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ABSTRACT. This paper provides a mathematical perspective on fragile topology in con-
densed matter physics. In dimension d < 3, vanishing Chern classes characterize the topo-
logical phases of periodic media that exhibit localized Wannier functions. However, for
special symmetries I of the system, such as Co,T (space-time reversal), the existence of a
localized set of Wannier functions that is also invariant under this symmetry I may not
always exist. In systems with fragile topology, Wannier functions cannot respect both the
symmetry I and the localization constraints. Nevertheless, this obstruction can be lifted by
adding Chern-trivial line bundles, invariant under the /-symmetry. This allows for the con-
struction of localized Wannier functions that respect symmetry. In the last section, we take
on a broader perspective and obtain Wannier localization in dimensions d = 2,3 without
symmetry constraints for Chern nontrivial Bloch bundles. For d = 2, we obtain the Wannier
decay with Thouless exponent O(|z|~2); for d = 3, we obtain the decay rate O(|z|~7/3).

1. INTRODUCTION

It is commonly accepted that topological features of the Bloch bundle in condensed matter
physics such as the Hall conductance and the localization of Wannier functions are robust
against topologically trivial perturbations of the system. Fragile topology challenges this
narrative: Consider a periodic Hamiltonian that is invariant by the space-time reversal
symmetry, which we refer to as the I-symmetry Ju(z) = u(—=x) in this article. This symmetry
naturally gives rise to a real sub-bundle &, of the Bloch bundle &£, where the Bloch bundle
is induced by spectral projections satisfying Assumption 1 in the presence of band gaps. If
the real sub-bundle & C & is of rank two with Euler class e;(&) # 0, then there is no
exponentially localized Wannier basis that is compatible with the /-symmetry (cf. Definition
1.3). Fragile topology, as introduced in [APY19, PWV18], claims that the topology of &
is fragile in the sense that adding trivial bands (in the sense of taking the direct sum with
trivial real line bundles) allows for the choice of an exponentially localized Wannier basis
compatible with the [-symmetry. This topological feature has received attention because
it prominently appears in twisted bilayer graphene [Po*19] and its flat bands in relation to
strongly correlated electron phenomena [Pe*21, SEB20].

In this article, we prove a more general result that any real Bloch bundle & over T? or
T2 with rank r» > 3 induced by the I-symmetry admits an exponentially localized Wannier
basis compatible with the I-symmetry. We start by introducing some main concepts.

Assumption 1. Let I' be a lattice in R? and P := (P(k))iera be a family of orthogonal

projections with finite constant rank r acting on some Hilbert space H that depends real
1
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analytically on the parameter k € R and satisfies for all k € R? and v € T'*
P(k+75)=7(y)'P(k)r(y), 7€ CYRYU(H)) a unitary operator. (1.1)

In practice, one often has 7(7)(z) := e~*®), For a family of projections as in Assumption
1, we define a vector bundle by introducing the equivalence relation

(k@) ~ (K, ¢') & (K, ¢) = (k+7,7(7)¢).
We then define the total space
E = {(k, ) € R x ran(P(k))}/~
and the base space B := R?/I™*. Thus the projection map 7 : £ — B induces a complex

vector bundle & (cf. Definition 2.1), which is called a Bloch bundle.

Definition 1.1. For the orthogonal projections P := (P(k))rera satisfying Assumption 1,
we say that ® : RY — H" is a global Bloch frame, if

PRI HD--DH=H", k> (o1(k),...,0.(k)),
1§ T-equivariant:
di(k+7) =7(7)i(k) forallk eRY, yel™ ie{l,...,r} (1.2)
and for a.e. k € RY, the set {¢1(k),...,¢.(k)} is an orthonormal basis spanning Ran P(k).

Moreover, we say that a global Bloch frame is

e continuous (respectively smooth, analytic) if the maps ¢; : RY — H are continuous
(respectively smooth, analytic) for all i € {1,...,r};

o H*regular if the maps ¢; : R? — H lie in the corresponding local Sobolev space
H (REGH) foralli € {1,...,r}.

loc
Remark 1. In terms of the language of vector bundles, each ¢;(k) is a normalized section
of the underlying vector bundle, and a Bloch frame ® is a family of orthonormal sections of
the Bloch bundle Ec that span the Bloch bundle over C.

To make the T-equivariance (1.2) explicit, it is natural to introduce
He = {6 € LL(REH) 2 ok + 7, 0) = 7(1)6(k, o) for all 7 € I},
The 7-equivariance boundary condition is the natural boundary condition when using the
Bloch transform. Alternatively, one may obtain periodic boundary conditions by considering
P(k) := 7(k)P(k)7(k)~'. It is known that for d < 3, one can always find an H*-regular global
Bloch frame @ for any s < 1 (see [Mo*18, Theorem 2.4]). From now on, we assume
H = L*(R/T") and ran P(k) € C*®(R?%/T) for each k € R%.
We now define Wannier functions using the so-called Bloch transform
Up)(k.z) =Y e My(a +9), v e LR, (13)
~yel'

where the Bloch transform gives the isometry

U: L*RY — H, = {¢ € L (RY LXRYT)) : ¢p(k + v, 2) = 7(7)o(k, 2)}.

loc
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Definition 1.2. Let p(k,x) € H, be a normalized section of the Bloch bundle satisfying
Assumption 1, the Wannier function w(p) € L2(RY) is defined by

1

w(p)(x) = W i ei<x’k><p(k;,x) dk = U (p). (1.4)

One can recover the Bloch function from the Wannier function by the Bloch transform

plk,z) =Y e TR (p) (@ + 7). (1.5)

vel’

As ¢(k,x) is a normalized section, the shifted Wannier functions {w(¢)(e — )} er form an
orthonormal basis of the space

I, L*(RY) := { /R o f(k)e*D ok, x)dk : f € L2(Rd/r*)}.

Hence, we also refer it as Wannier basis. See [TaZw23| for a detailed discussion.

Note that in quantum mechanics, the Wannier function associated with a state ¢ is not
uniquely defined, since p(z, k) and e p(z, k) for O(k) € R are equivalent states, but give
rise to different Wannier functions with possibly different decay properties. In fact, one has
the following correspondence

(o)™ € LA(RY), m > 0 <= Uy € H, N HL(RY, L*(RY/T))
e**yp € LA(R?), for some € > 0 <= Usp € H, N C¥(RY, L*(RY/T)).

Thus, the property stated below Remark 1 implies that, for any Bloch bundle with base
dimension d < 3, there exist Wannier functions such that [, [w(e)[*(z)** dz < oo for any

s < 1. Moreover, the existence of exponentially decaying Wannier functions is equivalent to
the triviality of the Bloch bundle [Mo*18].

Now we make a further assumption that the Bloch bundle has the following /-symmetry
Iu(z) = u(—=z) such that
IP(k)= P(k)I.

This condition holds for a natural class of Hamiltonians, e.g., Bloch transformed Schrodinger
operators Hj, = (—iV — k)2 + V with V(—z) = V(z) and the Bistrizter Macdonald Hamil-
tonian of twisted bilayer graphene [BiMall]. The I-symmetry acts as a real vector bundle
homomorphism (i.e., each fiber is preserved). Since I? = 1, it has eigenvalue 1 and —1 on
each fiber. The I-symmetry naturally induces a real subbundle of the Bloch bundle given
by the eigenspace of 1, see (3.1). We want to study the existence of exponentially decaying
Wannier functions that are also invariant under the I-symmetry. To this end, we define the
compatiblity of Wannier functions with the /-symmetry:

Definition 1.3. We say the Wannier basis {@q () = oz —7) 1y € ,a € {1,--- ,r}}
is compatible with the I-symmetry with rescaled Wannier centers ¢i,--- ,¢. € I'/(21) if

[Qayy = Pacu—y, @ € {1, T} (1.7)
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For Bloch functions, by taking the Bloch transform (1.3), this translates into

Tpa(k,z) = P, (k,x), a€{l,---r}. (1.8)
Hence, each @, (k,-) is a section of the real subbundle of the Bloch bundle
Ee, = {(k,v) € &« Tv = e ably), (1.9)

where &, is a subbundle of the complex vector bundle ¢ = £, ® C. Given the real subbundle
Er = {(k,v) € & : Tv = v} of the Bloch bundle induced by the I-symmetry, we have

Theorem 1 (Fragile topology). Let Eg be a real subbundle of the Bloch bundle with base
dimension < 3 induced by the I-symmetry. Let v be the rank of the bundle.

o [fr#2, the bundle Er always admits an exponentially localized Wannier basis com-
patible with the I-symmetry.

o [f r = 2 and the bundle Er is oriented, then it admits an exponentially localized
Wannier basis compatible with the I-symmetry if and only if the Euler class vanishes.

The proof of this theorem is presented in Subsection 3.6. Thus, an obstruction of con-
structing exponentially localized Wannier functions compatible with the I-symmetry may
exist only for vector bundles of rank 2. As a direct consequence, one may take the real sub-
bundle &g of the Bloch bundle of rank 2 and add to it another real line bundle L, then the
new bundle &g & L automatically admits an exponentially localized Wannier basis compatible
with the I-symmetry. This is the phenomenon of fragile topology.

In the last section, we obtain results on Wannier decay without symmetry constraints.
We recall that [Mo*18, Theorem 2.4] showed that one can always find a Bloch frame in H*®
for all s < 1, independent of the Chern number of the Bloch bundle. Thus, under the Bloch
transform, the corresponding Wannier functions w(y) satisfy the decay ||()*w(p)||r2ra) <
oo for any s < 1 as in (1.6) and the discussion below.

Thouless [Th84] conjectured that for non-trivial Bloch bundles, Wannier functions should
be able to attain some optimal decay rate |x|~2 for |z| > 1 when d = 2. His argument rests
on the Bloch function representation (1.5). Thus, if w(p) = O((e)797¢) for £ > 0, then the
series converges uniformly

p(k,2)| <D lwlp)@+7) S Y (e+7) 74 < oo,
vyel vyel
This shows that k +— (k,x) is a continuous normalized global section of the Bloch bundle,
and therefore the Bloch bundle is trivial. This leads Thouless to conjecture that the pointwise
decay rate O(1/|x|*) may be achieved by some Wannier functions for d = 2.

In [Li*24], the authors construct a distinguished section of the Bloch bundle that matches
the decay |r|72. This is a refinement that implies the result of [Mo*18, Theorem 2.4].
This construction, for example, shows that there exists a Wannier function with decay rate
[ (@) (log(e))~*w ()|l L2m2) < oo for any s > 1/2. Our first result is a refinement of [Li*24]
showing that all Wannier functions may decay exponentially except one that exhibits the
Thouless decay rate with a complete asymptotic expansion:



FRAGILE TOPOLOGY & WANNIER DECAY 5

Theorem 2 (Wannier decay; d = 2). Let Ec be a Bloch bundle of rank r with Chern number
m # 0 over T?, then there exists a Wannier basis {w(pa-)(z) := w(p.)(x —7) : v €T,a €
{1, ,r}} such that w(p,)(z) decays exponentially for a € {1,--- ,r — 1} and
1
w(p,)(w) ~ T2 /Trl Cm,a(@x)|x|72i‘alaaq)<ovx)
o 2 k

with o) = 2m(=1)™me %= sinp, = x1/|z|, cosp, = xo/|x|, and ®(k,z) is a nor-
malized smooth local section near k = 0.

Comparing the result of Thouless and [Mo*18] with the H'-condition (that is || (®)w]| r2(r2) <
o0) which implies the triviality of the bundle, we propose the following

Question 1. For a non-trivial Bloch bundle over T?, does there exist a Wannier function
w(p) that decays o(1/]x|?) as x — o0 ?

The existing thresholds, that is, Thouless’ continuity argument and the H!-regularity that
implies the triviality of the bundle, appear to not rule out, for instance, a pointwise decay
1/(|z|*(log |z|)*/?) as  — oc.

Interestingly, Thouless’ simple continuity argument proves to be effective for d = 2, but
fails to capture a sharp uniform decay in d = 3. Our construction can be carried over to
Bloch bundles over T? (see Section 5.2) to construct Bloch frames in H* for all s < 1 with
the corresponding Wannier function decaying like O((1 + |x1| + |z2|)2(x3) ™) as z — oo.
In fact, we obtain a uniform decay rate better than the decay rate for Wannier functions on
T2.

Theorem 3 (Wannier decay; d = 3). Let Ec be a nontrivial complex Bloch bundle of rank
r, then there exists a Wannier basis {w(pa~)(z) == w(py)(xr —7) : v € T,a e {1,---,r}}
such that w(p,)(x) decays exponentially for a € {1,--- ,r — 1} and

w(p,)(z) = O(|z[73), as |z — co.

It is reasonable to ask whether a better uniform decay in all directions is possible. Since
the function (x>*% satisfies H<‘>wl|L2(R3) = o0 and ”<.>Sw||L2(R3) < oo for s < 1, we propose
Question 2. For a non-trivial Bloch bundle over T3, what is the optimal pointwise decay
rate of the Wannier functions as |x| — oo? Can one construct a Wannier function w(p)

such that w(p)(z) = O(|z|~2) as |z] — 0o ?
We can ask the following more general question.

Question 3. Given a smooth vector bundle Ec of rank r over a smooth manifold M. What
is the largest a € R such that there exists a (measurable) normalized frame s;, i = 1,2, |r
with respect to a smooth metric, such that in any local trivialization over an open subset
U C M and for any smooth cutoff x € C°(U), we have

Flxsi)(§) = O(¢]™)

as |§] — oc0?
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The only general thing we can say is that « can be arbitrarily large when ¢ is trivial, and
a < d:=dim M when &¢ is nontrivial. As we see above, there could be finer restrictions on
a, and it is related to the sharp Fourier decay under certain topological constraints.

Related works. Different invariance conditions (1.8) for the Bloch and Wannier functions
have been considered in [FMP16a, FMP16b]. The observed effects are fairly different, and
fragile topology does not appear in these settings. To compare our framework with the setting
studied by [FMP16a, FMP16b], we can compare the Co,T-symmetry Io, ru(x) = u(—x),
with the time-reversal symmetry Iru(z) = E and notice that they act differently on Bloch
functions. Indeed, while they are both bosonic in the terminology of the aforementioned
works as they square to the identity, we have [Io,.7, (—1V —k)?] = 0 whereas I7(—iV —k)? =
(—iV + k)?Ir for the time reversal symmetry. That is, time-reversal symmetry maps k to
—k, while we consider symmetries that leave k& unchanged; see Definition 1.3. See also
[KLW16] for an account of the relation between the Zs topological invariants (cf. [IKKMO05,
FKO06, FKKMO07]) and the Stiefel-Whitney class in the setting of [FMP16b], and [Ah*19] for
classification of topological phases in bands with the I-symmetry using Stiefel-Whitney class
from a physics perspective.

The classical question on the existence of exponentially localized Wannier functions does
not involve any symmetries and can be fully understood in terms of the Chern number [Pa07,
Br07, Mo*18] according to Definition 1.3. Recently, results on Wannier basis localization
have been extended to non-periodic systems [LSW22, MMP23, LuSt24, RoPa24].

Notations and conventions. Let H be a separable Hilbert space. Let I' = Zle Zaw; C RY,
for linearly independent w;, be a lattice, and T'* := {z € R?: (z,w) € 27Z for all w € T'} =
Zle Zv; be the dual lattice. We denote by U(H) the group of unitary operators on H and
by L(#) the space of bounded linear operators on H.

The lattices I' and I'* naturally give rise to a torus as well as a dual torus, that is, R?/T
and R?/T*. However, for simplicity, we will often just say that we have a vector bundle over
a torus T?, which then in the physics setting corresponds to the dual torus R?/T*.

Structure of the paper. In Section 2, we review the (properties of) characteristic classes
for real and complex vector bundles that are relevant to fragile topology. In Section 3, we
prove the topological background underlying the effect of fragile topology. In Section 4, we
study the fragile topology in twisted bilayer graphene. In Section 5, we discuss the optimal
decay of Wannier functions for a given non-trivial Chern class and prove Theorem 2 and 3.
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2. CHARACTERISTIC CLASSES AND BUNDLE CLASSIFICATION

In this section, we discuss the classification of complex vector bundles & and real vector
bundles &g over a manifold of dimension d < 3. We also recall the basic properties of Chern
classes, Euler classes, and Stiefel-Whitney classes.

2.1. Bundles. We briefly recall the definition of vector bundles, the notion of orientation,
and the classification of line bundles.

Definition 2.1 (Vector bundle). Let E, X be topological spaces. m : E — X 1is called a
(complex or real) vector bundle of rank r if for any x € X, 7= (z) is a (complex or real)
vector space of dimension r, and there exists a covering {U;} of X such that there is a
homeomorphism, called the trivialization, which is linear on each fiber 7=1(x), such that the
following diagram commutes

U;) —>U><(Cr or U; x R"

l/

Here E is also called the total space and X is called the base. A wvector bundle of rank 1 is
called a line bundle.

Remark 2. In the above definition, if E, X are C* manifolds, m s C° and the trivialization
is a C*° map, then the vector bundle is called a C*® vector bundle, where s € N or s = o0
(smooth) or s = w (real analytic). We note that the classifications of C* vector bundles are
equivalent for s € N or s = 0o or s = w, see [Sh64, Theorem 5].

Replacement of the vector space with more general objects leads to the definition of fiber
bundles.

Definition 2.2 (Fiber bundle). A fiber bundle is a quadruple (E, B, n, F), where E is the
total space, B 1is the base space, m : E — B is a continuous projection map, and I is the
typical fiber, a topological space, satisfying the following conditions:

(1) For every b € B, the preimage 7~ ({b}) is homeomorphic to F,

(2) There exists an open cover {U; }ier of B and homeomorphisms ¢; : 7= *(U;) — U; X F
such that m(e) = pry(¢;(e)), where pry : U; x F' — U; is the projection onto the first
component.

From the definition of a fiber bundle, we can now define the principal G-bundles:

Definition 2.3 (G-bundle). A principal G-bundle, where G is a topological group, is a fiber
bundle such that G acts continuously from the right on E. In addition, the action of the
group must leave the fibers 7=1(x) invariant and act freely and transitively on them.
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The extension of this concept to the smooth or real analytic category is straightforward by
requiring that G has a smooth /real analytic structure and the action is smooth/real analytic.

The reason for introducing the principal G-bundles is that they allow the classification of
complex or real vector bundles with symmetries. Complex or real vector bundles naturally
correspond to principal G-bundles, where G is the general linear group (real or complex).
One can extend the correspondence to include other groups G, by adding more structure to
the vector bundle, such as, for instance, orientation:

Definition 2.4 (Orientation). An orientation of a real vector space is an equivalence class
of ordered bases, where two ordered bases are equivalent if the invertible matrix taking the
first basis to the second has a positive determinant. A vector bundle is called orientable if
there exists a continuous choice of orientation on each fiber.

We now briefly recall the classification of real or complex line bundles, which shall be used
in later sections.

(1) For a structure group GG, G-principal bundles are classified by the classifying space
BG, which is a principal G-bundle whose total space EG' is contractible:

{principal G-bundles over M }/isomorphism = [M, BG]

where [M, BG] is the set of homotopy classes of continuous maps from M to BG.
(2) In particular, complex vector bundles of rank r are classified by BU(r). Real vector
bundles of rank r are classified by BO(r) and oriented real vector bundles of rank r
are classified by BSO(r).
(3) We have BU(1) = CP* = K(Z,2), BO(1) = RP* = K(Z/2,1), where K(A,n) is
the Eilenberg-Maclane space which satisfies

m(K(Am) = A, Ta(K(An) =1, m#n.
It has the universal property
(M, K(A,n)] = H"(M; A).

(4) The element of [M, BU(1)] & H?*(M;Z) is the first Chern class ¢;. The element of
[M, BO(1)] = H'(M;Z/2) is the first Stiefel -Whitney class w.

2.2. Classification of complex vector bundles. For a complex vector bundle &¢ over a
manifold M, the Chern class c;(Ec) is an element of H?*(M;Z). If the vector bundle has
a smooth connection with curvature 2 which is a gl(r, C)-valued 2-form, the Chern classes
can be computed by
Ve -
det (I + 7t[Q]) = ;cj(gc)tﬂ.

Over any manifold M, complex line bundles are classified up to isomorphisms by the
first Chern class ¢, € H*(M;Z) as discussed at the end of Subsection 2.1 (see also [Ch79,
p. 34] for a different proof). For higher-rank complex vector bundles, we have the following
classification:
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Proposition 2.5. Complex vector bundles Ec over a manifold M of dimension < 3 are
classified by the first Chern class ¢, € H*(M;Z). Furthermore, Ec admits a decomposition

into line bundles
rk(Ec)—1

Ee=| 6 Li|oL, (2.1)

=1

where all line bundles L; are trivial apart from possibly L for which c1(Ec) = ¢1(L).

Proof. Let Ec be a complex vector bundle of rank » > 2 over M. By the Thom transversality
theorem, there exists a non-vanishing section s of &:. Since if s intersects the zero section
0y transversally at (z,0) € Ec, we have

dS(TCCM) + T(a:,O)OM = T(Lo)g(c.
Thus, the dimension of the intersection of the tangent space
dlmR(dS(TxM) N T(z,O)OM) = dlmR(dS(TxM)) + dlmR(T(Lo)OM) — dlmR(T(x’o)g(C) < 0,

ensures that the intersection is empty. Hence, s induces a trivial line bundle L;, and &¢
splits as a Whitney sum:

Ec = Ly @ &,
where &£ is a complex vector bundle of rank » — 1. By induction, & is isomorphic to the

Whitney sum of » — 1 trivial line bundles with a complex line bundle L. The Chern number
of L satisfies ¢1(L) = ¢1(&c), which completes the proof. O

Remark 3. When &Ec is real analytic, the decomposition in the previous Proposition can be
chosen so that L; and L are real analytic line bundles. This is because (2.1) holds in the
topological category, and Remark 2 implies a real analytic isomorphism

rk(Ec)—1

Eo = @ Li| oL

i=1

2.3. Stiefel-Whitney class. For a real vector bundle & of finite rank on a base space M,
the i-th Stiefel-Whitney class w;(Eg) is an element of H'(M;Z/2). An axiomatic definition
of the Stiefel-Whitney class can, for instance, be found in [Hu94, Theorem 5.4]. Some basic
properties of the Stiefel-Whitney classes that will be relevant to us are:

(1) w;(Er) = 0 if i > rank(Eg) or ¢ > dim M.

(2) &g is orientable if and only if w(Eg) = 0 [Hu94, Theorem 2.1].

(3) Let

’U)t(g]R) =1+ wl(SR)t + -+ wT(SR)tT, wl(é') < HZ(M, Z/Q)
Then the Stiefel-Whitney class of the Witney sum is given by

wt(c‘,’R D ‘FR) = wt(SR) ~ wt(}"R),
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where the cup product induces a bilinear operation on cohomology via the binomial
formula:

HY(M;Z/2) x H"*(M;Z/2) — H*(M;Z/2).
Consequently, we have wy(Eg @ Fr) = Zf:o w;(Er) — wy_i(Fr) and in particular

wl(ER ) J'—"]R) = w (SR) + wy (J—"R),
wg(ER ) ]:]R) = wg(é’R) + wy (SIR) — Wy (-FR) + wg(]:R).

(4) When tensoring two real line bundles Ly, Lo, the first Stiefel-Whitney class is given
by wy (L1 ® Ly) = wy(Ly1) +wy(Ls). In general, we can assume that both bundles are
direct sums of line bundles and state a general formula. This formula still holds in
general by the “splitting principle” (see [BoTul3, Section 21]).

For example, if &g is a real vector bundle of rank r and L is a real line bundle,
then

w1 (Er ® L) = w1 (Er) + rwy (L). (2.4)

In particular, the tensor bundle L ® L is always a trivial line bundle.

2.4. The Euler class. Let & be a real oriented vector bundle of rank 2k over a smooth
manifold M, the Euler class e(€g) is an element of H?*(M;Z).

If &g has an orthogonal connection (with respect to a bundle metric) with curvature 2
(an so(2k)-valued 2 form), the Euler class is given by

1
(2m)*

e(&r) = [PE(Q)] € Hig(M;R),

where Pf(2) is the Pfaffian of €.

Example 1. In particular, for M = R?*/T* k=1, d = 2 and a connection ) = ( g 952) ,
—i9

the Euler number is

1
= = — 1o,
X<€R) /R2/F* €<€R) 2T /]RQ/F* 2

There is a natural homomorphism o : H**(M;Z) — H*(M;Z/2) that maps the Euler
class to the top Stiefel-Whitney class [MiSt74, Prop. 9.5]

’wgk(gR) == O'(G(ER)). (25)

The Euler class is also related to the Chern class. In fact, by [MiSt74, Lemma 14.1] for a
complex vector bundle £ with rank k, its underlying real vector bundle & of rank 2k has

a canonical orientation. The top Chern class cx(Ec) € H?**(M;Z) then coincides with the
Euler class e(&g) (cf. [MiSt74, Section 14.2]).
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2.5. Classification of real vector bundles. Over any manifold M, real line bundles are
classified by the first Stiefel-Whitney class w; € H'(M;Z/2) as discussed at the end of
Subsection 2.1.

Suppose M has dimension < 3, we can classify real vector bundles over M.

Proposition 2.6. Real vector bundles of rank r over a manifold M with dimension < 3 are
classified by the Stiefel-Whitney classes wy € H' (M;Z/2) and wy € H*(M;Z/2) whenr # 2.
When r = 2, oriented real vector bundles are classified by the Euler class e; € H*(M;Z).

Proof. Then rank 2 oriented real bundles are classified by the Euler class
es € [M, BSO(2)] = [M,K(Z,2)] = H*(M;Z).

For rank r real vector bundles with r > 3, we may assume r = 3 because for r > 4 we
can always split off a trivial subbundle as in the proof of Proposition 2.5. Moreover, we
may assume it is orientable by tensoring with a line bundle, cf. (2.4). Now oriented rank 3
line bundles are classified by [M, BSO(3)]. Since m;BSO(3) = mSO(3) = 1, mBSO(3) =
mSO(3) =7Z/2, m3BSO(3) = mS0(3) = 1, they are classified by the second Stiefel-Whitney
class wy:
[M, BSO(3)] = [M, K(Z/2,2)] = H*(M;Z/2) > w,.

Since the Stiefel-Whitney class does not depend on the orientation, this finishes the classi-
fication of rank 3 vector bundles. 0J

3. FRAGILE TOPOLOGY

In this section, we consider a complex Bloch bundle & of rank r > 2 over T? or T?
equipped with an I-symmetry, i.e. an antilinear involution on &:. Thus we get a real vector
subbundle & with (real) rank r > 2, i.e.

Er={(z,v)€&c:Iv=0}, E=E&®C. (3.1)

We show that for » = 2 there is an exponentially localized Wannier basis compatible with
the I-symmetry if and only if the Euler class e(£) = 0, whereas for > 3 we show that there
is always an exponentially localized Wannier basis compatible with the /-symmetry.

3.1. Chern numbers and localization dichotomy. Let Q(k) = >, . Q;;(k) dk; A dk; be
the curvature form of the Berry connection:

(k) = try (P(R)[0,P(K), 0, P(R)]).

Here, P(k) denotes the family of orthogonal projections parametrized by k € R? that satisfy
the equivariance conditions (1.1) of the reciprocal lattice I'*. Then, the first Chern class is
defined as

a1(€c) = 5[ € Hip(RY/TR),

where [Q] represents the de Rham cohomology class of the curvature form €.
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To compute the first Chern class explicitly, we use the de Rham isomorphism. For the
d-dimensional torus R?/T"*, the second homology group satisfies

Hy(RYT*) = 75),

This group is generated by the independent 2-cycles (B;;)i1<i<j<d, Where B;; = (Ruv; +
Rv;)/(Zv; + Zv;) and (v;)L, are basis vectors of I'*.

Definition 3.1. A family of projections P that satisfy Assumption 1 is called Chern trivial
if for d € {2,3} the Chern numbers
Cy(Ec)i; = ZL try(P(K)[0:P(K), 0, P(K)]) dk; A d;
™ JB,

vanish for all 1 <1i < j <d.

By the de Rham isomorphism, Chern triviality implies the vanishing of the first Chern
class ¢1(&c) = 0. The first Chern class has direct implications on the structure of Wannier
functions. This is the localization dichotomy as stated, for instance, in [Mo™18]:

e Case 1: If P is Chern-trivial, then there exists a Bloch frame ® that is real analytic
in the parameter k, such that all Wannier functions w(y; := ®e;) decay exponentially.
e Case 2: If P is not Chern-trivial, then there does not exist Bloch frame that is Hj .

in k. In addition, for any Bloch frame ®, there exist Wannier functions w(y; := Pe;)
for some 7 such that zw(yp;) ¢ L%

It is instructive to compare this dichotomy with Theorem 1. If & is not Chern-trivial
and & is Chern-trivial, then the direct sum & @ &£ remains not Chern-trivial. Hence,
the obstruction to the existence of exponentially localized Wannier basis imposed by the
Chern number cannot be removed by adding trivial bundles. This highlights the distinction
between classical topology in condensed matter physics, where obstructions cannot be lifted
by modifications by topologically trivial elements, and fragile topology, which depends on
the rank and can be lifted by changing it.

3.2. Wannier centers. We continue with a more detailed discussion on Wannier centers.
We recall the definition of

E, = {(k,v) € & : Tv = e =kly)
from (1.9). We claim
¢ = SJR ® »Cc (32
where L, is the real line bundle, corresponding to the Stiefel-Whitney class ¢ € I'/(2I") =
H'(R"/T*;Z/2). In other words, L, is a real line bundle contained in the trivial complex
line bundle T¢ x C satisfying
Lo={(k,2) €T x C:z =k 2}, (3.3)

The isomorphism (3.2) follows from identifying Ec with &g ® C, where I acts trivially on Eg
and acts as a conjugation on C. In particular, & = & if ¢ — ¢ € 2" as L.’s are classified by
the first Stiefel-Whitney class wy € H'(R"/T*;Z/2) = T/(2T).
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We now give a more physics relevant definition of Wannier center.

Definition 3.2. Let ()'/2w(p) € L*(R?). The Wannier center c(w(yp)) is defined as the
expectation value of the position operator

) d
c(w(p)) = ) lw(p)|?x dr € RY.
R
Since Wannier centers are the expectation values of the position of charge carriers, they

are directly related to the polarization where ¢ is the electric charge of the particles [MaVa97,
Ma*12]

P = qe(w(yp)).
We now clarify the relation between the two definitions of (rescaled) Wannier centers as
position expectation values in Definitions 3.2 and phase factors (of the I-symmetry) in

Definition 1.3. In particular, the Wannier centers give rise to the first Stiefel-Whitney class
of the associated real line bundle (1.9).

Proposition 3.3. Let u € H. N HE (R%; L2(R4/T)) be a normalized section. Suppose Tuy =

loc

"k . (as in Definition 1.3) is anti-unitary. Then for ¢(w(u)) as in Definition 5.2,
c
c(uw(w) = <.

Proof. For simplicity, we shall give our proof in the dimension d = 2. We start by recalling
that after conjugating by the Bloch-Floquet transform Uzld~! = iV}, which shows that

(Uw(u), UzU Y Uw(W)) L2 @ /T xre /T

|U1 /\UQ’

c(w(u)) = (w(u), rw(u)) 2@ =

_ z(u, Vku>L2(]Rd/F><Rd/F*)
|v1 A vy

I

where I = Zv, + Zv,. With the Berry connection A(k) = —i(ug, Viug) r2(ra/ry) and unit

vector e, = Tol

(e(w(u)), e,) = [v1 A\ o] / / (101 + tos), €0,) dty dis

’Ul /\'UQ’

= / / <A(t11)1 + tgvg), 6v1> dtl dtg
0 0

1 1 1 1 1
- HUlH /0 /0\ <A(t]_’U]_ +t2’U2),’U1> dtl dt? = Hle /0 7v1(t2) dt27

where 7,, is the Berry phase in v; direction

1
%ﬁﬁz/XAmm+@wmmﬁy
0

The same computation applies to e,, with 1 replaced by 2 everywhere.
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More can be said about the Berry phase when symmetries are enforced. For Tuy = e**®)q,
and ¢(k) := (¢4, k), a simple computation shows that

. ) 1
(uk,zvkuk> = —z(uk, Vkuk> = <;Vk([uk),fuk>

1 . .
= <2Vk(e’¢(k)uk), e’¢(k)uk> = Vo(k) — i{Viug, ug).

Using that 0 = Vk||uk||2 = (Vkuk,uk> + <Uk, Vkuk>, we find

1
27711 = / <V¢(t11}1 + tQUQ);Ul> dtl — <Ca,vl> (34)
0
such that
<Ca,’Uj> <Ca,6v.> . Ca
c(w(u)), e,;) = = o i=12= c(w(u)) = —. 0
() ) = Gl =2 (w(w)) = %

Remark 4. [t follows the proof that the Wannier center ¢, in (1.9) is completely determined
by the Berry phase by (3.4).

3.3. Wannier basis and line bundles. We first prove an equivalent statement of the
existence of an exponentially localized Wannier basis compatible with the I-symmetry.

Proposition 3.4. The real subbundle Eg in (3.1) over T¢ can be split into a direct sum of
analytic line bundles if and only if there is an exponentially localized Wannier basis {@5(z) :
vyeT,ae{l,---,r}} (with some Wannier centers) compatible with the I-symmetry.

Proof. It &g = L1 & --- @ L, is a direct sum of analytic line bundles, we may take the line
bundles to be orthogonal. Let ¢, € I' be a representative of the Stiefel-Whintney class
wy(L,) € H' (RY/T;Z/2) = T/2T. As L, ® L., is a trivial line bundle in & ® L., and by
orthogonality of { L, }1<.<,, there exist analytic orthonormal sections s, of the tensor bundle
E®L, =&, fora=1,2,---,r. Taking the Bloch transform of s,, we can construct
exponentially localized Wannier functions satisfying

IS =¢f ., a€{l,-- r}

On the other hand, if there exists an exponentially localized Wannier basis with Wannier
centers at {c¢,}i1<q<r, then the inverse Bloch transform would give analytic orthonormal
sections s, of bundles &, =& ® L,, a =1,2,--- ;r. Now we claim &g = L, & --- D L,,.

We can split off a trivial bundle L; = Rsy:
Ea=L1DE,.
Tensoring &, with L., yields that
Ern=(L1®L,)BE L) =L, ®(E, D L)

Repeating this construction gives the desired direct sum decomposition. U



FRAGILE TOPOLOGY & WANNIER DECAY 15

3.4. Band topology for rank two vector bundles. In this section, we show that an
oriented rank two real Bloch bundle &g over the torus in dimension d < 3 exhibits an
exponentially localized Wannier basis compatible with the I-symmetry if and only if the
Euler class e(Eg) = 0. In fact, we have the following more general result.

Proposition 3.5. A rank two oriented real vector bundle Ex over T can be split to the
direct sum of line bundles if and only if e(Eg) = 0. In particular, Eg is a trivial bundle when
it splits.

Proof. Suppose &g = L1 ® Lo, where L; and Lo are orthogonal line bundles to each other.
Then there exists a section s; of L; that vanishes on a subtorus 7, representing ws(Ly).
Similarly, there exists another section s, of Ly that vanishes on a subtorus 7, representing
wy(Ly). Since Ly @ Lo is orientable, wy(Ly) = wi(Ly). Therefore, we can choose ~; and
o to be parallel subtori so that s; 4+ ss is nonvanishing everywhere. Thus, & contains a
non-vanishing section and is trivial. 0

Remark 5. This proposition is not true over RP?. Let L be the tautological line bundle over
RP?, then L & L is not trivial.

3.5. Fragile topology for higher rank vector bundles. In this section, we consider the
so-called fragile topology for three or more Bloch bands over T? or T®. In view of Proposition
3.4, it suffices to show the corresponding real Bloch bundle splits into line bundles.

Proposition 3.6. Let M be T? or T and Eg be a real vector bundle of rank > 3 over M.
Then Eg can be written as a direct sum of real line bundles.

Proof. 1t suffices to consider the case r = 3, as any real vector bundle with rank > 4 over
M can split off a trivial line bundle by applying the Thom transversality theorem as in
Proposition 2.5. Without loss of generality, we may also assume &g is orientable. Otherwise,
we may tensor it with a line bundle to make it orientable (see (2.4)), then we can tensor it
with the same line bundle after splitting to obtain the decomposition of the original bundle.

First, we discuss bundles over T?. The orientablity of &g yields w; = 0 € HY(T* Z/2) =
Z)2ey + Z/2e5. We assume wy = ae; — ey € H?(T? Z/2) = 7Z/2e; — e5. We can choose
three line bundles with w; = aeq, aey, ae; + aes respectively. The bundle we get from direct
sum has the total Stiefel-Whitney class

(14 aer)(1 + aez)(1 + aey + aey) = 1+ aey — eq,

which agrees with the total Stiefel-Whitney class of &g.

Now we discuss bundles over T?. Again, the orientablity of &g yieldsw, = 0 € HY(T?;Z/2) =
Z]2ey + Z)2es + Z/2e3. We assume

Wy = aey ~ ez—l-beg — egtces — €] € HQ(TS;Z/Q) = Z/2€1 ~ €2+Z/262 ~ €3+Z/263 ~— €1.
There are four cases we need to consider

e When a = b = ¢ = 0, this is a trivial bundle.
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e When one of a,b, ¢ is nonzero, say a = 1,b = ¢ = 0, we choose three line bundles
with w; = ey, es, €1 + e respectively, and use

(I+e)(I+e)(l+e+e)=14e — e
e When two of a, b, ¢ are nonzero, say a = b = 1,¢ = 0, we choose three line bundles
with w; = e; + e3, €2, €1 + €5 + e3 respectively, and use
(1—|—€1—|—€3)(1—|—62)(1+61+62—|—63> = 1—|—€1 \—/62—|—62 ~— €3.
e When all of a, b, ¢ are nonzero, i.e. a = b = ¢ = 1, we choose three line bundles with
wy = e + e3, e5 + e3, €1 + ey respectively, and use
(I14+e+es)(l+es+es)(l+er+e)=1+e —ex+ey—e3+e3— e

In each case, &g can be decomposed into the direct sum of three line bundles given by total
Stiefel-Whitney class in the LHS of the equalities. 0

One may furthermore take the three line bundles to be orthogonal. For real Bloch bundles,
this gives the Wannier centers and Wannier functions compatible with the /-symmetry.

3.6. Proof of Theorem 1. Now, we are ready to give the proof of Theorem 1:

Proof of Theorem 1. By Proposition 3.4, the wannierizability with respect to the I-symmetry
is equivalent to the decomposability of the real Bloch bundle & into a direct sum of line
bundles. Proposition 3.6 shows that this is always the case for real bundles with rank > 3.
The case of bundles of rank two is discussed in Proposition 3.5. 0

4. APPLICATIONS: FRAGILE TOPOLOGY IN THE CHIRAL TBG AT MAGIC ANGLES

In this section, using the fragile topology framework developed in previous sections, we
determine the Wannier centers of the exponentially localized Wannier functions arising from
the topologically non-trivial flat bands of twisted bilayer graphene (TBG). In particular, we
consider the so-called chiral limit of the TBG. See [TKV19, Be*22, Zw23] for more detailed
discussions on the chiral TBG and [BiMall, BeZw23, Be™24] for the general Bistritzer—
Macdonald Hamiltonian.

The Bloch transformed Hamiltonian is given by

0 D(a)* + k , 2D;  aU(z)
Hy (o) = th D(a) =
K@) (D(a) +k 0 > A (@) (aU(—z) 2D;
with a potential U € C*°(C) satisfying for v € A 1= Z + wZ with w = /3, K = 4T and
(a,b) = Re(ab)
Uz +7) =B (2), U(wz) =wU(z) and U(Z) = —U(-2),
such that Hy commutes with the symmetry I = (g %2) with Qu(z) = u(—z). The operator

acts on the Hilbert space

Ly = {ve L} . (C;C"; Lu=uforall y € A},

loc
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where L u(z) = diag(w” %72, 1,02 1)u(z 4+ v), with v = 71 + wys and (y1,72) € Z2.

A magic angle in this model is defined as a parameter oo € C such that

0 € (1) Specyz (Hi(a)).
keC
By Fredholm theory, this implies that dimkerpz(D(a)* + k) = dim kerps(D(a) + k) # 0 for
all k € C. If dimker;2(D(a) + k) = 1 for all k € C, we call the magic angle simple and if
dimkeryz(D(a) +k) = 2 for all k € C, we call it two-fold degenerate. The existence of simple
and two-fold degenerated magic angles are proved in [BHZ23a, BHZ23b, Wal.u21].

Recall that flat bands and the corresponding eigenspaces are given by a family of orthog-
onal projections that satisfy Assumption 1 due to the existence of band gaps between flat
bands and other bands [BHZ23a, BHZ23b]. We consider V'(k) := ker a(D(a) + k) C Lg.

This allows us to define a trivial bundle 7 : E — C, where
E:={(k,v):veV(k)} cCxL(C/A;C?.
To define a vector bundle over the torus C/A*, we introduce
(kyu) ~ (k+p,7(p)u), T(p)u(z) = e"“Plu(2),
for p € A*. This way & := E/~ — C/A* is a holomorphic vector bundle. At simple magic

angles rankc (&) = 1, while at two-fold degenerate magic angles ranke(Ec) = 2.

We now define the complex Bloch bundle over C/A* (corresponding to the flat band):
F = {(k,¢) : (Cx L§(C/A;CY)/~ : ¢ € Io(Hi(a))},  (k, d) ~ (k +p,7(p)o) for p € A",

and the corresponding real Bloch bundle Fy := {¢ € F : I = ¢}. Note that such Bloch
bundles corresponding to flat bands can be defined using spectral projections due to the
existence of band gaps at magic angles (see [BHZ24, BHZ23D]).

To identify the complex bundle & with an oriented real bundle of twice the rank, we
take some basis of every fiber u; (for simple magic angles) or wuj, uy (for degenerate magic
angles). Focusing now exclusively on two-fold degenerate magic angles, to streamline the
presentation, wq,iuq, ug,2us then defines an oriented basis. This one is always consistently
oriented by general concepts [MiSt74, Lemma 14.1]. To obtain an oriented basis of the
bundle F{ associated with the I-symmetry that commutes with the Hamiltonian, we just
use the symmetry Qu(z) = u(—z) and define

(u1, Quy), (tur, —i1Q(u1)), (ug, Q(u2)), (iug, —iQ(us)).

Since Fy = &c and the Euler class equals the top Chern class, we conclude that w; (Fy) = 0
and e(Fy) = ¢1(Ec). Thus the Euler number of Fy can be computed by
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4.1. TBG with two flat bands. At a simple magic angle, we take the real bundle F,. We
may add a line bundle and define: F := Fy @ L.

By Proposition 3.6, we can write F, = @?:0 L;. As the real Bloch bundle Fj is orientable,
i.e. wy(Fp) =0, we have

wy(L) = wy(F)) = Zwl(m, (4.1)
as well as

wa(Fo) = wa(Fp) = > _wi(Ls) — wi(Ly). (4.2)

Recall that for a line bundle L;, the rescaled Wannier center ¢; € I' is the same as the first
Stiefel-Whitney class wy(L;) € H'(R?/T*;Z/2) = T'/2T. Assume w;(L) = ¢ € T'/(2T"), then
the first condition yields that

2
Z ¢, = C.
i=0

Let w be the generator of H*(R?/T*;Z) = 7Z, then the Euler class of Fy is given by
e(Fo) = —w, as the Chern number of the associated complex line bundle & is —1. Thus, by
equation (2.5), the second Stiefel-Whitney class is given by ws(Fp) = e; — ey with e; — ey
being the generator of H*(R?/T*,Z/2) = Z/2 as in the proof of Proposition 3.6. By the
proof of Proposition 3.6, we obtain

Corollary 4.1. If L is a real line bundle from an isolated band, then we may decompose the
real Bloch bundle F) = Fo® L into a direct sum of three real line bundles Fj = @?:0 L; with
Wannier centers

C(o=¢e1+¢c ¢ =e+¢ andcy =e; + ey +cC.

4.2. TBG with four flat bands. In case of TBG at a two-fold degenerate magic angle
the real vector bundle F, can be written as a direct sum of real line bundles Fy = @;_, L.
Using the orientability of Fj, we find that the first Stiefel-Whitney class satisfies

Zwl = W1 .F()) 0

As the Chern number of the two—fold degenerate flat band is —1 (cf. [BHZ23b, Theorem 5]),
we also obtain

Zwl ) — wi(Lj) = we(Fo) = €1 — ea.

1<J
Splitting a trivial bundle off the rank four real Bloch bundle Fy and using the proof of
Proposition 3.6, we obtain the following

Corollary 4.2. We can decompose Fy into a direct sum of four real line bundles Fy =
EB?:O L; with Wannier centers at

Cp = €1, €1 = €9, C2:€1—|—62, andc3:O.
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5. ASYMPTOTICS OF WANNIER FUNCTIONS

In this section, we compute the asymptotics of Wannier functions when the Chern number
is nonzero for a complex line bundle & over T? and T?. We verified in the (proof of)
Proposition 2.5 that a general complex vector bundle can be decomposed into the Whitney
sum of » — 1 trivial line bundles L; and a complex line bundle L such that ¢;(L) = ¢1(Ec).
Trivial bundles L; always give rise to exponentially localized Wannier functions. Thus, the
optimal Wannier decay of a general complex vector bundle over T? or T? is reduced to the
optimal Wannier decay rate of a single complex line bundle, which we will investigate next.

5.1. Wannier function asymptotics on T?. The asymptotics of Wannier functions is
related to possible singularities of the normalized section. We simplify the discussion in
[Li*24] about the movability of zeros and first prove the following proposition.

Proposition 5.1. Let Ec be a smooth complex line bundle over T2. If the Chern number
c1(Ec) = m € Z, then there exists a smooth section s : T> — Ec that vanishes at a single
point and is of the form z™ in local coordinates.

Proof. Pick a point p € T?. Let D C T? be a small disc around p where &c is trivialized, so
we can identify the bundle locally with D x C. In this trivialization, define a section Sjycal
by Siocal(2) = 2™, where z is a complex coordinate on D with z = 0 corresponding to p. This
section has a zero of order m at p.

Now extend the domain of consideration to a slightly larger disc D’ D D with boundary
dD’. On the complement T?\ D', the line bundle &c is trivial because T2\ D’ is homotopically
equivalent to S'VS! and every complex line bundle over S'VS! is trivial as H?(S'VS! Z) = 0.
Therefore, there exists a smooth, non-vanishing section Squer defined on T2 \ D’ (see also
[BoTul3, Proposition 11.14]). Note that in particular the winding number of the section
Souter ON 0D’ equals the Chern number of & by [BoTul3, Theorem 11.16], as Souter can be
view as a section of a S'-bundle since it is non-vanishing.

Now we have a section Sjoea on D and a nonvanishing section soyger on T2 \ D’ such that
their winding number on the boundary agrees. We want to glue them smoothly on D"\ D.
Since they have the same winding number, there is a homotopy H(¢,0) : [0,1] x S* — C\ {0}
such that H(0,0) = s|ogp and H(1,0) = §'|spr. Therefore, we can define a continuous gluing
by

3(r,0) = H (ﬂ e) e C\{0},
'pr —Tp
where rp, rp are the radii of D and D', respectively. By convolving with a smooth approx-
imation of identity near the gluing region, we can make it smooth and still nonvanishing.

By construction, the section s vanishes only at p, where it coincides with Sjoca(z) = 2.
Away from p, s is smooth and non-vanishing, completing the construction. 0

Now we compute the asymptotics of Wannier functions using the section constructed in
Proposition 5.1.
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Proof of Theorem 2. We first normalize the section. The normalized section is smooth ev-
erywhere, aside from the singularity at the origin given by %fb(k,x) on a disc D, where
®(k,x) is a local normalized smooth section. Here we think of k as a complex variable
k = ki+iky. Let x € C2°([0,00)) be a smooth cutoff function such that y = 1 near zero. We
now use (1.4) to recover the Wannier function from the Bloch function and integrate over
R? due to the presence of the cutoff function. Modulo an O(|x|~°°)-error, which is given by
taking the Bloch transform of the smooth part corresponding to the cutoff function 1 — y
away from the singularity, the Wannier function is given by

m

wo)e) = /F*, [ D@ )k + O(1a] )
— ’RQ/F*’ / / eimaeip(xl cos 0+xo bme)x(p)fb(k,x}pdp 4o + O(|x|—oo)

zm@ zp x1 cos 0+x2 sin 6) dpdf
R?/F*l / / x(p)pdp

whoz) w ) — x x| 7).

The first term in the rlght hand side of (5.1) is given by

2
1m€ 7, 21 cos f+x2 sin 6)
R, e e
’RQ/F*’/ / sz zp\x|sm 0+z) ( )pdpde
e M 9 0P| |sm0

where sin ¢, = x1/|z| and cos ¢, = x2/|x|

(5.1)

We can compute the asymptotics as follows.

2m 00 2m o0
/ / MO (p)pdp df = |z| / / e O () dp db
o Jo o Jo

2 o 2 0o
:|x‘2/ / eimeeipsinepdpde_ ’$|2/ / eimGGipsinG(l _X(%))pdpde (52)
0 0 0 0

2T o]
:|x|_2/0 /0 e™mPetrsint  dpdf + O(|x| ).

The second term is O(]z|~°°) by integration by parts in p and 6. Here the integral does
not converge in the usual sense of Riemann integral. They are defined in the distributional
sense: . . .
zpsmO d lim eip(sin@-l—ia) dp = — ]
/0 pPar = 2ok J, PP = " sing 1 i0)2
By integration by parts,

2w 2m
, , 0
- / ™ (sin 6 + i0)~2df = —im / emt Y g,
0 0 sin 0 + 40
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cos 0
sin 6+1:0

21 21
im@ COSQ im@ . m
——df = . cot 0db —-1)" -1
/0 ey /0 e p.v. co +im((—1) )

Since = p.v.cot @ — imdy(0) + imd,(6), we have

:i/o enmOcosh (S 1) = mi((—1)™ 4 1) 4+ (1) — 1) = 2mi(—1)™.

sin 0
2 oo o
/ / e™MPeirsind  dpdf = 2rm(—1)™.
o Jo

Another way to compute the integral is to use the Bessel function

1 o —im@-+ipsin 0
0

Therefore

21

21 o] o0
/ / el b dpdf = 2m(—1)™ / Jm(p) pdp-
o Jo 0

The integral of Bessel function can be computed by differentiating the following Fourier
integral for £ € [0,1) (see [DLME, (10.22.59)])

0 - etm arcsin(§)

In conclusion, the first term in the right-hand side of (5.1) is given by

so that

—impg
zm@ zp 21 cos f+x2 sin 6) do df = ( ) me d —00 )
e X(p)odp T (0.2) + O(la] ™)
For the second term in the right-hand side of (5.1), we recall
ke
Ok, ) =®(0,2)+ Y, —Ohd + Y KRy(k,x)
o<iareny |81=No-+1

where Rg(k, z) is smooth and k* := k{"k5? for k = ky + ike. By a similar estimate as above,
we have

IR 0 ~2-Ja o0
/ B kO (|k)dk = Comal@a)|z] 7271 + Oz ).
B2 ||

Since |k|mkﬁx(|k|) € C™ for |3] = Ny + 1, we have
g
A;< R 18 Rk, )y (K] = O(|z] ).

|B|=No+1 |k|m

We conclude from (5.1) that
E —2-q
w(@)(x) |R2/F*| =, Cm,«a 9027)|x| ak (0 (L’)

with ¢po(ps) = 2m(—=1)™me "=, O
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5.2. Decay of Wannier function on T®. In this section, we consider decay of Wannier
functions of non-trivial Bloch bundles over T3. For simplicity, we assume I'* = Z3 in this
section. The first Chern class for complex vector bundles over T? is given by

C1 = ml[dxl A diL’Q] + mz[dﬂfg VAN dIg] + mg[dl'g A dl’l}, miy, Mo, M3 € 7.

To further simplify the presentation, we want to find a change of coordinates on T® to simply

the form of ¢;, which corresponds to a transformation y = Bx with a unimodular matrix
B € SL(3,7Z). We have the following Lemma:

Lemma 5.2. There exist B € SL(3,7Z) and new coordinates y := Bx with x € R3/Z> such
that the first Chern class is given by

c1 = m[dyy A dys] where m := ged(my, ma, ms).

Proof. We set

1
V1 = —(ml,mg,mg) € 73.
m

Since vy is a primitive vector, we can build a unimodular matrix A := (v, v, v3) € SL(3,Z),
see [Sc60, Lemma 1].
Thus, we have Ae; = vy and (my, ma, m3)A~T = (m,0,0). We want to find coordinates

y := Bz with B € SL(3,Z) such that

(diL‘l A dl’g, diL’Q A dl’g, dl’g A dl’l)T = A_T (dyl A\ dyg, dyg A dyg, dyg A dyl)T .
Since

B, By
dy; Ndy; = (> Badzy | A (D Buda | = det By B, day A day,
k 1 k<l

and the adjugate matrix adj(B) = B~!, we have

(dyl VAN dyg, dyQ VAN dyg, dyg VAN dyl)T = Bil (dl‘l VAN dLUQ, d.TQ VAN d$3, dl‘g VAN dfﬁl)T .
We take B = A~T. The Chern class in the y coordinate is ¢; = m[dy; A dys]. [

In the following we shall assume that the Chern class is of the form described in Lemma
5.2. Recall that by Proposition 2.5, complex vector bundles over T? are also classified by the
first Chern class. We now extend the construction of Wannier functions in Section 5.1 to
non-trivial Bloch bundles over T?. As in Section 5.1, we will make the construction on a line
bundle & with the first Chern class (m,0,0). We first construct a section of the complex
line bundle & over T3, using Proposition 5.1:

Proposition 5.3. Let & be a smooth complex line bundle over T3 = R3/Z3. If the
Chern number is given by c1(Ec) = (m,0,0) € Z3, then there exists a smooth section
s : T3 — &c such that the section only vanishes on a curve Y(t) = (71(t),7(t),t) =
(acos(2mt), asin(2nt),t) for some sufficiently small a > 0. Moreover,

S(k17 k27t) = (kl + ZkQ -7~ 172<t>>m

near the curve (t).
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Proof. Since the line bundle & has Chern number (m, 0, 0), it is isomorphic to the pullback
bundle 7*L,, where 7 : R3/Z3 — R?/Z? is the projection onto the first two coordinates and
L,, is the line bundle with Chern number m on R?/Z2. By Proposition 5.1, we can find a
section of L,, that only vanishes at (0,0) and has the form £™ near (0,0). By pulling back
this section to R3/Z3, we get a section Souer of Ec that only vanishes on the curve (0,0, t),
t € R/Z and has the form k™ near (0,0,¢). Note & restricted to a tubular neighbourhood
D = {(ky, ko, t) : |(k1, k2)| < 2¢o,t € R/Z} of the helix is trivial. Thus we construct a local
section of the form

Slocal(kla kg,t) = (k’l + Zkg — ’yl(t) — Z’}/Q(t))m, (kl, kz,t) c D.

We now take

Stocal (K1, K2, 1), k| < co
s(k1, ko, t) = 2coc;|k|810ca1(kf1, ko, t) + |k|;060 Souter (K1, K2, ), co < [k] < 2¢g
Souter(kh k27 t)a (kb kQ? t) ¢ D.

Now we show that the section s(ki, ko, t) vanishes only at the helix 7. Since
-+ m®N"
ki + ik
< |k|™max (1 — (1 —a/co)™, (1 4+a/co)™ — 1),

|Sloca1(k17k2at) - k?m| = |k|m

by taking a sufficiently small, we have
|s(k1, ko, t)] > |K|™ — [k|™ max ((1 — (1 —a/co)™, (1 +a/co)™ —1)) >0, co < |k| < 2c.

Convolving with a smooth approximation of identity near the gluing region gives a smooth
section that only vanishes at the helix and has the form

Slocal<k17 ko, t) = (/ﬁ + ikoy — ’71(’5) - i’YZ(t))m

near the helix. O

Now using the section constructed in Proposition 5.3, we construct Wannier functions and
compute the decay of the Wannier functions for non-trivial complex line bundles over T2.

Proof of Theorem 5. Similar to the proof of Theorem 2, we first normalize the section con-
structed in Proposition 5.3. The normalized section is smooth everywhere away from the
singularity at the helix curve v given by

(k1 +ike — 71 (t) — iva(t))™
k1 + ik — n(t) — iva(t)|"
in a tubular neighborhood D of v, where ®(ky, ko, t, x) is a local normalized smooth section.

Let x € C2°([0,00)) be a smooth cutoff function such that y = 1 near 0. We again use (1.4)
to recover the Wannier function from the Bloch function and reduce the integration over

CI)(kly k27 ta I’)
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T, &, to the integration over R?, due to the presence of the cutoff function. The Wannier
function is given by

x) — /1/ ei(k1x1+k2x2+tx3) (kl + Zk2 - Vl(t) _ ny2(t))m
R? k1 + ks — 71 (t) — iv2(0)|™
Xkt + ks — 71 (£) — 1o (8))D (R, ko, £, ) ey dby dit + O(|z|~)

/ / i(k1z1+kozo+tT3) (kl + Zk? -Nn (t) B 272 (t))m
R2 |k +iky — 71(t) — iy (t)|™
(k1 + ks — 71 (8) — i () )O(Y(8), ) ey s it

/ / z(k1m1+k2m2+tx3 (kl + Zk? _ ( ) B 272( ))

R? by 4 ik — 71(t) — iy2(2)|™
X(|ky +iky = (t) — i (D) )(D(kr, ko, t, ) — B(y(1), x)) dky dky dt+(9(|93|_:°) |
5.3

We consider the Fourier transform

/ / kl + Zk? - ’Yl( ) - ZVQ(t))m i(k1z1+koza+tzs)
we Jkr + iks — 7u(f) — ia(t)[™

X(|k1 + ik = 71(t) — 172 (0)[)2(V(), v)dki dkodt
27
:/ / / eimGei(:pl('y1(t)Jrcos9)4»91:2('y2(25)+sin9)+m3)X(,r>q)(,)/(t>7 x),rdrdedt
0 0

o) 2 1
= / / e'mPeilwn cosbtr2sin)y (1)rdrdf - / e nWmtra(Oraties) oy (1), x)dt.
0 0 0

By (5.2), the first term is estimated by

WX‘D

2w
/ / eimb i@ cosbazsin®)) (1pdrdh) = O((1 + |zy| + |22|)72). (5.4)
o Jo

Consider
k

I(z) = {t e R/Z %(%(f)rm b p(t)rs 4 tr) £0V, E=1,23, 240,

Since v/(t),v"(t), 7" (t) are linearly independent, we have [ (z) U Ir(x) U I3(z) = R/Z. Take
a smooth partition of unity 1 = x1(t) + x2(t) + x3(t) on R/Z with supp xx(¢) C Iz(x). Note
this partition of unity may depend on z, but we can choose it locally uniformly in terms of
ﬁ. By van der Corput lemma,

1
/ el eattoaly, (H®(y(t), x)dt = O(|x| %), k=1,2,3.
0
Moreover, when |z1] + |x2| < |x3|, we have R/Z = I,(x) and nonstationary phase gives

1
/ elnertreextizs)y ()P (~(1), z)dt = O(|z|~).
0

Therefore we conclude
I, o(x) = O(Jz|773).
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For the second term in (5.3), we have

O (ky, ko, t, 2)—P(y(t), z) = Z (ky

0<|a|§N0

—71()) (kg — 72(t))*2

al

al?q)(’)/(t% x>+RNO(k:17 k27 ta I)

where ﬁ:iizzz :’&( )=t ‘m RNO(kl, ko,t,z) € CNo. By the similar estimates as before, we have

/ / (ko1 o +tas) (K1 T ika — 71 (t) —ina(t))™
R2 |k1 + iko — 71(t) — iya(t)|™
X([k1 +iky — 11(t) — 172 (t)]) (k1 — ’Yl(f))c“(/@ — 72(t))*2 0 (v(t), x) dk, dk, dt
=O (|73,

Moreover,

/ / z(k1x1+k2:]c2+t13) (Iﬁizzz 11& ; ‘m RN()(kl; ]{Jg,t ZL’) (’kl + ZkQ - M1 (t) — ’l"}/2<t)|> dkl dk’z dt
R2

= O(|z[7™).

Taking Ny = 3 finishes the proof. U

If we allow anisotropic decay, then we may also construct a section of the complex line
bundle ¢ vanishing along v(t) = (0,0,¢),t € [0, 1] such that

S(kl, kg,t) = (k?l + ’Lk’g)m

near the curve y(t). By separation of variables, proof of Theorem 2, and non-stationary
phase, we can conclude the following

Corollary 5.4. There exists a Wannier function w(p) for a complex Bloch line bundle which
exhibits O((1 + |a1| + |z2]) 2 (x3) ™) decay.
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