisfy (6.6). (6.60)

In that case, we have
Eo(k,h) = Ey(ki, h) + E3(ka, h),

where Fj(k, h) are the ground states of one dimensional operators

Pl = —1*9? + V;(y) : H*(R*/Z?) — L*(R*/Z?).


https://math.berkeley.edu/~zworski/Agmon_movie.mp4
https://math.berkeley.edu/~zworski/Agmon_movie.mp4
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V(x/27) = sin® z; + sin® 29 — 4.5sin(z; + z3)
I

| T | I

L o
s —— —hlog(maxy Ey(k, h) — ming Ey(k,h))|

09~ e dV((OaO)a(la_l)) -

0.8 |

0.7 ! | | | | | ! | | B
0.05 0.055 0.06 0.065 0.07 0.075 0.08 0.085 0.09 0.095 0.1

FIGUuRE 15. Convergence (admittedly slow) of —hlog|ly(h)| to
dy((0,0),(1,—1)) for the example in the bottom panels in Figure 13.
We have dy((0,0), (1,—1)) > dv((0,0),v), v = (0,1),(1,0), (1,1). This
means that Ey(k, h) is dominated by t1 _1(h) cos(k; — k2) as seen in bot-
tom panels of Figure 13. The approximate Agmon distance is computed
by solving Hamilton—Jacobi equations — see Figure 14.

Theorem 7 then gives a description of Ey(k, h) which can be formulated as follows:

Eo(k,h) = A(h) — t1(h) cos ky — ta(h) cos ky + O (e~ 2minsi=e)/hy,

. O (6.61)
—}lllg(l)hlogtj(h) =S5, §j:= /0 Vi(x)2dx.

Generically, one of the S;’s will dominate in the limit but we can (numerically) see the
transition involving both terms if we change the potentials.

For more general potentials we can heuristically argue as in (6.2)—(6.4) but now
taking into account all nearest neighbours of 0. That gives the following analogue of
(6.5):

Eo(k) =XA— Y tncos(n, k), (6.62)

Making this quantitative (and mathematically rigorous) in the setting of (6.57) was
initiated by Simon [Si84] who obtained an analogue of (6.47) in higher dimensions, and
by Outassourt [Ou87] who obtained precise asymptotics using the Helffer—Sjostrand
theory — see [He88, §6.2] for a textbook presentation. A very general framework al-
lowing for infinite but not necessarily periodic set of wells was developed by Carlsson
[Ca90]. More recently, the topic was revisited by Fefferman, Lee-Thorpe, and We-
instein [FLW18] (see also [ShWe22]) with the motivation coming from the study of
graphene.

An interesting new feature in higher dimensions is the emergence of geometry: the
tunneling between wells measured by fol V(w)%d:c in dimension one has to be measured
geometrically. Proposition 6.1 (presented in all dimensions) and its applications such
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V(z/2m) = sin® x; + sin® zy — ysin(z; + 29), o = argmin V
1.8 T I I I I T I T

1.4

12 e

........ Linear approximation of S, 4), (zo+1,20—1)
° S(xowo),(woJrl,fol) for v =4.5

0.8

— Agmon distance S 20),(z0+1,2,) @S @ function of |7

06 \ ! I I I I I I

0 0.5 1 1.5 2 25 3 3.5 4

F1GURE 16. Comparison of Agmon distances for a changing coupling
constant: Sz, z0),(wo+1,20)» 8 shown in the movie linked in Figure 14, and
S (@o,20),(wo+1,00—1) approximated linearly by \/§f01 \/V(aso +t,x9 — t)dt
(it is difficult to compute that distance for v < 4 as the geodesic may
not pass through the saddle point and the dynamics is very unstable; we

indicate the computed value at v = 4.5). The transition occurs around
v = 1.5 and can be seen in Figure 13 and the movie linked there.

as (6.19) suggest that the decay of periodic solutions to
(=h*A+V)u=Eu, V>0, E=O0O(h),
is given by
u(@)] < e @@ VD)2 = V(z), @€ Lip(RYZ3[0,00)),  (6.63)
where @ vanishes when V' = 0 (where we can consider more general situations than
(6.59)).
Readers familiar with Riemannian geometry will recognize the equation for ® as the
eikonal equation for the (degenerate) metric:
gy = V(x)dz?, (6.64)

where dz? is the standard Euclidean metric. Local smooth solutions, with say, ®|s = 0,
give the distance to S — see [He88, Lemma 3.2.1] for a relevant example. In fact,
viscosity solutions to |[V®(x)|> = V(z) give that distance globally [Ev25]. A simple
example in 1D is relevant to the study of the double well — see Figure 18.

The metric (6.64) appeared explicitly (and for more general operators) in the work

Lithner [Li63]. It was systematically applied to the study of decay of eigenfunctions
by Agmon [Ag82] and is known as the Agmon or Agmon-Lithner metric. Agmon

4.5
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introduced it for other energy levels and for more general potentials in which case it
is given by

9= (V(z) - E).da?,

where f,(z) := f(z)1s>o(x). It is the analogue of the classical Jacobi metric (£ —
V(x))ydz? for the classically forbidden region. We refer to [DS99, §6.b] and [HeSS,
§3.2] for thorough presentations and additional references.

A still rough but more quantitative version of (6.62) can now be given as follows

E(k,h) = A(h) = ) ta(h)cos(k,n),
n#(0,0) (6.65)
—lim hlog |tn(h)| = Son = dy(0,n),
h—0

where dy(0,n) is the distance between 0 and n with respect to the Agmon-Lithner
metric (6.64). This should be compared to what we saw in (6.61) for the simple case of
(6.60). If geometric assumptions are satisfied, among them the existence of a unique
geodesic connecting 0 and n, a precise asymptotic description of ¢,(h) can be given in
the same spirit as in Theorem 7.

Unless we have some symmetries, a single term will generically dominate as h — 0.
In practice, for fixed values of h, (6.65) will provide a good description of the Bloch
eigenfunction k — E(k, h), as we change the potential landscape. That is illustrated
in Figure 13 and the movie linked there. We see there a transition between two
dominant cases in which Ey(k, h) is proportional to cosk; + cos ke and cos(k; — kq) —
see Figure 16. Figure 14 shows the distance minimizing geodesics and the movie linked
there illustrates the change as the potential changes.

We conclude with a few comments on our numerical experiments. The compu-
tation of the Bloch spectra was performed using a basis of 26 x 25 Fourier modes,
benefiting from the sparsity of the resulting matrices. The computation of Agmon
geodesics/distances was more challenging and we used ODE solvers and the “shooting
method”. That was particularly tricky for dy ((0,0), (1,—1)), hence no movie in that
case. A systematic approach would perhaps be best achieved by finding viscosity solu-
tions to the eikonal equation in (6.63) — see the comments there. That could be done
by adapting fast marching methods [OsFe03],[Se99] to our degenerate case.

6.5. A double well. For completeness of the presentation, we now consider the prob-

lem of a double well potential on the line’. Thus we consider the following class of

3This section is not particularly relevant to the subject of our book but is easy to include once the
machinery of §6.2 has been developed. A reader interested exclusively in periodic problems can skip
this section.
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potentials:
Viz)=V(-x), V(1)=V'(1)=0, V"(1)>0,

V‘R\{il} >0, liminf V(x) >0, Ve COO(R).

|| =00

(6.66)

A standard example is given by V(z) = %(xQ — 1)%. The corresponding semiclassical
Schrodinger operator is given by

P(h) := —h?0? 4+ V(z). (6.67)

The main result concerns the exponentially small splitting between the two smallest
eigenvalues of P(h).

Theorem 8. Suppose that P(h) is given by (6.67) with V(z) satisfying (6.66). Then
for 0 < h < hy,

Spec(P(h)) N [0,ah] = {M(h), Aa(h)}, w<a<3w, w:=(V"(1)2,  (6.68)

and

Aa(h) — A (R) = 4y/wh/mete ™50/ (1 + O(R)), Sy := /_11 V'V (x)dz,

. 1 (6.69)
A:= lim (/ twV(z)"2dz + loge + logw> :
e—0+ “l4e
In the example V(z) = {(2? — 1)?, we have
1 1
So = » VV(r)dr = %/1(1 —2)dr = 2, (6.70)
and, using (6.69),
‘ l1—¢ 1 )
A= EEI(I]l+ (/1+5 mdw + log 5> = Elir& log(2 +¢) = log 2. (6.71)

The eigenvalue splitting in this case is illustrated in Figure 17.

We adapt, in a self-contained way, Helffer’s presentation from [He88, §4.5] — see also
earlier works by Landau—Lifshitz, Reed—Simon, and Harrell cited there, as well as the
work of Coleman mentioned in §6.1. For a mathematical perspective on Coleman’s
formulas, see Sordoni [S097].

We start with an application of Proposition 6.2 to double wells:

Proposition 6.8. Suppose that V satisfies (6.66), P(h) = (hD,)? + V(x), and for
some M > 0,
(P(h) — p()u(h) = 0, (k)i = 1. p(h) € 0.0ME.  (6.72)

If
d(r) = minps(z), ¢L(r) =+£V/V(2), ¢x2>0, p=(£1) =0, (6.73)
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Potential V(z) = {(z? — 1)%, Sy = 2, A =log?2
T T

—numerically computed e%/"h=1/2(\y(h) — A1 (h)))

--=-Semiclassical approximation 41/(392V (1))7 /e = 8/\/7

| | | | | | | 1

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

FIGURE 17. The splitting (6.69) for V(z) = 1(2* — 1) with Sy and A
computed in (6.70) and (6.71). We use the first 151 eigenfunctions of
(hD,)? + 2% as an approximate basis of L? and we obtain the following
(admittedly, roughly computed) agreement with the theory (the hori-

zontal axis is h).

The Agmon distance d(z) for V(z)

0.45

0.4 w | 1
—d()

oaf V(@) =i -1
02 i
0.1 g

0 ) 1 | | )

15 1 05 0 05 1 15

FIGURE 18. The Agmon distance to {—1,1} for V(z) in Figure 17.
then, in the notation of (6.29),
u(z) = Oe~d@)/Mmy, (6.74)

Remark 6. The quantity d(x) is the distance of of = to the set {—1, 1}, with respect
to the Agmon-Lithner metric g = V(z)dz? discussed in §6.4.

Proof of Proposition 6.8. We will apply Proposition 6.2 with W =V — p(h), and

Op(z) = (1 — 0)2d(2) Ls<aim)<(1-sya(r) (x) + 0(1 — 0)? Lgmy<s(x)
+ (1= 6)2d(R) Lawy>(1-s)a(r) ()

0.5
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We note that

x) <6,
Pp(r) = i(1—5)%V(fﬂ)”2, < d(x) < (1 -0)d(R),
r) = (1= 0)d(R),

and

V() = p(h), d( ) <9,
W(z) = |@p(2)[* = ¢ 0V(w) = u(h), 0 <d(z) < (1-0)d(R),
V() = p(h), ()Z(—)()
We can then take 0 < § < 1 and choose F4 in (6.18) so that (we note that near 41,
modulo cubic terms, d(z) = tw(z +1)? = 5=V (2))
Fy(2)ls<am<a-aam) = VOV (x) = p(h) = Vs,
Fy (@) a@y>-s)amy = V'V () — Fi(2)]awy<s = (V(z) — u(h))4 + h)2,

1 1
F(7)]a@)=s =0, F—<x)|d(z)§5 = ((V(z) - M(h))— +h)z = O(h2).
We then obtain (6.74) as in the proof of Proposition 6.4 and by taking R — oco. [

We now give

Proof of Theorem S. We proceed in a number steps.

Step 1. We start by proving (6.68) using (6.30) and (6.74). For that we introduce
Py(h) = (hD,)* + V(z) with 0 boundary conditions on +[—1+n, Ry].  (6.75)

The parameters 0 < n < 1 and Ry > 1 will be chosen later. We introduce eigenfunc-
tions of Py (h):

(Pi(h) = A(h))us(h) =0, ui(=1+n) = up(Ro) =0,

(6.76)
s (W) 2orimmay = 1o u (@, h) = g (—, h),

and recall from (6.31) that uy = O(e~#*/"), where ¢ were introduced in (6.73).

We then take x; € C®(R,[0,1]) with suppx;+ C (=1 +2n,Ro—7n), x+ = 1 on
(=1 +3n, Ry — 27n), and put x_(z) = x4+ (—z). We also put

So = /_11 \/de = p4(—

and choose Ry large enough so that ¢, (Ry) > 25p. In the notation introduced in
(6.52), we have

Yg = xxtx, (P(h) = A(h))s = On(e_so/h)a (6.77)
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and

(U, ) = (U, us) + /(1 —2)O(e @MY gy = 1 4 O, (e=250/hY,
I+ ~ (6.78)
(g, 0-) = / O (e~ P+ @+e-@)/h) gy = G(e=So/hy,

1-2n

since for |z| <1, p4(x) + ¢_(x) = Sp. Lemma 6.5 applied with A = P(h) then shows
that P(h) has at least two eigenvalues in [0, ah).

We now reverse this argument and construct approximate eigenfunctions for Py (h).
Hence suppose that there exist w;(h) € D(P(h)), j = 1,2, 3, such that

(P(h) = Aj(h))w;(h) =0, 0 < X;(h) < ah, (wi(h),w;(h)) = b

Since P(h) commutes with U f(z) := f(—x), we can assume that w;’s are either odd
or even. T'wo of them have to be of the same parity, say w; and ws.

We now introduce x+ € C*°(R,[0,1]) with suppx+ C (2n,Ry — 1), X+ = 1 on
(3n, Ry — 27), and put X_(z) = x+(—x). Then

(P(h) — \j(h)(Ryw;) = Oy(e™H02M) j=1,2,

~ ~ ~ ~ ~ o 6.79
2(Xwi, Xy wj) = Z<X:twia Xxwj) = i + Oye SO/Qh): ( )
+
where we used the fact that w;, j = 1,2, have the same parity. Since i w, are

approximate eigenfunctions of the Dirichlet problem on [—1 + 7, Ry], we see that we
can replace A;(h) by A(h) in (6.79). We can now apply Lemma 6.5 with A = P, (h),
A = A(h) and u; = w;/||lw;|]| to conclude that P, (h) has two eigenvalues in [0, ah]
which contradicts (6.30). Hence, (6.68) holds.

Step 2. Let II := 1jg s (P(h)) and, in the notation of (6.77), define
we =T, [ws — vl = Oy(e=/"), (6.80)
where the norm estimate follows from (6.34). From this and (6.78) we see that that

(ws, we) = (Y, 1) — (T = Mo ?
— 1+ O, (e 2%/,

(wi,wo) = (W, ) = ([ = 1oy, (I = M)yp-)
= (Y4, 9) + Oy,

(6.81)
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We can assume that ¢4 are real and put ¢ := (¢, ) = (’N)n(e_SO/h). The Gramian of

w4 is given by
G = (<7~U+,w+> <w+,w_)) _ (1 t) _i_@“n(e—zso/h)’

(w_,wy) (w_,w_) t 1 (6.82)
and hence
[y, @_] = [wy, w_|G™Y? (6.83)
is an orthonormal basis of IIL* and
Wy = wy — stw_ + O, (€725 G = w_ — Ttw, + O, (e~2%/), (6.84)

Step 3. We now calculate the matrix of IIPII in the basis (6.84). We first note that

Plwy —¢x) = Pl = Iy = (1 = 1) Py
=ANh)(II = Doy + (IT = Nry, 74 := [P, x+|ux,

where uy were defined in (6.76). Hence, (6.31) and (6.80) give

(6.85)

P(wg —1s) = Oy(e™%/") 2.
Consequently,
(Pwy,wi) = (PIy, pe) = (IIPYy, thy) = (Pos, ) — (P(I = )iy, )
= (Pips, ¥y) — (Pws — i), ws — hs) = (Pos, tby) + Op(e720/M) 1o,
and similarly,
(Pwy,w) = (Piy, o) + Op(e”0/M) 1.
Using (6.78) and the definition of 4 in (6.85) we see that, modulo (5,7(6*230”),
((Pw+,w+) (Pw+,w)) — (<p¢+,¢+> <P¢+>¢>>
(Pw_,wy) (Pw_,w_) (P (P )

( A(R) + (r4,14) A(R) (g, p—) + (e, ¢>)
Ah) (-, ) + (-, vy) ACh) + (r—v-) '

Since
[P, x+] = —h*X'} — 2hx/, ho,, (6.86)
and supp X’y C [—1+2n, =14 3n] U [Ry — 3n, Ry — 27}, (6.31) shows that

(re,vs) = Oy(e 250/,
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The transformation (6.84) eliminates (¢, ,%_) in the off-diagonal terms: in the nota-

tion of (6.82) and (6.84) we have, modulo O, (e=2%/") we have the following matrix
representation of ITPII under the orthonormal basis [w,,w_]:

= (P, W) (Py,w-) _ 3 (P, vy) (P, vo) -3
”PH—(<Pw,w+> <Puv,uv>> ¢ <<Pw,w+> <Pw,w>)G o5

= (3 %) A=am. Bt

where in the last step we use (see (6.82))

(—fl/? _tl/z) G i) (—2/2 _i/Q)ZI +O0(8), t= (g, 0).

Step 4. We now use Theorem 6 to calculate § in (6.87). Using (6.86) we obtain
() = =2 [ (s 2 Jxcude = k[ + (s x-u-da

= hQ/Xq_X_(u+u’_ — v/ u_)dz + h2/xl+u+x'_u_d:v,
(6.88)

where the last term vanishes since x’, x". = 0. We now notice that [ x/. x_dz =1 and
that the Wronskian u, v’ — v/ u_ is constant on the support of x/, x_. Since uy solve
the same equation on (—1 47,1 —n), that Wronskian is equal to its value at, say, 0.
Hence, in (6.87),

B = W3 {u, (0)u!_(0) -, (0)u_(0)). (6.89)
We now use Proposition 6.3 and Theorem 6 (and recall that ¢_(x,h) = ¢4 (==, h) and
that ¢4 (0) + ¢_(0) = Sp) to see that

1
B = 26(h)PhE i, (0, e+ O/ (1 1 O(<))
1 1
= 202 (w/m)2 ¢!, (0)e 2¢O/ (1 + O(h)).
We also recall from (6.23) that,

2000 = [ (Vv vt @

1—¢

= lim 0 (Llog V(2)) + w/V (z)2da (6.90)

= lim (/01_6 WV (2)"2dx + L(log V(1 — 5))) — $1og V(0).

e—0
Since ¢/, (0) = —/V(0) and
s(log V(1 —¢)) =loge + logw + O(e),
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we obtain

B = —2h3 (w/m) b1+ O(h)),

1+e
A:= lim (/ 1oV ()" 3dx 4 loge +10gw) :

e—0+ l+e

(6.91)

In view of (6.87), Aa(h) — A1 (h) = =26 + (;)vn(e*”o/h), so by taking 1 small we obtain
(6.69). 0

Remark 7. From (6.87) we conclude that the Dirichlet eigenvalue A, (h), of P(h) on
[—1+mn, Ry], Ro > 1,0 < n < 1, provides a good approximation for the eigenvalue of
the double well problem:

A (R) = A(h) + B+ O, (e 2%/ A (h) = Mao(h) = 28 + O, (e72%/m),

where § < 0 was given in (6.91) and we used the notation (6.52). In particular, \,(h)
does not depend on 7 up to O, (e=2%/").

7. TOPOLOGY FOR BAND STRUCTURES

The modified Bloch transform (5.17) takes L*(R™) to functions of x and k, which
are periodic in x. The periodicity in k is replaced by the condition

u(k +p,x) = @Plu(k,x), pel™. (7.1)

In the case of a single band, that is under the condition (5.32), we consider the line
bundle defined by ker(P, — E;(k)), where Py acts on functions satisfying (7.1) — see
Proposition 9.1 for the case of n = 2. That line bundle can be topologically non-trivial.
That provides a basic example of phenomena with interesting physical consequences —
see [MoMo18] and [Val8] for introductions to the vast physics literature on the subject.
Here we will see how the topology affects decay of Wannier functions — see §5.7 and
§9.5.

In this chapter, we introduce, in a self-contained fashion, basic mathematical notions
needed to understand that topology. We start with the simplest but exciting model
of the Bloch sphere (which is closely related to the Hopf fibration) and then intro-
duce basic concepts such as connections and Chern numbers. Chapter 8 will use these
concepts to understand topology of bands alluded to above and to present the connec-
tion between topology and the adiabatic theorem. That connection was discovered by
Michael Berry and was clarified mathematically by Barry Simon — see [Si83]. We finish
this chapter with a brief presentation of higher rank bundles, with some indications
of how they come up in condensed matter physics, in particular when isolated band
conditions (5.32) are violated.
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7.1. Line bundles through an example: the Bloch sphere. In this section, we
introduce the concept of a line bundle, working with the specific example over 2-
dimensional sphere §? = {z € R?® : |z| = 1}.

7.1.1. Definition of a line bundle. First we recall the definition in Section 2.7 special-
ized to line bundles.

Definition 7.1. Let L, X be two topological spaces, and m : L — X be a continuous
map. Then m: L — X is called a (continuous) complex line bundle if

o For any x € X, 7 Y(x) is a 1-dimensional vector space over C;
o There is an open covering {U;} of X such that there is a continuous map
hj: 7w Y (U;) = U; x C which is a linear isomorphism on each fiber.

Uj LijC

(U;)
I

J

If L, X are smooth manifolds, m and h; are all smooth maps, then m : L — X 1is
called a smooth complex line bundle.

If L, X are complex manifolds, m and h; are holomorphic maps, then m: L — X 1s
called a holomorphic line bundle.

IfU;NU; # @, then hjoh; ' : U;nU;xC — U;nU;xC is given by (x,A) — (, gi;(x) ).
The maps g;; : U;NU; — C\ {0} are called transition functions. Transitions functions
satisfy the following compatibility properties.

e gii(z) = 1;

® gij(7)gji(z) = 1;

® gij(z)gjr(z)gri(z) = 1.
Conversely, if we are given a family of transition functions that satisfies those com-
patibility properties, then we can recover the line bundle. The line bundle being
smooth /holomorphic is equivalent to the transition functions being smooth /holomorphic.

We also define sections of a line bundle, as a generalization of functions.

Definition 7.2. Let m: L — X be a line bundle, a section is a map s : X — L such
that mo s =1idx. It is called a continuous (smooth, holomorphic) section if s : X — L

is continuous (smooth, holomorphic). The family of continuous (smooth, holomorphic)
sections is denoted C'(X; L) (C*(X; L), O(X;L)).

Using local charts X = |J Uj, a section can also be described by functions s; : U; — C
such that g;;s; = s;. A simple example is given by sections of a trivial line bundle
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X x C, in which case sections are simply functions on X. In this section, we will see
examples of sections of a more interesting line bundle — see for instance (7.6). They
should be helpful in developing an intuition about this concept.

7.1.2. The Bloch sphere. A concrete example of a line bundle, will be a bundle over
S? given by the eigenspaces of a family of self-adjoint operators parametrized by S2.
For mathematically informed readers, we note that we will see that this line bundle
is equivalent to the tautological line bundle over the projective space, CP', or, after
taking unit vectors, to the Hopf fibration of S?.

The operator is defined using the Pauli matrices:

(01 (0 —i (10
1=\10) 27\ o) BT \o -1/

From them we build a family of operators parameterized by x € S*:

T Tr1 — 1T
H(z) = ijaj = ($1 +3i1:2 1—:153 2) : (7.2)
J

It is clear that H(z) = H(x)* : C* — C? (as Hilbert space equipped with the standard
inner product) and it is easy to check that Spec(H (z)) = {£1}.

On S? we use two coordinate charts given by stereographic projections: let NP be
the “north pole” given by x3 = 1 and SP the “south pole”, x3 = —1. We then have

UOZZSQ\NPBIHZ(I):MGC,

1—333

iy (7.3)
Uy :=S*\SP 3y —w=2"2—2¢C.
1 \ y = w(y) =w T

The transition map between them is w = 2.

We are interested in the line bundle given by
V, = ker(H(z) — 1) C C? (7.4)

considered as a subbundle of the rank 2 trivial bundle S? x C2. We have

V,=C (Z(lx)) , T #£NP, Vip=C (é) . (7.5)

The complex coordinates above identify the sphere S? with CP':
CP' := (C*\ {(0,0)})/ ~,
(20,21) ~ (20,21) <= IAe€ C\ {0}, (20,21) = A2, 21)-
The equivalence classes of ~ are denoted by “projective coordinates”, [zg : z1], so that

CP' = {[2:21]: 20 £ O or z; #0, 2, € C}.
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Local coordinates are then given by

, z =21z, 20 #0;
[20'21]'_){ z2=2z/z1, z1 #0.

This provides an identification with S? with [0 : 1] corresponding to NP and [1 : 0] to
SP.

The tautological line bundle, V', is defined by assigning to a point of CP', [z : 2],
the line {\(2g,21) : A € C} in C?. The trivialization maps are given by projections to
the second /first coordinate:

hg([Z() : Zl]) tA (ZO) — )\Zo, 20 % 0,

21

hl([Z() : Zl]) tA (ZO) — )\21, 21 % 0,

21

Thus g1 0 gy : A\20 + Az and the transition function gio([2o : 21]) = 21/20 = 2 on
Up NU;. This indeed gives V' the structure of a holomorphic line bundle.

Sections of V' are then given by s, s; : C — C such that

s1(1/2) = gio(2)s0(2) = zs0(2), z¢€ C\{0}. (7.6)

Example 18. While V has a lot of smooth sections, the only holomorphic section of
it is 0. This is because if we expand

o o0
so(z) = Z apz®,  s1(w) = Zbgwg,
k=0 =0

then s1(1/2) = zs¢(z) implies that
apz +a1z* + - =byg+ bzt 4 -

that is a = by = 0 for any k,¢. There are other holomorphic line bundles with
transition function go(2) = 2%, that is s,(1/2) = 2 %s¢(2) (they are called O(k)-
bundles, not be confused with the big-O notation in estimates!). Only when & > 0,
there exist nonzero holomorphic sections.

Remark 8. The bundle V is intimately related to the Hopf fibration of S3. For that
we consider S* = {(zg, 21) € C? : |20]* + 21> = 1} € C?, ¢ : V, < C? the inclusion and

StV NS5 st opt ~ 82, f(z0,21) = [20: 21], for=id (7.7)

The circles V, N'S? foliate the sphere S? in a nontrivial way illustrated in Figure 19.


https://en.wikipedia.org/wiki/Hopf_fibration
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FIGURE 19. Part of the foliation (7.7) with R3 ~ S3 \ NP folliated by
circles made out of linked key rings. See also an animated version.

7.1.3. Connections and curvature. Now we define connections, which are generaliza-
tions of the exterior derivative®. As before the abstract nature of the definition will be
clarified in concrete situations, such as Example 19.

Definition 7.3. Let L — X be a smooth line bundle, a connection D on L is a linear
map

D:C®X;L) - C®X; LT"X)
such that D(fs) = fDs+ s®df for any f € C*(X) and s € C*(X;L).

4See https://math.berkeley.edu/~zworski/symple.pdf for a brief introduction to differential
forms.


https://www.youtube.com/watch?v=AKotMPGFJYk
https://math.berkeley.edu/~zworski/symple.pdf
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As explainded above, in local coordinates, a section s is represented by a family
of functions s; : U; — C such that s;(z) = g;j(x)s;(z). Suppose the section Ds is
represented by D;s;, then by Leibniz rule we may assume

Djsi(x) = ds;(x) 4+ 0;(x)s;(x), 0; € C=(U; T°X).
The compatibility condition is
Gij(ds; +0;s5) = ds; + 6,5, = d(gij5;) + 0:9i55; = gij(ds; + 0;5;) + s;dg;,
that is
0; = 0; + g;; dgs;. (7.8)

A family of {6;} satisfying the compatibility condition (7.8) will give a connection on
L.

Given a connection D, we can define its curvature:
Proposition 7.4. The differential form given locally by

Oy, = db; (7.9)

J

defines a global closed 2-form © on X.

Proof. We need to check that definitions (7.9) agree on U; N U;. But this follows from
a simple calculation based on (7.8):

It is clear from (7.9) that the resulting global differential form is closed. 0

O is called the curvature form of the connection. It depends on the choice of the
connection, but its cohomology class does not:

Proposition 7.5. Suppose Dy, Dy are two connections on L, ©1,0, are two corre-
sponding curvature forms. Then there exists a differential 1-form n on X such that

O, = O, + dn.

Proof. Let 0y; be the connection form for Dy on U;, k = 1,2. Then on U;, ©; — Oy =
d(61j — 64;). We claim 6y; — 65, defined on U;, produces a global 1-form 7 on X. It
suffices to check that on U; N'U; we have 01; — 6; = 6; — 0. But this follows from
(7.8):

01 — 01 = 025 — 09 = gi;ldgz'j- 0
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7.1.4. Chern numbers. As a corollary of Proposition 7.5, when X is a 2-dimensional
compact smooth oriented manifold” with a smooth line bundle L, one can define a
number

(L) = - /X o. (7.10)

"o

This is called the Chern number of the line bundle and it is independent of the choice
of the connection, thus a topological invariant. We will prove that it is an integer — see
Theorem 9. (In all examples considered in these notes, the manifolds will be oriented.)

Example 19. Let us come back to our example of the Bloch sphere. Recall we have
the line bundle V' given by ker(H(z) — 1) C C? on the sphere S?. Let i : V < S? x C?
be the inclusion map. For a section s € C*(S%* V), i o s gives a smooth function
S? — C? such that i o s(z) € ker(H(z) — 1). We can define a connection on V via

Ds(x) = IL,(d(i o 5)) (7.11)

where II, is the orthogonal projection from C? to V, = ker(H(x) — 1) under the
standard Hermitian inner product on C2. It is easy to check that it is a connection:

D(fs)(x) =T,(d(fios)) =, (ios®df + fd(ios)) =s®df + fDs.

We compute the curvature of this connection using normalized eigenvectors for the two
trivialisations over U;’s in (7.3):

1 z 1 1
) = gy (1) 0 = s (o)
Then H(z)uj(x) = u;(z) and |u;(x)| = 1. We have
d(sjuj) = u;ds; + sjdu;
and
(d(sju;)) = (ujds; + sjdu;, uj)u; = u;ds; + sj(duj, u;)u;.

So Djs; = ds; + sj(duj,uj). On Uy we compute

1
Oy = (d = ——(2dz — 2dz
0 < UO,U0> 2(1+|Z|2)(2 < < Z)
and that gives
dz N\ dz
O=dby = —>=.
ECEAERE

A 2-dimensional manifold is orientable if there exists a non-vanishing differential 2-form on X. The
choice of such a non-vanishing 2-form determines an orientation and the integration of an arbitrary
2-form. See [Leel2, Chapter 15].
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Similarly, on U; we have

1 dw A dw
0, = (d = ———(wdw — wdw =dt) = ———.
L ) = oy e T ) O == G

We see that the curvature form dfy = df; coincides on Uy N Uy, confirming Proposi-
tion 7.4.

We should note that the definition (7.11) does not rely on the special structure of
V but only on the fact that we have an inclusion of V in the trivial bundle S§* x C2.
If we have an inclusion in a more general trivial bundle S? x H where H is a Hilbert
space, we can still use the definition (7.11).

7.1.5. Hermitian connections. The connection in Example 19 is a special case of a
Hermitian connection which is introduced in the next subsection, the definition of
which we now recall:

Definition 7.6. A Hermitian metric on a line bundle w : L — X is a smooth family
of Hermitian metrics | - |, on each fiber w1 (z).

In local coordinates, this can be written as |[v|2 = hj(x)[v|?>. The compatibility
condition gives

hi()]s;(2)* = hi(x)]si(2)]* = ha(2)|gig (2)]?]s5 ()],
that is
(@) = hul@)lgy @, @€ TN

There always exist Hermitian metrics on a line bundle by a partition of unity argument.

Definition 7.7. Let D be a connection on the line bundle L — X. D 1is called a
Hermitian connection if

d({(s(x),s'(x))z) = (Ds(x), ' (x))s + (s(x), Ds'(2))z, Vs,s € CF(X;L).

Equivalently, |s(x)|. is preserved under the parallel transport induced by D (s(x) is
parallel transported along a curve t — ~(t) if Ds(y(t))(%(t)) = 0).

Let us choose a local frame u; such that |u;| = 1. A section s(z) is written over U;
as s(x) = s;(z)u;(x). Then for two sections s, s’

d(s;, s5) = (dsj, s}) + (s, ds})
and
(Dsj, 85) + (s5, Ds}) = (ds; + 0;s5,55) + (s5,ds; + 0;57).

Thus D being Hermitian means (0;s;, s%) + (s;,0;5;) = 0, that is



PDE METHODS IN CONDENSED MATTER PHYSICS 103

Remark 9. For readers familiar with complex differential forms we recall the following
definition. If L is a holomorphic Hermitian line bundle, we say that D is compatible
with the holomorphic structure if D% = 9. There is a unique Hermitian connection
on L compatible with the holomorphic structure, called the Chern connection. It is
defined by taking 6; = 0.(log h;)dz.

Given a connection D on L and a curve «(¢) on X, one can define the parallel
transport of s(0) € 77!(v(0)) via the equation Ds(t)(§(t)) = 0 written in local trivi-
alisations:

d

Ssi(t) + 0,5(1)s(t) = 0. (7.12)
Suppose D is Hermitian and ~ is closed, that is 7(0) = (1) = 2 € X, then [s(0)|, =
|5(1)|,. Consequently there exists # € R such that s(1) = €?s(0). The factor e? is
called the holonomy of the connection D on the curve 7, and we denote it by holp (7).
If v is a simple closed curve inside a single chart U;, then (7.12) can be solved explicitly
for t — s;(t) and that gives (with the Stokes Theorem used for the second equality)

holp(7) = exp <— L 9j> ~exp <— /Q @) (7.13)

where € is a region enclosed by « and 7 is positively oriented. (On surfaces that means
that as we move along v the region  is on the left.) The last term on the right is
independent of the choice of charts and one can verify that this formula works even if
7 is not contained in a single chart U; by a subdivision argument.

Example 20. For the Hermitian connection defined in (7.11) and compute holonomy
over curves on S?. For example, we can consider the circle given

o) = sin et

=—— 0O<p<m,
1 —cosyp

in coordinates on Uy (see (7.3)). It corresponds to a spherical circle of fixed latitude
/2 — . We then compute

dz N\ dz
holp(y) = exp (/ —>
|z|>sin ¢/ (1—cos ¢) (1 + ’Z‘2>2

= exp (27?2' /:o %) = exp(mi(1 — cos ).

in? o/ (1—cos )2 (1 +s
Now we prove the Chern number is an integer.

Theorem 9. The Chern number, c¢i(L), defined in (7.10) is an integer.
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Proof. Let x € X. Choose small neighbourhoods €2, converging to x and v = 9€,,

then
ot ) -on(].)

Thus exp ([, ©) =1 and [, © € 2miZ. O

If we are on the sphere S?, there is another simple proof: notice for the equator -,

/@:/90—91:/gloldgw:/dloggloE%m’Z.
X Y Y ol

For the line bundle V' with connection © defined in (7.11), we have

1
= | ———dz ANdz = 2.
/829 /<c(1+|7«’|2)2 ZNdz i

Thus ¢;(V) = —1.

7.2. Line bundles over tori. Let I' C R" be a lattice (see (5.2)) and X = R"/T" be
an n-dimensional torus. We are interested in line bundles over the torus.

7.2.1. From multipliers to line bundles. Here we will present a way of describing
(smooth) line bundles over tori using continuous (smooth) function on R, e, (z),y € I'
satisfying a natural cocycle condition — see (7.17) below.

First we recall the notion of pullback. Let 7 : L — X be alinebundleand f : Y — X
be a continuous map, then one can define the pullback bundle f*L to be
ffL=Y xx L={(y,v) €Y xL: f(y) =7(v)}. (7.14)

Suppose {U;} is a covering of X such that 7—!(U;) is trivial, then {f~1(U;)} is a
covering of Y such that f*L|;-1(y,) is trivial. So f*L is a line bundle over Y. When f
is smooth /holomorphic, one can check f*L is smooth/holomorphic

For future reference we define the pullback of a section s € C*(X; L) as follows:
frsty) =s(f(y), yeY, f'seC™,[fL). (7.15)

When we look at a line bundle L — X over the torus X = R" /T, there is a natural
quotient map ¢ : R" — R™/T". By Corollary 2.19, ¢*L — R"™ must be a trivial line
bundle, so we identify ¢*L with R™ x C. Now I' has a natural action on ¢*L by

v (Y,0) = (y+7,0).

We should stress that here we use the definition (7.14) and not the global trivialisation.
Then L is exactly the quotient bundle under that I'-action:

L={(y,v) eR" x L:q(y) =7(v)}/(y +7,v) ~ (y,v)) = ¢ L/T.
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On the other hand, we identify ¢*L with the trivial bundle R™ x C, the action of I
becomes

v (@A) = (@ +7,60(2)A),  ey(x) € C\ {0}, (7.16)

Those e, (x)’s are called multipliers. Because (71 + ¥2) - (x,A) =1 - (72 - (z, A)), they
must satisfy

s () = ey (@ + )y (1), e0(w) = 1. (7.17)
We can then describe sections of L as follows.
C®(X;L) ={ue C*R") :u(z +v) = e (x)u(x), Vy € I'}. (7.18)
Since the choice of trivialization p*L — R™ x C is not unique, if we change e, (z) to

é,(x) = eg(r+v)€7(x)e—g(r)’

we will get an isomorphic line bundle L. Indeed, the family of line bundles over X up
to isomorphism is given by

{er(@) 1 eq110p(2) = €5, (T + 72) e (@) } /e () ~ €5 (7) = eg(x+7)ev(x)e_g(m)-

We now related multipliers to Hermitian metrics. For that, let L — X = R"/T" be a
smooth line bundle, and A be a Hermitian metric on L. That metric induces a metric
on p*L = R" x C with the property that

hx) = h(z +7)le, ()] (7.19)

Conversely, any smooth function h(x) : R™ — R satisfying the above condition defines
a Hermitian metric on L.

Similarly, a connection D on L defines a unique connection on the pullback bundle
p*L = R™ x C with the property (see definition (7.15))

(p*D)p*s = p*(Ds).

Suppose (p*D)s = ds + s for some § € C*(R";T*R"™). Then 6 has to satisfy for
s€ C®(X; L)

d(ey(2)s(x)) + 0(x +7)eqy(2)s(x) = ds(z +7) + 0(x + 7)s(z +7)
= ey(z)(ds(z) + 0(x)s(z)),
that is,
0(z +7) = 0(z) — e, (x) de, (). (7.20)

The curvature is given by © = df. When n =2, let Q = {sy; + 172 : 0 < s5,t < 1} be
the fundamental domain, one can check that the Chern number is an integer directly
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in this case. We use (7.17) to see that

/X /m@‘/[o% z) =@+ 7)) - /[0’”72(9(95)—9(I+%))

= /0 (s (t1) ey (tm1) — (€4, (t72) ™ desy (t92)) (7.21)

= log €2 (71) — log €2 (O) — log €n (72) + log €n (O)
= log €, 4+,(0) —loge,, ++,(0) =0  mod 27iZ.

7.2.2. Multipliers in dimension 2. The multipliers can be simplified when n = 2:

Proposition 7.8. If ' = Zy, @ Zry,, we can always choose e, (x) = 1.

Proof. First, we claim that a (complex) line bundle over the circle S! is always trivial.
By (7.16) applied with n = 1, this can be described by a multiplier function e,(z) €
C\ {0}. Using this, we can construct a nonvanishing continuous section as follows:

(@) = exnlw — ke (0, 3 € b, (K + 1)),
In fact, we check that (7.17) gives
s((k +1)7) = ery(0)e, (0) 771 = ey (1)e5(0)™F = s((k + 1)y — 0).

By Proposition 2.17, any (complex) line bundle over S! x R is also trivial. We now
consider the projection ¢ : R*/v,Z — X = R?/T" and conclude that the pullback ¢*L
is trivial. As before, there is a natural action of 757 on ¢*L such that L = ¢*L/~.Z.
Suppose in a trivialization ¢*L = R?/v,Z x C, the action is given by

nye - (2, A) = ( + 172, €, (T)A).
Then L is described by multipliers e,.,(x) and e., (z) = 1. O

As an application, we prove that if ¢;(L) = 0 then L is trivial (Note that this is not
true in the holomorphic category).

Proposition 7.9. Letn =2, I' = wZ @® vZ. If c1(L) = 0, then L is trivial.

Proof. By Proposition 7.8, we may assume e, (z) = 1. Then by (7.21), ¢;(L) = 0
implies that

/ e, de,, = 0. (7.22)
71[071}

Since d(ez, de,,) = d(d(log(e,,))) = 0, we can find f € C*(R?) such that df = e_'de,,.
Modifying f by a constant gives e.,(x) = exp(f(x)). Since

€2 (ZE + ’71) = Cyy (1’ + /71)671 (JZ) = 6’71+’Y2(5L‘) =€y (‘T + '72)672 (ZL“) = Cyy (JZ),
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e+, () is periodic in vy and f(x+v1) = f(z)+ 2mik for some k € Z. But (7.22) implies
k=0 and f(x) is v, periodic. Now we claim we can find g € C°°(R?/v,Z) such that

9z +72) —g(z) = f(z).
To construct such g, let x(x) € C*(R?/v,Z) be a cutoff function such that

suppx C {z = a171 +agye a1 € Ryap > —1},

X(@)=1on {x=a171 + ayye : a1 € R,as > 0}.

Let
g(x) =Y x(w —nm) f(x —nya) = (1= x(z + (n = )y2)) f(z + (n — 1)),

then g € C°(R?/y,Z) since this is a finite sum. Moreover,

9(x +12) —g(x) = x(2) f(2) + (1 = x(2)) f(z) = f ().

Now we put
&, (z) = e—g(erv)eV(x)eg(x)’

so that

ey (@) = I IEEN 21 6 (0) = e TP, (2) = 1

Thus L is isomorphic to the trivial line bundle. [l

7.2.3. Holomorphic line bundles. When n = 2, we identify R? with C, so that C/T" is a
complex manifold®. Tt is called an elliptic curve (for reasons related to elliptic functions
and elliptic integrals). It is a fact that every holomorphic line bundle over C is trivial
as a holomorphic line bundle — [GH14, §0.3] (We note that Corollary 2.19 shows that
the bundle is trivial as a continuous/smooth vector bundle. Here we require that the
transformation bringing the bundle to C x C is holomorphic.)

Triviality of the line bundle over C allows us to follow the same strategy as in §7.2.
This gives a family of holomorphic multipliers e, (z) : C — C\ {0}. Note that there are
many different holomorphic structures on a smooth line bundle over an elliptic curve.

Given a Hermitian connection h(z), we can write down the Chern connection (this
can be considered a definition):

0(z) = 0.(log h(2))dz = h(z)'0.h(z)dz (7.23)

6In this case it is simply a complex torus and can be locally thought of as C — for the general
definition see [Leel2, Chapter 1].
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In the spirit of Remark 9 we note that it is Hermition and that D% = 9. We also check
that it is compatible with multipliers (7.20) (we assume that the metric is Hermitian
for the line bundle defined using multipliers — see (7.19)):

(= + ) = 0. log(h(= + 7))dz — 8. log(h(x)]e, (z)|2)dz
=0(2) — e, (2) ' D.e4(2)dx.

Liouville’s theorem in complex analysis states that any holomorphic function on C
which is bounded has to be constant. Since a holomorphic function on C/T" corresponds
to a periodic, and hence bounded, function on C, it has to be constant. However,
there exist meromorphic functions on C/T", which are called elliptic functions, and
holomorphic sections of line bundles, which are called theta functions. Their study

is a classical subject in constant development since the 19th century. A fundamental
reference is [Mu83] and for physics oriented introduction, we suggest [[KhZal5].

Definition 7.10. Let z,7 € C,Im7 > 0. The Jacobi theta function is
0(z;7) = Z exp(min®T + 2minz).
nez

Let a,b € Q, the theta function with rational characteristics a,b is defined as

Oup(z;7) = exp(mi(n + a)>7 + 2mi(n + a)(z + b)).

Since Im 7 > 0, the series converges absolutely and defines a holomorphic function on
C. Here z is the variable on the universal cover C of C/T";, and 7 should be thought of
as the variable that parameterizes the family of tori C/T"; corresponding to the lattices
I'; = Z + Z7. The Jacobi theta function is quasi-periodic

0(z+1;7) =0(z;7), O(z+7;7) =€ ™2 (2: 7).
In general,
0z +m +nr;7) = TN (4 7). (7.24)
If
Cmanr(2) 1= exp(—min’t — 2minz),

then we check that this family of entire functions satisfies the cocycle condition (7.17):

em2+n2T<Z +my + an)eermT(Z)
= exp(—minsT — 2ming(z + my + ny7) — TINIT — 27ing 2)
= exp(—mi(ny + n9)*T — 2mi(ny + ng)2)

= em1+m2+(n1+n2)7(z)'
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Hence the holomorphic multipliers {e,,,-(z)} define a holomorphic line bundle over
C/T'; and (7.24) shows that 6(z;7) is a nonzero holomorphic section of that bundle
(see (7.18)).

We can also check that the metric given by
h(z) = exp(—27|Im z|*/| Im 7|) (7.25)

satisfies the compatibility condition (7.19). The corresponding Chern connection and
curvature are given by

A o= -""d:ndz
ImTr mr

Since dz A dz = —2idzdy and |C/I';| = Im 7, we have

It follows that the Jacobi theta function is a nontrivial holomorphic section of a line
bundle of Chern number 1. In fact, the Riemann-Roch theorem (see [GH14, Chapter
2, §3]) tells us this is the unique nontrivial holomorphic section of this line bundle (up
to multiplying by a scalar). For a direct proof, see Proposition 7.11 below.

In general, there are line bundles with arbitrary (in Z) Chern numbers. The theta
functions with rational characteristics 0,,(2;7), a,b € (1/¢)Z satisfies

Oup(0(z+1);7) = Oy (02;7),  Oup(l(z+7);7) = e ™ET=27020  (02;7).  (7.26)

Hence the multipliers

e1(z) =1, e (z):= 6‘7”'527—2“”227

define a line bundle for which z — 6,,(¢z,7), a,b € (1/¢)Z are holomorphic sections
(see (7.18) (7.26)).

A calculation similar to the one above (with ¢ = 1) shows that the Chern number
of this line bundle is ¢?. Again, Riemann-Roch theorem implies that it has ¢? linearly
independent holomorphic sections. Indeed, one can check that a basis is given by

{ea,b(gzv T) L a, be ((1/€)Z)/Z} :
We provide an elementary proof:

Proposition 7.11. Suppose Im7 >0, ' = Z @ Z7, and X = C/T". Let L be the line
bundle over X defined by multipliers

e1(z) =€, e (z) =eP?mE 4 BeC,meZ. (7.27)
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If we denote by O(X; L) the space of holomorphic sections of L, then

m, if m>0;

0, ifm<O0;

0, ifm=0, and L is holomorphically non-trivial;
1,  of L is holomorphically trivial.

Remark 10. Note by (7.21), m = ¢;(L) is the Chern number of the line bundle.
Also, we stress that holomorphic triviality in the statement above means that the
trivialisation transformation is holomorphic.

Proof. For w, a holomorphic section of L, we define

—iaz

u(z) = e "w(z),

so that, in view of the definition of our multipliers (7.27),
u(z+1) = u(z), u(z+71)=eBan=2mimy, ) (7.28)

We can then expand v into Fourier series

u(z) = Z an(y)e*™ =, (7.29)

Since u(z) is holomorphic, a,(y) is also holomorphic, and consequently a,(y) = a,, are
constants. The second property in (7.28), u(z 4 7) = e{A=am)=2mmzy () then gives

2minT _ ei(ﬁfon')

ane Antm- (7.30)

If m = 0, then this becomes
a, (6271'1'717' . ei(ﬁ—oﬁ)) —0.

If 5 —ar € 2177+ 277, then there exists a unique nontrivial solution (up to a scalar)
given by a, = 0,, if 8 —ar € 2mr7 + 27Z and r € Z. This gives a nonvanishing
holomorphic section €2™"# so L is trivial. On the other hand, if 3 — at ¢ 277Z + 277Z,
we get a, = 0 for all n, that is, there is no nontrivial holomorphic section.

For m # 0, the relation (7.30) determines a solution from any choice of ag, a1, - -, @jm|-1.
If m < 0, the sequence a,, grows super-exponentially. In fact, using Im 7 > 0 we easily
check that

’aj-i-km‘ > C_lekZ/C’aj‘ﬂ ] - 07 17 T ‘m| - 17 k € Z.

Therefore, the series (7.29) diverges unless a, = 0 for every n € Z. Thus, there
is no nontrivial holomorphic section when m < 0. If m > 0, then the solution a,
decays super-exponentially (|a,| < Ce/ @) and gives holomorphic sections. Hence,
dim O(X; L) =m for m > 0. O
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7.3. Vector bundles in higher rank. The discussions in the previous section can be
generalized to higher ranks — see Definition 2.16. In the context of condensed matter
physics, line bundles appear naturally when a single separated band is considered —
see §9.1. The higher rank bundles arise naturally to deal with r bands, assumed to be
separated from other bands (that is, gapped, in physics parlance).

A smooth vector bundle can be described by smooth transition functions g;;(z) :
U;iNU; — GL,(C). Then satisfy the following properties.
gi(z) =id,  gij(7)gi(x) =id,  gij(7)gjr(x)gri(r) = id.
As in the case of line bundles we define connections acting on smooth sections.
D:C*X;E) - C*(X; E®T"X),

D(fs) = fDs+ s®df, forany f € C*(X) and s € C*(X; E).
In local coordinates, a section s : X — FE is represented by a family of functions
s; : Uj = C" such that s;(z) = g;;(z)s;(z). Then Ds(z) is represented by

D;s;(x) = dsj(x) + 0;(x)s;(z), 0;(x) € C*°(U;; End(C") @ T*X).

(That last expression, End(C") ® T*X), means an r by r matrix of differential forms.)
The compatibility condition analogous to (7.8) becomes non-commutative:

(9j = g;@zgm + g;ldgz] (731)
The curvature is now a matrix of differential 2-forms and is defined by
@’Uj = d(gj + 6]' VAN Gj. (732)

We have
Olv; = g;' (Olu)gis-
Therefore, © gives a globally defined matrix-valued 2-form on the base manifold X.
Moreover, we have
d@‘Uj = d(gj VAN 9]' - 9]' A d(gj == @’Uj A 0]' - 9]‘ VAN @‘Uj-

Defining ©F = © AO A --- A © where © appears k times on the right, we conclude
k—1
d(©*|y,) = Oy, A (dBly,) AOF Ny = OF[y, Ab; —0; AOF|y,.

=0

In particular, tr ©F is closed:
d (tr O, ) = tr (dOF]y,) = tr (@y’;]j N0, — 0; A @\’g,j) —0.

If X is a two-dimensional oriented manifold, then the Chern number of the connec-
tion D is defined as

a(FE):= %/Xtr@. (7.33)
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Remark 11. If X is higher dimensional, we can define the higher Chern numbers
using linear combinations of the integrals on 2k-dimensional submanifolds ¥ C X:

. k
(Z) /tr@kl/\tr@kQ/\-~~/\tr@km, ki + ko4 +ky = k.
>

2
However, we will not consider higher dimensions in this book. The interested reader
can consult [BoTu82, §20].

Theorem 10. The Chern number (7.33) on X, a smooth, compact oriented manifold,
does not depend on the choice of the connection D. Therefore, it is a topological
wwvariant. Moreover, if a vector bundle E is a direct sum of vector bundles, E = F1®FEs
(with the obvious definition), then

c1(E) = c1(Ey) + c1(Ey). (7.34)

Proof. Suppose we have two different connections D) and D® and that they are
locally defined by

DWs;(x) = dsj(z) + 01 (x)s;(x), 0 € C®(U;; End(C) @ T*X), k=1,2.

J

Then

93(2) 0(1) _ 9(2) . 9(1)

— Y —91'31( i i )gij-
So 93(-2) — Qj(l) gives a globally defined 1-form on X. We have
(@(2) _ @(1))|Uj —d (ej(z) _ 951)) X 6](2) A ej(z) _ ej(l) A 9§1)
and
tr (0% — W) |y, = dtx (6 — 7).

Therefore, 0 — O is exact, and thus the Chern numbers obtained from O and
©®@ are the same.

To see (7.34), we can take a connection which is a direct sum of connections on E;
and F,. That gives a curvature which is a direct sum. Taking traces in the definition
of the Chern number gives ¢;(E1) + ¢1(Es). O

The splitting principle (see [BoTu82, §21] for a more precise statement) states

In order to check a polynomial identity about Chern classes, it suffices
to check it on direct sums of line bundles.

We will not need this general version, since we have the following stronger statement
when X is 2-dimensional.

Proposition 7.12. Suppose X is 2-dimensional, then any complex vector bundle is
1somorphic to a direct sum of a line bundle and a trivial vector bundle.
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Proof. Suppose the rank of the vector bundle E is » > 1. Since the total space of F
has dimension 2r + 2 > 2 4+ 2, a generic section s : X — E does not intersect the
zero section by the Thom transversality theorem [GP74, Chapter 2 §3]. This section
s defines a trivial line bundle in £F. We can fix any Hermitian metric and take its
orthogonal complement so that £ = E' & L; with L, a trivial line bundle defined by
s. We can repeat this step r — 1 times, and the result follows. 0

From Proposition 7.12 and Theorems 9 and 10, we immediately know that the Chern
number defined in (7.33) is an integer. It also follows that the Chern number vanishes
if and only if the bundle is trivial.

Over a torus, it is also convenient to use multipliers to describe higher rank vector
bundles. Let E be a vector bundle of rank r over R"/T". Let p : R® — R"/T" be the
projection. Then

p'E={(z,v):xeR" ve Ep}, E,:= w_l(y),

is a vector bundle over R". By Corollary 2.19, p*FE is a trivial bundle and can be
identified with R™ x C". Under this identification, for v € T,

(x,v) ~ (x+7,e,(x)v), e,(x) € GL(C).
Those multiplier functions satisfy

€y1+72 (ZL‘) = €y, (x + 72)672 (1’), 60(:[) = Id.
The global sections of E can then be described as
C*(X;E) ={ue€ C*R%C") : u(x+7) = ey (x)u(x), ¥y €T}

The classification of holomorphic vector bundles over the torus is more complicated
than the line bundle case. There are vector bundles that cannot be holomorphically
decomposed into a direct sum of line bundles — see [At57].

In this introductory notes we will concentrate on the simpler case of line bundles.
For examples of recent application of higher rank bundles one can consult the following
references chosen from the authors’ personal perspective: [BHZ206] considers degenerate
flat bands in the chiral model of twisted bilayer graphene and that necessarily involves
a study of higher rank bundles. In [BTY25a], the authors put the notion of fragile
topology of band structure on solid grounds — roughly, “fragile topology” refers to the
fact that exponentially decaying Wannier functions compatible with the PT symmetry
— a special and natural basis — can be produced by lifting topological obstructions
through adding additional Bloch bands, hence making those obstructions “fragile”
(see §9.5 for a relation between topology and the decay of Wannier functions in the
simplest setting). Finally we mention that a relation between Atiyah’s classification of
rank 2 holomorphic vector bundles and the band structure was investigated in [DZ725]
in the context of flat bands.
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8. THE ADIABATIC THEOREM AND PARALLEL TRANSPORT

Nontrivial topology appeared in physics in adiabatic evolution, that is, evolution in
which the Hamiltonian is slowly varying in time:

i0;w. (1) = P(eT)we(tau).

The basic idea is that if we start at an eigenstate of P(0), we will remain close to an
eigenstate of P(er). A component of the phase in the evolution can then be related
to the holonomy of a natural connection.

In our presentation we will rescale time ¢ = 7 so that the evolution becomes
iedu(t) = P(t)u(t), u-(t) = w-(t/e).

To see the emergence of holonomy in such evolution we first revisit the Bloch sphere
(see §5.2). We then state a general adiabatic theorem and in §8.2 show the relation to
parallel transport. The proof of the adiabatic theorem is given in §8.3.

8.1. Adiabatic theorems. In this section we introduce the adiabatic theorem. To
gain respect for the general case proved in §8.3 below, we first look at a special case
of the Bloch operator (7.2).

Proposition 8.1. For a fized r € (0,1], define a curve on the sphere by z(t) =
(rcost,rsint, (1—r?)'/2). Using the notation of (7.4) consider the initial value problem

{ iedyw. = (H(x(t)) — 1w,
Weli—o € Vi (0)-

Then there exists w(t) € Vyqu independent of €, such that
we(t) = w(t) + O(e). (8.1)
Remark 12. If we write the equation as

{ i0pw. = H(z(et))we,
We =0 € V(o)

then we will conclude w.(t) = e “w(et) + O(e). The —1 term will just affect the
phase. The adiabatic theorem describes behavior of a system under a slowly varying
Hamiltonian.

Proof. Using (7.5) we write the two normalized eigenvectors of H(z(t)) as

1 pett 1 1 r
1 Q+p) 2\ 1) 2 (1 + p2)72 \—peit) P=1_ (1—r2)1/2’




PDE METHODS IN CONDENSED MATTER PHYSICS 115

be the normalized eigenvectors of H(x(t)). Let w.(t) = c1(t)ui(t) + co(t)ua(t) (with
c;(t)’s depending on ¢). Then the equation and orthonormality of u;’s give

er(t) = —cr i, ur) — co(tia, us),
Cz(t) = —Cl<7l1, UQ> — CQ<’L'L2, U2> + 22.5_102.

In other words,

2
. . P . 14 —it
t) = —je;—— _r

é(t) i1y p2+1021 pze ,

-
. . P it L1 Lp

t) = —icr—L et 4y (26 + .
Co(t) 2011 p26 Ca ( ie 1 p2)

Let ay(t) = c1(t) and as(t) = e cy(t), then

s 2
) . p L ip _
= _ 9 —i).
as(t) za11+p2—|—a2<z5 +1—|—p2 7,)

This is an ordinary differential equation with constant coefficients. The matrix

(—z’p2<,0>_2 ip(p)~* ) ()= (14 )3 (8.2)

—ip{p)? 2ie™ +ip*(p) P —i

has eigenvalues \; = 2i/e +ip?/(1+p*) —i+ O(e) and Ay = —ip*/(1+ p*) + O(e) and

eigenvectors
0 1
v = (1) +0(g), vy = (O) + O(e).

(We leave the straightforward but tedious verification to the reader.) Thus

(Zlg%) - (t (iiip:fpp;_j 2ie™! ipz'<52><_p2>2 - z)) @
— expl(=i/(1+2)0) () + O6)

In conclusion
we(t) = exp((—ip*/(1 + p*)t)ur (t) + O(e), (8.3)
which gives (8.1). O
The general adiabatic theorem describes a system with a slowly varying Hamiltonian.

It was first proposed by Born and Fock, and was later proved mathematically by Kato
[Kabh§]
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Theorem 11. Let P(s),s € [0,1] be a smooth family of bounded self-adjoint operators
on a Hilbert space H, and assume that there exists A(s), a smooth family of simple
eigenvalues of P(s) such that for some 6 > 0

dist(A(s), Spec(P(s)) \ {A(s)}) > 0. (8.4)
Consider the following initial data problem
{ iedwu. = P(t)u.,
u:(0) = ug € ker(P(0) — A(0)).
Then there ezists u(t) € ker(P(t) — A(t)) independent of € such that

uc(t) = exp (-3 /0 t A(s)ds) u(t) + On(e).

€
We postpone the proof until §8.3.

Remark 13. The boundedness assumption of P(t) is not essential, and the proof
adapts to unbounded cases under reasonable assumptions. We only prove the bounded
case for simplicity.

Remark 14. We note that the norm is preserved in the evolution: ||u.(t)|| = ||uol|. In
fact,

Oelluc(t)]|* = 2 Re(Bpuc(t), uc(t)) = —2e ' Re(iP(t)uc(t), u.(t)) = 0, (8.5)
by the self-adjointness of P(t).

8.2. Parallel transport. We first recall the definition of parallel transport (see (7.12)
for a local formula):

Definition 8.2. Let m : L — X be a line bundle over a smooth manifold X with
a connection D (see Definition 7.3). For ~(t), a smooth curve on X, the parallel
transport of sy € 1 (7(0)) is a section s(t) of L along y(t) such that

Ds(t)(y(t)) = 0. (8.6)

Suppose L C X x H, where H is a Hilbert space, and the connection D is inherited
from H asin (7.11). Then if we choose a local orthonormal frame w;, the action of D
on s(t) = s1(t)uy(y(t)) is given by ds; + (duy, u;)s;. The parallel transport equation
can then be rewritten as

d

<£(Sl(t)u1(7(t))),ul(/y(t>)> _o,

and this is equivalent to

<%s(t),s(t)> =0 == (s(t+0),s() = (s(t), 5(£)) + O(62). (8.7)
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The following theorem of Barry Simon [Si83] gives an interpretation of the adiabatic
theorem in terms of parallel transport.

Theorem 12. Suppose X is a smooth manifold, v(s) is a smooth curve on X and
suppose that X > x — Q(x) is a smooth family of self-adjoint operators acting on a
fized Hilbert space parametrised by x € X. We assume that there exists x +— \(z)
satisfying

A(z) € Spec(Q(x)), d(A(z),Spec(Q(z)) \ {\(z)} >0 >0, ze€X.

We then let V,, = ker(Q(x) — N(x)) be the line bundle defined by the eigenspace of Q(x)
and D be the inherited connection from H as in (7.11). Suppose that [0,1] > t — ~(t)
is a smooth curve in X and P(t) := Q(vy(t)). Then u(t) given in Theorem 11 is the
parallel transport of ug along y(t).

Proof. By replacing Q(z) by Q(z) — A(x), we may assume A(z) = 0 and ignore the
phase. We can also assume that ||ug|| = 1. Then by Theorem 11, u(s) = lim._, uc(s).
To prove that u(s) is the parallel transport of wy, it suffices to show ((d/ds)u(s), u(s)) =
0 — see (8.7). For that in turn, it suffices to show for any ¢ € C°((0,1)) we have

/90(3) <%u(s),u(s)> ds = 0.

We calculate, using Remark 14,

[ 66 (Grutehate) s =ty [o0) (o)t ) s

~ti— [ ¢(6) (o) (e ds = [ pto) (u(s) o)) ds

= —/gp’(s)ds—l—li_{r(l)é/@(s) (u(s), P(s)u(s)) ds

= lim = [ (s) (P(s)u(s), uc(s)) ds
=0.
We conclude ((d/ds)u(s),u(s)) = 0 and completing the O

Remark 15. A quick (in)formal argument indicating the validity of Theorem 12 goes
as follows:

(ats)u6s)) =ty (9, u(s)) =~ iy L (P05, ()

However, we need to justify the change of order for the limit and the derivative. Thus
it helps to use a test function ¢ € C¢° in the actual proof.
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An interesting special case is given in the following corollary:

Corollary 8.3. In Theorem 12, if v(0) = v(1) and X\ = 0, then u(1) = holp(y)u(0)
where holp is given by (7.13).

Remark 16. One can check that the answer in (8.3) agrees with the computation in
Example 20. In (8.3), p =sinp/(1 — cos ¢) and

27ip? 27i 27i(1 — cos p)?
holp(7) = exp ( — = =
oolr) exp( 1+p2) exp(1+p2) exp((l—cosso)2+sin2s0

= exp(mi(1 — cos p)).

8.3. Proof of the Adiabatic Theorem. In this section we give the proof of Theorem
11. The main idea is a new unitary evolution called the adiabatic evolution.

Proof of Theorem 11. Step 1: Without loss of generality, we may assume A(t) = 0.
Let U(t) be the unitary evolution defined by P(t) (see Remark 14):

i£0,U(t) = P(OU(t), U(0) = id, (8.8)

so that u.(t) = U(t)ug. Following Kato [Ka58] we define the adiabatic evolution by
the following equation:

e, Ua(t) = (P(t) +ic[I1(t), TI({H)])Ua(t), Ua(0) =id (8.9)

where

() = ?f(z _P(t)ds

2mi J,
is the projection to the eigenspace corresponding to the eigenvalue 0 (7 is a counter-
clockwise oriented circle such that 0 lies inside and Spec(P(¢)) \ {0} lies outside). Note
this defines a unitary evolution because [I1(t),T1(¢)] is anti-self-adjoint (see (8.5)).
We claim that
I(t)UaA(t) = Ua(t)I1(0). (8.10)
To see this we first observe that

%(H(tf) = TI(OTI() + T1(1)11(2)

and consequently TI(£)TI(#)I1(¢) = 2IT1(¢)I1(t)II(t) = 0. Hence,

I1(t) =

26—(UA(t)*H(t)U (1))
= Ua(t)" (= P(OTI(t) — i [11(t), TI)]TI(E) + ieTI(¢) + T1(8) P(t) + iell(#) [L1(2), TI(#)])Ua(t)
= iU (t)"(11(t) + 2[(HI(#TI(E) — TI(OTI(E) — I(ETI(H)Ua(t) = 0,
)

and (8.10) follows.
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As a consequence,
u(t) == Ua(t)ug = Ua(t)I1(0)ug = I1(t)Ua(t)ug € ker(P(t)).
Moreover, since P(t)U4(t)I1(0) = P(t)II(t)UA(t) = 0, we have

ieduu(t) = (P(t) + ie[I1(t), It Ua(t)uo = ie[TI(t), TI(£)]u(t),

that is, dyu(t) = [I1(¢), TI(t)]u(t). This shows that u(t) is independent of e.

Step 2: It remains to prove u.(t) — u(t) = Og(e). For that, we need to estimate

Uat) = U(0) = U10) [ 500 Uts)ds

_ %/Ot U(s)* (= P(s) + P(s) + ic[ll(s), TI(s))Ua(s)ds  (8.11)

=) [ UG I, U5 ds.
The key now is to find a smooth family of operators s — X (s) such that
[11(s), (s)] = [X(s), P(s)]- (8.12)
That is because we then have a chance of gaining an epsilon in (8.11) as (8.8) gives
U(s)"[X(s5), P(s)]U(s) = € (i05(U ()" X (s)U (s)) = iU(s)"(0: X (s))U(s)) .~ (8.13)
We claim that
X(s) = —— (= — P(s))"MTI(s)(= — P(s))""d>

271 5

gives (8.12). Indeed,

X(5), PUs)) = gz G = P& 01Gs), Pl = P(s) '
- bz = P i), 2 = Pz — P(5)
= $l(s), (= = P(s) s
i), 1(s)

Consequently, we can write the integrand in (8.11) (using (8.8) and (8.9)) as

U(s)"[X(s), P(s)]Ua(s) = icds(U(s)* X (s)Ua(s)) —icU(s)* X (s)Ua(s)
—ieU(s)" X (s)[11(s), TI(s)]Un(s),
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Inserting this into (8.11) gives
[Ua(t) =U@)] < elU@)"X()Ua(t) = X(0)]

+ 8/0 (IX ()1 + 11X ()[1(s), IL(s)] ) ds = O(e).
Thus u.(t) —u(t) = (U(t) — Ua(t))ug = Og(e), as claimed. O

9. LINE BUNDLE OF EIGENFUNCTIONS AND DECAY OF WANNIER FUNCTIONS

In this section, we consider line bundles over R?/T* (the Brillouin zone) given by
Bloch eigenfunctions and introduce the Berry connection and the Berry curvature in
this context. We then show how topology of this line bundle affects decay of Wannier
functions (see §5.6 for the first instance they appeared here, albeit in trivial topology).

9.1. The line bundle of eigenfunctions over R?/T*. We start by defining a trivial

parent bundle:
Vi={(kv): k€C, ve L*(R*T)}/ ~,

(k,v) ~ (k ~l—p,7'(p)v), pe '™, (9:1)

where for any p € R?,
[m(p)v](2) := P (),
which is a unitary transformation on L?*(R?/T") when p € T'*.

The infinite dimensional vector bundle 7 : V' — R?/T'* is trivialised as follows.
First, we choose a fundamental domain of I', F' as in (5.7) and we identify L?(R?/T")
with L?(F). We then define

H:R*/T* x L*(F) =V, H([k],v) := [(k,T(k)v)],
with the inverse
G:V — R*/T* x L*(F), G([(k,w)]) == ([k], 7(—k)w).

We note this topological trivialisation is not particularly useful when considering do-
mains of differential operators.

Suppose now that V(x) and A;(x) are real-valued functions and
2
P(z,D) = (D, — Aj(x))* + V(x),
= (9.2)
Aj(x+7) = Aj(x), V(z+7)=V(z), yeT, zeR%.
We also assume that for some ¢, (5.32) holds.
We then define L C V as follows:
L= {[(k,v)] eV :ve keI‘LQ(RQ/F)(P(l’, D — /{Z) — Eg(k’))} . (93)
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The reason for taking equivalence classes defined using 7(p) is the fact that it pro-
vides a unitary equivalence

P(x,D —k —p)=1(p)P(z,D — k)7(p)*, k€R? pecl*
In particular, for u € H*(R/T),
Pz, D = ku(z) = Eu(z) <= P(z,D—k—p)[r(p)ul(z) = Elr(p)ul(z).
We have

Proposition 9.1. Definition (9.3) gives a complex line bundle over C/T*,

m:L—C/T", =w:[(kv)]— k] €eC/T" (9.4)
Proof. Let R* 3 k — u(k, o) € C°(R?/T") be a smooth family of solutions to P(x, D —
k:)u(k:, {L‘) = Eg(k’)U(k?,J]), ||u(k:, .)HL2(R2/F) = 1

To show that L is a manifold we consider the action of the discrete group I'*,

p:(kv) = (k+p.7(p)v), (9.5)
on the (trivial) complex line bundle
L:={(k,7u(k) : keC, 71eC}~CyxC,, (9.6)

so that L = L/T'*. We define the quotient map F : L — L by F(k, Tu(k)) = [k, Tu(k)].
For any point (k,v) € C x C, there is a neighbourhood

Uy = {(K, ) €C X C: [k — K| <0}, 0<6<1,

such that F~'(F(Ug,)) is a disjoint union of I'*-translations of Uyy,,). Therefore, F
is a local homeomorphism to the quotient space L. This gives a manifold structure to
L [Zw12, §14.1]. The (real) dimension is the same as the dimension of L, that is, four.

With 7 given by (9.4), 7 ([k]) =~ kerp2(g2/r) (P (2, D — k) — E¢(k)) which has a com-
plex vector space structure. Local coordinates in k provide the needed trivializations
(see Definition 2.16). O

A natural Hermitian connection (see Definition 7.7) on V is given as follows. A
smooth section of V' is given by [(k,v(k))], where k +— wv(k) is a smooth function
satisfying v(k + p) = 7(p)v(k). Then

Dy s(k) = [(k,dgv(k))]. (9.7)

This is well defined because dyv(k + p) = 7(p)dyv(k). Since L N my'(k) is a linear
subspace of m;,' (k) = L*(R%/T'), we let II; to be the orthogonal projection onto L N
7y (k). Then the Berry connection is a natural connection induced by Dy

Dgs(k) =1 (Dy(tos)(k)), ¢:L—=V. (9.8)
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The complications of this definition compared to the definition (7.11) lies in the fact

that we need the equivalence relation in (9.1)

In the case of L we can have an explicit description of the connection. Let now F' be
a fundamental domain of I'*. From the presentation in §7.2, we can use eigenfunctions
u(k,z), with ||u(k,e)||r2@e/ry = 1, k € F, as a frame of the line bundle L in (9.4).
Then for k € F, we can define a connection as in (7.11) but with C? replaced by
L?*(R?*/T). That means that we put D(su) = (ds + ns)u,

n = (dpu(k, ®),u(k, ®)) r2m2/ry = (Ok, u, u)dky + (Op,u, uydky, k€ F. (9.9)

This is the same as the Berry connection on L + R?/T* defined more abstractly in
(9.8). The corresponding Berry curvature is easily seen to be

e = d?? = —2¢Im <8k1u(k;, 0), 8k2u(k;, .)>L2(R2/I‘)dk1 A dk)g,

- 9.10
= —/ dpu(k,z) N dpu(k,z)dx, k€ F. (9.10)
R2/T
The Chern number of L is then given by (7.10):
l l
(9.11)

1
= —/ Im (O, w, O, u)dky dks.
]R2/F*

T

(Where the orientation is given by dk; A dks.) In particular, if the integral on the
right hand side does not vanish, then the line bundle of Bloch eigenfunctions, L, is
non-trivial. We will revisit this systematically in the more general setting of higher
rank bundles — see §9.4.

The curvature is sometimes considered as a function of £ by writing

© = —iB(k)dky Ndky,  B(k) := 2Im(0k,u;(k), Ok, u;(k)). (9.12)

Theorem 5 shows that in case of time reversal symmetry, in particular when A; = 0
in (9.2), the line bundle L is trivial and ¢;(L) = 0. A yet stronger statement follows
from symmetries of V:

Proposition 9.2. Suppose that P = —A + V(z), V € C*°(R?*/T;R) and that (5.32)
holds for E(k) = Ey(k). If for some zy € R?,
V(zo + ) =V(rg — x), (9.13)
then the Berry curvature given by (9.10) satisfies
0 =0. (9.14)

"To quote the leading book in condensed matter band theory [Val8, §3.4], “The extra g 2miz/a
phase is an essential feature of the cell-periodic Bloch functions, and one that we have to learn to live
with”.
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Proof. We can assume that zp = 0. Since we assumed that the eigenvalue E(k) is
simple, V' (z) = V(x) and V(x) = V(—=z) imply that

u(k, ) = oy (B)u(—k,x), u(—k,z)=as(k)u(k,—x), k¢cR?
(k)| =1, o € C*(R?).

Hence with a(k) := aq(k)as(k),
u(k,z) = a(k)u(k, —z).
Then,

Q= —/ dru(k,z) A di(a(k)u(k, —z))dz
R2/T
= —a(k dru(k,x) N\ dyu(k, —x)dx + da(k u(k, —x)dyu(k, x)dz.
) [, Al )\ dentls, )i+ dati) [l it )

The first term vanishes since

/ dpu(k, z) A dpu(k, —x)dr = / dru(k, —z) N diu(k, x)dx
R2/T

R2/T
= —/ dru(k, x) A diu(k, —z)dz.
R2/T
For the second term we notice that
/ u(k, —z)dpu(k, z)dr = %d/ u(k, —z)u(k, z)dx = Ld(a(k)™),
R2,T R2/T
so that

da(k) A /R 10 ik 2)d = Jda k) Adah) ™) =0

and the conclusion (9.14) follows. O

9.2. Berry connection and curvature via perturbation theory. In the notation
of §9.1 and assuming (5.32) again we can express the connection (9.9) and its curvature
using formulas from second order perturbation theory. Since we will consider other

energy levels we now write v = u; and E = E; — see (5.32).
We first note that (P(z, D — k) — E;(k))u;(k,x) = 0 implies that
(P(z, D = k) = E;(k))Oku;(k) = Ok Ej(k)u; (k) + 2(Da; — ki)u; () (0.15)
= (O Ej(k) — 2k;)uj + 2Dg,u; (k). '

Since the inner product of the left hand side with w; vanishes, we see that the right
is also orthogonal to u; (and that Oy, E;(k) = —2((D,, — ki)u;(k),u;(k))). Equation



124 ZHONGKAI TAO AND MACIEJ ZWORSKI

(9.15) gives

By (R) = (ks () g ) () + 23 P2

0] ¢
Also, we note that the normalization ||u; (k)| r2m2,r) = 1 gives Re(Oy,u;(k), u;(k)) =0,
so that

1 ({9, 5 (), k) @esttg (R), 5 (R} ) =0,
Hence in the notation of (9.12),

0 ({158, ) (D, ), R
o=y (5~ iy L

(i

9.3. The quantum metric and ideal bands. Here we discuss other geometric con-
cepts related to the Berry curvature. For a physics introduction, some aspects of which
appear naturally in the purely geometric context, we refer to [Yu*25].

We start with a description of a natural metric on the projective Hilbert space
obtained from a complex Hilbert space H:

P(H) = (H\{0})/~, u~u <= 3INeC\{0},u=\
Let w € H\ {0}, and (u,v) € TH ~H x H. We define a seminorm on T, by

(v, V) (v, wnlu, v)y
(u, uyy (u, u)?,

(0, V) =
We note that
(A, M)y = (v, 1)y, A€ CN\{0}.
The tangent space of P(H) is given by
TP(H) = (H\{0} x H)/ ~,
(u,v) ~ (W', 0") <= TN € C\ {0}, Ay € C, (u,v) = (M, \v' + Aatd).
For [u] € P(H), this defines a Hermitian inner product on T P(H):

(o], [y o= S0 _ (0 u)nlt v (9.16)

<u7 u>’H <u7 u>3—[

In finite dimensions, this is the classical Fubini-Study metric.

Let L € C x H be a line subbundleN(automatically trivial by Corollary 2.19) of the
trivial Hilbert bundle C x H. Let m : L — C be the projection. Then L defines a map

C—PH), k[t '(k)], (9.17)
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where [771(k)] means the equivalence class of any nonzero point in the line 7=1(k).
Then we can pullback the metric (9.16) to C:

ds* : = (du, du) — (du,u){u, du)
= (19, ull® = [0, u, ) [*)dky + (|9, ull® — [(Onyu, w) |*)dks (9.18)
+ 2Re((Ok, u, Oy u) — (O, u, w) (u, O, u) ) dkydka,
where u(k) is a local normalized section.

Suppose now that the dual lattice acts on C x H as in (9.5) and that L := L/T"* is
a subbundle of V' := C x H/I'*. The metric defined by (9.18) descends to the torus
C/I'* and it is called the quantum metric on C/T'*. (This follows from the facts that
for sections over C, dy7(p)u = 7(p)diu and that 7(p) is unitary.)

Formula (9.18) defines a non-degenerate metric if and only if (9.17) is an immersion,
that is, the tangent map is injective. It measures the change in the quantum state as
the quasi-momentum £ varies on the torus: is a projective distance between the states.

The quantum metric (9.18) and the Berry curvature (9.10) are encoded in the fol-
lowing geometric tensor. Without reviewing all the needed multi-linear algebra we
note that if dk; is considered as a linear function on R? (dk;(z) := z;) then tensor
products decompose into symmetric and anti-symmetric parts as follows

dk; ® dko = %(dkl ® dko + dko ® dky) + %(dkl ® dko — dke & dky)
= dkydky + %dkl A dks,
where the last identity can be considered as the definition of the objects on the right

(9.19)

hand side. This notation allows a definition of a tensorial pairing on 1-forms (n,7')g
where A is replaced by ®. With this convention, the same formula as in (9.18) gives
the following tensor which simultaneously describes the quantum metric and the Berry
curvature © from (9.10):

T = (du,du)g — (du,u) @ (u,du)
= ds® 4 i Im ({0, u, O, u)dk; A dk; (9.20)
= ds? — %@.
We conclude this section with explaining the connection to Kéhler geometry® and

to the notion of ideal bands in the physics literature. With slight abuse notation we
put k = ky 4+ iky € C/T* so that, in the notation of (9.12)
0 = %B(/{;)dk’ A dk.
The metric ds? is said to be a Kahler metric if
ds®> = —1B(k)|dk|*, |dk|* := dk] + dk3.

80ur presentation is self-contained in the simple case of tori — see [We07, §V.4] for the general case.
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A band is called ideal if the metric ds? is a Kahler metric.

In the case when L C V is a holomorphic line subbundle, we may choose u(k) =
v(k)/||v(k)|| locally where v(k) is holomorphic in k. Then

ds* = ||v]|*(dv, dv) — ||v||"*{dv,v) (v, dv)
= (Il 10xv]1* = vl ~*[{Orv, v) ") |dk?
and
O = —([[v|Z0wvl® = l[ol|~*(kv, v)[*))dk A dk.
(See (9.30) for a more general version of this calculation of higher rank and the con-
nection of the Kéhler potential log g(k), in the notation of §9.4.2.)

Therefore, when ds? is not degenerate, a holomorphic line bundle gives an ideal
band. A physically interesting example of such a bundle is described in §10.2 - see
Theorems 14 and 15 in the case of Ng = 1.

Remark 17. By assumption that (9.17) is a nontrivial holomorphic map, the bundle
L is the pullback of the tautological line bundle O(—1) in P(#H). Therefore, it must
have negative curvature and a negative Chern number. On the other hand, when L has
a positive Chern number, we may define the ideal band using the immersion defined
by L* to P(H).

9.4. Berry connection in the higher rank case. Using the material presented in
§7.3, we will now discuss the Berry connection of vector bundles arising from Bloch
eigenfunctions. A typical setting comes from the following generalisation of (5.32): let

I .= {E;(k) : k € R?*/T*},
and demand that
EIJl < JQ, I,Nni, = , { e [Jl, JQ] and m ¢ [Jl, JQ] (921)

The case of an isolated band (5.32) corresponds to .JJ; = J;. Under assumption (9.21),
the procedure in §9.1 gives a complex vector bundle E over R?/T"* of rank J, — J; + 1.
This section is included for completeness and a reader interested in basic theory can
safely skip it. This assumption can be weakened to a local assumption

ker]gg?r* (Ej (k) = Eji(k)) >0, kéﬁg% (Ejpt1(k) — Eg(k)) > 0. (9.22)
9.4.1. Berry connection. Suppose E C V is a finite rank subbundle of a (possibly)

infinite dimension bundleV over R?/T*, and Dy is a connection on V, then we can
define a connection on E by

Dgs=1II(Dy (tos)), ¢:E—=H. (9.23)

where II is the orthogonal projection from V to F.
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In our setting, V' is the trivial parent bundle V' given in (9.1) and I} is the orthogonal
projection to the sum of the eigenspaces with eigenvalue E;(k) for j € [Ji, Jo]. In this
context (9.23) is called the Berry connection and agrees with the definition in §9.1
when J; = J;. A special case of the Bloch sphere was presented in Example 19. (The
Bloch sphere does not have the complications involved in the definition of V.)

The curvature of a connection D is given by
©:=DoD, (9.24)

which is a globally defined two form with values in Hom(FE, F). In a local trivialization
we have

©=dl+0N0, where D=d+80.
The Chern number (see (7.33)) is given by

c(E): ! trO € Z.

T om Jore
By (9.26),
O =trdd = dnj; =Y Tm(0kuy, Op,u;)dky A dks.

J J

So for an orthonormal basis {u;},
1
a(E) = - / Im (O, u;, O, u;)dkydks.
1( ) ng: c/re < J 2]) 1642

Curvature of the Berry connection (9.23) is nicely expressed using the orthogonal
projection H — 7~ (k):

Proposition 9.3. Suppose that w: E — X is a complex vector bundle over a manifold
X and that there ezists an embedding 1 : E — H into a Hilbert bundle with a connection
d on 'V satisfying dod =0 (in other words, a flat connection). Then the curvature of
the connection (9.23) is given in terms of the orthogonal projection (k) : my' (k) —
Ep:=7"Yk), as

© = dII A dIl|p, (9.25)

and is a differential two form on X with values in Hom(E, E). Here,
[dTLs] (k) := d(11(k)s(k)) = TL(k)ds(k),

where s is a smooth section of H.



128 ZHONGKAI TAO AND MACIEJ ZWORSKI

Proof. Recall that the connection is given by D = [l o d. We have
O©s=DoD(s)=Ilodollodoll(s)
=Ilodoll(dIl(s) + Ilds)
=II(dII A dTI(s)) — II(dIT A ds) + TI(dII A ds)
=II(dII A d1I)s. OJ

9.4.2. Holomorphic vector bundles. For a holomorphic vector bundle — see §7.2.3 — a
connection D is called the Chern connection if it is Hermitian (see §7.1.5), and the
antiholomorphic part D%! is 9. (In the case of line bundles, this means that in local
representation the connection is given by Ds = ds 4 nsdz.) The curvature (see §7.3)
is then given by
0 = 00.

This is valid since only dz appears in the differential form valued matrix #, and hence
N0 =D0.

The Chern connection exists and is unique — see [We(7, Theorem 2.1]. We note
in (9.23), if Dy is Hermitian, then Dg is also Hermitian with respect to the metric
inherited from V. Moreover, if E is a holomorphic subbundle of V, then 110 = 9 on
E. Therefore, Dy being a Chern connection implies that Dg is a Chern connection.
In particular, the Berry connection is the same as the Chern connection in this case.

Using a local orthonormal frame u;(k), (u;(k),u;(k)) = d;;, the Berry connection is
given by

Du; = ijuj> mij = (dui, uy),
J

or

Ds = Z(dsi)ui +0s, s= Z 5ils,

i
Os = E Nijsil; = E jSsiuj.
1, 1]

For any holomorphic frame v;(k) over U C C/T"*, the Chern connection (in the sense
of (9.26) with wu;’ replaced by v;’s) is given by

0 = G(k) 'oG(k),

(9.26)

where the matrix G(k) is given by
Gij(k) = (v;(k), vik)).

To see this, all one needs to check that  is Hermitian as then it gives the unique Chern
connection. Being Hermitian is equivalent to

dGji(k) = d(vi, v;) = (D, v;) + (vi, Dvj).
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The right hand side is given by
<D’Ui, Uj> + <’UZ', DUj> = (G(k’)e + H*G(k))ﬂ

= (kG (k) + 05G(k)) ;i = dG (k). (9.27)

We note that in the holomorphic case, the Chern curvature and the Berry curvature
agree for holomorphic vector bundles embedded in trivial Hilbert bundles.

For any holomorphic Hermitian vector bundle the trace of the curvature of the Chern
connection, tr ©, can be interpreted as the curvature of a connection on a line bundle.
That is achieved as follows: from a rank r vector bundle, 7 : £ — X, we obtain a
line bundle, 7 : L := A"E — X (for a review of exterior powers see [We07, §1.1]). It
inherits Hermitian structure from E. If we define the Chern connection on A"E as in
(7.23) (using only holomorphy and the Hermitian structure) we obtain a new curvature
O, which is a differential two form on X, and

@L =tro.

In the case when E embeds holomorphically in X x H we can then take k — v;(k) €
H,j=1,---,r, alocal holomorphic basis of E. Then for

(k) := Nj_yvi(k) € N"E, C N'H, (9.28)
we have
ORI 70 = et (G (B) vk} hssess) = det GLR) = gh).
In particular when X = C/A*, we obtain
O = H(k) dk A dk, (9.29)
where H is given by
H(k) = 950y log g(k) = 0, (|| @(k)||~*(0xP(K), ®(k)))
= (k) [I7*(0xD(k), kD (k)) — [|(K)[|~*|[(Op®(k), ®(K))[ (9.30)
= oM@~ (le )| ||3k (B)[I* = [0k @ (k), @(k))[*) = 0,
where || o || = || ® [|ann.
9.5. Decay of Wannier functions. We now return to the simplifying condition
(5.32) and denote by II; = 17, (P), the spectral projection associated to an isolated

band I;. In §5.7 we discussed the basis of IT; L?*(R?) for time reversible operators P,
Pu = Pu (for instance, P = —A + V, with V real valued).

We consider a more general case and start by describing the relation between the
regularity of Bloch transforms in k& and the decay in z (this holds in any dimension).
For that we need the following definition: for v € .#/(R?* x R?/T") satisfying

vk +p,x+7)=7pvk ), [r(p)](k,x)=e"Pv(k, ), (9.31)
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we define

||U||%{$(]R2/F*><R2/F) = Z /R ]D,g‘v(k,x)|2dk;dx, s €N, (9.32)

la<s / R2/20* xR2/T

provided that the right-hand side is finite. The reason for integrating over a larger torus
in the k variables is to capture the behaviour of derivatives across the boundaries of
fundamental domains of I'*.

Lemma 9.4. Suppose u € S (R?) and that B is the modified Bloch transform (see
§5.2). Then Dy, Bu = B(xju) and

/ / (D, Buh, z)Pdkdz = / () P (9.33)

R2/T JR2/T* R?

In the notation of (9.32), we have
Ot [(2) ull ) < [|Bul

and that Bu € H5(R2/T* x R2/T) if and only if (x)*u € L2(R?).

Hs(R2/T*xR2/T) S C’5||<l‘>8u||Lz(R2)7 (934)

Proof. For u € .#(R?) we recall from §5.2 that
~ 1

Bu(k,z) = R Z e TRy (2 — 7)) € C°(R2, C=(R?/T,)).
yel’
Then
. 1 o N
Dy, Bu(k,z) = R [I2 Z VR (g5 — ) u(x — ) = Blejul(k, 2),
yel

and (9.33) follows from the unitarity of B (see Theorem 3). For (9.34), iteration shows
that for u € . (R?),

/ / D Bu(k, 2)|2dkdz — / eou(z)Pdz, o€ N,
R2/T JR2/T* R2

Periodicity shows that replacing the integral in k to an integral over R?/2I'* only
changes the constants. A density argument then gives the last conclusion. 0

Using Definition 5.5 we now formulate a statement relating topology and the decay
of Wannier functions.

Theorem 13. Suppose that P is given by (9.2) and that (5.32) holds. Let L be the
line bundle over R?/T* given by (9.3). Then the following are equivalent:

(1) there exists a Wannier function satisfying |0%po(z)| < Cue™d®l, ¢ > 0;
(2) there exists a Wannier function satisfying [g, |z]?|¢o(x)|*dz < co;
(3) e1(L) = 0.
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Remark 18. A more general version of this result valid for multiple bands and dimen-
sion three was provided in [Mo*18]. Tt is also optimal as far as the exponent 2 in (2) is
concerned. For more on that see [BTY25b]. Localization of Wannier functions and its
link to topology is related to interesting physical phenomena such as superconductivity
— see [Valg].

Remark 19. We have shown that for line bundles over tori ¢;(L) = 0 is equivalent to
L being trivial (see Proposition 7.9). Hence, the theorem states that having a rapidly
decaying Wannier function is equivalent to the triviality of the line bundle L, that
is, for having a smooth family R? 3 k — (k) = p(k,e) € C®(R?/T), satisfying
r()p(k) = ok + ), (k) zageeyr) = 1, Pz, Dy — k)p(k) = B (k) (k).

Proof of Theorem 13. The implication (1) = (2) is obvious. To see that (2) = (3) we
start with the following definition: a measurable section s : R?/T* — L of a smooth
complex line bundle is an H' section if for any smooth nonvanishing local section
e; : U; — L (see the discussion after Definition 7.2),

(sl,) (@) = s5(x)e;(x), s; € Hyo(U;). (9.35)

This definition does not depend on the choice of the local trivialization e;.
From (9.34), we see that (2) implies that

o(k,z) == [R*/T*|?Byp, € H..

Hence p(k,z) gives an H' section of the line bundle L defined in (9.3). Tt satisfies
|¢(k)||L2(r2/r) = 1. We then use the following lemma:

Lemma 9.5. Let L be a smooth Hermitian line bundle over R?/T*. Assume that there
exists a unitary H' section s : R*/T* — L, then L is trivial.

Proof. Let 1 = Zj x; be a partition of unity on R?/T'* such that supp x; C U; and L
is trivial over U; (see Definition 7.1). Let ¢, : 7~ 1(U;) = U; x C be the corresponding
trivializations. For ¢ € C(B(0,1);R) satisfying [¢(z)dz = 1 we put ¢.(x) =
e 2(z/e). We then define

sei= ) (Wexs)) iy € CX(RYTL), xysly, = 5595, 85U = C.

J

Since s; € H'(U;) (from the definition of an H' section) we have

HQ/}E*S]'—SJ'HH1—>O, e — 0.

We introduce a Riemannian metric on L (considered as a 4 dimensional manifold)
and denote by d : L x L — [0,00) the corresponding distance function. Let |v| be
the Hermitian length of v € L (in our case, it is defined using the L?(R?/T") norm,
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see §9.1). We can estimate the distance between s.(x) € L and the compact subset
S:={v e L:|v] =1} (note that s(z) € S by the unitarity assumption):

oe(x). 9 < i dse (o), s £ O [ sl sty

|lz—y|<e

, (9.36)
<oy /| (the # 55(2) — 8;(0) > + = — y?) d,

Tz—yl<e
where in the last step, we write the distance in local coordinates, so that

d(se(x), s(y)) < Clobe * 55(x) = 5;(y)| + Clz —yl.
The O(|x — y|?) term contributes O(g?) after integration.

To estimate the first term, we recall the Poincaré inequality (see for instance [Ev10,
§5.8.1])

[ Aslems@Pawsc [ (vl
lz—y|<e lz—yl<e
where
1 /
ilze ' = —5 j d !
[SJ] » 7T€2 oy |<e S] (y) Y

is the average of s; over the disc B(z,¢). To apply this in (9.36) we use the Cauchy—
Schwarz inequality and properties by .:

e * Sj(x) - [Sj]ar,6|2 = ’/ Ye(z — y)(sj(y) - [Sj]:v,E)dy
l—yl<e (9.37)

<ce? / 155(9) — [5,]ec2dy.
|z—y|<e
Thus,
2 [ ersla) - sy
lz—yl<e
- 5‘2/ |the * s;(2) = [8;]0e — (55(y) — [85]ae)|*dy
|z—y|<e
S Clld}a * Sj(x) - [Sj]z,a|2 + 25_2/ | |sj<y) - [Sj]a:,a|2dy
r—y|<e

< Cpe? / 15,(9) — [8)oel?dy
lz—y|<e

gCg/ |V3j(y)\2dy—>0, e — 0,
lz—yl<e

where we used (9.37) to obtain the penultimate inequality.
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Returning to (9.36), we have shown that d(s.(x),S) — 0 as ¢ — 0, and hence s, is
a smooth, nonvanishing section of L for sufficiently small € > 0. But this means that
L is trivial. U

It remains to show that (3) = (1). From Proposition 7.9 we see that the line
bundle L is trivial. That implies existence of a non-vanishing C* section, that is a
smooth map k — ¢(k, ), [[¢(k)||L2m2/r) = 1 (see above). But then the regularisation
procedure in the proof of Theorem 5 gives us a real analytic section (k). (The only
modification needed is in the normalisation, where we need to divide by the square
root of (¢(k), #(k))r22/r) to guarantee holomorphy in a complex neighbourhood of
R?/T*.) Exponentially decaying Wannier function is then obtained as in Proposition

5.7. U

10. TWO EXAMPLES OF TOPOLOGY IN BAND THEORY

Here we present two cases of non-trivial line bundles arising in condensed matter
physics. The first one is motivated by the work of Thouless [Th83] and has physical
implications which we do not discuss but provide references for. The second comes
from considering 2D Landau Hamiltonians of §3 with rational magnetic fluxes. It
turns out that in that case one can use magnetic translations to develop an analogue
of Bloch—Floquet theory and that leads to non-trivial topology.

10.1. Thouless pumping. Suppose that P := D? + V(x) where V(z + 27) = V(z),
V € C®(R;R) (regularity is irrelevant here and we could for instance consider the
Kronig-Penney model of Example 13). Following §5.3 we have

Spec(P) = G I;, I :={E;(k): k € R/Z}.

Suppose that E(k) = E;(k) and (5.32) holds, that is the band I, is isolated. It follows

from Theorem 5 that there exists nontrivial u(k,z) € C*(R x R) satistying
(Dy — k)? + V(2)u(k,z) = E(k)u(k, z), 01
u(k + p,x + 27l) = e u(k,z), p,lEZ. (10.1)

(We have u(k,x) = e ¢(k, ), where ¢ is the (normalized) Bloch eigenfunction of
Theorem 5.) We then consider the following periodic family of operators

P\ :=D>+V(x—2), Pk :=(D,—k)?+V(z—N\).
The eigenfunction of P(\) corresponding to E(k) is given by
w(k,\)(x) = u(k,x — \)

o | (10.2)
w(k 4+ p,\)(z +270) = e Pr(p)w(k, ) (z), [T(p)v](z) = e Pv(x).
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As in §9.1, we consider the following natural line bundle defined in a way similar to
(9.3):
Lt = (R/Z) x (R/277Z),
where Lt is a complex line bundle given by
Ly :={(\[k,v]) e R x (R x L*(R/Z))/ ~) : v € kerrewz)(P(k,\) — E(k))},
[k, 0] = [k 0] <= (k,v) ~ (K, 7))
< dpeZ K =k+p, v =1(pw.

We define the connection using the Hermitian structure inherited from L*(R/27Z) —
see (7.11): for (k,\) € (0,1) x (0, 27), using the frame s(k, A) = ((k, A), f(k, Nw(k, N)),

DS(]{Z, /\) = ((ka )‘)7 (dk,)\f + <dk,)\w7 w>f>w(k7 )‘))
The curvature is then given by

O = 8A(wk, w)d)\ A dk + 8k<w,\, w)dk A d\

10.3
= ((wx, wg) — (W, wy))dk N dX = 20 Im(wy, wi)dk A dA (10.3)
The Chern number is given as in (9.11) but with &y = A and ks = k. Since
hu(k,z — \) = —0u(k,x — \)
and wu is periodic in x, we get
i
Cl<LT> @

2 [0,1]x[0,27]

/ / (/ (2l = N)Bulk, = = X)) da:) Ak (10.4)

2m
= 2/ / Im 8xu(k;,x)8ku(k’, x)) dxdk.

o Jo

We now observe (see (10.3)) that
2Im(0,u(k, x)Opu(k, x))dk A de = —id(upudk + u,udz),

so that the Stokes theorem gives

1 27

ci(Ly) = —z’/ ([ura](k,0) — [ugul(k, 27))dk —i/ ([uza)(1, z) — [u,u](0, z))dx.
0 0
We now use (10.2) to see that
u(k,2m) = u(k,0), u(l,2)=e"u(0,2).
This gives
[upt] (k,0) — [ugd](k,2m) = 0, [u.@](1,2) — [u.a](0,z) = i|u(0,z)|*
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Since fozﬂ |u(0, z)|?dx = 1 (u is normalized in L?) we conclude that
In particular the line bundle Lt is nontrivial.

Remark 20. We could also evaluate ¢;(Lr) using multipliers (7.17) as in (7.21). From
(10.2) we get that eg,or0)(k, A) = €P* and that give (10.5).

For physical aspects of this example, involving the concept of polarization and Thou-
less pumping, see [MoMol8, §4.1] and [Val8, §1.1.2]. For a youtube presentation
see https://topocondmat.org/w3_pump_QHE/pumps.html (thanks to Zhen Huang for
this suggestion).

Mathematical treatment of the more subtle case of D2+W (z)+V (z—\), W (z+27) =
W (x), was recently given in [Dr21]. An argument similar to the one presented here
appeared in [Go20] (thanks to Alexis Drouot for these references). Those results were
motivated by the study of spectral flows rather than by Thouless pumping.

10.2. Landau levels revisited. We now return to §3.4 and consider the two dimen-
sional Landau Hamiltonian in the symmetric gauge. This means that with w = z1+ix,,

Pp=AAp+ B,  Ag:=e PP/ @aDy)eP/t = oD, — LiBuw, (10.6)

where B > 0 is the strength of the constant magnetic field, and 2Dg := —i(Orew +
i0mw)- The adjoint of Ap is taken with respect to L?(C, dm(w)).

The infinitely degenerate ground states are given by

w(w, @) = fw)e 5", f e o(0), / ) Pe

B|

x dm(w) < oo. (10.7)
10.2.1. Magnetic translations. To describe this space using a Bloch-Floquet theory we

need operators which commute with Pg and replace translations v — u(z — ), v € T

Definition 10.1. Let I' be a lattice in C. For a magnetic field B and v € T, the
magnetic translation by v is defined on L*(C,dm(w)) as

Tfu(w) = eiB(m_M)u(w —7) = e%BMwu(w —7), vAw:=Im(wy),. (10.8)

We immediately check that

ApT? =TPAp, (TP) =T%, TPTH = P THTP, (10.9)
and
PgT} =TPPy, yeT. (10.10)

Remark 21. This definition, due to Zak (see [HS89] and references given there), can
be generalized to all dimensions so that (10.10) holds. We restrict ourselves to R? ~ C
to keep the presentation simple.
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The problem with a generalization of the Bloch—Floquet theory from §5.2 is that
the magnetic translations do not commute — see (10.9). However if

iByANY =iB(Y'y—7"y) € 2miZ, v, €T, (10.11)
then
BB __ mBmB
TPT} =TITE.
and

TETE = Xx(v, )T, x(v,7) =e®M e {-11}. (10.12)

In other words, under the condition (10.11), {£T.,y € I'} form an Abelian group
which is a projective representation of I'. (It is a representation if and only if ByAy' €
ATZ.)

It is convenient now to specialize to specific lattices of the form

271

I'=7Z®7Z, Imt>0 TI*"=
Imr

T. (10.13)

(A general lattice is given by w1Z @ woZ = w1 (Z ® (fwy/wq)Z) and we can arrange the
sign of Im 7, 7 = wy/wy). The condition (10.11) becomes
iBIm7(n'm —nm') € 2miZ, y=m+7n, v =m'+7mn', m,nm' n €Z,
that is,
Np := %ImTEN\{O}. (10.14)

We now discuss how to modify (10.8) to obtain a representation of I' when (10.14)
holds:

Proposition 10.2. Suppose that I' is given by (10.13) and that (10.14) holds. Then,
for any c: T' = R satisfying

c(y)+c(y) —c(y++)=3ByAy mod2r, v, €T, (10.15)
v Tf = eiC(V)Tf 1s a homomorphism:
TP’T} =T, 7,7 €T (10.16)

A choice of ¢(7y) is given by
0, m=m=0 mod 2,
c(m+7n) = { Npm, otherwise. (10.17)

Proof. If ¢ satisfies (10.15) then e +ie(r) = ¢3B1Y ¢icr+1) and (10.16) follows from
(10.12). Tt remain to check that ¢ in (10.17) satisfies (10.15). We first note that
c(y+2m)=c(v), rvmel

and
SB(y+2v) A (Y +2v) = 3ByAy mod 2w, y,m,7,7 €T.
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So it suffices to check (10.15) in the case of 7,7 € {0,1,7,1+7}. If v =0, or 7/ =0,
or v =4/, then (10.15) is obvious. When v # +" € {1,7,1+ 7} and
c(y) =c(v) = c(y+4') = Npm, By A+ = Npm mod 2.
So (10.15) still holds. U

To simplify notation, in the remainder of this section we write Tf for the modified

T f introduced in Proposition 10.2.

10.2.2. Floquet-Bloch theory for an integral magnetic flur. With this in mind we define
the space of functions satisfying a magnetic Bloch boundary conditions:

A ={ue L} (C): Vyel THPu= ex®HNyL -k € C.

The point is that {Tv }er is a free abelian group on two generators and I' — Tf is a
group isomorphism. Its irreducible representations are one dimensional and are given

by
7= m(y):C = C, m(y)z = ezl ke C/T*.

For u € .(C), the magnetic Bloch transform is then defined as

1
C/T|2

BBu(k,z) = Ze_%(RWJFkW)Tfu(:E) € LA(C/T* 45). (10.18)

It extends to a unitary operator: for u € .(C) we have

(BZu, BBU>L2((C/F*;%{(B)

: (/ — L (k(v—")+k(F-7 —FwA(y—/
— . e~ 2 KOG g (k) ) e 29N
/(C/FZ Z |C/T*] \Je/r=

vyel' v’ el

= e = )dm(w)

N /<c/r Z Z Oyre™ 2N u(w — y)u(w — ') dm(w)

vyel' el

/|u ) Pdm(w

From (10.18) we also see that the inverse of B is given by

B . 1
Co(e) = e /C im0

(See also the proof of Theorem 3.) Hence, as in §5.3,
B PpCPu(k, z) = [Ppu(k, )] (),
We are interested in the space corresponding to the ground state:

Vil i=ker 5(Pp — B) = ket ;5 Ap. (10.19)
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Theorem 14. Suppose that (10.14) holds. Then the vector subspace of FEB corre-
sponding to the ground state of B (see (10.19)) is finite dimensional and

dimker 2 (Pp — B) = Np. (10.20)

Proof. In (10.7) it is convenient to write f(w) = g(w) exp(Bw?/4), so that for u € I,
(recall that T'” now comes from Proposition 10.2 with ¢ in (10.17))

1
4

. BIm

:e% w1 B(=1+(w+w)) , 1 B(1- 2w)€—iB\w\2+iBw2g(w_ 1)

— e~ iBlwfP+;Bu? glw—1).

. ; ; _ 1 2,1 2
Since TPu = e'feky = et Reke=3Blul+3Bw" 6 (4)) we conclude that

glw — 1) = e N7l Rekg(q), (10.21)
Similarly,

efiNBﬂTf,LL(w) — e%BIm(w?)u(,w . ,7_) _ 62BIm(Tw)e 4B(w 7)(w— T)eiB(wf‘r)zg(w . 7_)

i 7) 2 B(—|T]?+(7 1)) o3 B(7%~ ’
_ e2BIm(“”')e4B( I7] +(Tw+7w))e4B(T 27'w)e 4B|w| +3 1 Bw? g(w—T)

. BIm 7(7—2w)

6% fiB|w|2+iBw2

e g(w —7).

Using again that u € #Z, we have that TBu(w) = e2®™ )y (). Hence,
g(w B 7_) _ e—iNBT('e%(r(T-‘rkf)—%BImT(T—Q'w)g<w)

e (10.22)
¢~ NBT o3 (KT HkT) —in N (1=2w) g (1))

This means that we can consider g as a section of a holomorphic line bundle over C/T"
defined using multipliers

6_1(w) — e—iNBweiRek7 e_T(w) —e

_iNBweé(l_<T+k7_')—i7rNB(T—2w)' (1023)
Proposition 7.11 tells us that such holomorphic sections form a vector space of
dimension Npg. O

Remark 22. One can also see (10.20) from the Riemann—Roch theorem (see [GH14,
Chapter 2, §3]): The residue theorem shows that the number of zeros of g is given
by Np and Theorem 14 follows from the Riemann—Roch theorem: suppose ¢g; and g
satisfy (10.21) and (10.22). Then ¢;(w)/g2(w) is a meromorphic function on C/I" with
at most Np poles (counted with multiplicities) at the zeros of g, (with go fixed). But
that space has dimension Np.
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From Theorem 14, we obtain a vector bundle of rank Ng over C/T™*. To set it up,
we define a family of maps

T AGE — P, u(w) — nau(w) = e%(war“’R)u(w), k € C,

) ) (10.24)
nPpr = Pp(k) := (Ap — k)" (A — k) + B.
We also note that for p € I'*, we have unitary maps
Tp 1 P — AP, pPp(k)7, = Pp(k + p). (10.25)
As in §9.1 this leads to a definition of a natural vector bundle over C/T™*:
V ::{k,v € (Cx AP ~: veker,s(Pgk)—B },
w = {lk o] € (€ x AP/ i (Po(k) = B) 026,
k,v] = [K,v] < (k,v)~ (kK,v) < Tpel™ k'=k+p, v =mnr0.
Remark 23. We can identify J? with L%-sections of a line bundle over C/I":
HP ~ L*(C/T; Ep), (10.27)

where Ep — C/T is the line bundle. To define it, we note that if u € S then, as
B, _
T7u=u,
. 1 _
u(z 4+ ) = e MerBET=2y(2), (10.28)
see (10.8). We now put
67(2) — eic(’y)-l—%BIm(z"y)
and check that it satisfies the cocycle condition (7.17):

ic(mi+y2)+4 BIm(2(714+72)) _

Erntr <Z> =¢€ e%B Im((erw)%)e%B Im(272) pic(m +72)— £ BIm(y271)
= En (Z + 72)672 (Z)eic(’yl)ﬂc(’m) = 671(2 + 72)672 (Z)a

where the second to last equality comes from (10.15). If we define Ep using these
multipliers (see (7.18)), (10.28) gives (10.27).

We can compute the curvature and Chern number of the vector bundle above:
Theorem 15. The Berry curvature of the vector bundle Vg is given by
© = iB ' Ngdk, A dk,.
In particular, the Chern number is
(V) = —1. (10.29)

Proof. By (9.29), it suffices to show that

OOk log det ((uj(k), w;(K)) 8 N (10.30)

e >13j,j’SNB - 2B’
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where 7u;(k) is a holomorphic local basis of V. We recall from the proof of Theo-
rem 14 that

u(k,w) = e BIWF/AeBw gk ) (10.31)
where

w'_>g(k7w)> k_>7-kg(k7w)
are holomorphic functions of w and k, respectively — see (10.21) and (10.22). We now
make the following change of variables

g(k,w) = e"™Rekg( — ik/B) (10.32)
so that (10.21) and (10.22) become

—iNBT ~ —iNpm —irtNp(T—2w) ~

g(w), glw—7)=¢e e g(w), g(w) e O(C). (10.33)

We note that (10.33) does not depend on k. We fix a local basis g;(w) satisfying
(10.33) and take g;(k,w) and u;(k,w) defined by (10.32) and (10.31). Then, using
(10.24), k — mu;(k, ®) is a holomorphic local basis of Vj, and

Glw—1) =

(Ticu; (k), mcwyr (k) e = / e?tmwRekg (v — ik/B) g (w — ik/B)e’B‘Im“"zdm(w)
c/T

— / 62 Im(w+ik/B) Re kgj (w)gj’ (w)'e_B| Imw+B~1 Rek‘Qdm(w)
c/T

-1 2 ~ -~ ~ = /N — In’l,U2
_ 6B | Re k| ij/’ ij/ — /(C/F gj(w)gj/(w)e B|I | dm(w)'

Therefore,
— eNBBTHRK® qot G

det ({u5(k) 5 (K)) 55

Since det G is independent of k, (10.30) follows. O

>1Sj7j/§NB

10.2.3. Alternative proof of Theorem 15. We will now present a different way of com-
puting the Chern number of the vector bundle V. This method works for more general
bundles for which the curvature cannot be computed explicitly — [BHZ26, Theorem 5].

Remark 24. Under the assumption (10.14), we see that the Bloch-Floquet spectrum
defined using Theorem 14 has a flat band at B. It has multiplicity Ng and for the
spectrum of Pp on L?(R?) it corresponds to an eigenvalue of infinite multiplicity. Tt
is the simplest example of a topologically non-trivial flat band. More interesting flat
bands appear in other physically relevant situations, notably in models of twisted bi-
layer graphene. As we saw in Theorem 13, non-trival topology affects decay properties
of Wannier functions and that has physical consequences.

Degenerate bands were studied in [BHZ26], and we refer to that paper for references
to the physics and math literature. The mechanism for creating flat bands is similar to
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that described in the proof below and, in particular, for flat bands with multiplicities,
the Chern number does not depend on multiplicity and is equal to —1°.

In the case of Landau levels, every object could be described using theta functions
(see §7.2.3). Instead of using that structure, we will proceed using the Green function
of 2D; alone. However we comment that in the case of Ng = 1 the Hermitian metric
in the calculation of (10.30) is related to the metric on a bundle defined by theta
functions — see (7.25).

Before the proof, we summarise some basic properties of the Green function of
2D; on tori. By using the Fourier decomposition (5.4) it is easy to check that
Speczc/r)(2Dz) = T'* and to construct the resolvent:

R(k) := (2D; — k)™ : L*(C/T) — L*(C/T"), k¢ T*.
Translation invariance then shows that

Rk)f(z) = o Gx(z — w) f(w)dm(w), (2D; —k)Gx(z) = do(2). (10.34)

The function Gy is periodic and above z — w is defined modulo I'. (We can describe
Gy explicitly using theta functions.)

Since the resolvent is a meromorphic family of operators (see [DyZw2, Appendix
C.3] and §2.3), for k near p € I'*,

Gi(z —w) = (p — k) le2®7tP2) g3 (0P} /\C/T| 4 F(z — w, p), (10.35)
where k — Fyx(z, p) is holomorphic near p. We then define
Gp(2) = Fp(2,p),

which satisfies
B 1
|C/T|

o3 (PZ+P2) o~ 5 (PU+PW)

(2D: — p)Gp(z — w) = 6,(2)

Alternative proof of Theorem 15. 1. As in the proof of Theorem 14, for u € 4P we
define

h(z) = e—Bz2/4€B|z\2/4u(Z)’
so that, in the notation of (10.24)
u € kergp(Pp(k) — B) <= (2D: —=k)h =0, 2D::=(2/i)d: = (9, +10,),
see (10.19). As shown in the proof of Theorem 14, the function h satisfies
h(z4 1) = eNo™h(2), h(z+71) = e NBEEDFINETR () (10.36)

9The proof here corrects a minor mistake in [BHZ26, §9.3].
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As in Remark 23, (10.36) gives a line bundle Ep, and we identify ker ng(Pp(k) — B)
with ker 2 ¢ .5, (2Dz — k). The vector bundle Vj is isomorphic to

Vg = {[k, v] € (Cx LA(C/T: Eg))/ ~: ve ker ;2 ., (2D — k)}7
[k7 U] = [k,7vl] — (k,U) ~ (klavl) < Hp S F*, k' = k—l—p’ v = TpU.

2. Our goal now is to express ker;s ¢ p. 5, (2Dz — k) using Gy for k ¢ I™ and ép for
pel™

For that fix hy € €(C) satisfying (10.36) — it was constructed in Theorem 14 (Again,
it can be described explicitly using theta functions — see Definition 7.10). The residue
theorem shows that hg has Npg zeros in the fundamental domain of I' and, by multi-
plying hy by a periodic meromorphic function we can assume that they are distinct:
21, ,2ZNg. We then claim that

Np
kerL2((C/F;EB)<2D5 - k) = {Z Csz(Z - Zg)hg(Z), C € CNB} ) k §é . (1037)
/=1

In fact, using the equation we obtain

(2D: — k)(Gx(z — z0)ho(2)) = d.,(2)ho(ze) = 0. (10.38)
Elliptic regularity (see Lemma 5.2 for a similar argument) shows that z — Gx(z —
2¢)ho(2) is smooth.

We also claim that
(Gi(z = 20)ho(2))]2=z, # 0.
In fact, suppose the value is 0. Then by (10.38), D¥(Gx(z — 2¢)ho(2))].=., = 0 for all
k. This implies that Gx(z — z¢)ho(2) = (2 — 2¢)G(z, Z) near z;, where G is a smooth
function. Since ho(z) has a simple zero near z;, this shows that Gx(z) is smooth near
0, a contradiction to (10.34). This implies that {Gx(z — z¢)ho(2) : € = 1,2,--- ,Np}
are linearly independent: if

evaluating at z = 2, gives (s, = 0. Since dim kerLQ(C/F;EB)@DE — k) = Np by Theo-
rem 14, we have shown the claim (10.37).

Arguing as in the proof of (10.37) we see that for p € I'*,
ker > ¢ r i) (2D — P) =

Np ,
{<0h0 +Z¢e (2 — 20)ho(2), ¢ €TV, che—swwzwzo}.
(=1
(10.39)
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3. Suppose that x € C*(D(0,¢);[0,1]) satisfies x(k) = 1 for k| < /2,0 < e < 1.
We then define

Ye(k) := b (kzetkzy) | Z Y(k — p)(eé(péeﬂm) _ eé(kfﬁfm))’ (10.40)
pel*
so that .
e2(PatPz) |k —p|l<e/2, pel™
k)= e o ’ ’ 10.41
xe(k) { ezkatka) - q(k T*) > e. (10.41)
For Zé\]j’l (¢ = 0 we consider the following smooth family:
Np
C\T* 3k~ Y Cxe(k)Gu(z — 20)ho(2). (10.42)
=1

It extends smoothly to k € C. This is because of (10.35): near p € I'*,
Gu(2) = (p — k) 1e2 7P 4 R(z,p),
where k — Fy(z, p) is holomorphic near p. So near p € I'*, we use (10.41) so that the

sum in (10.42) becomes

Np

Z Cze%(PEHﬁZz)Gk(Z — zo)ho(2)

(=1

Ng _ _ )
— Zczeé(pfﬁﬁzz) <(p _ k)—le%(p(z—22)+p(z—2e)) + F(z — Ze)) ho(z)
=1

Ng _
= (e PHPOE (2 — 2, p)ho(2),

=1
and the right-hand side is holomorphic in k. Moreover, for ¢ sufficiently small, the
sum in (10.42) is nonvanishing for (¢y,-- -, (y,) # 0 due to (10.37). So (10.42) defines
a smooth rank Ng — 1 trivial bundle, Wy C \73.
4. Tt follows from (10.37) and (10.39) that we can write Vz = W & Lg, with Lp the
following line bundle. It is spanned by

fK)Gi(z = z1)ho(2),

where f(k) is a holomorphic function with simple zeros on I'* (in view of (10.35)). We
note that Gx(z — z1)ho(2) is a meromorphic section of Lg with a simple pole at 0 and
no zero. By (7.21), on a fundamental domain such that 0 ¢ OF,

ci(Lp) = /0 (eqa (t72) ™ ey (t71) = (€4, (£72) ™ desy, (£72))

_ / dxGx(z — z1)ho(2) _ 4
or  Gw(z — 21)ho(2) .
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By Theorem 10, we have
(V) = ei(Wg) ® i (L) = —1.

As discussed in Step 1 of the proof, Vg is isomorphic to Vg and that gives (10.29). O

11. 2D PERIODIC STRUCTURES IN CONSTANT MAGNETIC FIELD

We now study the case of the constant magnetic field with a smooth periodic po-
tential V(z) € C*(R?) and V(x +~) = V(x) for any v € T'. Let

Pgo:=> (D, — Aj(2))’, A(z) = (=Bxy/2,Bx1/2), D, = E

Uz
J
]

(11.1)

J=1

Pp=Ppy=PFPgo+V.

We will use our knowledge of the case when B = 0 with the goal of studying the
problem perturbatively as B — 0. The perturbation is very singular but a careful
study of the case B = 0 combined with the magnetic translations (10.8) will provide a
needed framework. We follow the proof given by Helffer—Sjostrand [HS89] and refer to
that paper for references to earlier physics and mathematics literature. For textbook
presentations of more general perturbations of periodic structures, see [D599, Chapter
12] and [Te03]. A very recent approach and references to the literature can be found
in [CHP26].

To keep the analysis simple we consider the case of an isolated band, that is, we
assume (5.32) when B = 0. We are then interested in the spectrum of Pp for small B
and near that band.

The main result is the construction of an effective Hamiltonian: there exists a family
of functions on R?/T*, depending holomorphically on z and smoothly on B,
R?/T* 3 (1,€) = b(z,2,&, B) = by(2,,€) + Bbi(z,2,€) + O(B?)
such that for X near I; = {E;(k) : k € R?/T*},
A € Specyage)(Pp) <= 0 € Specya) (0" (A, x, BD,, B)).

Here 0™ (A, z, BD,, B) is the Weyl quantization of the periodic function b € S(R?),
see (11.37). The linear eigenvalue problem for Pp is replaced by a lower dimensional
nonlinear eigenvalue problem. The effective Hamiltonian b%(z, z, BD,, B) can also be
used to understand the density of states (see §5.5) but we will not pursue this here —
see [BeZw19] for a recent analysis and references.

The leading part of b as B — 0 is given by

b0(27$75) =z Ej($75)7 (11‘2)
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and that is a mathematical version of the Peierls substitution. It shows that the first
approximation of the spectrum is given by the spectrum of F;(x, BD,) on L*(R) (see
the discussion of the Harper operator in §11.6). For a finer description we show that
the spectrum is approximately given, up to O(B*) by a spectrum of a¥(z, BD,; B),
a periodic in (z,§), and

a(z,&, B) = Ej(z,€) — B(m(x,€) + VE;(z,8) A A, €)) + O(B?), (11.3)

(see Theorem 19) where m and A have physical interpretations as orbital magnetic mo-
ment and a Berry connection term, respectively. We discuss mathematical distinctions
between these two terms referring to [SuNi99] and [Fu*10] for physical interpretations.

Finally, we show how the terms in (11.3) appear in Bohr—Sommerfeld quantization
rules for a single component of £; = X in the non-degenerate case.

11.1. Periodic potentials revisited. In order to consider magnetic field as a per-
turbation we analyze a Grushin problem for
P:=-A+V, VeC®R%R), V(r+7v)=V(z), yeT,

under the isolated band assumption (5.32). Theorem 5 then shows that the topology
of the band is trivial. In particular, we have exponentially decaying Wannier functions

pule) = oz — @), Igol@) < Ce PO, aeT, (11.4)
for some C' > 0, see §5.7.
Proposition 11.1. Under the assumption (5.32) and in the notation of (11.4), let

P(z) = (PRZZ %‘) : H3(R?) x £2(T') — L*(R?) x (*(T)

where

Rou(2) = 3 u(@)pale),  Ryu(a) = {u, a).

acl

Then for z € nbhdc (1), P(z) is invertible with
Pt =76 = (1) 20,

CAEG) P (11.5)
F_i(2)f(a) = 2f(a) = > E(a = 7)f(7).
where
By) = [R2/T*|! / R (k) dk, (11.6)
R2/T*

and R?/T* 3 k — E(k) is the Bloch eigenvalue corresponding to the isolated band I;.
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Proof. Let II = II; = 17,(P) be the spectral projection to the isolated band I;. This
is one of the most standard Grushin problems with the following inverse
F(z)= (I -I)(P—2)7'(I -1), F_(2)=Rs:, Fi(z)=R_

and F_,(z) given in (11.5). To see this, we start by observing that if we apply the
Bloch transform to ¢y we obtain

1

A _ —iy-k
U(k,l’) = B(ﬂo(k,l’) = W;@ v QOO(Z' — ’}/)

By definition of E(k) (see §5.3)
PU(k’,l’) = E(k’)u(k,m), U(k? +p,x— /7) = eik"yu<k7x>7 pE F*,'Y el
Taking the inverse Bloch transform, we have
1 ik-a B
Py, = R 2 /R?/F* eV E(k)u(k,x)dk = Z E(y— a)p,.
yel’
We readily check that
(P—2)(F(z)v+ Fyvy )+ R (F o+ F_v,)
= (I~ + (P~ 2) Y vi(0)a

ael

+ 3 (0, 00) + 204 (@) = Y E(a = 7)v4(7))@a

aecl

= ([ —I)v +Iv = v,
and that (note that R, (I —II) = 0),
Ry(F(z)v+ Fhoy)(a) = Z(M(W%a Pa) = vi(a).

vyerl

The left inverse property follows similarly. U

Since the magnetic field introduces a very strong perturbation near infinity, we need
weighted estimates for F(z):

Proposition 11.2. Let f € C?*(R%R) and e (v,vy) = (e/@v(x),ef/@v (a)). If
1 f oo + 1/ lo is sufficiently small, then e’ P(z)e~F : H* x £2 — L? x (2 is bounded
and invertible with a bounded inverse:

Heflp(z)ileifHL2><Z2HH2><Z2 <C.

Proof. We estimate each term in

np - - eof —f
s 5 (e (P—z2)e ! e'R_e
e!P(z)e ( IR 0 :
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Since e/ (P — z)e™/ = 32(Dy, + 0y, f)* + V() — 2z, we have

f(P—2)e! —(P—2)=i(Vf -Dy+ D, Vf)— V[
This is small in H? — L? norm once || f'|lcc + || f”|loo is small. Next, we see that

e'Riefu= ef(a)<e—f(m)u<x>’ 0a(7)) = (u, €f(a)_f(m)g0a(l’)>
and hence

e/ Rye™ — Ryyu(a) = (u, ("7 — 1)p,(2).

In view of (11.4), we have the following estimate:

/7 1), )] = [ (5@ = eIt o)

< C||f oo]x — |l lla=elg=le=al/C.

(11.7)

Writing

e/ Rye ! — Royu(o) = | K(oy)u(@)dz, K(a,z) = (@0 — 1)p,(2),
R2
we see from (11.7) that for || f'||.c < 1/2C,
|K (o, 2)] < C||f|lce” ", ¢>0.
Schur’s inequality (see (2.14), (2.15)) then shows that for || /|| < 1, e/ Rie™ — R, :
L? — (2 is bounded with a small norm.

Similarly, we obtain the smallness of ||e/ R_e™/ — R_||;2_,z2. Since P(z) is invertible
and e/ P(z)e~/ —P(z) has a small norm as an operator H? x (> — L% x (2, we conclude
that e/P(z)e~/ is invertible with a bounded inverse. O

11.2. Functional spaces associated to Pp. The operator Ppy is essentially self-
adjoint as was discussed in Example 5. The domain was given by

D(Pyo) = {u € L*(R) : Pyou € L*([R?)}, (11.8)

where Ppou was considered as an element of .’ after distributional differentiation
(2.7). Tt is convenient to give a different characterization of the domain using magnetic
Sobolev spaces which we define as follows. For o € N2, we put

(Dx — A)oc = (D:tl + BZEQ/Q)al (sz — Bl‘l/2)a2.
(We note that the order matters but the commutator of D,, + Bxy/2 and D,,, — Bz /2
is given by multiplication by iB.) The magnetic translations (10.8) satisfies
B o amB 2

T7(D, — A)* = (D, — AT, o €N~ (11.9)
To make this section easier to read (without going back to §10.2, we check it again
directly:

A(z) = Y(=Bwy, Bay),  (TPu)(x) = 7M7)y (p — ).

Y
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— 7))

Then
sV(B(mas —7m1))) = 5 (=B, Bn) = Az) — Az — 7).
Thus
(Do = A)TPu = (~i¥ = Af)) (e ¥ ey
= ¢ Fam2m) (i Vu(z — ) — Az — y)u(z — 7))
=TP((Dy — A)u).
Therefore

(D, — A)TP =TP(D, — A),
and this gives (11.9) by iteration.
With that notation we define

H5(R?) = {u € LAR?) : (D, — A)u € L*[R?), |a|<s}, seN,  (11.10)

where again the derivatives are taken in the sense of distributions.

To relate H% to the domain of Pgg (11.8) we start with

an estimate:

Lemma 11.3. There exist C; > 0 such that for u € . (R?),

(D2 — A)*ullz2 < C1(1+ B)*([| Ppoull2 + l|ull12)
Proof. This is based on the observation that for

o = A(2°) : (—Ba:g/Q,Bas(l)/Q),

0

and y := x — x”, we have

&2 (D, — A(x))%e ") = (D, — A(x — 2°))*

ol <2 (11.11)

= (Dy = A@y))",

¢! €0:w) Pgpo(z, Dgc)e_i@‘)’x> = Ppo(y, Dy).

Local elliptic estimates (see the proof of Lemma 5.2 or [Zw12, Theorem 7.1] for
detailed elementary presentations) then show that for |a| < 2,

I(Dy = Aw))*vllz2s01)) < Co(L + B)*([1Poly, Dy)vll

Applying this to v(y) := '€= +9)y (20 + y), gives

2(0,2) + 1Vl z2(B0,2)))-

1(Ds — A(@))*ull 2 (B@o 1)) < Co(1+ B)*([| Poull 280 2)) + lull 2o 2)), (11.12)

where Cy is independent of 2 and B. We can now use a cover, say, R* = (J ;> B(p, 1),
so that (11.12) applied with z° = p and summed over Z? gives (11.11) with C} given

by 3600

O
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Suppose now u, Pgou € L% that is, u € D(Pgy). We want to show that u € H3.
Proceeding as in [Zw12, Proof of (C.2.11)] we obtain u. € .(R?) that satisfies u. — u
and Ppou. — Pgou in L?. Lemma 11.3 then shows that u € H3(R?). This argument
applies also to Ppy and can be used to show that Pp y is essentially self-adjoint (apply
the definitions from §2.3) with the same domain.

11.3. Grushin problem for small constant magnetic fields. In the notation of
§11.2 we consider the following Grushin problem:

P(z) = (Pfjé 2 R;) L H2(R2) x 2(T) — L2(R2) x () (11.13)

where, using magnetic translations from Definition 10.1 and the Wannier function
(11.4), we put

RPu_(z) =Y u ()T ¢po(z),  Rfu(a):= (R%)"u(e) = (u, T o).

ael

The boundedness of
RP () —» L*(R?), RY:L*R?* — (),
follows from the Schur criterion (2.15) and the exponential decay of @g(z):

RPu_(2) = Y K(x a)u_(a), K(x,a)=TEp(x), |K(xa) < Ce e
acl
with the similar statement for RY = (R?)*.

We note that the definitions and boundedness of R?, and the discussion at the end
of §11.2, show that Pg(z) is self-adjoint for z € R and satisfies

Pu(z)* = Pu(3). (11.14)

We also not that (obviously) z — Pp(2) is holomorphic in z. Hence, if it is invertible
for an open set of z, the inverse will also be holomorphic.

To analyse the properties of Pg(z) we define the discrete analogue of (10.8):

1
U(Oé—’)/), '7/\(1/:2

2
0
7'5‘

TPPs(z) = Ps(2)T7, (11.16)

T v() = BN

(a7 —ay), (11.15)
and then put
5

TB
B .__
T ' ( 8

We claim that
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which means that the operator obtained from the Grushin problem commutes with the
combined magnetic translations. To see this we only need to check 7”R? = RYT? as
the other commutation is dual to this one.

rl Riu(a) = e2M(u, T po(w)) = 377 u, e3P gy (@ — art-7)

L Banx

u(r —7), 27" ooz — )
= <Tfu,ng00> = Rf[Tfu](oz).

— <€%B'y/\:1:

We now show that our Grushin problem is well posed:
Theorem 16. For z € nbhdc(/;) and |B| < 1, the operator
Ps(2) : H5(R?) x #(T') — L*(R?) x £*(T)
1s invertible with a uniformly bounded inverse.
Proof. We choose a partition of unity (see [H603, Theorem 1.4.6]) such that
> 0,@) =1 Oy(x) =fo(x—7), Oo(z) € CZ(R* [0,1]).
~er

Let
0, (z) = (g”éx) 3) (11.17)

and Fy(z) = Py(z)~! (this is the inverse of the Grushin problem with B = 0 — see
Proposition 11.1), we construct an approximate inverse to Pg(z), Fp = Fp(z) as
follows

Foi=y TPRTS6, =3 T F6TE,.
~eT ~ver
We first claim that
IFBl 2xz 1z e < C < 00 (11.18)
For that, in view of the definition (11.10), we need to estimate

(D— Ay 0\ . (D — A 0
( 0 1 IB_;TVB 0 1) FooT=,

for |a| <2. With n > 0 we write

e 0 (D— A 0
K - ( 0 en<.>) < 0 1) ./_"0@0.

By the weighted estimate given in Proposition 11.2, K : L?x{? — L?x{? is bounded for
n sufficiently small and |a| < 2. We now choose 6y € C2°(R?) so that the corresponding
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(:)0 defined as in (11.17) satisfies éo@g = 0. That gives

D—A" 0 e~ () 0 ~
(( . ) 1) Fs=>» By B,:= f@B( 0 e—n<‘>) KO,T5. (11.19)

To prove the boundedness of the sum of B,’s, we need the classical result of Cotlar
and Stein'’:

Proposition 11.4. Suppose that B; : Hy — H,,j € N are bounded operators between
Hilbert spaces Hy and Hy, and that there exists M > 0 such that for all j,

* 1 s L
SIBBillE < M, S |IB;Bi|F < M,
keN keN

then Bu =Y ._; Bju converges in Hy and defines an operator satisfying

1Bl -1, < M. (11.20)

jeJ

Proof. 1. We first assume that B; = 0 for j > J so that B is well defined. Since B*B
is self-adjoint, the spectral theorem (Theorem 1) implies that || B||*™ = ||(B*B)™||. We
then expand (B*B)™ as follows:

J J
(B*B)" = Z B;lBjé s B;2m—1BJ'2m = Z Bjy.....jzm>

J1yenjam=1 J1yeenjam=1

where we note that we have 2m sums. The summands are estimated in two different

ways:
1Bji...iom | < 185, By M1 B, Biall - - MBS, Biyal
and
1Bi..cciiom | < 1B [l Bio Byl - - M B2 B [ B ||
Since || B;|| = HB}‘-‘BJ-H% < M, multiplying these estimates and taking square roots we
obtain
1Bji..coonll < MIB;, Byl By By N1V 1B,y B I121Bs,,, - B 12
The advantage lies in having products of 2m — 1 terms which we can sum separately:
J
IBI*™ = BB < Y. |Bjsnll
j17~~~7j2m:1

J
< M > BBV |IB;

2 J2m—1

Bj2m||1/2 S ]\4!]]\42777,—17
j17~~~7j2m:1
10The reader can take the statement of the theorem of faith and proceed with the proof of Theorem

16; we nevertheless recommend the elegant argument for (11.20) to readers interested in mathematical
analysis.
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where the J factor came from having 2m sums and only 2m—1 factors in the summands.
Hence
IB|| < Jon M —s M as m — . (11.21)

2. For the general case we take u € H; of the form u = Bjv for some k and some
v € Hy. Then

DBl =Y I1B;Bivll < Y I B;BillV1B; Bill 2 o)) < Mol

j=1 j=1 j=1
We conclude that ) 7%, Bju converges for u € ¥ := span{Bj(H) | k=1,...}.

On the other hand, in step 1 of the proof we showed that || Z}]=1 Bj|| < M for any
J. Hence, the series converges for any u € 3 (the closure of ¥ in H;). In fact, if suffices
to show that for u € 3, we have the Cauchy sequence property: || EJKZ 1 Bjul| <e¢, if
L,K > N. For that we choose uy € ¥ such that ||u — ug|| < £/(2M) and for which
I3 Bjuoll < &/2, if L, K > N. Then

K K K
1Y~ Byull < 1D Biuol + 11 Bju — uo)|| < 3+ Mllu— ug| <,
=L j=L j=L

where we used the fact for any finite sum of B; we have the bound (11.21). It also
follows that

[e'¢) J 00
13 < s (1 5413 ) < ol
j=1 oo j=1

j=J+1

If u is orthogonal to ¥, then u € ker(By,) for all k; in which case > 2y Bju=0. Hence
the series ) °°| Bju converges in norm for all u € H; and defines an operator of norm
bounded by M. O

We want to apply this proposition with the index set N replaced by I' and with B;
given by B,, v € T', defined in (11.19). First of all, since K : L* x {* — L? x {* is
bounded, each B, : L* x {* — L* x (? is uniformly bound. Moreover,

« _ B = g e (€0 B
BaBy =Ta ( 0 en<->> KO0 T-aT5 Ook ( 0 ) T8

For | — 3| > 1, éoT_Ba%Béo = 0 by the support property. So >z p HBaBgﬂé <C
for some C' > 0. On the other hand,
cr _BE e (€0 pp (€0 o, TB
Thus
| B Bs|| < C|]e‘”<'>7:i7;36_’7<'>|| < C'sup e 1@ enle=(B=a)) < Crg=nlf=el,
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(This follows from (z) +(z —y) > |z|+[r—y| > [y|.) We conclude }_ ;. |B:Bs|z < C
for some C > 0.
Using Proposition 11.4 and recalling (11.19), we proved that

((D_OA) ?)FB:L2><€2—>L2><€2, la] <2

is bounded and therefore Fp : L? x (2 — H% x (* is bounded.
Now we compute
PpFp =Y TPPpFoOT? =1+Q, Q:=> TP(Ps—Po)FoOT". (11.22)
el ~yer

We claim ||Q||z2xe2—12xe2 = O(B) and thus Fp is an approximate right inverse. In
order to estimate the norm of (), we compute

Ps—Py=Y O(B)x;D,, + O(B)|z|* + O(B).
Recalling that ¢q is the Wannier function (11.4), we estimate
TP 00 = Topol = e @77 — 1o s — )| < C|BlJz — ol afe™ I/
< C|Bale”l#=al/¢",
107 (T ¢o — Typ0)| < Cs(|Bal + |Ba| e lelC.
Thus as in the proof of Proposition 11.2, for || f/||. sufficiently small, we have
e T (o) (RY — R})e! = Opanp(B); e /(RP — RY)(e) '/ = Op,12(B).

Now we write

=) 0 )
(Ps — Po) FoOp = (e . e"7<'>> Kp, Kp:= (e 0 e’7<'>) (P — Po) FoO.

By Proposition 11.2, we conclude ||Kp||r2xe2—r2xe2 = O(B). We rewrite @ in (11.22)
as follows:

Q=) T ( 0 €—n<->) KT
yel

Using the Cotlar—Stein Lemma (Proposition 11.4) as before, we conclude ||Q||2xe2—r2xe2 =
O(B). Hence, for B sufficiently small, ||Q|| < 1, and we can define

Fs=Fg Z(_Q)ja PoFp=1.

J=0
A similar construction gives an approximate left inverse given by

G => O TPRTE =) TPOFTE.

vyel yerl’



154 ZHONGKAI TAO AND MACIEJ ZWORSKI

That produces a left inverse Gn satistying GsPr = I. Since the left inverse and right
inverse must be equal, we conclude that Gg = Fp is the inverse of Pg and the proof
is completed. [l

We conclude this section with an analogue of Proposition 11.2:

Proposition 11.5. For f with properties from Proposition 11.2 and Pg given by
(11.13) then e/ Pp(2)e~! is uniformly bounded and invertible with a bounded inverse,
and

e/ Pp(z) e || 2 xe2sayxe < C

The proof follows the same lines as the proof in the case of B = 0.

11.4. Stability of spectral gaps. In §11.3 we considered z in a neighbourhood of
an isolated band of Py = —A + V(z). It is also natural to ask what happens when
20 ¢ Spec(—A + V(zx)). In that case we proceed as in the proof of Theorem 16 but
without setting up a Grushin problem and simply using the invertibility of (Py— zg) ™.
In the notation of (11.17) we put

Fp =Y TP(Py— 2)"'0,T"

_»y;
yel’

where Tf are magnetic translations (10.8). A simpler version of the analysis of (11.22)
then shows that

(Pg— 2)Fg =1+ Kp, Kp=O0(B):L*R?) — L*(R?).

which provides us with a right inverse. Similarly, we obtain a left inverse. This proves
the following theorem of Nenciu and of Simon. We note that no assumptions on the
spectrum are made here. All we need is that zg is outside the spectrum of Fj.

Theorem 17. Suppose Pg = (D,, +Bx2/2)*+(D,,— Bx1/2)*+V (z), V € C*(R*R),
V(z+v)=V(x), y€T. Then for B sufficiently small

2o ¢ Spec(Py) = z ¢ Spec(Pg). (11.23)

A modification of the proof gives in fact a stronger statement than (11.23) (see [Sj89,
Proposition 2.4]): if zy ¢ Spec(Ppg,) then there exists £ > 0 such that

|z — 20| + |B — Bo| < ¢ = z ¢ Spec(Pg).
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11.5. Effective Hamiltonian for small magnetic fields. In view of Theorem 16
we can define

Pp(z) ! =: Ep(2) = @28 £((ZZ>>) : L*(R?) x 2(T') — HE(R?) x (2(T). (11.24)

In view of (2.23) the operator EZ (z) is the effective Hamiltonian in the sense that
the existence of its inverse controls invertibility of Pg — z:
(Pp—2)"' = EP(2) — EZ(2)EP (2)7'EP(2), 2 € nbhdc()). (11.25)
From (11.14) we see that £g(z)* = E5(Z), and consequently
EB (2)" = EP (2). (11.26)

In addition the dependence on z is holomorphic in a neighbourhood of the isolated
band I; — see Proposition 11.1.

We now have an analogue of (11.5):
Proposition 11.6. Suppose that I; is an isolated band in the sense of (5.32) and

E(k) := E;(k) is the corresponding Bloch eigenvalue. There exists (z, B, o) — f(z, B, a),
z € nbhdc(/;), B € nbhdg(0), a € I, satisfying, uniformly in z and B,

|f(z,B,a)| < Ce™ ¢>0, (11.27)
such that, in the notation of (11 24),
B2, (2))(@) = 3 e (2, B, a — B)u(B). (11.28)
per
In view of (11.26), we have
f(z,B,—a) = f(z, B, ). (11.29)

Proof. From (11.16) we conclude that for all v € T', 77 E”, (2) = E”, ()77 . On the

level of the matrix elements of EZ, (z) that means that

IBWZE 2, p—7,B)v ZE_+ 2,p, B)e BNy (B — )

= Z EZ,(2,p, 8+ )¢ 0 (g),
B
that is,
eV EE (2,p—n,B) = eSPVEE (20,5 +7),
or, by putting p = a — 8 and taking v = —f,
BB, (z,0,B) = e $BEANa=ATIBEONEB (4 o — B 0) = e3BArEB (2 o — B0).

Hence we can put
f(zaBa7> = E—B+(Za%0)
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To obtain exponential decay we note that Proposition 11.5 applied with f(z) = ¢o(z),
0 < ¢y < 1, shows that

0 (2, B,y) = eV EE, (2)(e60(e))(7) € £2(T).
In particular, the left hand side is bounded and that gives (11.27). 0

11.6. Harper’s operator. We will show that f in Proposition 11.6 is a smooth func-
tion of B and hence the first approximation of EZ, () is given by

v(a) = zv(a) — Mpv(a), Mpu(a):= Ze%Bﬁ/\aE(a - B),
Ber

where E is defined in (11.6) and the wedge product is given in (11.15). In the simplest
tight binding model — see §6.1 and (6.61) — we have ' = Z?, T'* = 2nZ?, and

~

E(n, m) = % (571’1 + (Sn’,l + 5m,1 + 5m,71) y (n, m) € ZQ,
which corresponds to E(k) = cos ki + cos ky. (We suppressed the tunelling constant —
see (6.61).)

Since (n,m) A (n £ 1,m) = +m and (n,m) A (n,m + 1) = Fn, we see that

v(n,m) Ms

i (e_%Bmv(n —1,m)+ e%Bmv(n +1,m)+ e%an(n,m —1)+ e_%B”v(n, m + 1)) :

We now introduce a unitary transformation
Up: () = AT, Ugv(n,m) :=e 25 y(n,m),
so that
v(n,m) Upteln,
Lw(n—1,m) +v(n+1,m)+eP"v(n,m—1) + e P *v(n,m+1)).
We are interested in the spectrum of Mpg which is the same as the spectrum of

MB = UEMBUB

We can consider this operator on the Fourier transform side k¥ € R?/T* where it
becomes
u(k) — cos kyu(k) + [cos(BDy, — ko)u)(k), wu € L*(R*/T*), I'* =277
or, putting x = k; € R/27Z, 7 = ky € R/27Z,
Hpw(z,7) := [Hp(r)w(e, 7)](2),
Hg(7) :=cosz +cos(BD, — 1), Hg(t): L*(R/27Z) — L*(R/27Z). (11.30)

This is the celebrated Harper operator.
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FIGURE 20. Spectrum of the Harper operator (11.33): the horizon-
tal axis represents magnetic flux through a fundamental domain. For
I' = Z2? it is equal to B. The vertical axis is the spectral parameter.
The spectrum is a Cantor set when B/27m ¢ Q and a union of ¢ dis-
joint intervals when B/2m = p/q € Q. This picture is known as the
Hofstadter butterfly. Reproduced from the original figure by Douglas
Hofstadter under Creative Commons License CC BY-SA 3.0. The proof
of the structure of the spectrum in the general case is due to Avila and
Jitomirskaya [AvJi09].
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We now claim that
B ¢ 2nrQ = Speci2g oqz)(HB(T)) = Specrag oqz) (H5(0)), T€R. (11.31)
Proof of (11.31). This follows from observing that
Hp(B + 1) = UHy(1)U;, (€1,
Upu(x) := e u(x), U : L*(R/27Z) — L*(R/277Z).

The irrationality of B/2m (which implies ergodicity of 7+ 7+ B mod 2, see [St03,
§4.2]) gives

(11.32)

VedleZVNneZ |cos(B(n+{))—cos(Bn—r71)| <e.
Since the spectrum of D, is given by n € Z, we have

| cos(BD, 4 Bl) — cos(BD, — 7)|| 12(r/2x2)— 12(Rj272) < €.
But this means that for any € > 0 there exists ¢ € Z such that

|Hp(T) — Hp({B)||L2(R/272)— 2R /272y = |[HB(T) — UHp(0)Uy || L2(R j252)— 12 (R /277)
<E.
For bounded self-adjoint operators, A;, j = 1,2, ||(4; — A\)7|| = 1/d(), Spec(A4;))
(which follows from the spectral theorem, Theorem 1), gives
|A1 — As|| < e = Spec(A4;) C Spec(Az) + (—¢,¢).
We apply this this with
Ay = Hp(7), Ay=UHg(0)U;, Spec(As) = Specia oz (Hp(0)).

Since ¢ is arbitrary, (11.31) follows. O

In the notation of (11.30) it follows that, if B ¢ 27Z,

SpeCLQ(R2/2ﬂ.22)(HB) - SpeCLz(R/2ﬂz)HB<T), T E R,
as sets.

We now define a (modified) Bloch transform in this context (see §5.2)

Vg : L*(R) = A, # = {uc L} (R?) :u(x+2mm,7+(B) = u(x,7)},

loc

Veu(x,T) := Z e%T(z_%m)u(x —2mm), (x,7) € R/27Z x R.
meZ

Then,
Vp(z, T +(B) = ¢*u(z,7) = Up(z,7), (BD, —7)Vpu = Va(BD,).
The spectrum of Hp acting on .7 (as a bounded operator) is the same as the union

of the spectra of Hp(7) defined in (11.30). It is also equal to the spectrum of Hp
defined in (11.30).
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As in §5.3, it then follows that
ViHpVp = cosx + cos(BD,) : L*(R) — L*(R). (11.33)

This is another version of Harper’s operator — see Figure 20. We note that it is given as
a semiclassical quantization of the (postulated) Bloch energy, F(z, ) where we replace
(k1, ko) by (x,€&) € T*R. The small magnetic field B plays the role of the semiclassical
parameter.

11.7. Smooth dependence on B. To study smoothness of B +— f(z, B), where f is
given in Proposition 11.6, it is natural to differentiate £g(z) = Pp(z)~! with respect
to B. The difficulty we encounter is the fact that spaces on which the operators Pg(z)
act (and are invertible on) depend on B. Using weighted estimates from Proposition
11.5 we can however consider these operators as acting on smaller spaces which are
independent of B:

Lemma 11.7. Let
AF = (V) VHNR?), L :=()(a) (D),
N N
be Fréchet spaces with seminorms |[ullpen = [[(®)Nullge, vllen = [[()Vv] .
Then, in the notation of (11.13),
Pp(z): H°? x L — #° x £, =z € nbhde(l)),

1s a bounded operator, invertible for sufficiently small B, with a uniformly bounded
muerse,

Ep(2): A" x L — H#? x ¥, B €nbhdg(0), z € nbhdc(l;).
Proof. We first check that for any B and k, 5% = (y(z) "V H}(R?). This follows

from
()™ (D — A(2)*ull 2 < Clx) ¥ u| 1o
and
[{2)Y Dl = = [[{2)V (Do + A() = A@@)*ul| 2 < C Y [{2)V (D, = A()) | -
p<a
To show boundedness and invertibility we use Proposition 11.5. To construct the
weight f we choose y € C*(R?;[0,1]) equal to 0 for |z| < 1 and equal to 1 for |z| > 2
and ey > 0 satisfying ey log(ey') < 1. Putting
fn(x) = Nx(enw)log(x),
we see that || fy oo + || ]l < 1 as required by the assumptions of Proposition 11.5.
We also note that

Crielluller v < lle"™ull e < Cwvallullor,,
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for some constants Chy .

On the one hand, we have

IPs(2)ulleoxzn ~ le™Pr(2)ull2xe = e/ Pr(z)e™ ™ e/Nul| axe

< Olle™ull gz v < Clle™2ul| g2 ~ [Jull w2 xz n42-
On the other hand,

1€8(2)ullp2xzn ~ 1™ Ep(2)ullpz e < Clle?™+2Ep(2)ul 2 <2
— CH€f1\7+2gB<Z)€—fN+2efN+2u||H}23 2

< Olle™2ul| 2w ~ ||Jull wox.zni2,
which completes the proof. 0
With this in place we can consider derivatives of Pg(2):
Proposition 11.8. For z € nbhdc(/;) and Pg defined in (11.13),
nbhdg(0) 3 B + Pp(2) is in C*®(nbhdg(0), B(s* x L, #° x L)).

Consequently, B + Ep(z) : H° x L — #7? x £ is also a smooth function of
B € nbhdx(0).

Proof. Recall that

Ps—z RB
PB(Z) = ( BRB © O_> ) Zu TBSOO )7 Rfu(a) = <U7TaB(p0>'
+

ael

We need to check each individual block is smooth in B. First recall from (3.7) that
Pp = (D,, + Bx3/2)* + (D,, — Bx1/2)? and

8BPB = [L’Q(Dxl + %Bxg) - $1(Dz2 — %Bl’l) : <l’>_1_NHé — <$>_NL2,

and in particular 05 Pg : J? — L.
For RE : ¥ — #°, we note

1
OpTwpo(z) = ) Im(xa@) T po(z).
Since |po(x)] < Ce~1*VC  the operator

OpR :u_(a) — Zu Im (za)TEpo(x) : L — H#°

ael



PDE METHODS IN CONDENSED MATTER PHYSICS 161
is bounded by Schur’s criterion (2.15). Moreover,

(RE — RB — (B — By)dsRP)u_(x

~—

= > u(@)(Tpo(a) = T (x) = 5 (B — Bo) Im(2@)T g0 (x))
=" u_(@)e FVCO((1 + |ral)(B — Bo)?).

Thus by Schur’s criterion again, g RP is indeed the derivative of RZ. We can iterate
this argument to conclude R? € C*(nbhdg(0),B(-Z — #°)). The smoothness for
R? is similar.

The smoothness of £g(z) comes from the identity
EpO0pPp + (08ER)PE =0

which gives 8383 == —SB(OBPB)SB. O

As a corollary, f(z, B, a) is smooth in B and we can calculate derivatives 0% f (2, B, «).

We also remark that the calculations above and the proof of Proposition 11.5 (or
rather Proposition 11.2 show that

65<°>8§773(z)e’5<°> Ax) FHE x (o) — L? x (2

is uniformly bounded for § < 1. We define A := diag({x), (@)?) and denote the
norms L% x (> — H% x (> and H X (* — L? x (* by || e||; and || e ||z, respectively. By
the weighted estimate, for 0 < 0 < §; < 1,

1e*®apEp(2)e |y
= [|e*Ep(2)e XM APy (2)e P AT AL E5(2)e ||,
< [ En(2)e ]l D5 Pa(2)e O A7 L[ A En(2)e ],
< Colle”®Ep(2)e* 1| DpPs(2)e AT ]| Ep(2)e 1 < O,
where (] is independent of B.
We conclude that
€490p B2, (:)e ¥l ap < i,
and that
g f(z, B,a) = eXMOpEB (2)e™ ) (540)(a) € (A(T).

We can iterate this argument and that gives a uniform estimate

0% f(2, B,a)| < Cre~l®l B € nbhdg(0), 2 € nbhde(1;). (11.34)
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11.8. The algebra of effective Hamiltonians. We now write the effective Hamil-
tonian in Proposition 11.6 using a magnetic composition. For u,v € ¢1(T') it is defined
as

Mp)u = v#pu(a) = Ze%B’BAav(a — B)u(pB). (11.35)

Bel’

Then, in the notation of Proposition 11.6,
B (2)u(a) := Mp(f(z, B, e))u(a) = f(z, B, ®)#pu(a).
In this section, we study operators given by Mp(f), f € ¢(T'). We first note that
Mp(f) : £°(I) = 2(I),

is a bounded linear operator (this follows from Young’s inequality [H603, Corollary
4.5.2]). We then claim that

A = {Mp(f): fe D},  |MsHl = IMs(Hllose = |flla,

. - - (11.36)
Mp(f)" = Msp(f),  fla):= f(-a).
has the structure of a Banach *-algebra. We recall a Banach *-algebra is a Banach

algebra A over C such that

e There is an involution operator * : A — A, that is, 2™ = x.
o (r+y) =x"+vy* (vy)* =y z* for any x,y € A;
o (\x)" = Xz* forany A € C, x € A.

If the * operation satisfies the C* identity ||z*z|| = ||z||* for any x € A, we say A is
a C*-algebra. Classical examples of C*-algebras include continuous functions over a
compact Hausdorff space, bounded operators on a Hilbert space and the C*-enveloping
algebra of the convolution algebra of a locally compact group.

To check that Ap satisfies the conditions for being a Banach x-algebra, we compute,
for u,v € (3(T):

(Mp(flu,v)e =Y 2P f(a — Bu(B)u(a)

a,Bel

= > u(BerBr fla — Bv(a) = (u, Mp(f)v)e

a,BED
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and

Mp(IMp(glula) = D 2B f(a — B)es PP g(8 — p)u(p)

B,pel

= Y B0 (o — g — p)er PO g(y)u(p)
B,pel’

_ Z e%BpAa (Z e%Bv/\(oz—p)f(a —p— 7)9(7)) u(p)

= MpM5(f)g)u(a).

All the properties of * follow from these calculations. For the C* identity, we check
that

IMB(f) Mp(H)l = I f#sflle <D 1B = a)llfB)] = £l

acl’ gel’

The inequality above cannot be replaced by an equality for general f € ¢*(T'), and
hence Ap is not a C*-algebra. However, one can define the reduced C*-enveloping
algebra C*(Ap) as the closure of Ap inside of the C* algebra of bounded operators,
B(¢*(T)). It is, by definition, a natural C*-algebra but the norm is different.

We now claim that
(B— B)|R*T| €417 = Ap= Ap.

In fact, in that case BB Ao — iB'8Aa € 2nZ and Mp(f) = Mp/(f). Since
f#59 = g#_Bf, Ap is commutative if and only if B|R?/T| € 2rZ.

Proposition 11.9. Suppose |f(a)| < Ce=¥l for a € T. Then Mp(f)~" : *(T') —
(2(T) ewists if and only if there exists g : T — C such that |g(a)| < Ce=cl°l and

J[#B9 = g#Bf = do.

Proof. Suppose there exists such g, then it is obvious that Mp(f)™' = Mp(g). On
the other hand, suppose Mp(f) is invertible on ¢*(T). Since

[, Mz (f)] =0,

and the same commutation relation holds for the inverse. As in the proof of Proposition
11.6, it follows that Mp(f)™' = Mp(g) for some g : T — C. Moreover, since we
assumed that the inverse maps ¢? to itself,

HgHKQ = HMB(Q)(SoHﬂ < 00.

Choose ¢ : I' — R such that ¢ is constant near oo and ||¢[|Lp < 1, then by the
exponential decay of f, we have

||6¢MB(f)e_(p - MB(f)||g2_>g2 < 1.
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But this implies that e?Mpg(f)e ¥ is invertible with a bounded inverse given by
e? Mp(g)e ¥. (This is where we use that ¢ is constant near infinity so that multi-
plication by e*¥ is a bounded operator on £2.) Since the estimates are uniform and
depend only on the smallness of the Lipschitz constant of ¢, we conclude that for some
0<6<1,|elg|l < oo and thus |g(a)| < Ce 0l O

Recall 77 f(a) = exB1he f(o—y) = M_p(6,) f(a). We have the commutator relation

-B_—-B _ _iBBAa._—B,_—B
Ty Tg =E€ To o -

This is the Weyl commutator relation (see [Zw12, (4.2.10)] for a standard version),
which motivates us to give a semiclassical interpretation of the effective Hamiltonian.

11.9. Semiclassical structure of the effective Hamiltonian. The effective Hamil-
tonian EP, can be interpreted as a semiclassical pseudodifferential operator, where B
is considered as a semiclassical parameter.

Recall from (2.9) that for a(z,£) € C*°(R?) such that |9 a(z,&)| < Cy, we may
define the Weyl quantization of a as

Op”(a)u(z) = a"(z, D)u(x)

_ a (x a y,f) @y (y)dyde, u € .7 (R). (11.37)
R2

o 2
We note that
eiBDmeixU(flf) _ Gi(:H_B)U(ZE—I—B), eix(iiBDzU(iE) — 6”’&(1‘4‘ B)

So eBP= ¢i* 3lso satisfy the Weyl commutator relation

eiBDx eix — eiBeixeiBDgc
We recall two basic lemmas on the Weyl quantization of exponential of more general
linear functions.
Lemma 11.10. For a,b € R,
Opw(ei(aa:+b§)> _ ei(aerbDI)
where v(t, x) = et +Pe)y (1) is defined by

{ (i0; + ax + bD,)v = 0,
v(0,2) = u(z).
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Proof. Let v(t,x) = etlaztbDa)y (). Tt is direct to check from the definition that
o(t,z) = eltartat®aby (3 4+ tb). On the other hand,

Opw(ei(ax—f—bf))u(gj) _ 2i/ei(éa(x+y)+b§+£(w—y))u(y)dydf
m
1 .
_ % / ez(%ax—i—bﬁ—&-&m)a (6 . %CL) d&
_ i ei(%ax+(b+$)(5+%a))a(é)dé
27
_ eiax-l-iab/Qu(x +b) =v(1,z). U

Lemma 11.11. For a,b € R we have
ei(a1x+b1Dz)ei(a2I+b2Dz) — e%(lnagfbgm)ei((a1+a2)x+(b1+b2)Dz).
Proof. We check

i(a12+b1 D)

e'( i(a2x+b2Dy)

e‘( u(:l?) _ ei(a1x+b1Dz)eia2x+ia2b2/2u(x + b2)
— eia1x+ia1b1/26ia2(x+b1)+ia2b2/2u<m + b]_ + b2)
— ei(agbl—a1b2)/26i(a1+a2)1‘+’i(a1+a2)(bl+b2)/2u(x + bl + b2)

— ei(agbl—a1b2)/26i((a1+a2)a)+(b1+b2)Dm)u(m) ] |:|

Now for f € *(Z?), let
R(f) = ) Op"(e 25+ %) f(a) : L*(R) — L*(R).

a€Z?

Since the generators satisfy the same Weyl commutator relation, we have

Proposition 11.12. For f,g € (1(Z?), R(f) o R(9) = R(f#z9)-

Moreover, if | f(a)| < Ce®l then

R(f) = bw<x7 Bf))? b(:L‘, 5) = Z eialeanf(O‘)a
a€gzZ? (11.38)

be C¥(R?*/21Z?%), bz + 27n, &+ 2mm) = b(x,€), n,m € Z.
Similarly, if |f(a)] < Cn{a)™ for any N € N, then b(z,&) is a periodic smooth
function.
To find the spectrum Pg we can solve a nonlinear spectral problem for a semiclassical

pseudodifferential operator. That is done as follows.

Theorem 18. Suppose that f : 7> — C satisfies | f(a)| < Ce=ce. Then the following
are equivalent

(a) 0 ¢ SpeCe2(z2)(MB(f))£
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(b) 0¢ SpecL2(R) (R(f));
(c) R(f) : L* — L? is invertible, and there exists r € C*(R?*/2wZ?) such that

R(f)~' = Op"(r(z, BE)).

Proof. Propositions 11.9 and 11.12 show that (a) implies (b). Also, it is clear that (c)
implies (a), since we can take g : Z> — C to be given by the Fourier coefficients of b
so that R(f)™' = R(g). Proposition 11.12 again tells us Mp(f)~! is Mp(g).

We are left with showing (b) implies (c¢). In order to do this, we need to use Beals
Lemma (see [Zw12, Theorem 8.3]) which tells us R(f)™' = Op"(r(z, BE)) for some
r € C=(R?) with |02 7 (x,§)] < Cy. In order to show 7(x,§) is periodic, we introduce
k(z,€) = 20 — & for (wg, &) € 2772/ B and conjugate using k™ (x, BD,) by Lemma
11.11:

67Lkw(ac,BDz)ei(alx—i-onBDz)6—ik’w(:t7BDI) i a1Bx0+agB§0)ei(ogx—&—ongDm) _ ei(ogx-i—ongDz)

= el
Thus
[ @BD2) R(F)] =0 and [¢*"@BP) R(£)~1 = 0.
On the other hand,
eikw(r,BDz),rw<x7 BDI)e—ikW(:c,BDI) _ rw(x + Bxy, BD, + Bfo)-

So r(z,&) € C™(R?/2nZ?) is a periodic function. By the Fourier series argument
again,

r(2,6) = 3 glajelrrend)

a€Z?
for a rapidly decaying g : Z* — C. We have R(f)™! = R(g) and thus Mp(f)~! =
M3g(g) by Proposition 11.12. By Proposition 11.9, |g(a)] < Ce~°l has exponential
decay. Thus r € C¥(R?/2rZ?) is real analytic. O

11.10. Computation of the semiclassical effective Hamiltonian. Let

f:f<Z,B,Oé), f(Z,B,—Oé):f(E,B,CY)
be as in Proposition 11.6 to describe the effective Hamiltonian EZ, (z). We then

consider R(f) so that Theorem 18 shows that EZ, (z) is invertible if and only if R(f)
is invertible. Using (11.38) we write

R(f(z,B,e)) =b"(z,2, BD; B),
b(z,e,B) € C¥(R*/2nZ*), b(z,z,&,B) =b(z,1,& B).
We also note that z — b(z, e, B) is holomorphic in neighq(Z;).
In this notation, Theorem 18 shows that
z € Spec(Pg) <= 0 € Spec(EZ, (2))

11.39
<= 0 € Spec(b™(z,z, BD,; B)). ( )
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The purpose of this section is to compute the semiclassical expansion, in B, of the
symbol b(z, z,&; B),

b(z,7; B) = bo(z,7) + Bby(2,7) + O(B?), 7 := (x,§), (11.40)

perform an additional reduction to an approximate linear (as opposed to (11.39))
eigenvalue problem, and to provide an interpretation for the leading terms in the
expansion of the resulting operator.

11.10.1. Ezpansion (11.40) up to O(B?). By Proposition 11.8, b(z, 7; B) is smooth in
B and z. Taking B = 0, Proposition 11.1 and Y E(a)e’® ™+t = F(z, ) shows
that

bo(T) = 2 — E(7). (11.41)
In order to compute by, we differentiate in B. Since
OpEp(2) = —€p(2)(08P5(2))En(2),
we have
OpEL (2)|p=0 = —E_(0pPs)|p=0Ey — E_1(2)(0RY)|p=0 By (11.42)
— E_(9pRE)|p=0E_+(2).
Since Pg = (D, + Bu2/2)* + (D,, — Bx1/2)* + V(x),
OpPp = 19D, — v1D,, + 1 B|z|*.
Moreover, E_v(a) = Riv(a) = (v,¢a) and Eivi(z) = R_vy(z) = Y vi(a)pa(z)

ael’
and

05 RZu(a) = Zifu(e), (o A )T n( ),

dpRBv, (x) = % > vi(a)(a A )T go(x).

acTl

Each term in (11.42) is a convolution operator and the convolution kernels can be
computed by their action on dy(a) € £3(T'). The first term in (11.42) is given by

(—E-(05Pp)|p=0E+d0) () = / (21 Dz, — 22Dg, )po(2)pa(x)dz. (11.43)

R2
The second term in (11.42) is

(—E_(2)(0RY)|p=0E+00) () =

5> Gs(a) - Bla—9) [ Broe@im@ie.

Ber R?
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Finally, the third term in (11.42) is
(—E_(05R"|p=0)E—_+(2)d0)(cr) =
% Z /R2 (x A B)(200(B) — E(ﬁ))@ﬁ(l’)tpa(l‘)d$.

ger

(11.45)

For simplicity of the presentation, we perform the computations in the case of I' =
72
The definitions of f in Proposition 11.6 and of b in (11.38) give
b1<Z, x, 5) = Z (aBE€+(Z) ’32050)<a>€ialz+ia2£.

a€Z?
We then use the calculations above to describe it: the first term (11.43) gives
> / 1Dy, = 12Dy, )00 (y) paly)e ™=+ dy = / 1Dy, = 2Dy )0(w) (T, y)dy.
acz2 /R R

Here we recalled from (11.4) that ¢, (z) = @o(x — a) are the exponentially decaying
Wannier functions for an isolated band and

ok, z) = [R2/T* V2 (Bpy) (k,2) = Y e g (2)

~EZ?

is (JR?/T*|'/? times) the Bloch transform of the Wannier function. The second term
(11.44) gives

5 2 (ebs(0) = Bla—g)eerest [ (8 )ty

Finally, the third term (11.45) contributes

5 30 e [y 8)0e) - BOestivalildy
«,B€Z2 R?

——3 3 [ wnAE@es ey
Bez?

i
= s E(k)(11 Dy, — y2 Dy, ) ok dkdy.
2(2n)? /R /RQ/%W (k) (41 Dy, — y2 D)ok, y)p (7, y)dkdy
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We conclude that by(z,7) is given by

/ (Y1 Dy, — y2Dy, )o0(y) (T, y)dy
RQ

+5(z = E(7) /R ©o(y) (11 De — y2 D2 ) (7, y)dy

N | .

)
Y7y E(k D.. —ysD k dkd
g [ B0k = D)ol

1 , -
- / / P00 Dus —aDu) =i Des — 2 Di ) B (k)0 W)y
R2 JR2 /2772

2(27)2

+ 50~ B0) [ oola)lnDe = mDa)elr o)y

(11.46)

11.10.2. An approximation by a linear eigenvalue problem. We can simplify the effec-
tive pseudodifferential operator bV (z,x, BD, B) further using pseudodifferential calcu-
lus recalled in the simplest case in Proposition 2.7 — see [Zw12, Theorem 4.18] for the
version needed here. It allows an asymptotic description (as B — 0) of the spectrum
of Pg by the spectrum of a pseudodifferential operator: that means approximating the
non-linear eigenvalue problem (11.39) by a spectral problem. We state this as follows:

Proposition 11.13. There exist
e,r € O™ (neighg(I;) x R? x neighg(0); C), a € C®(R? x neighg(0); R)
holomorphic in z and (2rnZ)?-periodic in T := (z, &), such that

e(z,7,B) =1+ Bey(z,7) + (’)(BQ), 2r(z;m;B) = O(B™), ac NZ,

and
b“(z,2,BD,; B) = €" (2,2, BD,; B)(z — a"(xz, BD,; B))e"(z,xz, BD,; B)* e
+7rY(z,z, BD,; B). (11.47)
Moreover,
a(t,B) = E(1) — Bby(E(7),7) + O(B?). (11.48)

Proof. Postulating the existence of e with an asymptotic expansion and, a = ag +
Ba; + O(B?), we use (2.16) to solve (11.47) asymptotically: using [Zw12, Theorem
4.18]

where
c(z,7,B) =z —aog(1) — Bay(7) + B(ei1(z,7) + e1(Z,x,8)) (2 — ao(7))
+ O(B?) = by(z,7) + Bby(z,7) + O(B?).
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We now write

bl(z7T) = f(sz)(Z - E(T)) - bl(E(T)vT)7

F(z7) ::/0 bi(sz + (1 — 8)E(r), 7)ds,

from which we obtain e;(z) and a;. This procedure can then be iterated to obtain the
full asymptotic expansion. 0

Since for small B, e" is invertible (see [Zw12, Theorem 4.29], Proposition 11.13 and
a introduced in Proposition 11.13 we have (11.39) show that for z € neighg (1)
z € Spec(Pg) = d(z,Spec(a”(z, BD,; B))) = O(B*),

A Spec(aw(x, BD,; B)) = d(Z,Spec(PB)) _ O(Boo) (11.49)

Our goal now is to compute the second term in the expansion (11.48). For that
we again denote 7 = (z,€) and (ai, az) A (by,b2) = aiby — agby. In this notation the
y-integral in the first term of (11.46) can be rewritten as

2(217)2 2. /[0,1)><[0,1)(2<y =N A Dy =iy =) ANDeE(R))p(k,y —7)e(Ty = 7)dy

YEZ?

1

oo 2 | @ly= ) A Dy~ ily = 1) A DB () Ty
(2m) Sezz J0.1)x[0.1)

=3[ (= DIdl =) A 2D, — VB (k 1)o7 v
0,1)x[0,1)
Integrating in k gives

/RQ/ZQ (y + D) A (Dy = 5VE(T)) (1, y) (T, y)dy

= LVE(7) /\/ / (y + D:)o(r, y)e(T, y)dy +/ / (y + D7) A Dyo(r,y)e(T,y)dy
R2/72 R2 /72

= iVE(T) AMDu(r,e),u(r,e)) + (D, A (=T + D,)u(r, o), u(r,e)),

=2
where u(7,y) = ™ (7, y) — see §9.1. The term wedged with VE(7) is essentially
the Berry connection (9.9). We conclude
bi(E(1),7) = sVE(T) A (Dyu(r,e),u(T, e))

+ ((t — Dy) A D;u(r,e),u(r, ), 7=(z,&).

Here we used the fact that 7 A D, = —D, A7. Let P(7) := €Y Pye "% we note that
0= V-((P(r) — E(1))u())
= (P(1) = E(7))V7u(7) + (V- P(7))u(r) = V- E(7)u(T)

(11.50)

and that
V.P(1)=2(1t — D,).
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Hence we can rewrite (11.50) as
1 -
W(EM.7) =5 [ (Pr) = BV u(ry) A Toalrg)dy
R2/T

2 (11.51)

+ VE(T) AN Dyu(r,e),u(r,e)),
which gives a formula for the second term in (11.48).

11.10.3. Interpretation of terms in (11.51). We summarise the findings of §11.10.1 and
11.10.2 as follows:

Theorem 19. There exists a € C°°(R? x neighy(0)), T'*-periodic, such that the spec-
trum of P near neighg (1;) (see §11.1) is approzimated by the spectrum of a¥(x, BD,; B)
in the sense of (11.49). Moreover, with T := (x,§)

a(t,B) = E(1) — B(m(7) + VE(7) A A(T)) + O(B?), (11.52)

where m(7) and A(T) are expressed using the Bloch eigenvalue E(1) = E;(T) of the
isolated band I; and a choice of a Bloch eigenfunction u € C*(R?),

(P(r) = E(r))u:= ((Dy = 7)* + V(y) — E(T))u =0,

- ] (11.53)
wrT+py+7)=eulry), yel, pel” |u(r o)l@r =1
(see Theorem 5 and §9.1), as follows:
m(r) = —% / (P(r) — E(7))V,u(r,y) A V,u(r, y)dy (11.54)
R2/T
and
A(T) = —1i Vou(r, y)u(T, y)dy. (11.55)

R2/T

The terms m(7) and VE(7) A A(7) are both real valued and have different mathe-
matical properties. Their physical interpretation was emphasized in [SuNi99] (see also
[Fu*10]) using wave packets rather than the stationary approach used here (see [HS89]
for references to physics and maths literature for that).

To see the difference between the two terms, we note that u is not unique: if y €
C>(R?;R) satisfies

X(T+p) =x(1) +2mn(p), pel*, n:I'"—2Z, (11.56)
(automatically, n(p + ¢) = n(p) + n(q)), then
uy (1,y) = eXDu(r, y) (11.57)
also satisfies (11.53).

The point now is that m(7) in (11.54) is invariant under the phase change: u +— u,.
This follows immediately from (11.53) and the self-adjointness of P(7) — E(7). We
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also note that if II(7)v := (v,u(7))r2m®2/ryu(7) is the projection onto the eigenspace
(obviously independent of the choice of u), then, since (P(7) — E(7))II(7) = 0,
)
m(r) = —542/F(P(7) — E(m)I(I = 1(7))Vul(r, y) AT = TI(7))Vrul (T, y)dy.

This means that m depends only on the variation (in 7) of u(7) in the orthogonal
direction to w(7). This is reminiscent of the quantum metric discussed in §9.3 which
measure the projective variation (in 7) of Bloch eigenfunctions: the projected deriv-
ative appearing here is the same one that enters in the quantum metric in §9.3. The
expression for m(7) is a skew, energy-weighted analogue.
This should be contrasted with the term A(7). If we identify vectors with differential
forms (for the flat 7-torus) then
1 1
A(r) = = = ~(d,u(r, o), u(r, o)), (11.58)
0 1
where 7 is the Berry connection in the frame described by u(7, ®)— see (9.8) and (9.9).
Replacing u by u, changes A(7) to

Ay (1) = A7) + Vx(7), (11.59)
which is consistent with the general property of local representation of connections
under changes of frames (7.8):

e =1n+g d-g,
where now g(7) = eX(7).

In the physics literature, the term m(7) is called the orbital magnetic moment, but in
this section we only use its intrinsic mathematical property: it is the phase-independent
scalar part of the first correction. We refer to [SuNi99],[Fu*10] for the discussion of
this using Bloch wave packets.

The reader might be alarmed by the fact that a(7, B) depends on the choice u yet
its spectrum is supposed to approximate the spectrum of Pg. However, a,(z, BD,; B)
and a(z, BD,; B) are unitarily equivalent up to O(B*) errors. We check this here up
to order O(B?).

Indeed, in terms of Poisson brackets (2.2),(2.3),
VEAVX = E;xe — Eexe = {x, E}- (11.60)
Hence, (11.52) and the transformation law (11.59) give
a (7, B) = a(t, B) — B{x, E}(1) + O(B?). (11.61)

On the operator side this corresponds, to leading order, to conjugation by the unitary
operator
U, = exp(—ix"(z, BD,)).
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To see this, we first use Beals’s Lemma [Zw12, Theorem 8.3] (with the semiclassical
parameter h = B) to see that U, is a semiclassical pseudodifferential operator with the
symbol e~ + O(B) (this is not completely immediate but follows from pseudodifferen-
tial calculus; alternatively we can cite the functional calculus in [DS99, Theorem 8.7]).
Expanding the conjugation and using the commutator formula (2.17) with h = B,

UEYU;' = EY —i[x", E¥] + O(B*) = EY — B{x, E}" + O(B?).
Since the lower order part of
a¥ = EY — B(m+VEAA)Y + O(B?)

already carries a factor B its commutator with U, only contributes to O(B?). Hence,
using (11.52) and (11.59),

Upyd"U ' = EY = B(m+VEANA+{x,E})" + O(B?) = a} + O(B?),
in view of (11.60).

11.10.4. Simplification under a symmetry assumption. Under the symmetry assump-
tion

V(z) = V(-z), (11.62)

(see Proposition 9.2) the first term in (11.51) vanishes:
/ (P(7) — E(7)Vau(r, y) AVoa(m, y)dy = 0. (11.63)
R2/T
This is because u(7,y) = a(7)u(r, —y) and
Veu(r,y) = 7)) Veu(r, —y) + u(t, —y)V,a(7).
Thus we have
| (Ptr) = B0V ra(r.) A Tl by
R2/T
= [, NP~ BT 0) A Vot )y
21

+ [ (P = E@)Vrulr,o) A (Voa(r)utr, ~y)dy
R2,T

=0
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where the first term vanishes because

[, 2OPE) = EE)Tu(r.9) A Tt~y

B /R2/F a<T> (P(T) - E(T))Vﬂi(’f, —Z/) A VTU(T’ y)dy

= /R2/r a(T)Vou(r, —y) A (P(1) — E(1))V,u(r,y)dy

(this equals minus the original integral, and hence equals zero) and the second term
vanishes because

L (P = BT 0) A (V) )y

= Joon Vou(r,y) A (V-a(7))(P(1) = E(7))u(T, —y)dy

= Vou(r,y) A a(r) Y Vra(7)(P(T) — B(T))u(r,y)dy = 0.

R2/T

Therefore, in the notation of Theorem 19, under the assumption (11.62) we have,
a(t, B) = E(t) — BVE(T) A A(T) + O(B?),

that is, only the phase dependent Berry term is present.

11.11. Bohr—Sommerfeld rule for the effective Hamiltonian. The spectrum (on
L3(R)) of the effective Hamiltonian a“(z, BD,; B) in Theorem 19 is complicated: in
the simplest example given by

a(x, & B) = ap(x,&) = cosx + cos&, (11.64)

we see the fascinating structure shown in Figure 20. The energy surface ao(7) = E
(under a non-degeneracy assumption such as (11.65)) is a periodic array of closed
curves. In the analysis of de Haas—van Alphen effect (see §4.3 and Figure 1) the
quantization conditions for a single curve play a role — see [BeZw19] for a self-contained

presentation in a model of graphene and references to earlier works, in particular
[HS90Db].

In this section, we will discuss Bohr—-Sommerfeld quantization conditions, as B — 0,
for a single component of ay = FE. As one can see by the methods of [BeZw19,
Proof of Proposition 5.4] they provide an approximate location of the spectrum. Much
finer analysis is possible and it was achieved by Helffer-Sjostrand following physics
arguments of Wilkinson — see [Be92| for an early survey. In some cases, the small B
asymptotics are remarkably accurate for larger values of B — see [BeZw19, Figure 3]
for the case of de Haas—van Alphen oscillations in a model of graphene. Our Bohr—
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Sommerfeld quantization rules presented in terms of Theorem 19 coincide with those
in [SuNi99] where they are derived using wave packets.

Bohr—Sommerfeld rules provide an asymptotic condition for the eigenvalues,
S(\, B) = 2mnB, n € Z,
where
S(\, B) ~ So(A) + BS1(A\) 4+ B2S5(A) 4 - - - .
Here B plays the role of the semiclassical parameter. We use the presentation of Colin

de Verdiere [CAV05, p. 3, formulas for S, S, S1] to describe the first two terms of this
expansion.

Under a non-degeneracy assumption on A € neighg (1),

VaeE(2,8)|p@eo=r # 0, (11.65)
the level set
{r:B(r)=A},  1=(2,¢)€R,
is a set of (27Z)? translates of a union of curves. For simplicity we assume that there
is only one closed curve in each fundamental cell, and denote it by «, (as is the case
for E(x,£) = cosx + cos&). Let Q) be the region enclosed by 7, in one fundamental
cell, . We also assume that

O ={7:E(1) < A\}NF,

that is, (2, is a sublevel set of E. In the opposite case of the superlevel sets, we consider
the spectral problem for —a“(x, BD,, B) and that results in changing the sign of b; in
(11.66) and a change of sign of Sy in (11.67).

In what follows, |dx d¢| means the Lebesgue measure on the (z,)-plane, not an
oriented two-form. We orient 7, by the Hamiltonian vector field (see (2.2))

Hp = (0:E,—0,E).
Thus, if 7(t) = (x(t),£(t)) parametrizes 7y, then
() = 0 B(x(1),£(1)),  &(t) = —0.E(a(t),&(t)).

The notation |dt| denotes the positive measure on 7, induced by this parametrization:

Aﬂm:ém¥mmw

where T'(\) is the period of the orbit. With this convention,

0
5Q7mmmm=AjWL

Line integrals of one-forms, such as fw 7, are instead taken with the orientation deter-
mined by the Hamiltonian vector field.
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We now apply the formula from [CdV05] to the effective Hamiltonian of Theorem 19:
a“(x, BD,; B)v = Av, a(t; B) = E(1) — B(m(7) + VE(1) A A(T)) + O(B?),
which gives

o) = [ lda de], Sl()\):7r+/ by(\, 7)|dt]. (11.66)

The term 7 is known as the Maslov contribution for a simple closed curve.

If we consider A(7) as a one-form, A = —in (see (11.58)), then
A(Hg) = A,0cFE — Ac0,E = —-VEANA.

Therefore, using the orientation of v, fixed above,

/VE/\A|dt]:—/ A:i/ 0
A A X
| wnid = [ miojar+i [
X A X

Si(A) =7 +/ m(T)|dt]| +i/ n. (11.67)
™ ™
Thus, to first order in B,

SO(A)—I—B<7T+/ m(7)|dt\+i/ n) — 27 Bn + O(B2).

I

It follows that

and hence

We now recall that a depends on the choice of the phase of the Bloch eigenfunction
—see (11.57) and (11.61). However, this does not change Si:

smn:wmi/w:&m.

X

Finally, writing ', := if% n, for the Berry phase of the orbit, (11.67) becomes

Si(\) =7+ T + / m(7)|d].

This is the same structure as in [SuNi99, (2.27), (3.13), (3.14)]: the Berry phase shifts
the Bohr—-Sommerfeld quantum number, while the term involving m is the orbital
magnetic moment contribution to the one-band energy, corresponding to the magnetic
moment correction in [SuNi99, (3.5)—(3.7)].

Under the symmetry assumption (9.13), Proposition 9.2 gives dn = 0, and the term
m vanishes by §11.10.4. In this case S; = 7.
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