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Introduction to Differential Equations

Ordinary Differential Equations

Ordinary differential equations (ODEs) are differential equations with funtions of one variable. ODEs are a
subset of partial differential equations (PDEs).

Linear ODEs

Let the notation ∂tu mean ut =
du
dt = ∂u

∂t where u : t → C where t ∈ R. First order (constant coefficients
and homogeneous) linear ODEs are in the form

∂tu = αu

where α is a constant. This ODE can then be solved:

du

dt
= αu

1

u
du = α dt∫ u(t)

u(0)

1

u
du =

∫ t

0

α dt

ln (u(t))− ln(u(0)) = αt

ln(u(t)) = ln(u(0)) + αt

u(t) = u(0)eαt

Linear ODEs satisfy the superposition principle.

- If ∂tu = αu and ∂tv = αv, then ∂t(u+ v) = α(u+ v).

- If u and v solve the system of equations, so does u+ v.

- Similarly, cu also solves the system of equations for constant c.

Nonlinear ODEs

An example of a nonlinear ODE is ∂tu = u3, which can be solved.

∂tu = u3∫ u(t)

u(0)

1

u3
du =

∫ t

0

dt

− 1

2u(t)2
+

1

2u(0)2
= t

− 1

2u(t)2
= − 1

2u(0)2
+ t

1

u(t)2
=

1

u(0)2
− 2t

u(t) =

(
1

u(0)2
− 2t

)−1/2

=

(
1

u(0)2
(
1− 2tu(0)2

))−1/2

= u(0)
(
1− 2tu(0)2

)−1/2

As t approaches 1
2(u(0))2 , the solution “blows up” since the denominator approaches 0.
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ODEs with complex numbers

Let i∂tu = |u|2u where now u is allowed to be complex valued. To solve it helps to find a conserved
quantity as t varies, meaning a quantity does not change in time. In this example, |u(t)|2 is a conserved
quantity. To show this, we prove its derivative is 0. Recall the following properties of complex numbers: if
z ∈ C, |z|2 = z · z where z = x+ iy and z = x− iy. Additionally, z + z = 2x.

d

dt
|u(t)|2 =

d

dt

[
u(t) · u(t)

]
= u′(t)u(t) + u(t)u′(t)

= 2Re
(
u′(t)u(t)

)
Using the equation ∂tu = 1

i |u|
2u (and knowing 1

i = −i since i2 = −1):

= 2Re

(
1

i
|u(t)|2u(t)u(t)

)
= 2Re

(
−i|u(t)|2|u(t)|2

)
= 2Re

(
−i|u(t)|4

)︸ ︷︷ ︸
imaginary

= 0

So, |u(t)|2 = |u(0)|2 meaning |u(t)|2 is the conserved quantity. Now, we can write the ODE as a linear ODE.

i∂tu = |u(0)|2u(t)

Using the solution from the earlier with α = |u(0)|2
i , we can solve for u(t).

u(t) = u(0)e−i|u(0)|
2t

Partial Differential Equations

Partial differential equations (PDEs) are equations involving partial derivatives, meaning they involve func-
tions of multiple variables.

Linear PDEs

Professor Zworski’s favorite PDE is the Schrödinger Equation, specifically the free Schrödinger Equation on
a line which describes a free particle in one dimension in quantum mechanics.

i∂tu+
1

2
∂2xu = 0

The notation ∂tu means ∂u
∂t . Let P be an operator. As a linear PDE, this equation can be written as

P (u) = i∂tu+
1

2
∂2xu

with properties

P (u+ v) = P (u) + P (v)

P (cu) = cP (u) c ∈ C

If P (u) = 0 and P (v) = 0, then P (au + bv) = 0 for a, b ∈ C. This is the superposition principle for this
linear PDE.

We want to find some solutions to

i∂tu+
1

2
∂2xu = 0.
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Figure 1: Plot of Reu(0, x) where u is given by (1) – you can see Reu(x, t) for − here (click on “here”) and
for + here. Which way is the wave moving?

Separation of variables is a technique that can be used to reduce PDEs to ODEs. In this case, we want
to write u(t, x) = v(t)w(x), meaning u is a product of single variable equations.

0
?
= i∂tu+

1

2
∂2xu

= i∂t [v(t)w(x)] +
1

2
∂2x [v(t)w(x)]

= iv′(t)w(x) +
1

2
v(t)w′′(x)

iv′(t)w(x) = −1

2
v(t)w′′(t)

2i
v′(t)

v(t)︸ ︷︷ ︸
func. of t

= −w
′′(x)

w(x)︸ ︷︷ ︸
func. of x

Since both sides are equations of a single variable, both must be constant. Let this constant be µ.

2i
v′(t)

v(t)
= −w

′′(x)

w(x)
= µ

Let µ = λ2 > 0. Solve for v(t) and w(x) separately.

2i
v′(t)

v(t)
= λ2 −w

′′(x)

w(x)
= λ2

v′(t) =
λ2

2i
v(t) w′′(x) + λ2w(x) = 0

v(t) = e−(iλ2/2)t w(x) = e±iλx

Since Euler’s Formula states eiξ = cos ξ + i sin ξ and e−iξ = cos ξ − i sin ξ.

So, we have our solution for the linear Schr odinger Equation.

u(t, x) = v(t)w(x) = e−iλ(λt/2±x) (1)
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Figure 2: Plot of |u(t, x)| where u is given by (2) – click on it to see a movie. Strictly speaking the movie
shows a solution which is periodic rather than on R but the main features are the same.

Nonlinear PDEs

The nonlinear Schrödinger Equation is

i∂tu+
1

2
∂2xu+ |u|2u = 0,

We have already found solutions to iut+ |u|2u = 0 and i∂tu+
1
2∂

2
xu = 0. Our task is to find some interesting

solutions of this nonlinear PDE. We will try

u(t, x) =
(
eiλx+iµt

)
(ψ(x− σt)) .

This is an example of an ansatz, or a guess of the form of a solution.
As an aside, we mention that there are many different looking solution: a crazy looking example is given

by

u(x, t) = 2e
it/2 sechx

4 + sech2
(
e4it − 1

)
4− e sech4 x sin2 2t

(2)

where sechx = 1
cosh x and coshx = 1

2 (e
x + e−x). For a picture of this solution and a movies see Figure 2

Going back to the ansatz, we want to find ψ, a function of one variable. To do this, we will use the
original equation and find every term in it in terms of ψ.

i∂tu = eiλx+iµt(−µψ − iσψ′)

1

2
∂2xu =

1

2
∂x
(
eiλx+iµt (iλψ + ψ′)

)
=

1

2

(
−λ2ψ + 2iλψ′ + ψ′′) eiλx+iµt

|u|2u = |ψ|2eiλx+iµtψ
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Figure 3: Plot of |u(t, x)| where u is given by (3) – click on it to see a movie. You clearly see the profile
given by sech.

So, we can rewrite the equation in terms of ψ.

eiλx+iµt(−µψ − iσψ′) +
1

2

(
−λ2ψ + 2iλψ′ + ψ′′) eiλx+iµt + |ψ|2eiλx+iµtψ = 0

−µψ − iσψ′ − 1

2
λ2ψ + iλψ′ +

1

2
ψ′′ + |ψ|2ψ = 0(

−µ− λ2

2

)
ψ + (−iσ + iλ)ψ′ +

1

2
ψ′′ + |ψ|2ψ = 0

We want to get rid of the ψ′ term, so set σ = λ. Let γ := µ+ λ2

2 . We want a real solution, so |ψ|2 = ψ2.

1

2
ψ′′ − γψ + ψ3 = 0

1

2
ψ′′ψ′ − γψψ′ + ψ′ψ3 = 0

Use the law (up)
′
= pu′up−1:

1

4

(
(ψ′)

2
)′

− γ

2

(
ψ2
)′
+

1

4

(
ψ4
)′

= 0

1

4

(
(ψ′)

2
+ 2γψ2 + ψ4

)′
= 0

(ψ′)
2 − 2γψ2 + ψ4 = constant = 0

(The constant has to be zero as we want ψ to go to zero at infinity). Now let A2 := 2γ.

ψ′ =
(
A2ψ2 − ψ4

)1/2
1

(A2ψ2 − ψ4)
1/2

dψ = dx

UC Berkeley Math 126 | 5

https://math.berkeley.edu/~zworski/1soliton_movie.mp4


Figure 4: Plot of |u(t, x)| at t = 0 where u solves the nonlinear Schrödinger equation with the value at
t = 0 given by the sum of two different solitons – click on the figure to see the interaction of the two solitons
(solution as time goes on) and the stability of the outcome.

To evaluate the integral of the LHS, use the substitution u = − 1
ψ meaning dψ = 1

u2 du.∫
1

(A2ψ2 − ψ4)
1/2

dψ = −
∫

1

u2 1
u

(
A2 − 1

u2

)1/2 du
= −

∫
1

u
(
A2 − 1

u2

)1/2 du
= −

∫
1

(A2u2 − 1)
1/2

du

To find out this integral we recall cosh and sinh functions:

cosh y =
1

2

(
ey + e−y

)
sinh y =

1

2

(
ey − e−y

)
cosh2 y − 1 = sinh2 y

(cosh y)′ = sinh y

Substitute u(x) = 1
A cosh(Ax). This yields

ψ(x) = A sech(Ax)

Now, plug this back into the original equation along with the substitutions σ = λ, µ = −λ2

2 + γ and γ = A2

2 :

u(t, x) = eiλx+i(A
2/2−λ2/2)tA sech(A(x− λt)) (3)

We obtained a very interesting family of solutions to the nonlinear Schrödinger equation. They are called
solitons – see Figures 3, 5
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Some Preliminaries

Real and Complex Numbers

The set of real numbers is R. A real number r ∈ R is an element of R. A set A ⊂ R is a subset of R.
x0 = supA is the smallest number ≥ all numbers in A, and y0 = inf A is the largest number ≤ all numbers
in A.

The set of complex numbers is C. For z ∈ C, z = x+ iy where x, y ∈ R, z = x− iy, and i =
√
−1.

x = Re z =
1

2
(z + z)

y = Im z =
1

2i
(z − z)

For any operator ∗, z ∗ w = z ∗ w. Additionally, the magnitude of a complex number is defined as

|z| = (z · z)1/2 =
(
x2 + y2

)1/2
.

Limits and Series

For zj ∈ C, z = lim
j→∞

zj (or zj → z) if ∀ε > 0, ∃J such that for every j ≥ J , |z− zj | < ε. An infinite series

is of the form
∞∑
k=0

ak.

The series converges to s if each partial sum sn converges to s, where

sn :=

n∑
k=0

ak.

An infinite series converges absolutely if
∞∑
k=0

|ak| < ∞. Absolute convergence implies convergence, but the

converse is not true.

Professor Zworski’s favorite absolutely convergent series:

ex =

∞∑
k=0

xk

k!

converges for x ∈ C.

eiy =

∞∑
k=0

ikyk

k!

=

∞∑
k=0

(−1)ky2k

(2k)!︸ ︷︷ ︸
cos y

+i

∞∑
k=0

(−1)ky2k+1

(2k + 1)!︸ ︷︷ ︸
sin y

= cos y + i sin y

Taylor series of cosh y and sinh y:

cosh y =
1

2

(
ey + e−y

)
sinh y =

1

2

(
ey − e−y

)
cosh y =

∞∑
k=0

y2k

(2k)!
sinh y =

∞∑
k=0

y2k+1

(2k + 1)!
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Rn and its Subsets

Rn is the set {(x1, . . . , xn) : xj ∈ R, 1 ≤ j ≤ n}. An element x ∈ Rn has the form (x1, . . . , xn).

Let x, y ∈ Rn.

x · y =

n∑
j=1

xjyj

|x| =
√
x · x =

(
x21 + · · ·+ x2n

)1/2
x+ y = (x1 + y1, . . . , xn + yn)

cx = (cx1, . . . , cxn) for c ∈ R

A ball of radius R centered at x0 is B(x0, R) := {x | |x − x0| < R}. For set A ⊂ Rn, x is a boundary
point of A if ∃ a sequence xj ∈ A and x̃j /∈ A such that both xj and x̃j converge to x. The set of boundary
points of A is ∂A.

A is closed if and only if the boundary of A is contained in A (∂A ⊂ A). A is open if and only if A contains
none of its boundary points (∂A∩A = ∅). The closure of A is A = A∪ ∂A, which is the smallest closed set
containing A. A is closed if and only if A = A. The interior of A is int(A) = A\∂A (also written as A0).

Example

1. Let A = B(x0, R) = {x | |x− x0| < R}. In this case, ∂A = {x | |x− x0| = R}. This set is open since
the set of points points {x | |x− x0| = R} has no elements in A = B(x0, R).

2. Let A = {x | 0 < |x − x0| ≤ R}. In this case, ∂A = {x0} ∪ {x | |x − x0| = R}. This set is neither
open nor closed since although {x | |x− x0| = R} is contained in A, {x0} is not in A.

3. The closure of the ball B(x0, R) is B(x0, R) = {x | |x− x0| ≤ R}.

A is connected if any 2 points in A can be connected by a continuous curve contained in A. A is convex
if any x, y ∈ A, tx+ (1− t)y ∈ A where 0 ≤ t ≤ 1 (the shortest path from x to y is contained in A). If A is
convex, then it must be connected, but the converse is not true.

Ω ⊂ Rn is a domain if it is open and connected. K ⊂ Rn is compact if K is closed and bounded, meaning
∃x0, R such that K ⊂ B(x0, R).

Differentiability

Let Ω be a domain in Rn and f be a function f : Ω → R. The set of continuous functions in Ω is

C0(Ω) := {f : Ω → R | if xj , x ∈ Ω exist such that xj → x, then f(xj) → f(x)}.

If the derivative exists, the partial derivative is defined as

∂f

∂xj
= lim
h→0

f(x1, . . . , xj+h, xj+1, . . . , xn)− f(x1, . . . , xn)

h
.

The set of continuously differentiable functions in Ω is

C1(Ω) :=

{
f : Ω → R

∣∣∣∣ ∂f∂xj ∈ C0(Ω)

}
.

The set of continuously m-times differentiable functions in Ω is

Cm(Ω) :=

{
f : Ω → R

∣∣∣∣ ∂f∂xj ∈ Cm−1(Ω)

}
.

The set of continuously infinitely differentiable functions (smooth functions) in Ω is

C∞(Ω) :=
⋂
m≥0

Cm(Ω).
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Clairaut’s Theorem

Suppose all the second derivative exist and are continuous. Then

∂2f

∂xi∂xj
=

∂2f

∂xj∂xi
.

The same is true for higher derivatives as long as everything is continuous.

Example

1. Let f(x) = xα and Ω = (0,∞). Find the values of α such that f ∈ C∞(Ω).

We know that f ′(x) = αxα−1, so f ∈ C∞(Ω) for all values of α.

2. Let f(x) = |x|α ∈ C∞(Ω) where Ω = R. Find the values of α such that f ∈ C∞(Ω).

For f to be in C∞(Ω), α must be of the form α = 2n where n ∈ Z≥0. Otherwise, we will end up
with some term with |x| which is not differentiable.

3. Let f(x) = |x|2k+1 ∈ Cn(Ω). Find the values of n such that the statement is true.

When k = 0, f(x) is not differentiable and when k = 1, f(x) is twice differentiable. So, n = 2k since
we always end up with f (α)(x) = β|x|, which is not differentiable.

So, f(x) = |x|2k+1 is 2k differentiable.

4. Let f(x) be an even function. Since f(−x) = f(x), f(|x|) = f(x) meaning if f(x) ∈ Cm(Ω), then
f(|x|) ∈ Cm(Ω). In particular, if f(x) ∈ C∞(Ω), then f(|x|) ∈ C∞(Ω).

Let f ∈ Cm(Ω) where m ≥ 0. The support of f is

supp(f) = {x | f(x) ̸= 0}
where as before, the line indicates the closure of the set.

Example

1. Let m = 0 and f be the function

f(x) =

{
1− |x| |x| ≤ 1

0 |x| ≥ 1

Find supp(f).

supp(f) = {x | f(x) ̸= 0}

= {x | |x < 1}
= {x | |x| ≤ 1}

2. Let Ω = [0,∞) and put

f(x) = sin
1

x
, x > 0, f(0) = 0.

Find supp(f).

supp(f) =

{
x

∣∣∣∣ x > 0, x ̸= 1

πk
where k ∈ N

}
= [0,∞)
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The set of compact support functions is C∞
c (Rn) or C∞

comp(Rn), where

C∞
c (Rn) := {f ∈ C∞(Rn) | supp(f) is compact} .

Recall that compact means closed and bounded. By definition, all supports are closed, but not all are
bounded. A trivial example of one such function is f(x) = 0 for all values of x, so supp(f) = ∅.

To obtain a nontrivial example we consider a function h ∈ C∞(R) such that supph = [0,∞):

h(x) =

{
e−1/x x > 0

0 x ≤ 0

We can view the plot of this function.

To see that h ∈ C∞(R) we first claim that

h(k)(x) =
qk(x)

x2k
e−1/x

for x > 0 where qk(x) is a polynomial of degree k. We can use proof by induction.

1. Base case: when k = 0, we have

h(0)(x) = e−1/x

=
q0(x)

x0
e−1/x

where q0(x) = 1.

2. Induction hypothesis: suppose h(k)(x) = qk(x)
x2k e−1/x for some k ≥ 0.

3. Inductive step: show that the formula holds for k + 1.

h(k+1)(x) =
d

dx

(
qk(x)

x2k
e−1/x

)
=
q′k(x)

x2k
e−1/x − 2kqk(x)

x2k+1
e−1/x +

qk(x)

x2kx2
e−1/x

=
q′k(x)x

2 − 2kqk(x)x+ qk(x)

x2k+2
e−1/x

=
qk+1(x)

x2(k+1)
e−1/x

Now, to show that h ∈ C∞(R), we must match the derivatives at x = 0. From the definition of h, we know
that h(k)(x) = 0 for x < 0, so for x > 0, we need h(k)(x) → 0 as x→ 0.

qk(x) is a polynomial of degree k, so for |x| < 1, it is bounded by a constant which we can show using the
triangle inequality:

|qk(x)| = |Akxk + · · ·+A0| ≤ |Ak|+ · · ·+ |A0| ≤ Ck,

for some constant Ck. We can assume |x| < 1 since x is approaching 0. So, we have the following bound for
h(k)(x).

|h(k)(x)| ≤ |qk(x)|
x2k

e−1/x ≤ Ck
x2k

e−1/x
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To show that this approaches 0, write it as x−2ke−1/x = y2ke−y where y = 1/x. As x→ 0, y → ∞.

ey =

∞∑
0

ym

m!
≥ ym

m!

where y > 0. So, e−y ≤ m!y−m.

x−2ke−1/x = y2ke−y ≤ m!

ym
y2k = m!y2k−m

for m > 2k. This approaches 0 as y → ∞. So, Ckx
−2ke−1/x → 0 as x→ 0. This proves that h ∈ C∞(R).

Now, we can show that f(x) = h(1− |x|2) also satisfies the required conditions. To show that f ∈ C∞
c (Rn),

we must first show that f ∈ C∞. The chain rule can be used here.

Chain Rule

Let F : Rn → R and h : R → R such that F, h ∈ C∞. We then define a new function G(x) ∈ Rn by
G(x) = h(F (x)). Then

∂

∂xj
G(x) =

∂F (x)

∂xj
h′(F (x))

Combined with the product rule, we can see that G ∈ C∞.

For higher order derivatives there is a more complicate Faà di Bruno formula. (We do not need to worry
about it in this course but if you click here you will see it!).

For this case, we have f(x) = h(g(x)) where

g(x) = 1− |x|2

= 1− x21 − x22 − · · · − x2n ∈ C∞(R)

So, f(x) ∈ C∞.

Now, show that supp(f) is bounded. To do this, show that f(x) = 0 when |x| > R for some R. But, h(y) = 0
when y ≤ 0. y = 1− |x|2 < 0 when x| > 1, so h(1− |x|2) = 0 when |x| > 1.

Ordinary Differential Equations

We now review some facts about differential equations. The most important thing will be our proof of local
existence of solutions.

For a function y : t 7→ y(t) where y, t ∈ R, the general form of the scalar equation is

y(n)(t) = F (t, y, y′, . . . , y(n−1)).

Example

1. Let y′′ = y + y3. F = F (y(t)) = y(t) + y(t)3.

2. Let y′ = αy. F (y) = αy.

3. Let y′′ = −ω2y + βy′. F (y, y′) = −ω2y + βy′.

We can solve the euation y′(t) = g(y(t)) using integration:

dy

dt
= g(y) =⇒ dy

g(y)
= dt =⇒

∫ y(t)

y(0)

dy

g(y)
=

∫ t

0

dt = t

The issue is that the last integral on the left may be difficult to evaluate, depending on g. However, we know
that solutions exist!
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First order ODEs

The general form for a first order ODE is f 7→ w(t) where t ∈ R and w ∈ Rn. The notation w represents a
vector.

d

dt
w(t) =

w
′
1(t)
...

w′
n(t)

 = G(t, w(t))

or w′(t) = G(t, w(t)) where G : R× Rn → Rn.

The general form of an ODE of order n can be transformed into a first order ODE.

y(n)(t) = F (t, y, y′, . . . , y(n−1))

w(t) := (y(t), y′(t), . . . , y(n−1)(t))⊺ ∈ Rn (transpose)

w′(t) = (y′(t), y′′(t), . . . , y(n)(t))⊺

= (w2(t), w3(t), . . . , F (t, w(t), . . . , wn(t)))
⊺

=: G(t, w(t))

Example

Let y′′ + ω2(y) = 0, or y′′ = −ω2y.

w =

(
y
y′

)
=⇒ w′ =

(
w2

−ω2w1

)
=

(
0 1

−ω2 0

)
w

First order ODEs can be written as integral equations.∫ t

t0

dw

dτ
=

∫ t

t0

G(τ, w(τ)) dτ

w(t)− w(t0) =

∫ t

t0

G(τ, w(τ)) dτ

w(t) = w(t0) +

∫ t

t0

G(τ, w(τ)) dτ

This is an integral representation of w′(t) = G(t, w(t)).

Theorem: Picard’s Theorem

Suppose we have the following conditions:

1. (t, w) → G(t, w) is in C0((t0 − c, t0 + c)× Ω;Rn) where Ω ⊂ Rn is a domain (connected open set).

2. G is Lipschitz continuous, that is,

|G(t, w)−G(t, v)| ≤M |w − v|, |t− t0| < c, w, v ∈ Ω.

for some constant M > 0.

Then, ∀w0 ∈ Ω, ∃ε such that the differential equation

d

dt
w(t) = G(t, w(t)) w(t0) = w0 ∈ Rn

has a unique solution for t such that |t− t0| < ε.

Note that Picard’s Theorem does not solve the differential equation, it merely proves the existence and
uniqueness of a solution.
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Example

Let w ∈ R and w′ = 1+w2. In this case n = 1 and G(t, w) = 1+w2 = G(w) since G is not a function
of t.

We want to show that this satisfies the condition for Picard’s Theorem.

First, show that w 7→ 1 + w2 is continuous. This is intuitive since it is a polynomial.

Next, show that G is Lipschitz continuous.

|G(w)−G(v)| = |w2 − v2|
= |w + v||w − v|
≤ (|w|+ |v|) |w − v|

Let Ω = (−R,R). If w, v ∈ Ω, then |w|, |v| ≤ R/ So, |w|+ |v| ≤ 2R.

|G(w)−G(v)| ≤M |v − w|

where M = 2R. So, the assumption of Picard’s Theorem is satisfied as long as |w|, |v| < R.

This example is quite simple, so we can solve the differential equation exactly:

dw

dt
= 1 + w2∫ w(t)

0

1

1 + w2
dw =

∫ t

0

dt

arctanw(t) = t

w(t) = tan t

By Picard’s Theorem, this solution is unique. Note however that this solution blows up t → ±π
2∓.

There is no contradiction with the theorem: at some point we violate the condition that |w| < R for
any R!

Example

Let’s apply Picard’s iteration to the previous example: w′ = 1 + w2, w(0) = 0.

w0 = 0

w1(t) = 0 +

∫ t

0

G(s, w0(s))︸ ︷︷ ︸
1+w0(s)2

ds =

∫ t

0

1 ds = t

w2(t) = 0 +

∫ t

0

(1 + s2) ds = t+
t3

3

w3(t) = 0 +

∫ t

0

(
1 +

(
s+

s3

3

)2
)
ds =

∫ t

0

(
1 + s2 +

2s4

3
+
s6

9

)
ds

= t+
t3

3
+

2t5

15
+
t7

63

We can continue this process for higher values of k. This is the Taylor expansion of tan t.
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Figure 5: Plots of the iterates in the example w′ = 1 + w2, w(0) = 0. Although they look encouraging
Picard iteration is not the way to solve ODE numerically.

Proving Picard’s Theorem requires a method known as Picard’s iteration.

w0(t) := w0

w1(t) := w0 +

∫ t

t0

G(s, w0(s)) ds
...

wk+1(t) := w0 +

∫ t

t0

G(s, wk(s)) ds
...?

w(t) := w0 +

∫ t

t0

G(s, w(s)) ds

But for this to work we need to show that there exists w such that as k → ∞, wk converges to w. (That is
why we put ? above.)
To prove that Picard’s Theorem works, we must show that the interation above converges. Let g : [t0 −
ε, t0 + ε] → Rn be a function. We define

∥g∥ := sup
|t−t0|≤ε

|g(t)|.

(Note that g(t) = (g1(t), · · · , gn(t))⊺ ∈ Rn and |g(t)| = (g1(t)
2 + · · · gn(t)2)

1
2 .)

If g and h are continuous functions from [t0 − ε, t0 + ε] to Rn , the distance between g and h is defined
to be ∥g − h∥. Why does Picard’s iteration converge? Let sup represent sup|t−t0|≤ε.

∥wk+1 − wk∥ = sup

∣∣∣∣∫ t

t0

G(s, wk(s)) ds−
∫ t

t0

G(s, wk−1(s)) ds

∣∣∣∣
= sup

∣∣∣∣∫ t

t0

G(s, wk(s))−G(s, wk−1(s)) ds

∣∣∣∣
Recall that by triangle inequality,

∣∣∫ f(t) dt∣∣ ≤ ∫ |f(t)|dt.

∥wk+1 − wk∥ ≤ sup

∫ t

t0

∣∣G(s, wk(s))−G(s, wk−1(s))
∣∣ds
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We know that |G(s, v)G(s, w)| ≤M |v − w| for some constant M > 0.

∥wk+1 − wk∥ ≤ sup

∫ t

t0

M
∣∣wk(s)− wk−1(s)

∣∣ds
Since |t− t0| < ϵ we note that sup

∫ t
t0
|F (s)|ds ≤ ε supF (t)| when we take sup|t−t0|<ϵ. Hence,

∥wk+1 − wk∥ ≤ ε supM
∣∣wk(t)− wk−1(t)

∣∣
= εM∥wk − wk−1∥
≤ εM

(
εM∥wk−1 − wk−2∥

)
...

≤ (εM)k∥w1 − w0∥
≤ A(εM)k

where A = sup
∫ t
t0
G(s, w0) ds is constant. For ε = 1

2M , we have ∥wk+1 − wk∥ ≤ A2−k.

w(t) = w0 +

∞∑
k=0

(
wk+1(t)− wk(t)

)︸ ︷︷ ︸
≤A2−k when |t−t0|≤ε

By the comparison test, the sum converges. So, we have a telescoping series:

w0 + w1 − w0 + w2 − w1 + · · ·+ wk+1 − wk = wk+1

So, this converges to w.

Comment. We have shown that ∥wk −w| → 0 which implies that wk(t) → w(t) for every t ∈ [t0 − ϵ, t0 + ϵ]
(since |wk(t) − w(t)| ≤ ∥wk − w∥). What we did not prove is that w(t) is a continuous function. This is
however true whenever wk(t)’s are continuous and ∥wk − w∥ → 0.

Example

Using an example from earlier, let y′′ + ωy = 0. y(0) = y0 and y′(0) = y1.

w(t) =

(
y(t)
y′(t)

)
G(t, w) = G(w) =

(
0 1

−ω2 0

)
︸ ︷︷ ︸

A

w

w′(t) =

(
y′(t)
y′′(t)

)
|G(v)−G(w)| = |Av −Aw|

=

(
w2(t)

−ω2w1(t)

)
= |A(v − w)|

=

(
0 1

−ω2 0

)
w(t) ≤M |v − w|

So, we have the following:

w0(t) =

(
y0
y1

)
= w0, w1(t) = w0 +

∫ t

0

Aw0 ds = w0 + tAw0

We want to prove that wk+1(t) =
k+1∑
j=0

tj

j!A
jw0. We can use induction to prove this.

1. Base case: this is shown above.
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2. Induction hypothesis: suppose that for some k ≥ 0, we have wk(t) =
k∑
j=0

tj

j!A
jw0.

3. Inductive step: show that the statement holds for k + 1.

wk+1(t) = w0 +

∫ t

0

Awk ds

= w0 +

∫ t

0

A

k∑
j=0

sj

j!
Ajw0 ds

= w0 +

k∑
j=0

∫ t

0

sj

j!
Aj+1w0 ds

= w0 +

k∑
j=0

sj+1

(j + 1)!
Aj+1w0

=
k+1∑
ℓ=0

tℓ

ℓ!
Aℓw0 where ℓ = j + 1

So, the statement holds for k + 1.

We have the following:

Aj =

(
0 1

−ω2 0

)j

=



(
(−ω2)ℓ 0

0 (−ω2)ℓ

)
j = 2ℓ(

0 (−ω2)ℓ

(−ω2)ℓ+1 0

)
j = 2ℓ+ 1

So, y(t) = cos(tω)y0 +
1
ω sin(tω)y1.
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Vector Calculus

Differentiation

Let f : Ω → R where Ω is a domain and f ∈ C1. We define the gradient of f as

∇f(x) =
(
∂f

∂x1
, . . . ,

∂f

∂xn

)
∈ Rn

where ∇f ∈ C0(Ω;Rn). Note that Ω;Rn implies that ∇f is a function Ω → Rn.

Let v : Ω → Rn where v(x) = (vw(x), . . . , vn(x)). The divergence of v(x) is

∇ · v(x) = ∂v1
∂x1

+ · · ·+ ∂vn
∂xn

∈ C0(Ω : R)

Note that the divergence of v(x) sends a vector to a scalar, while the gradient of f sends a scalar to a vector.

f ∈ Cm(Ω;R) → ∇f(x) ∈ Cm−1(Ω;Rn)
v ∈ Cm(Ω;Rn) → ∇ · v ∈ Cm(Ω;R)

Note that we can set m = ∞ meaning m− 1 is also ∞. This is the case that we care about the most for the
purpose of this class.

Integration

Let f ∈ C0([a, b];R). The Riemann integral of f is∫ b

a

f(x) dx = lim
N→∞

1

N

∑
j/N∈[a,b]

f

(
j

N

)
, j ∈ Z, Z := {· · · ,−2,−1, 0, 1, 2, · · · }

a b

For a more general f ∈ C0(Ω;R), the Riemann integral is∫
Ω

f(x) dnx = lim
N→∞

1

Nn

∑
j/N∈Ω

f

(
j

N

)
, j ∈ Zn := {(j1, · · · , jn) : jk ∈ Z}.

where dnx is the n dimensional element of integration dx1 dx2 . . . dxn.

Change of Variables

Let Ω be a domain such that F (Ω) = Ω′. f ∈ C0(Ω′;R) and f ◦ F (y) = f(F (y)).∫
F (Ω)

f(x) dnx =

∫
Ω

f(F (y))

∣∣∣∣∂f∂y
∣∣∣∣ dy

where

∣∣∣∣∂F∂y
∣∣∣∣ =

∣∣∣∣∣∣∣det

∂F1

∂x1
· · · ∂F1

∂xn

...
. . .

...
∂Fn

∂x1
· · · ∂Fn

∂xn


∣∣∣∣∣∣∣

where F (x) = (F1(x), . . . , Fn(x)). Note that the matrix that we calculate the determinant of is called the
Jacobian.
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Example

Let u(t, x) represent the density at time t and position x where t ∈ R≥0 and x ∈ Rn.

V (t) =

∫
Ω

u(t, x) dnx

where V is the mass in Ω at time t.

dV

dt
=

∫
Ω

∂tu(t, x) d
nx

represents how mass changes over time.

Let f ∈ C∞
c (Rn), meaning f ∈ C∞(Rn) and f = 0 for |x| > R, for some R (this means that the support

of f is compact.) Then put

u(t, x) = f(tx)

V (t) =

∫
Rn

f(tx) dnx

V ′(t) =

∫
Rn

∂t[f(tx)] d
nx

Apply the chain rule: ∂t[f(G(t, x))] =
(
∂G1

∂t
∂f
∂x1

+ · · ·+ ∂Gn

∂t
∂f
∂xn

)
(G(t, x)) where G = (G1, . . . , Gn) and

Gi(t, x) ∈ R.

V ′(t) =

∫
Rn

x · ∇f(tx) dnx

F (y) =
y

t
g(x) = f(x, t)

V (t) =

∫
Rn

g(x) dnx

=

∫
g(F (y))

∣∣∣∣∂F∂y
∣∣∣∣ dny

g(F (y)) = f(tF (y)) = f(t(y/t)) = f(y)

∣∣∣∣∂F∂y
∣∣∣∣ =

∣∣∣∣∣∣∣∣∣det


1
t 0 · · · 0
0 1

t · · · 0
...

. . .
...

0 0 · · · 1
t


∣∣∣∣∣∣∣∣∣ = t−n

V (t) =

∫
Rn

f(y)t−n dny

V (t) :=

∫
Rn

f(tx) dnx =
1

tn

∫
Rn

f(x) dnx

d

dt
V (t) = −nt−n−1

∫
Rn

f(x) dnx

=

∫
Rn

x · ∇f(tx) dnx

We can set t = 1, which yields ∫
Rn

x · ∇f(x) dnx = −n
∫
Rn

f(x) dnx .
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Divergence theorem

The divergence theorem relies on surface integrals and it relates integrals over different dimensions.

We parametrize a surface Σ by a function, σ defined on U ∈ Rn−1, σ : U → Rn. Then Σ = σ(U) ⊂ Rn is
an n− 1 dimensional surface. We then want to integrate with respect to the surface element of integration,
dS. For n = 3, we have ∫

Σ

fdS =

∫
U

f(σ(w))|σw1 × σw2 |du1 du2

For the general case, we have a formula involving the unit normal vector ν: to any point of the surface we
assign a vector which is normal to the surface. Then∫

Σ

f dS =

∫
U

f(σ(w))
∣∣det (σw1

∣∣σw2

∣∣· · ·∣∣σwn−1

∣∣ν)∣∣dn−1w

Comment. You should not worry too much about this formula. What is important that you know that
you can integrate over surfaces in any dimension.

Example

Let σ(w) = (w, g(w)) where g : Rn−1 → R. The unit normal vector is given by (this is a formula from
Math53 when n = 3 and it looks exactly the same; note that (∇g(w),−1) is a vector in Rn)

ν(w) =
(∇g(w),−1)

(1 + |∇g(w)|2)1/2

Now, solve for the determinant:

det


1 0 0 · · · ∂g

∂w1

0 1 0 · · · ∂g
∂w2

0 0 1 · · · ∂g
∂w3

...
...

...
. . .

...
∂g
∂w1

∂g
∂w2

· · · ∂g
∂wn

−1

 = det

[
In−1 ∇g⊺
∇g −1

]

= det

[
In−1 (v1 · · · vn−1)

⊺

v1 · · · vn−1 −1

]
where vj = gwj

= det


1 0 · · · v1

0 1 · · ·
...

...
...

. . . vn−1

0 0 · · · −1− |v|2


= 1 + |∇g|2∫

Σ

f dS =

∫
U

f(w, g(w))
(
1 + |∇g(w)|2

)1/2
dn−1w

A special case of the surface integral is where

Σ =
{
(u, g(u))

∣∣u ∈ U, g ∈ C1(U,R)
}
.

In this case, we have ∫
Σ

fds =

∫ (
1 + |∇g(u)|2

)1/2
f(u, g(u)) dn−1u .

UC Berkeley Math 126 | 19



To formulat the divergence theorem we need the concept of piecewise C1 surfaces. These are surfaces which
can be written as unions of surfaces defined using C1 functions:

Σ =

K⋃
k=1

σk(Uk), Uk ⊂ Rk−1, σk ∈ C1(Rn−1;Rn).

(Do not worry about this too much – the point is that we can built a surface from nice pieces but it can
have kinks and corners.)

The Divergence Theorem

Let Ω ⊂ Rn and suppose that the boundary of Ω, ∂Ω is a piecewise C1 surface. Let F ∈ C1(Ω;Rn). Then∫
Ω

divF dnx =

∫
∂Ω

ν · F ds

where ν is an outward pointing unit normal vector.

Unit Balls and Spheres

We can define the n dimensional unit ball as

Bn(0, 1) = Bn := {x ∈ Rn||x| < 1}

and the n dimensional unit sphere as

Sn(0, 1) = Sn := ∂Bn+1(0, 1) =
{
x ∈ Rn+1

∣∣|x| = 1
}
.

We are interested in the volume of Bn, Vn and the surface area (in the sense of an n-dimensional surface in
Rn) of Sn, , Sn.

We have

Vn =

∫
Bn

dnx , Sn =

∫
Sn

dS .

We first want to relate Vn and Sn. Calculate the first few values of each:

V1 = 2 S0 = 2

V2 = π S1 = 2π

V3 =
4π

3
S2 = 4π

Proposition

Vn+1 = Sn

n+1 .

• Proof : we want to relate
∫
Bn+1

dn+1x and
∫
Sn dS.

F (x) = (x1, . . . , xn+1)

divF (x) =
∂F1

∂x1
+
∂F2

∂x2
+ · · ·+ ∂Fn+1

∂xn+1
where Fi = xi

= 1 + · · ·+ 1

= n+ 1
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The normal unit vector at a point x on the unit sphere is equal to the vector defined by that point, so
ν(x) = x.

F (x) · x = x2 + · · ·+ x2n+1

= 1 |x| = (x21 + · · ·+ x2n+1)
1/2 = 1∫

Bn+1

divF (x)︸ ︷︷ ︸
n+1

dn+1x =

∫
Sn
F · ν︸︷︷︸

1

dS

(n+ 1)Vn+1 = Sn

So, Vn+1 = Sn

n+1 . □

Suppose we have a sphere of radius r. We define spheres of radius r.

Skr =
{
x ∈ Rk+1

∣∣|x| = r
} ∫

Skr
1 dS = rkSk.

We will think of the top hemisphere Sn as a graph of g(y) = (1− |y|2)1/2, y = (x1, . . . , xn). Since x
2
1 + · · ·+

x2n+1 = 1, xn+1 = (1− x21 − · · · − x2n)
1/2 = (1− |y|2)1/2. Since our equation is only for the top hemisphere,

to get the area of Sn−1
r we must multiply by 2:∫

Sn
dS = 2

∫
Bn

(
1 + |∇g(y)|2

)
dny

= 2

∫
Bn

(
1− |y|2

)−1/2
dny

= 2

∫ 1

0

∫
Sn−1
r

(1− r2)−1/2dSdr

= 2Sn−1In

In =

∫ 1

0

(1− r2)−1/2rn−1 dr

This is the analogue of polar coordinates: check it when n = 1 and n = 2:

Let r = |y|.∫
Bn

f(|y|) dny =

∫ 1

0

f(r)

(∫
Sn−1
r

1 dS

)
dr =

∫ 1

0

f(r)rn−1Sn−1 dr , f(r) = (1− r2)−1/2

Substitute: r = sin θ so that (1− r2)−1/2dr = dθ:

In =

∫ π/2

0

sinn−1 θdθ
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When n = 1 and n = 2, we can easily solve for I1 = π/2 and I2 = 1. For n > 2, we use integration by parts.

In =

∫ π/2

0

sinn−2 θ(− cos θ)′dθ

= (n− 2)

∫ π/2

0

sinn−3 θ cos2 θdθ

= (n− 2)

∫ π/2

0

sinn−3 θ(1− sin2 θ)dθ

= (n− 2)

∫ π/2

0

sinn−3 θdθ︸ ︷︷ ︸
In−2

−(n− 2)

∫ π/2

0

sinn−1 θ dθ︸ ︷︷ ︸
In

= (n− 2)In−2 − (n− 2)In

In =
n− 2

n− 1
In−2

We have solved for I1 and I2, so we can solve for some higher values of In:

I3 =
3− 2

3− 1
I1 =

π

4

I4 =
4− 2

4− 1
I2 =

2

3

I5 =
5− 2

5− 1
I3 =

3π

16

I6 =
6− 2

6− 1
I4 =

8

15

Now, solve for values of Sn using Sn = 2Sn−1In and Vn using Vn+1 = Sn

n+1 .

S0 = 4 V1 = 2

S1 = 2π V2 = π

S2 = 4π V3 =
4π

3

S3 = 2π2 V4 =
π2

2

S4 =
8

3
π2 V5 =

8

15
π2

S5 = π3 V6 =
π3

6

So, we have the general formula

Vn+2 =
2π

n+ 2
Vn.

Observe the volumes look different for odd and even dimensions.
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First Order Semilinear PDEs

First Order PDEs on R
We will consider the following general class of equations:

∂tu(t, x) + v(t, x)∂xu(t, x) + w(t, x, u(t, x)) = 0

u(0, x) = f(x)

for t, x ∈ R where (t, x) 7→ v(t, x) is given, (t, x, u) 7→ w(t, x, u) is given, and u(t, x) is unknown. u(0, x) =
f(x) is the initial condition and is given. Semilinear refers to the fact that derivatives ∂tu and ∂xu appear
linearly but u could appear non-linearly depending on w.

The simplest case of this PDE is if v(t, x) is constant and w(t, x, u) ≡ 0. (This means that w is identically
0.)

This gives us the system of equations

∂tu+ v∂xu = 0

u(0, x) = f(x)

Proposition. The system of equations

∂tu+ v∂xu = 0

u(0, x) = f(x)

has unique solution
u(t, x) = f(x− tv).

• Proof : first, verify that u(t, x) = f(x− tv) is a solution of our PDE. For that, compute the values of
∂tu and ∂xu.

Note that this requires use of the chain rule. For any function f(x), if we want to evaluate ∂tf(g(t, x)),
we have ∂tf(g(t, x)) = f ′(g(t, x)) · ∂tg(t, x).

∂tu = f ′(x− tv) · ∂t [x− tv]

= −vf ′(x− tv)

∂xu = f ′(x− tv) · ∂x [x− tv]

= f ′(x− tv)

∂tu+ v∂xu = 0

So, u(t, x) = f(x− tv) is a solution to the PDE.

Now, verify that this is the only solution. We can use change of variables.

s = t t = s

y = x− vt x = y + vs

By the chain rule, we have

∂s =
∂t

∂s

∂

∂t
+
∂x

∂s

∂

∂x
= ∂t + v∂x

So, we have

∂su(s, y + vs) = ∂tu+ v∂xu

= 0
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If we put U(s, y) = u(s, y + vs), this means that ∂sU = 0 and U(0, y) = f(y). Since ∂sU = 0, U does
not change when s varies and U(s, y) = f(y). This is the unique constant which solves the equation.
But this means that u(t, x) = U(t, x− tv) = f(x− tv). So, the only solution is u(t, x) = f(x− tv). □

Now, for a less simple case. Suppose w = 0 but v is no longer constant but depends on t. We are solving
the system of equations:

∂tu+ v(t)∂xu = 0

u(0, x) = f(x)

Proposition

The system of equations ∂tu+ v(t)∂xu = 0 with initial condition u(0, x) = f(x) has unique solution

u(t, x) = f(x−X(t))

where X(t) =
∫ t
0
v(s)ds.

• Proof : first, show correctness of the solution u(t, x) = f(x−X(t)). Note that X ′(t) = v(t).

∂tu = ∂t [x−X(t)] · f ′(x−X(t)) ∂xu = ∂x [x−X(t)] · f ′(x−X(t))

= −X ′(t)f ′(x−X(t)) = f ′(x−X(t))

= −v(t)f ′(x−X(t))

So, ∂tu+v(t)∂xu = 0 meaning u(x, t) = f(x−X(t)) is a solution to the PDE. Once again, to determine
if the solution is unique, we can use a similar change of variables s = t and y = x −X(t). Note that
for t = s, X ′(s) = v(s) and X(0) = 0. Here again is chain rule:

∂s =
∂t

∂s

∂

∂t
+
∂x

∂t

∂

∂x
= ∂t +X ′(s)∂x = ∂t + v(t)∂x

∂su(s, y +X(s)) = ∂tu+ v(t)∂xu = 0

u(0, y +X(0)) = f(y)

w(s, y) = u(s, y +X(s))

∂sw = 0, so w is constant as s varies and that constant is given by f(y): w(s, y) = f(y) meaning the
solution u(t, x) = w(t, x−X(t)) = f(x−X(t)) is unique. □

Now for the general case:
∂tu+ v(t, x)∂xu+ w(t, x, u(t, x)) = 0

u = u(t, x) is the unknown. We want to convert this into a (nonlinear) ODE. To achieve that we will consider
the following ODE for “trajectories” of x:

dx(t)

dt
= v(t, x(t)).

The solution t 7→ x(t) is called a characteristic. We can think of it as a trajectory of the point x(t) as time
t varies and call it a characteristic curve (it really becomes a curve if x is in higher dimensions).

When u is restricted to the characteristic curve the derivative in t is called the Lagrangian derivative:

Du

Dt
(t) =

d

dt
u(t, x(t))︸ ︷︷ ︸

h(t)

= h′(t), h(t) := u(t, x(t)).
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Theorem

On each characteristic t 7→ x(t) which solves dx
dt = v(t, x), the 1st order PDE

∂u

∂t
+ v(t, x)

∂u

∂x
+ w(t, x, u(t, x)) = 0

reduces to an ODE
Du

Dt
+ w̃ = 0 ⇐⇒ d

dt
h(t) + w̃(t) = 0, h(t) := u(t, x(t))

where w̃ := w(t, x(t), u(t, x(t))) is a function of t only.

• Proof : apply the chain rule where x = x(t).

Du

Dt
=

d

dt
[u(t, x(t))]

= ∂tu+ x′(t)∂xu

= ∂tu+ v(t, x)∂xu

Substitute this back into the original equation.

∂tu+ v(t, x)∂xu+ w(t, x, u(t, x)) = 0

Du

Dt
+ w(t, x, u(t, x)) = 0

So, for w̃ = w(t, x, u(t, x(t))) and x = x(t), we have Du
Dt + w̃ = 0. □

Outline of Steps for solving 1st order semilinear PDE

There are 3 main steps to solving a first order PDE of the form

∂u

∂t
+ v(t, x)

∂u

∂x
+ w(t, x, u(t, x)) = 0

u(0, x) = f(x)

1. Solve x′(t) = v(t, x(t)) for characteristic x(t).

2. Solve h′(t) + w(t, x(t), h(t)) = 0 for h(t).

3. Match u(t, x(t)) = h(t) and h(0) = f(x(0)) where x(t) = x. Solve for any constants of integration and
plug it back in to u(t, x) = u(t, x(t)) = h(t).
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Example

Let v = a + bx and w = bu where a, b > 0 and x ≥ 0. We want to solve the following equation with the
condition at x = 0 (rather than t = 0):

∂tu+ (a+ bx)∂xu+ bu = 0

u(t, 0) = g(t)

First, solve for the characteristic.

x′(t) = v(t, x)

= ax(t) + b∫
1

a+ bx
dx =

∫
dt

1

b
ln(a+ bx) = t+ C

x(t) =
1

b

(
eb(t+C) − a

)
As initial condition take x(t0) = 0 at some t0 (remember – we are starting at x = 0). This yields

C = −t0 − ln(−a)
b , so the equation can be rewritten as

x(t) =
a

b

(
eb(t−t0) − 1

)
.

From the theorem we know that (d/dt)[u(t, x(t))] + bu(t, x(t)) = 0 and u(t0, x(t0)) = g(t0). This gives,

u(t, x(t)) = g(t0)e
−b(t−t0).

Using our equation for x(t) from above:

u
(
t,
a

b

(
eb(t−t0) − 1

))
= g(t0)e

−b(t−t0)

Solve for t0 in terms of t and x from the equation of x(t) using x = x(t).

a

b

(
eb(t−t0) − 1

)
=⇒t0 = t+

1

b
ln

(
a

a+ bx

)
So, our final solution for u(t, x) is

u(t, x) =
a

a+ bx
g

(
t+

1

b
ln

(
a

a+ bx

))
.

As always, you should double check and make sure that your answer solves the equation!
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Example

Solve the PDE

∂u

∂t
+ c

∂u

∂x
= γu

u(x, 0) = f(x)

where c and γ are constant. Note that this is a linear PDE since if we have
∂uj

∂t + c
∂uj

∂x = γuj for j = 1, 2,
u = u1 + u2 then is also a solution.
Here, we have v(t, x) = c and w(t, x, u(t, x)) = −γu. Follow the steps outlined above.

1. Solve x′(t) = v(t, x(t)).

x′(t) = v(x, t) = c

x(t) = ct+A

2. Solve h′(t) + w(t, x(t), h(t)) = 0.

h′(t) + w(t, x(t), h(t)) = h′(t)− γh(t) = 0

h(t) = Beγt

3. Match u(t, x(t)) = h(t) and h(0) = f(x(0)) where x(t) = x.

u(t, x(t)) = h(t)

u(t, ct+A︸ ︷︷ ︸
x

) = Beγt

x = ct+A

A = x− ct

Use the initial condition.

h(0) = g(x(0))

B = g(A) = f(x− ct)

So, we have our final answer:
u(t, x) = g(x− ct)eγt

Check that our answer satisfies the original equation and initial condition:

∂tu = −cg′(x− ct)eγt + γg(x− ct)eγt

c∂xu = cg′(x− ct)eγt

∂tu+ c∂xu = γg(x− ct)eγt = γu ✓

u(0, x) = g(x− c(0))eγ·0 = g(x) ✓

So, our solution u(t, x) = g(x− ct)eγt is a solution to the PDE.
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Example

Solve the PDE

∂u

∂t
+ 2t

∂u

∂x
+ u2 = 0

u(0, x) = g(x)

Note that this is a nonlinear PDE since w(t, x, u) = u2. Here, v(t, x) = 2t. Follow the same steps:

1. Solve x′(t) = v(t, x(t)).
x′(t) = 2t =⇒ x(t) = t2 +A

2. Solve h′(t) + w(t, x(t), h(t)) = 0.

h′(t) + h(t)2 = 0

1

h2
dh = −dt

− 1

h
= −t−B =⇒ h(t) =

1

t+B

3. Match u(t, x(t)) = h(t) and h(0) = f(0) where x(t) = x.

u(t, t2 +A) =
1

t+B

x = t2 +A

A = x− t2

Use the initial condition.

h(0) = g(x(0))

1

B
= g(A) =⇒ B =

1

g(x− t2)

So, we have our final answer:

u(t, x) =
1

t+ 1
g(x−t2)

=
g(x− t2)

1 + tg(x− t2)

Check that our answer satisfies the original equation and initial condition. Here, let g = g(x − t2) and
g′ = g′(x− t2).

∂tu =
−2tg′ · (1 + tg)− g · (g − 2t2g′)

(1 + tg)2

=
−2tg′ − g2

(1 + tg)2

∂xu =
g′ · (1 + tg)− g · (tg′)

(1 + tg)2

=
g′

(1 + tg)2

∂tu+ 2t∂xu+ u2 =
−tg′ − g2

(1 + tg)2
+

2tg′

(1− tg)2
+

g′

(1 + tg)2
= 0 ✓

u(0, x) =
g(x)

1 + 0
= g(x) ✓

So, our solution u(t, x) = g(x−t2)
1+tg(x−t2) is a solution to the PDE.
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Higher Dimension PDEs

A general PDE of dimension n is

∂u

∂t
+ v · ∇u+ w = 0

u(0, x) = f(x)

where u is unknown, ∇u is in terms of x, and v, w are given:

u : [0, T ]× Ω → R, Ω ∈ Rn

v : [0, T ]× Ω → Rn, v = v(t, x)

w : [0, T ]︸ ︷︷ ︸
t

× Ω︸︷︷︸
x

× R︸︷︷︸
u

→ R, w = w(t, x, u)

Here Ω ⊂ Rn is a domain, that is an open and connected subset of Rn.
The steps for solving higher dimensional PDEs are exactly the same as solving a first order PDE. We

start by solving the equation for characteristic t 7→ x(t):

d

dx
x(t) = v(t, x(t))

where t 7→ x(t) is a characteristic. The Lagrangean derivative is again defined as

Du

Dt
(t) =

d

dt
u(t, x(t))︸ ︷︷ ︸

h(t)

= h′(t)

Theorem

If u ∈ C1([0, T ]× Ω;R) solves the PDE

∂u

∂t
+ v · ∇u+ w = 0,

then h(t) := u(t, x(t)) solves h′(t) + w(t, x(t), h(t)) = 0.

• Proof : the proof of this is the same as that for first order PDEs.

h′(t) + w(t, x(t), h(t)) =
d

dt
[u(t, x(t))] + w(t, x(t), u(t, x(t)))

=
∂u

∂t
+

dx

dt
· ∇u+ w(t, x(t), u(t, x(t)))

=
∂u

∂t
+ v · ∇u+ w(t, x(t), u(t, x(t)))

= 0

since by assumption, this u solves the PDE. □

Outline of Steps

Like with first dimension PDEs, there are 3 main steps to solving a higher dimension first order PDE of the
form

∂u

∂t
+ v · ∇u+ w(t, x, u) = 0

u(0, x) = f(x)

1. Solve x′(t) = v(t, x(t)) for characteristic x(t).

UC Berkeley Math 126 | 29



2. Solve h′(t) + w(t, x(t), h(t)) = 0 for h(t).

3. Match u(t, x(t)) = h(t) and h(0) = f(x(0)) where x(t) = x. Solve for any constants of integration and
plug it back in to u(t, x) = w(t, x(t)) = h(t).

Example

Let Ω = R× (−1, 1). Solve the PDE

∂u

∂t
+ v · ∇u = 0

u(0, x) = f(x)

where x = (x1, x2) and v(t, x) = (1− x22, 0). Note that this is a linear PDE. Follow the same steps as the
first order PDEs when x is in one dimension:

1. Solve x′(t) = v(t, x(t)). Let x(t) = (x1(t), x2(t)).

x′(t) = (x′1(t), x
′
2(t))

= v = (1− x22, 0)

x′1(t) = 1− x2(t)
2

x′2(t) = 0

x2(t) = A2

Use this to solve for x1(t).

x′1(t) = 1−A2
2

x1(t) = A1 + (1−A2
2)t

So, we have

x(t) = (x1(t), x2(t)) = (A1 + (1−A2
2)t, A2)

2. Solve h′(t) + w(t, x(t), h(t)) = 0.

h′(t) + 0 = 0

h(t) = B

3. Match u(t, x(t)) = h(t) and h(0) = f(x(0)) where x(t) = x.

u(t, x(t)) = B

x = (x1, x2) = (A1 + (1−A2
2)t, A2)

x1 = A1 + (1−A2
2)t

= A1 + (1− x22)t

A2 = x2

A1 = x1 − (1− x22)t

Use the initial condition.

h(0) = B = f(x(0))

x(t) = (A1 + (1−A2
2)t, A2)

x(0) = (A1, A2)

B = f(A1, A2)

= f(x1 − (1− x22)t, x2)
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So, we have our final answer:
u(t, x) = f(x1 − (1− x22)t, x2)

Check that our answer satisfies the original equation and initial condition.

∂tu = −(1− x22) · fx1
(x1 − (1− x22)t, x2)

v · ∇u = (1− x22, 0) · ∇u
= (1− x22) · ∂x1u

= (1− x22)fx1
(x1(1− x22)t, x2)∂tu+ v · ∇u = 0 ✓

u(0, x) = f(x1 − (1− x22) · 0, x2)
= f(x1, x2) = f(x) ✓

So, our solution u(t, x) = f(x1 − (1− x22)t, x2) is a solution to the PDE.

Example

Solve the PDE

x1
∂u

∂x1
− 2x2

∂u

∂x2
− u2 = 0, Ω := {(x1, x2) : xj > 0, j = 1, 2},

u(y, y) = y3, y > 0.

Here x = (x1, x2). Also, y = x1 = x2 if x falls on the line x1 = x2 and then u(x) = y3. Note that in this
problem we do not have dependence of u = u(x) on t. This can be rewritten as

(x1,−2x2) · ∇u− u2 = 0

where v(t, x) = (x1,−2x2) and w(t, x, u) = −u2. Follow the steps outlined previously.

1. Solve x′(t) = (x1(t), x2(t)) = v(t, x(t)).

x′(t) = (x′1(t), x
′
2(t)) = v(t, x(t)) = (x1(t),−2x2(t))

x′1(t) = x1(t) =⇒ x1(t) = A1e
t

x′2(t) = −2x2(t) =⇒ x2(t) = A2e
−2t

2. Solve h′(t) + w(t, x(t), h(t)) = 0 for h(t).

h′(t)− h(t)2 = 0

1

h2
dh = dt

− 1

h
= t−B

h(t) =
1

B − t

3. Match u(t, x(t)) = h(t) and h(0) = f(x(0)) where x(t) = x.

u(x(t)) =
1

B − t

x(t) = (x1(t), x2(t))

= (A1e
t, A2e

−2t)
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Use the initial condition u(y, y) = y3. Set A1 = A2 = y.

x(t) = (yet, ye−2t)

h(0) =
1

B
= y3

B =
1

y3

u(x(t)) =
1

1
y3 − t

=
y3

1− y3t

x1 = x1(t) = yet

x2 = x2(t) = ye−2t

We do not want y in our final answer, so solve y and t in terms x:

y = x1e
−t = x2e

2t

x2 = x1e
−3t

e3t =
x1
x2

This gives:

t =
1

3
ln

(
x1
x2

)
y3 = e−3tx31 = x21x2

u(x) =
y3

1− y3t
=

x21x2

1− 1
3 ln

(
x1

x2

)
x21x2

So, our final answer is u(t, x) = u(x) =
x2
1x2

1− 1
3 ln

(
x1
x2

)
x2
1x2

. We will not check this answer since it will take

longer than solving the problem!

Classifying 1st order linear PDEs

Suppose we have the following PDE:

Lu =
∂u

∂t
+ v

∂u

∂x
+ Fu = 0

where F = f(x, t) and v = v(x, t). This is a 1st order linear homogeneous PDE.

- 1st order: the highest order derivative is of the 1st order.

- linear: solutions can be added together to form another solution:

L(u1, u2) = Lu1 + Lu2

∂(u1 + u2)

∂t
+ v

∂(u1 + u2)

∂x
+ F (u1 + u2) =

(
∂u1
∂t

+ v
∂u1
∂x

+ Fu1

)
+

(
∂u2
∂t

+ v
∂u2
∂x

+ Fu2

)
- homogeneous: if u1 and u2 are solutions of Lu, then Lu1 = Lu2 = 0 meaning L(u1 + u2) = 0.

- PDE: the equation uses partial differential equations.

If Lu = f ̸= 0, then it is a 1st order linear nonhomogeneous PDE.

If u1 and u2 solve ∂u
∂t + v ∂u∂x + w(t, x, u) = 0 but w(t, x, u1 + u2) ̸= w(t, x, u1) + w(t, x, u2), then it is a 1st

order semilinear PDE (linear in w, but not outside w).
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First Order Quasilinear PDEs
Quasilinear 1st order PDEs are of the form

∂tu+ a(u) · ∇u = 0

u(0, x) = f(z)

where u = u(t, x) is unknown, ∇u is in terms of x, and a ∈ C1(R;Rn) is a given function of u.

Theorem

Suppose u ∈ C1([0, t]× Ω;R) solves the PDE

∂tu+ a(u) · ∇u = 0

u(0, x) = f(z)

Then, ∀x0 ∈ Ω, u is constant along the characteristics of the system given by

x(t) = x0 + a(u(0, x0))t.

This is equivalent to the statement u(t, x0 + ta(f(x0))) = f(x0).

So, if we have a solution to the system, the solution is constant on the line

x(t) = x0 + a(u(0, x0))t

= x0 + a0(f(x0))t

The theorem states that u(t, x0 + ta(f(x0))) = f(x0). The line can be seen
in the plot in the case when n = 1.

When n = 1 (in which case a = a and x0 = x are scalars!), the slope of the
line is 1/a(f(x0) and the equation is given by x = x0 + ta(f(x0)).

x

t

x0

Example (this is a repeat of the linear case but with this perspective)

Let a = (a1, . . . , an) be a constant vector. Solve the PDE

∂tu+ a · ∇u = 0

u(0, x) = f(x)

This is a simple case that follows the steps outline previously for semilinear PDEs.

1. Solve x′(t) = a(u(t, x(t)).
x′(t) = a =⇒ x(t) = at+A

2. Solve h′(t) = w(t, x(t), h(t)) for h(t). In this form of quasilinear PDEs, w(t, x, u) = 0.

h′(t) = 0 =⇒ h(t) = B

3. Match u(t, x(t)) = h(t) and h(0) = f(x(0)) where x(t) = x.

u(t, x(t)) = B

x = at+A

h(0) = B = f(x(0))

x(t) = at+A

x(0) = A = x− at

B = f(x− at)

So, we have our final answer:
u(t, x) = f(x− at)
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• Proof of Theorem: We prove the theorem from the beginning of this section. Assuming that u(t, x)
solves the equation, consider first the following ODE: x′(t) = a(u(t, x(t))) where x(0) = x0. Then

d

dt
u(t, x(t)) = ∂tu(t, x(t)) + a(u(t, x)) · ∇u(t, x(t))

= ∂tu(t, x(t)) + a(u(t, x(t))) · ∇u(t, x(t))
= 0

by assumption that u is a solution to the PDE. This implies

u(t, x(t)) = u(0, x(0)) = u(0, x0)

is constant. Back to the ODE x′(t) = a(u(t, x(t)) where x(0) = x0, we see that we can replace u(t, x(t))
by u(0, x(0)) = u(0, x0) :

x′(t) = a(u(0, x0))

= a(f(x0))

x(t) = x0 + a(f(x0))t

⇒ u(t, x0 + a(f(x0))t) = f(x0)

So, we have u(t, x0 + a(f(x0))t) = f(x0). □

Notable Examples

Burger’s Equation

Burger’s equation is a simple quasilinear PDE related to models of gas dynamics. We have n = 1 and
a(u) = u:

∂u

∂t
+ u

∂u

∂x
= 0

Let us first consider a case of a simple initial condition.

u(0, x) = ax+ b,

where a and b are constants. The theorem says that the solution has to satisfy u(t, x(t)) = f(x0) where

x(t) = x0 + t(ax0 + b)

Solve for x0.

x = x0 + t(ax0 + b)

x0 =
x− tb

1 + ta

u(t, x) = f

(
x− tb

1 + ta

)
= a

x− tb

1 + ta
+ b

=
ax− tab+ b+ tab

1 + ta

=
ax+ b

1 + ta

If a < 0, then the solution exists when t < − 1
a . If a > 0, the solution exists for all t > 0.
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Now for an arbitrary initial condition, we have

∂u

∂t
+ u

∂u

∂x
= 0

u(0, x) = f(x)

u(t, y + tf(y)) = f(y)

We want to solve x = y + tf(y) for y with t, x given.

This cannot be done explicitly for most functions u. However, we can do it using

The Implicit Function Theorem Suppose that

F (x, y, t) = 0

F (x0, y0, t0) = 0

If ∂
∂yF (x0, y0, t0) ̸= 0 then can we find y as a function of x and t, defined for x and t near x0 and t0 such

that
F (x, y(t, x), t) = 0, y(t0, x0) = y0.

In addition

∂y

∂t
= −Ft(x0, y0, t0)

Fy(x0, y0, t0)

∂y

∂x
= −Fx(x0, y0, t0)

Fy(x0, y0, t0)

So, we have F (x, y, t) = y + tf(y)− x = 0 where x0 = x, y0 = x, and t0 = 0.

∂

∂y
F (x0, y0, t0) =

∂

∂y
F (x, x, 0) = 1 + 0f ′(y) = 1 ̸= 0.

This means that we can find y = y(x, t) such that for small t, y + tf(y) = x.
Hence,

u(t, x) = u(t, y + tf(y)︸ ︷︷ ︸
x

) = f(y) = f(y(t, x)).

If we want to go to longer times we we need ∂yF = 1 + tf ′(y) ̸= 0.

If f ′ ≥ 0, f is non decreasing meaning the slope 1
f(x) is non increasing. In that case we can solve for y for

all times!

Example

Suppose f(x) = x7. Then, y + ty7 − x = 0. We want to solve for y. Although we cannot find an equation
for y explicitly, by the Implicit Function Theorem, we know that y(t, x) exists. So, we have our solution
in the form u(t, x) = y(t, x)7.

Now, suppose f ′ < 0. We have the reverse of the plot we had earlier, so at some point, the lines must
intersect.
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We stop at the first intersection since at this point, we cannot determine y = x(0) uniquely. However, by
the Implicit Function Theorem with F (t, x, y) = y+ tf(y)− x = 0 meaning Fy = 1+ tf ′(y) ̸= 0 if t is small.
So, some solution u(t, x) must exist.

Telegrapher’s Equation

The Telegrapher’s Equation is another famous quasilinear PDE. It takes the form

∂u

∂t
+ (1− 2u)

∂u

∂x
= 0

u(0, x) = f(x)

with a(u) = 1− 2u. We solve this for

x

f(x)

1

1

f(x) =


1 x ≤ 0

1− x 0 ≤ x ≤ 1

0 x ≥ 1

f is differentiable everywhere except for x = 0 and x = 1. To solve this, we follow the same procedure. We
have a(u) = 1− 2u and x(t) = y + ta(f(y)). Since f(y) varies depending on the value of y = x(0), we have
the following x(t):

x

1

1

x(t) =


x(0)− t x(t) ≤ −t
x(0) + t(2x(0)− 1) −t ≤ x(t) ≤ 1 + t

x(0) + t x(t) ≥ 1 + t

We have u(t, x(t)) = f(x(0)). We want to find x(0) such that x(t) = x, which is given.

For x ≤ −t : x(0) = x+ t

For − t ≤ x ≤ t+ 1 : x(0) + t(2x(0)− 1) = x

x(0) =
x+ t

1 + 2t

For x ≥ 1 + t : x(0) = x− t

So, we can calculate each f(x(0)). For x ≤ −t, f(x) = 1 and for x ≥ 1 + t, f(x) = 0. For −t ≤ x ≤ t+ 1:

f(x) = 1− x =⇒ f(x(0)) = 1− x(0)

= 1− x+ t

1 + 2t
=

−x+ t+ 1

1 + 2t

So, we have our final answer for u(t, x):

u(t, x) =


1 x ≤ −t
−x+t+1
1+2t −t ≤ x ≤ t+ 1

0 x ≥ 1 + t
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Note that Telegrapher’s Equation is simply Burger’s Equation “in disguise”. Let v(t, x) := 1 − 2u(t, x). If
u(t, x) solves the Telegrapher’s Equation, v(t, x) solves Burger’s Equation. We have ∂tu+ (1− 2u)∂xu = 0,
and we can calculate ∂tu and ∂xu in terms of ∂tv and ∂xv: ∂tv = −2∂tu and ∂xv = −2∂xu, so ∂tu = − 1

2∂tv
and ∂xu = − 1

2∂xv. So:

−1

2
∂tv + (1− 2u)︸ ︷︷ ︸

v

(
−1

2
∂xv

)
= 0 ⇐⇒ ∂tv + v∂xv = 0

So, v(t, x) solves Burger’s Equation. Observe that our answer is always of the form y + ta(f(y))− x = 0, so
it will always have some solution for some t.

Eikonal Equation

Let u = u(x) and x ∈ R2. We consider |∇u(x)|2 = 1. Note this is note quite an equation of the form we
studied. It is a fully nonlinear equation since the dependence on derivatives is non-linear. But the method
of characteristic can still help us here. Here, u is a function of x only, so we can we will have ∂u

∂t = 0. This
equation has many solutions, such as

u(x) = cos(θ)x1 + sin(θ)x2

= ω · x

where

ω = (cos(θ), sin(θ)).

For this PDE, we have ∇u(x) ·∇u(x) = 1 so by analogy a(u) = ∇u(x). We now calculate the analogue of the
equation of characteristics (note some cool chain rule along the way; we use here the fact that |∇u(x)|2 = 1):

x′(t) = ∇u(x(t)) =⇒ x′′(t) = (∂t[∂x1u(x(t)), · · · , ∂t[∂xnu(x(t))])

= (x′(t) · ∂x1∇u(x), · · · , x′(t) · ∂xn)∇u(x))
= (∇u(x) · ∂x1

∇u(x), · · · ,∇u(x) · ∂xn
∇u(x)) = 1

2∇ · |∇u(x)|2 = 0

x′(t) = v0 =⇒ x(t) = x(0) + v0t.

Here we used the fact that x′′(t) = 0 implies that x′(t) = const = v0.

Let the initial condition be given on a parabola: u(y, y2) = 1. We note that

0 = ∂y[u(y, y
2)] = (y, 2y) · [∇u](y, y2).

The vector (y, 2y) is tangent to the parabola at (y, y2) so [∇u](y, y2) has to be normal to the parabola. And
it has to have unit length. That means that, for x(0) = (y, y2) (note that we have two choices of the unit
normal and choose the upward pointing one):

v0 = x′(0) = [∇u](x(0)) = [∇u](y, y2) = (−2y, 1)

(1 + 4y2)1/2
=⇒ x(t) = (y, y2) + t

(−2y, 1)

(1 + 4y2)1/2
.

x1

x2
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Now,

∂tu(x(t)) = x′(t) · ∇u(x(t)) = |∇u(x(t))|2 = 1, u(x(0)) = u(y, y2) = 1 =⇒ u(x(t)) = 1 + t.

In other words,

u(x) = 1 + t, x = (x1, x2) = (y − 2yt/
√
1 + 4y2, y2 + t/

√
1 + 4y2)).

For small t we can solve for (y, t) in terms of x = (x1, x2) using the implicit function theorem. But the
solution is not explicit.

As time grows, the rays x(t) focus and we do not have a nice solution u(x) anymore. This focusing
corresponds to a formation of caustic.

The unit vectors focus to a caustic, which can be seen in the figure above. This figure was obtained from a
paper on wave propagation.
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The Wave Equation
The wave equation takes the form (

∂2t − c2∆
)
u = 0

where the Laplace operator is

∆ = ∂2x1
+ · · ·+ ∂2xn

= ∇ · ∇

c is a constant known as the “speed of propagation” and c > 0.

Example

We will look at an important solution to the wave equation, known as the standing wave solution. The
function

u(t, x) = eicλt+iλx·ω

solves the wave equation where ω ∈ Rn and |ω| = 1. We write x · ω = x1ω1 + · · ·+ xnωn.
Let µ(t, x) := cλt+ λx · ω.

∂2t u(t, x) = ∂t

[
icλeµ(t,x)

]
= −c2λ2eµ(t,x)

∂2xj
u(t, x) = ∂xj

[
iλωje

µ(t,x)
]

= −λ2ω2
j e
µ(t,x)

∂2t u− c2∆u = ∂2t u− c2
n∑
j=1

∂2xj
u

= −c2λ2eµ(t,x) − c2(−λ2 (ω2
1 + · · ·+ ω2

n)︸ ︷︷ ︸
=1 since |ω|=1

)eµ(t,x)

= −c2λ2eµ(t,x) + c2λ2eµ(t,x)

= 0

In dimension 1, ω = ±1. Let ω = −1. Then, we have u(t, x) = eiλ(ct−x). We have Re(u) = cos(λ(ct− x)) =
cos(λ(x− ct)). We can plot this solution and observe the effect as t increases.

t = 0

t increasing t

u(t, x)

The function φ(x) = ω · x is a solution to the eikonal equation, |∇φ(x)|2 = 1. Try u(t, x) = eiλt+iλφ(x) as
a solution (take c = 1 for simplicity).

∂2t u = −λ2eit+iλφ(x)

∂2xj
u = ∂xj

[
iλ∂xj

φ(x)eiλt+iλφ(x)
]

=
(
−λ2

(
∂xj

φ(x)
)2

+ iλ∂2xj
φ(x)

)
e−λt+iλφ(x)(

∂2t −∇
) (
eiλt+iλφ(x)

)
=
[
−λ2 + λ2|∇φ|2 + iλ∆φ

]
eiλt+iλφ(x)

We now consider high frequency oscilations, that is λ large. Hence if φ solves the eikonal equation,
|∇φ|2 = 1, we kill the largest term on the right-hand side and we get an approximate solution. It can be
refined to eliminate iλ∆φeiλt+iλφ(x) and to get a better approximate solution.
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One Dimensional Wave Equation

Theorem: d’Alembert’s Formula

Suppose g ∈ C2(R) and h ∈ C1(R). Then, ∃ a unique solution u ∈ C2(R×R) of the following initial value
problem: (

1

c2
∂2t − ∂2x

)
u =

(
∂2t − c2∂2x

)
u = 0

u(0, x) = g(x)

∂tu(0, x) = h(x)

It is given by

u(t, x) =
1

2
(g(x+ ct) + g(x− ct)) +

1

2c

∫ x+ct

x−ct
h(s)ds

In other words, we have a formula for the unique solution.

• Proof : note that the wave equation can be written as

(∂2t − c2∂2x) = (∂t + c∂x)(∂t − c∂x).

Let
w(t, x) := (∂t − c∂x)u(t, x).

Then, if u exists, we have
(∂t + c∂x)w = (∂2t − c2∂2x)u(t, x) = 0

So, we are solving the first order system

(∂t + c∂x)w = 0.

To do this, we can use the method of characteristics.

x′(t) = c

x(t) = ct+ x0

x0 = x− ct

w(t, x) = w0(x− ct) for some function w0

(∂t − c∂x)u(t, x) = w(t, x)

= w0(x− ct)

So, we want to solve the PDE
∂u

∂t
− c

∂u

∂x
= w0(x− ct)

for some function w0(x− ct).

Note: for a general PDE
∂tu+ c∂xu = f(t, x)

where u(0, x) = g(x), we can solve for u(t, x).

1. Solve x′(t) = v(t, x(t)) for x(t).

x′(t) = c

x(t) = ct+A
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2. Solve h′(t) + w(t, x(t), h(t)) = 0 for h(t).

h′(t)− f(t, x(t)) = 0

h′(t) = f(t, x(t))

h(t) = B +

∫ t

0

f(s, x(s))ds

3. Match u(t, x(t)) = h(t) and h(0) = g(x(0)).

u(t, x(t)) = B +

∫ t

0

f(s, x(s))ds

x(t) = x = ct+A

A = x− ct

x(0) = A = x− ct

x(s) = A+ cs

= x− ct+ cs

= x+ c(s− t)

h(0) = B +

∫ 0

0

f(s, x(s))ds

= B

= g(x(0))

= g(x− ct)

So, we have u(t, x) = g(x− ct) +
∫ t
0
f(s, x+ c(s− t))ds.

In this case, we have −c instead of +c, so we reverse the signs:

u(t, x) = g(x+ ct) +

∫ t

0

f(s, s+ c(t− s))ds

Apply this function where f(t, x) = w0(x− ct).

u(t, x) = g(x+ ct) +

∫ t

0

w0(x− 2cs+ ct︸ ︷︷ ︸
τ

)ds

Write the integral in terms of τ .

τ = x− 2cs+ ct

c =
1

2c
(x− τ + ct)

ds = − 1

2c
dτ

To convert the bounds, note that at s = 0, τ = x+ ct and at s = τ , τ = x− ct.

u(t, x) = g(x+ ct)− 1

2c

∫ x−ct

x+ct

w0(τ)dτ

= g(x+ ct) +
1

2c

∫ x+ct

x−ct
w0(τ)dτ
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Find w0 using the initial conditions.

u(0, x) = g(x) +
1

2c

∫ x

x

w0(τ)dτ

= g(x)

∂tu(0, x) = cg′(x) +
∂

∂t

[
1

2c

∫ x+ct

x−ct
w0(τ)dτ

]
The chain rule can be used to calculate the derivative of the integral.

d

dt

∫ b(t)

a(t)

F (τ)dτ = b′(t)F (b(t))− a′(t)F (a(t))

In our case, a(t) = x− ct, b(t) = x+ ct, and F (τ) = w0(τ).

∂tu = cg′(x) +
1

2c
(cw0(x))−

1

2c
(−cw0(x))

= cg′(x) + w0(x)

= h(x)

w0(x) = h(x)− cg′(x)

Plug this back into the equation for u(t, x).

u(t, x) = g(x+ ct) +
1

2c

∫ x+ct

x−ct
w0(τ)dτ

= g(x+ ct) +
1

2c

∫ x+ct

x−ct
[h(τ)− cg′(τ)] dτ

= g(x+ ct)− 1

2

∫ x+ct

x−ct
g′(τ)dτ +

1

2c

∫ x+ct

x−ct
h(τ)dτ

= g(x+ ct)− 1

2
[g(τ)]x+ctx−ct +

1

2c

∫ x+ct

x−ct
h(τ)dτ

= g(x+ ct)− 1

2
g(x+ ct) +

1

2
g(x− ct) +

1

2c

∫ x+ct

x−ct
h(τ)dτ

=
1

2
(g(x+ ct) + g(x− ct)) +

1

2c

∫ x+ct

x−ct
h(τ)dτ

So, we obtained a formula for the solution. The solution is unique since from assuming that u exists
we derived the formula for u. □

Note that we can write u(t, x) as a sum of two parts:

u(t, x) = u−(x+ ct) + u+(x− ct)

u−(y) =
1

2
g(y) +

1

2

∫ y

0

h(τ)dτ

u+(y) =
1

2
g(y)− 1

2

∫ y

0

h(τ)dτ

This solution can be plotted:
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u+(y)u−(y)

The two profiles move away from each other.

Huygens’ Principle

x(0) = x + ct is constant on the line x = x(0) − ct.
u(t, x) depends only on the data in the “backwards
cone” shown in the diagram.

t

s

x

t (t, x)
slope = 1

c

x - c t

Huygens’ Principle implies that if supp g, supph ⊂
[a, b], then

suppu(t, •) ⊆ [a− ct, b+ ct]

for fixed t ≥ 0 and varying •.
a b

a− ct b+ ctsuppu

• Proof : if x < a − ct, then x + ct < a. Also that means that x − ct < a − 2ct < a, so g(x ± ct) = 0
and h(s) = 0 for x− ct < s < x + ct < a. Hence u(t, x) = 0. Similarly for x > b+ ct: x− ct > b and
x+ ct > b+ 2ct > b so that g(x± ct) = 0, and h(s) = 0 for b < x− ct < s < x+ ct.

Strong Huygens’ Principle states that for supp g, supph ⊂ [a, b],

u(t, x) =
1

2c

∫ b

a

h(τ)dτ = constant

for b− ct < x < a+ ct.

a b

a− ct b+ ctb− ct a+ ct

• b−a
2c

u = const
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Boundary Value Problems

First order wave equation boundary problems have form

∂2u

∂t2
− c2

∂2u

∂x2
= 0

Initial conditions

{
u(0, x) = g(x)

∂tu(0, x) = h(x)

Boundary conditions

{
u(t, 0) = 0
u(t, L) = 0

This type of boundary condition is called a Dirichlet boundary condition. We only care about u(t, x) between
x = 0 and x = L.

Using linearity of the PDE, we can solve for u1 and u2 separately where u = u1 + u2 solves the PDE.

∂2u1
∂t2

− c2
∂2u1
∂x2

= 0
∂2u2
∂t2

− c2
∂2u2
∂x2

= 0

u1(0, x) = g(x) u2(0, x) = 0

∂tu1(0, x) = 0 ∂tu2(0, x) = h(x)

u1(t, 0) = u1(t, L) = 0 u2(t, 0) = u2(t, L) = 0

We split it up so that as solving for u1 and u2 separately is easier. Solve for u1. Motivated by the equation
from the previous theorem when h ≡ 0, we try

u1(t, x) =
1

2
(g̃(x+ ct) + g̃(x− ct))

for some g̃, satisfying u(0, x) = g̃(x) = g(x) for 0 ≤ x ≤ L. Note that we have ∂2t u1 − c2∂2xu1 = 0.

∂tu1(0, x) =
1

2
(cg̃′(x+ ct)− cg̃′(x− ct))|t=0 = 0

We need g̃ ∈ C2(R) such that

u1(t, 0) =
1

2
(g̃(tc) + g̃(−tc)) = 0

u1(t, L) =
1

2
(g̃(L+ tc) + g̃(L− tc)) = 0

Since t ≥ 0 is arbitrary, we can set tc = y for arbitrary y.

g̃(y) + g̃(−y) = 0 =⇒ g̃(−y) = −g̃(y)

So, g̃ is an odd function. The second condition reads:

g̃(L+ y) + g̃(L− y) = 0.

We now write −w = L− y so that L+ y = 2L+ w.

−g̃(−w) = g̃(2L+ w)

g̃(w) = g̃(w + 2L).

So, g̃ is both odd and periodic with period 2L. If we have g̃ defined on 0 to L, we can extend g̃ to [−L, 0]
since g̃ is odd and then extend it in both directions to [−3L,−L] and [L, 3L] and so on since g̃ is periodic
on 2L, meaning it repeats itself every 2L.
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∃u1 ∈ C2 if the odd 2L-periodic extension of g, called g̃, is C2.

u1(t, x) =
1

2
(g̃(x− ct) + g̃(x+ ct))

By the same argument as u1, ∃u2 ∈ C2 if the odd 2L-periodic extension of h, called h̃, is C1. Here, the g
function is 0, so we only have the integral.

u2(t, x) =
1

2c

∫ x+ct

x−ct
h̃(s)ds

So, we can solve the initial PDE with u ∈ C2 if g and h have C2 and C1 odd 2L-periodic extensions
respectively. This u has the form

u(t, x) =
1

2
(g̃(x− ct) + g̃(x+ ct)) +

1

2c

∫ x+ct

x−ct
h̃(s)ds

Example
Let g(x) = sin

(
π
Lmx

)
and h(x) = 0. In this case, g is already odd and

2L-periodic since sin is and odd function and

g(x+ 2L) = sin
(π
L
mx+ 2πmx

)
= sin

(π
L
mx
)

So, g̃(x) = g(x) and we have our formula for u:

u(t, x) =
1

2

[
sin
(π
L
m(x− ct)

)
+ sin

(π
L
m(x+ ct)

)]

m = 1

m = 2

Nonhomogeneous Problems

Nonhomegenous problems are where the right hand side in the wave equation is no longer equal to 0. The
general nonhomogeneous wave equation is given by

∂2u

∂t2
− c2

∂2u

∂x2
= f(t, x)

u(0, x) = g(x)

∂tu(0, x) = h(x)

where f ∈ C1(R2), g ∈ C2(R), and h ∈ C1(R).
Like with solving boundary problems, we can use linearity of u to split this PDE into two parts.(

∂2t − c2∂2x
)
u1 = 0

(
∂2t − c2∂2x

)
u2 = 0

u1(0, x) = g(x) u2(0, x) = 0

∂tu1(0, x) = h(x) ∂tu2(0, x) = 0

Once again, u = u1 + u2. So, we can solve(
∂2t − c2∂2x

)
u = f(t, x)

u(0, x) = 0

∂tu(0, x) = 0
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Theorem: Duhamel’s Formula

For f ∈ C1(R2), g ∈ C2(R), and h ∈ C1(R), ∃ a unique u ∈ C2 which solves the nonhomegenous system(
∂2t − c2∂2x

)
u = f(t, x)

u(0, x) = g(x)

∂tu(0, x) = h(x)

which is given by

u(t, x) =
1

2
(g(x− ct) + g(x+ ct)) +

1

2c

∫ x+ct

x−ct
h(s)ds+

1

2c

∫ t

0

∫ x+c(t−s)

x−c(t−s)
f(s, y)dyds

• Proof : As stated previously, we have already proven this to be true for f = 0, so by the superposition
principle, it suffices to consider g = h = 0. So, we must show that

u(t, x) =
1

2c

∫ t

0

∫ x+c(t−s)

x−c(t−s)
f(s, y)dyds

is the unique solution to the system where g = h = 0.

First prove uniqueness. Suppose ũ also solves the system.(
∂2t − c2∂2x

)
ũ = f(t, x)

ũ(0, x) = 0

∂tũ(0, x) = 0

We want to show that u = ũ. Let U = u− ũ.(
∂2t − c2∂2x

)
U = f(t, x)− f(t, x) = 0

U(0, x) = 0

∂tU(0, x) = 0

We already know that the unique solution for this system. Since g(x) = h(x) = 0, we have U = 0
meaning u = ũ.

Now, we can prove the formula by verification. We want to show that

u(t, x) =
1

2c

∫ t

0

∫ x+c(t−s)

x−c(t−s)
f(s, y)dyds

solves the system where g = h = 0. To simplify the formula, let

F (t, s, x) :=

∫ x+c(t−s)

x−c(t−s)
f(s, y)dy

So, we want to show

u(t, x) =
1

2c

∫ t

0

F (t, s, x)ds
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solves the system. We note that this u(t, x) satisfies u(0, x) = 0. We now differentiate:

∂tu(t, x) = ∂t

(
1

2c

∫ t

0

F (t, s, x)ds

)
=

1

2c
F (t, t, x) +

1

2c

∫ t

0

∂tF (t, s, x)ds

=
1

2c

∫ x

x

f(s, y)ds+
1

2c

∫ t

0

∂tF (t, s, x)ds

=
1

2c

∫ t

0

∂tF (t, s, x)ds

This is 0 when t = 0, so ∂tu(0, x) = 0 as needed.

Now, find ∂2t u(t, x).

∂2t u(t, x) = ∂t

(
1

2c

∫ t

0

∂tF (t, s, x)ds

)
=

1

2c
∂tF (t, t, x) +

1

2c

∫ t

0

∂2t F (t, s, x)ds

We must find ∂tF (t, s, x) and ∂
2
t F (t, s, x).

∂tF (t, s, x) = ∂t

(∫ x+c(t−s)

x−c(t−s)
f(s, y)dy

)
= c (f(s, x+ c(t− s)) + f(s, x− c(t− s)))

∂2t F (t, s, x) = c2 (∂xf(s, x+ c(t− s))− ∂xf(s, x− c(t− s)))

Plug this back into the formula for ∂2t u(t, x).

∂2t u(t, x) =
1

2c
[c (f(s, x+ c(t− s)) + f(s, x− c(t− s)))] |s=t

+
1

2c
(c2)

(∫ t

0

[∂xf(s, x+ c(t− s))− ∂xf(s, x− c(t− s))] ds

)
= 1

2 (f(s, x) + f(s, x))

+
c

2

∫ t

0

[∂xf(s, x+ c(t− s))− ∂xf(s, x− c(t− s))] ds

= f(t, x) +
c

2

∫ t

0

[∂xf(s, x+ c(t− s))− ∂xf(s, x− c(t− s))] ds

Now, find c2∂2xu(t, x).

c2∂2xu(t, x) = c2
1

2c

∫ t

0

∂2xF (t, s, x)ds

We must find ∂2xF (t, s, x).

∂xF (t, s, x) = ∂x

(∫ x+c(t−s)

x−c(t−s)
f(s, y)dy

)
= f(s, x+ c(t− s))− f(s, x− c(t− s))

∂2xF (t, s, x) = ∂xf(s, x+ c(t− s))− ∂xf(s, x− c(t− s))
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Plug this back into the equation for c2∂2xu(t, x).

c2∂2xu(t, x) =
c

2

∫ t

0

[∂xf(s, x+ c(t− s))− ∂xf(s, x− c(t− s))] ds

So, we can plug these values back into the original equation.

(
∂2t − c2∂2x

)
u(t, x) = f(t, x) +

c

2

∫ t

0

[∂xf(s, x+ c(t− s))− ∂xf(s, x− c(t− s))] ds

− c

2

∫ t

0

[∂xf(s, x+ c(t− s))− ∂xf(s, x− c(t− s))] ds

= f(t, x)

Thus, u(t, x) = 1
2c

∫ t
0

∫ x+c(t−s)
x−c(t−s) f(s, y)dyds solves the system

(
∂2t − c2∂2x

)
u = f(t, x) where u(0, x) =

∂tu(0, x) = 0. This verifies Duhamel’s formula. □

Example

Let g = h = 0 and f(x, t) = (sin(ω0x))(cos(ωt)). Suppose c = 1.

u(t, x) =
1

2

∫ t

0

∫ x+(t−s)

x−(t−s)
sin(ω0y)dy cos(ωs)ds

=
1

2

∫ t

0

[
−cos(ω0y)

ω0

]x+(t−s)

x−(t−s)
cos(ωs)ds

=
1

2

∫ t

0

(cos(ω0(x− (t− s)))− cos(ω0(x+ (t− s)))) cos(ωs)

w0
ds

=

{
sin(ω0x)
ω2

0−ω2 [cos(ωt)− cos(ω0t)] ω ̸= ±ω0

t
2ω0

sin(ω0t) sin(ω0x) ω = ±ω0

Let’s plot these cases for fixed x.

For ω ≪ ω0:

t

u(t, x)

For ω = ω0:

t

u(t, x)

UC Berkeley Math 126 | 48



Three dimensional Wave Equation

The homogeneous third dimension wave equation for c = 1 is given by(
∂2t −∆

)
u = 0

where u ∈ C2 and ∆ = ∂2x1
+∂2x2

+∂2x3
. To solve this, we want to reduce this to an equation in one dimension.

Lemma: Darboux’s Lemma

Suppose u(t, x) solves
(
∂2t −∆

)
u = 0. Define

ũ(t, x, ρ) :=
1

4πρ

∫
∂B(x,ρ)

u(t, w)dS(w) (4)

where ∂B(x, ρ) is the boundary of the ball of radius ρ centered at x and dS(w) is the surface element of
integration. Then, (

∂2t − ∂2ρ
)
ũ(t, x, ρ) = 0 (5)

meaning ũ solves the 1-D wave equation. Conversely, if (5) holds then

u(t, x) := lim
ρ→0+

1

ρ
ũ(t, x, ρ) (6)

solves the wave equation.

Note that
1

ρ
ũ(t, x, ρ) =

1

4πρ2

∫
∂B(x,ρ)

u(t, w)dS(w).

We also recall that 4πρ2 is the area of the sphere of radius ρ. We can use change of coordinates to take the
integral over the boundary of the ball of radius ρ centered at 0 instead of x.

ũ(t, x, ρ) =
ρ

4πρ2

∫
∂B(0,ρ)

u(t, x+ w)dS(w).

Since u(t, x+ w) → u(t, x) as |w| = ρ→ 0, we see that

1

ρ
ũ(t, x, ρ) =

1

4πρ2

∫
∂B(0,ρ)

u(t, x+ w)dS(w) → 1

4πρ2

∫
∂B(0,ρ)

u(t, x)dS(w) = u(t, x), ρ→ 0. (7)

This is so as we have 1
4πρ2

∫
∂B(0,ρ)

dS = 1. We also note that

ũ(t, x, 0) = lim
ρ→0

ρ lim
ρ→0

1

4πρ2

∫
∂B(0,ρ)

u(t, x+ w)dS(w) = 0× u(t, x) = 0.
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• Proof of Darboux’s Lemma: we want to show that ∂2ρ ũ = ∂2t ũ. First, calculate ∂ρũ(t, x, ρ). Use

the change of variables w = x+ ρy where y ∈ ∂B(0, 1). So, y = w−x
y .

∂ρ

[
1

ρ
ũ(t, x, ρ)

]
= ∂ρ

[
1

4πρ2

∫
∂B(x,ρ)

u(t, w)dS(w)

]

= ∂ρ

[
1

4π

∫
∂B(0,1)

u(t, x+ ρy)dS(y)

]

=
1

4π

∫
∂B(0,1)

y · (∇u(t, x+ ρy)) dS(y)

=
1

4πρ2

∫
∂B(x,ρ)

(
w − x

ρ

)
· (∇u(t, w)) dS(w)

=
1

4πρ2

∫
∂B(x,ρ)

ν(w) · ∇u(t, w)dS(w)

where ν(w) = w−x
ρ is the outward pointing vector that is normal to ∂B(x, ρ). To evaluate this

integral we use the divergence theorem. For a surface Ω with outward pointing normal vector ν(w),

let F⃗ = (a, b, c). We have ∫
∂Ω

ν(w) · F⃗ (w)dS(w) =
∫
Ω

∇ · F⃗ (w) d3w

We know

∇ · F⃗ (w) = ∂a

∂x1
+

∂b

∂x2
+

∂c

∂x3

In our equation, we have F⃗ (w) = ∇u(t, w). So,

∇ · F⃗ (w) = ∂2u

∂x21
+
∂2u

∂x22
+
∂2u

∂x23
= ∆u

So, we have

∂ρ

[
1

ρ
ũ(t, x, ρ)

]
=

1

4πρ2

∫
B(x,ρ)

∆u(t, w) d3w .

To find ∂ρu we use this and the product rule:

∂ρũ(t, x, ρ) = ∂ρ

[
ρ

1

4πρ2

∫
∂B(x,ρ)

u(t, w)dS(w)

]

=
1

4πρ2

∫
∂B(x,ρ)

u(t, w)dS(w) + ρ · 1

4πρ2

∫
B(x,ρ)

∆u(t, w) d3w

∂2ρ ũ(t, x, ρ) =
1

4πρ2

∫
B(x,ρ)

∆u(t, w) d3w − 1

4πρ2

∫
B(x,ρ)

∆u(t, w) d3w

+
1

4πρ
∂ρ

∫
B(x,ρ)

∆u(t, w) d3w

=
1

4πρ
∂ρ

∫
B(x,ρ)

∆u(t, w) d3w

To evaluate the derivative with respect to ρ , we claim that for any function f(w) we claim that

∂ρ

∫
B(x,ρ)

f(w) d3w =

∫
∂B(x,ρ)

f(w)dS(w).
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To see this we use the change of variables w = x+ ρy where y ∈ B(0, 1).

∂ρ

∫
B(x,ρ)

f(w) d3w = ∂ρ

[
ρ3
∫
B(0,1)

f(x+ ρy) d3y

]

= 3ρ2
∫
B(0,1)

f(x+ ρy) d3y + ρ3
∫
B(0,1)

y · ∇f(x+ ρy) d3y

We have y ·∇f(x+ρy) = 1
ρ∇y ·(yf(x+ ρy))− 3

ρf(x+ρy) since ∇y ·(yf(x+ ρy)) = 3f+ρy ·∇f(x+ρy)
(chain rule!).

∂ρ

∫
B(x,ρ)

f(w) d3w = 3ρ2
∫
B(0,1)

f(x+ ρy) d3y − ρ3
(
3

ρ

)∫
B(0,1)

f(x+ ρy) d3y

+ ρ2
∫
B(0,1)

∇ · (yf(x+ ρy)) d3y

= ρ2
∫
B(0,1)

∇ · (yf(x+ ρy)) d3y

Let F⃗ (y) = yf(x+ ρy). By the divergence theorem, we have

= ρ2
∫
∂B(0,1)

ν(y) · yf(x+ ρy)dS(y) =

∫
∂B(x,ρ)

f(w)dS(w)

where ν(y) = y.

So, we have

∂2ρ ũ(t, x, ρ) =
1

4πρ

∫
∂B(x,ρ)

∆u(t, w)dS(w)

We know that u(t, x) solves
(
∂2t −∆

)
u = 0, or ∆u(t, x) = ∂2t u(t, x).

=
1

4πρ

∫
∂B(x,ρ)

∂2t u(t, w)dS(w)

= ∂2t

[
1

4πρ

∫
∂B(x,ρ)

u(t, w)dS(w)

]
= ∂2t ũ(t, x, ρ)

So,
(
∂2t − ∂2ρ

)
ũ(t, w, ρ) = 0.

To see the converse, that is to see that
(
∂2t − ∂2ρ

)
ũ(t, w, ρ) = 0 for ũ defined as

ũ(t, x, ρ) =
1

4πρ

∫
∂B(0,ρ)

u(t, x+ w)dS(w)

implies (∂2t −∆)u = 0 we note that we have actually shown that

(∂2t − ∂2ρ)ũ(t, x, ρ) =
1

4πρ

∫
∂B(0,ρ)

(∂2t −∆u)(t, x)dS(w).

But now (7) shows that
1

ρ
(∂2t − ∂2ρ)ũ(t, x, ρ) → (∂2t −∆)u(t, x),

proving the converse. □

We can use Darboux’s Lemma to solve for the wave equation in 3-D.
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Theorem: Kirchhoff’s Formula

The system (
∂2t −∆x

)
u = 0

u(0, x) = g(x) ∈ C2(R3)

∂tu(0, x) = h(x) ∈ C1(R3)

is solved by u(t, x) given by

u(t, x) = ∂t

[
1

4πt

∫
∂B(x,t)

g(w)dS(w)

]
+

1

4πt

∫
∂B(x,t)

h(w)dS(w)

Here, B(x, t) := {y ∈ R3 : |y − x| < t} and ∂B(x, t) := {y ∈ R3 : |y − x| = t}.

• Proof : use Darboux’s Lemma to rewrite the wave equation as
(
∂2t − ∂2ρ

)
ũ(t, x, ρ) = 0 with initial

conditions coming from g and h:

ũ(0, x, ρ) = g̃(x, ρ) =
1

4πρ

∫
∂B(x,ρ)

g(w)dS(w)

∂tũ(0, x, ρ) = h̃(x, ρ) =
1

4πρ

∫
∂B(x,ρ)

h(w)dS(w)

ũ(t, x, 0) = 0

(8)

(The last equality was proved just before the proof of Darboux’s Lemma.)

Motivated by our solution of the boundary value problem for 1D wave equation we take the odd
extensions of g̃ and h̃ in ρ:

ũ(ρ) =

{
g̃(ρ) ρ ≥ 0

−g̃(−ρ) ρ ≤ 0
h̃(ρ) =

{
h̃(ρ) ρ ≥ 0

−h̃(−ρ) ρ ≤ 0

This defines g̃ and h̃ on R. Apply the 1-D formula.

ũ(t, x, ρ) =
1

2
(g̃(x, ρ+ t) + g̃(x, ρ− t)) +

1

2

∫ ρ+t

ρ−t
h̃(x, s)ds

We take ρ small (0 ≤ ρ < t). Since g̃ is an odd extension, we have

ũ(t, x, ρ) =
1

2
(g̃(x, ρ+ t)− g̃(x, t− ρ)) +

1

2

∫ ρ+t

ρ−t
h̃(x, s)ds

u(t, x) = lim
ρ→0

1

2ρ

[
(g̃(x, t+ ρ)− g̃(x, t− ρ)) +

(∫ t+ρ

0

h̃(x, s)ds−
∫ t−ρ

0

h̃(x, s)ds

)]
= ∂tg̃(x, t) + h̃(x, t).

(Here we used the fact that limρ→0(F (t+ ρ)− F (t− ρ)/(2ρ) = (d/dt)F (t).)

Substituting the definitions of g̃(x, ρ) and h̃(x, ρ) yields Kirchoff’s Formula. □
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The Light Cone

Although we can only plot in two dimensions we can
describe the domain of dependence for the solutions
as follows. (We cannot plot the additional x3 axis).
So, the circle on the x plane is actually the boundary
∂B(t, x), which is a sphere. We see that the solu-
tion u(t, x) depends only on g(y) and ∇g(y) for y
the sphere ∂B(x, t) and on h(y) y near the sphere
∂B(x, t).

t

x1

x2

•(t, x)

•x
t

The claim about the dependence on h is clear from the formula. To see the claim about the dependence
on g we note that using the change of variables w = x+ ty,

∂t

(
1

4πt

∫
∂B(x,t)

g(w)dS(w)

)
= ∂t

(
t

4π

∫
∂B(0,1)

g(x+ ty)dS(y)

)

=
1

4π

∫
∂B(0,1)

g(x+ ty)dS(y) +

∫
∂B(0,1)

ty · (∇g)(x+ ty)dS(y)

=
1

4πt2

∫
∂B(x,t)

g(w)dS(w) +
1

4πt

∫
∂B(x,t)

(w − x) · ∇g(w)dS(w).

Uniqueness of the solution

The system (
∂2t −∆x

)
u = 0

u(0, x) = g(x) ∈ C2(R3)

∂tu(0, x) = h(x) ∈ C1(R3)

has a unique solution given by Kirchhoff’s formula.

• Proof: Suppose there were two solutions u1 and u2 then u would solve(
∂2t −∆x

)
u = 0, u(0, x) = 0, ∂tu(0, x) = 0

We then define ũ(t, x, ρ) by (4) and from Darboux’s Lemma and (8) we see that for all x (treated as a
parameter) and ρ ≥ 0,

(∂2t − ∂2ρ)ũ(t, x, ρ) = 0, ũ(0, x, ρ) = 0, ∂tũ(0, x, ρ) = 0, ũ(t, x, 0) = 0.

But then uniqueness of the solution of 1D wave equation shows that ũ ≡ 0. Hence (6) shows that
u(t, x) ≡ 0, that is u1 = u2.
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Theorem (Huygens’ Principle)

Suppose that g(y) = 0 and h(y) = 0 for |y| ≥ 0. Then

|x| > R+ t =⇒ u(t, x) = 0.

Proof: In the formula for u(t, x), the values of g(y) , ∇g(y) and h(y)
are needed only when y ∈ ∂B(x, t), that is when |x − y| = t. Now |y| ≥
|x| − |x − y| (by the triangle inequality (|x − y| + |y| ≥ |x|). Hence if
|x| > R+ t and |x− y| = t,

|y| ≥ |x| − |x− y| = |x| − t > R.

We conclude that u(t, x) = 0 as for such y, as then g(y) = h(y) = 0 and
∇g(y) = 0. □

t

x1

x2

••
y1

y2

The illustration of the forward light cone is once again in 2 dimensions. Again, there is a third axis x3, but
we can only illustrate x1 and x2. The vertical axis represents time and the horizontal plane represents space.
It is important to remember that we are illustrating a 3-D space since the result for 2 dimensions is different.

Theorem (Strong Huygens’ Principle)

Suppose that g(y) = 0 and h(y) = 0 for |y| ≥ 0. Then the solution of the
3D wave equation satisfies

|x| < t−R =⇒ u(t, x) = 0.

Proof: In the formula for u(t, x) we need g(y), ∇g(y) and h(y) for |x−y| =

t (that is for y ∈ ∂B(x, t)). Now |y| ≥ |x−y|−|x| (by the triangle inequality
(|x− y| ≥ |x|+ |y|). Hence if |x| < t−R and |x− y| = t, then −|x| > R− t
and

|y| ≥ |x− y| − |x| = t+ (R− t) = R.

We conclude that u(t, x) = 0 as for such y, g(y) = h(y) = 0 and ∇g(y) = 0.
□

t

|x|R

|x| = t+ R

|x| = t− R

suppu
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Two dimensional Wave Equation

The homogeneous second dimension wave equation for c = 1 is(
∂2t −∆

)
u = 0

where u ∈ C2 and ∆ = ∂2x1
+ ∂2x2

. The solution to the second dimension wave equation is given by Poisson’s
Formula.

Theorem: Poisson’s Formula

The system (
∂2t −∆x

)
u = 0

u(0, x) = g(x) ∈ C2(R2)

∂tu(0, x) = h(x) ∈ C1(R2)

is solved by u(t, x) where B is the ball in 2 dimensions:

u(t, x) = ∂t

[
t

2π

∫
B(0,1)

g(x+ tw)√
1− |w|2

d2w

]
+

t

2π

∫
B(0,1)

h(x+ tw)√
1− |w|2

d2w

• Proof : To solve this, we will use the method of descent using Kirchhoff’s formula in 3-D to solve
Poisson’s formula in 2-D. Let

g = g(x1, x2) ∈ C2(R3)

h = h(x1, x2) ∈ C1(R3)

meaning g and h are functions in R3, but they do not depend on the third variable. Solve this initial
value problem in R× R3 using Kirchhoff’s Formula and set x3 = 0:

u(t, x1, x2) = ∂t

[
1

4πt

∫
∂B3((x1,x2,0),t)

g(y1, y2)dS(y)

]
+

1

4πt

∫
∂B3((x1,x2,0),t)

h(y1, y2)dS(y)

We want to write this in 2 dimensions.

Suppose that y ∈ ∂B((x1, x2, 0), t), that is

(y1 − x1)
2 + (y2 − x2)

2 + y33 = t2.

We note that

1

4πt

∫
∂B3((x1,x2,0),t)

h(y1, y2)dS(y) =
1

2πt

∫
∂B3((x1,x2,0),t)∩{y3≥0}

h(y1, y2)dS(y)

We can parametrize the upper half sphere on the right hand side using y3 =
√
t2 − (y21 + y22) where

(y1, y2) ∈ B2((x1, x2), t). That means that the upper half sphere is the graph of g(y) =
√
t2 − |y − x|2,

y ∈ B2(x, t). So, we have

∇g =
−(y − x)√
t2 − |y − x|2

1 + |∇g|2 = 1 +
|y − x|2

t2 − |y − x|2
=

t2

t2 − |y − x|2
,

dS =
td2y

(t2 − |y − x|2)1/2
.
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Plugging this back into the original equation for y3 ≥ 0, we have

1

2πt

∫
∂B3((x1,x2,0),t)

h(y1, y2)dS(y) =
1

2πt

∫
B2((x1,x2),t)

h(y)
t

(t2 − |y − x|2)1/2
d2y

We can use the same process with the same result for the integral of g(y1, y2). Plugging these back
into the formula for u, we have

u(t, x1, x2) = ∂t

[
1

2π

∫
B2(x,t)

g(y)

(t2 − |y − x|2)1/2
d2y

]
+

1

2π

∫
B2(x,t)

h(y)

(t2 − |y − x|2)1/2
d2y

Using the change of variables y = x+ tw where d2y = t2 d2w, we have

u(t, x) = ∂t

[
t

2π

∫
B2(0,1)

g(x+ tw)

(1− |w|2)1/2
d2w

]
+

t

2π

∫
B2(0,1)

h(x+ tw)

(1− |w|2)1/2
d2w .

□

We can now consider the question of the speed of decay of solutions in 2D. Suppose g(x) ≡ 0 and h(x) = 0
for |x| > R for some R ∈ R>0. Fix x0 ∈ R2.

t

x1

x2

•(t, x)

•x
t

R

R

We want to describe u(t, x0) as t→ ∞. We have

u(t, x0) =
1

2πt

∫
B2(x0,t)

h(y)

(
1− |x0 − y|2

t2

)−1/2

d2y

We take t large, so t > |x0|+R. B2(0, R) ⊂ B2(x0, t) since |y| ≤ R, so |x0 − y| ≤ |x0|+ |y| ≤ |x0|+R < t.

=
1

2πt

∫
R2

h(y)

(
1− |x0 − y|2

t2

)−1/2

d2y

We have q = |x0−y|2
t2 → 0 as t→ ∞ since x0 is fixed and w is bounded. We want to approximate (1− q)−1/2.

(1 + q)a = 1 + aq +
a(a− 1)

2
q2 +

a(a− 1)(a− 2)

3!
q3 + · · ·

(1− q)−1/2 = 1 +
1

2
q +

3

8
q2 − · · ·

So, we have

u(t, x0) =
1

2πt

∫
R2

h(y)

[
1 +

1

2

|x0 − y|2

t2
+

3

8

|x0 − y|4

t4
+ · · ·

]
dy =

1

2πt

∫
R2

h(y)dy + E(t, x0)

where E(t, x0) is the error term bounded by 1/t3. The wave decays at approximately 1/t, which is far slower
than the decay rate in 3-D where the solution eventually vanishes.
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Summary of Wave Equations

Recall that the general form of the wave equation for c = 1 is(
∂2t −∆

)
u = 0

with initial conditions u(0, x) = g(x) ∈ C2(Rn) and ∂tu(0, x) = h(x) ∈ C1(Rn) where ∆ = ∂2x1
+ · · ·+ ∂2xn

.

• For n = 1, the wave equation is solved by

u(t, x) =
1

2
(g(x+ t) + g(x− t)) +

1

2

∫ x+t

x−t
h(s)ds

The value of u(t, x) is determined only by the values between x− t and x+ t.

t

s

x

t (t, x)

x - t x + t

• For n = 2, the wave equation is solved by

u(t, x) = ∂t

[
1

2π

∫
B(x,t)

g(w)

(t2 − |x− w|2)1/2
d2w

]
+

1

2π

∫
B(x,t)

h(w)

(t2 − |x− w|2)1/2
d2w

= ∂t

[
t

2π

∫
B(0,1)

g(x+ ty)

(1− |y|2)1/2
d2y

]
+

t

2π

∫
B(0,1)

h(x+ ty)

(1− |y|2)1/2
d2y

The value of u(t, x) is determined only by the values on the disk of radius t centered at x.

t

x1

x2

•(t, x)

•x
t

• For n = 3, the wave equation is solved by

u(t, x) = ∂t

[
1

4πt

∫
∂B(x,t)

g(y)dS(y)

]
+

1

4πt

∫
∂B(x,t)

h(y)dS(y)

The value of u(t, x) is determined only by the values on the surface of the sphere of radius t centered at x.

•
x

t

t

x1

x2

•(t, x)

•x
t
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If g(x) = 0 and h(x) = 0 for |x| > R, then for |x| > R+ t:

For n = 1, 2:

t

|x|R

|x| < R + t

suppu

For n = 3:

t

|x|R

|x| = R + t

|x| = −R + t

suppu

To have u ∈ C2, we need g ∈ C2 and h ∈ C1.

Example

Let n = 2, g(x) = 0, and

h(x) =

{
1 |x| ≤ 1

0 |x| > 1

So, we have

u(t, 0) =

{
1
2π

∫
B(0,t)

1
(t2−|w|2)1/2 d

2w t ≤ 1

1
2π

∫
B(0,1)

1
(t2−|w|2)1/2 d

2w t > 1

Let w = t (r cos(θ), r sin(θ)). Then, we have |w|2 = t2r2 meaning r = |w|
t and d2w = t2rdrdθ. Solve for

each condition of u(t, 0). For t ≤ 1, we have |w| ≤ t ≤ 1 meaning r ≤ 1.

1

2π

∫
B(0,t)

1

(t2 − |w|2)1/2
d2w =

1

2π

∫ 2π

0

∫ 1

0

1

(t2 − t2r2)
1/2

t2rdrdθ

= t

∫ 1

0

r

(1− r2)
1/2

dr

Use u substitution: s = r2, ds = 2r.

=
t

2

∫ 1

0

1

(1− s)1/2
ds

= t.

Now, for t > 1, we have |w| ≥ t > 1 meaning 0 ≤ r < 1
t .

1

2π

∫
B(0,1)

1

(t2 − |w|2)1/2
d2w =

1

2π

∫ 2π

0

∫ 1/t

0

t

(1− r2)
1/2

rdrdθ

Use the same substitution:

=
t

2

∫ 1/t2

0

1

(1− s)1/2
ds

= t
(
1−

(
1− 1

t2

)1/2)
= t−

√
t2 − 1

=
1

t+
√
t2 − 1

≈ 1

2t
as t→ ∞
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So, we have our formula for u(t, 0):

u(t, 0) =


t t ≤ 1

1

t+
√
t2 − 1

t > 0

We can plot this solution:

t 1
t+

√
t2−1

t

u(t, x)

Let us now consider a similar problem for n = 3: g(x) = 0 and

h =

{
1 |x| ≤ 1

0 |x| > 1

Similarly, we can find u(t, 0).

u(t, 0) =


1

4πt

∫
∂B(x,t)

1dS(y) t ≤ 1

0 t > 1

=


1

4πt
· 4πt2 t ≤ 1

0 t > 1

where 4πt2 is the surface area of the sphere of radius t

=

{
t t ≤ 1

0 t > 1

We can plot this solution as well.

t

0

t

u(t, x)

Observe the difference between the two plots. In 2 dimensions, after passing a certain time, the wave slowly
decays while in 3 dimensions, the wave immediately disappears.

t

0

1
t+

√
t2−1

t

u(t, x)
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Energy

Given the wave equation (
∂2t −∆

)
u = 0

with u(0, x) = g ∈ C2 and ∂tu(0, x) = h ∈ C1, u exists with u ∈ C2. For g(x) = h(x) = 0 for |x| ≥ R for
some R, we have u(t, x) = 0 for |x| ≥ R+ t. (Strictly speaking we know it only for n = 1, 2, 3 but it is valid
for all n.)

Then we define

E(u)[t] =
1

2

∫
Rn

[
(∂tu(t, x))

2
+ |∇u(t, x)|2

]
dnx

to be the energy of a solution u(t, x) at time t. This makes sense since u = 0 for |x| > R+ t and u ∈ C2 so
we are integrating a continuous function over a bounded set.

Theorem

Under the assumptions made above,

E(u) =
1

2

∫
Rn

[
(∂tu(t, x))

2
+ |∇u(t, x)|2

]
dnx

is independent of t.

• Proof : it suffices to show that ∂tE(u) = 0, meaning E(u) is is constant as a function of t:

∂tE(u) = ∂t

[
1

2

∫
Rn

[
(∂tu(t, x))

2
+ |∇u(t, x)|2

]
dnx

]
= ∂t

[
1

2

∫
R2

[(
∂u

∂t

)2

+

(
∂u

∂x1

)2

+ · · ·+
(
∂u

∂xn

)2
]
dnx

]

Evaluate the components separately.

∂t

((
∂u

∂t

)2
)

= 2
∂u

∂t

∂2u

∂t2

∂t

((
∂u

∂xj

)2
)

= 2
∂u

∂xj

∂2u

∂xj∂t

So, we have

∂tE(u) =

∫
Rn

[
∂u

∂t

∂2u

∂t2
+

∂u

∂x1

∂2u

∂x1∂t
+ · · ·+ ∂u

∂xn

∂2u

∂xn∂t

]
dnx

To evaluate
∫
Rn

∂u
∂xj

∂
∂xj

∂u
∂t dx1 · · · dxj · · · dxn, use integration by parts in the xj variable. Integration

by parts for functions for v ∈ C1 and w ∈ C1 which vanish for y large means∫
R

∂w

∂y
vdy = −

∫
R
w
∂v

∂y
dy

(this follows from
∫
∂y(uv)dy =

∫
[∂yu · v + u · ∂yv] dy and the fact that u, v = 0 for |y| > R.)

So, we have ∫
Rn

∂u

∂xj

∂

∂xj

∂u

∂t
dx1 · · · dxj · · · dxn = −

∫
Rn

∂2u

∂x2j

∂u

∂t
dnx
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meaning

∂tE(u) =

∫
Rn

∂u

∂t

(
∂2u

∂t2
− ∂2u

∂x21
− · · · − ∂2u

∂x2n

)
dnx = 0

So, ∂tE(u) = 0 meaning E(u) is independent of t. □

Suppose for Ω ⊂ Rn bounded and ∂Ω is piecewise C1. And suppose that u ∈ C2(R+ × Ω) solves(
∂2t −∆

)
u = 0. Suppose u(t, x) = 0 when g ≥ 0 and x ∈ ∂Ω.

Theorem

Define

E(u) =
1

2

∫
Ω

|∂tu(t, x)|2 + |∇u(t, x)|2 dnx .

Then, E(u) is independent of t.

The proof of this is the same as that of the previous theorem except that instead of using integration by
parts, we use the divergence theorem – see the lemma below.

Theorem

Suppose u ∈ C2(R+×Ω) solves
(
∂2t −∆

)
u = f(t, x) with u(0, x) = g(x) ∈ C2, ∂tu(0, x) = h(x) ∈ C1, and

u(t, x) = 0 for t ≥ 0 and x ∈ ∂Ω. Then, u is unique.

• Proof : suppose that ũ is another solution that satisfies the conditions. Consider U(t, x) = u(t, x) −
ũ(t, x). Then, we have (

∂2t −∆
)
U = 0

with U(0, x) = 0 and ∂tU(0, x) = 0. From the previous theorem,∫
|∂tU(t, x)|2 + |∇U(t, x)|2 dnx =

∫
|∂tU(0, x)|2︸ ︷︷ ︸

=0

+ |∇U(0, x)|2︸ ︷︷ ︸
=0

dnx

= 0

So, U(t, x) = 0 meaning u(t, x) = ũ(t, x), or u is unique. □

Lemma: Green’s Identity ∫
Ω

∇v · ∇udnx = −
∫
v∆udx+

∫
∂Ω

v · ∂νudS

where ν is the outward pointing normal vector.

• Proof : let F = v · ∇u. Then, div(F ) = ∇u · ∇v + v∆u. We can apply the divergence theorem in
reverse from this.

∇ · (v · ∇u) = ∇v · vu+ v · ∇ · ∇u
= ∇v · ∇u+ v∆u
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So, ∫
Ω

(v∆u+∇v · ∇u) dnx =

∫
Ω

∇ · (v · ∇u) dnx

=

∫
∂Ω

∂ν (v · ∇u) dS Divergence Theorem

=

∫
∂Ω

v · ∂νudS∫
Ω

v∆udx+

∫
Ω

∇v · ∇udnx =

∫
∂Ω

v · ∂νudS∫
Ω

∇v · ∇udnx = −
∫
v∆udx+

∫
∂Ω

v · ∂νudS □
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Separation of Variables
Separation of variables is a technique used to reduce PDEs to ODEs or simpler PDEs.

Proposition

Suppose u ∈ C2([a, b]× Ω) solves the wave equation
(
∂2t −∆

)
u = 0 and

u(t, x) = v(t)φ(x)

Then, in any set where u ̸= 0, v and φ satisfy

∂2t v(t) = κv(t)

∆φ(x) = κφ(x)

for some constant κ.

• Proof : by plugging u(t, x) = v(t)φ(x) into the wave equation, we have(
∂2t −∆

)
(v(t)φ(x)) = 0

∂2t v(t)φ(x)− v(t)∆φ(x) = 0

∂2t v(t)φ(x) = v(t)∆φ(x)

u ̸= 0, so v(t), φ(x) ̸= 0.

∂2t v(t)

v(t)
=

∆φ(x)

φ(x)

The LHS is independent of x and the RHS is independent of t. So,

∂2t v(t)

v(t)
=

∆φ(x)

φ(x)
= constant

Let this constant be κ.

∂2t v(t) = κv(t)

∆φ(x) = κφ(x) □

This is useful since ∂2t v = κv is easy to solve:

v(t) = Ae
√
κt +Be−

√
κt

∆φ = κφ may be more difficult to solve depending on the dimension we are working in, that is n, x ∈ Rn.

1-D Case

Theorem

The following two statements are equivalent (meaning the first is true if and only if the second is also true).

1. φ ∈ C2([0, L]), φ ̸= 0, φ(0) = φ(L) = 0, and

− d2

dx2φ(x) = λφ(x)

2. λ = λn =
(
nπ
L

)2
and φ = φn = A sin

(√
λnx

)
for n ∈ N

L

φ1

φ2

φ3

So, we have v(t) = Aei
√
λnt +Be−i

√
λnt. This yields a single frequency solution

un(t, x) =
(
Aei

√
λnt +Be−i

√
λnt
)
sin
(√

λnx
)
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• Proof : in the reverse direction, we have

−∂2xφn = −∂2x
[
A sin

(√
λnx

)]
φ(0) = 0

= −∂x
(
A
√
λn cos

(√
λnx

))
φ(L) = Aλn sin

(√
λnL

)
= Aλn sin

(√
λnx

)
= Aλn sin

(nπ
L

· L
)

= λφn = 0

So, if 2. is true, then 1. is true.

Now, in the forward direction, we first want to show that if −φ′′ = λφ, φ(0) = φ(L) = 0 then λ > 0.
For that we write

− d2

dx2
φ · φ = λφφ

−
∫ L

0

(
d2

dx2
φ

)
φdx =

∫ L

0

λφφdx

Evaluate both sides separately: for the RHS,∫ L

0

λφ(x)φ(x)dx = λ

∫ L

0

|φ(x)|2dx

For the LHS, use integration by parts. For any u and v, we have

−
∫ L

0

d

dx
u · v = u(0)v(0)− u(L)v(L) +

∫ L

0

u · d

dx
v

In our case, u = d
dxφ and v = φ. We know v(0) = v(L) = 0, so

−
∫ L

0

(
d2

dx2
φ

)
φ =

∫ L

0

∣∣∣∣ ddxφ(x)
∣∣∣∣2 dx

So, we have ∫ L

0

∣∣∣∣ ddxφ(x)
∣∣∣∣2 dx︸ ︷︷ ︸

≥0

= λ

∫ L

0

|φ(x)|2dx︸ ︷︷ ︸
≥0

So, we know λ ≥ 0. If λ = 0, then dφ
dx = 0 and φ(0) = 0 meaning φ = 0 which is not allowed. So,

λ > 0.

Now, we have − d2

dx2φ = λφ where λ > 0. So, we have

φ(x) = A sin
(√

λx
)
+B cos

(√
λx
)

φ(0) = 0 = B

φ(L) = 0 = A sin
(√

λL
)

sin
(√

λL
)
= 0

sin(y) = 0 when y = nπ for n ∈ Z.
√
λL = nπ

λ =
(nπ
L

)2
for n ∈ N

So, if 1. is true, then 2. is true. □
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Theorem

The following two statements are equivalent (meaning the first is true if and only if the second is also true).

1. φ ∈ C2([0, L]), φ ̸= 0, φ(0) = φ′(L) = 0, and − d2

dx2φ(x) = λφ(x)

2. λ = λn =

(
(n+ 1

2 )π
L

)2

and φ = φn = A sin
(√
λnx

)
for n ∈ N

• Proof : this has the same proof as the previous theorem except

φ′(L) = 0 = A
√
λ cos

(√
λL
)

cos(y) = 0 when y =
(
n+ 1

2

)
π for n ∈ Z.

λ =

((
n+ 1

2

)
π

L

)2

□

λn are eigenvalues of − d2

dx2 on [0, L] with{
φ(0) = φ(L) = 0 Dirichlet boundary conditions

φ(0) = φ′(L) = 0 Mixed boundary conditions

2-D Case

In the 2-D case, we have
(
∂2t −∆

)
u(t, x) = 0 for t ∈ R

and we consider x ∈ Ω with the boundary condition
u(t, x) = 0 if x ∈ Ω And example is given by Ω =
B2(0, 1). Then

Once again, we want to find solution which “separate”:
u(t, x) = v(t)φ(x).

−∆φ(x) = λφ(x) for |x| < 1

φ(x) = 0 for |x| = 1

−∂2t v(t) = λv(t)

v(t) = Aei
√
λt +Be−i

√
λt

t

x1

x2

1

0 on the
boundary

Lemma

Suppose Ω is bounded and ∂Ω is piecewise C1. If φ ∈ C2(Ω) and −∆φ = λφ, if φ|∂Ω = 0 where φ ̸= 0,
then λ > 0.

• Proof : we know −∆φ · φ = λφφ, so
∫
−∆φ · φ =

∫
λφφ. We apply the divergence theorem:

div(φ · ∇φ) = ∇φ∇φ+ φ∆φ∫
Ω

|∇φ(x)|2 dx+

∫
Ω

φ∆φ =

∫
Ω

|∇φ(x)|2 dx+

∫
∂Ω

φ · ν︸︷︷︸
=0

·∇φ

=

∫
Ω

|∇φ(x)|2 dx.

So, we have

0 ≤
∫
Ω

|∇φ(x)|2 = λ

∫
Ω

|φ(x)|2

Since φ ̸= 0, the inequality is strict and we have λ > 0. □
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Example

Let Ω = [0, L1] × [0, L2]. −∆φ = λφ, and we have Dirichlet boundary condition φ|∂Ω = 0. We want to
find solutions of the form φ(x) = φ1(x1)φ2(x2).

−∆φ = −
(
∂2x1

φ1

)
φ2 −

(
∂2x2

φ2

)
φ1 = λφ1φ2

−
∂2x1

φ1(x1)

φ1(x1)
=
∂2x2

φ2(x2)

φ2(x2)
+ λ = κ

So, we can solve for φ1 and φ2.

−∂2x1
φ1(x1) = κφ1(x1) −∂2x2

φ2(x2) = (λ− κ)φ2(x2)

φ1(0) = φ1(L1) = 0 φ2(0) = φ2(L2) = 0

These are 1-D equations that we have already solved.

κ =
(
nπ
L1

)2
λ− κ

(
mπ
L2

)2
φ1(x1) = sin

(
nπ
L1
x1

)
φ2(x2) = sin

(
mπ
L2
x2

)
So, we have

λm,n =

(
nπ

L1

)2

+

(
mπ

L2

)2

for m,n ∈ N.

−∆φ = λφ is the eigennvalue problem where λm,n are the eigenvalues and φ is the eigenfunction or
eigenvector.

Separation of Variables in Polar Coordinates

Consider Ω = D(0, 1) which is the disk of radius 1 centered at 0 ∈ R2. In polar coordinates, we have
x1 = r cos(θ) and x2 = r sin(θ), and Ω = D(0, 1) is given by r < 1. So, it is natural to look for solutions of
the form

φ(r cos(θ), r sin(θ)) = f(r)g(θ)

and we want −∆φ = λφ and φ|∂Ω=0. We have the following conditions for f(r) and g(θ):

f(1) = 0, g(θ) = g(θ + 2π)

The first condition is for φ|∂Ω = 0 as ∂Ω is given by r = 1 and the second one comes from the fact that θ
and θ + 2π correspond to the same point. Recall the Laplacian for polar coordinates:

∆ = ∂2r +
1

r
∂r +

1

r2
∂2θ

So, we have

−∆(f(r)g(θ)) = λf(r)g(θ)[(
−∂2r −

1

r
∂r

)
f(r)

]
g(θ)− f(r)

1

r2
∂2θg(θ) = λf(r)g(θ)(

−∂2r −
1

r
∂r − λ

)
f(r)g(θ)− f(r)

1

r2
∂2θg(θ) = 0(

∂2r +
1

r
∂r + λ

)
f(r)g(θ) = −f(r) 1

r2
∂2θg(θ)(

r2∂2r + r∂r + λr2
)
f(r)

f(r)
= −∂

2
θg(θ)

g(θ)
= κ
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To find g we note that it has to be periodic in θ, so

−∂2θg(θ) = κg(θ), g(θ + 2π) = g(θ)

since g(θ) is 2π-periodic. So, the general solution is

g(θ) = Aei
√
κθ +Be−i

√
κθ

= g(θ + 2π)

= Aei
√
κθ+2πi

√
κ +Be−i

√
κθ−2πi

√
κ =⇒

eiθ
√
κ+2πi

√
κ = ei

√
κθ =⇒ e2πi

√
κ = 1

So,
√
κ ∈ Z meaning k = n2 for n ∈ Z.

Now, solve for f(r). (
r2∂2r + r∂r + λr2 − n2

)
f(r) = 0

f(1) = 0

from the boundary conditions. Use change of variables λr2 = z2, so z =
√
λr.

∂2r =

(
∂z

∂r

)2

∂2z = λ∂2z

r∂2r =
( z
λ

)2
λ∂2z = z2∂2z

Let F (z) = f
(

z√
λ

)
.

f(r) = F (
√
λr)

So, we have the following equation and the following boundary condition:(
z2∂2z + z∂z + z2 − n2

)
F = 0

F (
√
λ) = 0

The equation is called Bessel’s Equation. It has 2 independent solutions Jn(z) and Yn(z) which have the
following properties:

Jn(z)
∣∣
z≈0

≈ zn

Yn(z)
∣∣
z≈0

≈ z−n

as z → 0. The plots of Jn look as follows
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We want λ = λn,k such that Jn
(√

λn,k
)
= 0.

φ±
n,k(r cos(θ), r sin(θ)) = e±inθJn

(√
λn,kr

)
for λn,k = j2n,k where jn,1 < jn,2 < · · · are the zeros of Jn.

This turns out to give us all the solutions which “separate”:

u(t, x) = u(r cos(θ), r sin(θ)) =
(
A cos

(√
λn,kt

)
+B sin

(√
λn,k

))
Jk

(√
λn,kr

)
Domains in 2-D

Suppose we have a domain Ω which is associated with
the sequence of eigenvalues (frequencies)

0 < λ1 < λ2 ≤ λ3 ≤ · · ·

where the first two inequalities are strict and the rest
are not.

Ω

These are λ’s for which ∃φ ̸= 0 such that −∆φ = λφ and φ|∂Ω = 0. We have found these λ’s for two cases:

1. For Ω = [0, L1]× [0, L2],

λn,m =
(
nπ
L1

)2
+
(
mπ
L2

)2
2. For Ω = D(0, 1),

λn,k = j2n,k where Jn(jn,k) = 0

The λ’s are nodes of oscillation over Ω. Each domain has a sequence of λ.

Question: if we have 2 different domains Ω, do we have 2 different sequences?

This question was popularized in the article “Can One Hear the Shape of a Drum?” written by Mark Kac
in 1967. The idea is that if we know the λn sequences (all frequencies of possible oscillations) of a given
domain, can we tell what the domain is? In other words, can we recover the shape of a domain from knowing
the frequency of oscillations?

It turns out that multiple different domains can have the same sequence. It is still unknown if there are
different smooth domains that have the same sequence. It is also unknown if there are different convex
domains with the same sequence.

0 1 2 3

0

1

2

3

0 1 2 3

0

1

2

3

These two polygons have the same sequence. The reason for this is complex, they are both projected by the
same shape in higher dimensions. Note that they are both not smooth and are both not convex.
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3-D Case

In 3 dimensions, we have 2 main motivations.

1. Solve the wave equation of a ball with Dirichlet boundary conditions given by(
∂2t −∆

)
u = 0

for t ≥ 0 and x ∈ B3(0, 1) where u(t, x) = 0 for x ∈ ∂B3(0, 1). The pure mode mode solutions are

u(t, x) =
(
Aeit

√
λ +Be−it

√
λ
)
φ(x)

where −∆φ = λφ for φ|∂B(0,1) = 0.

2. Find the energies, λ, of the hydrogen atom given by the the Schrödinger equation

−∆− 1

|x|

where (−∆− 1/x) = λψ and ψ → 0 as |x| → ∞.

Separation of Variables in Spherical Coordinates

Observe the change of variables from Cartesian to spherical coordinates.

(x1, x2, x3) = (r sin(φ) cos(θ), r sin(φ) sin(θ), r cos(φ))

We can illustrate the spherical coordinate system.

x3

x1

x2

•

x3

x1

x2

•r

r cos(φ)

r sin(φ)

•

ϕ

θ

0 ≤ φ ≤ π

0 ≤ θ ≤ 2π

0 ≤ r

The Laplacian in spherical coordinates is given by

∆ =
1

r2
∂r
(
r2∂r

)
+

1

r2 sin(φ)
∂φ (sin(φ)∂φ) +

1

r2 sin2(φ)
∂2θ

So, for function

w(r, θ, φ) = u(r sin(φ) cos(θ), r sin(φ) sin(θ), r cos(φ))

we can write the Laplacian in spherical coordinates in terms of the Laplacian in Cartesian coordinates ∆x:

∆w(r, θ, φ) = (∆xu)(r sin(φ) cos(θ), r sin(φ) sin(θ), r cos(φ))

We can rewrite this as

∆ =
1

r2
∂r
(
r2∂r

)
+

1

r2
∆S2 (9)

where the spherical Laplacian, ∆S2 , is given by

∆S2 =
1

sin(φ)
∂φ (sin(φ)∂φ) +

1

sin2(φ)
∂2θ

Observe the similarity, and differences, between 2 and 3 dimensions.
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x3

x1

x2

•

•

φ = 0

φ = π

•

θ0 2π

φ

π

We know the following:

S1 −∂2θg = λg, g(θ + 2π) = g(θ)

λ = n2, g(θ) = einθ, n ∈ Z
S2 −∆S2ψ = λψ, φ is a “nice” function on S2

λ =? ψ =?

S3 ?

To find what happens on S2, we want to solve

−
[

1

sin(φ)
∂φ (sin(φ)∂φ) +

1

sin2(φ)
∂2θ

]
ψ = λψ

We write ψ(θ, φ) = h(φ)g(θ) and λ = ν(ν + 1) which gives

−
[(

1

sin(φ)
∂φ (sin(φ)∂φ)

)
h(φ) · g(θ) + h(φ)

sin2(φ)
∂2θg(θ)

]
= ν(ν + 1)g(θ)h(φ)

sin(φ)∂φ(sin(φ)∂φh(φ)) + ν(ν + 1) sin2(φ)h(φ)

h(φ)
= −∂

2
θg(θ)

g(θ)
= κ

Note that the left fraction is independent of θ and the right is independent of φ. We want g be 2π periodic:
g(θ + 2π) = g(θ). Because of the equation for g and periodicity requirement we already know κ = m2 and
g(θ) = eimθ for m ∈ Z (see p.64). This gives us an equation for h:

sin(φ)∂φ(sin(φ)∂φh(φ))−
(
m2 − ν(ν + 1) sin2(φ)

)
h(φ) = 0

Use the change of variables z = cos(φ) ∈ [−1, 1]. This means

∂φ =
∂z

∂φ
∂z = − sin(φ)∂z,

sin(φ)∂φ = − sin2(φ)∂z = −(1− z2)∂z

Plugging this back into the equation with h(φ) = f(cos(φ)), we have[
(1− z2)∂z(1− z2)∂z −m2 + ν(ν + 1)(1− z2)

]
f = 0[

(1− z2)2∂2z − (1− z2)2z∂z −m2 + ν(ν + 1)(1− z2)
]
f = 0[

(1− z2)∂2z − 2z∂z + ν(ν + 1)− m2

1− z2

]
f = 0

This is the Associated Legendre Equation. This has nice solutions that are smooth for ν = ℓ ∈ Z≥0 and
m ∈ {−ℓ, . . . , 0, . . . , ℓ} ∈ Z. Finding nice solutions to this allows us to find all possible λ’s for the sphere
and their associated eigenfunctions.
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The solutions to the Associated Legendre Equation are

Pmℓ (z) :=
(−1)m

2ℓℓ!
(1− z2)m/2

dℓ+m

dzℓ+m
(
z2 − 1

)ℓ
Note that whenm is even, Pmℓ is a polynomial. So, we have solutions to −∆S2ψ = ν(ν+1)ψ with ν = ℓ ∈ Z≥0

and m ∈ {−ℓ, . . . , ℓ} ∈ Z.

ψ(θ, φ) =Y mℓ (φ, θ)

:=Pmℓ (cos(φ))eimθ

These are spherical harmonics. The multiplicity ℓ(ℓ + 1) as en eigenvalue of −∆S2 is the number of
independent φ’s it corresponds to, which is 2ℓ+ 1. You do not have to remember the formulas for Pmℓ but
you should be aware of the general structure of spherical harmonics

We now consider
−∆F = λF, F |∂B3(0,1) = 0, F = G(r)ψ(φ, θ),

that is (see (9) above)

−∆(G(r)ψ(φ, θ)) =
1

r2
(−∂r(r2∂rG) + ℓ(ℓ+ 1)G)ψ(φ, θ) = λG(r)ψ(φ, θ).

That gives us
r2∂2rG+ 2r∂rG+ (λr2 − ℓ(ℓ+ 1))G = 0, G(1) = 0.

We again make a change for variable (see the discussion of Bessel functions!)

x =
√
λr, g(x) = G(x/

√
λ), G(r) = g(

√
λr),

so that the equation becomes

x2∂2xg + 2x∂xg + (x2 − ℓ(ℓ+ 1))g = 0, g(
√
λ) = 0.

This is almost like Bessel’s equation. To bring it even close to that equation we put

f(x) =
√
xg(x) =⇒ x2∂2xf + x∂xf + (x2 − (ℓ+

1

2
)2)f = 0.

that is f(x) = Jℓ+ 1
2
(x). We put

jℓ(x) = x−
1
2 Jℓ+ 1

2
(x)

These functions are called spherical Bessel functions. Amazingly they have a simple representation:

jℓ(x) = (−x)ℓ
(
1

x

d

dx

)ℓ
sinx

x
.

Returning to the original problem we see that

F (r) = jℓ(
√
λr)Y mℓ (φ, θ), jℓ(

√
λ) = 0.

This means that the eigenvalues of the Dirichlet Laplacian on the unit ball in R3 are given by

λ = k2ℓ,n, jℓ(kℓ,n) = 0.
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Hydrogen Atom

Emission of light happens at very specific sequences of frequencies depending on the composition of a distant
star.

This can be explained by the Schrödinger equation and the particular solvable case is the quantum
Hamiltonian of the Hydrogen atom:

H = −∆− 1

|x|
.

Just as in the case of bounded domains we are interested in eigenvalues of H:

Hψ = λψ, ψ(x) → 0, |x| → ∞. (10)

Why the condition on ψ? For those of you have studied quantum mechanics |ψ(x)|2 should describe the
probability density of finding the particle (the electron in this case) at x and hence we need

∫
|ψ(x)|2dx = 1.

To study (10) we can separate variables:[
− 1

r2
∂r(r

2∂r)−
∆S2

r2
− 1

r

]
h(r)Y mℓ (φ, θ) = λh(r)Y mℓ (φ, θ)[

− 1

r2
∂r(r

2∂rh(r)) +
ℓ(ℓ+ 1)

r2
− 1

r

]
h(r)Y mℓ (φ, θ) = λh(r)Y mℓ (φ, θ)[

− 1

r2
∂r(r

2∂rh(r)) +
ℓ(ℓ+ 1)

r2
− 1

r
− λ

]
h(r) = 0

First, we want to understand the behaviour as r → 0. We postulate that h(r) ≈ rα for some α > 0.[
−∂2r −

2

r
∂r +

ℓ(ℓ+ 1)

r2
− 1

r
− λ

]
rα

=−α(α− 1)rα−2 − 2αrα−2 + ℓ(ℓ+ 1)rα−2︸ ︷︷ ︸
=0

+arα−1 + brα

for some constants a and b.

α(α− 1) + 2α− ℓ(ℓ+ 1) = 0

α(α+ 1)− ℓ(ℓ+ 1) = 0

We have α = ℓ or α = −ℓ − 1. The case of −ℓ − 1 < 0 which is not allowed (the function would blow up),
so we have α = ℓ. So,

h(r) ∼ rℓ, r → 0,

Now, we consider the behaviour as r → +∞. We have −∂2rh−λh ≈ 0. Let λ = −σ2. So, h(r) ≈ e−σr → 0
only when σ > 0 (otherwise h does not go to 0 as r → ∞. Hence we can write h as

h(r) = rℓe−σrq(r)

where e−σrq(r) → 0 as r → ∞. We want to find q.

−∂2r
[
rℓe−σrq(r)

]
= −∂r

[
ℓrℓ−1e−σrq(r)− σrℓe−δr + rℓe−σrq′(r)

]
= −ℓ(ℓ− 1)rℓ−2e−σrq(r) + σℓrℓ−1e−σrq(r)− ℓrℓ−1e−σrq′(r)

+ σℓrℓ−1e−σrq(r)− σ2rℓe−σrq(r) + σrℓe−σrq′(r)

− ℓrℓ−1e−σrq′(r) + σrℓe−σrq′(r)− rℓe−σrq′′(r)

Plug this back into the equation.

rq′′(r) + 2(ℓ+ 1− rσ)q′(r) + (1− 2σ(ℓ+ 1))q(r) = 0
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Let q(r) =
∞∑
k=0

akr
k with a0 = 1.

∞∑
k=0

[
k(k − 1)akr

k−1 + 2k(ℓ+ 1− rσ)akr
k−1 + (1− 2σ(ℓ+ 1))akr

k
]
= 0

∞∑
k=0

[
k(k − 1)akr

k−1 + 2k(ℓ+ 1)akr
k−1 + (1− σk − 2σ(ℓ+ 1))akr

k
]
= 0

Let k − 1 = j, meaning k = j + 1.

∞∑
j=0

[
((j + 1)j + 2(j + 1)(ℓ+ 1)) aj+1r

j
]
+

∞∑
k=0

[
(−σk − 2σ(ℓ+ 1)) akr

k
]
= 0

∞∑
j=0

[(j + 1)(j + 2(ℓ+ 1))aj+1 + (1− σj − 2δ(ℓ+ 1)) aj ] r
j = 0

So, we have

aj+1 =
2σ(j + ℓ+ 1)− 1

(j + 1)(j + 2(ℓ+ 1))
aj . (11)

This gives us an inductive way to compute aj . Now, if the numerator never vanishes, then this relation show
s that

aj ∼
(2σ)j

j!
=⇒ q ∼ e2σr, r → ∞.

But then h ∼ e2σre−σr = eσr ̸→ 0, r → ∞. So, the only possibility is if the numerator vanishes for some j.
But that happens only when

σ =
1

2n
for some n ≥ ℓ+ 1.

In that case we have ak = 0 for k > n− ℓ− 1.
Since λ = −σ2 this gives us the eigenvalues

λn = − 1

4n2
.

These were in fact the observed frequencies! (We did not prove that these are all the eigenvalues but it is in
fact the case.)

The final comment is about multiplicities. We get our eigenfunction

Hψ = λmψ

of the form
ψ(r, θ, φ) = rℓqn,ℓ(r)e

−r/2nY mℓ (θ, φ).

Here qn,ℓ is the polynomial determined by (11)

How many choices do we have? The ranges of ℓ and m are ℓ ∈ {0, · · · , n − 1} and m ∈ {−ℓ, ..., ℓ}. So
for each n we have n − 1 choices of ℓ and (2ℓ + 1) choices of m for each ℓ. Hence the multiplicity of the
eigenvalue λn = −1/4n2 is given by

n−1∑
ℓ=0

(2ℓ+ 1) = n2.

The ground state is given by the smallest eigenvalue which is − 1
4 . At the ground state,

ψ = rℓe−
1
2n rq(r)
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The smallest possible ℓ and n is 0 and − 1
4 respectively.

ψ = e−
1
4 rq(r)

= e−r/2

where q(r) = 1 is the simplest possible q(r).(
−∆− 1

|x|

)
e−

|x|
2 = 0(

−∂2r −
2

r
∂r −

1

2

)
e−r/2 = −1

4
e−r/2 +

1

r
e−r/2 − 1

r
e−r/2

= −1

4
re−r/2

So, the ground state (eigenfunction corresponding the smallest eigenvalue) of the hydrogen atom is − 1
4e

−r/2.
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The Heat Equation
The heat equation takes the form

(∂t − α∆)u = 0

where α > 0 is the thermal diffusion constant and u(t, x) is the temperature at time t and position x.

Let’s consider a hot metal ball which we submerge submerge in freezing
water. Then, we have

(∂t − α∆u)u = 0

for t ≥ 0 and x ∈ B(0, 1) ⊂ R3. The boundary conditions are given by
u(t, x) = 0 for x ∈ ∂B(0, 1) – that is because the temperature of the water
is 0. What happens with the temperature distribution in the ball as time
goes on?

Due to symmetries we should try spherical coordinates:

(x1, x2, x3) = (r sin(φ) cos(θ), r sin(φ) sin(θ), r cos(φ)

where θ ∈ [0, 2π] and φ ∈ [0, π]. Let us first assume that the initial temperature distribution depends only
on the distance to the center of the ball. That suggests taking

u(t, r, φ, θ) = v(t)h(r), h(1) = 0.

We recall the Laplacian in spherical coordinates:

∆ =
1

r2
∂r
(
r2∂r

)
+

1

r2 sin(φ)
∂φ (sin(φ)∂φ) +

1

r2 sin2(φ)
∂2θ .

Hence

(∂t − α∆)u = ∂tv(t)h(r)− v(t)α(

(
∂2r +

2

r
∂r

)
h(r),

which gives
∂tv(t)

αv(t)
=
∂2rh(r)− (2/r)∂rh(r)

h(r)
= −λ, h(1) = 0,

or

∂tv + αλv(t) = 0, −∂2rh(r)−
2

r
∂rh(r) = λh(r), h(1) = 0.

The equation for v is easy to solve:
v(t) = v(0)e−λαt.

To consider the equation for h(r) we notice that if we consider h as a function of x, h(
√
x21 + x22 + x23), then

−∆h = λh, h|∂B(0,1) = 0, so λ > 0. Hence, as in the previous section, we can introduce H(r) :=
√
rh(r) and

obtain
(r2∂2r + r∂r + r2λ− 1

4 )H(r) = 0, H(1) = 0.

With the substitution z =
√
λr, and f(

√
λr) = H(r),

(r2∂2r + r∂r + r2 − 1
4 )f(r) = 0, f(

√
λ) = 0.

But this the Bessel equation and a solution which is nice at r = 0 is given by

f(z) = J 1
2
(z) =⇒ h(r) = r−

1
2 J 1

2
(
√
λr).

To satisfy h(1) = 0 we need λ = j 1
2 ,k

. Hence a solution to our problem is given by

u(t, x) = e
−αj21

2
,k
t
J 1

2
(j 1

2 ,k
r).
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We can also consider solutions which involve higher spherical harmonics:

u(t, r, φ, θ) = v(t)h(r)Y mℓ (φ, θ)︸ ︷︷ ︸
φ(x)

Recall

−∆S2Y
m
ℓ (φ, θ) = ℓ(ℓ+ 1)Y mℓ (φ, θ)

for ℓ = 0, 1, . . . and m = −ℓ, . . . , 0, . . . , ℓ.

Y mℓ (φ, θ) = Pmℓ (cos(θ))emθ

Plug this into the equation.

(∂t − α∆) (v(t)φ(x)) = ∂tv(t) · φ(x)− v(t)α∆φ(x) = 0

∂tv(t)

αv(t)
=

∆φ(x)

φ(x)
= −λ

∂tv + (αλ)v = 0 =⇒ v(t) = v(0)e−λαt

So, we want to find φ and λ such that −∆φ = λφ in B(0, 1) and φ|∂B(0,1) = 0. As shown before, λ > 0.

φ = h(r)Y mℓ

−∆ = −∂2r −
2

r
∂r −

∆S

r2

−∆φ =

[(
−∂2r −

2

r
∂r

)
h(r) +

ℓ(ℓ+ 1)

r2
h(r)

]
Y mℓ

= λh(r)Y mℓ

So, we have (
∂2r +

2

r
∂r −

ℓ(ℓ+ 1)

r2
+ λ

)
h = 0(

r2∂2r + 2r∂r + λr2 − ℓ(ℓ+ 1)
)
h(r) = 0

This is almost Bessel’s Equation. Let H(r) :=
√
rh(r), which satisfies(

r2∂2r + r∂r + r2λ− (ℓ+ 1
2 )

2
)
H(r) = 0

This is Bessel’s Equation. Use the substitution z =
√
λr and f(

√
λr) = H(r).(

z2∂2z + z∂z + z2 − (ℓ+ 1
2 )

2
)
f = 0

This has solutions Jℓ+ 1
2
(z)|z≈0 ≈ zℓ+

1
2 and Yℓ+ 1

2
(z)|z≈0 ≈ z−ℓ−

1
2 . So, the physical solution is given by

taking Jℓ+ 1
2
. To satisfy the boundary condition we can take Jℓ+ 1

2
(
√
λr) = 0 at r = 1.

h(r) = r−1/2Jℓ+ 1
2
(
√
λr)

√
λ = jℓ+ 1

2 ,k

λ = j2ℓ+ 1
2 ,k

where Jℓ+ 1
2

(
jℓ+ 1

2 ,k

)
= 0. So, our final solution is

u(t, x) = e
−αj2

ℓ+1
2
,k
t
r−1/2Jℓ+ 1

2

(
jℓ+ 1

2 ,k
r
)
Y mℓ (φ, θ).
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1-D Case

The Scale-Invariant Solution

Consider the initial value problem

(∂t −∆)u(t, x) = 0, u(0, x) = φ(x)

for t > 0 and x ∈ Rn. When n = 1, we have(
∂t − ∂2x

)
u(t, x) = 0

The units of ∂t = ∂2x = 1
m2 (meters). So, the variable y = x√

t
is dimensionless. It is then natural to look for

solutions of the form
U(t, x) = q

(
x√
t

)
.

We calculate:

∂tU = ∂tq
(
x√
t

)
∂2xU = ∂x

(
∂x

(
q
(
x√
t

)))
= −1

2

x

t

1√
t
q′
(
x√
t

)
= ∂x

(
1√
t
q′
(
x√
t

))
=

1

t
q′′
(
x√
t

)
(
∂t − ∂2x

)
u = 0, so we have

−1

2

x√
t

1

t
q′
(
x√
t

)
− 1

t
q′′
(
x√
t

)
= 0

−1

2

x√
t
q′
(
x√
t

)
− q′′

(
x√
t

)
= 0

q′′(y) = −1

2
yq′(y)

where y = x√
t
. Let v(y) = q′(y).

v′(y) = −1

2
yv(y) =⇒ v(y) = v(0)e−y

2/4 =⇒

q(y) = q(0)︸︷︷︸
C2

+ v(0)︸︷︷︸
C1

∫ y

0

e−w
2/4dw

As t→ 0+, we have

lim
t→0+

U(t, x) =


C2 + C1

∫∞
0
e−w

2/4dw x > 0

C2 x = 0

C2 + C1

∫ −∞
0

e−w
2/4dw x < 0
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Evaluate these integrals. ∫ ∞

0

e−w
2

dw =
1

2

∫ ∞

−∞
e−w

2

dw

=
1

2

(∫ ∞

−∞
e−x

2
1dx1 ·

∫ ∞

−∞
e−x

2
2dx2

)1/2

=
1

2

(∫ ∞

−∞

∫ ∞

−∞
e−x

2
1e−x

2
2dx1dx2

)1/2

=
1

2

(∫
R2

e−|x|2 d2x

)1/2

=
1

2

(∫ 2π

0

dθ

∫ ∞

0

re−r
2

dr

)1/2

=
1

2

(
2π

2

∫ ∞

0

(2r)e−r
2

dr

)1/2

=
1

2

(
π

∫ ∞

0

e−sds

)1/2

=
1

2
(π)1/2

=

√
π

2

So,
∫∞
0
e−w

2/4dw = 1
2 (4π)

1/2
=

√
π.

lim+t→0+U(t, x) =


C2 + C1

√
π x > 0

C2 x = 0

C2 − C1
√
π x < 0

We want to express this using the Heaviside Function which is
defined as follows:

H(x) =


1 x > 0
1
2 x = 0

0 x < 0

For this to be true, we have C2 = 1
2 and C1 = 1

2
√
π
.

This yields

U(t, x) :=
1

2
+

1√
4π

∫ x/
√
t

0

e−y
2/4dy

where
(
∂t − ∂2x

)
U = 0 and U(t, x) → H(x) as t→ 0+.

Why do we use the Heaviside Function? For φ ∈ C1
c (R),∫

R
φ′(z) H(x− z)︸ ︷︷ ︸

0 at x− z < 0
1 at x− z > 0

dz =

∫ x

−∞
φ′(z)dz

= φ(x)− φ(−∞)

= φ(x)

Consider

u(t, x) :=

∫
R
φ′(z)U(t, x− z)dz
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So, we have ∫
R
φ′(x)H(x− z)dz = φ(x) as t→ 0+(
∂t − ∂2x

)
u(t, x) =

∫
R
φ′(z)

(
∂t − ∂2x

)
U(t, x− z)︸ ︷︷ ︸
=0

dz

= 0 for t > 0

The Integral Solution Formula

A better way to write this solution is∫
R
φ′(z)

(
1

2
+

1√
4π

∫ (x−z)/
√
t

0

e−y
2/4dy

)
dz.

So,

1

2

∫
R
φ′(z)dz = 0∫

R
φ′(z)

(
1√
4π

∫ (x−z)/
√
t

0

e−y
2/4dy

)
dz = −

∫
R
φ(z)∂z

[
1√
4π

∫ (x−z)/
√
t

0

e−y
2/4

]
dz

=

∫
R
φ(z)

1√
4πt

e−
(x−z)2

4t dz

We have
(
∂t − ∂2x

)
u(t, x) = 0 where u(t, x) → φ(x) ∈ C1

c (R) as t → 0+. For now, φ ∈ C0(Rn) (bounded
and continuous) is enough.

u(t, x) =

∫
R
φ(z)Ht(x− z)dz =: Ht ∗ φ(x),

where

Ht(y) :=
1√
4πt

e−y
2/4t

is the heat kernel and ∗ is the convolution.∫
R
Ht(y)dy = 1

since by change of variables, we have∫ ∞

−∞
e−y

2/4dy = 2
√
π

Compare this to the Dirac δ0 “function” (for those of you with experience in quantum mechanics):

δ0(x) =

{
0 x ̸= 0

∞ x = 0
,

∫
δ0(x)dx = 1

In some sense, H0 = δ0.
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We summarize all this as follows: our final solution for the 1-D case
(
∂t − ∂2x

)
u(t, x) = 0 for t > 0, u(t, x) →

φ(x) ∈ C1
c (R) as t→ 0+ is

u(t, x) =
1√
4πt

∫
R
φ(z)e−

(x−z)2

4t dz

= Ht ∗ φ(x)

where the heat kernel is

Ht(x) =
1√
4πt

e−
x2

4t

and the convolution of two functions φ and ψ is

ψ ∗ φ(x) =
∫
ψ(z)φ(x− z)dz

=

∫
ψ(x− z′)φ(z′)dz′

Example

Let φ(x) = e−ax
2

.

u(t, x) =
1√
4πt

∫
R
e−az

2

e−
(x−z)2

4t dz

Use completing the square to write az2 + (x−z)2
4t as a square of a function of z plus a correction:

az2 +
1

4t
(x− z)2 =

(
a+

1

4t

)
z2 − 2

4t
xz +

1

4t
x2

=

(
a+

1

4t

)(
z2 − 2

x

4ta+ 1
z +

x2

(4ta+ 1)2

)
+

1

4t
x2 − x2

4ta+ 1
· 1

4t

=
1 + 4at

4t
(z − x̃)

2
+

a

4ta+ 1
x2

where x̃ = x
4at+1 . Let z − x̃ = s.

u(t, x) =
1√
4πt

∫
R
e−ax

2

e−
(x−z)2

4t dz

=
1√
4πt

∫
R
e
−
(
ax2+

(x−z)2

4t

)
dz

=
1√
4πt

e−
a

4ta+1x
2

∫
R
e−(

1+4at
4t )s2ds

use r =
(
1+4at

4t

)1/2
s, where ds =

(
4t

1+4at

)1/2
dw.

=
1√
4πt

e−
a

4ta+1x
2

( √
4t

(1 + 4at)1/2

)∫
R
e−r

2

dw

=
1√
4πt

e−
a

4at+1x
2

( √
4t

(1 + 4at)1/2

)
·
√
π

=
e−

a
4at+1x

2

(1 + 4at)1/2

The plot of u(t, x) with varying t is similar to the plot of the heat kernel.
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Nonhomegenous problem

The nonhomegenous heat equation in one dimension is given by(
∂t − ∂2x

)
u(t, x) = f(t, x)

where f(t, x) ∈ C2
c ([0,∞)× R) and u(0, x) = 0.

To find a solution to the nonhomegeous problem, take ηs(t, x) which solves
(
∂t − ∂2x

)
ηs(t, x) = 0 and

ηs(s, x) = f(s, x):

ηs(t, x) =

∫
Ht−s(y)f(s, x− y)dy

We now postulate

u(t, x) =

∫ t

0

ηs(t, x)ds =

∫ t

0

∫
R
Ht−s(y)f(s, x− y)dyds

=

∫ t

0

∫
R
Hs(y)f(t− s, x− y)dyds

We check that this u(t, x) solve the equation. It is more complicated than in the case of the wave equation
because of the singularity of Ht as t→ 0+. Here we go:

(∂t −∆)u(t, x) =

∫
R
Ht(y)f(0, x− y)dy +

∫ t

0

∫
R
Hs(y) (∂t −∆x) f(t− s, x− y)dyds

We want to use integration by parts. Let ε > 0. Since |f(t− s, x− y)| is bounded by some M and since f is
in C2, ∣∣∣∣∫ ε

0

∫
R
Hs(y) (∂t −∆x) f(t− s, x− y)dyds

∣∣∣∣ ≤M

∫ ε

0

∫
R
Hs(y)dy︸ ︷︷ ︸
=1

ds

=Mε→ 0 as ε→ 0

Note that ∂tf(t− s, x− y) = −∂sf(t− s, x− y) and ∆xf(t− s, x− y) = ∆yf(t− s, x− y). So, we have

(∂t −∆)u(t, x) =

∫
R
Ht(y)f(0, x− y)dy + lim

ε→0

∫ t

ε

∫
R
Hs(y) (−∂s −∆y) f(t− s, x− y)dyds (12)

We use integration by parts to evaluate the second integral and we start with the term involving ∂s:∫ t

ε

Hs(y) (−∂sf(t− s, x− y)) ds = −Hs(y)f(t− s, x− y)
∣∣t
ε
+

∫ t

ε

∂sHs(y)f(t− s, x− y)ds

= Hε(y)f(t− ε, x− y)−Ht(y)f(0, x− y) +

∫ t

ε

∂sHs(y)f(t− s, x− y)ds

Note that the second term cancels the first term on the right hand side of (12). We also have, by integration
by parts in y using the fact that f is zero for large values of y,∫

R
Ht(y)(−∆xf(t− s, x− y))dy =

∫
R
Ht(y)(−∆yf(t− s, x− y))dy =

∫
R
(−∆yHt(y))f(t− s, x− y)dy.

Putting it all together (see (12)) we get

(∂t −∆x)u(t, x) =

= lim
ε→0

∫
R
Hε(y)f(t− ε, x− y)dy +

∫ t

ε

∫
R
(∂sHs(y)−∆yHs(y))︸ ︷︷ ︸

=0

f(t− s, x− y)dyds


since Hs solves the heat equation for s > 0

= lim
ε→0

∫
R
Hε(y)f(t− ε, x− y)dy
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We want to show that this equals f(t, x). Use the change of variables y = ε1/2w, meaning dy = ε1/2dw.

Hε(y) =
1√
4πε

e−y
2/4εdy =

1√
4π
e−w

2/4dw = H1(y).

We want to show that as ε→ 0,
∫
RHε(y)f(t− ε, x− y)dy − f(t, x) → 0.∫

R
Hε(y)f(t− ε, x− y)dy − f(t, x) =

∫
R
H1(w)f(t− ε, x− ε1/2w)dw − f(t, x)

=

∫
R
H1(w)

[
f(t− ε, x− ε1/2w)− f(t, x)

]
dw

since
∫
H1(w) = 1.

By the Mean Value Theorem and the fact that f ∈ C2
c ,∣∣∣f(t− ε, x− ε1/2w)− f(t, x)

∣∣∣ ≤ C(ε+ ε1/2|w|)

where C = max
s,y

(|∂sf(s, y)|+ |∂yf(s, y)|). Hence,∣∣∣∣∫
R
Hε(y)f(t− ε, x− y)dy − f(t, x)

∣∣∣∣ ≤ ∫
R
H1(w)C(ε+ ε1/2|w|)dw

= Cε+ ε1/2
1√
4π

∫
e−w

2/4|w|dw︸ ︷︷ ︸
bounded

→ 0 as ε→ 0

So, the solution to the nonhomegenous heat equation is

u(t, x) =

∫ t

0

∫
R2

1√
4πs

e−y
2/4sf(t− s, x− y)dyds

Higher Dimensions

We can perform dimensional analysis using the knowledge acquire in the 1-D case. Suppose our unit of
distance is meters m. Then the unit of time should be m2 (I know it sounds weird) since ∂t and ∂

2
x have to

have the same dimension. Then u has no dimension but in the above formula f has to have dimension m−2:∫ t

0

∫
R

1√
4πs︸ ︷︷ ︸

m−1

e−y
2/4s︸ ︷︷ ︸

dimensionless

f(t− s, x− y)︸ ︷︷ ︸
m−2

dy︸︷︷︸
m1

ds︸︷︷︸
m2

We want m−1 → m−n since m1 → mn, so 1√
s
→ 1

sn/2 . Our guess is Hs(y) ∈ [0,∞)× Rn is

Hs(y) =
1

(4πs)n/2
e−|y|2/4s

Check that (∂s −∆y)Hs(y) = 0 for s > 0. This follows from a calculation involving chain rule.

Theorem

Suppose g ∈ C0(Rn) and g is bounded. Then,

u(t, x) =

∫
Rn

Ht(x− y)g(y) dny

solves (∂t −∆)u(t, x) = 0 for t > 0 and u(t, x) → g(x) as t→ 0+.
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• Proof : for u(t, x) → g(x), use change of variables.

|u(t, x)− g(x)| =
∣∣∣∣∫

Rn

H1(w)
(
g(x− t1/2w)− g(x)

)
dw

∣∣∣∣
≤
∫
|w|≥R

H1(w)
∣∣∣g(x− t1/2w)− g(x)

∣∣∣dw +

∫
|w|≤R

H1(w)
∣∣∣g(x)− t1/2w − g(x)

∣∣∣ dw
Let ε1 be a small number and choose R so that∫

|w|≥R
H1(w)dw < ε1

Choose δ so that for t < δ small enough that that for |w| ≤ R,∣∣∣g(x− t1/2w)− g(x)
∣∣∣ < ε1

g is bounded, so |g(y)| ≤M for some M . So, we have

|u(t, x)− g(x)| ≤ 2Mε1 + ε1 → 0 for 0 < t < δ

But ε1 was as small as we like (provided we make δ small). So, u(t, x) → g(x). □

Example

Let g(x) = sin(kx) in n = 1.

u(t, x) =
1√
4πt

∫
R
e−z

2/4t sin(k(x− z))dz

=
1√
4πt

Im

∫
R
e−z

2/4teik(x−z)dz

Use completing the squares to put the exponent of e into some form of z2.

1

4t
z2 − ik(x− z) = −ikx+ 1

4t

(
z2 + 2(i2tk)z + (2itk)2

)
+

1

4t
· 4t2k2

= −ikx+ 1
4t (z + 2itk)2 + tk2

u(t, x) =
1√
4πt

Im

[
eikxe−k

2t

∫
R
e−

(z+2it)2

4t dz

]
=

1√
4πt

Im

[
eikxe−k

2t

∫
R
e−z

2/4tdz

]
=

1√
4πt

Im
[
eikxe−k

2t ·
√
4πt
]
= Im

(
eikte−k

2t
)
= e−k

2t sin(kx)

Now, suppose we want to solve the 1-D heat equation for x ∈ [0, π] and u(t, 0) = u(t, π) = 0 with u(0, x) =
g(x). We want to answer the question of what g(x) we can solve for u(t, x) with.

We know that if

g(x) =

n∑
k=1

an sin(kx),

we have

u(t, x) =

n∑
k=1

e−tk
2

ak sin(kx).

So, we can ask what functions can be written as this g(x). The answer to this requires the use of function
spaces which is our next topic.
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Function Spaces
Let V be a complex vector space. V must satisfy two properties:

1. For v, w ∈ V , v + w ∈ V

2. For c ∈ C and v ∈ V , cv ∈ V

Example
V =

{
g ∈ C0(Rn) | ∃M such that |g(x)| ≤M

}
is the set of bounded continuous functions in Rn. This V is a complex vector space since for any g, h ∈ V ,
g + h ∈ V and cg ∈ V for c ∈ C.

The norm on V is a function v 7→ ∥v∥ ∈ [0,∞) such that

1. ∥v∥ ≥ 0 and if ∥v∥ = 0, then v = 0

2. ∥v + w∥ ≤ ∥v∥+ ∥w∥

3. ∥cv∥ = |c|∥v∥

Example
∥g∥ = sup

x∈Rn

|g(x)|

for g ∈ V as previously defined satisfies all properties.

The inner product (or scalar product) is a function u, v 7→ ⟨u, v⟩ ∈ C such that

1. ⟨v, v⟩ ≥ 0 and if ⟨v, v⟩ = 0, then v = 0

2. ⟨v, w⟩ = ⟨w, v⟩

3. ⟨c1v1 + c2v2, w⟩ = c1 ⟨v1, w⟩ + c2 ⟨v2, w⟩ for cj ∈ C, vj ∈ V . Note that by the second property,
⟨v, c1w1 + c2w2⟩ = c1 ⟨v, w1⟩+ c2 ⟨v, w2⟩

Theorem: Cauchy-Schwarz Inequality

For a complex vector space V with v, w ∈ V ,

|⟨v, w⟩|2 ≤ ⟨v, v⟩ ⟨w,w⟩ .

If the equality holds then v and w are parallel, that is αv + βw = 0 for some α, β ∈ C.

• Proof : let t ∈ R.

0 ≤ ⟨v + t ⟨v, w⟩w, v + t ⟨v, w⟩w⟩

= ⟨v, v⟩+ t ⟨v, w⟩ ⟨w, v⟩+ t⟨v, w⟩ ⟨v, w⟩+ t2 ⟨v, w⟩ ⟨v, w⟩ ⟨w,w⟩
= ⟨v, v⟩︸ ︷︷ ︸

c

+2| ⟨v, w⟩ |2︸ ︷︷ ︸
b

t+ | ⟨v, w⟩ |2 ⟨w,w⟩︸ ︷︷ ︸
a

t2

= at2 + bt+ c

This is ≥ 0 for every t ∈ R. We know a ≥ 0 and if a = 0, v or w = 0 and the equality holds. So, we
can assume that a > 0. A quadratic polynomial is then non-negative if and only if b2 − 4ac ≤ 0 (so
that there are no real zero except possibly a double zero when b2 − 4ac = 0). Hence:

4| ⟨v, w⟩ |4 − 4 ⟨v, v⟩ ⟨w,w⟩ | ⟨v, w⟩ |2 ≤ 0

4| ⟨v, w⟩ |4 ≤ 4 ⟨v, v⟩ ⟨v, w⟩ | ⟨v, w⟩ |2

| ⟨v, w⟩ |4 ≤ ⟨v, v⟩ ⟨v, w⟩ | ⟨v, w⟩ |2
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If ⟨v, w⟩ = 0, we have nothing to prove. Otherwise,

| ⟨v, w⟩ |2 ≤ ⟨v, v⟩ ⟨w,w⟩

If | ⟨v, w⟩ |2 = ⟨v, v⟩ ⟨w,w⟩ then going back to the beginning,

⟨v + t ⟨v, w⟩w, v + t ⟨v, w⟩w⟩ = 0

for some t (as b2 − 4ac = 0). But that means that v + t ⟨v, w⟩w = 0, that is v and w are parallel. □

Example

Let V = C0([0, 1]). We define ⟨g, h⟩ :=
∫ 1

0
g(x)h(x)dx. By the Cauchy-Schwarz Inequality,∣∣∣∣∫ 1

0

g(x)h(x)dx

∣∣∣∣2 ≤
∫ 1

0

|g(x)|2dx ·
∫ 1

0

|h(x)|2dx

Corollary

An inner product ⟨•, •⟩ defines a norm:

∥v∥ =
√

⟨v, v⟩.

• We want to show that all properties of the norm are satisfied. The first property is automatic and the
third follows from the second, so we will just prove the second.

∥v + w∥2= ⟨v + w, v + w⟩
= ⟨v, v⟩+ ⟨v, w⟩+ ⟨w, v⟩+ ⟨w,w⟩

= ∥v∥2 + ⟨v, w⟩+ ⟨v, w⟩+ ∥w∥2

= ∥v∥2 + 2Re ⟨v, w⟩+ ∥w∥2

≤ ∥v∥2 + 2| ⟨v, w⟩ |+ ∥w∥2

≤ ∥v∥2 + 2∥v∥∥w∥+ ∥w∥2 Cauchy-Schwarz

= (∥v∥+ ∥w∥)2

= ∥v + w∥2 □

We want to know if every norm comes from an inner product. To test this, use the parallelogram identity.

Lemma: Parallelogram Identity

Let u, v ∈ V with norm ∥ • ∥. Then,

∥u+ v∥2 + ∥u− v∥2 = 2∥u∥2 + 2∥v∥2.

• Proof : for u, v ∈ V , from the previous corollary, we have

∥u+ v∥2 + ∥u− v∥2 = ⟨u+ v, u+ v⟩+ ⟨u− v, u− v⟩
= (⟨u, u⟩+ ⟨u, v⟩+ ⟨v, u⟩+ ⟨v, v⟩) + (⟨u, u⟩ − ⟨v, u⟩ − ⟨u, v⟩+ ⟨v, v⟩)
= 2 ⟨u, u⟩+ 2 ⟨v, v⟩ = 2∥u∥2 + 2∥v∥2 □
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Example

Let V = C0([0, 1]) where ∥g∥ = max
x∈[0,1]

|g(x)| for g ∈ V . Is there an inner product behind it?

Let g(x) = x and h(x) = 1− x. h+ g = 1 and h− g = 1− 2x. So,

∥g∥ = 1

∥h∥ = 1

∥g + h∥ = 1

∥h− g∥ = 1

But,
∥h+ g∥2 + ∥h− g∥2 = 1 + 1 ̸= 2 + 2 = 2∥h∥2 + 2∥g∥2

So, there is no inner product associated to the norm of V .

Lp Spaces

For sequence vn ∈ V , we say vn converges to v (vn → v) in the norm of V if ∥v − vn∥ → 0 as n→ ∞.

Take V = C0([0, 1]) where the norm ∥ • ∥2 is defined as

∥g∥2 =

(∫ 1

0

|g(x)|2dx
)1/2

This comes from the inner product ⟨g, h⟩ =
∫ 1

0
g(x)h(x)dx. Take gn ∈ C0([0, 1]) where

gn(x) =


0 0 ≤ x ≤ 1

2 − 1
n

n
2

(
x− 1

2 + 1
n

)
1
2 − 1

n ≤ x ≤ 1
2 + 1

n

1 1
2 + 1

n ≤ x ≤ 1

g(x) =


0 x = 0
1
2 x = 1

2

1 x = 1

0 1
2 − 1

n
1
2 + 1

n 1

1

0 1
2

1

1

1
2

We have |g(x)− gn(x)| ≤ |g(x)|+ |gn(x)| ≤ 2. So,

∥g − gn∥ =

(∫ 1
2+

1
n

1
2−

1
n

|g(x)− gn(x)|dx

)1/2

≤

(∫ 1
2+

1
n

1
2−

1
n

22

)1/2

=
2√
2n

=

√
2√
n
→ 0 as n→ ∞

So, we have

L2([0, 1]) =

{
f : [0, 1] → C

∣∣∣ ∫ 1

0

|f(x)|2dx <∞
}

where ⟨f, g⟩ =
∫ 1

0
f(x)g(x)dx is well defined.

∥f∥ =

(∫ 1

0

|f |2dx
)1/2

We have C0([0, 1]) ⊊ L2([0, 1]). This holds for Ck([0, 1]) for any k.

An important property is that if f ∈ L2([0, 1]), then ∃fn ∈ Ck([0, 1]) such that ∥fn − f∥2 → 0 as n→ ∞.
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For any open connected Ω ⊆ Rn, we have

L2(Ω) :=

{
f : Ω → C

∣∣∣ ∫
Ω

|f(x)|2 dnx <∞
}

L1(Ω) :=

{
f : Ω → C

∣∣∣ ∫
Ω

|f(x)|dnx <∞
}

⟨f, g⟩ :=
∫
Ω

f(x)g(x) dnx

∥f∥L2(Ω) :=

(∫
Ω

|f(x)|2 dnx
)1/2

∥f∥L1(Ω) :=

∫
Ω

|f(x)|dnx

Proposition

Suppose Ω ⊂ B(0, R) with R <∞. Then, L2(Ω) ⊂ L1(Ω).

• Proof : suppose f ∈ L2(Ω). Note that 1 ∈ L2(Ω) since
∫
Ω
12 ≤

∫
B(0,R)

1 <∞.∫
Ω

|f(x)|dx =

∫
Ω

|f(x)| · 1dx

≤
(∫

Ω

|f(x)|2
)1/2(∫

Ω

1

)
≤ c∥f∥2

by the Cauchy-Schwarz inequality. So, ∥f∥L1(Ω) ≤ c∥f∥L2(Ω) for some constant c. □

Measure of Sets

Recall for open set Ω ⊆ Rn, we have

L2(Ω) :=

{
f : Ω → C

∣∣∣ ∫
Ω

|f(x)|2 dnx
}

L1(Ω) :=

{
f : Ω → C

∣∣∣ ∫
Ω

|f(x)|dnx
}

For Ω ⊆ Rn, the measure of Ω is

m(Ω) :=

∫
Ω

1dx.

For example, we have m(Rn) = ∞, m(B(x0, r)) = cnr
n, m({x0}) = 0, and m({(t, t) | t ∈ R}) = 0. But we

have to note that not all sets are measurable.

This can be seen in the Banach-Tarski paradox. Take a ball B(0, 1) ⊆ R3. There exist sets Bk ⊂ B(0, 1),
k = 1, · · · 5, such that

B(0, 1) =

5⋃
k=1

Bk

and Bk ∩ Bj = ∅ for k ̸= j. But in addition (somewhat amazingly) B1 ∪ B2 = B(0, 1) and B3 ∪ B4 ∪ B5 =
B(0, 1). This means that the pieces can be rearranged to make two balls.

This works because the balls Bk are not measurable. Needless to say you should not worry about this in
Math126!
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Example

Let f ∈ L1([0, 1]). ∫ 1

0

|f − g|dx = 0

0 1
2 1

f

g

We say f ≡ g if m({x | f(x) ̸= g(x)}) = 0. For f : Ω → C, we have

∥f∥∞ = inf {a ∈ R | m({x | f(x) > a}) = 0}

So, we have

L∞(Ω) := {f : Ω → C | ∥f∥∞ <∞}

Example

Now, for Ω = (0, 1), we have ∥f∥∞ = 1.

0 1
2 1

1

2

Banach and Hilbert Spaces

Recall that for a vector space V , we have normed spaces and inner product spaces. We From the Cauchy-
Schwarz Inequality, all inner product spaces are normed spaces, but the converse is not true.

For normed vector space V , vn → v if and only if ∥v − vn∥ converges to 0. We say V is complete if and
only if “all the limits lie in V ”.

- A complete normed space is a Banach space

- A complete inner product space is a Hilbert space

All Hilbert spaces are Banach spaces, but the converse is not true.

Example

∥f∥L1(Ω) =

∫
Ω

|f(x)|dx is a Banach space and ∥f∥L2(Ω) =

∫
Ω

|f(x)|2dx is a Hilbert space

since

⟨f, g⟩ :=
∫
Ω

f(x)g(x)dx

Application to the Heat Equation

Let’s apply this back to the heat equation. We know the solution to

(∂t −∆)u = 0

with u(0, x) = g(x) and t > 0 is

u(t, x) =

∫
Ht(z)g(x− z) dnz
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where

Ht(z) =
1

(4πt)n/2
e−|z|2/4t

and
∫
Ht(z)dz = 1.

Our goal is to understand estimates of u at fixed t in terms of g:

∥u(t, •)∥L? ≤?∥g∥L?

Let’s list all Lp spaces we have defined.

L1(Ω) :=

{
f : Ω → C

∣∣∣ ∫
Ω

|f(x)|dnx <∞
}

∥f∥L1(Ω) :=

∫
Ω

|f(x)|dnx

L2(Ω) :=

{
f : Ω → C

∣∣∣ ∫
Ω

|f(x)|2 dnx <∞
}

∥f∥L2(Ω) :=

(∫
Ω

|f(x)|2 dnx
)1/2

L∞(Ω) := {f : Ω → C | ∥f∥∞ <∞}
∥f∥L∞(Ω) := inf{a ∈ R | m({x | f(x) > a}) = 0}

“ = ” sup |f(x)|

The “ = ” is not a true equality but it holds in our case.

1. Find the bound in the form ∥u(t, •)∥L∞ ≤?.

|u(t, x)| =
∣∣∣∣∫ Ht(z)g(x− z)dz

∣∣∣∣
≤
∫
Ht(z)|g(x− z)|dz

≤
∫
Ht(z)∥g∥∞dz

= ∥g∥∞
So,

∥u(t, •)∥L∞ ≤ ∥g∥∞.
This is optimal if g is constant.

2. Find the bound in the form ∥u(t, •)∥L∞ ≤? ∥g∥L1 .

|u(t, x)| =
∣∣∣∣∫ Ht(z)g(x− z)dz

∣∣∣∣
≤
∫
Ht(z)|g(x− z)|dz

≤ sup
z∈Rn

(Ht(z)) ·
∫

|g(x− z)|dz

=
1

(4πt)n/2
∥g∥L1

So,

∥u(t, •)∥L∞ ≤ 1

(4πt)n/2
∥g∥L1 .
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Example

Let g(x) = Hs(x) for s > 0. H solves the heat equation, so

u(t, x) =

∫
Ht(z)Hs(x− z)dz

= Ht+s(x)

=
e−|z|2/4(t+s)

(4π(t+ s))n/2

∥u(t, •)∥∞ ≤ (4π(t+ s))−n/2, ∥g∥1 = 1

∥u(t, •)∥L∞ ≤ 1

(4πt)n/2
∥g∥L1

∥u(t, •)∥L∞ ≤ 1

(4πt)n/2
∥g∥L1

is nearly optimal at g = Hs for s > 0.

3. Find the bound in the form ∥u(t, •)∥L1 ≤?.

∥u(t, x)∥L1 =

∫
|u(t, x)|dx

=

∫ ∣∣∣∣∫ Ht(z)g(x− z)dz

∣∣∣∣dz
≤
∫ ∫

Ht(z)|g(x− z)|dzdx

=

∫
Ht(z)

(∫
|g(x− z)|dx

)
dz

=

∫
Ht(z)

(∫
|g(y)|dy

)
dz y = x− z

= ∥g∥L1

So,
∥u(t, •)∥L1 ≤ ∥g∥L1 .

This is optimal if g ≥ 0 or g ≤ 0 for every x.

4. Find the bound in the form ∥u(t, •)∥L2 ≤?.

∥u(t, x)∥2L2 =

∫
|u(t, x)|2dx

=

∫ ∣∣∣∣∫ Ht(z)g(x− z)dz

∣∣∣∣2 dx
≤
∫ ∣∣∣∣∫ Ht(z)|g(x− z)|dz

∣∣∣∣2 dx
Apply the Cauchy-Schwarz Inequality:

∣∣∣∫ f(z)h(z)dz∣∣∣2 ≤
∫
|f(z)|2dz

∫
|h(z)|2dz. By applying this

directly, we get

≤
∫ (∫

Ht(z)
2dz

)(∫
|g(x− z)|2dz

)
dx
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but this does not help us. Instead, use

∥u(t, x)∥2L2 ≤
∫ ∣∣∣∣∫ Ht(z)|g(x− z)|dz

∣∣∣∣2 dx
=

∫ ∣∣∣∣∫ Ht(z)
1/2
(
Ht(z)

1/2|g(x− z)|
)
dz

∣∣∣∣2 dx
We have f(z) = Ht(z)

1/2 and h(z) = Ht(z)
1/2|g(x− z)|. So, by applying the Cauchy-Schwarz Inequal-

ity, we have

≤
∫ (∫

Ht(z)dz

)
︸ ︷︷ ︸

=1

(∫
Ht(z)|g(x− z)|2dz

)
dx

By Fubini’s Theorem, we can switch the order of integration.

=

∫
Ht(z)

(∫
|g(x− z)|2dx

)
dz

=

∫
Ht(z)∥g∥2L2dz

= ∥g∥2L2

So,
∥u(t, •)∥L2 ≤ ∥g∥L2

.

This is nearly optimal.

In summary, we have the following:

1. ∥u(t, •)∥L∞ ≤ ∥g∥∞

(optimal at g constant)

2. ∥u(t, •)∥L∞ ≤ 1

(4πt)n/2
∥g∥L1

(nearly optimal at g = Hs for s > 0)

3. ∥u(t, •)∥L1 ≤ ∥g∥L1

(optimal if g ≤ 0 or g ≥ 0 for any x)

4. ∥u(t, •)∥L2 ≤ ∥g∥L2

(nearly optimal)
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Hilbert Spaces

Let H be a Hilbert with inner product ⟨•, •⟩. L2(Ω) for open Ω ⊆ Rn is an example of a Hilbert space.

Take u, v ∈ H. u and v are orthogonal if ⟨u, v⟩ = 0.

- A set {vj}j∈J is orthogonal if ⟨vi, vj⟩ = 0 for every i ̸= j.

- A set {ej}j∈J is orthonormal if ⟨ei, ej⟩ = 0 for every i ̸= j and ⟨ei, ei⟩ = 1 for every i.

The set of indices J could be finite or it could be J = Z or J = N.

Suppose {ej}j∈J is an orthonormal set. Then, if v =
N∑
i=1

ajej , then ak = ⟨v, ek⟩ since

⟨v, ek⟩ =
〈∑

ajej , ek

〉
=
∑

aj ⟨ej , ek⟩ = ak ⟨ek, ek⟩ = ak

Define ck[v] := ⟨v, ek⟩ and suppose {ej}∞j=1 is an orthonormal set.

Theorem: Bessel’s Inequality

For v ∈ H, let Snv :=
n∑
j=1

cj [v]ej . Then,

∞∑
k=1

|cj [v]|2 ≤ ∥v∥2

The equality holds if and only if Snv converges to v in H, that is,

∥Snv − v∥ → 0, n→ ∞.

• Proof :
0 ≤ ∥v − Snv∥2

= ⟨v − Snv, v − Snv⟩
= ⟨v, v⟩ − ⟨Snv, v⟩ − ⟨v, Snv⟩+ ⟨Snv, Snv⟩

Evaluate each of these terms separately.

⟨Snv, v⟩ =
n∑
j=1

⟨cj [v]ej , v⟩ =
n∑
j=1

cj [v] ⟨ej , v⟩ =
n∑
j=1

cj [v]⟨v, ej⟩ =
n∑
j=1

|cj [v]|2

By the same argument, note that ⟨v, Snv⟩ is equal to the same.

⟨Snv, Snv⟩ =

〈
n∑
j=1

cj [v]ej ,

n∑
ℓ=1

cℓ[v]eℓ

〉

=

n∑
j=1

n∑
ℓ=1

cj [v]cℓ[v] ⟨ej , eℓ⟩

=

n∑
j=1

|cj [v]|2

Entering this back into the equation of ∥v − Snv∥2, we have

∥v − Snv∥2 = ∥v∥2 −
∑

|cj [v]|2 −
∑

|cj [v]|2 +
∑

|cj [v]|2 = ∥v∥2 −
∑

|cj [v]|2
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Since ∥v − Snv∥2 ≥ 0,
n∑
j=1

|cj [v]|2 = ∥v∥2 − ∥v − Snv∥2 ≤ ∥v∥2

As n→ ∞,
n∑
j=1

|cj [v]|2 is a non decreasing sequence. ∥v∥2 is an upper bound of
n∑
j=1

|cj [v]|2, so

∞∑
n=1

|cj [v]|2 ≤ ∥v∥2. □

The concept of a basis is complicated in infinite dimensions and we will restrict ourselves to orthonormal
bases.

Definition:

The set {ej}∞j=1 is an orthonormal basis if it is orthonormal and for any v ∈ H we have

∥Snv − v∥ → 0, n→ ∞, Snv :=

∞∑
j=1

cj [v]ej , cj [v] := ⟨v, ej⟩.

Remark: The index set in the definition is J = {1, 2, · · · } but it could also be a finite set (if H is finite
dimensional, that is, has a basis, which is a finite set, or, it could be J = Z. In that case we should put

Snv :=

n∑
j=−n

cj [v]ej .

We record (without proof) the following important fact (used, for instance, in Problem 3, in HW9):

Theorem

An orthonormal set {ej}j∈J is an orthonormal basis if

∀ j ∈ J ⟨v, ej⟩ = 0 =⇒ v = 0.

As in finite dimensions we have a way to generate orthonormal sets:

Gram-Schmidt Process: Suppose {vj}∞j=1 is a set of elements of H. Then the following set is orthonormal:

e1 = v1/∥v1∥
e2 = (v2 − ⟨v2, e1⟩e1)/∥v2 − ⟨v2, e1⟩e1∥
...

en = (vn −
n−1∑
j=1

⟨vn, ej⟩ej)/∥vn −
n−1∑
j=1

⟨vn, ej⟩ej∥

Example: Define the following inner product for functions on R:

⟨f, g⟩ :=
∫
R
f(x)g(x)e−x

2

dx, H = {f : R → C :

∫
R
|f(x)|2e−x

2

dx <∞}.

If we take vℓ := xℓ, ℓ = 0, 1, · · · , the Gramm Schmidt process gives us an orthonormal set:

e0 = π− 1
4 , e1 =

√
2π− 1

4x, e2 =
√
2π− 1

4 (x2 − 1
2 ), · · ·
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Interlude: Review of Linear Algebra

Let V be t finite dimensional vector space V = CN where for v ∈ V , v = (v1 · · · vN )
⊺
. For v, w ∈ V , we have

⟨v, w⟩ =
N∑
n=1

vnwn

For A : V → V linear, A(c1v1 + c2v2) = c1AV1 + c2AV2. We say A is self-adjoint if

⟨Av,w⟩ = ⟨v,Aw⟩

i.e. for A = (Aij)1≤i,j≤N , Aij = Aji.

If A : V → V is self-adjoint, then ∃ an orthonormal basis of V {φj}Nj=1 such that Aφj = λjφj . So, we have
an orthonormal basis of eigenvectors of A.

We have two properties of the orthonormal basis.

1. All λj ’s are real.

• Proof : We know ⟨Aφj , φj⟩ = λj |φj |2.

⟨Aφj , φj⟩ = ⟨φj , Aφj⟩

= ⟨Aφj , φj⟩

So, ⟨Aφj , φj⟩ must be real. |φj |2 is also real, so λj must be real. □

2. If λi ̸= λj , then ⟨φi, φj⟩ = 0.

• Proof :
λi ⟨φi, φj⟩ = ⟨Aφi, φj⟩

= ⟨φi, Aφj⟩
= ⟨φi, λjφj⟩
= λj ⟨φi, φj⟩

λi ̸= λj , so we must have ⟨φi, φj⟩ = 0. □

Suppose d
dtφ(t) = A (φ(t)) with φ(0) = φ. φj ’s are a basis, so

φ =

N∑
j=1

ajφj

⟨φ,φk⟩ =
〈∑

ajφj , φk

〉
=
∑

aj ⟨φj , φk⟩

= ak

since this is an orthonormal basis. So, for any aj , aj = ⟨φ,φj⟩.

φ(t) =
∑

aje
λjtφj

We can check this:

φ(0) =
∑

ajφj

d

dt
φ(t) =

∑
aje

λjtλjφj

=
∑

aje
φjtAφj

= A (φ(t))

This gives us a way of solving the equation by decomposing an arbitrary element of the vector space in terms
of an orthonormal basis of the self-adjoint matrix A. We will observe how this can be done in the case of
differential operators.
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Heat equation on [0, L].

Theorem

The set (2/L)
1
2 sin(πnx/L), n = 1, 2, 3, · · · is an orthonormal basis of L2([0, L]).

Proof. We will only show that it is an orthonormal set. The property that it is a basis will be discussed in
the next section. We need to show that (make a change of variables y = πx/L)

2

L

∫ L

0

sin(πnx/L) sin(πmx/L)dx =
2

π

∫ π

0

sinny sinmydy = δnm.

Writing sin y = (eiy − e−iy)/2i so that∫ π

0

sinnx sinmxdx = − 1
4 (e

inx − e−inx)(eimx − e−imx)dx

= − 1
4

∫ π

0

(ei(n+m)x + e−i(n+m)x − ei(m−n)x − e−i(n−m)xdx

= − 1
2

∫ π

0

(cos(n+m)x− cos(n−m)x)dx =

{
π/2 m = m,
0 m ̸= n.

We now use this to solve

(∂t − ∂2x)u(t, x) = 0, t > 0, x ∈ [0, L], u(t, 0) = u(t, L) = 0, t > 0, lim
t→0+

u(t, x) = g(x). (13)

We see that any sine series (rescaled to the interval L)

F (x) =

∞∑
k=1

sk(F )(2/π)
1
2 sin(πkx/L), sk(F ) := (2/L)

1
2

∫ L

0

F (x) sin(πkx/L)dx.

will satisfy the boundary conditions. Hence it is natural to expand g(x) into a sine series which gives

g(x) =

∞∑
k=1

sk(g)(2/L)
1
2 sin(πkx/L), sk(g) := (2/L)

1
2

∫ L

0

g(x) sin(πkx/L)dx. (14)

We can then postulate

u(t, x) =

∞∑
k=1

e−(πk/L)2tsk(g)(2/π)
1
2 sin(πkx/L).

For t > 0 we have very rapid convergence and we can differentiate under the sum and that shows that

(∂t − ∂2x)u(t, x) = 0.

In view of (14) we have
u(t, x) → g(x), t→ 0 + .

It is believable (and not too difficult) to justify this in the L2 sense for any g ∈ L2([0, L]):∫ L

0

|u(t, x)− g(x)|2dx→ 0, t→ 0 + .

If g(x) has an odd extension which is 2L-periodic and C1 then we have nice pointwise convergence and can
say that u(0, x) = g(x).
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Figure 6: Solution of (13) with L = π, g(x) = 1 for 0 ≤ x ≤ π/2, g(x) = 0 for π/2 < x ≤ π. We use the sine
series of g obtained in the second example in the previous section. If you click on the figure you will see a
movie of the solution and a comparison with the approximation by the first term in the Fourier expansion
e−t2 sin(x)/π – it is very accurate once time increases.

Fourier Series

We now consider H = L2([0, 2π]),

⟨f, g⟩ :=
∫ 2π

0

f(x)g(x)dx.

and the following set

ek(x) :=
1√
2π
eikx, k ∈ Z.

Proposition

We have

⟨ek, eℓ⟩ =
{

1 k = ℓ
0 k ̸= ℓ

In other words, {ek}k∈Z is an orthonormal set.

Proof. For k = ℓ,

ek(x)ek(x) = |ek(x)|2 =
1

2π

and since we are integrating over [0, 2π] the integral is 1. For k ̸= ℓ, we calculate using the fact that for
c ̸= 0, (ecx/c)′ = ecx:∫ 2π

0

ek(x)eℓ(x)dx =
1

2π

∫ 2π

0

eikxe−iℓxdx =
1

2π

∫ 2π

0

ei(k−ℓ)xdx =
1

2πi(k − ℓ)
ei(k−ℓ)x|2π0 = 0.

That’s it!

The important fact which we prove at the end of this section is

Theorem

The set ek(x) := eikx/
√
2π, k ∈ Z, is an orthonormal basis of L2([0, 2π]).

This theorem implies that

Snf(x) :=

n∑
j=−n

cj [f ]ej(x), cj [f ] :=
1√
2π

∫ 2π

0

f(x)e−ijxdx,
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satisfies ∫ 2π

0

|f(x)− Snf(x)|2dx→ 0, n→ ∞,

for every f ∈ L2([0, 2π]).
We sometimes write

f̂(j) :=
1

2π

∫ 2π

0

f(x)e−ijxdx,

so that, with convergence meant in L2,

f(x) =

∞∑
−∞

f̂(j)eijx. (15)

In view of the Bessel’s inequality (or rather equality since we have an orthonormal basis),∫ 2π

0

|f(x)|2dx = 2π
∑
j∈Z

|f̂(j)|2

(To remember the constants check this for f(x) ≡ 1 so that f̂(0) = 1 and f̂(j) = 0, j ̸= 0.)

Theorem

Suppose that f ∈ Ck(R), f(x+ 2π) = f(x). Then considering f as a function on [0, 2π] we have, for some
constant, C,

|f̂(j)| ≤ Cj−k, ∀ j ̸= 0.

Remarks: 1. We see that if k > 1 and f ∈ Ck(R), f(x + 2π) = f(x), then the series in (15) converges
absolutely for all x ∈ R and the limit is f . This remains true for k = 1 but the proof is trickier (see section
8.3 and 8.4 in the text). However, it is not true for f ∈ C0

2. When f ∈ C∞(R), that is f ∈ Ck(R) for all k, then for every k there exists as constant k such that

|f̂(j)| ≤ Ckj
−k, ∀ j ̸= 0. (16)

Proof of Theorem. We note that for j ̸= 0,

e−ijx =

(
− d

dx

)k (
e−ijx

ijk

)
.

Also, since f ∈ Ck(R), dk/dxkf(x + 2π) = dk/dxkf(x). We can then integrate by parts k times with
boundary terms cancelling thanks to this periodicity:

f̂(j) =
1

2π

∫ 2π

0

f(x)e−ijxdx =
1

2π

∫ 2π

0

f(x)

(
− d

dx

)k (
e−ijx

ijk

)
dx = j−k

1

2πik

∫ 2π

0

dkf(x)

dxk
e−ijxdx.

Since ∣∣∣∣ 1

2πik

∫ 2π

0

dk

dxk
f(x)e−ijxdx

∣∣∣∣ ≤ max |dkf/dxk|,

the theorem follows.
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Why is ej an othonormal basis of L2([0, π])? We give some indications of this.

Theorem

Suppose that f ∈ L2([0, 2π]) then there exists ft ∈ C∞(R), ft(x+ 2π) = ft(x), t > 0, such that

∥ft − f∥2L2([0,π]) =

∫ 2π

0

|ft(x)− f(x)|2dx→ 0, t→ 0 + .

In other words any L2 function on [0, π] can be approximated by a smooth periodic function.

Proof. We can only give some indications of the proof. First extend f by periodicity to a function on R,
f(x+2π) = f(x). This function is not in L2(R) (unless it is 0) but you can check that the following definition
makes sense:

ft(x) :=

∫
R
Ht(x− y)f(y)dy,

where Ht(y) is the heat kernel. We know that for t > 0, x 7→ Ht(x− y) is smooth function so ft ∈ C∞(R).
Also, ft is periodic:

ft(x+ 2π) =

∫
R
Ht(x+ 2π − y)f(y)dy =

∫
R
Ht(x− (y − 2π))f(y − 2π + 2π)dy

=

∫
R
Ht(x− z)f(z + 2π)dz =

∫
R
Ht(x− z)f(z)dz = ft(x),

where we used the fact that f(x) is periodic (we extended the original f by periodicity. In view of the
properties of Ht described in the Heat Equation section it is now easy to believe (though not so easy to
prove) that

∥Ht ∗ f − f∥L2([0,2π]) → 0, t→ 0 + .

That gives the theorem.

Remark

You should notice that in the process of proving the theorem we solved the following problem: suppose
that f ∈ C(R), f(x+ 2π) = f(x). Then u(t, x) := Ht ∗ f(x) solves

(∂t − ∂2x)u(t, x) = 0, u(0, x) = f(x), u(t, x+ 2π) = u(t, x).

We now notice that the Fourier series converge in the case of smooth functions:

Theorem

Suppose that g ∈ C∞(R), g(x+ 2π) = g(x). Then for all x

g(x) =
∑
n∈Z

ĝ(k)eikx = lim
N→∞

SNg(x), (17)

with absolute convergence (which is uniform in x ∈ R).

Proof. It is enough to show (17) holds for x = 0 and for g(0) = 0, as otherwise we can consider y 7→ gx(y) :=
g(y + x)− g(x) noticing that

ĝx(k) =
1

2π

∫ 2π

0

gx(y)e
−ikydy − g(x)δk0 =

1

2π

∫ 2π

0

g(y + x)e−ik(y+x)+ikxdy − g(x)δk0

= eikx
1

2π

∫ 2π

0

g(z)e−ikzdy − g(x)δk0 = eikxĝ(k)− g(x)δk0,
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and hence
g(x) =

∑
n∈Z

ĝ(k)eikx

is the same as

0 = gx(0) =
∑
k∈Z

ĝx(k) =
∑
k∈Z

(eikxĝ(k)− g(x)δk0) = −g(x) +
∑
k∈Z

eikxĝ(k).

Thus we assume that g(0) = 0 and prove (17) for x = 0. The key observation is that

G(x) :=
g(x)

eix − 1
∈ C∞(R), G(x+ 2π) = G(x).

This follows from the fact that x 7→ eix − 1 is 2π-periodic and has a simple zero at x = 0. (You can use
L’Hôpital’s rule if you must). It follows that

g(x) = (eix − 1)G(x) = eixG(x)−G(x),

and a simple computation shows that

ĝ(k) = Ĝ(k − 1)− Ĝ(k).

From (16) we see that the series
∑
Ĝ(k) and

∑
ĝ(k) converge absolutely and hence∑

k∈Z
ĝ(k) =

∑
k∈Z

(Ĝ(k − 1)− Ĝ(k)) =
∑
k∈Z

Ĝ(k − 1)−
∑
k∈Z

Ĝ(k) =
∑
k∈Z

Ĝ(k)−
∑
k∈Z

Ĝ(k) = 0,

proving the claim.

We now can prove

Theorem

Suppose that f ∈ L2([0, π]). Then

∑
k∈Z

|f̂(k)|2 =
1

2π

∫ 2π

0

|f(x)|2dx, (18)

and in view of the optimality of Bessel’s inequality

∥f − SNf∥L2([0,2π] → 0, N → ∞.

In particular ek(x) := (2π)−
1
2 eikx, k ∈ Z, form an orthnormal basis of L2([0, 2π].

Proof. We will use the notation
ck[f ] := ⟨f, ek⟩.

If we define
S∞f(x) :=

∑
k

ck[f ]ek(x),

then Bessel’s inequality shows that S∞ ∈ L2 and ∥SNf − S∞f∥L2 → 0 as N → ∞. We want to show
that S∞f = f . In the notation of the approximation theorem above we know that S∞ft = ft (since
ft is smooth and periodic – see (17)) and ∥ft − f∥ → 0 as t → +. Hence, using Bessel’s inequality,
∥S∞F∥L2 =

∑
|ck[F ]|2 ≤ ∥F∥L2 with F = f − ft, we get

∥S∞f − f∥L2 = lim
t→0+

∥S∞f − ft∥L2 = lim
t→0+

∥S∞f − S∞ft∥L2

≤ lim
t→0+

∥f − ft∥ = 0.

This means that ∥f − SNf∥L2 → 0 and and we have the equality (18).
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By rescaling y = π(x+ L)/L and applying the theory above in y variables we see that

The set
(2L)−

1
2 eπinx/L, n ∈ Z,

is an orthormal basis of L2([−L,L]). This means that

f(x) =

∞∑
−∞

f̂(n)e2πinx/L, f̂(n) :=
1

2L

∫ L

−L
f(x)e−iπnx/Ldx, (19)

with the convergence in L2([0, L]):∫ L

0

|f(x)−
N∑
−N

f̂(n)eπinx/L|2dx→ 0, N → ∞

If f ∈ Ck(R), k ≥ 1, and f(x+ 2L) = f(x), then the series in (19) converges absolutely to f(x).

Also, note that ∫ L

−L
|f(x)|2dx = 2L

∑
j∈Z

|f̂(j)|2

(To remember the constants check this for f(x) ≡ 1 so that f̂(0) = 1 and f̂(j) = 0, j ̸= 0.)

The orthonormal basis, (2L)−
1
2 eπinx/L, n ∈ Z, is particularly well suited to the study of 2L-periodic

functions.

Example: Consider f(x) = 1 for 0 ≤ x ≤ π and f(x) = 0 for π < x ≤ 2π. Then

f̂(x) =
1

2π

∫ 2π

0

f(x)e−inxdx =
1

2π

∫ π

0

e−inx =

 2−1 n = 0
(πin)−1 n = 2k + 1
0 n = 2k.

The partial sums of Fourier series are then given by

SNf(x) :=
1
2 +

N∑
k=0

ei(2k+1)x − e−i(2k+1)x

πi(2k + 1)
= 1

2 +

N∑
k=0

2 sin(2k + 1)x)

(2k + 1)π
. (20)

General theory tells us that ∫ 2π

0

|f(x)− SNf(x)|2dx→ 0, N → ∞.

It is also true that
SN (x) → f(x), x ∈ (0, π) ∪ (π, 2π),

but
SN (x) → 1

2 ̸= f(x), x = 0, π, 2π.

In this example, if we take x = π/2, then, using

sin
(
π(k + 1

2 )
)
= (−1)k,

we obtain

1 = 1
2 +

∞∑
k=0

2(−1)k

π(2k + 1)
=⇒ π = 4

∞∑
k=0

(−1)k

2k + 1
.
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Figure 7: Plots of partial sums (20). Note that at point of the series gives 0.5 which is half of the jump.
That is, in fact, a general phenomenon.

This is an example of many cool formulas we can obtain using Fourier series. This particular conditionally
convergent series is not a very good approximation to π.

Sine and cosine series

Suppose f ∈ L2([−π, π]) satisfies f(x) = −f(−x), that is f is odd. We then have

f̂(k) =

∫ π

−π
f(x)e−kixdx =

∫ π

−π
f(−x)eikxdx = −

∫ π

−π
f(x)ekixdx = −f̂(−k).

Note that f̂(0) = −f̂(0) so f̂(0) = 0.

This means that, with convergence of the series in L2 (or pointwise convergence if f(x+ 2π) = f(x) and
f ∈ Ck(R), k ≥ 1),

f(x) =

∞∑
k=1

f̂(k)(eikx − e−ikx) =

∞∑
k=1

2if̂(k) sin kx. (21)

We repeat an observation we made before: for k,m ∈ {1, 2, · · · },∫ π

0

sin kx sinmxdx =

{
π/2 m = k,
0 m ̸= k.

This means that {
(2/π)

1
2 sin kx

}∞

k=1
⊂ L2([0, π]) is an orthonormal set. .

If g ∈ L2([0, π]) we can take its odd extension to [−π, π]

f(x) =

{
g(x) 0 ≤ x ≤ π

−g(−x) −π ≤ x ≤ 0
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We then note that

sk[g] := (2/π)
1
2

∫ π

0

g(x) sin kxdx == (2/π)
1
2
1

2i

∫ π

0

g(x)(eikx − e−ikx)dx

= (2/π)
1
2
1

2i

∫ π

0

(−g(−x)eikx − g(x)e−ikx)dx = (2/π)
1
2
i

2

∫ π

−π
f(x)e−ikxdx

= (2/π)
1
2πif̂(k) = (π/2)

1
2 2if̂(k).

From (21) we conclude that, with convergence in L2([0, π]),

g(x) =

∞∑
k=0

sk[g](2/π)
1
2 sin kx,

that is, {
(2/π)

1
2 sin kx

}∞

k=1
is an orthonormal basis of L2([0, π]).

We can do the same with even functions and even extensions of g ∈ L2([0, π]). That shows that

{(1/π) 1
2 ∪

{
(2/π)

1
2 cos kx

}∞

k=1
is an orthonormal basis of L2([0, π]).

That means that, with convergence in L2([0, π]),

g(x) = c0[g](1/π)
1
2 +

∞∑
k=0

ck[g](2/π)
1
2 cos kx,

c0[g] := (1/π)
1
2

∫ π

0

g(x)dx, ck[g] := (2/π)
1
2

∫ π

0

g(x) cos kxdx, k ̸= 0.

Example: Consider f(x) = 1 for 0 ≤ x ≤ π/2 and f(x) = 0 for π/2 < x ≤ π. This is essentially the same
function as in the previous example but now we want to expand it into a sine series. This means that we
need to compute calculate

sk[f ] = (2/π)
1
2

∫ π

0

f(x) sin kxdx = (2/π)
1
2

∫ π/2

0

sin kx = (2/π)
1
2
1

k
(− cos kx)|π/20

= (2/π)
1
2
1

k
(1− cos(kπ/2)) =

{
(2/π)

1
2 (2m+ 1)−1 k = 2m+ 1

(2/π)
1
2 (2m)−1(1− (−1)m) k = 2m

The partial sums of the sine series are then given by equality)

SNf(x) :=

N∑
k=1

2(1− cos(kπ/2)) sin(kx)

πk
(22)

General theory tells us that ∫ π

0

|f(x)− SNf(x)|2dx→ 0, N → ∞.

It is also true that
SN (x) → f(x), x ∈ (0, π) ∪ (π, 2π),

but
SN (x) → 1

2 ̸= f(x), x = π
2 ,

and
SN (x) → 0 ̸= f(x), x = 0, π,
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Figure 8: Plots of partial sums (22). Note the overshooting at the jumps – it does not go away as N gets
larger.
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