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Introduction to Differential Equations

Ordinary Differential Equations

Ordinary differential equations (ODEs) are differential equations with funtions of one variable. ODEs are a
subset of partial differential equations (PDEs).

Linear ODEs

Let the notation d;u mean u; = %‘ = %1; where u : ¢ — C where ¢ € R. First order (constant coefficients

and homogeneous) linear ODEs are in the form
Ou = au

where « is a constant. This ODE can then be solved:

du _
dt

1
—du = adt
u

u(t) 1 t
/ —du = / adt
uw(0) U 0
In (u(t)) — In(u(0)) = at
In(u(t)) = In(u(0)) + ot
u(t) = u(0)e*
Linear ODEs satisfy the superposition principle.
- If Opu = au and 0w = aw, then d¢(u + v) = a(u + v).
- If w and v solve the system of equations, so does u + v.

- Similarly, cu also solves the system of equations for constant c.

Nonlinear ODEs

An example of a nonlinear ODE is 8,u = u3, which can be solved.

Ou = ud
u(t) t
/ — du = dt
uw(0) U 0
1 L,
2u(t)? T 2u(0)?
1 1 .
S 2u(t)2 T 2u(0)? +
L S
u(t)?  u(0)?
1 —1/2
ult) = <u<o>2 - 2t)
—1/2
- (u(é)Q (1- 2tu(0)2)>
= u(0) (1 — 2tu(0)2) "/

As t approaches W, the solution “blows up” since the denominator approaches 0.
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ODEs with complex numbers

Let i0;u = |u|?*u where now u is allowed to be complex valued. To solve it helps to find a conserved
quantity as t varies, meaning a quantity does not change in time. In this example, |u(t)|? is a conserved
quantity. To show this, we prove its derivative is 0. Recall the following properties of complex numbers: if
2 €C, |z|> = 2-%Z where 2z = 2 + iy and Z = x — iy. Additionally, z +Z = 2x.

CuP = < [utt) -]

t)
— o (t)a®) + (0D
=2Re (u’(t)@)

Using the equation dyu = }|u?u (and knowing 1 = —i since i* = —1):

1 _
— 2Re <Z_u(t)|2u(t)u(t))
= 2Re (—ifu(t)[*|u(t)|?)
=2Re (—i|u(t)\4)
5./_/
imaginary
-0
So, [u(t)]? = |u(0)|?> meaning |u(t)|? is the conserved quantity. Now, we can write the ODE as a linear ODE.

i0pu = |u(0)]*u(t)

u(0)?

Using the solution from the earlier with a = , we can solve for wu(t).

u(t) = u(0)e~ O

Partial Differential Equations

Partial differential equations (PDEs) are equations involving partial derivatives, meaning they involve func-
tions of multiple variables.

Linear PDEs

Professor Zworski’s favorite PDE is the Schréodinger Equation, specifically the free Schrédinger Equation on
a line which describes a free particle in one dimension in quantum mechanics.

1

The notation d;u means %. Let P be an operator. As a linear PDE, this equation can be written as

1
with properties
P(u+v) = P(u) + P(v)
P(cu) = cP(u) ceC

If P(u) = 0 and P(v) = 0, then P(au + bv) = 0 for a,b € C. This is the superposition principle for this
linear PDE.

We want to find some solutions to )
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Figure 1: Plot of Reu(0,x) where u is given by (1) — you can see Re u(z,t) for — here (click on “here”) and

for + here. Which way is the wave moving?

Separation of variables is a technique that can be used to reduce PDEs to ODEs. In this case, we want

to write u(t, z) = v(t)w(x), meaning v is a product of single variable equations.
1

= i, [o(tyw()] + 502 [o(t)u(x)]

i (tw(z) = — %v(t)w” (t)

LU0 w'@)
v(t) w(z)
func. of ¢ func. of =

Since both sides are equations of a single variable, both must be constant. Let this constant be u.

Let = A% > 0. Solve for v(t) and w(z) separately.

(L) _w'(z) — )2
P )
2
V'(t) = ;—Z_v(t) w” (2) + Nw(x) =0
”U(t) _ 67(i)\2/2)t w(x) _ e:l:i)\z

Since Euler’s Formula states e = cos¢ +isin& and e ™% = cos€ — isin€.

So, we have our solution for the linear Schr odinger Equation.

U(t, I‘) = U(t)w(x) = efi)‘()\t/Q:t:v)
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u(0,x)=7sech(2*x)

Figure 2: Plot of |u(t, z)| where u is given by (2) — click on it to see a movie. Strictly speaking the movie
shows a solution which is periodic rather than on R but the main features are the same.

Nonlinear PDEs

The nonlinear Schrédinger Equation is
. Lo 2
i0u + iazu + Ju|*u =0,

We have already found solutions to iu; + |u[*u = 0 and i0yu + $02u = 0. Our task is to find some interesting
solutions of this nonlinear PDE. We will try

u(t,x) = (M) (Y(z — ot)).

This is an example of an ansatz, or a guess of the form of a solution.
As an aside, we mention that there are many different looking solution: a crazy looking example is given

by

4+ sech® (e — 1)

u(x,t) = 2¢"* sech x
(,¢) 4 — esech® xsin? 2t

(2)

where sechx = ﬁ and coshz = % (e* + e~ *). For a picture of this solution and a movies see Figure 2

Going back to the ansatz, we want to find v, a function of one variable. To do this, we will use the
original equation and find every term in it in terms of .

i)\:r+ip,t(7'l“/} o iaw/)

0, (9+ (x4 )

iatu ==

@

1

[ A

5 (_)\21/)+21)\w/+¢//) ei)\z—O—i,u,t

|u|2u — |,(/}|2ei>\w+iutw
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A=1,A=10

Figure 3: Plot of |u(t,x)| where u is given by (3) — click on it to see a movie. You clearly see the profile
given by sech.

So, we can rewrite the equation in terms of .
. . 1 . . . .
ez)\:c-i-zut(_uw _ im//) + 5 (_)\21/} + 2’i>\¢/ + "/}H) ew\x—i—mt + |,¢}|261)\x+mtw -0
. / 1 2 . ’ 1 " 2
—pp — oy’ — SN+ NG + S+ Y =0
)‘2 - . / 1 " 2
—h ¥+ (—io +iA)y +t5¥ + [P =0
We want to get rid of the ¢’ term, so set 0 = \. Let v := u + ’\72 We want a real solution, so |¢|? = 2.

1
¥ =W+ =0

S — =0
Use the law (up)/ = pu/uP L
n2\’ ro 1 /
(@) =2 @ +5 (@) =0
(@) + 2397 +4%) =0
()% = 2y9% + ¢* = constant = 0

B~ =

1
4

(The constant has to be zero as we want 1 to go to zero at infinity). Now let A2 := 2+.

2

w/ _ (A2’l/)2 o w4)1/

1 dy = dz

(A2)2 — 1/}4)1/2

UC Berkeley Math 126 | 5
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LEFT: A\ =1, A=10, RIGHT: \=-1, A=6

Figure 4: Plot of |u(t,z)| at t = 0 where u solves the nonlinear Schrédinger equation with the value at
t = 0 given by the sum of two different solitons — click on the figure to see the interaction of the two solitons
(solution as time goes on) and the stability of the outcome.

To evaluate the integral of the LHS, use the substitution u = —i meaning dy = # du.
1 1
[ ——— e
(A2952 — ) /2 w2l (A2 - L) 2

u

:—/—1 1/2du
w(ar= %)

1
- 7/ (A2u2 — 1) du

To find out this integral we recall cosh and sinh functions:

coshy = % (ey + e_y)

sinhy = % (eV —e¥)

cosh?y — 1 = sinh?y
(coshy)' = sinhy

Substitute u(z) = 4 cosh(Az). This yields
Y(x) = Asech(Ax)
Now, plug this back into the original equation along with the substitutions ¢ = A\, u = 7%2 +vand v = A;:
u(t, z) = eATTIUAPL=N P fsech(A(x — At)) (3)

We obtained a very interesting family of solutions to the nonlinear Schrédinger equation. They are called
solitons — see Figures 3, 5
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Some Preliminaries

Real and Complex Numbers

The set of real numbers is R. A real number » € R is an element of R. A set A C R is a subset of R.
o = sup A is the smallest number > all numbers in A, and yy = inf A is the largest number < all numbers
in A.

The set of complex numbers is C. For z € C, z = x + iy where x,y € R, Z =2z — iy, and ¢ = v/—1.

1
x=Rez= 5(24—2)

1
y:ImzzZ(z—E)

For any operator %, zxw = Z * w. Additionally, the magnitude of a complex number is defined as
12| = (2 _5)1/2 _ ($2 + y2)1/2,

Limits and Series
For z; € C, z = lim z; (or z; — z) if Ye > 0, 3J such that for every j > J, |z — z;| < . An infinite series
j—o0

is of the form
oo
>
k=0

The series converges to s if each partial sum s, converges to s, where

[ee]

An infinite series converges absolutely if Y |ai| < oco. Absolute convergence implies convergence, but the
k=0

converse is not true.

Professor Zworski’s favorite absolutely convergent series:

k

iz
e"”:E —
k!

k=0

converges for x € C.

© ko k
iy vy
€= Z k!
k=0
_ i (_1)k 2k i i (_1)ky2k+1
| |
Pt (2k)! — (2k +1)!
cosy siny
=cosy +isiny
Taylor series of coshy and sinh y:
1 _ . 1 _
coshy:i(ey+e Y) 31nhy:§(ey—e Y)
O 2k © 2k+1
Y . Y
coshy = sinhy = —_
Y k; (2k)! YT Lk )
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R"™ and its Subsets
R™ is the set {(z1,...,2,) 1 z; € R;1 < j <n}. An element x € R™ has the form (z1,...,z,).
Let z,y € R™.

n
oy =)
j=1

|I|:w/$$:(.ﬁ%++zi)l/2
z+y=(@1+yi,. Tn+Yn)

cx = (cxy,...,cxy,) for c € R

A ball of radius R centered at xq is B(zo, R) := {z | |z — x9| < R}. For set A C R", x is a boundary
point of A if 3 a sequence z; € A and Z; ¢ A such that both x; and Z; converge to . The set of boundary
points of A is 0A.

A'is closed if and only if the boundary of A is contained in A (0A C A). A is open if and only if A contains
none of its boundary points (AN A = (}). The closure of A is A = AUOJA, which is the smallest closed set
containing A. A is closed if and only if A = A. The interior of A is int(A4) = A\OA (also written as A).

Example

1. Let A = B(zo, R) = {x | |z — 29| < R}. In this case, A = {x | |x — z¢| = R}. This set is open since
the set of points points {x | |z — z¢| = R} has no elements in A = B(zg, R).

2. Let A={z|0 < |z — 20| < R}. In this case, 04 = {zo} U {x | |x — zo| = R}. This set is neither
open nor closed since although {x | |z — z¢| = R} is contained in A, {x¢} is not in A.

3. The closure of the ball B(zg, R) is B(xo, R) = {z | |z — zo| < R}.

A is connected if any 2 points in A can be connected by a continuous curve contained in A. A is convex
ifany x,y € A, tz + (1 —t)y € A where 0 <t < 1 (the shortest path from z to y is contained in A). If A is
convex, then it must be connected, but the converse is not true.

Q C R" is a domain if it is open and connected. K C R"™ is compact if K is closed and bounded, meaning
Jz0, R such that K C B(xg, R).

Differentiability

Let 2 be a domain in R™ and f be a function f : Q — R. The set of continuous functions in 2 is
CQ) :={f: Q=R if z;,2 € Q exist such that x; — =, then f(z;) — f(z)}.

If the derivative exists, the partial derivative is defined as

of . flx1, . Tjhs Tty -, ) — f(T1,- -0, @)
—— = lim )
8xj h—0 h

The set of continuously differentiable functions in 2 is
7]
cH(Q) := {f:Q—)R‘ of EC’O(Q)}.
(9l‘j
The set of continuously m-times differentiable functions in €2 is
0
cm(Q) = {f :Q—>R ’ or € Cm_l(Q)}.
3xj
The set of continuously infinitely differentiable functions (smooth functions) in € is

C=(Q) = [) C™(9Q).

m>0
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Clairaut’s Theorem
Suppose all the second derivative exist and are continuous. Then

o’f 0°f
8(Ei8(Ej a 81'](91'1

The same is true for higher derivatives as long as everything is continuous.

Example

1. Let f(z) = 2* and Q = (0,00). Find the values of o such that f € C*(Q).
We know that f/(z) = az®~!, so f € C>(Q) for all values of a.

2. Let f(z) = |z|* € C°°(Q) where = R. Find the values of a such that f € C*>°(Q).

For f to be in C*(2), o must be of the form a = 2n where n € Z>(. Otherwise, we will end up
with some term with |z| which is not differentiable.

3. Let f(x) = |z[***1 € C™(Q). Find the values of n such that the statement is true.

When k =0, f(z) is not differentiable and when k = 1, f(x) is twice differentiable. So, n = 2k since
we always end up with f(®)(z) = g|x|, which is not differentiable.

So, f(x) = |z|***1 is 2k differentiable.

4. Let f(x) be an even function. Since f(—z) = f(x), f(|z]) = f(x) meaning if f(zx) € C™(Q), then
f(lz]) € C™(Q). In particular, if f(z) € C*°(Q), then f(|z]) € C=(Q).

Let f € C™(Q)) where m > 0. The support of f is
supp(f) = {z | f(z) # 0}

where as before, the line indicates the closure of the set.

Example

1. Let m = 0 and f be the function

fa) = {1—|x| o] <1

0 |z] > 1

Find supp(f).
supp(f) = {z | f(z) # 0}
—GR<D
— (ol <1}
2. Let Q = [0,00) and put
f(z) = siné, x>0, f(0)=0.

Find supp(f).

1
supp(f) = {x x>0, x#ﬁ Wherek‘EN}

= [07 OO)

UC Berkeley Math 126 |
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The set of compact support functions is C°(R™) or C°, (R™), where

comp
C(R™) :=={f € C°(R") | supp(f) is compact} .

Recall that compact means closed and bounded. By definition, all supports are closed, but not all are
bounded. A trivial example of one such function is f(z) = 0 for all values of x, so supp(f) = 0.

To obtain a nontrivial example we consider a function h € C*°(R) such that supp h = [0, 00):

—1/z 0
h(x): e xr >
0 z <0

We can view the plot of this function.

To see that h € C*°(R) we first claim that

W0 ) = B s

for > 0 where g (z) is a polynomial of degree k. We can use proof by induction.
1. Base case: when k = 0, we have

RO (z) = e~/
QQ(CL') efl/z

20
where qo(z) = 1.
2. Induction hypothesis: suppose h(*)(z) = (J;T(ff)e’l” for some k > 0.

3. Inductive step: show that the formula holds for & + 1.

QO () = d (Qk(fU)e_l/ge)

Cdw \ 22
_ q;c(‘r) —1/z _ 2kq}€(x) —1/x Qk(l') —1/z
= g2k © 22k 1 € 22k g2 €

g (2)2* = 2kqp(x)x + qu(®) 1),
p2kt2 €

qk+1 (.T) —-1/z
2206+ 1)

Now, to show that h € C*°(R), we must match the derivatives at x = 0. From the definition of h, we know
that h(¥)(z) = 0 for = < 0, so for 2 > 0, we need h(¥)(z) — 0 as 2 — 0.

gr(z) is a polynomial of degree k, so for |z| < 1, it is bounded by a constant which we can show using the
triangle inequality:
lge(2)| = [Apa® + -+ Ao| < |Ak| + -+ + |Ag| < Cy,

for some constant C. We can assume |z| < 1 since z is approaching 0. So, we have the following bound for
R ().
|h(k)($)‘ < |q]€(x)| —1/z ~ ﬂe—l/m

€ =
72k 2k
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To show that this approaches 0, write it as 2= 2%e~1/% = y?)¢~¥ where y = 1/z. Asx — 0, y — oo.

m

o0
i
m! ~ m!
0
where y > 0. So, eV < mly™™

_ _ _ m _
T 2ke 1/z _ 2ke yg 2k 2k—m

|
Y yTn =mly

for m > 2k. This approaches 0 as y — co. So, Crz~2*e¢~1/* — 0 as & — 0. This proves that h € C>(R).

Now, we can show that f(z) = h(1 — |z|?) also satisfies the required conditions. To show that f € C°(R"),
we must first show that f € C'°°°. The chain rule can be used here.

Chain Rule
Let F : R - R and h : R — R such that F,h € C*. We then define a new function G(z) € R" by
G(z) = h(F(z)). Then
0 OF (x) _,
- - F
5 Cla) = 2 (P ()

Combined with the product rule, we can see that G € C*°.

For higher order derivatives there is a more complicate Faa di Bruno formula. (We do not need to worry
about it in this course but if you click here you will see it!).

For this case, we have f(x) = h(g(x)) where
o) =1~ [of?
=1—a2? —23—-..—22 € C®(R)
So, f(x) € C*=.
Now, show that supp(f) is bounded. To do this, show that f(z) = 0 when |z| > R for some R. But, h(y) =

when y < 0. y =1 — |z < 0 when z| > 1, so h(1 — |z|?) = 0 when |z| > 1.

Ordinary Differential Equations

We now review some facts about differential equations. The most important thing will be our proof of local
ezistence of solutions.
For a function y : t — y(t) where y,t € R, the general form of the scalar equation is

y ™M) = Flty.y'.. .y Y).
Example
1. Lety" =y+y3 F=F(y@t) =yt +y)3.
2. Let ¥/ = ay. F(y) = ay.
3. Let ¢ = —w?y + By'. F(y,y') = —w?y+ By'.

We can solve the euation y'(t) = ¢g(y(t)) using integration:

d d v® g t

gy = L —at — / —y:/ dt =t

di 9(y) wo) 9w Jo
The issue is that the last integral on the left may be difficult to evaluate, depending on g. However, we know
that solutions exist!
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First order ODEs

The general form for a first order ODE is f — w(t) where ¢t € R and w € R™. The notation w represents a
vector.

or w'(t) = G(t,w(t)) where G : R x R — R™.

The general form of an ODE of order n can be transformed into a first order ODE.

vy @) = Flty,ys ..y Y)
w(t) = (y(t),y'(t), ...,y("_l)(t))T € R" (transpose)
w'(t) = (' (1), 4" (t),...,y" ()T
( (), w3(t),..., F(t,w(t),...,wn(1)))T

Gt w(t))

Example

Let v + w?(y) = 0, or ¢ = —w?y.

_ (Y ’_ w2 _ 0 1
v=(p) == (5) = (L o)

First order ODEs can be written as integral equations.

/t ) G (ryw(r))dr
w(t) —w(ty) = t G(T,w(T)) dr

This is an integral representation of w’(t) = G(t,w(t)).
Theorem: Picard’s Theorem
Suppose we have the following conditions:
1. (t,w) = G(t,w) is in C°((ty — c,to + c) x ;R™) where  C R™ is a domain (connected open set).
2. G is Lipschitz continuous, that is,
G(t,w) - G(t,0)| < Mlw—ul, [t —to| <¢,
for some constant M > 0.
Then, Vw, € 2, J¢ such that the differential equation

Cult) = Gltu(t) wlto) = wy € R"

has a unique solution for ¢ such that |t —to| < e.

Note that Picard’s Theorem does not solve the differential equation, it merely proves the existence and
uniqueness of a solution.

UC Berkeley Math 126 | 12



Example

Let w € R and w’ = 1+ w?. In this case n = 1 and G(¢,w) = 1+w? = G(w) since G is not a function
of t.

We want to show that this satisfies the condition for Picard’s Theorem.
First, show that w — 1 + w? is continuous. This is intuitive since it is a polynomial.

Next, show that G is Lipschitz continuous.

|G(w) — G(v)| = [w? —?|
= |w + v||w — v
< (Jw] + [v]) |w — |

Let Q@ = (=R, R). If w,v € Q, then |w|,|v| < R/ So, |w| + |v| < 2R.
|G(w) = G(v)] < Mo —w|

where M = 2R. So, the assumption of Picard’s Theorem is satisfied as long as |w|, |[v| < R.

This example is quite simple, so we can solve the differential equation exactly:

d
—w =1+w?
w(t)
dt
/0 1+ w2 /
arctanw t
w(t) = tant

By Picard’s Theorem, this solution is unique. Note however that this solution blows up ¢ — +7F.
There is no contradiction with the theorem: at some point we violate the condition that |w| < R for
any R!

Example

Let’s apply Picard’s iteration to the previous example: w’ = 1+ w?, w(0) = 0.
wo = 0

wl(t):OJr/O G(s,wo(s))ds:/o lds=t

14w (s)?

t t3
wg(t):O—i—/O (1+82)d8=t+§

t 3\ 2 t 954 6
ws(t):0+/ 1+ (s+2 ds:/ 1+ + 20+ 2 )ds
0 3 0 3 9

We can continue this process for higher values of k. This is the Taylor expansion of tant.

UC Berkeley Math 126 | 13



Figure 5: Plots of the iterates in the example w’ = 1 + w?, w(0) = 0. Although they look encouraging

Picard iteration is not the way to solve ODE numerically.

Proving Picard’s Theorem requires a method known as Picard’s iteration.

wy(t) = wy
wy(t) :=wy+ [ G(s,wy(s))ds

to
: t
Wi (1) = wy + / G5, we(s)) ds
. 0
7

w(t) = wy, +/ G(s,w(s))ds

to

But for this to work we need to show that there exists w such that as k — oo, w,, converges to w. (That is

why we put ? above.)

To prove that Picard’s Theorem works, we must show that the interation above converges. Let g : [to —

g,to + ] = R™ be a function. We define

lgll == sup [g(t)].
[t—to|<e

(Note that g(t) = (g1(t), -~ 9a(t)T € R" and [g(t)] = (91 () + -+~ gu(t)?)2.)

If g and h are continuous functions from [ty — &, ¢y + €] to R™ , the distance between g and h is defined

to be [|g — h||. Why does Picard’s iteration converge? Let sup represent supj,_,|<.-

||Qk+1 — wy|| = sup

/t:G<s,wk<s>>ds - / G,y (5)) s

= sup

/ G5, 4 (5)) — G(s, w1 (5)) ds

to

Recall that by triangle inequality, | [ f(t)dt| < [|f(t)] dt.

t
gy — wyl] < sup / IG5, w4 (5)) — G5,y ()] ds
to

UC Berkeley
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We know that |G(s,v)g (s, w)] < M|v —w| for some constant M > 0.
t

s = gl < sup [ M [uwg(s) ~ iy (5)] ds
to

. ¢
Since |t — tg| < € we note that sup fto |[F'(s)|ds < esup F(t)| when we take supj,_; .. Hence,
lwy i1 — will < esup M |wy, (¢) — wy,_ ()]

= eM||w;, — wy_||
<eM (EMHwkq - wkd”)

where A = sup f;} G(s,w,)ds is constant. For ¢ = 51—, we have [|w;,; — w,|| < A27F.

oo

w(t) = w, + (wyi1 () — wy (1))
k=0

<A2~F when |t—tg|<e
By the comparison test, the sum converges. So, we have a telescoping series:
Wo + Wy — Wy + Wy =Wy + -+ Wy — Wy = Wy
So, this converges to w.

Comment. We have shown that ||w;, —w| — 0 which implies that w,,(t) — w(t) for every ¢ € [to — €, to + €]

(since |wg(t) — w(t)| < ||lw, — w|). What we did not prove is that w(t) is a continuous function. This is
however true whenever w,(t)’s are continuous and ||w, — w|| — 0.

Example

Using an example from earlier, let y” + wy = 0. y(0) = yo and y'(0) = y;.

A
iy (V@) _ Glw v — Aw
w')= () 1G) ~ Glw)| = |40 — Aul
. wg(t) _ —w
=2 — A w)
:(_ZQ (1) w(t) < My — w|

t
wo(t) = (y0> = Wy, w; (t) = wy + /o Awgy ds = wy + tAw,

k41
J ; . . .
=Y 3—,143 w,. We can use induction to prove this.
Jj=0

We want to prove that w,,,,(t)

1. Base case: this is shown above.
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.
2. Induction hypothesis: suppose that for some k > 0, we have w,(¢t) = > ’;! Alwy.
j=0

3. Inductive step: show that the statement holds for k£ + 1.
t
Wiy (8) = wo + / Awy ds
0

t ko ‘
:wo+/0 AZ%Aonds

j=0""

k t j )
—wp+ Y / 2 A+, ds
=00 J:

k .
st
=wq + Z %'Aﬁ» Wy
= G+

k+1 tg
= Z EAEMO where £ = j + 1
=0 "

So, the statement holds for k£ + 1.

We have the following:

So, y(t) = cos(tw)yo + L sin(tw)y;.

J
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Vector Calculus
Differentiation

Let f:Q — R where Q is a domain and f € C'. We define the gradient of f as
Vi) = (af af) eR"

Oxy’ " Oz,

where Vf € C°(Q;R"). Note that ; R™ implies that V f is a function Q — R".

Let v: Q — R™ where v(z) = (vy(x),...,v,(z)). The divergence of v(z) is
- 8'01 (%n 0 .
V.y<x)76m1+ +8xn€C(Q.R)

Note that the divergence of v(x) sends a vector to a scalar, while the gradient of f sends a scalar to a vector.

feC™(4R) — Vf(z) € C™HQ;R™)
v e C™(Q;R™) — V.veCm(R)

Note that we can set m = oo meaning m — 1 is also co. This is the case that we care about the most for the
purpose of this class.

Integration

Let f € C°([a,b];R). The Riemann integral of f is

’ 1 j .
/a‘f(a?)dﬂl‘:ngnOON Z f<N>a ]EZ, Z-:{"'7_2a_17071a23"'}

j/NE€la,b]

o k- -

|
|
|
1
I a

For a more general f € C°(2;R), the Riemann integral is

N—oo N )
Jj/NeQ

1 j . . .
d"z = lim — = jeZ” = : 7},
[ r@are= pm < ¥ f(N), §EZm = (G dn) G € T)
where d"z is the n dimensional element of integration dx; dxs . ..dx,.

Change of Variables
Let Q be a domain such that F(Q2) = Q. f € CO(;R) and f o F(y) = f(F(y)).

o _ of
/ o= [ ) \ay \ ay

where
6F1 . 8F1
OF o O
— | = |det )
ay . .
OF, .. OFa
Oz Oy,

where F(x) = (Fi(x),..., F,(x)). Note that the matrix that we calculate the determinant of is called the
Jacobian.
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Example

Let u(t, z) represent the density at time ¢ and position & where ¢ € R>g and x € R".

V() = /Q u(t, z) d"z

:/8tu(t,x)d x
Q

where V is the mass in ) at time ¢.

represents how mass changes over time.

Let f € C°(R™), meaning f € C*°(R") and f = 0 for |z| > R, for some R (this means that the support
of f is compact.) Then put

u(t,z) = f(tx)
V(t) = ftx)d™z
Rn

Vi) = | 8[f(tx)]d"z

Rn

Apply the chain rule: 9;[f(G(t,x))] = (aath 88;1 +-o aa%aamfr) (G(t,x)) where G = (Gy,...,G,) and
Gi(t,l‘) eR.

F(y) =2
g(x) = f(z,t)
Vi) = [ sla)dna
By ’ "y
g(F(y)) = f(tF(y)) = f(t(y/t)) = f(y)
10 0
0 % o 0
0 -
V(t) flytd”

We can set t = 1, which yields
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Divergence theorem

The divergence theorem relies on surface integrals and it relates integrals over different dimensions.

We parametrize a surface 3 by a function, o defined on U € R"™!, ¢ : U — R". Then ¥ = o(U) C R" is
an n — 1 dimensional surface. We then want to integrate with respect to the surface element of integration,
dS. For n = 3, we have

/de:/ flo(w))|ow, X ow,|dus dus
b U

For the general case, we have a formula involving the unit normal vector v: to any point of the surface we
assign a vector which is normal to the surface. Then

/de:/f(a(w))|det (G [Gun |, 1) | 0
> U

Comment. You should not worry too much about this formula. What is important that you know that
you can integrate over surfaces in any dimension.

Example

Let o(w) = (w, g(w)) where g : R"~! — R. The unit normal vector is given by (this is a formula from
Math53 when n = 3 and it looks exactly the same; note that (Vg(w), —1) is a vector in R™)

I/(’u)) — (VQ(w)a_l)
1+ [Vg(w)?)!/?

Now, solve for the determinant:

1 0 0 .|
0 1 @ ooc 6(332 5
0 0 1 ... | 99 _ Ln—1 | VgT
det 81?3 det_ Vg 1
S o
w1 Ows Owny,
_ [ Zaor | (o1-ve-1)T _
_det_v1 "Unfl‘ — where v; = gw;
_1 0 (%1
= det U
: 5 . Un—1
0 0 - —1—Jv?
=1+|Vg

1/2 dn—lw

[ ras= [ fw.gtw) (14 Vgw)P)
» U
A special case of the surface integral is where

Y= {(u,g(u))|u elUge C’l(U,R)}.

In this case, we have

/Zde:/(1+|Vg(u)|2)1/2f(u7g(u))dn1u’
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To formulat the divergence theorem we need the concept of piecewise C' surfaces. These are surfaces which

can be written as unions of surfaces defined using C'! functions:

K
Y= LJO’]@(U]Q7 UkCRk_l7 akecl(R"‘l;R").
k=1

(Do not worry about this too much — the point is that we can built a surface from nice pieces but it can

have kinks and corners.)

The Divergence Theorem

Let  C R™ and suppose that the boundary of Q, 9 is a piecewise C* surface. Let F € C1(Q;R"). Then

where v is an outward pointing unit normal vector.

Unit Balls and Spheres

We can define the n dimensional unit ball as
B,(0,1) = B, := {x e R"||z| < 1}
and the n dimensional unit sphere as

S™(0,1) =S™ := 0By, 41(0,1) = {z € Rn+1||x| =1}.

We are interested in the volume of B,,, V,, and the surface area (in the sense of an n-dimensional surface in

R™) of S™, , Sp,.
We have

Vn:/ d"z, Sn:/ ds.
B" n

We first want to relate V,, and S,,. Calculate the first few values of each:

i=2 So =2
Vo=m S| =27
4
V= — Sy = dn
3
Proposition
Vi1 = nS-itLl'

e Proof: we want to relate [, o d"*tz and [, dS.

F(z)=(21,...,Znt1)

. oFy OF: oF,
leF(JU):aixI-Faifvz-i---'—&—axnii where F; = z;
=14 ---4+1
=n+1

UC Berkeley Math 126

20



The normal unit vector at a point x on the unit sphere is equal to the vector defined by that point, so
v(z) = .

F(I)'$:$2+"'+l’%+1

=1 o] = @+ Faf) P =1
/ divF(z)d" "'z = [ F-vdS
B"+1T Sn\l,-/

(n + 1)Vn+1 = Sn
So, Vg1 = nsffl

Suppose we have a sphere of radius r. We define spheres of radius r.

Sk={ze Rk+1||x| =r} / 1dS = 5.
s¥

We will think of the top hemisphere S,, as a graph of g(y) = (1 — |y|?)*/?, y = (x1,...,2,). Since 27 +--- +
22 =121 =(1—a?—- —22)Y/2 = (1 — |y|*>)Y/2. Since our equation is only for the top hemisphere,
to get the area of S~ we must multiply by 2:

ds =2 1+ |Vg(y)*) d"y
n ( )

n

- 2/ (1- |y|2)_1/2 d™y
B

1
:2/ / (1—r?)~12dSdr
o Jspt

=25,11,
1
I, = / (1—r2)~V2m=lqy
0

This is the analogue of polar coordinates: check it when n =1 and n = 2:
Let r = |y|.

[ stay=[ ([ ras)ar= [ sorsan go=a-e

Substitute: r = sin @ so that (1 — r?)~'/2dr = d6:

m/2
I, = / sin” 1 6do
0
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When n =1 and n = 2, we can easily solve for I; = /2 and I, = 1. For n > 2, we use integration by parts.

/2
I, = / sin” "2 0(— cos 6)'dd
0
w/2
=(n—2) / sin" ™3 6 cos? Ad6
0

/2
=(n—2) / sin” "3 (1 — sin” §)d#
0

w/2 /2
:4n7m/ smmﬁwe4nfm/. sin" "1 9de
0 0

| ——
I, 2 In
=mn-2),—2— (n—2)I,
n—2
I, = I,
n—1 2

We have solved for I; and I3, so we can solve for some higher values of I,,:

3—2 s
I: = I = —
PT3o1 T g
4—2 2
= I =-
YT 17 3
5—2 3
I = I = —
PTh5-17 16
6—2 8
Is = I, = —
761" 15
Now, solve for values of S, using S,, = 25,,_11,, and V,, using V,,11 = nST?l
So=4 Vi=2
S, =27 Vo=m
47
SQ =4m ‘/3 = ?
2
S5 = 272 m:%
_8 5 _ 8 5
Sy = 371' Vs = 1571'
3
) T
S5 = 7'{"3 ‘/6 = F
So, we have the general formula
21
Viga = ——V,.
n+2 n+2 n

Observe the volumes look different for odd and even dimensions.
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First Order Semilinear PDEs
First Order PDEs on R

We will consider the following general class of equations:

Opu(t, z) +v(t, x)0pu(t, ) + w(t, z,u(t,z)) =0

for t,z € R where (¢,x) — v(t,z) is given, (¢,z,u) — w(t,z,u) is given, and u(¢, z) is unknown. u(0,z) =
f(z) is the initial condition and is given. Semilinear refers to the fact that derivatives d;u and 0,u appear
linearly but » could appear non-linearly depending on w.

The simplest case of this PDE is if v(¢, ) is constant and w(t,z,u) = 0. (This means that w is identically
0.)

This gives us the system of equations

O +v0,u =0
u(0,z) = f(x)
Proposition. The system of equations
O +v0,u =0
u(0,z) = f(z)

has unique solution
u(t,x) = f(z —tv).
e Proof: first, verify that u(¢,z) = f(x — tv) is a solution of our PDE. For that, compute the values of
Oyu and Oyu.
Note that this requires use of the chain rule. For any function f(z), if we want to evaluate 9, f(g(t, x)),
we have 0 f(g(t,z)) = f'(g(t,x)) - Oeg(t, x).
Ou = f'(x —tv) - O [x — tv]

= —vf'(x — tv)
Opu = f'(x —tv) - O, [z — tv]
— /(e — 1)
Ou +v0,u =0

So, u(t,x) = f(z — tv) is a solution to the PDE.

Now, verify that this is the only solution. We can use change of variables.
s=t t=s
y=x—vt r=1y-+uvs

By the chain rule, we have

)
ST 9sdt  Os Ox
= &g + voxT

So, we have

Osu(s,y + vs) = Opu + vo,u
=0
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If we put U(s,y) = u(s,y + vs), this means that 9;U = 0 and U(0,y) = f(y). Since 9sU = 0, U does
not change when s varies and U(s,y) = f(y). This is the unique constant which solves the equation.
But this means that u(t,z) = U(t,z — tv) = f(x — tv). So, the only solution is u(t,z) = f(z —tv). O

Now, for a less simple case. Suppose w = 0 but v is no longer constant but depends on ¢. We are solving
the system of equations:
0

f(@)

Oru + v(t)0zu
u(0, x

Proposition

The system of equations dyu + v(t)Jd,u = 0 with initial condition u(0,z) = f(x) has unique solution
u(t, z) = f(z — X())

where X (t) = fg v(s)ds.

e Proof: first, show correctness of the solution u(t,z) = f(z — X (t)). Note that X'(t) = v(¢t).

Opu = Oy [x — X(1)] - f'(x — X (1)) Opu =0y [z = X ()] - f'(z — X (1))
— —X'(t)f'(x — X (t)) = f'(z = X(1))
= —v(t)f'(z — X(t))
So, dru—+v(t)0,u = 0 meaning u(z, t) = f(x—X(t)) is a solution to the PDE. Once again, to determine

if the solution is unique, we can use a similar change of variables s = t and y = © — X (¢). Note that
for t = s, X'(s) = v(s) and X(0) = 0. Here again is chain rule:

oo owo ). —

Osu(s,y + X(s)) = Opu+ v(t)dpu =0

w(0,y + X(0)) = f(y)
w(s,y) = uls,y + X(s))

s

Osw = 0, so w is constant as s varies and that constant is given by f(y): w(s,y) = f(y) meaning the
solution u(t, z) = w(t,z — X (t)) = f(x — X(¢)) is unique. O

Now for the general case:
Opu+ v(t, )0zu + w(t, z,u(t,z)) =0

u = u(t, z) is the unknown. We want to convert this into a (nonlinear) ODE. To achieve that we will consider
the following ODE for “trajectories” of x:

de(t)
i =o(t,z(t)).

The solution ¢ — z(t) is called a characteristic. We can think of it as a trajectory of the point z(t) as time
t varies and call it a characteristic curve (it really becomes a curve if  is in higher dimensions).
When u is restricted to the characteristic curve the derivative in ¢ is called the Lagrangian derivative:

Du d , o
ﬁ(t) = &u(ﬁ,x(t)) =h'(t), h(t):=ult,z(t)).

h(t)
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Theorem

On each characteristic ¢ — z(t) which solves % = v(t,z), the 1** order PDE

—+ v(t,a:)—z +w(t,z,u(t,z)) =0

reduces to an ODE

u d ~
Dr +w=0 < %h(t) +w(t) =0, h(t):=u(t,z(t))

where w := w(t, z(t), u(t,z(t))) is a function of ¢ only.
e Proof: apply the chain rule where z = x(t).

Du d
)

= O+ 7' (t)0u
= Owu~+v(t,x)0zu

Substitute this back into the original equation.

Opu + v(t, £)0pu + w(t, x,u(t,z)) =0

Du
Dr +w(t, z,u(t,z)) =0

So, for @ = w(t,z, u(t,z(t))) and = = 2(t), we have B¢ + & = 0. O

Outline of Steps for solving 1st order semilinear PDE
There are 3 main steps to solving a first order PDE of the form

Ou 4 ot ) gz +w(t, z,u(t, ) =0

ot
u(0,z) = f(x)
1. Solve 2/(t) = v(t, z(t)) for characteristic x(t).
t,z(t),h(t)) =0 for h(t

w( )
3. Match u(t, z(t)) = h(t) and h(0) = f(2(0)) where x(t) = x. Solve for any constants of integration and
plug it back in to u(t, ) = u(t,z(t)) = h(t).

2. Solve h/(t) +
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Example

Let v = a + bx and w = bu where a,b > 0 and x > 0. We want to solve the following equation with the

condition at = 0 (rather than ¢ = 0):

Ou+ (a+bx)0zu+bu =0
u(t,0) = g(t)
First, solve for the characteristic.

2/ (t) = v(t, x)
=azx(t)+b

/ 1 dx:/dt
a+ bx

1
gln(a+b:c):t+C’

x(t) = % (eb(t+c) - a)

As initial condition take z(tp) = 0 at some t; (remember — we are starting at x =
C=—ty— @, so the equation can be rewritten as

x(t) = % (eb(t_t(’) - 1) .

From the theorem we know that (d/dt)[u(t, z(t))] + bu(t, z(¢)) = 0 and u(te, z(to)) = g(to). This gives,

u(t, z(t)) = g(tg)e ¢t

Using our equation for x(¢) from above:

w (t,% (6b(t7to) _ 1)) — g(to)e~tt—t)

Solve for ¢¢ in terms of ¢ and = from the equation of z(t) using x = z(¢).

@ b(t—to) _ 1 to =t 11 _8
b(e ) =to ™\ et om

So, our final solution for u(t,z) is

(t,2) = —2—g (t+3n(—2
e _a+bmg b a4+ bx ’

As always, you should double check and make sure that your answer solves the equation!

This yields
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Example

Solve the PDE

Ou  Ou
ot ‘oz
u(z,0) = f(z)

where ¢ and  are constant. Note that this is a linear PDE since if we have % + c(?;;j = u, for j = 1,2,

u = uy + us then is also a solution.
Here, we have v(t,2) = ¢ and w(t, z, u(t,x)) = —yu. Follow the steps outlined above.

1. Solve 2/(t) = v(t, z(t)).
z'(t) = v(z,t) = ¢
x(t)=ct+ A

2. Solve B/(t) + w(t, x(t), h(t)) = 0.

3. Match u(t, z(t)) = h(t) and h(0) = f(x(0)) where z(t) = z.

u(t, z(t)) = h(t)
u(t,ct + A) = Be"*
——

x

r=ct+ A
A=z —ct
Use the initial condition.
h(0) = g(x(0))
B = g(4) = f(z - ct)

So, we have our final answer:
u(t,z) = g(z — ct)e

Check that our answer satisfies the original equation and initial condition:

Ou = —cg'(z — ct)e™ + yg(x — ct)e

cOpu = cg'(x — ct)e

Oyu + cOpu = vg(x — ct)e™ = yu v
u(0,2) = g(x — ¢(0))e”° = g() 4
So, our solution u(t, ) = g(z — ct)e?* is a solution to the PDE.
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Example
Solve the PDE

ou ou 9
n + 215% +u®=0
u(0,z) = g(z)

Note that this is a nonlinear PDE since w(t, z,u) = u?. Here, v(t,r) = 2t. Follow the same steps:

1. Solve 2/(t) = v(t, z(t)).
P(t) =2 = z(t) =t*+ A

2. Solve I/ (t) + w(t, z(¢), h(t)) = 0.
B (t) + h(t)> =0

1
ﬁdh = —dt
1 1
_—_ _ _¢+_B -
A t = h(t) oz
3. Match u(t, z(t)) = h(t) and h(0) = f(0) where z(t) = x.
1
2 A) =
u(t, t* + A) T B
t=t>+A
A=z —t?
Use the initial condition.
h(0) = g(x(0))
L _ (A) = B = 1
B Y  g(z—t2)
So, we have our final answer:
1
u(t, ) = ———
A=)
gz —t?)
14 tg(z —t2)

Check that our answer satisfies the original equation and initial condition. Here, let ¢ = g(z — t?) and
g =g @@—1?).
_ —2tg’-(1+tg) —g-(9—2t°")

Oru
! (1+1g)2
- _2tgl _ 92
 (1+tg)?
gy 9 (+tg) —g-(tg)
* (1+tg)?
g/
" (1 +1tg)?
_tgl _ 92 2tgl g/
B + 2t0,u + u? = + + =0 v
' (I+tg)?  (1—tg)*  (1+1g)?
g(x)
u(0,2) = L2 — 4(z) v
So, our solution u(t,z) = % is a solution to the PDE.
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Higher Dimension PDEs
A general PDE of dimension n is

@-FQ'VU—FUJ:O

ot
u(0,z) = f(x)

where u is unknown, Vu is in terms of z, and v, w are given:

u:[0,T] x Q= R, QeR"”

v:[0,T] x Q — R", v=u(tz)

w:[0,T]x Q@ x R =R, w=w(t,z,u)
\T/ M M

Here 2 € R" is a domain, that is an open and connected subset of R™.
The steps for solving higher dimensional PDEs are exactly the same as solving a first order PDE. We
start by solving the equation for characteristic ¢ — z(t):

d
—x
dx ™

(t) = u(t, z(t))

where ¢ — x(t) is a characteristic. The Lagrangean derivative is again defined as

%(t) = gu(t,g(t)) = h'(t)
N——

Theorem
If u € CH([0,T] x Q;R) solves the PDE

%+Q~Vu+w:0,

then h(t) := u(t, z(t)) solves h'(t) + w(t, z(t), h(t)) = 0.
e Proof: the proof of this is the same as that for first order PDEs.

() +w(t, z(t), h(t) = — [ult, z(t)] + w(t, z(), u(t, z(t)))

since by assumption, this u solves the PDE. O

Outline of Steps

Like with first dimension PDEs, there are 3 main steps to solving a higher dimension first order PDE of the
form

0
—u—i—y-Vu—Fw(t@,u):O

ot
u(0,z) = f(x)

1. Solve z/(t) = v(t, z(t)) for characteristic z(¢).
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2. Solve h/(t) + w(t, z(t), h(t)) = 0 for h(t).

3. Match u(t,z(t)) = h(t) and h(0) = f(z(0)
plug it back in to u(t,z) = w(t,

(t)) =

Example
Let Q =R x (—1,1). Solve the PDE

ou

ot

where z = (21, 22) and v(¢, z)
first order PDEs when z is in one dimension:

1. Solve 2'(t) = v(t, z(t)). Let z(t) =

Use this to solve for z1(t).

So, we have
z(t) =

. Solve h'(t) + w(t, z(t), h(t)) = 0.

)
h(t).

(z1(8), 22(t)) =

where z(t) = x. Solve for any constants of integration and

+v-Vu=0

u(0,z) = f(z)

= (1 — 23,0). Note that this is a linear PDE. Follow the same steps as the

(z1(2), 22(1))-

z'(t) = (21(t), 25(2))
=v=(1-130)

2 () = 1 — za(t)?

25(t) =0

xa(t) = A

y(t) =1- A3
SCl(t) = A1 + (1 — A%)t

(A + (1 — A)t, Ay)

R'(t)+0=0
h(t) =B
3. Match u(t,z(t)) = h(t) and h(0) = f(z(0)) where z(t) = z.
u(t,z(t)) = B
xr = (1'1,1‘2) = (Al + (1 — A%)t, Ag)

I :Al + (1 —Ag)t
= A1+ (1—22)t

Ao
Ay =

Use the initial condition.

z; — (1 —22)t

B = f(z(0))

(A1 + (1 - A3)t, As)
(A17A2)

f(Ar, Az)

flxy = (1= ad)t, xo)
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So, we have our final answer:
u(t,z) = f(xy — (1 — z2)t, z3)

Check that our answer satisfies the original equation and initial condition.

Ou = —(1 —22) - fo, (1 — (1 — 22)t, 22)
v-Vu=(1-22%0) Vu
(1—23) - Oy, u
= (1 —22) fo, (21(1 — 2D)t,22)0u+v-Vu =0
w(0,2) = f(z1 — (1 —x3) - 0,22)
= f(z1,22) = f(z)

So, our solution u(t,z) = f(x1 — (1 — 23)t, z2) is a solution to the PDE.

Example

Solve the PDE

ou ou .
xla—xl —2x26—x2 —u?=0, Q:= {(z1,22) : 2; >0, j =1,2},

u(y,y) =y*, y>0.

Here = (21, 22). Also, y = 11 = x5 if 2 falls on the line #; = x5 and then u(z) = 3>. Note that in this

problem we do not have dependence of u = u(z) on ¢. This can be rewritten as
(z1,—2%2) - Vu—u®=0
where v(t,z) = (z1, —222) and w(t,z,u) = —u?. Follow the steps outlined previously.
1. Solve z/(t) = (z1(¢), z2(t)) = v(t, z(t)).

(21 (1), 23(t)) = u(t, z(t)) = (z1(t), —222(2))
1) =21(t) = z1(t) = Ase
zh(t) = —2wa(t) => ma(t) = Age™

 (t)

2. Solve /(t) + w(t, z(t), h(t)) = 0 for h(t).

R (t) = h(t)* =

1
Sgdh = di
1
——=t-B
h
1
ht) = 5—

3. Match u(t,z(t)) = h(t) and h(0) = f(z(0)) where z(t) = z.

u(z(t) = 5

z(t) = (z1(¢), z2(?))
= (A€, A2€_2t)
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Use the initial condition u(y,y) = y>. Set A; = Ay = y.

(t) = (ye',ye™™)

1 3
h(O)—E—y

1
B:y73

We do not want y in our final answer, so solve y and ¢ in terms z:

t 2t

Yy =2x1€ = I2e
To = 1,1673t
x
e3t — 1
T2
This gives:
1
t=—-1In (ml)
3 To
y? = e_gtx:f =22z
3
Y T1T2
u(z) = = T - :
—zIn (a:2> T1T2
. IQIZ . . . . .
So, our final answer is u(t,z) = u(z) = - . We will not check this answer since it will take

longer than solving the problem!

Classifying 1st order linear PDEs

Suppose we have the following PDE:
ou ou

= e F =
ot +U8x T Eu=0

where F' = f(z,t) and v = v(z,t). This is a 15* order linear homogeneous PDE.

Lu

- 15t order: the highest order derivative is of the 15¢ order.
- linear: solutions can be added together to form another solution:

L(Ul,UQ) = Lu1 + LUQ

a(ula:r u2) +v6(ula:: “2) 4 puy +oup) = (am L 0m +Fu1> N (8u2 L 2w +Fu2)

ot ox ot ox

- homogeneous: if u; and usy are solutions of Lu, then Lu; = Lus = 0 meaning L(u; 4+ uz) = 0.
- PDE: the equation uses partial differential equations.

If Lu = f # 0, then it is a 15* order linear nonhomogeneous PDE.

If uy and wus solve % + v% +w(t,z,u) = 0 but w(t,z,uy + uz) # w(t,z,u1) +w(t, r,us), then it is a 15

order semilinear PDE (linear in w, but not outside w).
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First Order Quasilinear PDEs

Quasilinear 1%¢ order PDEs are of the form
Ou+a(u)-Vu=0
u(0,z) = f(2)

where u = u(t, z) is unknown, Vu is in terms of z, and @ € C*(R;R") is a given function of u.
Theorem

Suppose u € C1([0,¢] x ;R) solves the PDE
O+ a(u) - Vu =0
u(0,z) = f(2)

Then, Vzy € 2, u is constant along the characteristics of the system given by
z(t) = 2 + a(u(0, zo))t.
This is equivalent to the statement u(t, z, + ta(f(zy))) = f(zg)-

So, if we have a solution to the system, the solution is constant on the line

(t) = zo + a(u(0, z9))t
=z + ao(f(2o))t
The theorem states that u(t, zy, + ta(f(z,))) = f(z,). The line can be seen t
in the plot in the case when n = 1.
When n =1 (in which case @ = a and z, = = are scalars!), the slope of the o T

line is 1/a(f(x¢) and the equation is given by z = ¢ + ta(f(z0)).

Example (this is a repeat of the linear case but with this perspective)

Let a = (a1, ...,a,) be a constant vector. Solve the PDE
Ou+a-Vu=0
u(0,z) = f(z)

This is a simple case that follows the steps outline previously for semilinear PDEs.

1. Solve z/(t) = a(u(t, z(t)).
) =a=z(t)=at+ A

2. Solve h'(t) = w(t,z(¢), h(t)) for h(t). In this form of quasilinear PDEs, w(t, z,u) = 0.
h'(t)=0= h(t) =B

3. Match u(t,z(t)) = h(t) and h(0) = f(z(0)) where z(t) = z.

u(t,2(t)) = B
rz=at+ A
h(0) = B = f(z(0))
z(t)=at+ A
z(0)=A=2x—at
B = f(z—at)

So, we have our final answer:
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e Proof of Theorem: We prove the theorem from the beginning of this section. Assuming that u(¢, z)
solves the equation, consider first the following ODE: z'(t) = a(u(t, z(t))) where z(0) = z,. Then

Lt 2(t) = du(t,2(t) + a(ult,2)) - ult,2(?)

dt
= dult,z(t) + alult,z(1))) - Vult,2(t))
=0

by assumption that u is a solution to the PDE. This implies

is constant. Back to the ODE z/(t) = a(u(t, z(t)) where z(0) = z,, we see that we can replace u(t, z(t))
by (0, 2(0)) = u(0, z,) :

z'(t) = a(u(0, zy))
= a(f(zg)
z(t) = zo + a(f(zo))t
= u(t,zy+ a(f(zg))t) = f(zo)
So, we have u(t, zy + a(f(zy))t) = f(z,) H

Notable Examples
Burger’'s Equation

Burger’s equation is a simple quasilinear PDE related to models of gas dynamics. We have n = 1 and
a(u) = u:

@ + u@ =0
ot ox
Let us first consider a case of a simple initial condition.
u(0,2) = ax + b,
where a and b are constants. The theorem says that the solution has to satisfy u(t,z(t)) = f(zo) where
x(t) = zo + t(axg + b)
Solve for zg.

x =z + t(axg + b)
oz —tb
1+ta

u(t’m):f<x—tb>

1+ta

Lo

—ax_tb—kb
1++ta
ax — tab+ b+ tab
1+ta
ar+b

1+ta

If @ < 0, then the solution exists when t < —2. If a > 0, the solution exists for all ¢ > 0.

a
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Now for an arbitrary initial condition, we have

@ + @ — 0
ot " or
u(0,z) = f(x)

u(t,y +tf(y)) = f(y)
We want to solve x = y + tf(y) for y with ¢,z given.

This cannot be done explicitly for most functions u. However, we can do it using

The Implicit Function Theorem Suppose that

F(x,y,t) =0
F(x0,y0,t0) =0

If 8%F(a@o, Yo,to) 7 0 then can we find y as a function of = and ¢, defined for x and ¢ near xg and ¢y such
that

F(ZL'7y(t, .’[),t) = Oa y(tO,ZEO) = Yo-

In addition

Oy _ Fi(zo,y0,%0

)
ot Fy(ibo,yo,to)
oy Fu(wo,yo,%0)

( )

oz Fy(xo,¥0,t0

So, we have F(z,y,t) =y +tf(y) — x = 0 where 2 = &, yo = z, and to = 0.
0 0
8y (I'O»yOv 0) ay (x,:c,O) +0f (y) 7&0

This means that we can find y = y(z, ¢) such that for small ¢, y +tf(y) = «.
Hence,

u(t,z) = u(t,y +tf(y) = fly) = f(y(t; ).
———

x

If we want to go to longer times we we need 0,F =1 +tf'(y) # 0.

If f/ > 0, f is non decreasing meaning the slope ﬁ is non increasing. In that case we can solve for y for

all times!
177

Suppose f(x) = 7. Then, y + ty” — 2 = 0. We want to solve for y. Although we cannot find an equation
for y explicitly, by the Implicit Function Theorem, we know that y(¢,x) exists. So, we have our solution
in the form u(t,z) = y(t,z)".

Example

Now, suppose f' < 0. We have the reverse of the plot we had earlier, so at some point, the lines must
intersect.
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P AN

We stop at the first intersection since at this point, we cannot determine y = x(0) uniquely. However, by
the Implicit Function Theorem with F(t,z,y) =y +tf(y) —z = 0 meaning F,, = 1 +tf'(y) # 0 if ¢ is small.
So, some solution u(t, ) must exist.

Telegrapher’s Equation

The Telegrapher’s Equation is another famous quasilinear PDE. It takes the form

Ou Ou
E—F(I—QU)%:O
u(0,z) = f(z)
with a(u) = 1 — 2u. We solve this for
f(@)
1 1 xr <0
flz)=<91—-2z 0<z<1
1

f is differentiable everywhere except for x = 0 and x = 1. To solve this, we follow the same procedure. We
have a(u) = 1 — 2w and z(t) = y + ta(f(y)). Since f(y) varies depending on the value of y = x(0), we have
the following x(t):

z(0) — ¢ w(t) < —t
. z(t) =< z(0) +t(2x(0) — 1) —t<z(t) <1+t
: z(0) +t z(t) > 1+t

For z < —t: x(0)=xz+t
For —t<az<t+1: z(0) +t(22(0) — 1) ==

T+t

0= 142t

Forxz>1+t: z(0)=xz—t

So, we can calculate each f(x(0)). For < —t, f(z) =1 and for x > 1++¢, f(x) =0. For -t <z <t+1:
f@)=1-2= f(x(0)) =1—=(0)

ot —atttl
1+2t 1+2t
So, we have our final answer for u(t¢, z):
1 < —t
u(t,z) = *ﬁgjl —t<zx<t+1
0 r>1+1t
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Note that Telegrapher’s Equation is simply Burger’s Equation “in disguise”. Let v(t,z) := 1 — 2u(t,z). If
u(t, z) solves the Telegrapher’s Equation, v(t, z) solves Burger’s Equation. We have 0;u + (1 — 2u)d,u = 0,
and we can calculate dyu and d,u in terms of dyv and 9,v: ;v = —20:u and J,v = —20,u, so dyu = —%Btv
and O,u = 7%8161). So:

—}8,511 + (1 —2u) <—18£v> =0 < v +vi,v=0
2 ——— 2

v

So, v(t,z) solves Burger’s Equation. Observe that our answer is always of the form y +ta(f(y)) —z =0, so
it will always have some solution for some ¢.

Eikonal Equation

Let v = u(z) and z € R2. We consider |Vu(z)|? = 1. Note this is note quite an equation of the form we

studied. It is a fully nonlinear equation since the dependence on derivatives is non-linear. But the method

of characteristic can still help us here. Here, u is a function of z only, so we can we will have %7; = 0. This

equation has many solutions, such as

u(zx) = cos(0)x1 + sin(0)x2

where
w = (cos(#),sin(h)).

For this PDE, we have Vu(z)-Vu(x) = 1 so by analogy a(u) = Vu(z). We now calculate the analogue of the
equation of characteristics (note some cool chain rule along the way; we use here the fact that |Vu(z)* = 1):

z'(t) = Vu(z(t)) = z"'(t) = (0u[0n, u(z(t)), -+, 04[0u,, u(z(t))])
= (z/(t) - %VU(@w z'(t) - Oz, ) Vu(z))
= (Vu(z) - 0s, Vu(z), -, Vu(z) - 0, Vu(z)) = 3V - [Vu(@)]* = 0

2'(t) = vy, = z(t) = z(0) + vyt

Here we used the fact that z”(¢) = 0 implies that z’(t) = const = vy.

Let the initial condition be given on a parabola: u(y,y?) = 1. We note that

0 =8y u(y, y*)] = (v, 2y) - [Vul(y,¥*).

The vector (y, 2y) is tangent to the parabola at (y,4?) so [Vu](y,%?) has to be normal to the parabola. And
it has to have unit length. That means that, for 2(0) = (y,y?) (note that we have two choices of the unit
normal and choose the upward pointing one):

(_2:'-/7 1)
I+ 4y2)1/2

(—2y,1)

U+ 42172 = z(t) = (y,9°) +t

vy = 2'(0) = [Vu)(z(0)) = [Vu](y,y*) =

Z2
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Now,
deu(a(t)) = /(1) - Vu((t) = [Vu(@®) =1, u(@(0) =uly,y?) =1 = u(z(t)) =1+t
In other words,
w(x) =1+t x=(x1,29) = (y — 2yt//1+ 492,y + t//1 + 4y?)).

For small ¢ we can solve for (y,t) in terms of x = (z1,22) using the implicit function theorem. But the
solution is not explicit.

As time grows, the rays z(t) focus and we do not have a nice solution w(z) anymore. This focusing
corresponds to a formation of caustic.

s

The unit vectors focus to a caustic, which can be seen in the figure above. This figure was obtained from a
paper on wave propagation.
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The Wave Equation

The wave equation takes the form
(af — CQA) u=0
where the Laplace operator is
A=0; +---+02
=V-V
c is a constant known as the “speed of propagation” and ¢ > 0.
Example

We will look at an important solution to the wave equation, known as the standing wave solution. The
function
U(t .’E) _ eickt-ﬁ-i/\w-w
)

solves the wave equation where w € R™ and |w| = 1. We write © - w = zjw1 + - -+ + Tpwy.
Let p(t,z) := cAt + \x - w.

O2u(t,x) = 0 [ic/\e“(t’m)}
— 2 )\2pn(t)
8§ju(t,x) = Oy, {i/\wje“(t’x)}

— —)\Qw?e“(t’g”)
n
8t2u — PAu = 8t2u — E Bﬁ,u
J

_ 762)\26,u(t,:1:) . 62(7/\2 (w% T wg))e,u(t,x)
—_———
=1 since |w|=1

— _02)\2ep(t,w) + 62)\2eu(t,x)

)

In dimension 1, w = +1. Let w = —1. Then, we have u(t, z) = e*(®=*), We have Re(u) = cos(\(ct — x)) =
cos(A(xz — ct)). We can plot this solution and observe the effect as t increases.

A A”“% AL

The function p(z) = w -  is a solution to the eikonal equation, |Vo(z)|? = 1. Try u(t,z) = e
a solution (take ¢ = 1 for simplicity).

iXt+idp(z) as

afu — _A2eit+i)\cp(w)
02,1 = By, |10y, pl)e (@]
= (22 (00,9l + N3 () Nt
(82 - V) (ei)\t-i-i/\sz?(w)) = [-22 + A2|Vgl? + iAAgp] etFire(@)

We now consider high frequency oscilations, that is A large. Hence if ¢ solves the eikonal equation,
|[Ve|? = 1, we kill the largest term on the right-hand side and we get an approximate solution. It can be
refined to eliminate iANA@eTA?(#) and to get a better approximate solution.
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One Dimensional Wave Equation

Theorem: d’Alembert’s Formula

Suppose g € C?(R) and h € C*(R). Then, 3 a unique solution u € C?(R x R) of the following initial value

problem:

1
(263 _ ag) w= (92— 20%)u=0
C

u(0, ) = g(x)
Opu(0,z) = h(x)

It is given by
1 1 IL‘+Ct
u(t,2) = 2(gla -+ ct) + (o — ) + o / h(s)ds

2c T—ct

In other words, we have a formula for the unique solution.

e Proof: note that the wave equation can be written as
(02 — c?02%) = (0 + 04)(0y — cOy).
Let
w(t,x) := (0 — cOyp)u(t, x).

Then, if u exists, we have

(0 + cOp)w = (02 — 20} )u(t,z) = 0

So, we are solving the first order system
(3t + cax)w =0.

To do this, we can use the method of characteristics.
¥(t)=c
z(t) = ct + xo
Tog=x —ct
w(t, ) = wo(x — ct) for some function wq
(0 — cOx)u(t,x) = w(t, )

= wo(x — ct)
So, we want to solve the PDE
@—c% = wo(x — ct)
ot ox 0

for some function wo(z — ct).

Note: for a general PDE
Ou + cOzu = f(t,x)

where u(0, ) = g(z), we can solve for u(t, z).
1. Solve 2/(t) = v(t, z(t)) for z(t).
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2. Solve B/(t) + w(t, x(t), h(t)) = 0 for h(t).

3. Match u(t, z(t)) = h(t) and h(0) = g(x(0)).

u(t,z(t)) = B —1—/0 f(s,z(s))ds

zt)=x=ct+ A

A=z —ct
x(0)=A=z—ct
z(s)=A+cs

=x—ct+cs
=xz+c(s—1)

0
h(0) =B —1—/0 f(s,z(s))ds
=B

= 9(z(0))
=gz —ct)
So, we have u(t,z) = g(x — ct) + fot f(s,x 4+ c(s—t))ds.
In this case, we have —c instead of +c, so we reverse the signs:
t
u(t,z) =glx+ct)+ | f(s,s+c(t—s))ds
0
Apply this function where f(t,x) = wo(x — ct).
¢
t,x) = { ) £)d
u(t, x) g(x+c)+/0wo(x cs + ct)ds

Write the integral in terms of 7.
T=x—2cs+ct

1
c:z—c(xfTJrct)

ds = *id’r
2¢c

To convert the bounds, note that at s =0, 7=z +ctand at s=7, 7 =z — ct.

1 x—ct
u(t,z) = gz + ct) — 2—6/ wo (7)dT
xr+ct

x+ct
=gz +ct)+ — / wo(7)dT
26 x—ct
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Find wq using the initial conditions.

u(0,2) =

0

Ou(0,x) = cg'(x) + g

1 x+ct
|: 2c /zfct

wo(T)dT:|

The chain rule can be used to calculate the derivative of the integral.

d b(t)
*/ F(r)dr =b/()F(b(t) — o' (t) F(a(t))
dt a(t)
In our case, a(t) = x — ct, b(t) = x + ct, and F (1) = wo(7).
) 1 1
O = e/ (@) + - (ewo(x) — o (~eun(a)
= cg'(z) + wo(x)
h(z)
wo(x) = h(z) — cg'(x)
Plug this back into the equation for wu(t, ).
1 z+ct
u(t,z) = glx + ct) + —
2 r—ct
1 x+ct
t) + — — dr
sra)t o [ ) - e
1 x+ct x+ct
x + ct) ~3 / T)dr —|— h(r)dr
r—ct
1 . :r+ct
= gl +et) — So(rET + —/
— gz et) — 2g(e+ ct) + - (xct)+1/w+0th( )d
=g 9@+ 39 2 ) T)dr

;(g(x +ct)+ gz —ct)) + 210 /x

x+ct
h(r)dr

—ct

So, we obtained a formula for the solution. The solution is unique since from assuming that u exists

we derived the formula for u. |
Note that we can write u(t,x) as a sum of two parts:
u(t,z) = u_(x +ct) +uy(x — ct)
1 1 /v
u—(y) =59 +5 [ h(r)dr
2 2/
1 1 /Y
ur(y) = 59(y) — 5 | h(r)dr
2 2 /s
This solution can be plotted:
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u—(y) u(y)

The two profiles move away from each other.

Huygens’ Principle s
(t,z)

2(0) = z + ¢t is constant on the line z = x(0) — ct. tT dope = 1
u(t,x) depends only on the data in the “backwards /\\
cone” shown in the diagram. ] :

/ o : \:

Huygens’ Principle implies that if supp g, supph C
[a, b], then \

-

a— ct supp u b+ ct
supp u(t,®) C [a — ct, b+ ct]

for fixed ¢t > 0 and varying e. r 3
a b

e Proof: if x < a — ct, then z + ¢t < a. Also that means that z — ¢t < a — 2¢t < a, so g(x = ct) =0
and h(s) =0 for x — ¢t < s < x + ¢t < a. Hence u(t,z) = 0. Similarly for z > b+ ct: © —ct > b and
x4 ct>b+2ct >bsothat g(x £ct) =0,and h(s) =0for b <z —ct < s < x + ct.

Strong Huygens’ Principle states that for supp g, supp h C [a, b],

1 b
u(t,z) = %/ h(7)dr = constant

N\

a—ct

forb—ct<x <a+ct.
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Boundary Value Problems

First order wave equation boundary problems have form

Pu ,0%u

oz~ o2

Initial conditions {
Boundary conditions { "

This type of boundary condition is called a Dirichlet boundary condition. We only care about u(t, z) between
z=0and x = L.

Using linearity of the PDE, we can solve for u; and us separately where u = u; + ug solves the PDE.

a2U1 _ 2 82“1 _ 82u2 2 82u2 —0
ot? Ox? ot? Oz
u1(0,z) = g(x) uz(0,2) =0
Our(0,z) =0 Oruz(0, ) = h(x)
ui(t,0) =uy(t,L) =0 uz(t,0) = ua(t,L) =0

We split it up so that as solving for u; and uy separately is easier. Solve for u;. Motivated by the equation
from the previous theorem when h = 0, we try

—_

ui(t,z) = =(g(z + ct) + gz — ct))

\]

for some g, satisfying u(0,z) = §(z) = g(x) for 0 < x < L. Note that we have d2u; — c¢20%u; = 0.

Opur(0,z) = = (cg'(x + ct) — cg'(x — ct))|,_o = 0

N =

We need g € C%(R) such that

ui(1,0) = 5(3(1¢) + §(~tc)) =0

wn(t, L) = %(Q(L +te)+ (L —te) =0
Since ¢t > 0 is arbitrary, we can set tc = y for arbitrary y.
9w +3(=y) =0 = g(-y) = —3(v)
So, g is an odd function. The second condition reads:
9(L+y)+g(L—y)=0.
We now write —w = L — y so that L +y = 2L + w.

—§(—w) = §(2L + w)
§(w) = §lw +2L).

So, g is both odd and periodic with period 2L. If we have § defined on 0 to L, we can extend g to [—L, 0]
since g is odd and then extend it in both directions to [-3L,—L] and [L,3L] and so on since g is periodic
on 2L, meaning it repeats itself every 2L.
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Ju; € C? if the odd 2L-periodic extension of g, called g, is C?.

(g(x —ct) + gl + ct))

| —

ui(t,z) =

By the same argument as wu;, Juy € C? if the odd 2L-periodic extension of h, called i~L, is C'. Here, the g

function is 0, so we only have the integral.

1 x+ct -
us(t,z) = 2—6/ h(s)ds

—ct

So, we can solve the initial PDE with v € C? if ¢ and h have C? and C' odd 2L-periodic extensions

respectively. This u has the form

x+ct ~

(e — o) + (o + ct)) + 26/ h(s)ds

—ct

u(t,x) =

| —

Example
Let g(z) = sin (¥ma) and h(z) = 0. In this case, g is already odd and
2L-periodic since sin is and odd function and

3
|

g(z +2L) = sin (%mx + 27me) = sin (%mx)

3
I

So, §(z) = g(x) and we have our formula for u:

u(t,r) = % [Sin (%m(:ﬂ = ct)) + sin (%m(w + Ct))}

Nonhomogeneous Problems

N[ —

Nonhomegenous problems are where the right hand side in the wave equation is no longer equal to 0. The

general nonhomogeneous wave equation is given by
Pu 0
ot? Ox?
u(0,z) = (x)
675’&(0 )
where f € C'(R?), g € C%*(R), and h € C*(R).

Like with solving boundary problems, we can use linearity of u to split this PDE into two parts.

(8? — c28§) u; =0 (8,52 — 028£) us =0
ul(O,IL') = g(x) UQ(va) =0
Opu1(0,z) = h(x) Opuz(0,2) =0

Once again, u = u; + us. So, we can solve

(8752 - 262) = f(t,il’)
u(0,z)
Ou(0,2) =
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Theorem: Duhamel’s Formula
For f € C1(R?), g € C?(R), and h € C*(R), 3 a unique u € C? which solves the nonhomegenous system
(5’;52 — 0282) = f(t,x)

u(0,2) = g(x)
Opu(0,z) = h(x)

which is given by

N =

w+ct ztc(t— s)
u(t,z) = = (9(x — ct) + gl + ct)) + — / s)ds + — / / (s,y)dyds
2c T c(t—s)

—ct

e Proof: As stated previously, we have already proven this to be true for f = 0, so by the superposition
principle, it suffices to consider g = h = 0. So, we must show that

z+e(t— s)
u(t, x) / / (s,y)dyds
26 c(t—s)

is the unique solution to the system where g = h = 0.

First prove uniqueness. Suppose @ also solves the system.

@ ety u= e

(0, z) =
0ri(0,z) =

We want to show that u = 4. Let U = u — 4.

(07 =2 U = f(t,x) — f(t,z) =0
U(0,z) =0
8tU(O,.’E) =0

We already know that the unique solution for this system. Since g(z) = h(x) = 0, we have U = 0
meaning u = u.

Now, we can prove the formula by verification. We want to show that

z+c(t— 5)
u(t, x) / / (s,y)dyds
2C z—c(t—s)

solves the system where g = h = 0. To simplify the formula, let

z+c(t—s)
Fsm = [ i
r—c(t—s

So, we want to show

1t
u(t,z) = %/0 F(t,s,z)ds
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solves the system. We note that this u(t, z) satisfies u(0,2) = 0. We now differentiate:

¢
Opu(t,z) = 0, <210/ F(t,s,x)ds)
0

1 I
= —F(tt — F(t d
2% (7 ax)+2c/oat (,S,$) S

I I
:%/x f(s,y)ds—i—%/o O F(t,s,x)ds

1 t
= 2—0/0 O F(t,s,x)ds

This is 0 when ¢ = 0, so 9;u(0,2) = 0 as needed.
Now, find d?u(t, x).

¢
Qult,z) = 0, (1/ 8tF(t,s,ac)ds>
2c 0
—iaF(tt )+1/t82F(t )d
T\ H T T 0 s

We must find 9,F(t,s,z) and 92 F(t, s, x).

z+c(t—s)
atF(ta va) = at (/ f(S,y)dy>

—c(t—s)
=c(f(s,z+c(t—s))+ f(s,2 —c(t —9)))
OFF(t,s,2) = 2 (0uf(s,x +c(t — ) — Ouf(s,2 — c(t — 5)))

Plug this back into the formula for d2u(t, z).

Ofult,x) = o e (F(s, -+ elt — ) + Fls,w — clt — )] loms

@) ([ ufonbelt = 30) = duflom —ctt — )] s

=35 (f(s,2) + f(s,2))
+ 5/ [0 f (5,2 + c(t — ) — Do f(s,2 — c(t — 5))] ds
0

+

2
t
= f(t)+ 5 [ 0uf (st clt = 8)) = Duf (5.~ clt = 5))]ds
0
Now, find c20%u(t, z).
t
o%u(t,x) = cZi/ O2F(t,s,x)ds

2c 0

We must find 92F(t, s, x).

z+c(t—s)
0 F(t,s,x) = 0y (/ f(s,y)dy>

—c(t—s)
= f(s,z+c(t—39)) — f(s,x —c(t —s))
O2F(t,8,2) = Op f(s,2 + c(t — 8)) — Ouf(s,2 — c(t — 5))
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Plug this back into the equation for c?02u(t, ).

o%u(t,x) = % /075 [0 f(s,x+c(t—s)) = 0uf(s,z —c(t —s))]ds
So, we can plug these values back into the original equation.
(0} — 02) u(t,x) = f(t,z) + / [Ocf(s,x+c(t —s)) = 0pf(s,x —c(t —s))]ds
g ; afsx—i-ct $)) — Onf(s,2 —c(t —s))]ds

flt,x)

Thus, u(t,z) = 5 fo fm (t f(s y)dyds solves the system (07 — c?02) u = f(t,z) where u(0,z)

Opu(0,z) = 0. Thls verifies Duhamel s formula. O
Example
Let g =h =0 and f(z,t) = (sin(wox))(cos(wt)). Suppose ¢ = 1.
1 rt z+(t—s)
= f/ / sin(woy)dy cos(ws)ds
2 0 Jax—(t—s)
1 [t z+(t—s)
= f/ [_cos(woy)} cos(ws)ds
2 0 wo z—(t—s)
1 /t (cos(wo(z — (t — s))) — cos(wo(x + (t — 5)))) cos(ws) d
== s
2 Jo wo
W [cos(wt) — cos(wot)] w # Fwp
= 0
250 sin(wot) sin(wox) w = twy
Let’s plot these cases for fixed x.
For w <« wy: For w = wy:
u(t, x) u(t, x)
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Three dimensional Wave Equation
The homogeneous third dimension wave equation for ¢ = 1 is given by
(6? —A)u=0
where u € C? and A = 5‘%1 +8§2 Jr@%s. To solve this, we want to reduce this to an equation in one dimension.
Lemma: Darboux’s Lemma
Suppose u(t, z) solves (97 — A) u = 0. Define

5 1
tnp)i= o | ultw)is() (4)

where 0B(x, p) is the boundary of the ball of radius p centered at x and dS(w) is the surface element of
integration. Then,

meaning @ solves the 1-D wave equation. Conversely, if (5) holds then
(t,z) lim ! u(t, z, p) (6)
u = lim —a
3 p—0+ p y Ly P

solves the wave equation.

Note that

1 1

—a(t,x,p) = —/ u(t, w)dS(w).
P 47Tp2 OB(z,p)

We also recall that 47p? is the area of the sphere of radius p. We can use change of coordinates to take the

integral over the boundary of the ball of radius p centered at 0 instead of z.

P

— u(t, z + w)dS(w).
4mp? Jop(o,p)

a(t,x,p) =

Since u(t, z + w) = u(t,z) as |w| = p — 0, we see that

1

L(t, 2, p)
—u(t,z,p) = —
p P mp? aB(0,p)

ut, &+ w)dS(w) - —— / u(t, 2)dS(w) = u(t,z), p—0.  (7)
4mp* Jap(o,p)

This is so as we have ) dS = 1. We also note that

_1
4 p2 fé)B(O,p

a(t,x,0) = lim p lim

Yo p limy /BB(pr) u(t,x + w)dS(w) =0 x u(t,z) = 0.
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e Proof of Darboux’s Lemma: we want to show that 8571 = 02u. First, calculate d,u(t,z,p). Use

the change of variables w = x 4 py where y € 0B(0,1). So, y = w;w.

9, Ea(t,x,p)] ~0, [47;2 /8 e u(t,w)dS(w)]

1
=0, [ / u(t, x + py)dS(y)]
4T Jap(o,1)

1
- y - (Vu(t,z + py)) dS(y)
T JoB(0,1)
1 / (w — :c)
- - (Vu(t,w))dS(w
47Tp2 8B(I,P) 4 ( ( )) ( )
1

= — v(w) - Vu(t,w)dS(w)
47Tp2 OB(z,p)

w—x

where v(w) = “>% is the outward pointing vector that is normal to dB(z,p). To evaluate this
integral we use the divergence theorem. For a surface 2 with outward pointing normal vector v(w),
let F' = (a,b,c). We have

/ v(w) - Fw)dS(w) = [ V- Fw)dPw
o0 Q
‘We know

-, Oa ob Odc

In our equation, we have F(w) = Vu(t,w). So,

- Pu  0*u  0%u
V- F(w) = a—x% a—x% 37:173
= Au
So, we have
0, [lﬂ(t,x,p)} S 5 / Au(t,w) d3w.
p 41p* JB(z,p)

To find d,u we use this and the product rule:

- 1
Opu(t,xz,p) =0, [pw /83( )u(t,w)dS(w)
@,p

1 1
= — u(t,w)dS(w) +p- — Au(t, w) dBPw
7 Josen " R 7l
1 1

O%u(t, x, :—/ Au(t,w d3w——/ Au(t,w) dPw
e = g [ dutw) e g [ dutiw

1 .
+—0 Au(t,w) d>w
4mp ™" J(a,p)
1

=—9 / Au(t,w) dBw
47_[_p P Bl.p) ( )

To evaluate the derivative with respect to p , we claim that for any function f(w) we claim that
9, / f(w)d3w = / f(w)dS(w).
B(z,p) 0B (z,p)
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To see this we use the change of variables w = x + py where y € B(0,1).

0 Bw=20 3 a3
p/B(z’p) flw)d>w = 0, [p /B(Ovl)f(xﬂtpy) y]

=302/ f(:f:+py)d3y+p‘°’/ y- Vi +py)dy
B(0,1) B(0,1)

We have y-V f(z+py) = 3V, (yf(z + py)) = 3 f(x+py) since V- (yf(z + py)) = 3f +py-Vf(z+py)
(chain rule!).

3
ap/ fw) d*w = 3p? / fla+ py) d®y — p° () / [+ py) d®y
B(z,p) B(0,1) P/ JB(0,1)

+p2/ V- (yf(x + py)) d’y

B(0,1)

= ,02/ V- (yf(z+ py)) &y
B(0,1)

Let ﬁ(y) = yf(x + py). By the divergence theorem, we have

—0 [ vt edSw = [ fw)s)
8B(0,1) 0B(z,p)
where v(y) = y.
So, we have

831](15, x,p) = Au(t, w)dS(w)

4rp dB(z,p)

We know that u(t,z) solves (07 — A) u =0, or Au(t,z) = dfu(t,z).
1

~ dmp OB(z,p)

1
= 9? —/ u(t, w)dS(w
tlm o utwas >]

O2u(t,w)dS(w)

So, (0% — (“)g) a(t,w,p) = 0.
To see the converse, that is to see that (('E't2 — 8,%) a(t,w, p) = 0 for u defined as

a(t,x,p) = u(t,z + w)dS(w)

m 0B(0,p)

implies (07 — A)u = 0 we note that we have actually shown that

1

92 — *u(t, x, :—/ 92 — Au)(t, 2)dS(w).
(07 — 9)ult, z,p) I aB(O’p)(t )(t, 2)dS (w)

But now (7) shows that
1 ~
proving the converse. (Il

We can use Darboux’s Lemma to solve for the wave equation in 3-D.
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Theorem: Kirchhoff’s Formula

The system

is solved by wu(t, x) given by

1 1
u(t,x) = 04 lm /BB(M) g(w)dS(w) y /OB(IJ) h(w)dS (w)

Here, B(z,t) := {y € R®: |y — x| < t} and B(z,t) :={y € R3 : |y — z| = t}.

+

e Proof: use Darboux’s Lemma to rewrite the wave equation as (8]‘2 - 85) u(t,z, p) = 0 with initial
conditions coming from ¢ and h:

i0.0.0) = gle.0) = - [ o 9IS
0,ii(0, 7, p) = hlx, p) = ﬁ o st (8)

a(t,z,0) =0

(The last equality was proved just before the proof of Darboux’s Lemma.)

Motivated by our solution of the boundary value problem for 1D wave equation we take the odd
extensions of g and h in p:

ﬂ(p){_gg((p_)p) Zzg ﬁ(p){_}f(p) p=9

This defines g and h on R. Apply the 1-D formula.

ptt
(glz,p+t)+ gz, p—1t)) + %/ h(z,s)ds

—t

u(t,z, p) =

N |

We take p small (0 < p < t). Since g is an odd extension, we have

ptt

(glz,p+t) — gz, t —p)) + B /_t h(z,s)ds

N

u(t,x,p) =

u(t, ) = lim 1 (§(x,t +p) — Gz, t — p)) + (/OHP?L(:E,S)ds - /Otp;}(x,s)dsﬂ

p—0 2p
= 0,§(x,t) + h(x,t).

(Here we used the fact that lim,_,o(F(t + p) — F(t — p)/(2p) = (d/dt)F(t).)
Substituting the definitions of §(z, p) and h(z, p) yields Kirchoff’s Formula. O
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The Light Cone

Although we can only plot in two dimensions we can ¢
describe the domain of dependence for the solutions (t,z)
as follows. (We cannot plot the additional zg axis).
So, the circle on the x plane is actually the boundary
OB(t,x), which is a sphere. We see that the solu-
tion u(t,xz) depends only on g(y) and Vg(y) for y
the sphere 0B(x,t) and on h(y) y near the sphere 2

OB(x,1). ’ >é

The claim about the dependence on h is clear from the formula. To see the claim about the dependence
on g we note that using the change of variables w = = + ty,

1 t
Oy (m /E)B(:r,t) g(w)dS(w)) =0 <47T LB(071)9($+ty)dS(y))

1
— i [ garwisw)+ [ (Vo t)ds)
T JoB(0,1) 8B(0,1)

1 1
= — wdSw—i——/ w—zx) - Vg(w)dS(w).
172 s 9080+ [ (i a) g

Uniqueness of the solution
The system
(07 = Az)u=0

u(0,2) = g(z) € C*(R?)
2yu(0,z) = h(z) € CH(R?)

has a unique solution given by Kirchhoff’s formula.
e Proof: Suppose there were two solutions u; and wus then u would solve
(07 —A)u=0, u(0,z)=0, u(0,z)=0

We then define (¢, z, p) by (4) and from Darboux’s Lemma and (8) we see that for all x (treated as a
parameter) and p > 0,

(07 — &2)a(t,z,p) =0, @(0,x,p) =0, 8,a(0,z,p) =0, iult,z,0)=0.

But then uniqueness of the solution of 1D wave equation shows that @ = 0. Hence (6) shows that
u(t,z) = 0, that is u1 = us.
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Theorem (Huygens’ Principle) t
Suppose that g(y) = 0 and h(y) = 0 for |y| > 0. Then <

|| > R+t = u(t,x) =0.

Proof: In the formula for u(t,x), the values of g(y) , Vg(y) and h(y)
are needed only when y € 0B(z,t), that is when |z — y| = ¢t. Now |y| >
|z| — |z — y| (by the triangle inequality (|x — y| + |y| > |z|). Hence if >
|z| > R+t and |z —y| =t, v

Y2

lyl > |2 = [& —y| = |z] -t > R.

We conclude that u(t,z) = 0 as for such y, as then g(y) = h(y) = 0 and
Vyg(y) = 0. O

The illustration of the forward light cone is once again in 2 dimensions. Again, there is a third axis x3, but
we can only illustrate x1 and x5. The vertical axis represents time and the horizontal plane represents space.
It is important to remember that we are illustrating a 3-D space since the result for 2 dimensions is different.

Theorem (Strong Huygens’ Principle) t
lzl =t — R
Suppose that g(y) = 0 and h(y) = 0 for |y| > 0. Then the solution of the
3D wave equation satisfies

|| <t —R = u(t,x) =0.
Proof: In the formula for u(¢, z) we need g(y), Vg(y) and h(y) for |[z—y| =

t (that is for y € 9B(x,t)). Now |y| > |x—y|—|z| (by the triangle inequality
(lz—y| > |z|+ |y|). Hence if |z| < t— R and |z —y| = ¢, then —|z| > R—t
and

lyl = e —y| = [a| =t + (R —t) = R.

We conclude that u(t, z) = 0 as for such y, g(y) = h(y) = 0 and Vg(y) = 0.
|
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Two dimensional Wave Equation

The homogeneous second dimension wave equation for ¢ =1 is
2 _
(07 =A)u=0

where v € C? and A = 6%1 + 832. The solution to the second dimension wave equation is given by Poisson’s
Formula.

Theorem: Poisson’s Formula
The system
(0F — As)u=

0
u(0,2) = g(z) € C*(R?)
dwu(0, ) = h(z) € C1(R?)

is solved by (¢, z) where B is the ball in 2 dimensions:

t t t h t
u(t,z) = O, i/ glttw) +i/ Ma+tw)
21 JB0,1) v/1 = |wl? 2 JBo,1) v1—|wl?
e Proof: To solve this, we will use the method of descent using Kirchhoff’s formula in 3-D to solve

Poisson’s formula in 2-D. Let

g = g(x1,22) € C*(R?)
h = h((El,.’EQ) S CI(R?))

meaning ¢ and h are functions in R3, but they do not depend on the third variable. Solve this initial
value problem in R x R3 using Kirchhoff’s Formula and set 3 = 0:

1 / 1
L o1, 12)dS W) | + = / h(y1,92)dS(y)
47Tt 683((131,112,0)715) 47Tt aB3((11>$2)0)7t)

We want to write this in 2 dimensions.

u(ta x1, x2) = 815

Suppose that y € 0B((z1, z2,0),t), that is
(1 — 1) + (y2 — 22)* + 43 = 1>,

‘We note that

1 1
» o, 12)dS() = 5 [ (. 12)dS ()
™ 833((11,I2,0),t) ™ 8B3((a:1,zg,0),t)ﬁ{y320}
We can parametrize the upper half sphere on the right hand side using y3 = \/t2 — (y} + y3) where

(y1,92) € Ba((x1,x2),t). That means that the upper half sphere is the graph of g(y) = \/t% — |y — z|?,
y € By(x,t). So, we have

—(y —x)
Vi~ y —af?
ly — z|? t2
1 V 2:1 - 5
IV T Ty
td%y
(2 — |y — x)/*

Vg =

ds =
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Plugging this back into the original equation for y3 > 0, we have

1 1
h(y1,52)dS(y) = = / h(y)
1oz 2mt By ((w1,22),t) (t2 _ |y _ 1.|2)1/2

We can use the same process with the same result for the integral of g(yi1,y2). Plugging these back
into the formula for u, we have

1 1 h
utar0) =0 |5 [ W)y o W___ay
127 Baet) (12 = |y — a?) 27 JBaot) (12 = |y — ?)

Using the change of variables y = = + tw where d%y = 2 d?w, we have

u(t, ) = O L Mdzw +i/ MdQW
’ _27T Bs(0,1) (1 — |w\2)1/2 27 JBy(0,1) (1 — |w\2)1/2

t
d2y

27Tt 0B3 ((;El ,22,0) at)

O

We can now consider the question of the speed of decay of solutions in 2D. Suppose g(x) = 0 and h(z) =0
for |z| > R for some R € R.q. Fix 7o € R?.

We want to describe u(t, o) as t — co. We have

—1/2
1 |z — y|2 ' 2
t = — h 1-— d
u( axo) oIt /Bg(zo,t) (y) ( t2 Yy

We take t large, so t > |zg| + R. B2(0, R) C Ba(zg,t) since |y| < R, so |zg — y| < |zo| + |y| < |zo| + R < t.

—1/2
1 |z — 9‘2 2
= — [ hy) (1-220 d

27Tt R2 (y) < t2 y

2
We have ¢ = ‘T‘)t%yl — 0 as t — oo since xg is fixed and w is bounded. We want to approximate (1 —¢)~1/2.

(az— 1) 2_i_a(a—13)!(a—2)qg_’_“.

1 3
1—q) V2 =14 2g4+2¢2—...
(1-q) +5a+ga

(1+9)" =1+ag+ "~

So, we have

1 1lzo —y|>  3|zo—yl* 1
U(taxo)z%/ﬂkzh(y) [14-2' o) | +§| I | + - dy:% th(y)dy—&—E(t,:co)

where E(t,z0) is the error term bounded by 1/t3. The wave decays at approximately 1/t, which is far slower
than the decay rate in 3-D where the solution eventually vanishes.
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Summary of Wave Equations

Recall that the general form of the wave equation for ¢ =1 is
(0152 —A)u=0
with initial conditions u(0,z) = g(z) € C?*(R") and dyu(0,z) = h(x) € C*(R™) where A =92 +---+ 92 .
e For n =1, the wave equation is solved by

x4+t
u(t,z) = % (g +1) + glz — 1) + %/4 h(s)ds

The value of u(t, z) is determined only by the values between = — ¢t and = + ¢.

S

(t,3)

DN

e For n = 2, the wave equation is solved by

U(t,l’) — at i/ g(w) 1/2 d2U) + i/ h(w) 1/2 d2w
27 JB(at) (12 — |z — w|?) 27 JB(at) (12 — |z — w|?)

t glx +1ty) t h(z +ty)
&lzw/ R I iz Y
B(o,1) (1 —[y|?) B(.1) (1 —[y|?)

The value of u(t,x) is determined only by the values on the disk of radius ¢ centered at z.

t
(t, )

T2

=

e For n = 3, the wave equation is solved by

1 1
u(t,z) = 0 7/ g(y)dS(y) +*/ h(y)dS(y)
47t 8B (z,t) dmt OB (z,t)

The value of u(t, z) is determined only by the values on the surface of the sphere of radius ¢ centered at .
t

(t, @)

—

UC Berkeley Math 126 | 57



If g(z) = 0 and h(z) =0 for |z| > R, then for |z| > R+ t:

Forn=1,2: For n = 3:
t t
|z] = —R+t
supp u
lz| < R+t supp u lo| = R+t
I 2 R @
To have u € C?, we need g € C? and h € C'.
Example
Let n =2, g(z) =0, and
1 <1
hay={> <
0 |z|>1
So, we have
1 1 2
N 2 fB(O,t) (tz_lw‘2)1/2 d“w t S 1
u(t,0) =4 7 0 &2 .
o2 fB(O,l) (#2—|w|2)1/? @ >

Let w = t (rcos(f),rsin(f)). Then, we have |w|? = t?r? meaning r = @ and d?w = t?rdrdf. Solve for

each condition of u(t,0). For ¢t < 1, we have |w| <t < 1 meaning r < 1.

1 1 1 2m 1 1
o 2 121/2 d*w = */ / 712t2rdrd0
21 JB(o,1) (12 — |w|?) / 2r Jo  Jo (82 —t2r2) /

1
-

:t/ —dr
0o (1—r2)!/?

t [t 1
=/ —— 4
;| Ty

= {.

Use u substitution: s = r?, ds = 2r.

Now, for t > 1, we have |w| >t > 1 meaning 0 < r < %

1 1 1 2 1/t t
— P E——y d*w = — / / Wrdrd@
27 JB(o,1) (#2 — |w|?) 2rJo Jo (1 —12)

Use the same substitution:
A A |
_ !t / 5
2)0 =97

~t(1-0-%")

=t—\t2 -1
_ 1
t+Vt2 -1

1
%Z—tast—M)o
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So, we have our formula for u(¢,0):

t t<1

u(t,0) = 1
(®:0) t>0

t+ vtz —1
We can plot this solution:
u(t, x)
t 1
t+vE2—1

t
Let us now consider a similar problem for n = 3: g(z) = 0 and
1 <1
L1 ks
0 |z|>1
Similarly, we can find wu(t,0).
! 1dS(y) t<1
i y <
u(t,0) = { 47t Jop(a)
0 t>1
1
— Amt® t<1
= < 4mt T -
0 t>1
where 47t? is the surface area of the sphere of radius ¢
e ot<a
o t>1
We can plot this solution as well.
u(t, x)
t l
0
t

Observe the difference between the two plots. In 2 dimensions, after passing a certain time, the wave slowly
decays while in 3 dimensions, the wave immediately disappears.

u(t, x)

o
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Energy

Given the wave equation

(33 — A) u=0
with u(0,z) = g € C? and 9u(0,z) = h € C', u exists with u € C?. For g(x) = h(z) = 0 for |z| > R for
some R, we have u(t,z) = 0 for |z| > R+ t. (Strictly speaking we know it only for n = 1,2,3 but it is valid

for all n.)

Then we define )

Bl =5 [ [@u(t.0) +]u(t.0)] a

to be the energy of a solution u(t,x) at time t. This makes sense since u = 0 for |z| > R+t and u € C? so
we are integrating a continuous function over a bounded set.

Theorem

Under the assumptions made above,

E(u) = 7/ {(@u(t, o)) + |Vu(t,z))?| d"z
is independent of ¢.
e Proof: it suffices to show that 9;F(u) = 0, meaning F(u) is is constant as a function of ¢:

0,E(u) = 0, B / @t 0))? + [Vutt, )] d”x]

ol LG ) e ) e

Evaluate the components separately.
ou\’ _o ou 0%u
ot - T ot o2

2 2
o [(2))  p0u 0%
a$j aéﬂj al'jat

9. E( )_/ @@+ﬂﬂ+...+ Ou _0%u ar
= ot a2 T 0wy 0zt oz, Ozt | "

So, we have

To evaluate fR" %%%’;dxl ---dz;j - -dzy,, use integration by parts in the z; variable. Integration

by parts for functions for v € C* and w € O which vanish for y large means

ow / ov
—uody = — [ w—d
r Oy Y r Oy Y

(this follows from [ 9y (uv)dy = [ [Oyu- v+ u- dyv]dy and the fact that u,v = 0 for |y| > R.)

So, we have

Ou 0 Ou O?udu ,
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meaning

ou (0*u  d*u u\ .,
8tE(U)—/Rnat<at2_ax% ____ %%>d$_0

So, 0:E(u) = 0 meaning E(u) is independent of t. O

Suppose for Q C R™ bounded and 0 is piecewise C*.

And suppose that u € C*(R; x Q) solves
(02 — A)u = 0. Suppose u(t,z) = 0 when g > 0 and z € 9.

Theorem
Define .
E(u) = 5/ |0pu(t, z))* + [Vu(t, z))* A"z .
Q

Then, E(u) is independent of ¢.

The proof of this is the same as that of the previous theorem except that instead of using integration by
parts, we use the divergence theorem — see the lemma below.

Theorem

Suppose u € C?(R4. x Q) solves (0f — A) u = f(t,z) with u(0,z) = g(z) € C?, du(0,2) = h(z) € C*, and
u(t,x) =0 for t > 0 and = € 9Q. Then, u is unique.

e Proof: suppose that @ is another solution that satisfies the conditions. Consider U(t, z) = u(t,x) —
u(t, ). Then, we have

(0} —A)U =0
with U(0,2) = 0 and ;U (0,z) = 0. From the previous theorem,

/|8tU(t,x)|2+ |VU(t,x)|2d”x:/|8tU(O,x)\2+|VU(0,x)|2d”x
=0 =0

=0
So, U(t,x) = 0 meaning u(¢, z) = 4(t,x), or u is unique. O

Lemma: Green’s Identity

Vv -Vud'z = —/UAudx+/ v - O,udS

Q o0

where v is the outward pointing normal vector.

e Proof: let FF = v-Vu. Then, div(F) = Vu - Vv 4+ vAu. We can apply the divergence theorem in
reverse from this.

V-(v-Vu)=Vv-vu+v-V-Vu
= Vv Vu+vAu
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So,

/(vAu+Vv~Vu)d”x:/Vo(%VU)d"x
Q Q

= 0y (v-Vu)dS
o9

:/ v - O,udS

o0

/ vAudx + / Vo -Vudz = / v - O,udS
Q Q o0

/ Vo - Vud"z = — /UAudx +/ v - O,udS
Q o0

Divergence Theorem
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Separation of Variables
Separation of variables is a technique used to reduce PDEs to ODEs or simpler PDEs.

Proposition
Suppose u € C?([a, b] x Q) solves the wave equation (97 — A)u =0 and
u(t, ) = v(t)p(x)
Then, in any set where u # 0, v and ¢ satisfy
O2u(t) = ku(t)
Ap(z) = rep(r)
for some constant k.
e Proof: by plugging u(t,z) = v(t)p(x) into the wave equation, we have
(62 - &) (v(t)p(a) = 0
dfu(t)p(z) — v(t)Ap(x) =0
dfv(t)p(x) = v(t)Ap(z)
u# 0, 50 v(t), plx) £ 0.
Ofv(t) _ Ap(a)
v(t) o(x)
The LHS is independent of z and the RHS is independent of ¢. So,
Ofv(t) _ Ap(a)

(@) ) = constant
Let this constant be .
d2vu(t) = ru(t)
Ap(x) = rp(z) 0

This is useful since d?v = kv is easy to solve:
v(t) = AeVFt 4 Be VAt

Ay = Kk may be more difficult to solve depending on the dimension we are working in, that is n, r € R".

1-D Case

Theorem

The following two statements are equivalent (meaning the first is true if and only if the second is also true).

L ¢ € C([0,L]), ¢ # 0, ¢(0) = ¢(L) = 0, and <
— L 0(z) = Ap(a) / %

2. =\, = (%)2 and ¢ = ¢, = Asin (VA,z)
forn € N

So, we have v(t) = AeiVPnt 4 Beivat This yields a single frequency solution

un (¢, ) = (Aeimt + Be‘imt) sin (\/Ex)
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e Proof: in the reverse direction, we have
— Py, = 02 [A sm(\/zx)} 0(0) =0
— (A\/Ecos(\/ﬂx)) o(L) = A\, sin(\/EL)
= A\, sin(\/ﬁx) = A\, sin (% : L)
= Agn =0
So, if 2. is true, then 1. is true.

Now, in the forward direction, we first want to show that if —¢” = Ay, ©(0) = (L) = 0 then A > 0.
For that we write

d2
—@§0'¢2/\¢@

L d2 L
— —p | pdx = / Appdr
/0 (dx2 ) 0

Evaluate both sides separately: for the RHS,

/)«p dac—/\/ r)|*dx

For the LHS, use integration by parts. For any u and v, we have

/ -v =u(0)v(0) —u(L)v(L) + /OL u- %v

In our case, u = £ and v = . We know v(0) = v(L) =0, so

L 2 L 2
d _ d
_/o (dxgsﬂ)%’—/o ﬂSO(Q?) dx
So, we have
L

d
/ %go x) dx = )\/ r)|?dx
0

>0

So, we know A\ > 0. If A = 0, then g—ﬁ = 0 and ¢(0) = 0 meaning ¢ = 0 which is not allowed. So,
A > 0.

Now, we have —+=¢ = Ap where A > 0. So, we have

o(z) = Asm(\fa:)Jchos(\fx)

dc::2

p(0) =0 =
W(L)=0=A4 m(\fL)
sin(\f)\L) =
sin(y) = 0 when y = nx for n € Z.
VAL = nw
nm 2
A= (f) forn e N
So, if 1. is true, then 2. is true. O
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Theorem

The following two statements are equivalent (meaning the first is true if and only if the second is also true).
1. o € C2([0,L]), ¢ # 0, p(0) = ¢'(L) = 0, and — L7 0(x) = Ap(x)
(+3)r)’ =
2. A=)\, = <L2> andcp:gon:Asin( )\nx) forn € N
e Proof: this has the same proof as the previous theorem except

O(L)y=0= A\f)\cos(\[\L)

cos(y) =0 when y = (n+ 3) 7 for n € Z.

A are eigenvalues of —-25 on [0, L] with

dz
©(0) = (L) =0 Dirichlet boundary conditions
©(0) = ¢'(L) =0 Mixed boundary conditions

2-D Case

In the 2-D case, we have (97 — A)u(t,z) =0fort € R
and we consider & € € with the boundary condition

t
u(t,z) = 0 if z € Q And example is given by Q = C) /80";3;‘;
B5(0,1). Then <,
\
Once again, we want to find solution which “separate”: é; 2
_ — T
u(t, z) = v(t)p(x). T o
| Y
—Ap(z) = Ap(x) for || <1 ~—1
p(x) =0 for |[x] =1
—0%v(t) = \u(t)
u(t) = AetV 4 BemiVAL

Lemma

Suppose (2 is bounded and 95 is piecewise C1. If p € C?(Q) and —Agp = Ay, if p|sq = 0 where ¢ # 0,
then A > 0.

e Proof: we know —Ayp - % = A\pp, so [ —Ap-p = [ App. We apply the divergence theorem:
div(® - V) = VoV + pAg

[ve@rar [eae= [ [ve@ars [ gouvp
Q Q Q 89‘:6"

— [ IVela) o
Q
So, we have

0< [19e@P =2 [ et

Since ¢ # 0, the inequality is strict and we have A > 0. |
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Example

Let Q = [0, Lq] x [0, Ls]). —Ap = Ap, and we have Dirichlet boundary condition p|sg = 0. We want to
find solutions of the form ¢(x) = ¢1(z1)p2(z2).

~Ap =~ (93,1) p2 — (05,02) 1 = A1
02 p1(x1) 92 pa(x2)

— = + A=k
e1(z1) pa2(z2)
So, we can solve for ¢; and ¢o.
—82 p1(z1) = K1 (1) —82,02(x2) = (A — K)pa(z2)
©1(0) = p1(L1) =0 ©2(0) = pa(L2) =0

These are 1-D equations that we have already solved.

k= (%) )

v1(x1) = sin (%x1> pa(x2) = sin (%m)

2 2
A = E + m
o (L1> ( Ly )

—Ap = Ap is the eigennvalue problem where A, , are the eigenvalues and ¢ is the eigenfunction or
eigenvector.

So, we have

for m,n € N.

Separation of Variables in Polar Coordinates

Consider © = D(0,1) which is the disk of radius 1 centered at 0 € R?. In polar coordinates, we have
x1 = rcos(f) and x5 = rsin(f), and Q = D(0,1) is given by r < 1. So, it is natural to look for solutions of
the form

p(r cos(6),rsin(0)) = f(r)g(6)
and we want —Ap = Ay and p|an—g. We have the following conditions for f(r) and g(0):
f(1) =0, g(0) = g(0 + 27)

The first condition is for p|pQ2 = 0 as I is given by r = 1 and the second one comes from the fact that 6
and 0 + 27 correspond to the same point. Recall the Laplacian for polar coordinates:

1 1
A=02+-0,+ =0
"oy 72
So, we have

—A(f(r)g(®)) = Af(r)g(6)
1

(8= 20.) 1) 00) - 101 5080(0) = 2102900
(02— 20, - ) 102016) - 1) 5 59(6) =0

(04 20, 4) £00(60) = ~1() ;08900

(r20% + 10, + Xr?) f(r) _ _839(9)
f(r) 9(0)
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To find g we note that it has to be periodic in €, so

~059(0) = rg(0), (0 +2m) = g(6)
since g(#) is 2m-periodic. So, the general solution is
g(0) = AetVr? 4 Bem VO
= g(0 + 2m)
_ Aei\/E9+27ri\/E+Be—i\/E0—27ri\/E —
COVRF2TIVE _ VRO . 2miVE _
So, \/k € Z meaning k = n? for n € Z.
Now, solve for f(r).

(1"283 + 70, + Mr? — n2) fr)
f(1) =

from the boundary conditions. Use change of variables A\r? = 22, so z = V/Ar.

2
o = (gi> 92 = 202

ro? = (;)2 A2 = 2262

0
0

Let F(z) = f (W)
f(r) = F(Vr)
So, we have the following equation and the following boundary condition:
(2202 + 20, +2* —n*) F =0
F(VA) =0

The equation is called Bessel’s Equation. It has 2 independent solutions J,(z) and Y, (z) which have the
following properties:

as z — 0. The plots of J,, look as follows

Jn(x)
1

0.8f \JoW

0.6 i) Jo(x)
@ 00 J5(x)
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We want A = A, i such that J,, (W/An’k) =0.

gofk(r cos(f), rsin()) = etind g (\/)\n,kr)
for A\, 1 = ji,k where j, 1 < jn,2 < --- are the zeros of J,.

This turns out to give us all the solutions which “separate”:
u(t, ) = u(rcos(f),rsin(f)) = (Acos( )\n’kt) + Bsin(\/)\n,k)) Jk (\/)\n,kr)
Domains in 2-D

Suppose we have a domain €2 which is associated with
the sequence of eigenvalues (frequencies)

0<)\1<)\2S/\3S"'

where the first two inequalities are strict and the rest
are not.

These are \’s for which Jgp # 0 such that —Ap = Ap and ¢|sq = 0. We have found these X’s for two cases:
1. For Q = [O,Ll] X [O,LQ],

2. For Q= D(0,1),
An ke = jg’k where J,, (jn.k) =0

The X’s are nodes of oscillation over 2. Each domain has a sequence of .
Question: if we have 2 different domains €2, do we have 2 different sequences?

This question was popularized in the article “Can One Hear the Shape of a Drum?” written by Mark Kac
in 1967. The idea is that if we know the A, sequences (all frequencies of possible oscillations) of a given
domain, can we tell what the domain is? In other words, can we recover the shape of a domain from knowing
the frequency of oscillations?

It turns out that multiple different domains can have the same sequence. It is still unknown if there are
different smooth domains that have the same sequence. It is also unknown if there are different convex
domains with the same sequence.

3 3
2 2
1 1
0 0
0 1 2 3 0 1 2 3

These two polygons have the same sequence. The reason for this is complex, they are both projected by the
same shape in higher dimensions. Note that they are both not smooth and are both not convex.

UC Berkeley Math 126 | 68


https://www.maa.org/programs/maa-awards/writing-awards/can-one-hear-the-shape-of-a-drum

3-D Case

In 3 dimensions, we have 2 main motivations.
1. Solve the wave equation of a ball with Dirichlet boundary conditions given by
(07 —A)u=0
for t > 0 and x € B3(0,1) where u(t,xz) = 0 for x € 9B5(0,1). The pure mode mode solutions are
u(t,z) = (Aeitﬁ + Be*itﬁ) o(x)
where —Ag = A for ¢|sp(,1) = 0.

2. Find the energies, A, of the hydrogen atom given by the the Schrodinger equation

1
]

where (—A —1/z) = M\ and ¢ — 0 as |z| — oo.

Separation of Variables in Spherical Coordinates
Observe the change of variables from Cartesian to spherical coordinates.
(21,22, 23) = (rsin(p) cos(f), rsin(p) sin(f), r cos(p))

We can illustrate the spherical coordinate system.

€3
T3
rsin(y)
r
.
9/ » 0<p<n
/ 7 COS
v 0<0<2m
0<r
The Laplacian in spherical coordinates is given by
A= ia (r*o,) + ;6 (sin(p)0y,) + ¥82
7’2 r r 7”'2 SIH(QD) @ ® T2 sin2(<p) 0

So, for function

w(r, 0, p) = u(rsin(p) cos(8), rsin(p) sin(), r cos(¢))

we can write the Laplacian in spherical coordinates in terms of the Laplacian in Cartesian coordinates A,:

Aw(r, 8, p) = (Azu)(rsin(yp) cos(d), r sin(p) sin(8), r cos(p))
We can rewrite this as 1 )
2
A= r—287 (T 87) + T?AS‘P
where the spherical Laplacian, Agz, is given by
1 2

1 .
Agz = sln((p) 890 (sm(go)(r“)@) + W@g

Observe the similarity, and differences, between 2 and 3 dimensions.
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We know the following;:

st ~039 =Xy, 9(0 +27) = g(9)
A =n?, g0) =e" necZ
S? —Ag2t) = \p, ¢ is a “nice” function on S?
A =7 W =?
53 ?

To find what happens on S?, we want to solve

1 . 1 2| )y —
- | S (010 + g 0h 0 =

We write ¥(6, ) = h(p)g(6) and A = v(v + 1) which gives

- [ (0 6122 ) 61 0) + - 89(0)] = vlv + DO (e)

Sin(gﬁ 1n2(<p) 0
8in ()9 (sin() 0 h(9)) + v(v + 1) sin’(0)h(p) _ 95g(0) _
h(e) 9(0)

Note that the left fraction is independent of § and the right is independent of ¢. We want g be 27 periodic:
g(0 + 27) = g(6). Because of the equation for g and periodicity requirement we already know x = m? and
g(0) = ™ for m € Z (see p.64). This gives us an equation for h:

sin ()9, (sin(9)0ph(p)) — (m* — v(v + 1) sin®(9)) h(p) = 0

Use the change of variables z = cos(y) € [—1, 1]. This means

0y = g—;@ = —sin(y)0;,

sin()d, = —sin?(p)d, = —(1 — 22)d,

Plugging this back into the equation with h(p) = f(cos(p)), we have

(1= 2)0.(1 = 2%)0. —m? +v(v+1)(1 - 2)] f =0
[(1—2%)%02 = (1—2%)220. —m* +v(v+1)(1-2°)] f=0
(1—22)5‘3 —220,+v(v+1)— 1?22 f=0

This is the Associated Legendre Equation. This has nice solutions that are smooth for v = ¢ € Z>( and
m € {—4,...,0,...,¢} € Z. Finding nice solutions to this allows us to find all possible \’s for the sphere
and their associated eigenfunctions.
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The solutions to the Associated Legendre Equation are

- —_1)m - d€+m
P(z) == (Wf! (1— z%)m/?

¢
dzé+m (Z2 - 1)

Note that when m is even, P;™ is a polynomial. So, we have solutions to —Ag29) = v(v+1)¢ withv = £ € Z>
and m € {—¢,... . L} € Z.

V(6,9) =Y (.0)
=P} (cos(i))e™

These are spherical harmonics. The multiplicity (¢ 4+ 1) as en eigenvalue of —Agz is the number of
independent ¢’s it corresponds to, which is 2¢ 4+ 1. You do not have to remember the formulas for P, but
you should be aware of the general structure of spherical harmonics

‘We now consider
—AF = AF’ F|333(0,1) = Oa F= G(T)w(¢79)7

that is (see (9) above)

AGEN,0) = 5 (~0,(0.C) + UL+ )G, 0) = XG(r)(,).

That gives us
202G + 2r0,G + (\r? — Ll +1))G =0, G(1)=0.

We again make a change for variable (see the discussion of Bessel functions!)
z=VAr, g(x)=Gx/VN), G(r)=g(Var),
so that the equation becomes
220%g + 200,94+ (2 — L(L+1))g =0, g(VA) =0.

This is almost like Bessel’s equation. To bring it even close to that equation we put

F() = Vag(a) = #O2f +a0uf + (2 — (¢ + 2))f =0.
that is f(z) = Jyy1(x). We put
je(x) = a2y, 4 ()

These functions are called spherical Bessel functions. Amazingly they have a simple representation:

1d >€ sinx

z dx

i) = (-a) (

T

Returning to the original problem we see that
F(r) = je(Var)Y{"(2,0), je(VA) = 0.
This means that the eigenvalues of the Dirichlet Laplacian on the unit ball in R? are given by

A=ki,, je(ken)=0.
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Hydrogen Atom

Emission of light happens at very specific sequences of frequencies depending on the composition of a distant
star.
This can be explained by the Schrodinger equation and the particular solvable case is the quantum

Hamiltonian of the Hydrogen atom:

H=-a- 1.
B

Just as in the case of bounded domains we are interested in eigenvalues of H:
Hyp =M, (z) =0, |z|— oo. (10)

Why the condition on ? For those of you have studied quantum mechanics |1)(z)|? should describe the
probability density of finding the particle (the electron in this case) at = and hence we need [ |¢(z)|?dz = 1.
To study (10) we can separate variables:

{:Qar(ﬂar) So ﬂ W(r)Y"(,0) = Ah(r) Y™ (9, 0)
- oo + ED ey e0) = a0

1 2
{—ﬂar(r Orh(r)) + T, )\] h(r)=0
First, we want to understand the behaviour as r — 0. We postulate that h(r) ~ r® for some o > 0.

—
72 r

{63%“(“1) 1 ]ra

=—a(a—1)r*"2 =20 2 4+ 00 4+ 1)r* "2 4ar®™! 4 br®

=0

for some constants a and b.
ala—1)+2a—Ll+1)=0
ala+1)—4(l+1)=0

We have a = £ or « = —¢ — 1. The case of —¢ — 1 < 0 which is not allowed (the function would blow up),
so we have oo = £. So,
h(r) ~rt r =0,

Now, we consider the behaviour as r — +o00. We have —92h—Ah ~ 0. Let A = —0?. So, h(r) =~ e " — 0
only when ¢ > 0 (otherwise h does not go to 0 as r — co. Hence we can write h as

h(r) =rfe™"q(r)
where e77"¢(r) — 0 as r — co. We want to find q.

—0? [ree’”q(r)] = -0, [Ere’le"”q(r) —orte™ 0 + rze"”’q’(r)]
= (0 —1)r'"2e7q(r) + olrt e q(r) — tr' e (1)
+olr' e q(r) — a?rte = q(r) + orte " (r)
— e (1) 4+ orte g (1) — rfe "¢ (r)

Plug this back into the equation.

rq"(r) + 26+ 1—ro)g (r)+ (1 —20(£+1))g(r) =0
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Let g(r) = Y apr® with ag = 1.
k=0

hE

[k(k — Dapr® " +2k(0 + 1 —ro)arr® ' + (1 — 20(£ + 1))apr™] = 0

~
Il
o

M2

[k(k — Dapr® ™ +2k(€ + Dapr* ™ + (1 — ok — 20(¢ + 1))arr*] =0

=~
Il
<

Let Kk —1 =4, meaning k = j + 1.

STUG+Di+20 + D+ 1) ajr?] +3 [(—ok —20(0+1) ar*] =0
j=0 k=0

STIG+DG +2(0+1))ajir + (1—0j —25(£+ 1)) a;]r/ =0
7=0

So, we have
200 +¢+1)—1
ol =1 (11)
G+DG+2(0+1))
This gives us an inductive way to compute a;. Now, if the numerator never vanishes, then this relation show
s that

ajy1 =

20)
(20) — g~e¥" r— .

But then h ~ €2°7e =" = e°" 4 0, r — oco. So, the only possibility is if the numerator vanishes for some j.
But that happens only when

1
oc=— forsomen>/¢+1.

2n
In that case we have a, =0 for k >n — /¢ — 1.
Since A = —o? this gives us the eigenvalues
1
Ap = ——.
4n?

These were in fact the observed frequencies! (We did not prove that these are all the eigenvalues but it is in
fact the case.)

The final comment is about multiplicities. We get our eigenfunction

Hvyp = A\pyp
of the form
1#(7“7 0, QO) = TZQn,l(T)eir/%lYVém (9, <,0)-
Here ¢y, ¢ is the polynomial determined by (11)

How many choices do we have? The ranges of ¢ and m are ¢ € {0,--- ,n — 1} and m € {—¢,....£}. So
for each n we have n — 1 choices of ¢ and (2¢ + 1) choices of m for each ¢. Hence the multiplicity of the
eigenvalue )\, = —1/4n? is given by

n—1

> (20+1)=n

£=0

The ground state is given by the smallest eigenvalue which is —i. At the ground state,

b = rle3g(r)
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The smallest possible £ and n is 0 and —% respectively.

1
_ _ - —r/2
47‘@

So, the ground state (eigenfunction corresponding the smallest eigenvalue) of the hydrogen atom is —%e""/ 2,

UC Berkeley Math 126 | 74



The Heat Equation

The heat equation takes the form
(O —alA)u=0
where « > 0 is the thermal diffusion constant and u(t, ) is the temperature at time ¢ and position z.

Let’s consider a hot metal ball which we submerge submerge in freezing
water. Then, we have
(O —aAu)u=0

for t > 0 and z € B(0,1) C R?. The boundary conditions are given by
u(t,z) =0 for x € 9B(0,1) — that is because the temperature of the water '
is 0. What happens with the temperature distribution in the ball as time

goes on?

Due to symmetries we should try spherical coordinates:
(x1,29,23) = (rsin(p) cos(8), rsin(p) sin(f), r cos(y)

where 0 € [0,27] and ¢ € [0, 7]. Let us first assume that the initial temperature distribution depends only
on the distance to the center of the ball. That suggests taking

u(t,r,p,0) = v(t)h(r), h(1)=0.
We recall the Laplacian in spherical coordinates:

A= i&n (TQ&«) +

2

1 1

- : 2
Tain(p) J, (sin(p)0,) + 0;.

r2 sin? (p)
Hence

(01 — al)u = r()h(r) — v(t)a( (af + iar) hr),

which gives
Opv(t) _ 92h(r) — (2/r)0.h(r)
av(t) h(r)

or
Ov 4+ adv(t) =0, —0%h(r) — 2(‘9Th(r) = Ah(r), h(1)=0.
r

The equation for v is easy to solve:
v(t) = v(0)e

To consider the equation for h(r) we notice that if we consider h as a function of z, h(y/2? + 23 + x%), then
—Ah = Ah, h|pp(o,1) = 0, s0 A > 0. Hence, as in the previous section, we can introduce H(r) := /rh(r) and
obtain

(r?02 +r0, +1*X— H)H(r) =0, H(1)=0.

With the substitution z = vAr, and f(vAr) = H(r),
(r202 + 10, + 12— L f(r) =0, f(VX) =0.
But this the Bessel equation and a solution which is nice at r = 0 is given by

f2)=J(2) = h(r) =r=2J, (Var).

[SE

To satisfy h(1) = 0 we need A = j%)k. Hence a solution to our problem is given by

-2
ajl kt

u(tx) = e 3T Gy ).
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We can also consider solutions which involve higher spherical harmonics:
u(t,r, ¢, 0) = v(t) h(r)Y/" (¢, 0)
—_———
o(z)
Recall
—AgY[" (0, 0) = (L +1)Y[" (0, 0)
for {=0,1,... and m=—¢,...,0,... 0.
Y (i0,0) = P{"(cos(8))e™’

Plug this into the equation.

(0, — add) (v(t)p(x)) = Do (t) - () — v(t)aAp(x) = 0
owlt) _ Apl)
au(t) ~ o)

Opv + (Oé)\)v =0 = v(t) —_ 'U(O)e*)‘at

So, we want to find ¢ and X such that —Ap = Ap in B(0,1) and ¢[sp(,1) = 0. As shown before, A > 0.

o = h(r)Y;"
fA:faffgaﬁ%S
T T
Ay = K—af - 28,) h(r) + W;L 1)h(r)] 7
T T
= Ah(r)Y;"

So, we have

<83+38T—W+1)+>\>h—0

2
(r?02 +2rd, + Ar* —L(L+ 1)) h(r) =0
This is almost Bessel’s Equation. Let H(r) := /rh(r), which satisfies
(r?02 + 10, +*A— (L+3)*)H(r) =0
This is Bessel’s Equation. Use the substitution z = vAr and f(v/Ar) = H(r).
(2202 + 20, + 22 = (L+3)*) f=0
This has solutions Jg+%(2’)|m0 ~ z*3 and Yé+%(2)|zzo ~ z7'=3. So, the physical solution is given by

taking J,, 1. To satisfy the boundary condition we can take J, 1 (VIr)=0atr=1.

h(r) = 7"71/2!]“_% (Var)

VA= je+%,k
A= j?—s-l k

where J; 1 (j€+%,k> = 0. So, our final solution is

—aj? 1t .
u(t,a) = TV (e 4r) V(0.
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1-D Case
The Scale-Invariant Solution

Consider the initial value problem

(0 — A)u(t,x) =0, u(0,2) = ¢(x)

for t > 0 and x € R™. When n = 1, we have

(0, — 02) ult,x) = 0

The units of 9, = 02 = -5 (meters). So, the variable y =

solutions of the form

z_

NG

Ut,z) =¢q (%) .

We calculate:

o =0 ()

1 x } e _1 n( xz\ _
2V t! (ﬁ) ¢ (ﬁ ="
R R N -
2\/73(1 (ﬂ) q (\/? =0
1
"(y) = —5vd'(v)
where y = \i[ Let v(y) = ¢'(y)
V(y) = —syoly) = v(y) =v(0)e v/ =
Y 2
) = g0)+0(0) [ e idw
-~ =~Jo
Cz Cl

As t — 0T, we have

Cy+C4 fooo e—w2/4dw

t1_1>10n+ U(t,z) = Cy

x>0
rz=0
02+C1ﬂ;ooe_w2/4dw z <0

is dimensionless. It is then natural to look for

UC Berkeley

Math 126

77



Evaluate these integrals.

S—
8
m‘
gl\)
o
g
\

\
N = NI~ N~ DN =

NI = N~ N~ N
—
)
NI
(i
~
[\v]

oI

So, [y° e~ /4 qw = 1 (4m)'/? = /7.

CQ+Clﬁ x>0
lim +; 0+ U(t, 2) = S Co x=0
CQ—Clﬁ z <0

We want to express this using the Heaviside Function which is
defined as follows:

x>0
z=0
<0

H(z) =

O = =

For this to be true, we have Cy = % and C = ﬁ
This yields

Ut 7+—/ e /14
(t, ) T y

where (0, —92) U =0 and U(t,z) — H(z) as t — 07,

Why do we use the Heaviside Function? For ¢ € C}(R),

/Rgo'(z) H(z — 2) dz:/w ' (2)dz

N——— —o0
Oatx —2<0
latz—2>0

Consider
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So, we have

| ¢ @i =2z = o(w) ast - 0F
(0, — O2) u(t,z) = / ¢ (2) (0, — ) Ult,x — z)dz
8 =0
=0 fort >0

The Integral Solution Formula

A better way to write this solution is

So,

1 (z—2)2
= z e ® dz
| eo—=

We have (8, — 82) u(t,z) = 0 where u(t,z) — ¢(z) € CL(R) as t — 0". For now, ¢ € C°(R") (bounded
and continuous) is enough.

u(t,x) = /ch(z)Ht(x —2)dz =: Hy x p(x),

1 e
Hi(y) = 7717#6 v

is the heat kernel and * is the convolution.

/RHt(y)dy =1

since by change of variables, we have et

/ e~V /Ay = 2/

Compare this to the Dirac §p “function” (for those of you with experience in quantum mechanics):

do(z) = {O z#0 /50(:E)dx =1

b
oo x=0

In some sense, Hy = dg.
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We summarize all this as follows: our final solution for the 1-D case (8, — 02) u(t,z) = 0 for t > 0, u(t, ) —

o(z) € CLHR) as t — 0T is

_ (== Z)

t,x) dz
ult, \/ 47t
= H; x p(x )
where the heat kernel is
H 1 .22
xTr) = e 4t
(@) vt
and the convolution of two functions ¢ and ® is
Yz / Y(2)p(z — 2)d
— [ vl = el
Example
Let o(z) = e,
2 _(z—2)° z)
u(t, ) dz

\/E

Use completing the square to write az? + % as a square of a function of z plus a correction:

1 1 2 1
az? + —(z—2)2 = (a+)22zz+x2

4t 4t 4t 4t
n 1 SR . x? . 1 5 z2 1
=|a+— z°— z —x° — -
4t 4ta + 1 (4ta + 1) 4t 4ta+1 4t
- 1 + 4at 2 a 2
=~ TV g
wherei:ﬁﬂ. Let 2z — T = s.
1 2 m—z
u(t,z) = — | e e ~lespt dz

1 [ ()
=—— | e o dz

1 2 1tdat) 2
— e TaFi® e ( “a ) ds
R

(—— Vit / ey
= e % e e w
drt (1 +4at)'72 ) Jg

At (1+ 4at)1/2

a 2
e Tatyi¥

T (At dat)'2

The plot of u(t, z) with varying ¢ is similar to the plot of the heat kernel.
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Nonhomegenous problem

The nonhomegenous heat equation in one dimension is given by

(8,5 — 83) u(t,z) = f(t,x)
where f(t,x) € C2([0,00) x R) and u(0,z) = 0.

To find a solution to the nonhomegeous problem, take 7,(t, z) which solves (9; — 02) ns(t,z) = 0 and
ns(s,x) = f(s,x):

nalt, ) = / Hy o) f(s,2 — y)dy

We now postulate

u(t,z) = / it x)ds = / t / Hy o(y)f(s,% — y)dyds

-/ t [ )5 = 0= payas

We check that this u(¢,x) solve the equation. It is more complicated than in the case of the wave equation
because of the singularity of H; as t — 0+. Here we go:

(0 — A)ult,z) = / Hy(y)f(0.2 — y)dy + / / Ho(y) (0 — Ay) f(t— 5,2 — y)dyds

We want to use integration by parts. Let € > 0. Since |f(t — s,z — y)| is bounded by some M and since f is

in C?,
£
<M / / H,(y)dy ds
0 R

=1
=Me—>0ase—0

Note that 0, f(t — s,z —y) = —0s f(t — s,z —y) and A, f(t — s,z —y) = A, f(t — s,z —y). So, we have

- Am) f(t — 5T — y)dde

(Or — A)u(t,z) = /RHt(y)f(Ow —y)dy + hm/ / Hy( —Ay) f(t — s,z —y)dyds (12)

We use integration by parts to evaluate the second integral and we start with the term involving 0s:
t t
t
[ ) (0t = 50— ) ds = ~HW)f (0 - 50— 9)[+ [ DH)S(E 5.0 - p)as
€ €

=H(y)f(t —e,x —y) — Hi(y) f(0,2 —y /aH ft—s,z—y)ds

Note that the second term cancels the first term on the right hand side of (12). We also have, by integration
by parts in y using the fact that f is zero for large values of y,

/Ht A f(t—s,x—y dy—/Ht Ayf(t—s,x—y))dy=A(—AyHt(y))f(t—s,x—y)dy-

Putting it all together (see (12)) we get
(0r — Ap)u(t,z) =

e—0

- Im / Ho)f(t— e, — y)dy + / / (0. H.(y) —OAst<y>> f(t— 5,2 — y)dyds

since H; solves the heat equation for s > 0

= lim RH( Y[t —ex—y)dy
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We want to show that this equals f(¢,z). Use the change of variables y = e'/2w, meaning dy = ¢'/2dw.

1 2 1 —w?
He(y) \/ZFS v /4€dy = Ee /4dw = Hl(y)

We want to show that as ¢ = 0, [, He(y)f(t —e, 2 —y)dy — f(t,z) = 0.

/Hs(y)f(t—s,x—y)dy—f(t,x):/Hl(w)f(t—e,x—sl/zw)dw—f(t,x)
R R

:/Hl(w) {f(t—s,x—sl/Qw) —f(t“fr)} dw
R

since [ Hy(w) = 1.
By the Mean Value Theorem and the fact that f € C?

£t =22 = /2w) — f(1,2)] < Ce + /)
where C'= max (|05 f(s,y)| + 19y f(s,vy)|). Hence,
5.y

[t —e,x—y)dy — f(t,z)

= / Hi(w)C(e + " uw])dw
R

1 2
:C’5+€1/2—/6_“’ /4 w|dw
v |wl
bounded
—0ase—0

So, the solution to the nonhomegenous heat equation is

t
1 )
t,x) = e Vs (4 — 5,2 — y)dyd
u(t, ) /O/Rz T f(t —s,x—y)dyds

Higher Dimensions

We can perform dimensional analysis using the knowledge acquire in the 1-D case. Suppose our unit of
distance is meters m. Then the unit of time should be m? (I know it sounds weird) since d; and 92 have to
have the same dimension. Then u has no dimension but in the above formula f has to have dimension m~2:

//\/m :f/ii ft—s,z—y)dy ds

%,_/\/v

m-— 1 dimensionless m— ml

We want m~! — m~" since m! — m", so % — s"% Our guess is H;(y) € [0,00) x R™ is

1 2
- —lyl*/4s
Hs(y) - (471_5),”/26

Check that (0; — Ay) Hs(y) = 0 for s > 0. This follows from a calculation involving chain rule.

Theorem
Suppose g € C°(R™) and g is bounded. Then,

u(t,z) = L Hy(z —y)g(y)d™y

solves (0; — A)u(t,z) =0 for t > 0 and u(t,z) — g(z) as t — 0.
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e Proof: for u(t,z) — g(z), use change of variables.

lu(t, ) — g(x)| =

Hﬂm(ﬂw—fﬂw>—mw)m4
< /w>RH1(w) ‘g(x—tl/zw) —g(x)’dw+/w|<RH1(w) ‘g(x) 12— o) dw

Let £ be a small number and choose R so that

/ Hy(w)dw < &1
[w|>R

Choose ¢ so that for ¢ < § small enough that that for |w| < R,
gt —1/2w) — g(@)| < e
g is bounded, so |g(y)| < M for some M. So, we have
lu(t,z) — g(x)] <2Mey +e1 = 0for 0 <t < ¢
But 1 was as small as we like (provided we make ¢ small). So, u(t,z) — g(z). O

Example
Let g(z) = sin(kz) in n = 1.

u(t,x) = \/ﬂ

e % /4te7,k(a:7z)dz

Use completing the squares to put the exponent of e into some form of z2.

1 1
—2% —ik(z — 2) = —ikx + 5 (2% + 2(i2tk)z + (2itk)?) + = 42K2

4t
= —ikz + L (2 + 2itk)* + tk*

1 g 2 (z+2it)2 1 B 2 2
u(t,x) = Im [eF@eF t/e‘“dz] = Im [e””e_k t/ e ” Mtdz}
( ) Vart |: R VAart R

1 : 2 2
= ——1Im [e”me*]C b VAnt } =Im ( ikt =k t) = e Mlsin(kx)
Vdrt

Now, suppose we want to solve the 1-D heat equation for = € [0, 7] and u(t,0) = u(t,7) = 0 with u(0,x) =
g(x). We want to answer the question of what g(z) we can solve for u(t, z) with.

We know that if .
(x) = Z ap sin(kx),
k=1

we have

Z e~ g sin (kx).

So, we can ask what functions can be written as this g(x). The answer to this requires the use of function
spaces which is our next topic.
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Function Spaces

Let V be a complex vector space. V must satisfy two properties:
1. Forv,weV,v+weV
2. ForceCandveV,cveV

Example
V ={g € C°(R") | 3M such that |g(z)| < M}

is the set of bounded continuous functions in R™. This V' is a complex vector space since for any g,h € V,
g+heVand cg €V for c e C.

The norm on V is a function v — ||v]| € [0, 00) such that
1. ||v|| > 0 and if ||v|| =0, then v =0
2. flo+wl| < vl + flwl|
3. [levll = lelllvll

Example
lgll = sup |g(z)|
z€ER™

for g € V as previously defined satisfies all properties.

The inner product (or scalar product) is a function w,v — (u,v) € C such that
1. (v,v) >0 and if (v,v) =0, then v =0

w) = (w,0)

(v,
3. (c1v1 + cova, w) = ¢1 (v1,w) + ¢ (v, w) for ¢; € C, v; € V. Note that by the second property,
(v, crwy + cawz) = €1 (v, w1) + C2 (v, w2)

2.

Theorem: Cauchy-Schwarz Inequality

For a complex vector space V with v,w € V,
(v, w)[* < (v,0) (w, w) .
If the equality holds then v and w are parallel, that is av + fw = 0 for some «, 5 € C.

e Proof: let t € R.

0< (w+t{v,w)w,v+t(v,w)w)
= (v,v) +t (v, w) (w,v) + t{v,w) (v,w) + t* (v, w) (v, w) (w,w)
= (v,0) +2[{v,w) Pt + | (v, w) |* (w, w) t*

-~ T T

=at’+bt+c

This is > 0 for every t € R. We know a > 0 and if a = 0, v or w = 0 and the equality holds. So, we
can assume that a > 0. A quadratic polynomial is then non-negative if and only if 4> — 4ac < 0 (so
that there are no real zero except possibly a double zero when b? — 4ac = 0). Hence:

4| <U>w> |4 _4<U’U> <w7w> | <’U,’LU> ‘2 <0
4 (v, w) [* < 4w, ) (v, w) | (v, w) |?
| (v, w) |* < (v,0) (v, w) | {v, w) |7
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If (v, w) = 0, we have nothing to prove. Otherwise,
[ (o, 0) P < (0,0) {w, w)
If | (v,w) |? = (v,v) (w, w) then going back to the beginning,
(v+t{v,w)w,v+t(v,w)w) =0

for some ¢ (as b? — 4ac = 0). But that means that v + ¢ (v, w) w = 0, that is v and w are parallel. [

Example
Let V = C°([0,1]). We define ( fo h(z)dz. By the Cauchy-Schwarz Inequality,
1 2 1 1
g(@)h(@)ds| < / g@)Pde- [ fha)Pda
0 0
Corollary

An inner product (e, e) defines a norm:

[o]] = /(v ).

e We want to show that all properties of the norm are satisfied. The first property is automatic and the
third follows from the second, so we will just prove the second.

o+ wlP= (v + w, v + w)
= (0,0) + (v,w) + {w,v) + (w, w)
= [loll? + (v,w) + (o, @) + [Jeo]]
— Jlo]> + 2 Re (v, w) + [[w]|®
< oll? + 21 v, w) | + w]?

< Joll* + 2[lvll[lwl + [|w]® Cauchy-Schwarz
2

= ([[oll + [lwl})

= [lv+wl? O

We want to know if every norm comes from an inner product. To test this, use the parallelogram identity.

Lemma: Parallelogram Identity

Let u,v € V with norm || e ||. Then,
llu+olf* + [lu — ol* = 2[|ul|* + 2]|o]>.
e Proof: for u,v € V, from the previous corollary, we have

u+vl|* + lu—v|]? = (u+v,u+v) + (u—v,u—0)
= ((u,u) + (u,v) + (v, 1) + (v, v)) + ({u,u) — (v,u) — (u,v) + (v,v))
2 (u, u) + 2 (v, v) = 2[ju]|* + 2||v||? O
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Example

Let V = C°([0,1]) where |g|| = m[%yi] lg(x)| for g € V. Is there an inner product behind it?
xe|0,

Let g(z) =z and h(z) =1—2. h+g=1and h —g=1—2x. So,

lgll =1
IRl =1
lg+hl=1
Ih—gll =1

But,
Ih+gll* +[h—glI> =1+1#2+2=2|h|* + 2| g]

So, there is no inner product associated to the norm of V.

L? Spaces

For sequence v, € V', we say v,, converges to v (v, — v) in the norm of V if ||v — v,|| = 0 as n — oc.
Take V = C°([0, 1]) where the norm || e |2 is defined as

lgll> = ( / 1 |g<x>2dx)

1/2

This comes from the inner product (g, h fo h(z)dz. Take g, € C°([0,1]) where
1__
0 0<z<j—+
m@)={3-t+d) j-tze<iel -
L stasesl I-T3+% 1
0 =0 T °
oir) =14 r=1 i
1 z=1

(NI
——_—

We have [g(z) = gn(2)| < [g()] + |gn(2)| < 2. So,

lo—sull = [ o) - o R [ PR T, SO
—Inll = T) = gnlx)|dx = = = as n — 00
9g—49 s g Y Pt o n

2

N|=

So, we have
L2([0,1]) = {f 0,1 = C ]/01 |f(2)2de < oo}

where (f, g) fo g(z)dz is well defined.

1= ([ 1s2a0)

We have C°([0,1]) € L?(]0,1]). This holds for C*([0, 1]) for any k.
An important property is that if f € L2([0,1]), then 3f,, € C*([0,1]) such that || f, — f|]l2 — 0 as n — oco.

1/2
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For any open connected 2 C R™, we have
L2(Q) = {f Q- C ‘/ f(2)|? d"z < oo} LY(Q) = {f Q- C ‘/ 1f(z)|d"z < oo}
Q Q

- [ repE s
|ﬂuam:=(lﬂﬂwﬁdwju2 Il = [ 17 avs

Proposition
Suppose Q C B(0, R) with R < oo. Then, L*(Q) C L*().

e Proof: suppose f € L*(2). Note that 1 € L*(Q2) since [, 1% < fB(o ry L <o

[ i@ite = [ 7@ 1da
< (/Qlf(:wlz)l/2 (/Q 1) < oI fll2

by the Cauchy-Schwarz inequality. So, ||f||z1 () < cl|f]/z2(q) for some constant c. O

Measure of Sets

Recall for open set 2 C R", we have
L*(Q) = {f Q= C ‘/ |f(x)|2d"x}

{f 0-c| [ i) }

m(§2) := /Q 1dz.
" m({xo}) =0, and m({(¢,t) | t € R}) = 0. But we

LY(9Q):

For Q0 C R™, the measure of (2 is

For example, we have m(R™) = oo, m(B(xg,7)) = cur
have to note that not all sets are measurable.

This can be seen in the Banach-Tarski paradox. Take a ball B(0,1) C R3. There exist sets By C B(0,1),
k=1, ---5, such that
5
- U B
k=1

and Bk N Bj = () for k # j. But in addition (somewhat amazingly) By U By = B(0,1) and B3 U B4 U Bs =
Thls means that the pieces can be rearranged to make two balls.

This works because the balls By are not measurable. Needless to say you should not worry about this in
Math126!

UC Berkeley Math 126 | 87



Example

Let f € L'([0,1]).

1
17 =glas=0 .
0 o f

[SIE

We say f =g if m({z | f(z) # g(x)}) = 0. For f: Q — C, we have
[flloc = inf{a € R | m({z | f(x) > a}) = 0}
So, we have
L=(Q):={f: Q= C[||fllc < o0}

Example
Now, for Q = (0,1), we have || f|loo = 1.

[N

Banach and Hilbert Spaces

Recall that for a vector space V', we have normed spaces and inner product spaces. We From the Cauchy-
Schwarz Inequality, all inner product spaces are normed spaces, but the converse is not true.

For normed vector space V', v, — v if and only if ||v — v,| converges to 0. We say V is complete if and
only if “all the limits lie in V.

- A complete normed space is a Banach space
- A complete inner product space is a Hilbert space

All Hilbert spaces are Banach spaces, but the converse is not true.

Example

I fllzro) = /Q |f(x)|dz is a Banach space and || f||z2(q) = /Q |f(z)|?dz is a Hilbert space

since

(Frg) = /Q f(@)a@)dz

Application to the Heat Equation

Let’s apply this back to the heat equation. We know the solution to

with w(0,z) = g(z) and ¢t > 0 is

u(t,x) = /Ht(z)g(x —2)d"z
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where

1 2
_ —|z|7/4t
Hy(z) = (47Tt)n/26 =]

and [ Hy(z)dz = 1.

Our goal is to understand estimates of u at fixed ¢ in terms of g:

[u(t, &)L <?llgllz-

Let’s list all L? spaces we have defined.
LY(Q) = {f Q5 C ’/ \f(z)| d"z < oo}
Q
e = [ @) s

L2(Q) == {f:Q—>(C ’/Q|f(:1:)|2d”x<oo}

1/2
I fll2c) = (/Q |f(:r)|2d”x>

L=() :={f: Q2= C|[|fllec <o0}
[fllzoe () := inf{a € R [ m({z | f(x) > a}) = 0}
=" sup|f(z)|

The “ =" is not a true equality but it holds in our case.

1. Find the bound in the form ||u(t,e)| L~ <?.
ulto)| = | [ Hilale — 212z
< [ gt - 2z
< [ )l

= llgll
So,
l[u(t, o)L < [|glloo-
This is optimal if ¢ is constant.

2. Find the bound in the form ||u(t,®)||L~ <7 ||g|/L:-

|u(t, z)| = ‘/Ht(z)g(x — z)dz

< / Hy(2)|g(x — 2)|dz
< sup (Hi(2)- / 9z — 2)|dz

zeRn?
1
= WHQHLl
So,
1
[u(t, ®)]lL~ <

< G loler
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Example

Let g(z) = Hq(x) for s > 0. H solves the heat equation, so

u(t,z) = /Ht(z)Hs(x —z)dz
= Hyys(2)
o122 /4(t+s)
(Ant+ )P
lu(t, )lloe < (dm(t+5))™"/2, gl =1

1
[u(t, )|z < WHQHD

1
[u(t, ®)||L~ < WHQHU

is nearly optimal at g = H, for s > 0.

3. Find the bound in the form ||u(t, )|z <?.
Jutt. )l = | futt. )l
:/‘/Ht(z)g(at—z)dz
< //Ht(z)|g(:cfz)\dzdx
_ /Ht(z) (/ lg(z — z)|dx) dz
:/Ht(z) </|g(y)|dy> dz y=1z—2

= gl

dz

So,
[u(t, @) < llgllLe-

This is optimal if g > 0 or g < 0 for every =x.

4. Find the bound in the form ||u(t, ®)|[z2 <7.

lu(t, 2)]|2s = / u(t, z)Pdz

:/‘/Ht(z)g(a:—z)dz
</ 1 [ gt - 21z

‘ 2

2
dz

2
dx

Apply the Cauchy-Schwarz Inequality: ’ J f(2)h(z)dz

directly, we get
< / (/ Ht(z)2d2> </|g(1: — z)|2dz) dz

< [|f(2)]*dz [|h(z)[*dz. By applying this
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but this does not help us. Instead, use
2
weol < | [ Hlate - 1] as
= [|[ mer (s 210t - 1) a

We have f(z) = Hy(2)'/? and h(z) = H.(2)'/?|g(z — 2)|. So, by applying the Cauchy-Schwarz Inequal-

ity, we have
< / (/ Ht(z)dz> (/Ht(z)|g(x _ z)|2dz) dz
=1

2
dx

—_——

By Fubini’s Theorem, we can switch the order of integration.

= /Ht(z) (/ |g(x—z)2dx) dz
~ [ e lglads

= llgllz-

So,
[u(t, )2 < llgllL.-

This is nearly optimal.

In summary, we have the following:
1. [[u(t, )]l L= < [lgllo

(optimal at g constant)

1
2. [u(t, o)L= < WHQHU

(nearly optimal at g = Hy for s > 0)

3. [u(t, o)Lt < lgllL:
(optimal if ¢ < 0 or g > 0 for any x)

4. [u(t, ®)l[z2 < llgllr2

(nearly optimal)
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Hilbert Spaces
Let H be a Hilbert with inner product (e, e). L?(Q) for open 2 C R" is an example of a Hilbert space.
Take u,v € H. u and v are orthogonal if (u,v) = 0.
- A set {v;}jes is orthogonal if (v;,v;) = 0 for every i # j.
- A set {e;j};jes is orthonormal if (e;,e;) = 0 for every i # j and (e;,e;) = 1 for every i.
The set of indices J could be finite or it could be J =Z or J = N.
N

Suppose {e;}jes is an orthonormal set. Then, if v = > aje;, then ax = (v, e;) since
i=1

(v, ex) <Zaaewek> = a;(ej en) = ag (ex, ex) = ax

Define cx[v] := (v, e)) and suppose {e;}32; is an orthonormal set.

Theorem: Bessel’s Inequality
n

For v € H, let Sp,v := Y ¢j[v]ej. Then,
j=1

> leifoll” < Jolf?

k=1
The equality holds if and only if S,,v converges to v in H, that is,

|Snv —v|| = 0, n — co.

e Proof:
0<|lv— San2

= (v — Spv,v — S,v)
= <U7U> - <Sn7]a U> - <Ua Snv> + <SnU7 S7LU>

Evaluate each of these terms separately.

n n

(Shv,v) = Z vlej, v Z c;lv] (ej,v) = ZC] [v]{v

j=1 j=1

&) = leoll?

By the same argument, note that (v, S,v) is equal to the same.

(Spv, Spv) <ch ej,ZCg[U]€g>
=1

=3 clledv] (e, )

j=1 =1
n
2
= lejv]
j=1
Entering this back into the equation of ||v — S,v||?, we have

lo = Suoll? = lloll® = D les ol = Y les[0]* + D lesll” = loll* = D lej o]
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Since ||v — S,v||? > 0,

n
2
> el = [loll* = [lv = Spol® < Jlo|?
j=1

n n
Asn — o0, > ¢ [v]|? is a non decreasing sequence. [|v||2 is an upper bound of 3 e, [v][?, so
j=1 j=1

oo

> leifell” < lloll*. O

n=1

The concept of a basis is complicated in infinite dimensions and we will restrict ourselves to orthonormal
bases.

Definition:

The set {e;}72, is an orthonormal basis if it is orthonormal and for any v € H we have

[[Spv — ]| = 0, n— o0, Spv:i= z:cj[v]ej7 cj[v] := (v, e;).
j=1

Remark: The index set in the definition is J = {1,2,---} but it could also be a finite set (if H is finite
dimensional, that is, has a basis, which is a finite set, or, it could be J = Z. In that case we should put

n

Spv = Z cjlvle;.
j=-n

We record (without proof) the following important fact (used, for instance, in Problem 3, in HW9):

Theorem
An orthonormal set {e;};c s is an orthonormal basis if

VjedJ (ve)=0 = v=0.

As in finite dimensions we have a way to generate orthonormal sets:
Gram-Schmidt Process: Suppose {v;}22, is a set of elements of H. Then the following set is orthonormal:

er = v1/|lv1|

ez = (vg — (v2,e1)e1)/[lva — (v2, e1)en|

n—1 n—1
en = (vn =Y (vne5)€))/vn =D (vn, ;)¢
j=1 j=1

Example: Define the following inner product for functions on R:
() = [ Fag@e doe, H={f:R~C: [ |f@)Pe ™ ds < o).
R R

If we take vy := x¢, £ = 0,1, - -, the Gramm Schmidt process gives us an orthonormal set:

)’...

1 _1 _1
co=7"1, e =21z, ey =21 1(z% -

N[ =
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Interlude: Review of Linear Algebra

Let V be t finite dimensional vector space V = C¥ where for v € V, v = (v1 ---vn)T. For v,w € V, we have

N
w) = Z Vy, Wny
n=1
For A:V — V linear, A(c1v1 + cove) = c1 AVy + co AVa. We say A is self-adjoint if
(Av,w) = (v, Aw)

ie. for A= (Aij)1<ij<N7 A = Aji.
If A:V — V is self-adjoint, then 3 an orthonormal basis of V {cp]} _, such that Ap; = A\;p;. So, we have
an orthonormal basis of eigenvectors of A.
We have two properties of the orthonormal basis.
1. All A\;’s are real.
e Proof: We know (Ap;, ;) = \jlo;[%
(Apjs 0i) = (5, Awj)
= (Avj: ¢5)

So, (Apj,¢;) must be real. |p;|? is also real, so A\; must be real. O

2. If \; # A, then (p;, 0;) = 0.

e Proof: i (@i, 05) = (Api, @j)
<3017 >
= (@i, Ajp;)
= Aj (i, ¥5)
Ai # Aj, so we must have (v, ¢j> =0. -

Suppose Lo(t) = A (p(t)) with ¢(0) = ¢. ¢;’s are a basis, so
o= Z%%

(@, oK) <Z%‘P3a<ﬁk>
=Y a5 (s 08)

:a’k:

since this is an orthonormal basis. So, for any a;, a; = (¢, ;).

— At
= E a;e’ p;

0)=> ajp

t) = Zaje/\jt/\jgoj
= aef’ Ag,
= A(e(t))

This gives us a way of solving the equation by decomposing an arbitrary element of the vector space in terms
of an orthonormal basis of the self-adjoint matrix A. We will observe how this can be done in the case of
differential operators.

We can check this:
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Heat equation on [0, L].

Theorem
The set (2/L)= sin(rnx/L), n =1,2,3,--- is an orthonormal basis of L2([0, L]).

Proof. We will only show that it is an orthonormal set. The property that it is a basis will be discussed in
the next section. We need to show that (make a change of variables y = wa /L)

2 (* 2 (7
- / sin(mnz /L) sin(mmzx/L)dx = 7/ sin ny sin mydy = dnm,.
L 0 ™ Jo

Writing siny = (e® — e~%)/2i so that

s
/ sinnz sinmade = —1 (e — e ") ("™ — e ) da
0

(ei(n+m)w + e—i(n+m)x i(m—n)x _ e—i(n—m)xdx

— €

T {7‘(/2 m=m,

(cos(n +m)z — cos(n —m)z)dx = 0 m # n.

=

Il
|
N|—
o\ o\:‘

We now use this to solve

(0r — 0P u(t,r) =0, t >0, x € [0,L], u(t,0)=u(t,L)=0, t>0, lim u(t,z)=g(x). (13)

t—0+

We see that any sine series (rescaled to the interval L)
o0
1 1
F(z) = 3 s(F)(@/m)} sin(rha/L),  sy(F) = (2/L)* / F(a) sin(rha/L)dz
k=1
will satisfy the boundary conditions. Hence it is natural to expand g(x) into a sine series which gives

') L
o(0) =S su(9)(2/L)} sin(nka/L), su(g) = (2/L)} / g(z) sin(rkz/L)de. (14)
k=1

We can then postulate
o0

= > M s (g)(2/m) sin(mha/L).

k=1

For ¢ > 0 we have very rapid convergence and we can differentiate under the sum and that shows that
(0y — O*)u(t,z) = 0.

In view of (14) we have
u(t,z) = g(z), t—0+.

It is believable (and not too difficult) to justify this in the L? sense for any g € L?([0, L]):
L
/ lu(t, z) — g(x)2dz — 0, -0+
0

If g(x) has an odd extension which is 2L-periodic and C! then we have nice pointwise convergence and can
say that u(0,z) = g(z).
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1.2 T T T T T T

Figure 6: Solution of (13) with L =7, g(z) = 1 for 0 < 2 < 7/2, g(x) =0 for 7/2 < x < m. We use the sine
series of g obtained in the second example in the previous section. If you click on the figure you will see a
movie of the solution and a comparison with the approximation by the first term in the Fourier expansion

e~ '2sin(z)/m — it is very accurate once time increases.

Fourier Series
We now consider H = L%([0, 27]),

2
(f,9):= | [flx)g(x)dx
0
and the following set
er(z) := et kel
k( ) m
Proposition
We have
() = 1 k=/¢
ky€L) — 0 k ?é /

In other words, {ej}rez is an orthonormal set.

Proof. For k=14,

e ()er(®) = len(@) = 5

and since we are integrating over [0, 2] the integral is 1. For k # ¢, we calculate using the fact that for

I # 0, (BCI/C)/ — 6CCL‘

/27r ( ) ( )d _ 1/27r ikx —iéa:d _ 1/27r i(k—é)acd _ 1 i(k:—é)ac|27r =0
; er(@)ee(r)dr = ; e"e T = ; e x_72m'(kf€)e 0" =0.
That’s it! O

The important fact which we prove at the end of this section is
Theorem
The set ex(z) := €*** /\/27, k € Z, is an orthonormal basis of L?([0, 27]).

This theorem implies that

n 1 27 .
Snflx) = cilflei(x), c¢ilf] = —=— x)e ¥dx,
@)= 3 it olfl= = [0
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satisfies

2T
/ F(@) = Suf(@)dz — 0, n— oo,
0

for every f € L%([0,2x]).
We sometimes write

so that, with convergence meant in L2,
)= F)e. (15)

In view of the Bessel’s inequality (or rather equality since we have an orthonormal basis),

/ T If@)Pdr =25 3 1FG)P
0 jez

~ ~

(To remember the constants check this for f(x) =1 so that f(0) =1 and f(j) =0, j #0.)

Theorem

Suppose that f € C¥(R), f(z + 27) = f(x). Then considering f as a function on [0, 2] we have, for some
constant, C,

IFG) < CjF, Vi#o.

Remarks: 1. We see that if £ > 1 and f € C*¥(R), f(x + 27) = f(z), then the series in (15) converges
absolutely for all x € R and the limit is f. This remains true for k¥ = 1 but the proof is trickier (see section
8.3 and 8.4 in the text). However, it is not true for f € C°

2. When f € C*(R), that is f € C*(R) for all k, then for every k there exists as constant k such that

1F()] < Cri™, Vij#o. (16)

Proof of Theorem. We note that for j # 0,

iy d\" /e
e = —-—— —_— ] -
( dm) (z‘j’“ )

Also, since f € CK(R), d*/da*f(x + 2r) = d¥/dz*f(x). We can then integrate by parts k times with
boundary terms cancelling thanks to this periodicity:

™ T k —ijx I
0

T or o 27 J, Tdx i 2mik daF

Since

1 o d ij k k
m/ @f(x)e_”mdx < max |d” f/dx"|,
0

the theorem follows. O
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Why is e; an othonormal basis of L?([0,7])? We give some indications of this.

Theorem
Suppose that f € L%([0,27]) then there exists f; € C°(R), fi(z + 27) = fi(z), t > 0, such that

2
1o = £ 0m) = / (@) = f@)Pde =0, t—0+.
0

In other words any L? function on [0, 7] can be approximated by a smooth periodic function.

Proof. We can only give some indications of the proof. First extend f by periodicity to a function on R,
f(z+27) = f(z). This function is not in L?(R) (unless it is 0) but you can check that the following definition
makes sense:

@)= [ Hila =1
where H,(y) is the heat kernel. We know that for ¢t > 0, x — H;(z — y) is smooth function so f; € C*(R).
Also, f; is periodic:
e+ 2m) = [ o +2n =)o)y = [ Hulo— (= 20)f(y — 27 + 2m)dy
R R
— [ Hila = 2)f G+ 20z = [ Hile - )7z = fila),
R R

where we used the fact that f(z) is periodic (we extended the original f by periodicity. In view of the
properties of H; described in the Heat Equation section it is now easy to believe (though not so easy to
prove) that

| Hex f— fllz2qo2s) — 0, t—=0+.

That gives the theorem. O

Remark

You should notice that in the process of proving the theorem we solved the following problem: suppose
that f € C(R), f(x +27) = f(z). Then u(t,x) := Hy * f(z) solves

(0r — O u(t,) =0, u(0,z) = f(x), u(t,z+2m)=ul(t,z).

We now notice that the Fourier series converge in the case of smooth functions:

Theorem
Suppose that g € C*°(R), g(x + 27) = g(x). Then for all z
_ -~ ikx _ 7:
9(x) = zejzg(k)e = lim_ Sng(z), (17)

with absolute convergence (which is uniform in z € R).

Proof. It is enough to show (17) holds for = 0 and for g(0) = 0, as otherwise we can consider y — g, (y) :=
g(y + z) — g(x) noticing that

~ 1 o —ika 1 o —ik(y+x)+ikx
G (k) = 7/ g2(y)e™ M dy — g(2)dko = —/ g(y + x)e FTDITERE gy g(3)610
T 0 27T 0
S ) )
= 6“”% Q(Z)eﬂkzdy —g(7)dko = ezmﬁ(k) — g(z)dro,
0
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and hence

g(x) = 3G

nez
is the same as

0=g.(0) = 35 (k) = S(M5(k) — g()dr0) = —g(a) + 3 e*7G(k).

kEZ keZ keZ

Thus we assume that ¢g(0) = 0 and prove (17) for x = 0. The key observation is that

G(z) := ﬂ € C*(R), G(z+2nm)=G(x).

ew —1

This follows from the fact that z + e — 1 is 27-periodic and has a simple zero at = 0. (You can use
L’Hopital’s rule if you must). It follows that

g(z) = (¢ = 1)G(2) = e G(z) — G(w),

and a simple computation shows that

~

g(k) = G(k —1) — G(k).

From (16) we see that the series ) @(k) and > g(k) converge absolutely and hence

DTGk =D (Gle—1) = Gk) =Y Glk—1) = Gk)=>_G(k) = > _ G(k) =0,

kEZ keZ kEZ keZ keZ kEZ

proving the claim. O
We now can prove

Theorem
Suppose that f € L?([0,7]). Then

SRR =5 [ 1Pz, (13)

kEZ

and in view of the optimality of Bessel’s inequality
Ilf— SNfHL2([0727T] —0, N — oo.
In particular e (z) := (2r)~2¢’** | k € Z, form an orthnormal basis of L2([0, 27].

Proof. We will use the notation

Ck[f] = <fa ek>'
If we define
Secf(x) =Y cxlflen(x),
k
then Bessel’s inequality shows that S, € L? and ||[Sxf — Seofllzz — 0 as N — co. We want to show
that Soof = f. In the notation of the approximation theorem above we know that Sof: = f; (since

f+ is smooth and periodic — see (17)) and ||f; — f|| — 0 as t — +. Hence, using Bessel’s inequality,
[SscFllr2 = X2 |ex[F11? < [|F||z2 with F = f — fi, we get

8ot = fllzz = Jim ISf = il = lim [1Socf = Sacfill

< i — £l =
,tgfggr”f ftH 0.

This means that || f — Sy f||2 — 0 and and we have the equality (18). O
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By rescaling y = m(x + L)/L and applying the theory above in y variables we see that

The set
(2L) 7mnm/L n€Z,

is an orthormal basis of L?([—L, L]). This means that
_ Y 2minz /L A —ZTrnac/L 1
P =3 flmermrt, )= |1 dr, (19)

with the convergence in L?([0, L]):

L N
/ F@) = 3 Fm)em /L Pdz -0, N oo
v -N
If f € C*¥(R), k> 1, and f(z +2L) = f(x), then the series in (19) converges absolutely to f(x).

Also, note that

/ @) Pdz =20 31 FG)|

JEZ

(To remember the constants check this for f(x) = 1 so that f(O) =1 and f(]) =0,5+#0.)

The orthonormal basis, (2L) emz/L e 7. is particularly well suited to the study of 2L-periodic
functions.

Example: Consider f(z) =1 for 0 <z <7 and f(z) =0 for 7 < z < 27. Then

=1 n=>0

. 1 27 ) 1 ™ )
fay=o [ f@)eimda = 27/ e=ine — | (rin)t n—2k+1
o o T Jo 0 n = 2k.
The partial sums of Fourier series are then given by
N i(2k+1)z _ —i(2k+1)z N 9 ¢i (2]{3
e e sin(2k + 1)x)
IS 1 _ 1 il e st/ 20
wf() 2+k220 mi(2k + 1) 2+kZ:0 (k+ D) (20)

General theory tells us that
2
/ |f(z) — Sy f(z)?dz — 0, N — oo.
0

It is also true that
Sn(z) = f(x), =€ (0,7)U (m,2m),

but
Sn(z) — % # f(z), ==0,n,2m.

In this example, if we take © = 7/2, then, using
sin(m(k+ 3)) = (—1)*,

we obtain

— 2(-1)* — (-1)*
_l =
_2+1;7r(2k+1 m=4) ot
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Figure 7: Plots of partial sums (20). Note that at point of the series gives 0.5 which is half of the jump.
That is, in fact, a general phenomenon.

This is an example of many cool formulas we can obtain using Fourier series. This particular conditionally
convergent series is not a very good approximation to .

Sine and cosine series
Suppose f € L?([—m,n]) satisfies f(x) = —f(—x), that is f is odd. We then have

fk)y= | fe ™ de= | fl-w)e™de=— [ [a)e*dr=—f(-k).
Note that f(0) = —f(0) so f(0) = 0.
This means that, with convergence of the series in L? (or pointwise convergence if f(x + 27) = f(x) and

fe€CFR), k>1),
fl@) =" Jk)(e™™ — 7o) = " 2if (k) sin ka. (21)
k=1 k=1

We repeat an observation we made before: for k,m € {1,2,---},

T . w2 m=k,
/0 smkxsmmxdw-{ 0 m £ k.

This means that

{(2/7r)% sin kx}oo

C L*([0,7]) is an orthonormal set. .
1

If g € L?([0,7]) we can take its odd extension to [—, 7]

g(x) 0<z<nm

fla) = { —g(—z) —7m<x<0
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We then note that
slg] = (2/m)* /oﬁ g(x) sin kzdz == (2/7)" 21/; o) (5 — )
= (2/m)> 212 /W(—g(—x)eikw — g(z)e"**)dy = (z/w)%% _W f(z)e~*wdy

= (2/m)imif(k) = (m/2)22i f (k).

From (21) we conclude that, with convergence in L?([0, 7]),

W=

o0

Zsk (2/7) %sinkx,
k=0
that is,
{(2/#)% sin k;x} is an orthonormal basis of L([0, 7]).

We can do the same with even functions and even extensions of g € L%([0,7]). That shows that

{(1/m)2 U {(2/7r)% cos kx}oo is an orthonormal basis of L*([0,7]).

That means that, with convergence in L%([0, 7]),

o0
1

g(x) = colg](1/m) % Z g](2/m)2 cos kx,
k=0

clsl = (1/m¥ [ gte)de, alsl = 2/m)} [ gta)coskada, k0

Example: Counsider f(z) =1 for 0 < < 7/2 and f(z) =0 for 7/2 < z < 7. This is essentially the same
function as in the previous example but now we want to expand it into a sine series. This means that we

need to compute calculate

/2

sk[f](2/%)5/Oﬂf(:c)sinkxdx(2/7r)5/0ﬂ sinkz = (2/7)2 a2

(—coskx)|,

el

(2/m)% (2m+1) k=2m+1
(2/m)2(2m)~ (1= (-1)™) k=2m

The partial sums of the sine series are then given by equality)

- (2/#)%%(1 — cos(kr/2)) = {

2(1 — cos(km/2)) sin(kx)
Snf(a Z — (22)
k=1
General theory tells us that
/ |f(z) — Sy f(z)|?dx — 0, N — oo.
0
It is also true that
Sn(z) = f(z), x€(0,m)U(m,2m),
but
Sn(z) = 3 # flx), z=17,
and
Sn(z) = 0# f(z), z=0,m,
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Figure 8: Plots of partial sums (22). Note the overshooting at the jumps — it does not go away as N gets
larger.
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