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Abstract

We use the Selberg zeta function to study the limit behavior of resonances in a degenerating family of
Kleinian Schottky groups. We prove that, after a suitable rescaling, the Selberg zeta functions converge
to the Thara zeta function of a limiting finite graph associated to the relevant non-Archimedean Schottky
group acting on the Berkovich projective line.

Moreover, we show that these techniques can be used to get an exponential error term in a result
of McMullen (recently extended by Dang and Mehmeti) about the asymptotics for the vanishing rate
of the Hausdorff dimension of limit sets of certain degenerating Schottky groups generating symmetric
three-funnel surfaces. Here, one key idea is to introduce an intermediate zeta function capturing both
non-Archimedean and Archimedean information (while the traditional Selberg, resp. Thara zeta functions
concern only Archimedean, resp. non-Archimedean properties).
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1 Introduction

A Schottky group of rank g over C (also called Kleinian Schottky group) is a discrete subgroup of SLa(C)
which is purely loxodromic and isomorphic to the free group of rank g. These groups were introduced by
Schottky in 1877 and they were classically studied in connection with the famous uniformization theorem for
Riemann surfaces: indeed, Koebe proved in 1910 that any closed Riemann surface is uniformized by some
Kleinian Schottky group.

Partly motivated by the great success of the study of degenerating families of Riemann surfaces (ul-
timately leading to the celebrated Deligne-Mumford compactification of moduli spaces and its numerous
applications), we shall investigate in this paper the analytical and geometrical properties of degenerating
families of Schottky groups over C.

More concretely, given a family I', of Schottky groups over C generated by 2 x 2 matrices whose entries
are meromorphic functions of z € D*, it is sometimes possible to introduce a Schottky group I'® over
the non-Archimedean field C((t)) (of Laurent series on ¢) whose features can be used to extract asymptotic
information on T, as |z| — 0. In fact, this philosophy of studying degenerating families of complex objects via
non-Archimedean limiting objects is nowadays widely spread in the literature (cf. [Kiwl5], [BJ17], [DF19],
[Fav20] and [Luo22] for some recent works) and, in the context of Schottky groups, this idea was exploited
by Dang and Mehmeti [DM24, Theorem 3] to prove that certain degenerating families I", of Schottky groups
over C possess limit sets L(I',) C P{ whose Hausdorff dimensions satisfy

do
dim(L(T,)) ~ ——— (1.1)
log(1/|z])
as |z| = 0, where dj is the Hausdorff dimension of the limit set of a non-Archimedean Schottky group I'™*

acting on the Berkovich projective line IP’(E’(((IS). (We also recommend to the reader the very recent paper

[CG24] of Courtois and Guilloux containing a partial extension of the work of Dang and Mehmeti to higher
dimensions via an alternative method, namely, the study of the infinite dimensional hyperbolic space.)

In the present paper, we pursue this kind of philosophy in order to describe the Selberg zeta functions
of certain degenerating families of Schottky groups over C in terms of Ihara zeta functions of finite graphs
naturally attached to non-Archimedean Schottky groups: see Subsection 1.2 below for precise statements.
As a consequence, we are able to significantly refine the result of Dang and Mehmeti mentioned above. In
particular, we improve upon the work of McMullen [McM98] on the Hausdorff dimension of limit sets of
Schottky reflection groups associated to symmetric three-funnel hyperbolic surfaces and the theoretical and
numerical works of Weich [Weil5], Borthwick [Bor16] and Pollicott—Vytnova [PV19] on the convergence of
rescaled Selberg zeta functions of symmetric three-funnel hyperbolic surfaces: see Subsection 1.1 below for
concrete statements.

1.1 Example: symmetric three-funnel surfaces

Let X (¢) be the symmetric three-funnel hyperbolic surface with parameter ¢, that is, the non-compact
hyperbolic surface of genus zero that has three funnels of widths ¢ > 0. This gives an example of a family of
degenerating surfaces when ¢ tends to infinity. Denote by I'(£) the Schottky group uniformizing X (¢), and
let L(I'(¢)) be the limit set of I'(¢) on the visual boundary H?. McMullen [McM98] studied the asymptotics
of the Hausdorff dimension of L(T'(¢)) as £ — oo and he obtained dim(L(T'(¢))) = #.

For this particular example, as it will be explained in Example 6.7 below, the main results of this paper
imply an exponential error term in McMullen’s asymptotic formula above:

Theorem 1.1. For the case of symmetric three-funnel hyperbolic surfaces, we have for any e > 0,

_log4

dim(L(D(0))) = =

+ Oe(e—(l—e)€/4).




Moreover, for the Selberg zeta function (see Eq. (1.2) for definition), we have
|Z(D(0),s/0) — (1 — 6™ + 9e™2° — 4e73%)| = Op (e~ (174,
for any s in a fixred compact set K and any € > 0.

The convergence of the Selberg zeta function without speed is due to Weich [Weil5]. Pollicott—Vytnova
[PV19] proved a polynomial error term O(1/v/¥) in the convergence of the Selberg zeta functions and
O(1/V/£3) in the convergence of Hausdorff dimensions (and, in fact, Example 6.8 below shows how to re-
cover their results from our techniques). The exponential error term above also explains that the numerics
of resonances in Borthwick [Borl6] behave well even for small ¢ such as £ = 10: see Example 6.5 below for
more details.

Our method of proof is different from previous works on symmetric three-funnel surfaces. Indeed, this
family is just an example of a degenerating Schottky family and, as it is explained below, we actually study
the limit behavior of all such families.

1.2 Main results: degenerating Schottky families

The study of the degenerations at the origin z = 0 of meromorphic families I", of Kleinian Schottky (and,
more generally, non-elementary) groups depending on a complex parameter z € D* in the unit punctured
disc of C is a topic of intense investigations with a vast literature around it. For instance, such families
are useful to build compactifications of representation variety, character variety or moduli spaces (see, e.g.,
[CS83] [Otalb] and [PT21]), their Lyapunov exponents for the associated random walks satisfy fascinating
asymptotics (see, e.g., [ACS83] and [DF19]), and, as we already mentioned above, Hausdorfl dimensions of
their limit sets attracted the attention of many authors.

In the present paper, the central objects of discussion will be the Selberg zeta functions. Recall that the
Selberg zeta function for a Schottky group I' of SLy(C) is defined as follows. Let P be the set of oriented
primitive periodic geodesics on T*(I'\H?).

Z(U,s)= [ JI (- e Grhthatemioshizta)) (1.2)
~YEP k1,k220

Here, by a slight abuse of notation, we also denote by «y an oriented closed geodesic representing a loxodromic
element v € SLy(C), so that () is the length of the periodic geodesic v in T'\H?, and e*~ is the holonomy
given by 7/(74) = e !~ with v, being the attracting fixed point of 4. Similarly, for I' < SLy(R), the
classical Selberg zeta function is defined as

Z(T,s) =[] JJ( —e RO,

YEP k=0

Note that the definitions for SLy(R) and SLy(C) do not coincide, and, for this reason, we will deal with the
two cases separately.

The function Z(T', s) is convergent and analytic in the region Rs > dr, where dr is the so-called critical
exponent. It admits an analytic continuation to the whole complex plane C, and hence we obtain an entire
function Z(T',s). Due to [PP01], we know that the poles of the resolvent of the Laplacian on I'\H? (also
called resonances) correspond to a subset of the zeros of the Selberg zeta function Z(T, s).

For a degenerating family of Schottky groups, we define the intermediate zeta function. We will prove
in Proposition 4.2 and Corollary 5.8 that it is well-defined and has a holomorphic extension to s € C.

Definition 1.2 (Intermediate zeta function). Let v € SLo(C((t))) and M € Zso, we define the approximate

length function
M

Oar(7,2) = () + R D a;(y)2’ /log(1/]2])

=0
where a;(y)’s are the coefficients in the expansion

oo

0(v2)/ log(1/|2]) = € (1) + R Y a;(v)27 / log(1/|2]).

=0



The intermediate M-zeta function is defined by

Zu(C,zs) = [] (1= e 0)
[veP

for Rs sufficiently large. !
Here is our main result:

Theorem 1.3. Let I, be a degenerating Schottky family satisfying condition (%) in Subsection 2.4, and
denote by I' < SLy(C((t)) be the corresponding non-Archimedean Schottky group. Then for any s € C, as

|z| = 0, we have
Z(Lz, s/log(1/|z])) = Z1(T', ),

where Z1(T, s) is the Ihara zeta function associated to T (defined in Proposition 2.19) and the convergence
on any compact set is uniform.
Moreover, for any compact set K and € > 0, we have for all 0 < |z| < 1/e and for any s € K,

1Z(T.,5/1og(1/|2])) = Zo(T, 2, 5)| Ske |2

Furthermore, for any C,e > 0 and M € Zsq, we have for s € [—C,C] + i[-C|z|~™,C|z|=™] and
0<|z] <1/e,
1Z(T 2,5/ 1og(1/12])) = Zm (T, 2, 8)| See 1217

As a direct corollary, we obtain

Corollary 1.4. Let T, be a degenerating Schottky family satisfying the condition (¥ ) in Subsection 2.4. Let
P(|z]) be the first zero of the intermediate zeta function Zo(T, z,s) of the variable s. We have for any e >0
and |z] < 1/e

dim(L(T,)) = P(|2]) + Oc(|2'79).

For special examples, like symmetric three-funnel surfaces and Example 6.4, the main term has the form
P(|z]) = do/log(1/]z]). For general examples, the main term P(|z|) is a zero of a polynomial of exponential
functions of the variable s like 3 aje™*(bitei/108(1/I12D) Tt would be interesting to study the Taylor expansion
of P(|z]) on 1/log(1/|z|).

Remark 1.5. Due to the definition of Zy, we know P(|z|) and the coefficients of the expansion only depend
on the coefficients of tr(y) with v € T'. For example, if we write Zy(T', z, s) = Zp(s,u) with u = 1/log(1/|z|),
then by the implicit function theorem, we obtain

 d &2y v
PUED = gty ~ o oV iy *© (atirens)

Can we find other interpretations of the term 222 (do,0), such as the variations of Hausdoff dimension

[McMO8] or the expansion of Lyapunov exponent rACSS?)]?

We also obtain a corollary on the zeros of zeta functions and, consequently, on resonances of the Lapla-
cian.

Corollary 1.6. The zeros of Z;(I', s) have the structure Res;(I') = {u;} + 2miZ, where {y;} is a finite set.
Outside s = 0, the resonances of T, converge to Resy(I") (counted with multiplicity) after rescaling, i.e.

log(1/]z]) Res(T",) \ {0} — Res; (') \ {0}, |2|—0 (1.3)
on compact sets. In particular, the spectral gap of T, converges to 0 after rescaling by log(1/|z|).

Proof. Tt follows from Theorem 1.3 that the zeros of Z(T',, s/log(1/|z])) converges to the zeros of Z; (T, s) in
any compact set. See Corollary 4.5 for a more detailed version. The structure of Res;(I") follows from the
fact that Z;(T', s) is a polynomial of e™* (see Proposition 5.1). The convergence Eq. (1.3) follows from the
fact that the resonances of the Laplacian coincides with the zeros of Z(I',, s) outside s € Zgg (see [Borl6,
Chapter 10] for the two dimensional case and [PP01] for the general case). O

1See Example 6.5 for one explicit but nontrivial intermediate zeta function for hyperbolic funneled torus.



Remark 1.7. 1. By Proposition 2.19, the Ihara zeta function Z; (T, s) associated to I is the Thara zeta function
of a finite graph which comes from some Berkovich space quotient by T.

2. It is classic that the Hausdorff dimension of the limit set equals the first zero of the Selberg zeta
function. For the non-Archimedean case, see Section 7.1 for the equality between Hausdorff dimension and
the first zero of the Thara zeta function. We recover the convergence theorem of the Hausdorff dimension of
the limit set of [DM24] Eq. (1.1) from Corollary 1.6.

3. The work [OW16] proves that the family of congruence Schottky surfaces has a uniform spectral gap
(in both low and high frequencies). The works [MN20], [CMN24] study the optimal size of the low frequency
spectral gap under random covers. Our work shows that the gap becomes small under degenerate situations.
It is interesting to ask if the gap also gets smaller in high frequency, i.e. when s is big. The conjecture of
Jakobson—-Naud [JN12] suggests that this does not happen.

4. When the corresponding Mumford curve ¥ x of I" is a g-regular graph with each edge length 1 (see
Section 2.5 for definition), the Thara zeta function is given by Z;(T,s) = (1 —e~2%)" " det(I — Axe * + (¢ —
1)e=2%) where 7 is the number of generators of I' and Ax is the adjacency matrix of Yx (see for example
[HSTO06]). Let A, < -+ < A2 < A1 = ¢ be the eigenvalues of Ax. Therefore the set of resonances Resy(T') is
determined by y;’s, which satisfy e/ = (\; £ /A2 —4(¢ —1))/2(q — 1) or e#s = +1. This is similar to the
relation between Res(T",) and eigenvalues/resonances of the Laplacian operator on the quotient manifold.

Moreover, if the graph Y x is a Ramanujan graph, that is —2v/¢ — 1 < A, < -+ < A2 < 2¢/q — 1, then
all p1;’s have real part log(q — 1)/2 except one 1, equal to log(¢ — 1) and some p; equal to 0 or 7i.

5. The fractal Weyl law conjecture [Zwol7, Conjecture 5] states that the number of resonances in a strip
grows according to the dimension of the limit set at T' — oc:

#Res(D) N {Rs > —C, [Is| < T} ~ T, § = dim(L(T)).

Moreover, it is also conjectured in [Zwol7, Conjecture 7] that the resonances concentrate near the axis
Rs = 6/2. The upper bound is known by [GLZ04], but the sharp lower bound is not known in any nontrivial
example of Schottky groups. Our work provides a perspective on this conjecture via the intermediate zeta
functions, which we conjecture to have a similar growth pattern as the fractal Weyl law, see the discussion
after Example 6.8.
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1.3 Notations

Throughout the paper, we adopt the following conventions.

o We write A < B if there exists a positive constant C' > 0 (that may differ from expression to expression)
such that A < C'B. We specify the dependencies of C by a subscript, e.g., A <r B. We use A < B to
mean that A is much smaller than B.

e D(a,r):={weC:|w—a| <r}isa disc of radius r centered at a € C.
e D = D(0,1) is the unit disc and D* =D\ {0}. Similarly, D,, = D(0,r) and D* =D, \ {0}.

e The variable ¢ usually means the formal variable in the field of Laurent series C((¢)). This field is
equipped with its usual t-adic norm |f|,, = exp(—ordi—o(f)) = e ™ for f =t" > fut™ € C((t)) with
m=0

fo # 0. The variable z usually means a complex number that parametrizes a degenerating family of
Schottky groups over C or R.



e The Banach ring A, C C((¢)) is defined by f =3 a,t™ € C((t)) such that the hybrid norm

A, = Zmax{\an\w, lanlo}r™

is finite (| - o is the trivial norm). We will usually take r = 1/e and define || - |lny == || - [ 4, -

£

e Let M € Zx( be a nonnegative integer and a = t™ Y " ant" € C((t)) with ag # 0. We define the
leading M terms

M
ltar(a) =™ ant™.
n=0
e We use Fraktur letters a, b to mean an element of the (fixed) set of generators on I'. We use bold letters

a, b to mean words of the generators.

e For an element v € SL(2,C((t))), we use 7, to denote an element in SL(2,C) by evaluating at ¢t = z if
all the coefficients of v converge at z.

e /(v) € Ryp means the length of a closed geodesic associated to v € I'. £"%(y) € Zxo is the non-
Archimedean length defined in Definition 2.16. () € Zx¢ is the word length of ~ for a fixed set of
generators ap, - , g, with a; 1, = a;l, i.e. I(y) = n whenever v = a;,a;, - - - a;, with Qi oy #* a;l.

n

2 Preliminaries of Schottky groups

We recall some preliminaries on the Schottky groups.

2.1 Schottky groups of PGL,(C)

An element v = ( i 2 ) € PGL3(C) is called lozodromic if it induces a Méobius transformation
Z Zjidb on C which is conjugated to z — Az for a complex number A with 0 < |A| < 1.

Definition 2.1. We say that a free subgroup I' = (Mi,..., My) C PGLy(C) with g > 2 generators is a
Schottky group of rank g if

e every v € I'\ {id} is loxodromic;

e [' admits a non-empty domain of discontinuity, i.e., it acts freely and properly on a non-empty connected
invariant open subset of P*(C).

Given a Jordan curve C in P!(C) and a reference point o ¢ C, we say that the exterior (resp. interior)
of C is the connected component of P*(C)\C containing (resp. not containing) o. After Maskit [Mas67],
a Schottky group has the form (T4,...,T,), where Tj’s induce M&bius transformations with the following
property: there are a reference point o and Jordan curves C1,C1, ..., Cy, C; with disjoint interiors such that
each T; maps the exterior of C; to the interior of C;. If all the Jordan curves C}, C§ can be chosen to be
circles, then the corresponding Schottky group is called a classical Schottky group.

2.2 Kleinian Schottky spaces

A loxodromic element v € PGLo(C) is determined by three parameters: its attracting fixed point
a € P(C), its repelling fixed point 3 € P!(C), and its contraction rate A € D*. In the sequel, we shall denote
by M(a, 3, A) the loxodromic matrix parametrized by «, 5 and A.

The Schottky space S4(C) of rank g > 2 is the space of g elements Mj, ..., M, of PGLy(C) that generate
a Schottky group up to the natural equivalence given by simultaneous conjugation by Mobius transformations
(cf. Bers [Ber75]). These elements are parametrized by 3¢ quantities o, 81, ..., ag, 8¢, A1, - .., Ag. Since the



action of PGLy(C) on P!(C) is 3-point transitive, we can set a; = 0, 31 = 2, ap = 1. In this way, we can
regard S,(C) as a subset of C3973: each p € Sy(C) is parametrized by the so-called Koebe coordinates

(043,. .. 70197527' . '75g7>\17' . ~7>‘g) = (Qvév&) € (]P)l((c) \ {07172})2973 X (D*)g

As it was shown by Hejhal [Hej75] (see also [Ber75]), S,(C) is a connected complex manifold of dimension
39 — 3.

2.3 Limit sets of Kleinian Schottky groups

Given a point p € S4(C), let L(I'y) be the limit set of the Schottky group I' = I'j, associated to p.
Sullivan [Sul79] showed that the Hausdorff dimension dim(L(I',)) coincides with the critical exponent ér, of
I" which is given by

o, = inf{s > 0:P(s) < oo}.
Here P(s) = > |7/ (0)|% is the usual Poincaré series, o is a point outside L(I',) and |.|s is the norm with
vel,
respect to the Euclidean metric on C. Due to the work of Patterson [Pat76, Pat88, Pat89], we know that the
critical exponent is also equal to the first zero of the Selberg zeta function.
As established by Anderson and Rocha [AR97], dim(L(T',)) is a real analytical function of p € S, (C).

2.4 Degenerations of Kleinian Schottky groups

Similarly to the case of moduli space of complex algebraic curves, one can try to approach the boundary
of S4(C) by studying degenerations of one-parameter families of Schottky groups. More concretely, we always
consider a meromorphic function p : D — C2973xD9, 2 — p(z) = (a(2), B(2), A(2)) such that p(z) € S,(C) for
all z € D*. From now on, when talking about Schottky family, we mean a family given by this meromorphic
map p(z).

Since it is not easy to handle general degenerations of Schottky groups, we shall focus on the degenera-
tions p(z) leading to nice (Schottky) non-Archimedean limits (in the sense of Poineau and Turchetti [PT22])
as z — 0. For this sake, one follows Dang and Mehmeti [DM24] by considering the quantity

Kpin = Hgnlgék ord,—o (A;(2) - [u;(2) : uk(2); i (2) : Bi(2)])
u€{a,B}

(based on the order of vanishing of certain holomorphic functions) measuring how close the attracting and
repelling fixed points can get in terms of cross-ratios versus the contraction rates?.

Definition 2.2. We say that a one-parameter family of Schottky groups satisfies condition (¥) if
e \;(z) vanishes at z =0 for all j=1,...,¢ and
L4 Kmin > 0.

For the explanation this condition using non-Archimedean norm on C((t)), please see Remark 2.14.
In this setting, Dang and Mehmeti showed that

Theorem 2.3. There exists dy > 0 with
or, = dim(L(I';)) ~ do/log(1/]z])
as z — 0 whenever the condition (%) holds.

Remark 2.4. Similar results for Lyapunov exponents at the place of Hausdorff dimension were obtained
by Favre [Fav20] (and, more recently, an error term was derived by Ingram et al. [[JM22] in arithmetic
situations).

2For example, by taking i = 1, j = k = 2, one gets A1(2) - [1 : B2(2);0: 2] = A\1(2)(2 — B2(2))/B2(2).



Let M(D) is the ring of meromorphic function on D with possible pole at 0. From a Koebe coordinate

-1
(a(z), B(2), A\(2)), we get a matrix v, = <a(12) 5(12)> ((1) A?z)) (a(lz) 5(12)> in GL2(M(D)). In order
to simplify later computations, we want a matrix in SLy(M(ID)). The only difficulty is that /A(z) =
\/t™" f(2), for some n € Z and holomorphic f(z) nonzero at 0, may not be meromorphic. We can do a change
of variable. Let z = w? for w € D, then due to D simply connected, the square root \/A(w?) = w="/f(w?)
ou?) ﬂ(w2)> (wﬂ(f(w?))l/z 0 ) (a(w?) /D’(w2)> -
1 1 0 w(f(w?))/? 1 1 ’
which is in SLo(M(D)). For 2z = w?, from the definition we have £(v,) = £(,,) and 20"%(vy) = ("%(3), where
£ will be defined in Definition 2.16 and with respect to C((¢)) and C((w)), respectively. Denote the Schottky
group generated by S, as A,,. Then the corresponding Selberg zeta functions and Ihara zeta functions satisfy

Z(Lz, 5/ log(1/]2])) = Z(Aw, 5/21og(1/|w])) and Z (T, s) = Z1(A, 5/2).

is still meromorphic. Let 8, = (

We can obtain the result of I', from that of A,. Hence, up to a possible change of variable z = w?, the
family of Schottky groups in PGL2(M(D)) can be replaced by a family in SLo(M(D)). We don’t give the
detailed results in PGLy. The readers are encouraged to write for themselves.

2.5 Non-Archimedean Schottky groups
Let (k,| - |x) be a complete normed non-Archimedean field. See [PT22] for more details of this part.

Definition 2.5. For n € N, the Berkovich analytification A;"*" of the n-dimensional affine space A} is
the set of multiplicative seminorms on the polynomial ring k[T, - - - ,T,] which extend the norm on k. The
topology on A}"*" is the coarsest topology such that for any polynomial P in k[T%,--- ,T,], the evaluation
map from A;"*" to R given by |- |, — |P|, is continuous.

The Berkovich analytification ]P’llg’a" of the projective line P}, is constructed by gluing two copies of A,lf"m.
More precisely, let | - |, and | - |, be two seminorms of two copies. They are equivalent if the map 7' — S~!
maps one seminorm on k[T, T~!] to the other on k[S, S~1].

Remark 2.6. When k = C, AZ*" is homeomorphic to the usual analytic A%, and hence Pg*" is homeomorphic
to ]P’é. When £k is non-Archimedean, IP’,lf’a” has the structure of a real tree.

Example 2.7. Set n = 1. When k is non-Archimedean, for a € k and r € R, we can define the point
Nar € A,li’a" by 3, an(T — a)™ — maxy, |a,|kr™. In this setting, a € k corresponds to 14,0 € A,ﬁ"m and the
element 11 € Allc"m is called the Gauss point.

Definition 2.8. An open disk (resp. a closed disk) in P,lc"m is an open subset (resp. a closed subset)
isomorphic to a set

D~ (a,r) = {z € A;""|T —al, < r}
(resp. D (a,7) = {w € Ay™"(|T — al, <r})

where a € k and r € Ry, and A,lg’a" is an affine chart of ]P’,lg"m.

The Shilov boundaries of both D~ (a,r) and D™ (a,r) are defined to be the singleton {n, ,}.

a b

The action of an element vy = (c d) of PGLy(k) on Ay*" — {—d/c} is given by

p al' +b

cI'+d
for P, Py, Py € k[T, and P,(T)/P(T) = P(‘CI;IS) Moreover, it is possible to naturally extend this formula
to obtain an action of v on ]P’,lc’an: see [PT21, I1.1.3] for more details.

An element v € PGLa(k) is called lozodromic of given a representative in GLa(k), its eigenvalues in
an algebraic closure k2 of k have different absolute values (by [PT21, I1.1.4], the eigenvalues are in k).
Schottky groups of PGLgy(k) ([PT22, Definition 3.5.1]) are defined similarly to Schottky groups of PGL2(C)
(Definition 2.1) with the projective space P!(C) replaced by IP’,lﬁ’a”.

_ Pl

|P(T) |y ) = T P(T)].




b

Definition 2.9. For a loxodromic element v = (Z d

) € PGLy(k) with ¢ # 0 and XA € Ry, let

DIy = f{z € Ay |(¢Z + d)(2)]* < Mad — bel},

DI, ={w € Ay™| [(cZ + d)(2)[* < Alad — be|},

where we only consider an affine chart A,ﬁ"m of ]P’,lf’an and Z is the variable of k[Z]. They are called open and
closed twisted Ford disks respectively.

Remark 2.10. The original definition in [PT22, Definition 3.5.5] contains a typo. We need to define for all

T € A,lc’a" to have the desired property vD_ , = ]P’,lc’a” — D;’[l’ y—1- The definition relies on the choice of the

affine chart Ai’(m. In all the argument, we fix the affine chart once for all, such that the oo is not in the limit
set.

Definition 2.11 (Schottky figure). Let I be a Schottky group in PGLy(k). Let {7y1,--- ,74} be a set of free
generators of I'. Let B = {D;,D;l :i=1,---g} be a collection of disjoint closed disks in Pi’“". Then B is

called a Schottky figure adapted to {71,--- ,vg}ifeachie{1,---,¢} and e € {1, -1},

—e

— € 1l,an
D=7 (P — Dj )

is the maximal open disk inside D;@.

The following theorem is due to Gerritzen and is stated in the notations of Poineau-Turchetti ([PT22,
Theorem 3.5.9]).

Theorem 2.12 (Gerritzen). Let T' be a Schottky group of PGLa(k). Then there exists a set of free generators
{71, v} of T and A\; € (0,1) fori=1,---,g such that the collection of twisted Ford disks

D-I—

B:{D+ 7i7Ai:i:17"'7g}

’Y»_l )\f17
is a Schottky figure adapted to {y1, -+ ,74}-

Remark 2.13. There is no analogue of this theorem in the Archimedean setting: indeed, it is known that
some Kleinian Schottky groups are not classical, i.e., they cannot be described in terms of Schottky figures
involving only round discs.

Remark 2.14. A meromorphic family (T',).ep+ of Kleinian Schottky groups can be seen as a subgroup I' C
PGL2(C((t))). In this context, as it is shown in [PT22, Proposition 4.4.2], the condition (%) is equivalent
to I’ being a Schottky subgroup of PGLy(C((¢))) (with C((t)) equipped with the non-Archimedean norm

|Zj>m ajtj|na =e " for am 7é O)

Mumford curve and its skeleton For an analogue of periodic geodesics in non-Archimedean case, we
need to use the description of the limit set in Py*". The advantage is that P)*" is a compact real tree, while
P} is discrete.

Let T be a Schottky group of rank g in PGLy(k). Similarly to the special case where k = C, a point
T € ]P’,lc’a" is a limit point if there exist z, € IP’,?“” and a sequence {7, }, C T of distinct elements such that
lim, oo YnZo = @. Let L(T) be the limit set of T on P,lc"m, that is the set of limit points. We have that
L(T") C P} [PT21, Corollary I1.3.14].

Moreover, let O = P, " — L(T'). Tt is shown that O is a domain of discontinuity of T, i.e., it is [-invariant
and the action of T on O is free and proper. The quotient space X = I'\O is a Mumford curve. (See [PT22,
Theorem 11.3.18].) Let ¥ = O N U, yer [z, y] where Py*" has a structure of real tree and [z,y] is the unique
injective path from z to y, see [PT22, Section 2.5] [PT21, Proposition 1.6.12].> Let ¥x = I'\¥, which is
called the skeleton of the Mumford curve and is a finite graph of genus g. (See [PT22, Notation 4.2.2]) The
skeleton Y x can also be obtained by identifying the Shilov boundary points p;, q; of Dj/‘i,Dﬂy_,17 which is a

Schottky figure adapted to {y1,--- , 74}

3The path is the union of two intervals given by {ne.», 7 € [0, |z—y|x]} and {nyr, 7 € [0, |z—y|x]} with Ne,|z—ylr, = My, |lz—ylk>



Remark 2.15. This skeleton X x is the analogue of the convex core of a hyperbolic manifold for Archimedean
case. This can be seen from the fact that IP’,IC’“" contains the Bruhat-Tits building (Bruhat-Tits tree in P},
case), which is the analogue of the simply connected hyperbolic manifold in Archimedean case.

Metric structure Recall from [PT21, Section 1.8] [PT22, Section 2.5] the definition of multiplicative
length. For o, € k and 0 < r < s, we define the additive length of the elements 7, ,,73,s by:

o if max{r, s} > |a — Blk, do(Ma,r,np,s) = log(s/r);
o if max{r, s} <|a — Bk, da(Na,r,np,s) = log(la — Bli/r) + log(|a — Bk /).

This length is invariant under the action of Md&bius transformations. The tree ¥ consists of points of n, ,
with a@ € k and r € Ro.* Using this length, we can define length on ¥. The length of the edge of the graph
Y x =T'\X comes from the quotient of this additive length.

Definition 2.16. For a loxodromic element 7, we define the non-Archimedean length by

() = log(|tr§/|i/| det(9)]x),

where 4 is a representative of v in GLa(k).

This definition also coincides with the logarithm of the attraction rate at the attracting fixed point of
the loxordromic element. Hence a suitable analogue of length of periodic geodesics in the non-Archimedean
case.

The following lemma connects the length of loops in the graph with non-Archimedean length of elements
inT.

Lemma 2.17. Let v be a non-trivial lozodromic element in T' and «,a’ € Py, be its two fized points. Then
for any x € [a, ] — {«, '}, we have
do(,yx) = £"(7),

where [z,yz] C [o, /] —{a,a'} C X.
For any y =ngs ¢ [a, &'] with 0 < s < 0o, we have

da(y,vy) > £ (7).

Proof. Due to invariance under conjugation, up to conjugation, it is sufficient to consider v = diag{A, 1} with
|Alx > 1. Then the line [o, '] = {no,,0 <7 < 0o}. We have dy(z,vx) = da(n0,r, M0, |A|,r) = 10g [A|x = £ (7).
The second statement follows from the fact that IP’,?“” is a tree and vy preserves the distance d,. O

Thara zeta function The non-Archimedean case of Selberg zeta function is well studied. The analogue
zeta function is called the Thara zeta function for finite graphs. See [Tha66] and [HSTO06].

Suppose G = (V, E) is a finite graph. Let E = {e1, - ,eas} be the set of oriented edges of G with e;
and ej4 in opposite direction. Each edge has a positive length. A loop P in G is a finite sequence P =
(€iy,- - ,ei,) with the end point of e;; equals the starting point of e;,,, (we use the convention e;, ., = e;,).
The length £(P) of a path P is the sum of the lengths of e;;. A path is non-backtracking if there are no
consecutive edges that are inverse to each other, that is there is no j such that e;,,, = e;; ;. A loop is
primitive if it cannot be written as a multiple of another loop. Two loops only differing by starting point are
defined to be in the same equivalence class of loops, denoted by [P]. Let P be set of equivalence classes of
primitive non-backtracking loops.

Theorem 2.18 (Thara, Hashimoto, Bass). Let G be a finite graph. Define the Ihara zeta function by

Z1(G,s)= [ 1 —eP).
[PleP

Then the IThara zeta function has an analytic extension to the whole complex plan.

4The points like 7,0 = 2 are not in & = (P,lc’a" —L)NUg yerlz,y].
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See Proposition 5.1 for a proof and a way to compute the Thara zeta function.

Let T be Schottky group in PGLy(k). Recall the Mumford curve £x = I'\Y of I'. Since X is a tree,
which is simply connected, each non-backtracking loop P of ¥ x corresponds to a conjugacy class [yp] in T.
The length of each edge in Y x is given by the length of its lift in the ¥. Moreover, from Lemma 2.17, we
obtain that for non-backtracking loop P, we have ¢(P) = {™*(vp). Therefore, we obtain

Proposition 2.19. Let Z;(T',s) be the Ihara zeta function for T < PGLo(k)®, that is

Z/(Lys)= [ -0,

[veP

Then we have
Z](F,S):Z](Ex,s). (21)

Remark 2.20. If all the edges of G are of length 1, then
Zy(s) = (1—e7®) " Hdet(l — Age™ + Qge™™)

where A is the adjacent matrix of the graph G, r is the rank of the fundamental group of G and Q¢ is a
diagonal matrix with i-th element equal to the degree minus 1 of the i-th vertex.

Therefore, if |k*| = rQ for some r € (0,1) (in particular, the case of the algebraic closure of C((t))), then
we can use this formula to compute the Ihara zeta function.

2.6 Hybrid space

After Poineau—Turchetti [PT22], one can build a Schottky space Sg'a, over a Banach ring A,
Set = 1/e. The Banach ring A, can be described as follows. We Say “that f=>"a,t™ € C((t)) belongs
to A, if its hybrid norm

1f Iy == D max{lan]oc, lanlo}(1/e)" (2.2)

is finite. (Here, |.|o is the trivial norm.) Due to max{|an|co, |@nlo} = Y |@n|oo, the elements f € A, can be
realized as meromorphic functions on ID,. with possible pole at 0.

Definition 2.21. The Berkovich affine space Ai‘i‘_?”“" consists of elements x which is a bounded multiplica-
tive seminorm | - |, on the ring R = A,[as,...,aq,82,..., 8¢, A1, .., Ag], 1.€., | - | satisfies

e [0, =0,[1, =1;
o |[P+Q|. <|Pl:+]|Q|: and |P - Q|, = |P|+|Q|. for all P,Q € R;
i |f|x < Hf”hyb for all f € A,

The topology is the weakest topology such that for all the element P € R, the map from Aigr_?”a" to R given
by |P|, is continuous.

When n = 0, we denote by M(A,) the space Ag’f", and call it the Berkovich spectrum of A,.. It is known
that M(A,) is naturally homeomorphic to the closed disc D, and, by restricting the seminorms to the base
ring, one obtains a continuous morphism 1T : A?’g e M(A,).

For each = € A3g %an - we denote by H(z) ‘the completion of the fraction field R/Ker| - |,. We call z
Archimedean if H(x ) is Archimedean, non-Archimedean otherwise.

5This function is also called the Ruelle zeta function.
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. Y 3g—3,an
Continuous map p: D, — A}

Let p: D — C3973, 2 p(2) = (a(z),B(2),A(z)), be a continuous function in ﬁ:, holomorphic in D},

and meromorphic at 0. By abusing notation, we construct a map p : D, — Ai‘i._?”an as follows: for any
F =3 fa(t)Pa(a, B, ) € Ara, B, A], we set
1/log(1/|z .
Pl = { [P, AN iz 20 23)
! exp(—ordz=o(X fn(2) Pula(2), 8(2), A(2)))), if 2 =0,

where P,(a, 8, ) is a monomial of total degree n. The key advantage of this construction is that from [BJ17,
Proposition A.4] the map p : D, — A?’g %am i continuous. In the beginning, we deal with meromorphic
functions. Using this hybrid COIlth"uCthIl we don’t have a singularity at z = 0 and give a sense of the limiting
behavior at z = 0.

For z € D, we have H(] - lo(zy) = (C, ] - |éé1°g(1/|zl)), and therefore p(z) is an Archimedean point. For
z =0, we have H(| - [,(0)) = (C(()), | - |na), and therefore p(0) is a non-Archimedean point.

Now, we build projective spaces where the Schottky groups attached to the points in Berkovich affine

. . 39—3
space act in a natural way. Given x € A%Y™"", let

l,an ~ ol
PLe" ~ P1(C)

if the residue field H(z) is Archimedean and Pl’?") ~ a tree otherwise In this context, a point © € Aig:?”a"

belongs to the Schottky space Sg7 if 0 < |A;]; <1 for all 1 < j < g, the points 0,1,2, a3, ..., a4, 52,..., 5
are mutually distinct, and the matrlceb U(z) C PGLy (’H(x)) asboaated to x mduce a Schottky group over
IP’,L‘(Z") Interestingly enough, Poineau and Turchetti proved an analog of Hejhal’s theorem by establishing

that Sg" is an open path connected subset of A?’g 3,an
For the family of Schottky groups satisfying condltlon (%), due to Remark 2.14, we know p(0) € 57 .
Due to openness of ngl 4,» we recover [DM24, Proposition 6.1]

Proposition 2.22. For the family of Schottky groups satisfying condition (%), there exists 0 < n < r such
that the continuous map p restricted in Dy has image in Sg7

Uniform Schottky basis For an element v € PGLy(C((t))), whose entries are meromorphic on D} with a
possible pole at 0, we define a family of twisted Ford disks:

” (z € AL | [(cZ + d) ()2 < A|(ad — be) ()]} if = =0, (24)

. (z)—{ & € ] Je(2)a + d(2) LD < A(ad — be) (D) it 2 %0,
()=
C((t)

where ¢(z) means the complex value of the meromorphic function ¢ at t.
We state a result of uniform Schottky figures for all small parameters. This is a translation to this special
case of [PT21, Theorem 4.3.2 and Corollary 4.3.3].

Lemma 2.23. Let T' = (M, -, M) be a family of Schottky groups satisfying condition (%). There exist
s € (0,7) and an automorphism T € Aut(Fy) such that the following holds. Let

Ny =7My, - Ny =7M, € PGLy(C((t)).
There exist positive real numbers Ai,- -+, Ag, such that the family of twisted Ford discs
+ + + +
(DR, 0, () DR, 5, (20, Dy (2,00, DY (2))

is a Schottky figure adapted to the basis (N1,--- ,Ng) for each z € C with |z] < s.

Proof. We explain the language used in [PT22] and how to obtain the lemma.
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Recall S = 57", is the Schottky space. Let O(S) be the ring of analytic functions, which means locally

Z) € PGLy(O(S)) be a

loxodormic element with ¢ # 0 and 0 < A. Let Aé"m be the affine line over S with variable Z. In [PT22],
relative twisted Ford discs is defined by

the function can be uniformly approximated by rational functions.® Let v = (CCL

DY, = {z € Ag™| |(cZ +d)()|* < Al(ad — be)(x)[}.

We will prove that this gives the same family of twisted Ford disks as in Eq. (2.4).

The projection map 7 from Aé"m to S is the restriction of the seminorm to the ring A,[a, 3, A]. For any

y € S, the fiber 7=1(y) is the affine line A;ﬁ;.7 Relative Ford discs are the union of twisted Ford discs on
these fibers.

For the continuous map p, we know p(0) is a non-Archimedean point in S. Then we can apply [PT21,
Theorem 4.3.2 and Corollary 4.3.3] to find a relative twisted Ford disks on an open neighbourhood U of p(0) in
S, which is a Schottky figure adapted to a chosen basis. The new base is denoted by Ny = 7My,--- , Ny = 7M,
for some 7 € Aut(Fy) and with parameters Aq,---,A;. Moreover, for any y € U, the restriction of relative
twisted Ford discs to the fiber A;&’(l;) gives a Schottky figure on that fiber. Then we only need to prove this
gives the twisted Ford disks in the statement of the Lemma.

For H(y) Archimedean, the norm (H(y), ||,) is always given by (C, ||§S}’)) with some €(y) < 1. Due to
our choice of p(z), we know that e(p(z)) = 1/log(1/|z|) for z # 0. Over (C, ||S,), the analytification gives no

new point. Hence a semi-norm ||, € Ay ) = Aé‘ll‘n reads as
oo

P@)@) = [(Canz) @] = | anziy|

oo

for some unique Z(z) € C determined by z and for a polynomial P € C[Z]. Due to the openness of U and
the continuity of the map p, we can find 0 < s < r such that p(Ds) is contained in U. Therefore, the twisted
Ford discs at the fibre over p(z) with z # 0 and |z| < s reads as

DI (2)={z¢€ AL"(Z;(Z))\ [(cZ +d)(z)|* < A|(ad — be) ()|}
={z € C||c(z)x + d(z)@log(l/lzn < M(ad — bc)(z)‘éélog(l/lﬂ)}.

The proof is complete. O
We define the discs D, . to be the Ford discs

Da:i=Diyy (2) (2.5)

for any generator a in the generator set {Ny,--- , Ny, Nl_l, e 7Ng_l}, where the inverse is because we want
that the attracting fixed point a™ of a satisfies at € D,. For any element v = a;, ---a;, € I', we define

D%Z =0z uin—17ZDui“7Z'

We can further suppose the Schottky basis is uniformly bounded for |z| < 1. Indeed, the limit set and
the Schottky figure of I are in the unit ball D(0, 1) of the Berkovich affine line Ai’a", which can be realized
by suitably conjugating the Schottky group. Then, for small |z|, the Schottky figure are in a uniform compact
set in C due to the centers of Schottky disks being meromorphic functions and their radii being functions of

log(1/]]) o - _ (a(z) b(z)
the form A /le(z)|, where A and ¢(z) comes from the disc Da*,)\,.fl (z) for example a, (c(z) d(2)
and Mgt = A .

6We will only use meromorphic functions on I, so we don’t give detailed definition.
"The fiber 71 (y) is the set of seminorms on R[Z] whose restriction to R = Ar[a, 8, A] coincides with the seminorm y. Recall

that H(y) is the completion of the fractional field of R/ ker(y). Hence this set of seminorms, 71 (y), is isomorphic to the set of

multiplicative seminorms on H(y)[Z] whose restriction to H(y) coincides with y, which is exactly the affine line Aql_l‘(l:).
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3 Convergence of zeta function

Let I' < SLy(M(D)) be a family of Schottky groups satisfying (¥).

3.1 Convergence on half plane: Euler product
Theorem 3.1. For Rs > 1, we have that

Z(T., s/log(1/]2]))

—1 — 0.
Zi(T, ) ”s

The following lemma gives the convergence of the length of each conjugacy class.

Lemma 3.2. Let [v] be a non-trivial conjugacy class in T', then

o £0)/g(1/120)

=1.
z—0 gna ("y)

Proof. Using the definition of non-Archimedean length (Definition 2.16) and the assumption that I' <
SLy(M(D)), we have ’
‘tr<7)‘na =" /2,

Every non-trivial element « in I" is loxodromic in SL2(C((t))), hence £™*(v) > 0. Since tr(+,) is meromorphic,
we have lim,_,q | tr(v,)|"/1°8(1/12D = | tr(y)|na. The assumption that T’ satisfies (J) yields £(7.) — oo as
z — 0. We obtain

|tr(’yz)|/e€(”2)/2 — (ef(vz)/Q + e—f(vz)/Q)/ef("fz)/Q 1.

‘We obtain
lig L0/ log(V/I2) . H(y:)/log(1/]z])  log|tr(y:)|/log(1/]z]) 21og | tr(v)[na _ -
z—0 ena(y) 2=0 2log | tr(v.)|/ log(1/|z|) log [ t1(7)]na na(y) '

We also need a uniform bound independent of z for the lengths of geodesics. We first recall the uni-
form distortion estimates from Lemma 5.6 and Corollary 5.9 in [DM24]. Meanwhile, Proposition 2.22 and
Lemma 2.23 state that there exists 7 € (0,7) such that the map p : D, — 8§77 is continuous, and {D,,.} is
a uniform Schottky basis for any z € ID,,. Hence, we can apply the results to obtain the following.

Lemma 3.3. There exist 9 € (0,7) and constants R > 0, ¢ € (0,1) for any |z| < no and any non-trivial
word vy, the radius r., . of D., . satisfies®
7. < RO (3.1)

Moreover, there exists a constant N > 0 such that for any v = ab with ab reduced and l(a) = 1 and I(b) > N,

SUP,cpy, . o/ ()] 1
- X - z . 32
nfrep,  |a(z), T \4 > (3.2)

Here, the radius and the derivative are computed with respect to the norm |- |,. More precisely, for
z#0, ||, is a norm on C given by |- |, := |- \})élog(l/lzl), and for z =0, | - |, is a norm on C((t)) defined by
| ) ‘z = ‘ ) |na-

Lemma 3.4. Let g € (0,7), R> 0, ¢ € (0,1) be the constants given in Lemma 3.3. Then there exists C > 0
such that for any word v = ab with ab reduced and [(b) = 1 and a of arbitrary length, we have

Sup,ep, . |a'(z)]:
: <C R/(1 - Dy, -
infzeDb’z |al<.'1/')|z eXp( /( C)) fOT any z € 10

8Recall that I(v) stands for the word length: cf. Subsection 1.3.
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Proof. Assume [(a) = n and write a = a;, ---a;,. Recall that a;, ---a;, Dy . = Da,. .a;, b,z for any z € Dy,.
We estimate the distortion of a:

SUD,ep, . |a’(z)]. SUPzeDq; . a;, 0.2 i, ()= SUPxeDuia...ainb,z |ai, ()2 SUPgep, . |a§n (2)]-

i ()]

in

infxEDh,z |a’ ()] h infxEDaW.-.ainh,z |a;1($)|z infoDuiS-.-q‘ b2 |a;2($)|z infxEDh,z |a

1 1
< exp Z zruij+1---ui,Lb7z < exp <4R/(1 — c))
j<n—N

Here, to obtain the second and third inequalities, for j satisfying n — j > N, we estimate the distortion of
a;; by applying Eq. (3.2) and then Eq. (3.1), and for j satisfying n — j < N, we bound the distortion of a;
by a constant only depending on I" and N. O

Lemma 3.5. There exists ¢ € (0,1) depending on the Schottky family, such that for any conjugacy class [7)
with £"*(y) > 1/c and |z| < ¢, we have

€(yz) = clog(1/]z)€" (7).

Proof. Let I(y) be the word length of v with the fixed generating set. Choose a v in the conjugacy class that
is cyclically reduced, which means that the first and last letters of the word v are not inverse to each other.
Note that YDa;, 2 = Dya,, 2 and the y-attracting fixed point is inside Dy, combined with Lemma 3.4,

- (3.3)

we obtain
Tya;, ,z
log Rkt .
( Ta;, .z ) (1 - C)

As we required v to be cyclically reduced, we have I(ya;,) = I(y) + 1. Hence by Eq. (3.1),

log Tyai, ,z B R
Tai, 2 (I1-2¢)

) > log(1/|2)I(7),

R

—log |/ (y-attracting fixed point)|, >

{(v.) = —log(1/|z]) log |y’ (y-attracting fixed point)|, > log(1/|z|)

R
> tog(1/ 1) (1) ol - [Hogrn, .| ~ o R~ 2

where the last inequality is true if [(7) is large enough compared to these constants. For the finitely many ~
with {(y) small, we use Lemma 3.2 to get a uniform bound.

Lemma 3.6. Let vy be a cyclically reduced word. For the word length I(vy) and the non-Archimedean length
(), they satisfy £ (v) S (7).

Proof. Since £"*(7y) is the least translation length for the type of points 7, (Lemma 2.17), we have for the
Gauss point 0 = 19 1,

[’m(’y) < da(O, ’70) < da(07 a’ho) + da(ai107 iy aizo) et da(ail T O, 40, ’70)
<

Zda(o, a;,0) S1(7). O

The proof is complete by combining the above lemma. O
Since Eq. (3.3) also works for non-Archimedean point p(0), the same proof implies
Lemma 3.7. Let I be a non-Archimedean Schottky group. For any cyclically reduced word ~y, we have
() 2 1)

Proof of Theorem 3.1. Suppose s € C with s > 1. We have

Z(T.,s/log(1/]z])) _ H 1 — e~/ log(1/]z))e(v=) .

Zi(T, s) den Lo e—st(7)
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where

R B Hk;l(l — e—(S/log(1/|2|)+k)€(’vz)) if T, < SLy(R),
(v) = | — = (s/108(1/ |2+ Hha)E(r2) =0 (b1 +k2)) 3£ T, < SLo(C).

Hkl +k22>1 (
We will use the inequality

1/(1 —z) < exp(2z) for 0 <z < 1/2. (3.5)
We estimate |R(y)|~!. Using Lemma 3.5, we have for |z| small, if I', C SLy(R), then

R(y)|7t = H |1 — e~ (s/1o8(1/12D+R)E0v=) =1  oxp QZefkrclog(l/\z\)Z"“('y) = exp (
k>1 k>1

If I', < SLy(C), then we have

2€7clog(1/\z\)f"’a(7)
1— e—clog(l/IZI)f"“('Y)> ’

‘ 1 < H |1 e~ (Rs/log(1/|z])+k)e “/z)| (k+1) < exp 22 k+1 —kelog(1/]z])€™*(v)
k>1 k>1

9 4e—clog(1/]z)e™* (v)
o <(1 ~e—clog(/lzDem ()2 2> S exp <(1 - e—clog(l/z)éTW(w))z) '

Combing these two cases together, we have for |z| small,

H IR(y <exp |8 Z e—clog(1/[ze"*(v) | (3.6)
h]eP ]eP

We first sum over {[y] € P : ¢"*(y) = n} and then sum over n € N. Due to Lemma 3.7, there exists a
constant C' only depending on the family such that

#{[y] € P: £"(y) = n} < #{ycyclically reduced : I(y) < C'n} < e (3.7)

Hence

ge—(clog(1/]2)—0)
g (3.6) < exp (1 - e—(clog<1/|z|)—c>)

which converges to 1 as |z| tends to zero.
Now, we consider the other factor in Eq. (3.4). Take N > 1. We separate into two parts: £"*(y) < N
and £™*(y) > N. For the first part, which is a product of finite terms, due to Lemma 3.2,

1 — e—s/108(1/12DE(r2)

11 o L

[vleP
M ()N

For the second part, due to Lemma 3.5, we have

—s/log(1/|z])€(v=
‘16 0 g 3 e Re/ om0/ | )

1— st ()

[v]eP [v]leP
()= N " ()>N
na na e~ N(Rsc=C)
<2 Z 67§Rsc€ () + efﬂ?sé (v) <2 Z eCn(emesc + 67§Rsn) _ - N
HleP >N —c

" (y)>N
where the first inequality is due to Eq. (3.5) and the last inequality is due to Eq. (3.7). Therefore, given
Rs > 1, we have that for N sufficiently large, the product
1 — e~/ log(1/]2D)€(7z=)

H 1 — e—stm™(v)

[vleP
£ (y)>N

is close to 1. The proof is complete. O
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3.2 Boundedness of zeta function through transfer operator
3.2.1 Preliminaries on trace class operators

We recall some preliminaries on trace class operators. See [DZ19, Appendix B] for more details.
Let A : Hi; — Hs2 be a compact operator between two Hilbert spaces. The singular values uy of A are
defined to be the eigenvalues \; of (A*.A)'/? in decreasing order, i.e.

ﬂ[(A) = AZ((A*A)1/2)? 62071727"'
We recall the minimax property of singular values:

pe(A) = min max ||AU||H2. (3.8)

codim(V,H1)=LveV\{0} ||’U||7'll

This follows directly from the minimax property for self-adjoint operators since [ Av||3,, = (A*Av,v)y,. As
a corollary, for any compact operators A : H; — Hy and B : H; — Ha, we have the inequality

pe(A+B) < piey (A) + pe, (B), VL=t + L. (3.9)

Definition 3.8. A compact operator A : H; — Ho between two Hilbert spaces is a trace class operator if
Al == me(A) < o0
¢

|| - ||1 is called the trace norm.

For a trace class operator A : H — H on a single space, one can define the trace by

tr(A) =Y (Aej, e;) (3.10)

J

where {e;} is an orthonormal basis of 7. One can verify that the definition does not depend on the choice
of {e;}. By Lidskii’s Theorem [DZ19, Proposition B.31]), we have

A) = M(A
¢
The Fredholm determinant is defined by

det(1 —A) = JJ(1 = Ae(A)).

14

We have the estimates
| tr(A Z Ne(A < Allx, [ det(1 = A)| < T+ pe(A)) < Al (3.11)
¢
For a trace class operator A : H; — Ho and a bounded operator B : Ho — Hs, it follows from the
minimax property that z1,(BA) < ||B||3, -5 1e(A) and thus
BAllx < [1Bll#, -2 Al (3.12)

Moreover, it is shown in [DZ19, Eq (B.4.9)] that for a trace class operator A : H; — H2 and and a bounded
operator B : Ho — H,
tr(AB) = tr(BA). (3.13)
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3.2.2 Transfer operator: SLy(R) case

To estimate the Selberg zeta function in the region where the infinite product expression does not
converge, we employ the transfer operator £;. The observation is that the transfer operator L; is a trace class
operator acting on the space of holomorphic functions with bounded L? norm, and its Fredholm determinant
gives the Selberg zeta function.

We first consider the case for a Schottky group I' < SLa(R) of rank g > 2. Write I' = (a1, a,- - , agg)
with a;a;4y =idfori=1,2,---,g. By conjugating I' if necessary, there exist open discs Dq,, Day, "+ , Da,, in
C centered in R such that their closures are disjoint, and for each a € {ay,...,as4}, we have a(@—m) =D,
and a(R — I4—1) = I?, where I, :== Dy NR.

We define the Hilbert space H := @79, H(D,,), where H(D,) = {u € L?*(D,) : u is holomorphic} is
equipped with the norm ||u||,2H(Du) = |Dq| ™t Hu||2L2(Du). The transfer operator Ls : H — H is defined as

Lou(w):= Y dj(w)*u(ai(w)) for we Dy with be{ar, -, az}. (3.14)
Cli;éb_l

Here note that the derivative satisfies a}(w) > 0 for w € Dy NR, and hence we define a}(w)* := e*log i (w)
where we choose the branch of complex logarithm so that if s € R, then a}(w)?® is the unique holomorphic
function on Dy satisfying af(w)® > 0 for w € Dy NR.

We introduce a few more notations. We use W" to denote words of length n with respect to the
generators ap,--- ,dzg, i.e. words of the form a; a;, ---a;, with a;,,, # a;jl. Fora = a;, ---a;, € W", we
denote

a(w) = ai, (a5, (- - aq, (w)))

and a’' =a;, ---a; _,.

For a disc D of radius R, and a real number p > 0, we use pD to denote the disc with the same center
and of radius pR.

The following lemma shows that £, is a trace class operator (see also [Borl6, Lemma 15.7]).

Lemma 3.9. Suppose v : Dy — pDy is a holomorphic function between two discs with 0 < p < 1 and
a,b € {ai,..., a2}, then the pullback operator

7 u(w) = u(y(w)) : H(Da) — H(De)
18 a trace class operator satisfying
pe(v") S C(1L—p)2p"VeE+1,
Consequently, for any s € C, Ls: H — H is a trace class operator.

Proof. We may assume Dy, is centered at 0 and take an orthonormal basis ¢, (w) == v/n + 1 (£)" of H(Da)
where R is the radius of D,. Then

Pn

I 6alBmny = 1067 [ 1) DI 4 w) < (4 107

De ‘R2n
By the minimax property Eq. (3.8), we conclude

pe(v) < v bnllape) <YVt 1p" <C(1L—p)2pVE+1.

n>0 n>t
Thus
S (v <C-p) ) pfVI+1< 0
¢ )

which implies that v* is a trace class operator. Since L; is a finite direct sum of such pullback operators
composed with multiplication by holomorphic functions, we conclude Ly is also a trace class operator using
Eq. (3.9) and Eq. (3.12). O
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Since L is a trace class operator, we can define its Fredholm determinant. We claim det(1 — L;) is
exactly the Selberg zeta function, see [Borl6, Lemma 15.10]. Here we include a proof for completeness but
we will omit the proof later for similar cases. Note since L is in trace class and depends holomorphically on
s € C, det(1 — L) is an entire function. So this gives an alternative proof of holomorphic extension of the
Selberg zeta function.

Lemma 3.10. For s € C, we have
det(1 — L,) = Z(T, s). (3.15)

Proof. Since both sides are entire functions on C, it suffices to check the inequality for Rs > 1. For s > 1,

we have
1
det(1 - L) = - .
et( exp< E:n >

On the other hand,

— 1
Z(T',s) = exp Z - Z e n(s+k)(7)

n=1" [k

k
We again consider the orthonormal basis ¢f(w) = vk +1 (“E“’“) where w, is the center of D, and R, is
the radius of D,. We write

L= Z Lsap with Lgap: H(Dg) = H(Dy) given by L qpu(w) = a'(w)’u(a(w)) for w € Dy.

aZzb—lew
We have
»C;L = Z £S,ﬂi1 Qg Gipy g with »Cs,ail Qig @iy 1y = ‘CS’ain iy . »Cs,az‘Q iy £575i1 iy
Qiq Gig Oy 4y ewntl
The Schwartz kernel of Ly a; a;,--a,,,, 1 given by

ﬁ‘s’ailaiZ'”ain#»l (w’ ’U)l) = Z<ai1 T ain)/< ) all (ali G, (w)) ]cclil (wl)7 w e Dain+1’ w' e Da’ii'
k
Its restriction to the diagonal is nonzero if and only if a;, ., = a;,. Set vy =a;, ---a;, and Ly 5 := Ly q, ST
So L u(w) = +'(w)*u(y(w)). A change of variables w = gw’ gives the operator (g)* o L, o (g7 )
H(g™ " Da,, ) = "H(g_lDuinH) given by

(9)" 0 Loy o (g™ ") u(w) =+ (guw')u(g yguw").
Let v = g~ 'vg, and L, 5, : H(g™ ' Da,, ) = H(g™' Dy, ) given by L u(w') =i (w)*u(y1w’). Then
(9)* 0 Lsyo (g~ ") u(w') =B~ 155 wlB with  Bu(w') = (¢'(w"))*u(w").

Therefore, by Eq. (3.13), tr£, 4 = trL,,,. So we may choose the coordinate so that a;, ---a;, (w) =
et %in)y then

e
We may assume the center of Dg, is 0. Applying the definition of trace Eq. (3.10) to the basis (bzil (w), we
obtain

e—s[(ail ai,)

k k
" in e~ laiain )y w dm(w) = Ze—(s+k)z(ai1~--am).
Ran k |w|<Ra,, Rail Rail P’

trl:S’a,ilmain_H = TZ(’C"‘l)/

Suppose the closed loop a;, ---a;, = a™ where a is primitive. Then

thr (L) Z 3 e,

n [a]eP,k

The proof is complete. O
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For further applications, we also introduce modified transfer operators where we only use discs with
word length > N. For a=a;, ---a;, € W", let

Da e (Dam)
We define the modified transfer operator on H = Hy := @peyyny H(Dp):
Lsnu(w) := Z d(w)u(a(w)) for we Dy with b=a; ---a;. (3.16)
a#ufll

When N = 1, it agrees with the previous definition Eq. (3.14). When N > 2, the modified transfer operator
acts on a space of functions with a larger domain. We can still use the proof of Lemma 3.10 to show that for
any N > 1,

det(l — Ls,n) = Z(T, 5).

In the computation, we need to use fixed points. By taking larger N, the fixed point of one loxodromic
element is still contained in only one disc. The computations are the same.
Now we can state a much more precise estimate for the transfer operator.

Proposition 3.11. Suppose I' < SLy(R) is a Schottky group with the notations above. Suppose for some
A,B >0, N € Z~o and ¢ € [0, 7], we have for any a € W and b = a;, ---a;, € WY with a;, # a™ 1,

o c A o' (w)| < e? and |argd’ (w)| < p < 7 for any w € Dy;

e a(Dy) C e BD, with a = ab’.
Then the singular values of Ls N satisfy

pe(Lon) < Clg, N, B)eAIRslHeISsI=BO/Cla.N)\ /p 1 (3.17)
Proof. The transfer operator £, y is the direct sum of operators
Loan: H(Da) = H(Dy) given by Lo apu(w) = () u(a(w)),

where a € W and b= q;, ---a;, € WY with a;, # a~! and a = ab’. We have

o |o'(w)*| < max(|a’(w)| ™, o (w)| )| exp(| arg o' (w)||Is|) < eAMelFeISSl;

e By Lemma 3.9, the singular values of the pullback operator a* : H(Da) — H(Dy,) satisty

e(a®) < O(1 — e~ B) 2 BT 1.

Then the proposition follows from Eq. (3.9) and Eq. (3.12). O

Recall from Lemma 2.23, for a family of Schottky groups satisfying condition (%), we have a uniform
Schottky basis.

Proposition 3.12. Suppose we have a degenerating family of Schottky groups I, < SLa(R) satisfying (%)
with their Schottky discs uniformly bounded away from oo. For any N > 1, a € W, b = a;, ---a;,, € WY
with a # a;ll, and sufficiently small 0 < |z| <y 1, we have for any w € Dy, ,, and the disc Dy , with a = ab’,

|log |a’(w)|] Sxv log(1/[2]),

1

Dy, —

o(Db.:) © 75

in terms of the absolute norm. Moreover, for any M > 0, there exists N(M) > 1 such that if we require
b e WNM) wdditionally, then

Da.. (3.18)

larg o (w)| Sar |2

Consequently, given any C,M > 0, the family of zeta functions Z(T',,s/log(1/|z|)) with 0 < |z| < 1/e is
uniformly bounded (depending on C' and M ) in the region

[Rs| < C, [Ss] < Ol log(1/[2]).
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Proof. By assumption, a € SLo(M(D)), so we can write a = (ﬁ Z) with a,b,¢,d € M(D). Fix any
0 < |z| < 1. The uniform separation a(Dy ;) C 75Da,. follows from Corollary 3.23.
For any w € Dy ,, we have a(w) = Z ;Uidb , where the lower subscript means to evaluate the functions

at z. Then o/(w) = 1/(c,w + d,)?. The estimate |2|* < |a’(w)]| follows from the fact that the Schottky discs
are uniformly bounded away from oco. The other estimate |a’(w)| < |2|™4 follows from that the definition of
uniform Schottky discs Eq. (2.4) and the convention Eq. (2.5) give

eirzl)f lw+d./c.| > d(0Dg-1 ,,a” '00) > diam(Dy-1 ) /2.
w b,z

Finally, it follow from Lemma 3.3 that by taking N sufficiently large, we can make sure diam(Dy, ;) =
O(]z]¢NV). The estimate |arga’(w)| < |2|™ for w € Dy, , follows from the observation that

o (w) = (c;w+d,)"? = ;2 (Rw +d./c,) +iSw) 2

and Dy, , NR # ().

For the boundedness of Z(T'.,s/log(1/|z])), it suffices to assume 0 < |z| < 1 since otherwise, the
statement follows from the continuity of the zeta function. Then the hypothesis of Proposition 3.11 is satisfied
with A = Aglog(1/|z|) where Ay is fixed and ¢ = O(|z|*). We can apply the conclusion of Proposition 3.11
and Eq. (3.11) to obtain the boundedness of Z(T',, s/log(1/|z]). O

3.2.3 Transfer operator: SLy(C) case

Let T be a classical Schottky group in SLy(C) of rank g > 2. The discussion is similar but has several
complications, which we detail below.

Write I' = (aq, a9, - ,az,) with a;a;44 = id for ¢ = 1,2,--- ,g. By conjugating I' if necessary, there
exist open discs Dq,, Dq,, -+, Da,, C C such that their closures are disjoint, and for each a € {ay,...,az4},
we have a(@ — Dg1) = D,.

To study the Selberg zeta function, we identify C with R?, and given v = (Ccl b) € SLy(C), complexify

d
the linear fractional transformation v : R? — R2:

([ alx+iy) +b L a(x+iy) +b
W@ y) = <§Rc(x+iy) -i—d’\sc(x—l—iy)—i-d)’ (v.y) € R (3:19)

to

a(wy + iwg) + b n a(wy —iwg) + b _ia(wl +iws) + b
c(wi +iws) +d = e(wy; —iwg) +d’ clwy +iws) +d  E(wy — iwg)

F(wy,we) = % <

For cach generator, suppose Dy = {|w — wa| < Ra}. Let Dy be the polydisc defined by
Dq = {(wy,ws) € C? : max(|jwy — Rw,|, [wy — Swa|) < Ra/3},

and we also view D, N D as a subset of D B _ B
We introduce the Hilbert space H = @2, H(D,,) where H(D,,) = {u € L?*(Dy,) : u is holomorphic}

with the norm ||uH3{(~ = |Da, |~ |Jul2 Suppose a; maps Dy into a compact subset of Dy, for any

L2(Da,)’
b # a;l. The transfer operator Ly : H — H is defined as

Lsu(wy, ws) Z [} (w1, ws)]*u(a;(wr,ws)) for (wy,ws) € D, with be {a1,... 025} (3.21)
a; b1
Here [a/ (w1, w;)] is a holomorphic function in Dy such that [a} (w1, ws)] = |a}(z + iy)]| for (w1, ws) = (z,y) €
Dy. More precisely, if a; = (LCL Z) € SLy(C), then
, 1
[0 (w1, wa)] = —. (3.22)

(c(wy + iws) + d)(e(wy — twsg) + d)
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Eq. (3.21) requires choosing a branch of complex logarithm such that log[a; (w1, w2)] is a holomorphic function
on Dy, satisfying log[a/(wy, ws)] = log |a}(z + iy)| for (w1, ws) = (x,y) € Dy N Dy. This is achievable because
the inequality |wp + d/c| > Ry gives |wy + iwy + d/c| > Ry/3 and hence [a)(wy, wy)] # 0 for (wy,ws) € Dy.
Define [o (wy, ws)]* := exp(slog[a) (w1, ws)]) on Dy.

We show that the pullback operator 7* is again a trace class operator.

Lemma 3.13. Suppose 7 : 15[, — pﬁa is a holomorphic function between polydiscs in C? with 0 < p < 1 and
a,b € {ai,...,az4}. Then the pullback operator

Fru(wy, wa) = u(F(wy,ws)) : H(Dg) — H(Ds)

18 a trace class operator satisfying
pe(F*) < CopVP (L +1).

In the following, we will use the multi-index notation:

a=(ar,a) € Zio, la] = a1 + g, and ol = ajlasgl.

Proof. We may assume Dg := {(wy,w3) € C2 : |uy| < Ry, |w|ls < Ry}. Consider the orthonormal basis
¢a(w1,w2) = \/(al + 1)(042 + 1))(’11)1/R1)a1 (UQ/RQ)OQ of H(Du). Then

dm(wy, ws) < (| +1)2p%°],

s ~ |71 (v (w1, wa)) 29 |2 (y(wy, we)) |22
W2~ =D oa1+1)(az+1
H7 ¢ ”H(Db) | b‘ ﬁb( 1 )( 2 ) R%al R§a2

where 7; : C? — C is to project on the i-th coordinate. By the minimax property Eq. (3.8), we conclude

@)<Y T alypy < D B+ 1D2F < Cpp (1),

|ee|2£—10 k2>£—10
Thus
S w3 <Y pVHE+1) < oo,
‘ ¢
which implies 7* is a trace class operator. O

Similar to the SLy(R) case, we have
det(1—Ls) = Z(T,s) forany se€C.

We refer to [GLZ04] for more details.
As in the SLy(R) case, we also consider the modified transfer operators to obtain further applications.

The precise construction is as follows. For a = a;, ---a;, € W", define the polydisc 58 in C? associated to
D, = D(wa»Ra) cC by

Dy = {(w1,w2) : max(Jw; — Rwal, |we — Swa|) < Ra/3}.
For any N € N, the modified transfer operator L, v on H = Hy := @bEWNH(ﬁb) is defined by

Ls nu(wr,ws) = Z [0 (wy, wo)]*u(@(wy, wy)) for (wy,wy) € Dy with b =a; ---a;,.
a;éﬁ,il

Again we have for any N € N,
det(1—Lsn)=Z(T,s) forany seC.
We state a proposition similar to Proposition 3.11 for SLy(C).

Proposition 3.14. Suppose I' < SLy(C) is a Schottky group with the notations above. Suppose for some
A,B>0, N €Z~o and o € [0,7], we have for anya € W and b = a;, ---a;, € WY with a;, # a~!,
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o e A L [o!(wy, ws)]| < e? and |argla’ (wy,ws)]| < ¢ < 7 for any (wy,ws) € Eb;
e 4(Dp) C e BD, where a = ab'.
Then the singular values of L4 satisfy
pe(Ls n) < Clg, N, B)e(A|§Rs|+<p|Ss\7341/2)/C(g,N)(é_|_ 1).

Consequently, the operator Ls n 1s a trace class operator.

Proof. The proof is similar to Proposition 3.11. The operator L, y is a direct sum of the following operators:
Consider each component of L n:

Lsab : 7—[(53) — H(ﬁb), Ls apu(wi, ws) == [0’ (wy,we)]*u(@(wy, ws)), a=ab,

where a € W, b =aq;, ---a;, € WY with a;, #a~!, and a = ab’.
We have

o e wr, )} < mawe ([ (wn, ), |, )] ~) expl( angla(on, wa)]|[Fs) < eATRelo1

e By Lemma 3.13, we know
pe(@) < C(B)e B (0 41).

Then the theorem follows from Eq. (3.9) and Eq. (3.12). O
Similar to Proposition 3.12, we have the following.

Proposition 3.15. Suppose we have a degenerating family of Schottky groups T, < SLo(C) satisfying (%)
with their Schottky discs uniformly bounded away from co. For N > 1, a € W, b = a;, ---a;, € WV with

a # ai_ll, and sufficiently small 0 < |z| <y 1, we have for any (wi,ws) € Dy ., and the disc 5372 with
a=ab’,

[log [[a” (w1, w2)]|| < log(1/]2])

o~ 1~
(D) C 15Dz (3.23)

in terms of the absolute norm. Moreover, for any M > 0, there exists N(M) > 1 such that if we require
b € WNM) additionally, then

| argla’ (wi, w2)]| < =M.
Consequently, given any C, M > 0, the family of zeta functions Z(T',,s/log(1/|z|)) with 0 < |z| < 1/e is
uniformly bounded (depending on C' and M) in the region

Rs| <O, [Ss] < Ol log(1/]2]).

Proof. By Corollary 3.23, there exists v > 0 such that for any N € N, a € W, b = a;, ---a;,, € WV with
aa;, # id, and sufficiently small 0 < |z| < 1, we have

a(Db,z) - ‘Z|vDa,z~ (324)

where a = ab’.
Fix 0 < |z] < 1. We first show Eq. (3.23). Suppose Da, = D(Wa,:, Ra) and Dy . = D(wp,z, Rb »).
Then |a(w) — wq | < |2|"Ra,, for w € Dy_,. Using the Cauchy integral formula, we estimate the derivatives

of aon Dy, . at wyp ,: for any k£ € N,
dk a(w
/ (w) ot dw
an,z (w - wb7z)

a(w) — wa,» k!
———————dw| < 2r——|2|"Ra,z-
/BDb’z (w — wp_. )P+ S Rl’i,z| |"Ra,
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We can then form the analytic continuation
a(wr, wz) = a(wp,»)+

1 . a1 Yo :
> (w1 = Ruwp ) (wz — Swp, )™ (091022 Ra(x + iy), 021 057 Sa(x + 1Y) latiy—ws.. € C2.

aEZ;O
with |a|>0

Combining the above two equations, we obtain that for any (w,ws) € Ebyz,

!
i1l Ras (B2 /3)

~ «
|a(w1,w2) - wa,z' < |Z|vRa’z + 471'2 | |
o alRy

k
2
=|2|"Ra,, + 47 E (3) |2|" Ra,z < (87 +1)|2|°Ra. -
k

Thus, we have Eq. (3.23).
Next, we estimate |log |[a' (w1, w2)]||. We write a = <Z Z) with a,b,¢,d € M(D). For any w € Dy ., we

have a(w) = % and o' (w) = 1/(c,w + d,)?, where the lower subscript means to evaluate the functions

at z. By Eq. (3.22), we have for any (w1, ws) € 5[,,27

[@ (w1, ws)] = |eo| 2 (w1 + fwy — We,» + We » + d./c.) Hwy — iwy — Wh,» + Wh,» + d./e.) ™t
) —1 . _ —1
, 2 w1 + 1Wo — Wp W) — W — Wh.»
= |a'(wp, 1+ ———= I+ —— ) 3.25
o P (14 S ER s ) ( s (3.25)

Using |wp,» + d./c.| > Ry, ., and max(Jw; — Rws_ |, |lwz — Swe,2|) < Re,»/3, we have that both the absolute
values of the second and third factors are bounded above by 5/3 and below by 1/3. Using the argument of
SLa(R) case (proof of Proposition 3.12), we have that there exists A > 0, such that |24 < |a/(wp )| < 2|74
Hence, we have established the estimate for |log|[a’ (w1, w2)]|]-
We estimate |arg[a’(wi,ws)]|. It follows from Corollary 3.23 that Dy, C [2]"Da, . and Rp. <
|2|*N Ry, =- Then, we have
|wy + iwe — wp 4|
|wb,z + dz/cz|

2
<= vl — v 71’
111 = 1P
which yields the estimate |arg[a’(wy,ws)]| < |2|M using Eq. (3.25).

Finally, we use Proposition 3.14 to obtain the boundedness of the zeta functions. O

3.3 Convergence on the whole plane

Lemma 3.16. Let Q be a connected open set in C and f(z), fn(2) be a family of holomorphic functions on
Q. Suppose

o |fn(2)] < C for any z € Q for some constant C > 0;
o f.(2) = f(2) pointwisely in some open set ' C Q, asn — oo.
Then fn(z) — f(z) uniformly on any compact subset of ) as n — oo.

Proof. Since f,(z) is uniformly bounded, by Montel’s theorem, any subsequence of {f,} has a subsequence
that converges uniformly on any compact subset. Suppose the lemma is false, then there exists a subsequence
of f, that converges locally uniformly but not to f(z). This contradicts the second condition. O

Therefore, the convergence part of Theorem 1.3 follows from Lemma 3.16 by combining Theorem 3.1,
Proposition 3.12 and Proposition 3.15.
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3.4 Uniform separation

In this subsection, we verify the uniform separation property in Eq. (3.18) of Proposition 3.12 and
Eq. (3.24) of Proposition 3.15 using the continuity of the hybrid model. The idea is to relate discs in
Archimedean and non-Archimedean cases and then compute the discs under the action of I' in both cases.
The key input is Lemma 2.23.

We need [PT21, Lemma 3.2.2]°

Lemma 3.17. Let k be a complete valued field. If k is Archimedean, we suppose (k,|-|) is isometrically
embedded into (C,| - |S.) for some e € (0,1], where | - | is the usual absolute value on C. Let p > 0 and

Y= (i Z) € PGLy(k). If yD* (v, p) C Ai’a", then |a + (d/c)| > p and
a ad—bc a+d/c ad—bc A X .
DY (a, p) = D - dCQb |a+d/:|r2//€fp2/€’ |c|2(|a4|rd/c|2/‘sp,pz/5)e) , if k is Archimedean; (3.26)
0 o, p) = D+ btaa lad—bc|p h . .
cla+d/e)’ [e]2la+d/c]? | otherwise.

Recall that for the non-Archimedean case, an open disc D~ (8, \) is contained in a closed disc D¥(a, p)
with o, 8 € k and A, p > 0 iff
A<p and |a—fB|<p.

We recall the continuous map p : D, — Aig:g’a" in the hybrid model: for 0 < |z| < r, the Archimedean
norm | - |, evaluates a function f € C((t)) which is holomorphic on D} and meromorphic at 0 by the formula

|fl= = ()] =00,

and we have as [z| — 0

[£l= = [flna-

A ball with center a and radius p satisfies
D;E(OL, p) = Déto(ohplog(l/‘z‘)) — D;E(Ol, ‘Z|log(1/p)).

Here, we use the lower subscript z (resp. na ) to emphasize that the ball is measured using the norm | - |,
(resp. |- [na )-
Lemma 3.18. Let v € PGL2(C((2)), and o, 8 € C((t)) which are holomorphic on D} and meromorphic at
0. Suppose for some p,\ > 0, we have YD, (o, p) C DI, (8,\). Then there exists v > 0 such that for any
0 < |z| < 1, we have

1=D7 (a(2),p) € DI (B(2), Ae™")

and in terms of the absolute norm, we have

7:D(a(2), |2 #/7)) C |2 DL (B(=), |25/,

Proof. Assume vy = (Z b) with a, b, ¢,d € C((t)). From Lemma 3.17 and vD;,, (, 7) C A" with k = C((1),

d

we have

lad — be|pap
_— . 3.27
[el2 o+ d/c2, = (3.27)

For the Archimedean radius, let e = 1/log(1/|z|), then by Lemma 3.17 the radius of v, D (a(z),p) is
equal to

lo+d/clna > p and

lad — be|.p _|(ad = bc)l.p 1
o 3 djef — iy IcBlat /el (= (ofla+ ATy
Due to p/|la+d/c|l. = p/la+ d/c|ne <1 and € — 0 as |z| — 0, we obtain that

(1—(p/la+d/c|.,)?) =1, (3.28)

9n [PT21, Lemma 3.2.2], they forget to take into account the ¢ in the Archimedean case.
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as |z| — 0. Hence the Archimedean radius converges to the non-Archimedean radius, and by continuity, we
obtain that for |z| small, the Archimedean radius also satisfies

lad — be|.p
lef2(Ja + d/c|2/< — p2/e)e

In particular, there exists vy > 0 such that for |z| small, we have a stronger inequality

lad — be|.p
le|2(la + /|2 — p2/e)e

In terms of the absolute norm, for |z| sufficiently small, the Archimedean radius (the left-hand side of the
following inequality) satisfies

—vg

1/e
|ad—2bc|zr < |Z|UOA1/€.
le|2(Ja + d/c|2/€ — (r)2/)e

Next, we consider the center of the ball v, D (a, ) for 0 < |2] < 1. For the non-Archimedean case (i.e.,
z = 0), from the hypothesis, we have |c(fx—:—ad(7c) — Blna < A. Using the convergence |« |, — | - |na as |z| = 0,
we obtain a constant v; > 0 such that for 0 < |2| < 1, we have

b+ ax
cla+d/c)

b+ ax
cla+d/c)

Using Lemma 3.17, the distance between the Archimedean centre §, and the non-Archimedean center d,,
(view them as functions of z) is given by

-B

<e A e,
z

—ﬁ’ < Jz[rAl/e,

oo

5§ = b+ ax <aadbc a+d/c ) ad — b (1 1 )

T T davdf) \e @ jar @ i) Eatd T (pflat dje2
ad—be (p/la+dfel.)¥"
latd/c) 1= (p/la+d/c.)?/<

TIts | - |, norm equals (notice that for a real number |z|, = |z|)

B _ ad — be p 2 1
|0na — 0alz c2(a+d/c) . <(a+d/c)|z> (1—(p/|04+d/c|z)2/5)5 (3.29)
_ ad — be p 1 - :
Pl(a+djo?|, [(a+d/ol. 1 (p/la+djc)2/ee =7

where the inequality is due to Eq. (3.27) and Eq. (3.28), and holds for |z| small. As the estimate for the
radius, we can replace A by e"2)\ for some vy > 0 in the previous inequality, which holds for |z| small.
Combining the estimate of radius and distance between centers, we obtain for |z| sufficiently small and any

z €7.D; (a(z),p),
|z = Bl: = |z — Bl < (|2 = dalos +[0a — dnalos + [0na — Bloo)*
<(|Z‘UO)\1/E + |Z|v2/\1/e + |Z‘v1)\1/5)5 < 3 e Y < /\e—v/Q,
where v = min{vg, v1,v2}. This completes the proof. O
Remark 3.19. From Eq. (3.29), as z — 0, the | - |,-norm of the difference of two centers does not go to zero.
We are ready to prove the main result of this part:

Proposition 3.20. Suppose T' < SLo(M(D)) is a family of Schottky groups satisfying (). There exists
v > 0 such that for any 0 < |z| < 1, the corresponding Schottky group and the Schottky basis given by
Lemma 2.23 satisfy

az(Db,z) - |Z|UDu,za

in terms of the absolute norm, for any generators a,b with ab # id.
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Proof. Recall that Lemma 2.23 gives a uniform Schottky basis for all |z| small. In particular, for z = 0, the
Schottky basis for I' < PGLa(k) with k = C((t)) equipped with the norm | - |, is given by

B={D} ,, Dfi 1 i=1-- g},

Here the closed discs are given as in Eq. (2.4). Writing §; = (Zl Z’), we have
1/2
-1 172 | (aid; — bic;)
Dg—i,/\i =D, <§i 007)‘1'/ -2 )
§; ' Dy, 5, CDF ,, forany i#j. (3.30)
Then we apply Lemma 3.18 to obtain the uniform separation. More precisely, take any §; = a~! and
§; = b1 with i # j. For the non-Archimedean case 2z = 0, the Schottky discs are given by
Du70 = Dé_i7/\i and Db,O = Dzs_j,)\j' (331)
The Schottky discs for the Archimedean case are given by balls (see Eq. (2.4) and Eq. (2.5))
1/2
idi — bic) |'? idj —bjc;
D =Dy <(6iloo)<z>7 /e Lt ) and Dy. = D [ (57 00)(2), 212 | (4% )
c; R c5 .
Set >
1/2
- 1/2 (aidi—bici) - 1/2 (a-d-—b-c-)
Ana = A; — = and  ppo = A; %
7 na J

na

Similarly, we introduce the notations A(z) and p(z) by replacing | - |nq with |- |,.

We can apply Lemma 3.18 to the discs Dy o and Dg o due to the property Eq. (3.30) and the convention
Eq. (3.31), and use the convergence of the radii p(z) = pne and A(z) — A,q as z — 0. This yields a constant
v’ > 0 such that for any 0 < |z| < 1, we have

0D (67 100)(2), p(2)) = (671)=D5 ((6700)(2), p(2) € D3 (07 00)(2), e A(2)) (3.32)
and in terms of the absolute norm, we have
a.Dy.. C |2[" D,
Repeating this argument for all possible pairs, we finish the proof. O

Remark 3.21. This proposition also implies the radius estimate in Lemma 3.3.
Remark 3.22. If the Schottky group I is indeed inside SLo(R((%))), then for z € R the discs Dy , are centered

in R and the group I', preserves R U co. Therefore, the intersections I, , = D, . N R give a Schottky figure
for T', as a subgroup of SLy(R).

Corollary 3.23. Suppose I' < SLo(M(D)) is a family of Schottky groups satisfying (). There exists v1 > 0
such that for any 0 < |z| < 1 and for any n € N, the corresponding Schottky group and the Schottky basis
given by Lemma 2.23 satisfy

az(Db,z) C ‘Z|U1Da,Z7

in terms of the absolute norm, where a = ab’ with a a generator and b = b;, ---b; € W™ satisfying ab;, # id.

Proof. Notice that D, . = abj, ---bi, , Db, ., a.(Dyp,.) = ab;, ---b;,_,Dp, b, .. The idea is to apply

the distortion estimate of Lemma 3.4 to

in—1

Y= abil "'bin_w D(OL(Z),)\(Z)) = Dy



and use the result that D(5(z), p(z)) C D(a(z),e"A(z)) for some v > 0 due to Eq. (3.32). More precisely,
let wg be the center of D(a(z), A(z)). For any points wy € 0D(a(z), A(2)) and wy € 0D(B(2), p(z)), we have

1
(1=e™)A(2) < Jwr —wal: < /O |(VTHF@))'], dt < [ywy = ywas - [y wol 71 - Cexp(R/(1—¢)),  (3.33)

where f :[0,1] — C is given by f(t) = (1 —t)yws + tyws, and the constants C, R > 0 and ¢ € (0, 1) are given
as in Lemma 3.4.
Let ws € D(a(z),A(z)) be such that yws is the center of yD(a(z), A(z)). By a similar argument, we
have
[yws —ywil: < 2M(2) - |7 (wo) | - Cexp(R/(1 - ¢)). (3.34)

Combining Eq. (3.33) and Eq. (3.34), we obtain

1 . —v
[ywy — yws|, > §C Zexp(—2R/(1 — €)-(1—e™") |yws — yw1lz,

which implies there exists some v; > 0 such that for 0 < |z]| < 1,
a;(Dyp ) C |2|"* Da,»

in terms of the absolute norm. O

4 Speed of convergence

Let T' < SLo(M(D)) be a family of Schottky groups satisfying (J). In this section, we establish a
logarithmic rate for the convergence Z(I', s/log(1/|z|)) — Zi (T, s).

Theorem 4.1. Given any bounded region K C C, we have for any 0 < |z| < 1/e,

|Z<rz,s/log<1/|z|>>—zf<r,s>|5Km for sekK.

4.1 Expansion of lengths

The key to obtaining an effective convergence result such as Theorem 4.1 lies in establishing the following
expansion of £(vy,) with the leading term £"(-y)log(1/|z|) and exponential bounds for the coefficients a; (7).

Proposition 4.2. There exists a constant C > 0 that depends only on T' such that for any v € T\{id}, we
have for any 0 < |z| < e=C¢"" ) the function €(~y.) in z has the expansion

U(y2) = 0" (7) log(1/|2]) + R [ D a;(v)# |, (4.1)

j=0
where a;(7y)’s are complex numbers satisfying
lao() < CL"(7) and Jaj(y)| < Ce MUY forjeN. (4.2)
The proof of Proposition 4.2 is based on the following Laurent expansion of the trace.

Proposition 4.3. There exists a constant C > 0 that depends only on T' such that for any v € T'\{id}, the
function tr(v,) in z has the Laurent expansion

tr(ys) = 2O A () (4.3)
i>0

where A;j(7y)’s are complex numbers satisfying

|Ao(y)| = e~ /C and  |Aj(y)] < CETCTD) for € Zs,. (4.4)
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Proof. Since each entry of 7 is an element of C((%)), tr(y) is also an element of C((¢)), and the first term on
the right-hand side of Eq. (4.3) is obtained using the definition of £%(y).
For the upper bound of A;(7), recall {ax, 1 <k < 2g} be a finite symmetric generating set of I'. Write
v =a;, ---a; which we may assume the word on the right-hand side is cyclically reduced as tr(+y,) is invariant
under conjugation. It follows from Lemma 3.7 that m < £"*(y). Each entry v(i,1) of 7 is a sum of at most
2™ terms, with each term a product of m entries of generators. By subadditivity and submultiplicativity of
the hybrid norm, the entries of v satisfy!'?
sup |ly(@, Dllngy <2 sup {[lax (i, )llnyp}™ < 970
1<4,1<2 1<k<2g
1<i,1<2
Each entry of y has the form } .- ¢; z7. By the definition of hybrid norm, we have |c;| < || D iz Ci 27 ||nype?.
Combining these two estimates, we obtain the upper bound of A;(7).
Now we prove the lower bound. By Lemma 3.5, there exists ¢ > 0 such that for any conjugacy class [7]
with £7*(y) > 1/c and 0 < |z| < ¢, we have

t(7z) = clog(1/|z[)€" (7).
Let A1(72), A2(7z) be the two eigenvalues of v, with |A;(7,)] > 1. Notice that 2log|Ai(y:)| = €(v.) =
—2log|A2(72)]- For 0 < |z| < ¢
ler(ys)] > £O9)/2 — omt)/2 5 %(1/|Z|)c€"“(v)/2 >, (4.5)
Recall
tr(y.) = 272 (Ag(7) + Ar(y)z + ). (4.6)

Let f(z) = Ao(v) + A1(7)z + - - -, which is an analytic function on |z] < 1/e. Using Eqs. (4.5) and (4.6) we
obtain for 0 < |z] < c,

log | (2)] > — 3£ () log(1/|]).

Since 7, is loxodromic for all z € D*, the analytic function f(z) has no zeros in . Applying the maximal
principle to the harmonic function log |f(z)|, we have

log |40(1)| = log £(0)| > i, log £(2)] > ~5£""(3) og(2/c).

Therefore, we obtain an exponential lower bound of |Ag(7)| in terms of £"* (7). O

Proof of Proposition 4.2. We use the same notations as in the proof of Proposition 4.3. We have A\{(v,) =

tr(yz) (% +4/3 - tr(vl )2) 1i5 a meromorphic function at 0. This is because Equation (4.5) gives Aa(7.)/A1(72) —

2
. . . - z A z - z A z 3
0 as z — 0, which implies log(§ — ﬁ) = log (%) = 2log (%) is holomor-

phic in a neighborhood of 0. We continue to use Equation (4.3) to obtain

—2
__yna A('}/) . 1 1 Z[na(,),)
M(y.) =277 /24 1+ vl B IR

A0
b ; AO(V)Z

=272 A (v) - £(2) - g(2).

By the previous estimate, we have |4;(v)/Ao(7)| < e +7 and |Ag(7)| 7 < e ) for some C > 0.
Thus for |z| < e 109" (") /20, we have the bounds

A;j(v) scpme 1 ] na 1
27 < 2e NP <=, ———— < e2¢t | < —.
2 %) SN TRV MeY e T

j>1

10The finiteness of hybrid norm follows from that the entries are meromorphic function on the unit disc with possible pole at
0

110n C\(—o0, 0], we choose the principal of log z: log z = log |z| + i arg z with |arg z| < ; set /z = elo82/2,
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This implies that on the disc |z| < e710¢¢™ () /20

log(f(2)g(2)) = log(f(2))log(g(2)).

Moreover, we apply Cauchy’s integral formula to obtain upper bounds of the form Eq. (4.2) for the coefficients
of the power series expansion of log(f(z)) and log(g(z)). We complete the proof by using the equation

U(7v2) = 2log |A1(72)] = €7 () log(1/]z]) + 2log [Ao(7)] + 2log | f(2)| + 2log[g(2)]

= (" () log(1/z]) + 21og [ Ao (v)] + 2R [ D b;27 (4.7)
j=1
where .-, bjz7 is the power series expansion of log(f(z)) 4 log(g(z)) about 0. O

4.2 Convergence to intermediate zeta functions: statement of results

To obtain a better convergence rate, we introduce the following intermediate zeta functions: for each
M € Zxo and z € D,
Zu(Dz,8) = [ (12— e 2) (4.8)
[VeP

where £/ (7, 2) is the M th-expansion of length defined by
Uar(v,2) = 7 (y) + R Zaj V27 /log(1/]2])) (4.9)

with a;(y)’s the coefficients given in the expansion Eq. (4.1).

A priori, an intermediate zeta function is defined for Js large. In Section 5, we will prove that it admits
an analytic extension to s € C.

We establish the following polynomial rate for the convergence of the log(1/|z|)-rescaled zeta functions
to an intermediate zeta function.

Theorem 4.4. For any C >0, M € Z>o and € > 0, we have for any 0 < |z| < 1/e,
|Z(T.,s/1log(1/|2])) — Zam (T, 2,8)| Sonre |2|* ¢ for |Rs| < C, |Ss| < Olz|~M.

As a corollary, we obtain the convergence of zeros of zeta functions: in particular, the convergence of
the first zeros gives the convergence of the Hausdorff dimensions of limit sets.

Corollary 4.5. Let R > 0, € > 0 and M € Z>q. Suppose that no zero of Z;(T',s) lies on the boundary of
Dp:={s:|s| < R}. Let

® p1,---,pa, be the zeros of Z(T',,s/log(1/|z])) in Dgr;
o pM ... ,pg be the zeros of Zy (T, z,8) in Dg;
o P ... pR be the zeros of Zy(T',s) in Dg.

Then there exists tg > 0 such that for 0 < |z| < tog, we have A, = B, = N, and we can order the zeros
such that for each j € NN[1, N]

1
mna €
J

lpj — P} <z

where m*® is the multiplicity of p?'* as a zero of Z1(T', s).

)

Corollary 4.6. Let C > 0, € > 0 and M € Zsy. Let D C [-C,C] + i[-C|z|~™,C|z|~™M] be an open
connected set with its boundary a simple closed curve and

120ur convention is to list zeros according to their multiplicities.
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® p1,-,pa. be the zeros of Z(T,,s/log(1/|z])) in D;
o oM ... ,p%{ be the zeros of Zy (T, z,s) in D.

Suppose | Zy (T, z,8)| = [2|17¢ on D for 0 < |z| < to, then there exists t1 € (0,to) such that for 0 < |z| < t1,
we have A, = B,,.

The difference between Corollary 4.5 and Corollary 4.6 lies in the regions we compare Z(T',, s/ log(1/|z]))
and Zp (T, z,s). Corollary 4.6 will be used in Example 6.8 to recover [PV19] on the structure of the zeros
with large imaginary parts of the Selberg zeta function for a three-funnel surface.

4.3 Convergence to intermediate zeta functions: proofs

In this section, we prove the effective convergence results Theorem 4.1, Theorem 4.4, Corollary 4.5 and
Corollary 4.6.
First, we recall the Hadamard three-circle theorem.

Proposition 4.7. Let r1 <ry <13 € (0,00) and set o = %. Let f:{z:rm1 <|z—a|<r3} > C be a
holomorphic function with a € C. Then

mas (7)< (max 1560) " (Lmax o)

|z—al=rs |z—al=r1
Proof. This follows from the fact that log|f(z)| is a subharmonic function. O

The strategy of the proof of Theorem 4.4 is to prove convergence in the region Rs > 1 and then use
Proposition 4.7 to obtain convergence in a larger region.

We need a lower bound for the function £5/(7y, 2) given in Eq. (4.9), whose proof will be provided at the
end of Section 5.2.

Lemma 4.8. There exists C > 1 depending only on I' such that for any M € Zx¢ and for any v € T'\{id},
we have for any 0 < |z| < e”CM+1),
Car(ry,2) = 00(y)/2.

Proposition 4.9. There ezist so > 1 and Cr > 0 depending on I', such that for any M € Zx(, we have for
any log(1/|z|) > Cr(M + 1) and any Cy > 0,

Z(T,s/log(1/|z]))
Zu (T, z, )

—1| <¢, 2| for Rs> (M +1)sq, |Ss| < Colz| ™. (4.10)

Proof. We establish the convergence of lengths of geodesics. We use C' to refer to a constant depending only
on I', which may vary from line to line.

We first deal with the case Rs < 10log(1/|z|). Due to Proposition 4.2, for each v € T'\{id} and
0<|z] < e ™0,

(=) log(1/|2]) = € (y) + R [ Y a;(7)27 | /log(1/]z]) (4.11)
Jj=0
where a;(y)’s are complex numbers satisfying
lao (M| < CE*(y),  aj(y)| < Ce“ U, (4.12)
By Eq. (4.11) and Eq. (4.12), we have for log(1/|z]) > C and "*(y) < C~1log(1/|2]),
Cu(y,2) 2 00(7)/2, U(7:)/1og(1/2]) 2 €*(v)/2, (4.13)
and

[ar (7, 2) = £(72)/ 1og(1/|2])] < C(e7 D [2)M* /log(1/]2]). (4.14)
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Using the following basic inequality: for |z1], |22 < 1/2,
[log(1 — z1) —log(1 — 22)| < 2|21 — 22|, (4.15)
we have for 1 < Rs < 10log(1/|z|) and £"*(y) < eglog(1/|z|) with €y > 0 sufficiently small,
log(1 — e300/ 108(1/12)) _ Jog(1 — e—seMmz))‘ < ‘e—sawa/log(l/\zn _emstu(1,2)

(eCé"“(W)‘Z|)M+1| - L(COTH1)Re) 7™ ()2 |SZM+1| ’
log(1/|z]) log(1/]z])

where to obtain the second to last inequality, we use the inequality

e Rotu (1) |1 _ gmst(r)/ 1081/ +star(1,9)| < = Rot™ (2)/2 13

1—e*| <z, for |Rz| <1,
because Eq. (4.14), and the assumption Rs < 10log(1/|z|) and £™* () < €glog(1/|z]) give
[Rs (e D [2)MF1 /log(1/]2]) < 107 V2] < 1.
Meanwhile, for log(1/]z]) > C(M + 1) and £"*(~y) > € log(1/|z|), by Lemma 3.5 and Lemma 4.8 we have
|log(1 — e~ t0=)/18(/12Dy| < @=eRst™ (1) | 1og(1 — e75m(1:2))| < gm R () (4.16)

where we use |log(1 — e™#)| < e %% for Rz > 1. Thus for log(1/2) = C(M + 1), and for (M + 1)sy < Rs <
101log(1/]z|) and |Ss| < Colz|~M, we have

_—st(ya)/log(1/1zD)y _ Y N (CM+1)—Rs)" (1) /2
[log(1—e ) —log(l—e )| e
e 10g(1/121) \ jna () <& Tog1/121)
M+1
—cRsl™ () < ‘SZ ‘ <
+ e S TR Seo 12
2 log(1/7]) e 5o 1

£ra(y)>eo log(1/]z|)
(4.17)
where we used the counting result Eq. (3.7) to obtain the last inequality.
Now, we treat the part of £k > 1 terms in the Selberg zeta function. We only provide the details for
the SLg(C)-case here, and SLy(R)-case is similar. For $s > 1, Lemma 3.5 and Eq. (4.13) allow us to use
Eq. (4.15) with 23 = 0 to obtain

S (k1) Tog(1—e~ 1980/ FDARIR))| < § (k1) 08/ 10801/ FED4RIGE)  gp=(Rs/Tog(1/12D+14) /(1 —=402))2,
k=1 k>1

(4.18)
Let log(1/]z]) > C and Rs > C. We have the following two cases.

o For /() < ¢ log(1/|z|) with ¢y > 0 sufficiently small, by Eq. (4.11), we have

na _ |(L0 (7)' GCZHQ(V) ‘Z| _ 2C o 2 gnae
=) > log(1/l2]) <€ ™ 1og(1/z|>+0<10g<1/|z>>)>(1 1og<1/z|>>1g“/ DE .

This gives '3

(Fs/log(1/|2]) + 1)L(vz) = (Rs/log(1/]2]) +1) (1 - 10g(21(;|Z|)) log(1/]2)€"*(7) = log(1/]2[)€"* (7).

e For ("*(~) > ¢plog(1/|z|), we can continue to apply Lemma 3.5 to Eq. (4.18) to obtain an upper bound
in terms of £"(7).

BFor Rs,log(1/|z|) = 4C, we have (Rs/log(1/|z]) + 1)(1 — 2C/log(1/|z])) = 1 + 2C/ log(1/|z|) — 8C?/log(1/|2])? > 1.
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In conclusion, for log(1/|z]) > C and s > C, we obtain

Z Z(k +1)|log(1 — e~ (8/108(1/12D+R)E(v=)y | < Z e~ (7) log(1/]2])
[veP k=1 £re(y)<eo log(1/|z]) (4.19)
+ Z e~ cRstlog(1/12D)™(v) < |5

£ra(y)>eo log(1/]z|)

where we used again the counting result Eq. (3.7) to obtain the last inequality.

For log(1/]z|) > C(M + 1) and (M + 1)sp < Rs < 10log(1/|z|), we obtain Eq. (4.10) by combining
Eq. (4.17) and Eq. (4.19). For Rs > 10log(1/|z|), it remains to bound the right-hand side of the following
inequality by |z|:

log(1 — e—#00r=)/108(1/12) _ 1og(1 — efsem,z))‘ < ‘log(l _ st 108(1/12D)| 4 |10g(1 — e~ (12))| |

This can be achieved by an argument similar to the proof of Eq. (4.19). O
Now we are ready to prove Theorem 4.4.

Proof of Theorem 4.4. Fix any C > 1, M € Zx¢, and € > 0. Recall the constants s > 0 and Cr > 0 in
Proposition 4.9.
Set R = (M +1)sg + 1, and let C. > 1 be a constant satisfying C. > max{10C, R} and

log(R +10C)/log(R + C.) < e.

It suffices to prove the proposition for log(1/|z|) > Cr(M + 1). This is because the zeta functions depend
continuously on the parameters z and s, thus uniformly bounded for s € [~C, C] + i[-C|z|~™, C|z|~™] and
log(1/|z]) < Cr(M + 1) depending on C, M, e.

For any Kr := [~C,C] + [T, T + 1] with T € [~C|z|™™,C|z|~™], we choose three concentric discs
Dy C Dy C D3 with radii r; < 72 < 73 such that Dy C {s: Rs > (M +1)s0,|Ss| < (C+2)|z| 7™}, D2 D Kr
and D3 C {s: Rs > —C,,|Ss| < (C + R+ Cc +1)|2| 7} (see Figure 4.1). In particular, we can take

Dy =D(a,R— (M +1)sy), Dy =D(a,R+10C), Ds=D(a,R+ C.,)

where a = R +T.
By Corollary 5.8, the function

Fi(s) = Z(T'2, 5/ 10g(1/z2])) = Zum (T, 2, 8)

is an entire function. By Proposition 4.9, F.(s) satisfies the bound |F.(s)| S¢ |z] for s € D; and s €
Dsn{s: Rs > (M + 1)sp}. By Proposition 3.12 and Proposition 3.15, Z(T',, s/log(1/|z])) is uniformly
bounded on D3 N {s : Ns < (M + 1)sp}. Meanwhile, Corollary 5.8 shows that Z;(T, z,s) is uniformly
bounded on D3N {s: Rs < (M +1)sp}. Therefore the function F,(s) is uniformly bounded on D3, and from
Proposition 4.7 we conclude

|F.(5)| Scne |Z|10g(7“3/7“2)/108‘;(’”3/7’1)7 s € ODs.
The same bound also holds for s € Dy by the maximal modulus principle since F,(s) is an entire function.
The statement follows from

logrg — log

log(rs/r2)/log(rs/r) =1 =1—1log(R+10C)/log(R+C.) >1—e. O

logrs — logry
Proof of Theorem 4.1. Take M = 0 in Theorem 4.4, we have for 0 < |z| < 1/e,
1Z(T., s/ log(1/|2])) — Zo(T, 2,8)| Sc |22, for |Rs| < O, |Ss| < C.

It suffices to prove that

1
Zo(T,2,8) — Z1(Ty8)| <k — . seK.
‘ 0( Z 8) I( S)| ~K 10g(1/|2’|) s
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i(C+R+C.+ 1)z

Figure 4.1: Choice of discs

By Corollary 5.8,
Zo(F, z, S) — po(esm(z)’ 6SH2(2)7 . 768%](2))

where each p1;(2) = a; + a;,0/log(1/|#]). By Corollary 5.9,
Zi(T,s) = Py(e®*, -+ ,e%).
Since Py is smooth, we conclude that
1
Po(espl(z)7esu2(z)7._. )eS/I.J(Z))_PO esa17._. ,esaj SK sup|u‘ 2) — as SK S — se K.
| ( ) S suplas(2) — 03] S o

The proof is complete. O

Proof of Corollary 4.5. Given a disc Dy that satisfies the assumption, let p"® be a zero of Z;(I',s) in Dg of
multiplicity m. Then there exists a small disc Dy centered at p™* such that p™® is the only zero of Z;(T, s)
in Dy. We can write
Zi(L,s) = (s = p"*)" f(s)
where f(s) is an entire function non-vanishing on Dy.
Since Z(T',, s/ log(1/|z])) — Z;(T, s) uniformly for s € 9Dy, there exists t; > 0 such that for 0 < |z| < ¢1,
we have

|Z1(T,s)| > |Z1(T,s) — Z(T,s/log(1/]2]))| for se& OD.
By Rouché’s theorem, Z;(T', s) and Z(T',,s/log(1/|z|)) have the same number of zeros in Dy. We can write
Z(Tz,8/log(1/[2])) = (s = pr) -~ (s = pm) f2(s)

where f.(s) is an entire function non-vanishing on Dy. We claim that f.(s) — f(s) uniformly on Dy. Write
Do = D(p™,r). By the uniform convergence Z(I',,s/log(1/|z|)) — Zi(I',s) on Dy, for any € > 0, there
exists t(e) > 0 such that for 0 < |z| < t(e), we have

|Z(T,,s/log(1/|z])) — Z1(T, s)| < min {6, inf |ZI(I‘,5)|} for s € Dy.

e<[s—pral<r
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Therefore Z(I', s/log(1/]z])) has no zero in {s: € < |s — p"*| < 7}, which implies [p; — p"¢| < € for each p;.
For s € Dy,
[f2(8) = f(s)] < sup |Z(T,s/log(1/]2]))/((s = p1) -+ (s = pm)) = Z1(T;8) /(s = p"*)"| S €.

s€0Dg

As a consequence, there exist C' > 1 and t > 0 such that for 0 < |z| < t2, we have C~! < |f.(s)| < C for
s € Dy.

Similarly, since Zy (T, z,s) — Z;(T, s), there exists t3 > 0 such that for 0 < |z| < t3, Zp (T, 2, 5) has m
zeros in Dy, and we can write

Zu(T,z,8) = (s = p1') -+ (s = pin ) fr.z(s)

where far.(s) is an entire function non-vanishing on Dy.
For 0 < |z| < min{t1, 2,3}, consider the following functions on Dy:

g=(s) = (s =p1) -~ (s —pm) and  ha(s) = g.(s) = Zu (T, 2,5)/ f=(s)
Thus, we can complete the proof by applying the following Lemma 4.10 to g.(s) and h.(s). O

Lemma 4.10. Let g(s) = s 4+ a1s¥™ ' + -+ aq = (s — p1)---(s — pa) be a polynomial such that all
of its zeros p1,...,pa are in a disc D(p,e9). Let h(s) be a holomorphic function on D(p,3€¢y) such that
[h(s)| < e < 4_d3_10d68 for z € 0D(p,2¢0). Then g(s) + h(s) also has d zeros pl,- -, pl; in D(p,2¢), and
we can order the zeros such that for each j € [1,d] NN,

2
lpj — Pl < 4T H3l/4.

Proof. Since |g(s)| = €4 on dD(p,2¢), and |h(s)| < € < €, by Rouché’s theorem g(s) and g(s) + h(s) have
the same number of zeros in D(p, 2¢).

We claim there exist finitely many discs Dy of radius Ce!/¢ for some C € [2,49°+2] NN such that they
cover all the p;’s, and 2Dy N 2Dy = @ " for £ # 0. Let S = {|p; — p;| : i, =1,2,--- ,d} C [0,2€0]. Then
#S < d?. By the pigeonhole principle, there exists C' € [2,4d2+2] N N such that [Ce'/4,4Ce /NS = &
(note the assumption € < 4_d3_10d66l is used here to ensure 4¢°+3¢l/d < €0). Then for any pair p;, p;, we
have either |p; — p;| < Ce'/? or |p; — pj| > 4Ce'/?. Let Dy = D(p1,Ce'/?). Choose a zero p;, ¢ D, and
let Dy = D(pj,, Ce'/?). Using the inequality |p; — pj,| > 4Ce'/?, we obtain 2D; N 2D, = @. We repeat this
process finitely many times to obtain the desired family of discs.

The fact € < 44" ~10d¢d ensures 2D, C D(ps, 2¢0). Note

Ih(s)| < e < (CeV/H)? < |g(s)| for s e d2Dy).

By Rouché’s theorem, g(s)+ h(s) and g(s) have the same number of zeros in 2Dy, and the proof is complete.

O
Proof of Corollary 4.6. By Rouché’s theorem, it suffices to show
|Z(T,,s/log(1/|2])) — Zm (T, 2,8)| < | Zpm (T, 2,8)], 2z € OD.
Since we assume |Z (T, z,8)| = |2]17¢, it follows from Theorem 4.4 that
|Z(L, 5/ 10g(1/|20)) = Zur (T, 2, 8)| Seane 121"/ < |2~
for |z| sufficiently small. O

Proof of Theorem 1.3 and Theorem 1.1. Theorem 1.3 is a direct consequence of Theorem 4.1 and Theo-
rem 4.4. The estimate on the Hausdorff dimension of the limit set in Theorem 1.1 is a consequence of
Corollary 4.5 and the computation of the intermediate zeta function Zy(T', z, s) for symmetric three-funnel
hyperbolic surfaces in Example 6.7. O

MHere, if Dy = D(a,r), then 2D, = D(a, 2r).
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5 Analytic extension of intermediate zeta functions

Recall the intermediate zeta functions introduced in Eq. (4.8):
Zy (T z,8) = H (1—e ™02y for Rs> 1. (5.1)
hleP

The goal of this section is to show that Zy; (T, z, s) admits an analytic extension to C.

This can be seen as a generalization of the analytic continuation of the Ihara zeta function. We need to
find good combinatorial relations between £,;(y,t)’s and then obtain a determinant formula similar to the
Ihara zeta function.

We will first review the proof of the determinant formula for a weighted version of the Ihara zeta function.
Then, we use derivative cocycles from the Schottky group to get a good combinatorial relation and apply the
determinant formula.

5.1 Weighted Ihara zeta function

We briefly review the proof of analytic continuation of the weighted Ihara zeta function. For more
details, see, for example, [HST06, Section 3].

Let G = (V, E) be a finite graph, where E = {ey,--- ,ea;} is the set of oriented edges of G with e; and
€j+ in opposite direction. We write e;4 ;7 = e ! to refer to their relation. For each edge e;, we associate it
a complex number h;. Define W (s) to be a (2J) x (2J)-matrix by

Wies, ex)(s) = e~ +hu)/2
if the endpoint of e; is the beginning point of ej, and e; # e, !, and W (e;, ex)(s) = 0 otherwise.
For a non-backtracking loop P = (e;,, - ,€;,), define £ (P) = _ h;;. The weighted Ihara zeta function
j=1

is defined as a product over primitive loops P:
Zy(G,hys) = [ @ —e ).
[PleP

Recall that we use P to denote a non-backtracking loop with a beginning point at a vertex, and [P] to denote
a loop forgetting the starting point. For s with large real part, the product is absolute convergent. The
following Proposition 5.1 gives the analytic extension of Z;(G, h, s) to the entire complex plane.

Proposition 5.1. For Rs > 1, we have Z;(G, h,s) = det(I — W(s)).
Proof. We expand log Z;(G, h, s):

log Z; (G, h, s) = —Z Z e 75t (P)

ji= HPEP

= 72 Z ]# ) *jS@h(P)’

j=1PeP

:—Z 3 L —istn(p)
n

n=1 pPeP
J:j#(P)=n

where the sum ), is over primitive non-backtracking loops P and #(P) is the number of edges in the
primitive loop P.
We can also expand log det(I — W (s)):

= L
logdet(I — W (s —
We finish the proof by using the equality trWW(s)” = Z e Istn(P) O
PcP
J:i#(P)=n
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5.2 Mth-expansion of lengths and derivative cocycles

In this section we prove the intermediate zeta function Zp;(T, z,s) has an analytic extension and is
computable for concrete examples. We will use the geometry of Schottky basis. Throughout this section, we
fix generators ai,--- ,a, and a Schottky basis Dy, satisfying Proposition 3.20.

For computational convenience, we will moreover assume Dy, are contained in D(0,C), i.e. uniformly
bounded away from oco. This is always possible by choosing an appropriate coordinate.

The key observation is that the leading terms of the derivative is locally constant, from which we can
compute the intermediate zeta function.

Consider pairs of the form (U, f) where U is an open neighborhood of 0, and f is meromoprhic on U and
holomorphic on U\{0}. Two such pairs (U, f) and (V, g) are equivalent if there exists an open neighborhood
W of 0, contained in UNV, such that f|w = g|w. A germ of meromorphic functions at 0 is an equivalence class
of such a pair, and it has a representative that is a convergent complex Laurent series about 0, t™ > =0 ajt
with n € Z,aqg # 0. Let Mg be the ring of germs of meromorphic functions at 0, which is isomorphic to the
ring of all convergent complex Laurent series about 0. The ring Oy of germs of holomorphic functions at 0
is defined analogously, which is isomorphic to the ring of all convergent complex power series about 0.

Fix any M € Z3o. We introduce several combinatorial operations.

e Fora=1t" ZJ 0 a;t! € Mo with n € Z,ag # 0, we let ltpr(a) be the first M leading terms of a:

ltar(a) := " Za]tJ

e We define the formal expansion of logarithm plog : My — Zlog(1/t) & (Og/2miZ) by mapping a =
aot™(1+ 3272 at!) € Mo with n € Z and ag # 0 to

m

plog(a) := —nlog(1/t) + log ag + Z Zajt] . (5.2)

m=1

m—1 .
Here Y °_ = Zn (Z;il a;t7)™ is the power series expansion of the holomorphic function log(1 +

2;11 a;jt7) about 0, which is uniquely determined.

o We define It : Zlog(1/t) & (Op/2miZ) — Zlog(1/t) & (Og/2miZ) by mapping a = nlog(1/t) + > a;t’
§=0
to its first M leading terms

M
Ith,(a) := nlog(1/t) + Z a;t!.
=0

And we define It"; : Zlog(1/t) & (O /2miZ) — Zlog(1/t) by mapping a = nlog(1/t) + > a;t’ to its
§=0

(—1)-leading term
It" (a) :=nlog(1/t).

Lemma 5.2. For any M € Zxo, and for x,y € My, we have

1th; o plog o 1t ps(z) = 1t} o plog(z), (5.3)
Ith, o plog o It ps (wy) = Ity o plog(x) + It)y, o plog(y).
Proof. We recall the definition of plog Eq. (5.2). The element x € Mg can be written uniquely as x =
zo(1 4 x1) with 21 = 37,5, bjt!, xg = bot™ for some by # 0, n € Z. Then plogz = —nlog(1/t) + logbo +
(v —22/2 + 23/3 — ---). From this expansion, we see that 1t} o plog(z) is determined by zg and the first

M — 1 term of x1, and hence determined by 1tp;(z). This completes the proof of the first equality.
The second equality uses the observation that for two convergent power series j>1 a5t 2121 bitt, we

have log((1+ 32,5, a;t?)(1+ 32,5, bit')) = log(1 + 37,5 a;t?) +log(1 + 3,5, bit') in an open neighborhood
of 0. O
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In this subsection, it suffices to consider the action of SL2(C((¢))) on P<1c((t))a the set of classical points.

For v = (Ccl Z) € SLa(C((t)) and = # v~ Loo € C((t)), the derivative of v at x is given by

v =1/(cx 4 d)*

Lemma 5.3. Fiz M € Z>q. For any v = <CCL Z) € SLo(C((t))) with yoo # oo and x,y € C((t)\{y oo}

_M|$—

with |z — ylne < € Y10l pa, we have

ltar (7'z) = 1t (7'y).

Proof. Tt is sufficient to prove that |7 (z) — v (¥)|na < € M7/ (2)|na, which is equivalent to ltps(y'z) =

Itar (7'y).
We have
1 1 oy —x)(c(z +y) +2d)

cx+d)?  (ey+d)?  (cx+d)%(cy + d)?
Due to yoo # oo, we know ¢ # 0. Therefore

Y —ry= (

V% = YYlna _ | (@ —y)(e(z +y) +2d) (@ —y)(c(z +y) + 2d)

7' |na (cy + d)? na (y+d/o)(cy+d) |,
Due to |2 — Y|na < e M|z — y7100|,4, We have that
|y + d/c|na = |y - 7_1oo|na = |$ - 7_100‘71@ > €M|x - y|na
and |cx 4+ d + cy + d|pe < max{|cx + d|na, |cy + d|na} = |cy + d|na- The proof is complete. O

Let I be a Schottky group in SLo(C((t))). For v € T\{id}, let A1(7), A2(y) € C((t)) be its eigenvalues
with [A1 (7)|na > |A2(Y)|na. Then there exists n > 0 depending on the group T, such that for any 0 < |z| < 7,
the evaluation of A\i(v) at z satisfies A1(7)(2) = A1 (7.). Hence, A1(7) is a meromorphic function at 0 (see
the proof of Proposition 4.2). Using Eq. (4.7) and the definition of plog, we obtain the following lemma.

Lemma 5.4. There exists a constant C' > 0 that depends only on T such that for any v € T\{id}, we have
for any 0 < |z| < e=C¢"" (M),

2 R (plog(M1(7))(2) = €7 (7) log(1/|2) + R [ D~ a;(7)7 | .

Jj=20

where plog(A1(77))(2) is to evaluate the series plog(A1 (7)) at z, and a;(y)’s are the complex coefficients given
in Eq. (4.1).

For each v € I'\{id}, we define
L (7) = 1t3(2 plog(M (7).
Then we have that for any z € D*, the evaluation of Lys(7y) at z satisfies
R (Lar(7)(2)) = Lu (7, 2) log(1/]2]) (5.4)
where £3/(7, ) is defined in Eq. (4.8), and hence we obtain It’ ;(Lys (7)) = £"*(v) log(1/t).

Proposition 5.5. Fiz any M € Z>o. There exists C > 0 depending only on T such that for N > C(M +1),
we have for any reduced word v = a;, -+ a;,

Ity (@), (2)) = lar(, (49) for any 2,y € C(t) N Dy,

N
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Denote the common value by ltar(aj (az, --- a5y )). Moreover, for any cyclically reduced word v = a;, ---a;
with n > N, we have

_LM('V) = lM(aiN (aiz T aiN)) + lM(ai2> (aiS T aiN+1)) et ZM(ain? (ain+1 T ain«#Nfl))? (55)

where ijyj = ik4+j—n when k+3j>n, and

lM(aik’ (aik+1 o aik+N—1)) = ltGV[ © plOg © 1tM(a;k (aik+1 T aik+N—1))'

Remark 5.6. An easy consequence of Eq. (5.5) is that

ltl—l(_LM('w) = h"/—1 (Z lM(aik7 (aik+1 T aik+N1))> = _Ena('y) IOg(l/t)7
k=1

which is useful for the holomorphic extension of the Thara zeta function.

Remark 5.7. Proposition 5.5 gives another proof of the lower of the leading coefficients. In general, it is
hard to get a lower bound estimate of the leading coefficients. Similar questions in Archimedean case are
important and hard. In the case of Schottky groups, the geometry and the hyperbolicity enable us to obtain
such lower bound.

Proof of Proposition 5.5. By assumption, oo is not contained in any Schottky discs. Due to the properties
of the Schottky group, there exists ¢y such that we have a lower bound

dna(ai_loov (Dﬁi)c) 2 Co

for all generators a;. Moreover, the size of Schottky discs Dy, ...q; tends uniformly to zero as the word
length N goes to infinity (Lemma 3.3 for non-Archimedean norm). Therefore, we can find N such that the
radius of any disc Dq,, ...q;,, is less than e~ Mcy. By Lemma 3.3, we can take N > C(M + 1) for a uniform
constant C' depending only on T

For any cyclically reduced word v = a;, - - - a;, with n > N, recall A;(7), A2(y) € C((t)) are its eigenvalues
with [A1(7)|na > [A2(7)|na, and let v be its attracting fixed point, which belongs to C((t)) C P(%}((t))' Then

we have that 7/(v4) = Aa(7y)2. It follows from Lemma 5.4 that

—Lar(y) = 1th, o plog(y' (74)) = It o plog o Itar (7' (v+))
= Ity o plog o ltas(af, (@i, -~ @i,y ) -~ af (v4))
= Ity o plog o ltas (Itas(af, (as, - - 6, v4)) -~ lear(af (v4)))

where for the last equality we use the fact that for any z,y € C((t)),

lar(zy) = loar (It as (2)lbar ().

1

Since v is cyclically reduced, the attracting fixed point vy is in the disc D, C Dy, . and Yy~ 00 € D 1.

Qg ’ )
N-—1 in

Due to the choice of N and Lemma 5.3, we obtain for any y € Dq, ...q;,_, NC((?)),

lear(af, (v4)) = ltar(aj (y))

and a;

For any a;;, we have a;, , ---a;, 74 € a;,, - -a;, Dy C D JRE T i

Therefore, for any y € Dq; 0y, D C((t),

1
cai,y C Daij o € Dai]_.

Fijgr”

Yenr (a5, (@i, -0, 74)) = loar (i, ().
In conclusion, we obtain that
—Lar(y) = 1ty o plog o ltar (bar(af, (@i, - i) -+ lar(ai, (s, -+~ Gnin-1)))

The proof is complete by applying Eq. (5.3) to the right hand side of the above equation. O
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As a corollary, we obtain the following.

Corollary 5.8. For any M € Zxy, the intermediate zeta function Zy (T, z,s) has a holomorphic extension
to the entire complex plane s € C. More precisely, there exists a polynomial Ppr(x1, -+ ,x5) such that for
any s € C and 0 < |z| < 1/e,

ZM(F7 2, S) = PM(QSMI(Z)v 68“2(2)7 e 565%7(2)) (56)
where for j =1,2,---,J, p;(z) is of the form

i(2) = ) i €R, a; =0,...,M. .
wi(z) = log 1/|z| <Z aj k2 > witha; € R, aj € C fork=0,..., (5.7)

Proof. For v € T'\{id}, recall from Eq. (5.4) that for z € D*, R (Las(y)(2)) = £as (7, 2) log(1/]2]).
We introduce an edge matrix W (s) with coordinates given by reduced words of length N, that is, words
of form a;, - --a;,, where NV > 0 is the constant given in Proposition 5.5. The entries are given by

W(ail T iy Gyttt aiN+1)(8) = exp (210g(81/|2|)§R (ZM<ai1’ (aiQ T aZN))(Z) + lf\/f(aizv (aig T uiN+1))(Z))> )

and the other entries are all equal to zero. Using the definition of Z;(T, 2, s), Proposition 5.1, and Propo-
sition 5.5, we can show that det(I — W(s)) is the holomorphic extension of Zy;(T', z,s) to entire complex
plane.

It follows from Proposition 5.5 that for any reduced word a;, - - - a;,,

In(ai,, (@i - - aiy)) = 1ty o plog o ltar(af, (2))  for any @ € Dy, ..ca, . N C((2).

Note a; () is of the form t™ . b; tJ with m € Z, by # 0. Using the definitions of It);, plog, ltys, we can
show that det(I — W (s)) is a polynomlal described in the statement of the corollary. O

Remark. We define a graph Gy 4 with vertices given by
{ai - aiy Qi; Qijya #1}

and there is a (directed) edge between two vertices of the form a;, ---a;,_, and a;, ---a;,. We consider
the weighted Ihara zeta function of this graph equipped the edge between a;, ---a;,_, and a;, ---a;, with
weight given by —WWM(C%, (a;, -+ - a;,)). By asimilar proof as Proposition 5.1, we have Zy; (T, 2, s) =
det(I — V(s)) where

S
V(@i - @iy, Gy 0 )(8) = exp <10g(1/|z)§RlM(ﬂm (@i, -+ am))) :

which is smaller and has the advantage of being easier to compute.

Continuing with Corollary 5.8, we prove that any two intermediate zeta functions are related in the
following way.

Corollary 5.9. Fiz any M € Zxo. Let pj(z) be given as in Eq. (5.7) for j =1,...,J. Then we have for
any M’ € Zso with M’ < M, the holomorphic extension of Zpy (T, z,s) to C is given by

Zyu (T, 2,8) = Pyl () oo esmd’ (), (5.8)

where each uéw (2) is the first M’ leading terms of p;(z):

M] ( ) = aj log ]./|Z| ZaLkZ

with a;, a; i € C defined in Eq. (5.7). Similarly, the holomorphic extension of the Ihara zeta function to C
s given by

Z1(T,s) = Pp(e®*,---,e%). (5.9)
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Proof. Recall that in the proof of Proposition 5.5, we showed that for any reduced word v = a;, --- a;,,
Iav(ag,, (a5, - - a;,)) is of the following form:

M
L (@i, (ag, - a5 )) = mlog(1/t) + ijtj~
3=0

with m € Z and by # 0. We have the following general formula for combinatorial operations: for x € C((t)),
1th;, o plog o ltar (x) = 1ty o plog o ltas(x) = 1t o 1th, o plog o Itar(z),

where the first equality is due to Eq. (5.3). By definition of lps, this implies Iy (a;,, (0, - - aiy)) =
1th Iar(ai,, (@i, -+ a;y)), and hence

M’

I (ai, (0, - aiy)) = mlog(1/t) + ) bt
j=0

To obtain Eq. (5.8), when applying the proof of Corollary 5.8 to Z (T, 2, s), we consider an edge matrix
W (s) similar to the one for Zy; (T, z, s) with l3; replaced by lp.

For the holomorphic extension of the Ihara zeta function, recall that for any v € T'\{id}, £"*(v) log(1/t
1t" (L (). Remark 5.6 allows us to apply the proof of Corollary 5.8 to Z;(T', s) with Ips(a;,, (s, -~ diy)
replaced by 1t" ; (Ias(ai,, (ai, -+ - a;y))), which yields Eq. (5.9).

o=

Proposition 5.10. There exists C > 0 depending on I' such that for any reduced word v = a;, -+ a;,,, we
have

o0
a21 (aiz RPN (OO)) =" Z a’jtja (510)
j=0
where a;’s are complex numbers satisfying
lag] = e ¢ and aj| < N for j e Zs.

Moreover, we have for any M € Zso and N = C1(M + 1) (from Proposition 5.5),
M ‘
I (@i, (83, - aiy ) = mlog(1/t) + > bt/ (5.11)
3=0

where b;’s are complex numbers satisfying
b;| < CWNFNI for j=0,..., M.
For the proof, please see Section 7.2.

Proof of Lemma 4.8. By Eq. (5.4) and Proposition 5.5, there exists C; > 0 depending only on I" such that
for N = [C1(M + 2)] and for any cyclically reduced word v = a;, - - - a;, with n > N, we have

n

IOg(1/|Z|)£M(7a Z) =% (Z lM<aik7 (aik+1 T aik+N—1))(z>> :

k=1

By Proposition 5.10, there exists Co > 0 depending only on I', such that for k=1,...,n

M
lM(aikV (aik+1 e aik+N—1)) - 1tL1 (lM(aik7 (aik+1 o aik+N—1))) = Z bjtj
7=0
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where each b; satisfies |b;] < e©2(N+1)j  This implies there exists C3 > 0 depending only on T, such that for
any |z| < e72C2(N+1) L o=2C2(CLMF2)+D) e have

Z ijj < Cg.

Jj=0

Recall Remark 5.6. Combining these together, we obtain C' > 0 depending only on I' such that for any
0 < |z| < e CM+L)

log(1/|21)6as (3, 2) > log(1/|21)£"*(7) = nCs > 2 log(1/|2)" ()

where the second inequality is due to Lemma 3.7.
For any reduced word v = a;, ---a;, with n < N = [C1(M + 1)], we can prove the statement for v by
using Lemma 3.7 and Proposition 4.2. O

6 Examples

Recall that T' < SLy(M(D)) is a family of Schottky groups satisfying ().

6.1 Two-generator case

In this section, we discuss the case when I is generated by two generators to illustrate the 0-th inter-
mediate zeta function. In this case, we can obtain explicit expressions for the leading coefficient Ag(y) using
the Fricke relation of SLy(C((t))):

tr(gh) + tr(gh™) = tr(g)tr(h), g, h € SLy(C((2)). (6.1)
For convenience, we denote the leading term of the trace of v € T'\{id} as
16(y) := lto(tr(y)) = Ag(y)t " /2

(see Eq. (4.3) for the Laurent expansion of tr(v)). Recall the 0-th expansion of length, ¢y(,t) defined in
Eq. (4.9).

Lemma 6.1. For any v € T'\{id}, we have
to(7, 2) = 2log [It(7)[/ log(1/[2]),

and hence
Zo(T,2,8) = H (1— 6*2510g\1t(v)|/10g(1/|2\)).
[vleP

Proof. Given any v € T'\{id}, recall Proposition 4.3 gives
tr(y) =t~ 2 (Ag(7) + Ar(NE+ ),

and Proposition 4.2 and Eq. (4.7) give

0(72)/ Tog(1/|z]) = €*(7) + 2log |Ao(7)|/log(L/|z]) + R | D a;(v)27/log(1/l2])

jz1

The proof is complete. O
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Figure 6.3: Figure © graph
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When the Schottky group I is generated by two generators, i.e. I' = {(a;, as, a3, a4) where aja3 = agsay =
id, we have three different possibilities (Figs. 6.1 to 6.3) for the corresponding finite graph ¥ x that we will
discuss below. (In the Figs. 6.1 to 6.3, we use a and b to denote two generators and ay for its attracting
and repelling fixed points in ]P’}C(( #)- The tree on the left is the subtree connecting these points in qu:’('(l;). The

graph on the right is the corresponding Mumford curve of the Schottky group.)
We will need

Lemma 6.2. Assume I' = (a1,...,a4) < SLa(M(D)) is a family of Schottky groups satisfying (¥%).> The
following identity holds for any cyclically reduced word:

(s, 0, - ai,)® = [ ] 16(ai ai,.,) (6.2)
j=1

with the convention that in41 = i1.

Proof. Suppose we have a cyclically reduced word a;vyia1792. By Eq. (6.1), we have

tr(ary1a172) = tr(agyr)tr(a;ye) — tr(ys 7).

Claim: We have
|tr(75171)|na < |tr(a171)tr(751a;1)|na = |tr(a1'71)tr(a1'72)|na~ (6'3)
Proof of the claim: The claim only works for the two-generator case, and we give an ad-hoc proof.
For the figure eight graph, by using the graph and 2log |tr(7)|ne = €™*(7), the length of the non-
backtracting loop of v, we have
ltr(a171)[na > [tr(71) |na-

Therefore

[tr(72  71)lna = exp(€"* (3 171)/2) < exp((€"* (73 1) +£7(71))/2)
= [tr(y1) lnaltr(ve lna < ltr(a171)lnaltr(ye " a7 )lna-

For the figure © graph (Fig. 6.3): let hq, ho, hg be the lengths of the three edges eq,es, €3 connecting
two vertices vy, vo. For each generator, we use a loop with the starting point v; in the graph. For example
the loops of a;, ag are represented by eje; = eje; Land eqeq = €€z L respectively. For a cyclically reduced
word ~y, we connect the loops corresponding to each letters through vy to get a loop of v. The only possible
backtracking part in the loop is the middle edge in the graph ©, which corresponds to the pairs a;as and
asag in . We have that

" (y) = n1(y)(h1 + ha) + n2(7) (he + hs) — n3(v)(2h2), (6.4)

with nq(y) the number of a;,as in v, na(y) the number of as, a4, and n3(y) the number of pairs a;ay and
i 16
agaz in y'°.

Lemma 6.3. For cyclically reduced v = a;, - - - a;,, we have 7

2" (y) = Y (g, 0,,,) (6.5)

1<G<N

Proof. Tt suffices to check the equality for ny,ns,n3 in Eq. (6.4). The corresponding equality for ni,ns is
trivial. For ns, let ny be the number of pairs of aza; and azay in . Let I = {ay,a4} and IT = {as,a3}.
A cyclically reduced word can be represented as loop on the graph with vertices {a;,1 < i < 4} and all the
edges are allowed except the edges a;a;12. Then ng is the number of edges in the loop from vertices in I

15This lemma also works for a general Schottky group in SLz2(C((t)).
16For example v = a;, -+ Gi, , the pair a; a;; should also be considered.
171t is possible that the word is simply a;,, then we use that 267 (a;, ) = £"%(a;, a;; ).
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to Il. ny is the number of edges in the loop from vertices in I to I. Since v represents a loop, we have
n3(y) = na(y). Notice that ng(aza;) = ng(ajaz) = 1. We have

2n3(y) = n3(y) +na(y) = Z n3(a;, 0., ),
1<GEN

where the second equality is because both sides represent the number of ajas, asas, asay, asay in . The
proof is complete. 0

For a non-cyclically reduced word -y, we also have

2 () <Y 0 g, a,,,), (6.6)

I<SN

since in order to obtain a cyclically reduced representation of v, we are doing induction and we only need to
treat the case such as --- blalaflbg e
We go back to the claim Eq. (6.3). For any by, bs in the set of generators, we have

E”a(blal) + é"“(a;lbg) > fna(blbg), (67)
which is true by considering all 16 possibilities of by, bo, and the equality holds if and only if
[11 = a3 or bg =a. (68)

Therefore suppose a;y; = a1b1--- by and Vglafl =b3--- b4af1 with b; from the set of generators, due to
Eq. (6.5) and Eq. (6.6)

2[’“1(&1’71) + 2[na(,y271a171) _ 2671(1(7271,}/1)
> 0" (a1b1) + " (boay) + £ (ay tb3) + £ (bgay t) — £7%(byby) — " (bobs)
zéna(blal) + 6"“(af1b4) — gna(blb4) + gna(b2a1) + E”“(aflbg) — Ena(bes) > 0,

where the last inequality is due to Eq. (6.7). Since a;y1a172 is cyclically reduced, we obtain by, by # az and
bs, by # ay. Therefore neither (by, bs) nor (bg, bs) satisfies Eq. (6.8). Hence the equality of the last equation
cannot hold and the proof is complete.
For the dumbbell graph (Fig. 6.1), we can prove by the same method as the figure © graph: first we
show Eq. (6.5) holds, then Eq. (6.7) holds, finally we can conclude Eq. (6.3).
Back to the proof: Hence '3
lt(al’}/lal"}/g) = lt(alfyl)lt(alfm). (69)

Moreover, if a1y, and a7, satisfy Eq. (6.2), then by Eq. (6.9), the longer word a;+y; a1, also satisfies Eq. (6.2).
For any cyclically reduced word of length greater than 5, we can find some generator that appears at
least twice. Therefore we can use Eq. (6.9) to reduce the length of the word and do induction.
The only cyclically reduced words without any generator appearing twice are the commutator a;azagay
and a;a;, a;. For the commutator, we have the well-known formula from the Fricke relation

tr(ajaga; tay ) = tr(ay) 2 +tr(ag) 2 +tr(arag)® —tr(ay ) tr(az)tr(a;ag) —2 = tr(a; ) 4tr(ag)? —tr(araz)tr(ayay ') —2

By checking the three graphs of two generator cases, we have |tr(a;)?|,, = [tr(a?)|,a < [tr(araz)tr(as ' a)|na-
Hence
lt(araza;tayt) = —lt(ajaz)lt(ajas t).

The proof is complete. O

18This is not a general equation, for three generators with graph (||) consisting of two vertices and four edges between them,
the sum of length of ajas and a;lagl equals the length of alagl.
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6.1.1 Figure O graph

We first consider the case that the graph X x is like © in Fig. 6.3. Without loss of generality, we
suppose each edge of the graph Y x has length 2 (for example the symmetric three-funnel case). Suppose
lt(a;) = Az72  It(az) = Bz~ 2 and lt(ajaz) = Cz~2 with A, B,C € C*. For the weighted graph, we can define

three weights by
20
hj =2+ —— .
! log(1/]z])
with «;’s determined by
a1 +ag =loglA|, az+az=log|B|, a1+ az=Ilog|C]|.

For a reduced word v of word length two, from the choice of a; we can verify that the weighted length ¢
satisfies

n(y) = 2log [16(7)]/log(1/]z]) = bo(7, 2)- (6.10)
For example for the word aja; !, from the Fricke relation, we have tr(ajay ') = tr(a;)tr(ag) — tr(a;az), then
It(ajay ') = lt(a1)lt(az) which implies €o(aray ', 2) = hy + 2ha + h3 = fy(a1a; "), By Eq. (6.2), we know this
relation also holds for any cyclically reduced . Therefore, the weighted Ihara zeta function of the weight h
gives the intermediate zeta function Zj.

For this example, by Proposition 5.1, the zeta function Zy(T', z,s) can be computed and is given by
(—2abc + a? + b2 + ¢ —1)(2abc + a® 4+ b2 + 2 — 1) with a = e~ 5(h2Hh8)/2 = e=s(hi+hs)/2 o — g=s(hith2)/2,

6.1.2 Dumbbell graph

The case that the graph Y x is like a dumbbell as in Fig. 6.1 is similar to Section 6.1.1. Suppose each
edge of the graph has length two. For example, 1t(a;) = Az71, lt(ag) = Bz~! and lt(aya2) = Cz~* with
A, B,C € C*. We define the three weights by

28,
hj=2+ —-7—,
! log(1/]2])

with §;’s determined by
pr=log|A|, B2=log|B|, pi+ 283+ B2=logl|C]|.

Similar to the previous case, the weighted Ihara zeta function equals the intermediate zeta function Zj.

For this example, by Proposition 5.1 the zeta function Zy(T, z,s) can be computed and is given by
—(c—=D(c+D(a—1)(a+1)(4a?b*c® — > +a® + ¢ — 1) with a = e=*M/2 b = ¢=%"3/2 ¢ = ¢=h2/2 For
t=0,s= %1og 2 is the solution with the maximal real part.

Example 6.4. I[f A = B = C =1, then the intermediate zeta function coincides with the IThara zeta function.

6.1.3 Figure eight graph

The case when the graph X x is like figure 8 (as shown in Fig. 6.2) is not directly applicable for weighted
Thara zeta function, since Eq. (6.10) does not hold. But using the identity Eq. (6.2), we can compute

o

1
g Zo(Ty 2 5) = 3 3 Lem2ston il tost1/12D)
i=1pyer

1
:Z, Z o5 108 [16(1)?]/ log(1/|2])
n

n=1" j#(y)=n

1 1t(a;, a; 1 It(a;,a;
sl s g o0l ) i the

Consider the matrix W € Mjax12 given by W(a;, a;,,a;,0;,) = exp (— 5o (T/]2)

above expression is equal to
o0

> L = - log det(I — W).
n

n=1
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Remark. This is indeed the path zeta function in Section 4 in [HST06]. Consider the matrix V' € My4 given

by V(a;,,a;,) = exp (—s%) for a;,a;, # id. Then the above expression is also equal to

> Lgvn = _ log det(I — V).
n

n=1

Example 6.5. Ezample of funneled torus in [Borl6, Section 16]. Here the matrices are given by

et/? 0 cosh(¢/2) — cos ¢ sinh(¢/2 sin ¢ sinh(¢/2
1= ( 0 6—4/2) » 92 = ( v )sinh(€/2) e cosh(4/2) +cos¢)( s/ln)h(€/2)>

with ¢ the angle between the two shortest geodesics. We do the change of variable with z = e~%/? and obtain
a Schottky family. '° Moreover,

1t(S1) = 271, 16(S) = 271, 16(S19) = (1 + cos )z 2/2.

The graph is figure eight with edge length 2.

From the first paragraph of Section 6.1.3, with ¢ = w/2 the middle zeta function can be computed and is
given by

Zo(T, 2,8) = —(—a +2b+1)(a +2b — 1)(a — 1),
with a = e™25, b = e~5(2-1082/10g(1/121))  Hence the Hausdorff dimension &, of the limit set is given by the
first zero of
6725 + 2675(2710g2/ log(1/|z|) _ 1=0
dividing by log(1/|z|). For the case £ =10 or z = ™5, the first zero of Zy(T,e~5,s) dividing by log(1/|z|) is
g3

close to 0.115, which is close to numerics in [Borl6, Fig 16.8]. The main term 1010 of [DM2/] gives 0.1099.

Remark 6.6. In [Weil5, Theorem 1.1], the author considered the case of three funnels with width given
by nif,n2l,nzl with nq,n2,n3 € N and £ — oc. Under an extra triangle condition n; + n; > nj with
{i,7,k} = {1,2,3}, the convergence to the Ihara zeta function is proved in [Weil5]. Actually, the triangle
condition says that the graph is figure ©. If n; + no = ng, then the graph is figure eight. If ny + ns < ng,
then the graph is figure dumbbell. For all these three cases, by the change of variable with z = e~*/2, our
computation of Thara zeta functions/intermediate zeta function Zp and the convergence all work.

We also remark that the type of graph (figure eight, dumbbell, and figure ©) depends on the choice of
the lengths of the generators, while the topological type of the surface depends on the configuration of the
Schottky discs. In the case of two generators a; and ag, if D, and Dal—l are adjacent (Figs. 6.1 and 6.3), then
the hyperbolic surface is a three-funnel surface; if D,, and Dal—l are separated by D,, and D oy (Fig. 6.2),
then the hyperbolic surface is a funneled torus.

6.2 Symmetric three-funnel surface

In this section, we discuss how our main theorem applies to the symmetric three-funnel surface. In
particular, we recover the result of [PV19].

Example 6.7. Recall X (¢) from introduction. In [Bor16, Section 16], an explicit form is given by

cosh(£/2) sinh(£/2 cosh(¢/2) a~'sinh(¢/2
S1= (sinh((E/Q)) cosh((£/2))> » S2 = (a blnff(é//g) cosh(ﬁ}Q/) ))

and a € R such that tr(S1S82) = —2cosh(£/2). We do the change of variable with z = e~*/*, then the group
becomes a Schottky family with
lt(Sl) = lt(Sg) = —lt(Sng) = 2_2.

This family satisfies condition (F) can be verified in the following way:
6r(S182) = 2((272 + 22)/2)2 + (a+a 1) (=72 = 22)/2)? = —2(=~2 + 22)/2.

9The verification of condition (%) can be done similarly as in Example 6.7.
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So we obtain a solution
a”t=—1+22+0(]22)).

The fived points of Sy are at 1 (attracting) and —1 (repelling). The fized points of Sy are at a=' and —a
The cross-ratios of these four points are
1+a 1>
(1 - ia—l) ’

which have order greater than —2. The contracting ratios of S1 are Ss are z*. From these, we can verify that
this family satisfies condition (¥).

The graph is two vertices with three edge connecting them with each edge of length 2. From the discussion
of the two generator case, the intermediate zeta function Zy with M = 0 is exactly the graph zeta function
for symmetric three-funnel surface.

Since Theorem 4.4 also works for SLa(R)-case, combined with the computation of Zy, we obtain the
convergence of zeta functions in Theorem 1.1. The statement of Hausdorff dimension follows directly.

-1

Example 6.8. We want to compute the zeta function for other M and explain that we recover the result of
[PV19].

Continue from the previous example. The three-funnel surfaces can be described by four discs, each of
radius 2%. Therefore the separation between dyq(a;00, (D, )¢) = e=2 for the generators.

After doing computations using the algorithm in Proposition 5.5 and Corollary 5.8, we obtain:
Let 1 = 6_23, To = eszz/2log(1/\z|)} T3 = esz4/2log(1/\z|). Then

Z3(T,z,5) = (23 + 21(=1+ 23)* + a¥ (23 — 223))* (23 + 21 (=1 + 23)* — 227 (a3 + 23))) /23>

and

1
Z4(F72a3):W( —dx3al + 2fx(—1 + 27)? + 25(—228 4 627) + 2327 (—2 + 27) 73 — 22527 (—1 + 27)3
3 T3

+ z5ry(—1 4 23)a5 — 5(—1 + #7) (42§ + 75 — 2723))?
(2f — 4232} + 2521 (=1 + 2})? + 25(—2285 + 62) + 42527 (—1 + 27)a3
— 22523 (=1 4 23)%a3 — 22321 (1 + 27)a3 — a§(—1 + 27) (42 + 25 — 27a3)).

In particular, factorizing Zs, we can recover the result of [PV19] by Corollary 4.6. In Zs, if we let
xo = 1, then we obtain the IThara zeta function of the symmetric three-funnel surface, which is predicted by
Corollary 5.9.

Remark 6.9. From previous computations, we conjecture that the term x1 in Zsp (T, 2, ) has degree 6 - oM
with coefficient (1 — x?wﬂ)?"QM, where xpr41 = s /210g(1/12]) | Thig conjecture gives some support to the
fractal Weyl law, that is the number of resonances in the region {s € C: Rs > —C, |Ss| < T'} for any fixed
C > 0 grows asymptotic to 779" with dp the critical exponent of the Schottky group T.

Below is a heuristic argument: In the region Rs € [~C,4],Ss € 277, 2(T + 1)7] with T ~ |z|72M the
leading coefficient (1 — m?wﬂ)?"QM is of constant size. Since z is small, the terms x;1 = s /2108(1/12]) with
j = 1 are almost constant. The only variable in Zs, is 1. Hence as a polynomial on x1, Zsps is of degree
6-2M and the ratio between the coefficients and the leading coefficient is bounded. Therefore this polynomial
has 6 - 2M zeros of bounded size. Then s = —1logz; is in the box {Rs € [-C, 6], Ss € 2T, 2(T + 1)7]}.

The predicted numbers of zeros by the fractal Weyl law in this region is

(|Z|—2M)6 ~ <|Z|—2M)log2/2log(1/\z|) _ 2M.

For the region Rs € [—~C, 8], Is € [2T 7, 2(T+1) 7] with T < |z|72M | the leading coefficient (1733?\/“_1)3'21%
is so small, hence Z5); may have large zeros of x1 and the corresponding s is outside the region. Since Zap(s)
for some M’ < M with M’ =~ logT'/21log(1/|z]) is a good approximation to Zaps(s) in the region, the number
of zeros of Zaps(s) can be computed from Zsps(s), which is approximately oM ~ 9.

In conclusion, with the intermediate zeta function Zsys, for T < |z| 72, we observe the number of zeros
in the region {Rs € [~C,6],Ss € [2T',2(T + 1)7]} is approximately 7, which fits the prediction of the
fractal Weyl law.
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7 Appendix

7.1 Critical exponent of the non-Archimedean Poincaré series

In this Appendix, we explain that the critical exponent of the Poincaré series is equal to the growth rate
of the number of periodic geodesics for non-Archimedean k.

Let T be a Schottky group in PGLy(k) of g generators. Recall from [PT21, Theorem II.3.18] the non-
wandering domain O of T' on P,lc’a", the Mumford curve X = I'\O and their skeleta Yo and Y x. Then X
is a graph of rank g. Let p be the quotient map from O to X, then p~!¥x = ¥y and Tx = p(Xp) =T\ Zo.
Recall that we have a distance d, on Yo, the I'" action on ¥ preserves the distance and we have a quotient
distance on X x.

Recall the definition of length periodic primitive geodesic in Lemma 2.17. Let Gr(L) be the number
of periodic primitive geodesics of length less than L in ¥y, which is also the least translation length of the
corresponding conjugacy class on Xg. Let Np(L,0) be the number of v € T such that d,(0,70) < L for
0 € Yo.

Since o is a locally finite tree with a metric, it is CAT(—1). We can apply [Rob02] to obtain the critical
exponent of the Poincaré series

. 1
o) = Jim T log N1 (L, 0).
Moreover, by [Rob02, Corollaire 2]
Proposition 7.1. We have
. 1
Jim —log Gr(L) = &(T).
By [HST06, Theorem 2.10], we have

Corollary 7.2. The first zero of Ihara zeta function of the graph is equal to the critical exponent.

7.2 Proof of Proposition 5.10

Before the proof, we state three elementary lemmas about estimates of the coefficients of the Laurent
series after multiplication, division, and logarithm.

Lemma 7.3. Suppose f(t),g(t) € C((t)) are two formal Laurent series:

FO)=t">"fit) with || < UtV for j € Zxo;
=0

o0
g(t) = ¢t Zgjtj with  |g;| < €Ut for j € Zs,.
j=0

Then f(t)g(t) € C((t)) has the Laurent series expansion

F)g(t) =t N " hit? with  |hy] < (5 + 1)eCYUT) for j € L.
j=0

Proof. We have

ol = | 2 Fign| < (n+ 1), O
j+k=n

Lemma 7.4. Suppose f(t),g(t) € C((t) are two formal Laurent series with

F@&)=t"> "t fo#0, |f5] <UD
7=0
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) =tm Zgg . lgol = e, |gy| < e“UTY.

Then f(t)/g(t) € C((t)) has the Laurent series expansion

F(6)/g(t) =tm=™ th ;| < eBCHOIFANGHD)

for some universal constant C1.

Proof. We may first take go = 1 and |g;| = |g;/g0| < eU+DFT4. Then

n

oo
WS (Sar| =T
n=0

n=0 j=1

where
/ ~ ~ Con 2Cn+An 2C+Co+A)n
gl < D (G Gl <ePome < POFCotd)

Jit-tik=n

for some universal constant Cy. Finally we multiply by f(¢):

’

M_f(t)gotm 71mm J ! 4n _m—mloo 47
ot) gt o) P! Z‘f]t (Z:og”t ) - ght

where
|hn| < |go|—1 Z |f]g;€| < (n+ 1)6AeC(n+1)e(QC+Co+A)n < e(SC+C1+A)(n+1)

Jj+k=n

for some universal constant C.

Lemma 7.5. Suppose f(t) € C((t)) has the expansion
) =t"> fit), fo#0, |f;] <UD,
§=0
Then as a formal series, log(f(t)) has the expansion
log(f(t)) = mlogt +1og(fo) + > hifg !, |h] < BT
§=0

where Cy 1s a universal constant.

Proof. We use the formula for log:

log(f(t)) =mlogt+ log(fo) +log | 1+ Z %tj
j=170

1 n+1

sz

(oo}
=mlogt + log(fo) + Z
n=1

Therefore,

1 n— n n
[l < ) 2 fal -1 fol b Cont3en,

itk =n
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Proof of Proposition 5.10. First we check the estimate for a;,(--- (a;,(00))). Each entry of a;,---a;, is a
sum of at most 2V ! terms, with each term a product of N — 1 entries of generators. By subadditivity and

submultiplicativity of the hybrid norm, for each entry a;, - - - a;, (¢,1) we have
sup ||ai2 "'aiN(ivl)thb < 2Nt sup ||Cl(l,l)H£;g1 5 e“N.
1<4,1<2 A

ac
1<3i<2
a
Suppose a;, - -0, = (c
Dg are disjoint for a € A. If a = 37 o a,t" € C((t) with a,, # 0, then [afnyn < e“N implies that

e™™ < Jlallnyp < e and

Z) For some 0 < r < 1/e independent of N and |¢t| < r, the Schottky discs

oz < 3 Janl(r/2" + 3 laale™ < max{(re/2)™, Ylalys < <Y, L <2 < 1/e.

n<0 n>0

N =

In the last step, we use (re/2)™ = e™1°8("/2) and log(r/2) < 0.

00 ) .
Let f(2) = > ¢;jz7 where ¢; is the coefficient in the Laurent series ¢ = ¢™ 37 ¢;t/ € C((t)) with co # 0.
=0
Since oo does not lie in Dg, . and a/c = a;, -+ a;,(00), as/c; is in the disc Dq,,...q, - C Da,, -, Which we
assume is bounded uniformly from co. We conclude that |a./c.| < C and ¢, # 0 for |z| < r. Thus log|f(z)]
is harmonic in the disc D(0,r). Since ad — bc = 1, we have

1< azds| + [boc.| < Cjaz] + [ba])]es] < e“Nles], <z <

r
2
From the Laurent series expansion ¢ = t™ Z;io cjt? € C((t)), we have

e < el < N,

which implies m > —C'N.
By mean value theorem on D(0,r/2), we have

log |co| = log|f(0)| > mir}2log\f(z)| = mir} log|c./2™| > —CN —mlog(r/2) > —C'N.

|z|=r |z|=r/2
In the last step we use log(r/2) < 0 and m > —CN. Therefore, |co| > e~“N. Recall |a|lny, < eV and
lcllnyb < e“N, we have a Laurent series expansion

i, (- (a5, (00))) = % =™ 3" ajtd with |af| < CNHI, (7.1)
j=0

where in the last step we use Lemma, 7.4.

/! /
Suppose a;, = <Z, Z,), then af (w) = (Cw +d')~2. We would like to show

o0
), (i, (- iy (83 (00))) = £ Y agt?,  ay| < eCNVHDI,
7=0

By Lemma 7.3, it suffices to show a similar expansion for (a;, ---a;y (c0) + d'/c/) L.

Eq. (7.1), it suffices to show the leading coeflicient 7y in the expansion

By Lemma 7.4 and

oo
A, - Giy (00) + /! =" mit!, mg #0
§=0

satisfies |mg| > e~“N. By Proposition 3.20, a;,(- - - (a;, (00))) € @i, Doy, » C |z|”'Dai2,Z for some v > 0 and
0 < [2] < r. Hence the point a;,(---(a;y(00))) is [2[” separated from Dg, . (which contains —d’/c) for
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some v > 0 and 0 < |z| < r. By considering the separation with non-Archimedean norm, we know |m| < C

oo .

is uniformly bounded. Consider the holomorphic function f(z) = > m;27, then log|f(z)| is a harmonic
j=0

function in a small disc |z| < r. By mean value theorem,

log |mo| > | ﬁnir}zlog lf(2)] = mi1>210g |2 f(2)| — mlog(r/2) > vlog(r/2) — mlog(r/2).
zZ|=r Z|=T

Since m and v are uniform, we actually prove |mo| > e~ holds for some uniform constant C' > 0. Therefore
Lemma 7.4 gives Eq. (5.10). Similarly, since the discs are bounded uniformly away from oo, we have

log |mo| < |I|na};210g |f(2)] < ma;;zlog |2 f(z)] — mlog(r/2) < logC —mlog(r/2).

|z|=r

Thus |m| < e© for some uniform constant C' > 0. Since we know the leading coefficient ag in Eq. (5.10) is
given by my 2 times the leading coefficient of ¢/~2. We conclude

|a0| > 672C'|ﬂ_0‘72 > 672C72C"

Eq. (5.11) then follows from Eq. (5.10) and the lower bound |ag| = e~ €. O
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