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Abstract. For an orientable closed surface (Σ, g) of genus G with Anosov geodesic flow,

we show the existence of an open subset Ug of finite-dimensional irreducible representations

of the fundamental group of its unit tangent bundle, whose complement has complex

codimension at least one and such that for any ρ ∈ Ug, the twisted Ruelle zeta function

ζg,ρ(s) vanishes at s = 0 to order dim(ρ)(2G− 2) if ρ factors through π1(Σ), and does not

vanish otherwise. In the second case, we show that ζg,ρ(0) is given by the Reidemeister–

Turaev torsion, thus extending Fried’s conjecture to a generic set of acyclic (but not

necessarily unitary) representations. Our proof relies on computing the dimensions of the

spaces of generalized twisted Pollicott–Ruelle resonant states at zero for any ρ ∈ Ug.

1. Introduction

1.1. Twisted Ruelle zeta function. Let (Σ, g) be an orientable closed surface of genus

G ≥ 2 and let M = SΣ ∶= {(x, v) ∈ TΣ ∣ g(v, v) = 1} be its unit tangent bundle. Suppose

that the geodesic flow φg
t ∶M →M is Anosov (e.g., g is negatively curved). We say that g

is an Anosov metric or that (Σ, g) is an Anosov surface.

Let r ∈ N and let ρ ∈ Hom(π1(M),GLr(C)) be a r-dimensional representation of the

fundamental group π1(M) of M . We define the twisted Ruelle zeta function of (M,g, ρ)
for any s ∈ C with Re(s) ≫ 1, by the infinite product:

ζg,ρ(s) = ∏
γ∈P

det(Id − ρ([γ])e−sℓg(γ)), (1.1)

where P is the set of primitive g-geodesics, [γ] is the class of γ in π1(M) and ℓg(γ)
denotes the length of γ. The zeta function is convergent and holomorphic in a half plane

{s ∈ C ∣ Re(s) ≫ 1} and admits a meromorphic extension to C, see §2.2. In this paper, we

study the order of vanishing m(g, ρ) of the meromorphic extension of ζg,ρ(s) at s = 0.
There is natural map π∗ ∶ π1(M) → π1(Σ) induced by the projection π ∶ M → Σ. Any

representation of π1(Σ) induces a representation of π1(M). In this case, we say that

the induced representation factors through π1(Σ). Note, however, that there are also

representations of π1(M) that do not factor through π1(Σ), see §2.1.2. We denote by

Homirr(π1(M),GLr(C)) the subset of irreducible representations. Note that it is an affine
1
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algebraic set by looking at its description using generators and relations. The main result

of this paper is the following theorem.

Theorem 1. Let (Σ, g) be a closed Anosov surface of genus G ≥ 2. There exists a subset

Ug ⊂ Homirr(π1(M),GLr(C)) satisfying the following properties:

● the subset Ug is open;

● its complement Homirr(π1(M),GLr(C)) ∖ Ug has complex codimension ≥ 1;
● for any ρ ∈ Ug,

(1) if ρ factors through π1(Σ), one has

m(g, ρ) = −dim(ρ)χ(Σ) = dim(ρ)(2G − 2), (1.2)

where χ(Σ) is the Euler characteristic of Σ;

(2) if ρ does not factor through π1(Σ), one has m(g, ρ) = 0.

In Case 1, the study of the order of vanishing of ζg,ρ(s) at s = 0 was initiated by Fried

[Fri84, Theorem 1 and Corollary 2] for hyperbolic metrics and unitary representations ρ

of π1(Σ). His result was recently extended by Frahm and Spilioti in [FS23, Corollary C].

They showed that for a hyperbolic metric g and any ρ ∈ Hom(π1(Σ),GLr(C)), one has

m(g, ρ) = −dim(ρ)χ(Σ). When g is hyperbolic, ζg,ρ(s) can be expressed as a quotient of

shifted twisted Selberg zeta functions whose behavior at s = 0 can be analyzed using a

twisted Selberg trace formula. The zeros of ζg,ρ(s) can be computed from the eigenvalues

of the twisted Laplacian ∆ρ acting on L2(Σ,C), see for instance [FS23, Theorem 4.2.6].

For an Anosov (not necessarily hyperbolic) metric g1 and the trivial representation ρtriv,

Dyatlov and Zworski showed in [DZ17] that m(g, ρtriv) = −χ(Σ). When g has non-constant

curvature, there is no Selberg trace formula and no direct relation to the spectrum of a

twisted Laplacian on the base Σ. They instead use that m(g, ρtriv) can be expressed as an

alternate sum of dimensions of generalized eigenspaces of the Anosov geodesic vector field

X acting on specially designed anisotropic spaces. The formula for m(g, ρtriv) then follows

from an explicit computation of these dimensions.

The order of vanishing of ζg,ρ(s) for general Anosov 3-flows was studied by Cekić and

Paternain in [CP20, CP25]. In particular, (1.2) was obtained in [CP20, Corollary 1.9] under

the condition that ρ is unitary. In higher dimensions, the order of vanishing of the (non-

twisted) zeta function near 3-hyperbolic metrics was studied by Cekić, Delarue, Dyatlov

and Paternain [CDDP22]. They showed that the order of vanishing of the zeta function at

s = 0 is not a topological invariant [CDDP22, Theorem 1] but conjectured that it should

still be constant on a set of generic metrics [CDDP22, Conjecture 1].

1Their work applies to the more general setting of contact Anosov 3-flows.
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Case 2 is related to the Fried conjecture. Fried’s conjecture [Fri86, Fri95] states that for

an acyclic unitary representation ρ of π1(M), the twisted Ruelle zeta function ζg,ρ(s) is
well-defined and nonvanishing at 0, and

∣ζg,ρ(0)∣(−1)
dimM−1

2 = τρ(M), (1.3)

where τρ(M) is the Reidemeister torsion. It is known for locally symmetric spaces [Fri86,

Fri95, MS91, She18]. When dim(M) = 3, it is known for unitary representations under some

mild assumptions [SM96, DGRS20], see Shen [She21] for a recent survey. It is natural to

ask if an analog of (1.3) holds for non-unitary acyclic representations on M = SΣ with

respect to the geodesic flow, see for instance [Mue20, BFS23, CD24, BS25]. For Fried’s

conjecture for pseudo-Anosov flows, see [JZ24].

Theorem 1 computes the order of vanishing of the zeta function at s = 0 for an Anosov

metric g, and for a generic representation ρ ∈ Homirr(π1(M),GLr(C)). The main novelty

from the previously cited works is that we consider non-unitary twists ρ of non-hyperbolic

metrics g.

1.2. Twisted Pollicott–Ruelle resonances. Theorem 1 follows from a more general

statement about twisted Pollicott–Ruelle resonances, see Theorem 2 below.

Let X = d
dt ∣t=0φ

g
t denote the generator of the geodesic flow (φg

t )t∈R. We write d∇ρ for the

differential on the flat vector bundle Eρ induced by ρ ∈ Hom(π1(M),GLr(C)), see §2.1.1
for the precise definitions. The vector field X lifts to the bundle Eρ as the Lie derivative

LXρ = ιXd∇ρ + d∇ριX , where ιX denotes the contraction by X.

For k = 0,1,2, denote by Ωk
0 the space of smooth k-differential forms on M that are in

the kernel of ιX . Note that the action of LXρ extends to Ωk
0 ⊗ Eρ. Since (φ

g
t )t∈R is Anosov,

one can associate to LXρ a discrete spectrum Resk(X,ρ) ⊂ C, the twisted Pollicott–Ruelle

resonances, by making LXρ act on anisotropic spaces, see §2.2 for a precise definition. For a

twisted Pollicott–Ruelle resonance λ ∈ C, the corresponding (generalized) eigenvectors are

called (generalized) resonant states at λ. Let Resk,10 (ρ,0) (resp. Resk,∞0 (ρ,0)) denote the

space of resonant states at 0 (resp. generalized resonant states at 0) for the action of LXρ

on Ωk
0 ⊗ Eρ. The order of vanishing at s = 0 of ζg,ρ(s) is given by

m(g, ρ) = dim(Res1,∞0 (ρ,0)) − dim(Res
0,∞
0 (ρ,0)) − dim(Res

2,∞
0 (ρ,0)), (1.4)

see §2.2 for a proof. We show the following result.

Theorem 2. Let (Σ, g) be a closed Anosov surface of genus G ≥ 2. There exists a subset

Ug ⊂ Homirr(π1(M),GLr(C)) satisfying the following properties:

● the subset Ug is open;

● its complement Homirr(π1(M),GLr(C)) ∖ Ug has complex codimension ≥ 1;
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● for any ρ ∈ Ug,
(1) if ρ factors through π1(Σ), one has

dim(Resk,∞0 (ρ,0)) = 0, k = 0,2,

dim(Res1,∞0 (ρ,0)) = dim(Res
1,1
0 (ρ,0)) = −dim(ρ)χ(Σ).

(1.5)

(2) if ρ does not factor through π1(Σ), one has

Resk,∞0 (ρ,0) = 0, k = 0,1,2. (1.6)

It is clear from (1.4) that Theorem 1 follows from Theorem 2. Theorem 2 shows that for

a generic ρ ∈ Hom(π1(M),GLr(C)), the space of resonant states at 0 for k = 0,2 is trivial

and LXρ has no Jordan block for k = 1, with a corresponding space of resonant states of

dimension −dim(ρ)χ(Σ) in Case 1 and 0 in Case 2.

For an acyclic representation ρ, one can define the Reidemeister–Turaev torsion:

τegeod,o(ρ) ∈ C ∖ {0}.

Here, egeod is the Euler structure induced by the geodesic vector field, and o is a homological

orientation, see [CD24, §10] and [BFS23, §2] for the detailed definitions. In particular,

when ρ is unitary, one has ∣τegeod,o(ρ)∣ = τρ(M) where τρ(M) is the Reidemeister torsion.

In [BFS23, Theorem A], the authors showed that for g0 hyperbolic and ρ an irreducible

representation which does not factor through π1(Σ)2, one has

ζg0,ρ(0)−1 = ±τegeod,o(ρ) = ±det(Id − ρ(c))2G−2, (1.7)

where c ∈ π1(M) is defined in (2.3). This can be seen as a generalization of (1.3) in the

non-unitary case. In this paper, we extend their result for a non-hyperbolic metric g and

a set of generic representations.

Corollary 1.1. Let (Σ, g) be a closed negatively curved surface of genus G ≥ 2. There

exists a subset Ug ⊂ Homirr(π1(M),GLr(C)) satisfying the following properties:

● the subset Ug is open;

● its complement Homirr(π1(M),GLr(C)) ∖ Ug has complex codimension ≥ 1;
● for any ρ ∈ Ug, which does not factor through π1(Σ), one has

ζg,ρ(0)−1 = ±τegeod,o(ρ) = ±det(Id − ρ(c))2G−2. (1.8)

2Such a representation has to be acyclic, see Lemma 2.1.
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1.2.1. Dimensions of the space of generalized resonant states. We note that (1.5) is not

satisfied for every ρ ∈ π1(M) in Case 1. Indeed, for ρ = ρtriv, Dyatlov and Zworski showed

in [DZ17, Proposition 3.1] that

dim(Resk,10 (ρtriv,0)) = 1, k = 0,2,

dim(Res1,∞0 (ρtriv,0)) = dim(Res
1,1
0 (ρtriv,0)) = −b1(M),

where b1(M) is the first Betti number of M . Moreover, using the work of Naud and Spilioti

[NS22], we obtain the following result.

Theorem 3. Let (Σ, g) be a closed hyperbolic surface of genus G. Let ρ = Ad be the adjoint

representation of SL(2,R). Then

dim(Resk,∞0 (Ad,0)) = 2G + 1, k = 0,2;

dim(Res1,∞0 (Ad,0)) = 10G − 4.
(1.9)

Theorem 3 shows that the spaces of generalized resonant states need not be trivial for

k = 0,2 even when ρ is a nontrivial and irreducible representation. Moreover, the dimensions

can be as large as we want when G→ +∞.

1.2.2. Presence of Jordan blocks. We prove in Proposition 4.1 that if there is no Jordan

block at zero for k = 0,1,2, then m(g, ρ) = dim(ρ)(2G − 2) in Case 1 and m(g, ρ) = 0 in

Case 2.

However, we obtain that in Case 2, there exist pairs (g, ρ) for which there is a Jordan

block at zero, which shows that the general picture is more complicated than the generic

one depicted in Theorem 2. For a metric g on Σ, we denote by ∆g its (positive) untwisted

Laplace–Beltrami operator acting on L2(Σ).

Theorem 4. Let (Σ, g) be a closed hyperbolic surface such that 1
4 ∈ Spec(∆g). Then there

exists an irreducible representation τ of π1(M) which does not factor through π1(Σ), for
which m(g, τ) = 0 and such that LXτ has a non-trivial Jordan block at zero for k = 0,1,2.

The representation τ is constructed explicitly in §6.2. Using the quantum-classical cor-

respondence of Guillarmou, Hilgert and Weich [GHW18], we give in Proposition 6.2 an

explicit description of the Jordan block structure of (g, τ) at zero in terms of ker(∆g − 1
4).

Finally, we show in Proposition 6.3 that for any G ≥ 2, there exists a hyperbolic surface of

genus G for which 1
4 ∈ Spec(∆g).

Theorem 4 is, to the best of our knowledge, the first example of an Anosov flow and

acyclic representation with a non-trivial Jordan block at zero. For unitary representations

in our setting, the resonant spaces were shown to be trivial in [DGRS20]. Theorem 4 shows

that this is not always the case for non-unitary representations.
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1.3. Further questions. We are not aware of an example of a pair (g, ρ) for whichm(g, ρ)
is not given by dim(ρ)(2G−2) in Case 1 and 0 in Case 2. We make the following conjecture.

Conjecture 1. Let Σ be a genus G ≥ 2 closed surface.

(1) There exists a negatively curved metric g on Σ and a finite dimensional represen-

tation ρ ∈ Hom(π1(Σ),GLr(C)) for which m(g, ρ) ≠ (2G − 2)r.
(2) If ρ is acyclic, i.e., H∗(M,ρ) = 0, then we always have m(g, ρ) = 0.

It is interesting to ask what happens for a metric perturbation of (g, τ) in Theorem 4.

1.4. Structure of the paper. In §2.1.1, we recall the construction of the flat bundle

associated to a representation ρ. Next, we compute in Lemma 2.1 the dimensions of the

first twisted cohomology groups of (M,ρ) in Cases 1 and 2. We define in Proposition 2.2

a Zariski open subset V ⊂ Homirr(π1(M),GLr(C)) which decomposes as a union of a finite

number of path-connected components which all contain an irreducible representation. In

§2.2, we recall the definition of twisted Pollicott–Ruelle resonances and prove (1.4).

In §3, we show that flat bundles Eρ for different ρ can be identified. Moreover, the

identification can be chosen to depend analytically on ρ, see Lemma 3.1. This allows

us to use perturbation theory for Pollicott–Ruelle resonances and show that the spectral

projectors at zero depend analytically in ρ, see Proposition 3.2.

In §4, we adapt the argument of [DZ17] to compute m(g, ρ) for representations with

no Jordan block at zero, see Proposition 4.1. The end of the section is dedicated to the

showing that unitary representations have no Jordan block at zero, see Proposition 4.6.

We prove Theorem 2 in §5. The strategy is the following:

● For each ρ ∈ V , there is a path (ρ(t))t∈[0,1] ⊂ V such that ρ(1) = ρ and ρ(0) is unitary.
● We use the perturbation theory developed in §3 to show that for each s ∈ [0,1],
ρ(s) has a neighborhood Uρ(s) in which the conclusion of Theorem 2 does not hold

for a Zariski closed subset.

● Using the fact that ρ(0) is unitary and Proposition 4.6, we show that this Zariski

closed subset is proper and thus of complex codimension ≥ 1.

We show Corollary 1.1 at the end of the section, using [CD24] and [BFS23].

Finally, Theorems 3 and 4 are proved in §6. Theorem 3 follows from results of [NS22]

on the twisted Selberg zeta function. To obtain Theorem 4, we use the quantum–classical

correspondence obtained in [GHW18].
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2. Preliminaries

2.1. Representations of the fundamental group.

2.1.1. Flat bundles. Let (Σ, g) be a closed orientable Riemannian surface of genus G ≥ 2
and let M = {(x, v) ∈ TΣ ∣ ∥v∥g = 1} be its unit tangent bundle. Let π1(M) be the

fundamental group of M . Recall that π1(M) acts (on the left) on the universal cover M̃

by deck transformations. Note that the set of deck transformations induced by π1(M)
is isomorphic to the opposite group π1(M)op of π1(M) and we will identify these two

groups by a small abuse of notation. Let ρ ∈ Hom(π1(M),GLr(C)) be a finite dimensional

representation of π1(M). The flat vector bundle Eρ is defined as

Eρ ∶= M̃ ×Cr/ ∼, (x, v) ∼ (γ(x), ρ(γ)v), ∀γ ∈ π1(M). (2.1)

The bundle Eρ is equipped with a flat connection ∇ρ. We recall here its definition. Consider

the trivial connection ∇triv on M̃ ×Cr:

∀s ∈ C∞(M̃ ; M̃ ×Cr) = C∞(M̃,Cr), ∇trivs ∶= ds ∈ C∞(M̃ ;T ∗M̃ ⊗Cr).

We note that the trivial connection descends to Eρ. Indeed, recall that a section s of Eρ
identifies to a function C∞(M̃,Cr) which is π1(M)-equivariant, i.e, s(γ ⋅ x) = ρ(γ)s(x) for
any x ∈ M̃ and γ ∈ π1(M). In this identification, we check that

∀x ∈ M̃, ∀γ ∈ π1(M), d(ρ(γ)s(γ−1 ⋅ x)) = ρ(γ)ds(γ−1 ⋅ x).

The induced connection is denoted ∇ρ and is clearly flat. We conversely check that the

holonomy of Eρ is given by ρ.3 We can define a flat differential d∇ρ from ∇ρ. For k = 0,1,2,3,
let Ωk = C∞(M ; ΛkT ∗M) denote the space of smooth k-forms on M . The flat differential

acts on smooth k-forms with values in Eρ.

d∇ρ ∶ C∞(M ; ΛkT ∗M ⊗ Eρ) → C∞(M ; Λk+1T ∗M ⊗ Eρ).

3From (2.1), one sees that the holonomy along a closed geodesic γ is given by v ↦ ρ−1([γ]op), where

[γ]op ∈ π1(M)
op is the class defined by γ in the group of deck transformations. Since [γ]op ≅ [γ]−1, where

[γ] is the class of γ in π1(M), we get that the holonomy, seen as a representation of π1(M), is given by ρ.
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It is uniquely determined by the requirements that it coincides with ∇ρ on 0-forms and

that it satisfies the Leibniz rule:

∀ω, η ∈ C∞(M,Λ●T ∗M ⊗ Eρ), d∇ρ(ω ∧ η) = d∇ρω ∧ η + (−1)deg(ω)ω ∧ d∇ρη. (2.2)

2.1.2. Twisted cohomology groups. Since the connection is flat, one has d∇ρ ○ d∇ρ = 0. In

particular, we can consider the twisted de Rham cohomogy of M . For k = 0,1,2,3, denote
by Hk(M,ρ) ∶=Hk(M,Eρ) the twisted cohomology groups of M by ρ.

The natural projection π ∶M → Σ induces a map π∗ ∶ π1(M) → π1(Σ). Since M → Σ is a

S1-bundle, we have the following short exact sequence:

1Ð→ π1(S1) ≅ ZÐ→ π1(M)
π∗ÐÐ→ π1(Σ) Ð→ 1,

where the map π∗ is surjective. Recall that the groups π1(Σ) and π1(M) have the following
presentations:

π1(Σ) = ⟨a1, b1,⋯, aG, bG ∣ [a1, b1]⋯[aG, bG] = 1⟩,
π1(M) = ⟨a1, b1,⋯, aG, bG, c ∣ [ai, c] = [bi, c] = 1, [a1, b1]⋯[aG, bG] = c2G−2⟩,

(2.3)

where c is a generator of π1(S1) ≅ Z.
A representation ρ ∶ π1(M) → GLr(C) is said to factor through π1(Σ) if there exists a

representation ρ̄ ∶ π1(Σ) → GLr(C) such that ρ = ρ̄ ○ π∗. Note that ρ factors over π1(Σ) if
and only if ρ(c) = Id.
For a representation ρ ∶ π1(M) → GLr(C), let ρπ1(M) ∶= {v ∈ Cr ∣ ∀γ ∈ π1(M), ρ(γ)v = v}

be the invariant subspace. With these notations, we compute in the next lemma the

dimensions of the first twisted cohomology groups of (M,ρ).

Lemma 2.1. Let Σ be a closed surface of genus G ≥ 2 and let ρ ∈ Hom(π1(M),GLr(C))
be a finite dimensional representation of π1(M).

(1) If ρ factors through π1(Σ), and dim(ρπ1(M)) = r1. Then

dim(H0(M,ρ)) = r1, dim(H1(M,ρ)) = −rχ(Σ) + 2r1 = r(2G − 2) + 2r1.

(2) If ρ is irreducible and does not factor through π1(Σ), then ρ is acyclic, i.e.,

H i(M,ρ) = 0, i = 0,1,2,3.

Proof. Suppose that we are in case (1), i.e., there exists a representation ρ̄ ∶ π1(Σ) →
GLr(C) such that ρ = ρ̄○π∗.One can define a flat bundle Eρ̄ → Σ using the same construction

recalled above. Moreover, we check that Eρ = π∗Eρ̄, where π ∶ M → Σ is the projection.

Since M → Σ is a circle bundle, applying the Gysin exact sequence gives for any k:

. . .→Hk(Σ,Eρ̄)
π∗Ð→Hk(M,Eρ)

π∗Ð→Hk−1(Σ,Eρ̄)
∪eÐ→Hk+1(Σ,Eρ̄) → . . . ,
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where π∗ is the integration in the circle fiber and ∪e denotes the cup product with the

Euler class e = χ(Σ) ∈H2(Σ,Z) ≅ Z. For k = 0, we obtain

0→H0(Σ,Eρ̄)
π∗Ð→H0(M,Eρ)

π∗Ð→ 0,

which gives

H0(M,ρ) =H0(M,Eρ) ≅H0(Σ,Eρ̄) = {v ∈ Cr ∣ ∀γ ∈ π1(Σ), ρ̄(γ)v = v}.

This then implies

dim(H0(M,ρ)) = dim{v ∈ Cr ∣ ∀γ ∈ π1(Σ), ρ̄(γ)v = v} = r1.

Next, we compute the groups in degree k = 1:

0→H1(Σ,Eρ̄)
π∗Ð→H1(M,Eρ)

π∗Ð→H0(Σ,Eρ̄)
∪eÐ→H2(Σ,Eρ̄).

In particular, applying the rank-nullity theorem to π∗ yields

dim(H1(M,ρ)) = dimH1(Σ,Eρ̄) + dim (ker(∪e ∶H0(Σ,Eρ̄) →H2(Σ,Eρ̄))).

Note however that the cup product with the Euler class e ≠ 0 is injective on H0(Σ,Eρ̄)
so dim(H1(M,ρ)) = dimH1(Σ,Eρ̄). We can compute this last dimension from Poincaré

duality which gives H0(Σ,Eρ̄) ≅ H2(Σ,Eρ̄) ≅ Cr1 and the definition of the twisted Euler

characteristic of (Σ, ρ):

χ(Σ, ρ) =
2

∑
i=0

(−1)idim(H i(Σ,Eρ̄)) ⇒ dimH1(Σ,Eρ̄) = 2r1 − χ(Σ, ρ).

Since the bundle is flat, χ(Σ, ρ) is equal to dim(ρ)χ(Σ) = r(2 − 2G) which concludes the

proof of the lemma in the first case.

Suppose now that ρ is irreducible and does not factor through π1(Σ). We will show that

it is acyclic. First, by Schur’s lemma, we know that ρ(c) = ζId for some ζ ∈ C. Taking the

determinant in (2.3) implies that ζ is a root of unity. Moreover, since ρ does not factor

through π1(Σ), we have ζ ≠ 1. This implies the differential in the fiber is null homotopic.

Indeed, let ι ∶ S1 ↪M be the inclusion of a circle fiber. The twisted differential along the

fiber is

d∇S1 ∶ Ω
0(S1, ι∗Eρ) → Ω1(S1, ι∗Eρ).

One can compute the twisted cohomology groups of the fiber from the monodromy:

H0(S1, ι∗Eρ) = ker(ρ(c) − Id) = 0, H1(S1, ι∗Eρ) = coker(ρ(c) − Id) = 0.

This shows that d∇S1 ∶ Ω0(S1, ι∗Eρ) → Ω1(S1, ι∗Eρ) is an isomorphism.

We can then define a chain homotopy fiberwisely to show the de Rham complex of

(M,d∇ρ) is also exact. More precisely, suppose d∇ρf = 0 and f ∈ Ωk ⊗ Eρ for some k ≥ 1.
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The goal is to find u ∈ Ωk−1⊗Eρ with d∇ρu = f . Let V be a nonvanishing vector field tangent

to the fiber direction. The vanishing of the fiberwise cohomology implies that

L∇V ∶= d∇ριV + ιV d∇ρ

is invertible on Ωk⊗Eρ. In order to check this claim, we note that L∇V acts on each fiber and

the action is given by d∇S1ιV + ιV d
∇

S1 . On zero forms, it is given by ιV d
∇

S1 where each map is

invertible since V is nowhere vanishing. On 1-forms, it is given by d∇S1ιV where again each

map is invertible. We can then write u = ιV (L∇V )−1f, which solves

d∇ρu = d∇ριV (L∇V )−1f = (L
∇
V − ιV d∇ρ)(L∇V )−1f = f − (L

∇
V )−1ιV d∇ρf = f.

This shows that ρ is acyclic. □

To conclude this section, we recall an important result on the representation vari-

ety Hom(π1(M),GLr(C)), which follows from the arguments in [RBC96]. Recall that

Homirr(π1(M),GLr(C)) denotes the subset of irreducible representations.

Proposition 2.2. There exists a Zariski open subset V in Homirr(π1(M),GLr(C)), such
that the following properties hold:

(1) V = ⋃r(2G−2)
j=1 Vj where Vj = {ρ ∈ V ∶ ρ(c) = e2πij/(r(2G−2))}.

(2) Each Vj is a smooth and path-connected algebraic variety of dimension (2G−1)r2+1.
(3) Each Vj contains a unitary representation.

(4) dimC(Homirr(π1(M),GLr(C)) ∖ V) ≤ (2G − 1)r2.

Proof. For a matrix M ∈ Mr×r(C), we denote by Z(M) ∶= {N ∈ Mr×r(C) ∣ [M,N] = 0} its
centralizer. We will say that M is regular if Z(M) has dimension r (equivalently, M has r

distinct eigenvalues). We define

V ∶= {ρ ∈ Homirr(π1(M),GLr(C)) ∶ there exists ℓ such that

ρ(aℓ), ρ(bℓ) are regular and Z(ρ(aℓ)) ∩Z(ρ(bℓ)) = CId}.

Since the complement of V is given by some algebraic relations, we know that V is Zariski

open. We now show the four properties of V claimed in the proposition.

(1) Let ρ ∈ V . Since ρ(c) commutes with all the elements in ρ(π1(M)), by the definition

of V , ρ(c)must be a scalar matrix. Since det(ρ(c)) = 1, we know ρ(c) = e2πij/(r(2G−2))
for some j.

(2) The smoothness comes from the submersion theorem. By [RBC96, Lemma 6], the

differential of the map

(A,B) ↦ [A,B] ∶ GLr(C) ×GLr(C) → SLr(C)
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is surjective at (A,B) if A,B are regular and Z(A) ∩ Z(B) = CId. Therefore, the

following map

(A1,⋯,AG,B1,⋯,BG) ↦ [A1,B1]⋯[AG,BG] ∶ GLr(C)2G → SLr(C)

has surjective differential at Ai = ρ(ai) and Bi = ρ(bi) in V . By the submersion

theorem, we conclude V is smooth with dimension 2Gr2 − (r2 − 1) = (2G − 1)r2 + 1.
In order to show the connectedness, we note that it suffices to show that

Vℓj ∶= {ρ ∈ Hom(π1(M),GLr(C)) ∶ ρ(aℓ), ρ(bℓ) are regular and

Z(ρ(aℓ)) ∩Z(ρ(bℓ)) = CId, ρ(c) = e2πij/(r(2G−2))}

is connected, since they have a nontrivial intersection for different ℓ. Consider the

projection p ∶ Vℓj → GLr(C)2G−2 to the components not equal to ρ(aℓ), ρ(bℓ). By

[RBC96, Proposition 5], for a Zariski open set C of C ∈ SLr(C), the variety

{(A,B) ∈ GLr(C)2 ∶ [A,B] = C and A,B regular with Z(A) ∩Z(B) = CId}

is connected. Therefore, the fibers over a Zariski open subset D in GLr(C)2G−2 are

connected. Since GLr(C)2G−2 is irreducible, D is connected and p−1(D) is connected.
Since p−1(D) is also dense, this implies the connectedness of Vℓj .

(3) First we find A,B ∈ U(r) such that

[A,B] = ABA−1B−1 = ω Idr, ω = e2πi/r.

We can just take

A =

⎛
⎜⎜⎜⎜⎜⎜
⎝

0 1 0 ⋯ 0

0 0 1 ⋯ 0

⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ 1

1 0 0 ⋯ 0

⎞
⎟⎟⎟⎟⎟⎟
⎠

, B =

⎛
⎜⎜⎜⎜⎜⎜
⎝

1 0 0 ⋯ 0

0 ω 0 ⋯ 0

0 0 ω2 ⋯ 0

⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ ωr−1

⎞
⎟⎟⎟⎟⎟⎟
⎠

.

It is direct to check that A,B are regular and Z(A) ∩ Z(B) = CId. Then we can

similarly construct A2,B2 ∈ U(r) such that

[A2,B2] = A2B2A
−1
2 B−12 = ω−1ζ Idr, ζ = e2πij/r.

We can define a representation by

ρ(a1) = A, ρ(b1) = B, ρ(a2) = A2, ρ(b2) = B2,

ρ(c) = e2πij/((2G−2)r)Id, ρ(ai) = ρ(bi) = Id, i > 2.

This gives a unitary representation in Vj.
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(4) We will assume r ≥ 2 since the case r = 1 is obvious. Let ρ ∈ Homirr(π1(M),GLr(C)).
By Schur’s lemma and irreducibility of ρ, we have ρ(c) ∈ CId. The equation (2.3)

implies ρ(c) = e2πij/(r(2G−2))Id for some j. Suppose Z is an irreducible component

of

{ρ ∈ Homirr(π1(M),GLr(C)) ∶ ρ(c) = e2πij/(r(2G−2))}

that does not intersect Vj (we are done if such Z does not exist), then we can define

the Zariski open subsets

Z1 = {ρ ∈ Z ∶ ρ(a1), ρ(b1) are regular},
Z2 = {ρ ∈ Z ∶ Z(ρ(a1)) ∩Z(ρ(b1)) = CId}.

We claim Z1 is not empty. Suppose ρ0 ∈ Z does not belong to any other irreducible

component. Let W0 be an irreducible component of

{(A,B) ∈ GLr(C) ∶ [A,B] = e2πij/r[ρ0(aG), ρ0(bG)]−1⋯[ρ0(a2), ρ0(b2)]−1}.

By [RBC96, §1], W0 contains (A1,B1) that are regular. Thus Z1 contains an element

with

ρ(a1) = A1, ρ(b1) = B1, ρ(aj) = ρ0(aj), ρ(bj) = ρ0(bj), j ≥ 2

and is nonempty. Since Z is irreducible, it is connected and thus Z2 must be empty,

i.e., dimC(Z(ρ(a1)) ∩Z(ρ(b1))) > 1 for any ρ ∈ Z. Now we consider the map

p ∶ Z → (GLr(C))2G−2, p(ρ) = (ρ(a1), ρ(b1), ρ(a3), ρ(b3),⋯, ρ(aG), ρ(bG)).

Let

W0 ∶= {(A,B) ∈ GLr(C) ×GLr(C) ∶ dimC(Z(A) ∩Z(B)) > 1}.

By [RBC96, Lemma 8 (iii)], dimC(W0) ≤ 2r2 − 2(r − 1) and thus

dimC(p(Z)) ≤ dimC(W0 × (GLr(C))2G−4) ≤ (2G − 2)r2 − 2(r − 1).

Each fiber of p is a subvariety of

Wρ ∶= {(A,B) ∈ GLr(C) ×GLr(C) ∶ [A,B] = z},

z = e2πij/r[ρ(a1), ρ(b1)]−1[ρ(aG), ρ(bG)]−1⋯[ρ(a3), ρ(b3)]−1.

By [RBC96, Lemma 8 (ii)], dimC(Wρ) ≤ r2 + r. Therefore,

dimC(Z) ≤ dimC(p(Z)) + r2 + r ≤ (2G − 1)r2 − r + 2 ≤ (2G − 1)r2

since we assumed r ≥ 2. □
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2.2. Twisted Pollicott–Ruelle resonances. By hypothesis, the geodesic flow (φg
t )t∈R

on the unit tangent bundle M is an Anosov flow, which means that if we denote by X =
d
dt ∣t=0φ

g
t the geodesic vector field, then there exists a flow-invariant, continuous splitting

TM = Eu ⊕RX ⊕Es of the tangent bundle and C, θ > 0 such that for any p ∈M ,

∥dφg
t (p)vs∥ ≤ Ce−θt∥vs∥, vs ∈ Es(p), t ≥ 0,

∥dφg
t (p)vu∥ ≤ Ce−θ∣t∣∥vu∥, vu ∈ Eu(p), t ≤ 0.

The bundle Es (resp. Eu) is the stable (resp. unstable) bundle of (φg
t )t∈R. The Anosov

splitting comes with a dual splitting on the cotangent bundle of M :

T ∗M = E∗u ⊕Rα⊕E∗s , E∗u(Eu ⊕RX) = 0, E∗s (Es ⊕RX) = 0,

and where α ∈ C∞(M ;T ∗M) is the contact 1-form on M which satisfies α(X) ≡ 1 and

dα(X, ⋅) ≡ 0.
For a closed geodesic γ, we will write [γ] for the class in π1(M) representing it. Recall

that there is a C > 0 such that for any T > 0, the number of closed geodesics of length less

than T is bounded by CeCT . This justifies that (1.1) converges for s ∈ C with Re(s) ≫ 1.

Let ρ ∈ Hom(π1(M),GLr(C)) and let Eρ denote the associated flat vector bundle with

differential d∇ρ . Define the graded vector bundle

Eρ ∶=
3

⊕
k=0

E k
ρ , E k

ρ = ΛkT ∗M ⊗ Eρ, E k
ρ,0 ∶= E k

ρ ∩ ker(ιX). (2.4)

For k = 0,1,2, the generator X acts naturally on the smooth vector bundle C∞(M ;E k
ρ,0).

The action is given by LXρ ∶= ιXd∇ρ + d∇ριX .

One can associate to the action of LXρ on C∞(M,E k
ρ,0) a discrete spectrum Resk(X,ρ) ⊂

C, the Pollicott–Ruelle resonances by making it act on anisotropic spaces, see for instance

[BKL02, BL07, BT07, GL08, FRS08, FS11, DZ16, DG16].

More precisely, from [FS11] (see also [DG16] for the extension to smooth vector bundles),

the resolvent Rρ
k(λ) ∶ L2(M ;E k

ρ,0) → L2(M ;E k
ρ,0), defined for λ ∈ C with Re(λ) ≫ 1 admits

a meromorphic extension Rρ
k(λ) to C

Rρ
k(λ) ∶ C

∞(M ;E k
ρ,0) → D′(M ;E k

ρ,0).

The poles of the extension are intrinsic and are called the resonances of X acting on E k
ρ,0.

The set of resonances is denoted by Resk(X,ρ) or Resk(ρ) if there is no possible confusion

on the metric. A complex number λ0 ∈ C is in Resk(ρ), if and only if

Resk,10 (ρ, λ0) = {u ∈ D ′(M ;E k
ρ,0) ∶ LXρu = λ0u, WF(u) ⊂ E∗u} ≠ {0}, (2.5)

where WF(u) denotes the wavefront set of a distributional current u, see [Hor03, Chapter

3]. The non-zero elements of Resk,10 (ρ, λ0) are called resonant states at λ0. The spectral
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projector at λ0 is given by

Πk
ρ(λ0) =

1

2iπ ∫γ
Rρ

k(z)dz, (2.6)

where γ is a small loop around λ0. The (algebraic) multiplicity of λ0 is given by the rank

of the spectral projector. The generalized resonant states are the elements in the range of

Πk
ρ(λ0):

Resk,∞0 (ρ, λ0) = {u ∈ D ′(M ;E k
ρ,0) ∶ ∃ℓ ∈ N, (LXρ − λ0)ℓu = 0, WF(u) ⊂ E∗u}. (2.7)

We will say that the resonance λ0 has no Jordan block if Resk,∞0 (ρ, λ0) = Resk,10 (ρ, λ0).
We conclude this section by recalling the link between the zeta function ζg,ρ(s) and the

generalized resonant states. Define the dynamical determinant of order k to be

ζk,ρ(s) = exp(− ∑
γ∈P

+∞

∑
j=1

1

j
tr(ρ([γ])j)

tr(ΛkPγj)
∣det(Id − Pγj)∣

e−sjℓg(γ)) , (2.8)

where Pγ = dφ−ℓg(γ)∣Eu⊕Es(p), for a point p on γ, is the Poincaré map along the geodesic γ.

Recall that one has, see [DZ16, p. 20] and [DG16] for the extension to vector bundles,

∀s ∈ C, ζℓ,ρ(s) = 0 ⇐⇒ s ∈ Resℓ(ρ), (2.9)

and the multiplicity of the zero coincides with the algebraic multiplicity of s as a resonance.

We can rewrite the twisted zeta function, for any s ∈ C such that Re(s) ≫ 1,

ζg,ρ(s) = ∏
γ∈P

det(Id − ρ([γ])e−sℓg(γ)) = exp(− ∑
γ∈P

+∞

∑
j=1

1

j
tr(ρ([γ])j)e−sjℓg(γ))

= exp(− ∑
γ∈P

+∞

∑
j=1

1

j
tr(ρ([γ])j)

2

∑
ℓ=0

(−1)ℓ+1
tr(ΛℓPγj)
∣det(Id − Pγj)∣

e−sjℓg(γ)) =
2

∏
ℓ=0

ζℓ,ρ(s)(−1)
ℓ+1

,

where we used the relation

∣det(Id − Pγj)∣ =
2

∑
ℓ=0

(−1)ℓ+1tr(ΛℓPγj).

The previous relation extends to s ∈ C. In particular, using (2.9) at s = 0 yields (1.4).

2.3. Co-resonant states and pairing. Let ρ∗ be the adjoint representation of ρ. We

have a notion of (generalized) co-resonant state dual to the (generalized) resonant states. A

distribution is a (generalized) co-resonant state of (X,ρ) if and only if it is a (generalized)

resonant state of (−X,ρ∗), in the sense explained above. Their set will be denoted by

Res∗,k,●0 (ρ, λ) for ● ∈ N ∪ {+∞}.
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There is a natural pairing ⟨⋅, ⋅⟩Eρ×Eρ∗ between Eρ and Eρ∗ given by the duality pairing on

Cr × (Cr)∗. Note that this indeed descends to a pairing to Eρ ×Eρ∗ since for any x ∈ M̃ and

any γ ∈ π1(M), one has

∀(v,w) ∈ Cr × (Cr)∗, ⟨ρ(γ)v, ρ∗(γ)w⟩ = ⟨ρ(γ)−1ρ(γ)v,w⟩ = ⟨v,w⟩.

The pairing is non degenerate and extends to the bundle Eρ → M and to differential

forms with values in the flat bundle. More precisely, we will work with the following

non-degenerate pairing

(u, v) ∈ E k
ρ,0 × E 2−k

ρ∗,0 , hα(u, v) = ∫
M
u ∧ v ∧ α. (2.10)

Remark that the stable and unstable bundles of −X and X are flipped. In particular,

the pairing hα extends to Res∗,k,∞0 (ρ, λ)×Res2−k,∞0 (ρ, λ′) for any λ,λ′ ∈ C, by the wavefront

conditions defining generalized resonant states, see (2.7). By [CDDP22, Equation (2.51)],

the pairing

hα ∶ Resk,∞0 (ρ,0) ×Res
∗,2−k,∞
0 (ρ,0) → C (2.11)

is non-degenerate. For later use, we record that for k = 1,2,

∀(u, v) ∈ Resk−1,∞0 (ρ,0) ×Res∗,2−k,∞0 (ρ,0), hα(d∇ρu, v) = (−1)khα(u, d∇ρ∗v). (2.12)

Indeed, we compute directly using Stoke’s theorem

hα(d∇ρu, v) = ∫
M
d∇ρu ∧ v ∧ α = ∫

M
d(u ∧ v ∧ α) + (−1)k ∫

M
u ∧ d∇ρ∗v ∧ α + ∫

M
u ∧ v ∧ dα

= (−1)k ∫
M
u ∧ d∇ρ∗v ∧ α = (−1)khα(u, d∇ρ∗v),

where we used (2.2), ιXu = 0 and ιXv = 0.

3. Perturbation theory

In order to prove Theorems 1 and 2, we will use some perturbation results. Let (Σ, g)
be a closed Anosov surface and let r ∈ N. We will apply perturbation theory to the twisted

Pollicott–Ruelle resonances. Before that, we will need to identify the flat bundles Eρ for

different representations ρ ∈ Hom(π1(M),GLr(C)). Actually, we show in the next lemma

that the identification can be chosen (locally) to depend analytically in ρ, which will be

important in the arguments of §5. To state the result, we consider a compactly supported

function χ ∈ C∞c (M̃,R+) such that

∀x ∈ M̃, ∑
γ∈π1(M)

χ(γ ⋅ x) = 1. (3.1)
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Lemma 3.1. Let ρ0 ∈ Hom(π1(M),GLr(C)). There is a neighborhood U of ρ0 such that

the map Fρ ∶ M̃ ×Cr → M̃ ×Cr, where

∀(x, v) ∈ M̃ ×Cr, Fρ(x, v) = (x, fρ(x)v), fρ(x) = ∑
γ∈π1(M)

χ(γ ⋅ x)ρ(γ)−1ρ0(γ) (3.2)

descends to an isomorphism of smooth bundles between Eρ0 and Eρ. Moreover, the isomor-

phism Fρ depends analytically on ρ ∈ U .

Proof. Let (x, v) ∈ M̃ × Cr and let γ0 ∈ π1(M). We first check that the map Fρ descends

to the flat bundles, i.e., we show Fρ(x, v) ∼ρ Fρ(γ0 ⋅ x, ρ0(γ0)v). In other words, we want to

verify that (x, fρ(x)v) ∼ρ (γ0 ⋅ x, fρ(γ0 ⋅ x)ρ0(γ0)v). This is true since

ρ(γ0)fρ(x)v = ρ(γ0) ∑
γ∈π1(M)

χ(γ ⋅ x)ρ(γ)−1ρ0(γ)v = ∑
γ∈π1(M)

χ(γ ⋅ x)ρ(γγ−10 )−1ρ0(γ)v

= ∑
γ′∈π1(M)

χ(γ′ ⋅ γ0 ⋅ x)ρ(γ′)−1ρ0(γ′γ0)v = fρ(γ0 ⋅ x)ρ0(γ0)v.

This shows that the map Fρ descends to map Fρ ∶ Eρ0 → Eρ which preserves the fibers. It

is clearly a smooth map. Since fρ0 ≡ Id and since ρ ↦ fρ (and thus Fρ) is an analytic map

in ρ, there is a small neighborhood U such that for any ρ ∈ U and for any x ∈ M̃, one has

det(fρ(x)) ≠ 0. This shows that Fρ is an isomorphism for ρ ∈ U . □

Let ρ0 ∈ Hom(π1(M),GLr(C)) and let U be the neighborhood of ρ0 obtained in Lemma

3.1. For any ρ ∈ U , the Lie derivative LXρ pullbacks to an operator on Eρ0 we will denote by
L̃Xρ . Its resolvent on k-forms will be denoted by R̃ρ

k(λ) and for a Pollicott–Ruelle resonance

λ0 ∈ Resk(ρ0), we can define a spectral projector Π̃k
ρ(λ0) by integrating on a small enough

loop around λ0, as in (2.6). The small loop includes all the resonances of R̃ρ
k(λ) close to λ0.

Proposition 3.2. Let ρ0 ∈ Hom(π1(M),GLr(C)). Let k = 0,1,2 and λ0 ∈ Resk(ρ0) be

a Pollicott–Ruelle resonance of ρ0. Then there exists a neighborhood U of ρ0 such that

(Π̃k
ρ(λ0))ρ∈U is a family of operators of rank equal to dim(Resk,∞0 (ρ0, λ0)) which depends

analytically on ρ ∈ U .

Proof. Using the identification of Lemma 3.1, we can use the theory of perturbation of

Pollicott–Ruelle resonances due to Bonthonneau [Bon18], see also the related work of Dang,

Guillarmou, Rivière and Shen [DGRS20]. Indeed, from the construction of the flat connec-

tion recalled in §2.1.1 and Lemma 3.1, we see that U ∋ ρ↦ L̃Xρ depends analytically on ρ.

Using uniform anisotropic spaces, the resolvent R̃ρ
k(λ) (and thus the spectral projector by

(2.6)) is seen to depend analytically on ρ. This also shows that (Π̃k
ρ(λ0))ρ∈U is a family of

operators of rank equal to rk(Πk
ρ0(λ0)) = dim(Resk,∞0 (ρ0, λ0)). □
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4. Order of vanishing when there is no Jordan block

In this section, we compute m(g, ρ) for representations with no Jordan block at zero.

Most of the arguments are adapted from [DZ17].

Proposition 4.1. Let (Σ, g) be a closed Anosov surface of genus G ≥ 2 and let ρ ∈
Hom(π1(M),GLr(C)) be such that there is no Jordan block at zero for k = 0,1,2. Then

(1) m(g, ρ) = dim(ρ)(2G − 2) if π factors through π1(Σ);
(2) m(g, ρ) = 0 if π does not factor through π1(Σ) and is furthermore irreducible.

Proof. In contrast to [DZ17, Proposition 3.1], we will not compute each dimension sepa-

rately. The strategy consists in considering a linear operator T and computing the alternate

difference (1.4) from the dimension of the kernel of T. The operator we will consider is

T ∶ Res1,10 (ρ,0) → Res2,10 (ρ,0), u↦ d∇ρu. (4.1)

Note that the map T is well-defined. Indeed, let u ∈ Res1,10 (ρ,0). Since [d∇ρ ,LXρ] = 0, one
has LXρT (u) = 0. Next, we have WF(d∇ρu) ⊂ WF(u) ⊂ E∗u by general properties of the

wavefront set. Finally, using LXρ = d∇ριX + ιXd∇ρ , one computes

ιXT (u) = ιXd∇ρu = LXρu − d∇ριXu = 0.

Note that in this last computation, we use the fact that u is a resonant state (and not a

generalized one). We show the following result.

Lemma 4.2. One has

dimRes1,10 (ρ,0) = dimkerT + dimRes2,10 (ρ,0) − dim(ρπ1(M)). (4.2)

In particular, if ρ does not have any trivial factor, that is if ρπ1(M) = {0}, then T is a

surjective map.

Proof. Since there is no Jordan block for k = 0,1,2, (2.11) implies the non-degeneracy of

the pairing

hα ∶ Resk,10 (ρ,0) ×Res
∗,2−k,1
0 (ρ,0) → C.

We will denote by Ran(T )⊥ ∶= {u ∈ Res∗,0,10 (ρ,0) ∣ ∀v ∈ Res1,10 (ρ,0), hα(T (v), u) = 0}. Using
(2.12), we obtain

u ∈ Ran(T )⊥ ⇐⇒ ∀v ∈ Res1,10 (ρ,0), hα(d∇ρv, u) = 0

⇐⇒ ∀v ∈ Res1,10 (ρ,0), hα(v, d∇ρ∗u) = 0
⇐⇒ d∇ρ∗u = 0.

(4.3)
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We study the kernel of d∇ρ ∶ Res∗,0,10 (ρ,0) → Res∗,1,10 (ρ,0). Let u ∈ Res∗,0,10 (ρ,0) such that

d∇ρ∗u = 0. Since d∇ρ∗ is elliptic (it is clear in local coordinates), one has u ∈ C∞(M ;Eρ∗).
This means that, by Lemma 2.1, u ∈ H0(M,ρ∗) = (ρ∗)π1(M) and this space is of dimension

dim((ρ∗)π1(M)) = dim(ρπ1(M)). The statement of the lemma follows from the rank-nullity

theorem and the fact that dim(Ran(T )⊥) = codim(Ran(T )). □

Note that for any (v,w) ∈ ρπ1(M) × (ρ∗)π1(M), one has vdα ∈ Res2,10 (ρ,0) and

hα(vdα,w) = ∫
M
⟨v,w⟩Eρ×Eρ∗dα ∧ α = ⟨v,w⟩Eρ×Eρ∗ .

Since the pairing ρπ1(M) × (ρ∗)π1(M) ∋ (v,w) ↦ ⟨v,w⟩Eρ×Eρ∗ is non-degenerate, we deduce

from (4.3) that vdα ∉ Ran(T ). Since codim(Ran(T )) = dim(ρπ1(M)), this implies that

Res2,10 (ρ,0) = Ran(T ) ⊕ ρπ1(M)dα. (4.4)

We will need this decomposition of the resonant states in the next lemma.

Lemma 4.3. One has

dimkerT = dimH1(M,ρ) + dimRes0,10 (ρ,0) − dim(ρπ1(M)). (4.5)

Proof. Let u ∈ kerT . Then applying [DZ17, Lemma 2.1], there is v ∈ D′E∗u(M ;Eρ)4 such that

u − d∇ρv ∈ C∞(M,E 1
ρ ), d∇ρ(u − d∇ρv) = 0.

In particular, one can define the mapping

S ∶ kerT →H1(M,ρ), u↦ [u − d∇ρv]H1(M,ρ). (4.6)

The kernel of S is given by d∇ρ(Res0,10 (ρ,0)). Indeed, the inclusion d∇ρ(Res0,10 (ρ,0)) ⊂
ker(S) is clear. Conversely, suppose that S(u) = 0, i.e., u − d∇ρv is exact. By changing

v if necessary, we can suppose that u − d∇ρv = 0. Applying ιX gives LXρv = 0. Since

v ∈ D′E∗u(M,Eρ), this shows that u ∈ d∇ρ(Res0,10 (ρ,0)).
We now show that S is surjective. Let w ∈ C∞(M ;E 1

ρ ) and d∇ρw = 0. We need to find

v ∈ D′E∗u(M ;Eρ) such that w−d∇ρv ∈ Res1,10 (ρ,0). This is equivalent to ιX(w−d∇ρv) = 0 and

thus to LXρv = ιXw. This equation is solvable if one has

∀y ∈ Res∗,2,10 (ρ,0), hα(ιXw, y) = ∫
M
ιXw ⋅ y ∧ α = 0.

We use (4.4) and first consider y ∈ Ran(T )5. That is, we consider y = d∇ρ∗z for some

z ∈ Res∗,1,10 (ρ,0). Moreover, we have d∇ριXw = LXρw. In particular, using (2.12) gives

hα(ιXw, y) = hα(ιXw,d∇ρ∗z) = −hα(LXρw, z) = 0.
4D′E∗u

(M ;Eρ) denotes the set of u ∈ D′(M ;Eρ) such that WF(u) ⊂ E∗u.
5More precisely, we apply the previous results to the adjoint representation ρ∗.
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Next, we consider y ∈ (ρ∗)π1(M)dα. Write y = vdα with v ∈ (ρ∗)π1(M). We compute

hα(ιXw, vdα) = ∫
M
⟨w(X), v⟩Eρ×Eρ∗dα ∧ α = ∫

M
dα ∧ ⟨w(⋅), v⟩Eρ×Eρ∗

= ∫
M
α ∧ ⟨d∇ρw(⋅, ⋅), v⟩Eρ×Eρ∗ = 0.

This shows that S is surjective. To conclude the proof of the Lemma, we apply the rank-

nullity theorem to the map S and to d∇ρ ∶ Res0,10 (ρ,0) → Res1,10 (ρ,0) to obtain

dimkerT = dimH1(M,ρ) + dim(d∇ρ(Res0,10 (ρ,0)))

= dimH1(M,ρ) + dim(Res0,10 (ρ,0)) − dim(ker(d∇ρ))

= dimH1(M,ρ) + dim(Res0,10 (ρ,0)) − dim(ρπ1(M)). □

Combining (4.2) and (4.5), we deduce

dimRes1,10 (ρ,0) − dimRes0,10 (ρ,0) − dimRes2,10 (ρ,0) = dimH1(M,ρ) − 2dim(ρπ1(M)).

From Lemma 2.1, we deduce that m(g, ρ) = dim(ρ)(2G − 2) in Case 1 and m(g, ρ) = 0 in

Case 2. This concludes the proof of the proposition. □

Remark 4.4. Below is a slightly different argument for Proposition 4.1, following an (un-

published) note of Dyatlov and Zworski (see also Dang–Rivière [DR20]). Suppose, as before,

that there are no Jordan blocks, i.e., Resk,∞0 (ρ,0) = Res
k,1
0 (ρ,0) for k = 0,1,2. We can define

a complex by

d∇ρ ∶ Ck0 → Ck+10 , Ck0 = Res
k,1
0 (ρ,0).

We can also consider the following complex

d∇ρ ∶ Ck → Ck+1, Ck ∶= {u ∈ D′E∗u(M,E k
ρ ) ∶ LXρu = 0}, k = 0,1,2,3. (4.7)

We claim this complex is homotopic equivalent to the de Rham complex D′E∗u(M,E k
ρ ). The

chain maps between them are the inclusion Jk ∶ Ck ↪ D′E∗u(M,E k
ρ ) and the spectral projection

Πk at 0. Recall that one has the following Laurent expansion near z = 0 (we are using the

semisimplicity here):

(LXρ − z)−1 =Hk(z) −
Πk

z
∶ D′E∗u(M,E k

ρ ) → D′E∗u(M,E k
ρ ),

where Hk(z) is holomorphic in z. Moreover, it is direct to check that

Idk − JkΠk = LXρHk(0) = ιXHk(0)d∇ρ + d∇ριXHk(0).

This gives an explicit homotopy equivalence between C● and the de Rham complex D′E∗u(M,E k
ρ ).

For k = 0,1,2,3, we have the short exact sequence:

0→ Ck0 → Ck → Ck−10 → 0
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where the second map is πk = (−1)kιX . Let Hk be the k-th cohomology group of C and Hk
0

be the k-th cohomology group of C0. We get the following long exact sequence:

Hk−2
0 →Hk

0 →Hk →Hk−1
0 →Hk+1

0 →Hk+1 →Hk
0 →Hk+2

0 .

For k = 0, this becomes

0→H0
0 →H0 → 0→H1

0 →H1 →H0
0 →H2

0

where the last map is [u] ↦ [udα]. The first part of the exact sequence implies

H0
0 ≅ H0, H1

0 ≅ ker(π∗1 ∶ H1 →H0
0). (4.8)

From the rank-nullity theorem and the fact that the complex from (4.7) is homotopic equiv-

alent to the de Rham complex, we obtain

dimH1
0 = dimker(π∗1 ∶ H1 →H0

0) = dimH1(M,ρ) − dimRan(π∗1 ∶ H1 →H0
0).

From (1.4), we obtain

m(g, ρ) = dimC10 − dimC00 − dimC20 = dimH1
0 − dimH0

0 − dimH2
0,

where we use that the Euler characteristic of the complex C● is the same as its cohomology.

If we can show the map [u] ↦ [udα] ∶ H0
0 →H2

0 is bijective, then the exact sequence (4.8)

gives Ran(π∗1 ∶ H1 →H0
0) = 0, and hence

m(g, ρ) = H1
0 − 2dimH0

0 = dimH1(M,ρ) − 2dimH0(M,ρ).

But the bijectivity follows from (4.4).

We record for later use the following consequence of the proof of Lemma 4.3.

Lemma 4.5. Let (Σ, g) be a closed Anosov surface of genus G ≥ 2 with a representation

ρ ∈ Hom(π1(M),GLr(C)). Assume that Res0,10 (ρ,0) = 0 and Res2,10 (ρ,0) = 0. Then

m(g, ρ) ≥ dim(H1(M,ρ)).

Moreover, one has m(g, ρ) = dim(H1(M,ρ)) if and only if there is no Jordan block at zero

for k = 1. Finally, the set of ρ ∈ V for which

dim(Resk,∞0 (ρ,0)) = 0, k = 0,2, dim(Res1,∞0 (ρ,0)) = dim(Res
1,1
0 (ρ,0)) = dim(H1(M,ρ))

(4.9)

is an open subset of the set V defined in Proposition 2.2.

Proof. Since Res2,∞0 (ρ,0) = 0, the mapping

T ∶ Res1,10 (ρ,0) → Res2,10 (ρ,0), u↦ d∇ρu
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from (4.1) is equal to 0. In particular, one can define the mapping S from (4.6) for any

u ∈ Res1,10 (ρ,0). The first part of the proof of Lemma 4.3 shows that S is injective since

Res0,10 (ρ,0) = 0. The second part of the proof still shows that S is surjective since there are

no obstructions to solving LXρ(v) = ιXw. In particular, using (1.9) and Lemma 2.1 gives

m(g, ρ) = dim(Res1,∞0 (ρ,0)) ≥ dim(Res
1,1
0 (ρ,0)) = dim(H1(M,ρ)), (4.10)

with equality if and only if Res1,10 (ρ,0) = Res1,∞0 (ρ,0). For the last claim, notice that

by Proposition 3.2 the mapping ρ ↦ dim(Resk,∞0 (ρ,0)) = dim(ker(LXρΠ̃k
ρ(λ0))) for any

k = 0,1,2 is upper semi-continuous. In particular, the conditions dim(Resk,∞0 (ρ,0)) = 0 for

k = 0,2 are open. Let ρ0 ∈ V be a representation satisfying (4.9). For a close representation

ρ ∈ V , we have

dim(H1(M,ρ0)) = dim(Res1,∞0 (ρ0,0)) ≥ dim(Res
1,∞
0 (ρ,0))

≥ dim(Res1,10 (ρ,0)) = dim(H1(M,ρ)).

By Lemma 2.1, one has dim(H1(M,ρ0)) = dim(H1(M,ρ)) for any close ρ in V . This means

that the inequalities are in fact equalities and concludes the proof. □

To conclude this section, we compute the dimensions of the spaces of the generalized

resonant states at zero for a unitary representation using Proposition 4.1 and [DZ17, Lemma

2.3]. We note that in the case where ρ factors through π1(Σ), this was obtained by Cekić

and Paternain in [CP20, Corollary 1.9]. We provide a proof for a general representation ρ

of π1(M) for completeness.

Proposition 4.6. Let (Σ, g) be an Anosov surface and let ρ be a unitary representation of

π1(M) such that

(1) either π factors through π1(Σ) with no trivial factors, i.e., ρπ1(M) = 0;
(2) or π does not factor through π1(Σ) and is irreducible.

Then

dim(Resk,∞0 (ρ,0)) = 0, k = 0,2, dim(Res1,∞0 (ρ,0)) = dim(Res
1,1
0 (ρ,0)) = dim(H1(M,ρ)).

Proof. Suppose that k = 0 to start. Since ρ is unitary, LXρ acting on L2(M,E0ρ,0) is skew-
adjoint. In particular, we can use [DZ17, Lemma 2.3] to deduce that any u ∈ Res0,10 (ρ,0) is
smooth. For any x ∈M and v ∈ TxM ⊗ Eρ, since etLXu = u, we have

⟨d∇ρu(x), v⟩ = ⟨d∇ρu(etXx), etLXρv⟩.

In particular, if v ∈ Es(x)⊗Eρ, since d∇ρu(etXx) is bounded, this gives ⟨d∇ρu(etXx), etLXρv⟩ →
0 when t→ +∞. We have a similar argument for the unstable bundle and this implies that
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d∇ρu(x) = φα for some φ ∈ C∞(M ;Eρ). Since

0 = α ∧ d∇ρ(φα)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
d∇ρd∇ρu=0

= φα ∧ dα,

this implies φ = 0 and thus d∇ρu = 0. Lemma 2.1 implies H0(M,ρ) = 0 which gives u ≡ 0.
This also implies that Res2,10 (ρ,0) = 0 since u↦ udα is an isomorphism from Res0,10 (ρ,0) to
Res2,10 (ρ,0).

We now let k = 1 and show that there are no Jordan block at zero, which will finish

the proof of the proposition using Lemma 4.5. Suppose that u ∈ Res1,20 (ρ,0), that is

u ∈ D′E∗u(M,E 1
ρ,0) satisfying ιXu = 0 and LXρu = ιXd∇ρu =∶ v ∈ Res1,10 (ρ,0). We first notice

that α ∧ d∇ρu = a(α ∧ dα) for some a ∈ D′E∗u(M ;Eρ). But since [LXρ , d∇ρ] = 0, we obtain

LXρ(a)(α ∧ dα) = LXρ(α ∧ d∇ρu) = LXα
±
=0

∧d∇ρu + α ∧ LXρd∇ρu = α ∧ d∇ρv = 0,

where we used that d∇ρv ∈ Res2,10 (ρ,0) = 0. In particular, this gives a ∈ Res0,10 (ρ,0) = 0 and

thus α ∧ d∇ρu = 0. We deduce that d∇ρu = α ∧ v and from [DZ17, Lemma 2.1], there is

φ ∈ D′E∗u(M,Eρ), w ∈ C∞(M ;E 1
ρ,0), v = w + d∇ρφ, d∇ρw = 0.

Since ιXv = 0, we obtain LXρ(φ) = −ιXw and thus

0 = ∫
M
d∇ρu ∧ w̄ = Re∫

M
d∇ρu ∧ w̄ = Re∫

M
α ∧ v ∧ w̄ = Re∫

M
α ∧ d∇ρφ ∧ w̄

= Re∫
M
φw̄ ∧ dα = −Re⟨LXρ(φ), φ⟩.

We can now finish the proof as in [DZ17, Lemma 3.5] and use [DZ17, Lemma 2.3] to

conclude that φ ∈ C∞(M ;Eρ) and thus v ∈ C∞(M ;E 1
ρ,0). This readily implies v = 0 by the

same argument as for k = 0. In other words, we showed that LXρu = 0 for any generalized

resonant states at zero, i.e., that there is no Jordan block at zero for k = 1 and this concludes

the proof. □

5. Proof or Theorem 2

In this section, we prove Theorem 2.

Proof. We fix j = 1, . . . , r(2G − 2) and ρ, ρ0 ∈ Vj ⊆ Hom(π1(M),GLr(C)) with ρ0 unitary

and nontrivial. From Proposition 2.2, we can consider an analytic path ρ ∶ [0,1] → Vj such
that ρ(0) = ρ0 and ρ(1) = ρ. Fix t ∈ [0,1] and apply Proposition 3.2 to ρ(t). There is a

neighborhood Ut of ρ(t) such that the mapping

Ut ∋ τ ↦M0
t (τ) ∶= Π̃0

τ(0)L̃Xτ Π̃0
τ(0),
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is an analytic family of finite rank operators. As a consequence, we deduce that the set

{τ ∈ Ut ∣ det(M0
t (τ)) = 0} is either equal to Ut or has complex codimension ≥ 1. Remark

that det(M0
t (τ)) = 0 if and only if 0 ∈ Res0(τ). Let

I ∶= {t ∈ [0,1] ∣ {τ ∈ Ut ∣ det(M0
t (τ)) = 0} ≠ Ut}.

From Proposition 4.6, we see that 0 ∈ I. Moreover, it is clear from the definition of I

that it is open. Suppose now that s0 ∉ I, i.e., det(Ms0(τ)) = 0 for any τ ∈ Us0 . Then
for any s ∈ Us0 , we have det(Ms0(τ)) = 0 for any τ ∈ Us ∩ Us0 , since the vanishing of the

determinant is equivalent to the fact that 0 is a resonance and hence does not depend on

the representation ρ(s) we fixed to apply Proposition 3.2. Since the determinant vanishes

on an open subset of Us, it cannot vanish on a subset of codimension ≥ 1 and we deduce

that s ∈ I. This in turns imply that [0,1] ∖ I is open. In particular, I = [0,1] since [0,1] is
connected. In total, since resonant 0-forms and 2-forms can be identified, we have obtained

the following.

Proposition 5.1. Let (Σ, g) be a closed Anosov surface and let ρ ∈ Vj. Then there is a

neighborhood Uρ of ρ in Vj and a complex codimension ≥ 1 Zariski closed Zρ ⊂ Uρ such that

∀τ ∈ Uρ ∖ Zρ, dim(Resk,10 (τ,0)) = 0, k = 0,2.

We now study resonant states for k = 1. Similarly, we fix t ∈ [0,1] and define an analytic

family of finite rank operators by

Ut ∋ τ ↦M1
t (τ) ∶= Π̃1

τ(0)L̃Xτ Π̃1
τ(0),

For a matrix A ∈Mn×n(R), denote by λ1, . . . , λn ∈ C its eigenvalues counted with algebraic

multiplicity. For some 0 ≤ k ≤ n, let

Pk(A) ∶= ∑
i1<i2<...<ik

λi1λi2 . . . λik .

Lemma 5.2. One has min{J ∣ Pk(A) = 0, ∀k > J} = n−mult0(A), where mult0(A) denotes
the algebraic multiplicity of 0 as an eigenvalue of M .

Proof. Let J = n −mult0(A) and up to reordering, let λ1 = . . . = λJ denote the non-zero

eigenvalues. Then

PJ(A) =
J

∏
i=1

λi ≠ 0.

Moreover, if k > J , then any product in Pk(A) contains a zero and thus vanishes. □

Note that by Newton’s inversion formulas and since τ ↦ tr(M1
t (τ)ℓ) is analytic for any

ℓ, we obtain that τ ↦ Pℓ(M1
t (τ)) is analytic. This in turn implies that the set {τ ∈ Ut ∣

mult0(M1
t (τ)) ≥ r(2G − 2) + 1} is Zariski closed and by the same argument as before, we



24 TRISTAN HUMBERT AND ZHONGKAI TAO

deduce that {τ ∈ Ut ∣ mult0(M1
t (τ)) ≥ r(2G − 2) + 1} has complex codimension ≥ 1 for any

t ∈ [0,1]. Recall that
mult0(M1

t (τ)) = dim(Res
1,∞
0 (τ,0)).

Moreover, Proposition 5.1 and Lemma 4.5 imply dim(Res1,∞0 (τ,0)) ≥ r(2G−2) with equality

if and only if there is no Jordan block for k = 1. In total, we have shown the following result.

Proposition 5.3. Let (Σ, g) be a closed Anosov surface and let ρ ∈ Vj. Then there is a

neighborhood U ′ρ of ρ in Vj and a codimension ≥ 1 Zariski closed subset Z ′ρ ⊂ U ′ρ such that

∀τ ∈ U ′ρ ∖ Z ′ρ, dim(Res1,∞0 (τ,0)) = dim(Res
1,1
0 (τ,0)) = dim(H1(M,τ)).

We can now deduce Theorem 2 from Propositions 5.1 and 5.3. For j = 1, . . . , r(2G − 2),
define Ug,j ⊂ Vj by

Ug,j ∶= ⋃
ρ∈Vj

(Uρ ∖ Zρ) ∩ ⋃
ρ∈Vj

(U ′ρ ∖ Z ′ρ).

The subset Ug,j is open in Vj since all Uρ ∖ Zρ and U ′ρ ∖ Z ′ρ are open. Its complement has

complex codimension ≥ 1. Moreover, if ρ ∈ Ug,j, then there exists ρ1 and ρ2 in Vj such that

ρ ∈ Uρ1 ∖ Zρ1 and ρ ∈ U ′ρ2 ∖ Z ′ρ2 . By Propositions 5.1 and 5.3, this implies that

dim(Resk,∞0 (ρ,0)) = 0, k = 0,2,

dim(Res1,∞0 (ρ,0)) = dim(Res
1,1
0 (ρ,0)) = dim(H1(M,ρ)).

Theorem 2 then follows from Lemma 2.1 by taking Ug ∶= ∪r(2G−2)j=1 Ug,j. □

5.1. Proof of Corollary 1.1.

Proof. We first remark that the Reidemeister–Turaev torsion (see [BFS23, Theorem 2.3.1])

τegeod,o(ρ) = det(Id − ρ(c))2G−2

is a constant in Vj since ρ(c) = e2πij/(r(2G−2)), see Proposition 2.2.

Let (Σ, g) be a closed negatively curved surface and let ρ ∈ Ug be a representation which

does not factor through π1(Σ). Let j ≠ 0 be the integer such that ρ ∈ Vj. Let g0 be the

hyperbolic metric of same volume which is conformal to g. Using the normalized Ricci flow,

it is easy to see that there exists a smooth family of negatively curved metrics g(t) such that

g(0) = g0 and g(1) = g. Indeed, the normalized Ricci flow starting from a negatively curved

metric on a surface is known to exists in positive time, to preserve negative curvature, the

volume and the conformal class of the metric. Finally, it is known to converge exponentially

fast to the unique hyperbolic metric of same volume in the conformal class of g, see [Ham88,

Theorem 3.3]. In particular, we can flow along the Ricci flow for a long time until we are

very close to g0, and since the space of negatively curved metrics is open, this shows the
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existence of the desired path. By [CD24, Theorem 5], the dynamical torsions of (g, ρ) and
(g0, ρ) are equal. Since Ug∩Vj and Ug0 ∩Vj both have complements of complex codimension

≥ 1 in Vj, we deduce that Ug0∩Ug∩Vj ≠ ∅. Let ρ0 be a representation in the intersection. By

connectedness of Vj, see Proposition 2.2, we can choose a smooth family of representations

ρ(t) ∈ Vj such that ρ(0) = ρ0 and ρ(1) = ρ. Note that this is a path of acyclic representations

by Lemma 2.1. By [CD24, Theorem 6], we deduce that the dynamical torsions of (g0, ρ)
and (g0, ρ0) are equal. Since ρ ∈ Ug and ρ0 ∈ Ug0 , Theorem 2 implies that 0 is not a resonance

for (g, ρ) or (g0, ρ0) and the dynamical torsion of (g, ρ) (resp. (g0, ρ0)) thus coincides with
ζg,ρ(0)−1 (resp. ζg0,ρ0(0)−1) up to a sign. By [BFS23, Theorem A], we conclude that

ζg,ρ(0)−1 = ±ζg0,ρ0(0)−1 = ±τegeod,o(ρ) = ±det(Id − ρ(c))2G−2. □

6. Proofs of Theorem 3 and 4

6.1. Proof of Theorem 3. In this subsection, we prove Theorem 3. The idea is to rewrite

the dynamical determinant ζ0,Ad (see (2.8)) in terms of the twisted Selberg zeta function.

The zeros of this zeta function were studied in [NS22].

Proof. Let ρ ∈ Hom(π1(M),GLr(C)). For s ∈ C such that Re(s) ≫ 1, the twisted Selberg

zeta function is equal to

Z(s, ρ) =
+∞

∏
k=0

∏
γ∈P

det(Id − ρ([γ])e−(s+k)ℓg(γ)) = exp(−
+∞

∑
k=0

∑
γ∈P

+∞

∑
j=1

1

j
tr(ρ([γ])j)e−(s+k)jℓg(γ)) .

(6.1)

Since (Σ, g) is hyperbolic, one can compute explicitly the determinant of the Poincaré map:

∀γ ∈ P, ∀j ≥ 1, ∣det(Id − Pγj)∣−1 = (ejℓg(γ) − 1)−1(1 − e−jℓg(γ))−1 = e−ℓg(γ) 1

(1 − e−jℓg(γ))2

= e−ℓg(γ)
+∞

∑
k=0

(k + 1)e−kℓg(γ) =
+∞

∑
k=0

(k + 1)e−(k+1)ℓg(γ).

In particular, we obtain from (2.8) that

ζ0,ρ(s) = exp(− ∑
γ∈P

+∞

∑
j=1

1

j
tr(ρ([γ])j)

+∞

∑
k=0

(k + 1)e−(k+1+s)ℓg(γ)) .

Exchanging the order of summation and using (6.1) gives for s ∈ C such that Re(s) ≫ 1,

ζ0,ρ(s) =
+∞

∏
k=1

Z(s + k, ρ).
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The relation extends to s ∈ C using the meromorphic extensions of ζ0(s, ρ) and Z(s, ρ).
The Selberg zeta function for ρ = Ad was studied in [NS22]. In particular, one has

Z(s,Ad) = Z(s − 1)Z(s)Z(s + 1),

where Z(s) is the (untwisted) Selberg zeta function of (Σ, g), see [NS22, §3.1]. In total, we

have obtained

ζ(s,Ad) = Z(s)Z(s + 1)2
+∞

∏
k=2

Z(s + k)3. (6.2)

Now, Z(s) does not vanish in {s ∈ C ∣ Re(s) > 1} and vanishes at s = 0 to order 1+(2G−2)
and at s = 1 to order 1. Since the algebraic multiplicity of 0 as a Pollicott–Ruelle resonance

is equal to the multiplicity of 0 as a zero of ζ0(s,Ad), we conclude that

dim(Res0,∞0 (Ad)) = 1 + (2G − 2) + 2 = 2G + 1.

We can use (1.9) and [FS23, Corollary C] to obtain

dim(Res1,∞0 (Ad,0)) = 3(2G − 2) + 2(2G + 1) = 10G − 4.

This concludes the proof of Theorem 3. □

6.2. Proof of Theorem 4. In this subsection, we show Theorem 4.

Proof. Let (Σ, g) be a closed hyperbolic surface. Let π ∶ SL2(R) → PSL2(R) be the projec-
tion. Let us consider

Γ ∶= π1(Σ) ⊂ PSL2(R), Γ̃ = π−1(Γ) ⊂ SL2(R).

Note that Γ̃ acts by left multiplication on C2, so we can define

Ẽ ∶= SL2(R) ×C2/ ∼, (x, v) ∼ (γ̃ ⋅ x, γ̃v), ∀γ̃ ∈ Γ̃, ∀x ∈ SL2(R), ∀v ∈ C2.

This is a rank-2 vector bundle over Γ̃/SL2(R) ≅ Γ/PSL2(R) =M . The trivial connection on

SL2(R)×C2 descends to a flat connection on Ẽ . We can define the associated representation

τ ∶ π1(M) → GL2(C) by setting, for any [γ] ∈ π1(M), τ([γ]) to be the parallel transport for

the flat connection along γ, a representative of [γ]. Since the connection is flat, this does

not depend on the choice of γ. Since Γ̃ is Zariski dense in SL2(R) and the left multiplication

of SL2(R) on C2 is irreducible, we know τ is irreducible.

Lemma 6.1. The representation τ does not factor through π1(Σ).

Proof. Let (x, v) ∈ M and define sx,v ∶ [0,2π] → SxΣ such that sx,v(θ) ∶= (x,Rθv) where
Rθ = cos(θ) + sin(θ)J is the rotation in the circle fiber defined by the complex structure J.

The curve sx,v is closed, generates π1(S1) ≅ Z and π∗sx,v = 0. Hence, τ factors through π1(Σ)
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if and only if τ([sx,v]) = Id, see §2.1.2. The rotation Rθ in the identification SH2 ≅ PSL2(R)
is given by the multiplication by

R(θ) ∶= ( cos(θ/2) sin(θ/2)
− sin(θ/2) cos(θ/2)) .

Note that R(2π) = −Id is trivial in PSL2(R) but not in SL2(R). In particular, the lift s̃x,v of

sx,v to SL2(R) connects Id to −Id. Since the Γ̃-action defining Ẽ is the left multiplication,

we deduce that τ([sx,v]) acts as −Id on C2, which shows that τ does not factor through

π1(Σ). □

A section s ∈ C∞(M ; Ẽ) identifies with a function s ∈ C∞(SL2(R),C2) which is Γ̃-

equivariant, that is

∀x ∈ SL2(R), ∀γ̃ ∈ Γ̃, f(γ̃ ⋅ x) = γ̃ ⋅ f(x).
We start by showing that Ẽ splits as the direct sum of two invariant trivial line bundles

Ẽ±. We define two sections s± ∈ C∞(M ; Ẽ) by defining s+(x) (resp. s−(x)) to be the first

column (resp. second column) of x ∈ SL2(R). We check the equivariance property:

∀γ̃ ∈ Γ̃, ∀x ∈ SL2(R), s±(γ̃ ⋅ x) = γ̃ ⋅ s±(x),

by the basic rules of matrix multiplication. Recall that in the identification SH2 ≅ PSL2(R),
the action of the geodesic flow is given by

∀t ∈ R, ∀[x] ∈ PSL2(R) φg
t ([x]) = [x] ⋅ (

et/2 0

0 e−t/2
) ,

which lifts to SL2(R) to the right multiplication by diag(et/2, e−t/2). Define Ẽ± ∶= span(s±).
Then Ẽ± are trivial bundles which are invariant by the geodesic flow:

∀t ∈ R, ∀x ∈ SL2(R), s±(φg
t (x)) = e±t/2s±(x). (6.3)

See f ∈ C∞(M ; Ẽ) as an equivariant function in C∞(SL2(R),C2). Let f± ∈ C∞(SL2(R),C)
be two functions such that

∀x ∈ SL2(R), ∀γ̃ ∈ Γ̃, f(x) = f+(x)s+(x) + f−(x)s−(x), f±(γ̃(x)) = f±(x).

Note that the invariance condition on f± shows that they actually define functions on M .

Then for any t ∈ R, one has

f(φg
t (x)) = f+(φ

g
t (x))s+(φ

g
t (x)) + f−(φ

g
t (x))s−(φ

g
t (x))

= et/2f+(φg
t (x))s+(x) + e−t/2f−(φ

g
t (x))s−(x).

(6.4)

Differentiating (6.4) at t = 0, we find

LXτ (f)(x) = d

dt
f(φg

t (x))∣t=0 = (X + 1/2)f+(x)s+(x) + (X − 1/2)f−(x)s−(x). (6.5)
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In other words, the action of LXτ on 0-forms is the same as the (non-twisted) action of

X on functions (on M) shifted by ±1
2 . Therefore, to show that there is a Jordan block

for the action of LXτ at zero on 0-forms, it suffices to show that X has a Jordan block on

0-forms at −1
2 . We will use [GHW18] which describes the Jordan block structure of the

Pollicott–Ruelle resonances on 0-forms. The main result of this section is the following

proposition.

Proposition 6.2. Let (Σ, g) be a closed hyperbolic surface and let τ be the representation

of π1(M) constructed above. For k = 0,1,2, the Jordan block at zero is at most of order 2,

that is, Resk,∞0 (τ,0) = Res
k,2
0 (τ,0). Moreover, we have

dim(Resk,10 (τ,0)) = dim(ker(∆g − 1
4)), dim(Resk,∞0 (τ,0)) = 2dim(ker(∆g − 1

4)), k = 0,2,

dim(Res1,10 (τ,0)) = 2dim(ker(∆g − 1
4)), dim(Res1,∞0 (τ,0)) = 4dim(ker(∆g − 1

4)).
(6.6)

In particular, one has m(g, τ) = 0 and there is a non trivial Jordan block at zero for

k = 0,1,2 if and only if 1
4 ∈ Spec(∆g).

Proof. Let us start with k = 0. From (6.5), it is clear that

Res0,●0 (τ,0) ≅ Res
0,●
0 (X, 12) ⊕Res0,●0 (X,−1

2), ● ∈ N ∪ {+∞}.

The Pollicott–Ruelle spectrum of X lies in the half plane {Re(λ) ≤ 0} so the first term is

equal to {0}. For the second term, we use [GHW18, Theorem 3.3, 2)] which gives that

the Jordan block at −1/2 is at most of order 2, that is, Res0,∞0 (X,−1
2) = Res0,20 (X,−1

2).
Moreover, if we denote by U− ∈ C∞(M ;TM) the unstable horocycle operator, we have

dim(Res0,10 (X,−1
2) ∩ ker(U−)) = dim(ker(∆g − 1

4)),

dim(Res0,∞0 (X,−1
2) ∩ ker(U−)) = 2dim(ker(∆g − 1

4)).

Note that since ∣−1
2 ∣ < 1, [GHW18, Proposition 1.3] implies that Res0,●0 (X,−1

2) = Res
0,●
0 (X,−1

2)∩
ker(U−) for ● = 1,∞. In other words, all (generalized) resonant states at −1/2 are in the

first band. This readily implies (6.6) for k = 0. Since u ↦ u ∧ dα defines an isomorphism

Res0,∞0 (τ,0) → Res2,∞0 (τ,0) that preserves the Jordan block structure, we also deduce (6.6)

for k = 2.
Suppose now that k = 1. Since g is hyperbolic, Ω1

0 is trivialized by two smooth sections

β± which satisfy LXβ± = ±β±. These 1-forms are just the dual forms to the stable and

unstable horocyclic vector fields. As a consequence, we deduce from (6.5) that for any
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● ∈ N ∪ {+∞},

Res1,●0 (τ,0) ≅ Res
0,●
0 (τ,1) ⊕Res0,●0 (τ,−1)

≅ Res0,●0 (X, 32) ⊕Res0,●0 (X, 12) ⊕Res0,●0 (X,−1
2) ⊕Res0,●0 (X,−3

2)

= Res0,●0 (X,−1
2) ⊕Res0,●0 (X,−3

2),

where we used again that the Pollicott–Ruelle resonances have non-positive real part.

From the first part of the proof, we know that the term Res0,10 (X,−1
2) contributes to

a dim(ker(∆g − 1
4))-dimensional space of resonant states and to a 2dim(ker(∆g − 1

4))-
dimensional space of generalized resonant states. Moreover, the Jordan block is of order at

most 2. We now investigate the contribution of Res0,10 (X,−3
2). From [GHW18, Proposition

1.3], we have

Res0,∞0 (X,−3
2) = (Res

0,∞
0 (X,−3

2) ∩ ker(U−)) ⊕U+ (Res0,∞0 (X,−1
2) ∩ ker(U−)) ,

where U+ ∈ C∞(M ;TM) denotes the stable horocycle operator. Note that the map

U+ ∶ Res0,∞0 (X,−1
2) ∩ ker(U−) → Res0,∞0 (X,−3

2) is injective by [GHW18, Proposition 1.3]

since −3
2 ∉ Z. Moreover, it preserves the Jordan block structure. The second term

hence contributes to a dim(ker(∆g − 1
4))-dimensional space of resonant states and to a

2dim(ker(∆g − 1
4))-dimensional space of generalized resonant states. To conclude the proof

of the proposition, we only need to show that Res0,∞0 (X,−3
2) ∩ ker(U−) = {0}. We use

[GHW18, Theorem 3.3, 1)] which implies that Res0,∞0 (X,−3
2) ∩ ker(U−) is isomorphic to

ker(∆g + (−3
2)(1 −

3
2)) = ker(∆g + 3

4) = 0 since ∆g is a non-negative operator. □

We show that there exists examples of hyperbolic surfaces for which 1/4 is in the spectrum

of the Laplace operator of any genus G ≥ 2.

Proposition 6.3. Let G ≥ 2, then there exists a hyperbolic surface (Σ, g) of genus G for

which 1
4 ∈ Spec(∆g).

Proof. Let Σ be a closed surface of genus G ≥ 2. For a hyperbolic metric g on Σ, let λ1(g)
denote the first positive eigenvalue of ∆g. It is known that g ↦ λ1(g) is continuous when
g varies in the Teichmüller space, see for instance [BU83]. The Bolza surface is a genus

two hyperbolic surface for which λ1 ≅ 3.838887, see [SU17]. On the other hand, Buser’s

inequality implies that λ1(g) ≤ C(h(g) + h(g)2), where h(g) is the Cheeger constant of

g and C > 0 is a universal constant. Since there exists hyperbolic metrics on Σ with

arbitrarily small Cheeger constant, we deduce that λ1(g) can be made arbitrarily small in

the Teichmüller space. Therefore, there exists a hyperbolic manifold (Σ, g0) of genus 2 for

which λ1(g0) = 1
4 since the Teichmüller space is connected.
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Now, let π ∶ (N,h) → (M,g0) be a connected cover of (M,g0) of degree d ≥ 1. The

existence of such a cover is guaranteed since π1(Σ) has F2 (the free group with 2 generators)

as a quotient, which has a representation to Sd which is transitive on {1,2,⋯, d}. The Euler
characteristic of N is

χ(N) = dχ(M) = d(2 − 2 × 2) = −2d.

In particular, the genus GN of N is equal to GN = 1 − 1
2χ(N) = d + 1. Since

1
4 ∈ Spec(∆g0),

we deduce that 1
4 ∈ Spec(∆h) and this provides an example in any genus G ≥ 2. □

□
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