LECTURE NOTES ON BOGOVSKII TYPE OPERATORS AND FLEXIBILITY OF
THE EINSTEIN CONSTRAINT EQUATION

ZHONGKAI TAO

1. THE VACUUM EINSTEIN CONSTRAINT EQUATIONS

This is the note for the summer school at St Andrews in the July of 2026.

1.1. The vacuum constraints. The vacuum Einstein equation states
. 1 .
Ricg — §gtrg Ricg =0, (1.1)

where g is a Lorentzian metric on a d + 1-dimensional manifold, and Ricg is the Ricci curvature of g.

Let (M?,g) be a spacelike hypersurface of dimension d > 2 in a vacuum spacetime, and let k be its second
fundamental form. The Gauss and Codazzi equations imply

2H(g. k) = Ry + (try k)* — K2 = 0, (1.2)
M(g, k) = divg k — d(try k) = 0. (1.3)

Indeed, suppose Rg is the Riemann curvature tensor of g, and R, is the Riemann curvature tensor of g.
The Gauss equation states that

g(Rglei,ej)ej,e) = g(Ry(ei, e5)ej, ) — klei, e5)” + k(es, e0)k(ej, e5).

Summing in i, j, the left hand side becomes

Zg(Rg(ei7 ejlej,e;) = ZRicg(ej, ej) — Ricg(n,n) =0,
0,J J

while the right hand side becomes R, 4 (try k)* — |k|2. The Codazzi equation states that
g(Rg(eirej)ej n) = Ve k(ej, ej) — Ve k(ei, ;).

Summing in j, the left hand side becomes

> g(Rg(ei, €;)ej,n) = Ricg(ei,n) =0,
J

while the right hand side becomes d(try k) — divy k. The fundamental theorem of Choquet-Bruhat [§]
states that any (sufficiently regular) triple (M, g, k) solving (1.2)—(1.3) corresponds to a geometrically unique
spacetime with a metric solving (1.1) (see [3,13] for the uniqueness).

At each point, (g, k) contains d(d+1) scalar components, whereas (1.2)—(1.3) give only d+ 1 scalar equations.
The system is therefore underdetermined. The basic questions are:

e Can one build nontrivial vacuum data supported in a prescribed region?
e Can two solutions be glued in a prescribed region? What is the obstruction to glue two solutions?

e How fast may asymptotically flat vacuum data decay?
1
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1.2. Linearization at flat data. Let us linearize around the flat data (§,0) on RY. Write
g=10+g, k=k.

The first variation of scalar curvature at the Euclidean metric is

DRs(u) = 0;0;¢" — Atrsg. (1.4)
One quick derivation starts from

DU (9) = 3 (005" + 000" — 031,

then contracts DRic;; = akDI’fj — 8jDka. The terms involving k in the Hamiltonian constraint are qua-
dratic, so they do not appear in the linearization at k = 0.

For the momentum constraint,

DM((S’O) (g, k)j = alkij - (9j trg k. (1.5)
The metric perturbation ¢ does not occur at linear order because the background second fundamental form
vanishes.

We make the following change of variables to make the equations (1.4)—(1.5) in a simpler form:

hij = gij — 0ij — 0ij trs(gij — 6ij), iy = kiy — 0 trs k. (1.6)
Since trs h = —(d — 1) trs(g — J) and trsm = —(d — 1) trs k, the inverse transformation is
1 1
gij = 5ij +h” — 7d— 151] trg h, kij = Ti5 — 7d— 15” tI‘5 . (17)
Thus the linearized constraint operator becomes
P(h,m) = (Puh, Py) = (0;0;h", 9;77). (1.8)

The two components are called the double divergence and the symmetric divergence.

1.3. The nonlinear equations as a quadratic perturbation. In the variables (h, ), the constraint
equations (1.2)—(1.3) can be written as

P(h,7) = ®(h,m). (1.9)

Near (0,0), the nonlinear map has the schematic form
Dy (h,m) = MO (h)(h,9?h) + MY (h)(0h, 0h) + MP (h)(r,T), (1.10)
®r(h,m) = NO(h)(h,07) + N (h)(0h, ), (1.11)

where MO MM A2 NO N are smooth tensor-valued coefficient maps as long as g remains positive
definite. The notation means finite linear combinations of contractions with coefficients depending smoothly
on h. The important facts are

®(0,0) =0, D®(0,0) = 0. (1.12)

Consequently, in reasonable spaces we expect
@ (h, m)|ly < ClI(h, ™%, (1.13)
[@(h1, 1) = ®(ha,m2) |y < O(I[(ha, )|l x + || (hay m2)llx) || (7r = hay w1 — m2) || x- (1.14)

1.4. Formal adjoints and finite-dimensional obstructions. On a bounded domain, compactly sup-
ported solvability is constrained by the kernels of the formal adjoints.

For a scalar test function ¢,
/(&ajhij)@ dz = /hijaiajgo dz,
SO
P} = V3. (1.15)
On a connected Euclidean domain, V2¢ = 0 exactly when ¢ is affine:

o(z) = a+ bz’



Therefore a compactly supported solution of Pyh = f must satisfy
/fdx:(), /a:“fdx:O, a=1,...,d. (1.16)
For a 1-form w,

/(amij)wj dz = —/Tfijaiw]' dzx

1 ..
= —5 /ﬂ’”((’)iwj + 8jwi) dx.

Thus
1
Pj\}w = —5(81‘40]' + @wi). (117)
Its kernel is the space of Euclidean Killing fields. In dimension three it is spanned by the translations
€a = Uqg, a=1,2,3,

and rotations
Ya = Eaijxiaj, a = ]., 27 3.

Hence a compactly supported solution of Py;m = F must satisfy
/F-eadx:O, /F-Yad;z::O7 a=1,2,3. (1.18)

Together, (1.16) and (1.18) give ten conditions in d = 3. These are the linear ancestors of energy, linear
momentum, center of mass, and angular momentum.

1.5. Notations. Unless stated otherwise, indices are raised and lowered with the Euclidean metric 6. Re-
peated indices are summed. The construction of Bogovskii-type operators work in dimension d > 1 while
the discussion of constraint equations works in dimension d > 3. We specialize to d = 3 when discussing the
ten charges and annular gluing (although the same works in general dimensions).

For a symmetric tensor u, trsu = 6“u;;. Let B.(¢) :={z € R?: |z — ¢| < r} and B, := B,(0). We write
(z) = (1 + |z|?)V/2, A, = By, \ By, A, = By, \ B, /2.
A solid cone with vertex y, axis w € S9~1, and opening angle 6 is
Cyo(w) ={z €RY: L(z —y,w) < 0}.

When y = 0 we write Cy(w). For 0 < 6 < 7/2 this is a convex cone.

2. CONIC SOLUTION OPERATORS

In this section, we construct conic solution operators for the linearized constraint operator (1.8), which are
right inverses with controlled support of the Schwartz kernel in a conic region.

2.1. A right inverse for the divergence equation. Consider
Fix w € S?~!. The vector-valued distribution supported on the ray R, w and defined by
Tut) = [ wvtw)dt,  vecEE), (22)
0

satisfies 9;(T,)" = do. Indeed,

(T ¢) = - [ gl dt = o(0),
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The singular ray can be smoothed in the angular variables without losing its one-sided support. Choose
K € C(S41) with

/ K(w)dw = 1. (2.3)
Sd*l
Averaging (2.2) gives

xt - T
—, I:=—
|24’ 2|’

The kernel is homogeneous of degree 1 — d and is supported in the closed cone generated by supp k.

Ki(z) = k() O KL = 5. (2.4)

Ezercise 2.1. Check (2.4) directly.

This elementary construction contains three features:

(i) the right inverse is obtained by integrating along rays;
(ii) angular averaging gives a kernel smooth away from the origin;
(iii) choosing the angular density localizes the kernel in a prescribed cone.

2.2. The double divergence equation. Now we study the double divergence equation
9;0;h" = f. (2.5)
For k satisfying (2.3), set
K¥9(z) = r(Z)—
Notice that K, is homogeneous of degree 2 — d.

Proposition 2.2 (Conic fundamental solution for Pg). The distribution K, is a symmetric tensor, smooth
on R?\ {0}, and

0:0; K9 = 4. (2.7)

Its support is contained in the closed cone generated by supp k.

Proof. For p € C°(R?), polar coordinates give

(0,0;K7, p) :/ n(w)/ rw'w! (0;0;0)(rw) dr dw
§d-1 0

o g2
:/Sdiln(w)/o T%tp(rw)drdw.

Integration by parts twice, with compact support at infinity, yields

o 42
/0 rﬁcp(rw) dr = ¢(0).

The angular integral is one by (2.3). The support and homogeneity statements follow immediately from
(2.6). |

The factor r in the preceding proof explains the order of the operator: solving a double-divergence equation
gains two derivatives and produces a kernel of order —2.

2.3. The symmetric divergence equation. We next solve
o;mi* = F*, 7% = i, (2.8)
For a fixed v € R¢, define

. G plyk Lok bk g
Lf-;kv(x) — 9, H@)xz‘v +x|m|: vt
’ T
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Proposition 2.3 (Conic fundamental solution for Pys). The tensor L, ,, is symmetric in j, k, is homogeneous
of degree 1 — d, is smooth away from the origin, and satisfies

@Lf;’fv = (50vk. (210)

Its support is contained in the closed cone generated by supp k.

Proof. For a single direction w, let ¢, be the distribution

(bw, V) = /OOo t(tw) dt.

Then ijfajagqsw = §g. Put

Ik = gy (WwoF + wiwhvl — vfww?).
The last two terms cancel after applying d;, while the first gives §ov*. Averaging this identity over w against
x and changing to polar coordinates gives precisely (2.9). Symmetry and the remaining properties follow
from the formula. ]

For a vector F' = (F1,...,Fy), we use the standard basis e, and sum the corresponding kernels.

Definition 2.4 (Conic solution operator). Let Q be a convex cone and choose k satisfying (2.3) with
supp & C QN S? 1. Define

d
Se(f, F) == (Kn $f, ) L, * Fa> : (2.11)

a=1
It follows from (2.7) and (2.10) that
PS.(f,F) = (f.F). (2.12)
2.4. Support preservation and the outgoing property. Note that
supp(u * v) C suppu + suppv := {a+b: a € suppu, b € suppv}.
A convex cone is closed under addition. We therefore obtain the following;:
Corollary 2.5 (Conic support). If supp(f, F) C Q and § is the convex cone used in Definition 2./, then
supp S.(f, F) C Q.

The operator is outgoing in the following sense.

Definition 2.6 (Outgoing kernel). An integral kernel K (x,y) on a cone € is outgoing if there is Cq > 0
such that
K(z,y) #0 = [yl < Co(l + [z). (2.13)

Ezercise 2.7. Define the incoming integral kernel similar as Definition 2.6. If an operator is both outgoing
and incoming, we say it is diagonal.

Lemma 2.8 (Conic convolution is outgoing). Let Q@ = Cyp(w) with 0 < 6 < 7/2. The kernel K(xz —y) is

outgoing on 2.

Proof. If z,y € Qand x —y € Q, ¢/, then (xr—y)-w > 0. If |y|/|x| were arbitrarily large, then (z—y)/|z — y
would approach —y/|y|, whose scalar product with w is negative, contradicting z — y € €, ¢. Compactness
gives a uniform constant Cgq. ]

Exzercise 2.9. Prove Lemma 2.8 with explicit Coq,.
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2.5. Weighted Sobolev spaces. For an integer m > 0, define
lullfr == D @)% 72 za)- (2.14)
loe| <m
For s € R, we define H; using complex interpolation and duality.
For § € R set
6 —S 178 o 5
Hy = () Hy, ullges = (1) ull g (2.15)
For integer m, the norm is equivalent to
S @)oo (2.16)
|a|]<m
Each derivative is accompanied by one extra power of (x).

For an open subset 2 C R%, let Hg’é(Q) be the closure of C$°(Q2) in the H{j’é norm. When €2 is the closure
of an open set with Lipschitz boundary, we use the same notation.

For u = (r)~7, we have

oo
d
(ry™7 e ng,& = / A R T — 5 + 0. (2.17)
1

In d = 3, the weights 6 = —1/2 and § = 1/2 correspond respectively to the decay rate =1 and 2.
Ezercise 2.10. Let y € C°°(R?) vanish on B; and equal one outside Bs. For «,q € R, set

u(@) = x(z)|z| 77 (log(2 + [z[) .

For an integer m > 0 and d € R: determine when u € H{)n"s.

Let {x;};>0 be a dyadic partition of unity, with x; supported where r ~ 27, and let ¢;(z) = 27z. Then we
have the dyadic decomposition:

i (& *
lull2s = 37 25642 5 () 3y (218)
Jj=0
This reduces weighted estimates to ordinary Sobolev estimates on a dyadic annuli.

Ezercise 2.11. Use (2.18) to show that

(i) If s > d/2, then
z) > ull oo S Ml s (2.19)

(ii) For s1 + s2 > 0, we have

min(sy, $2), max(sy, s2) > d/2,

s1+ 82 —d/2, max(sq,s2) < d/2. (2.20)

HUUHHSO.61+62+d/2 ,S ||UHH51,61 ||UHHS2‘52’ S0 = {

The natural solution space for the constraints is
X0 = HY(RY Sym?) x H VO HH(RY; Sym?). (2.21)

The second fundamental form is assigned one extra power of decay and one fewer derivative.

2.6. Weighted estimates for homogeneous kernels. The conic kernels have nice mapping properties
between weighted Sobolev spaces.

Theorem 2.12 (Homogeneous convolution estimate). Let K € C®(R?\ {0}) N D'(R?) be homogeneous of

degree k — d, with 0 < k < d. If

d d
——<dé< -k 2.22
5 <0<5—k (2.22)

then convolution extends to a bounded map

Kt HE7P0MF o oo, (2.23)
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If the kernel is outgoing on a cone, the lower bound in (2.22) is not needed for the outgoing part; if it is
incoming, the upper bound is not needed for the incoming part.

Proof. Split the Schwartz kernel K (z — y) into three regions:
Kdiag + Kout + Kirn
where |z| ~ |y, |x| > (1 + ¢)|y|, and |z| < (1 — ¢)|y|, respectively.

On the diagonal region, rescale each dyadic annulus to unit size. Homogeneity gives a factor 27(*=4) and
standard pseudodifferential estimates show that the localized operator has order —k.

On the outgoing region, the off-diagonal kernel is smooth and satisfies
02y ot (@, )] S (14 [o] + )71,
This implies that

KB out g g a s mrds ayy) S 2/ (k- d(O+d/DI=(0=d/2H)]" = glo=d/2BU=T1), (2.24)

In the outgoing region we have j > j’, this sum converges when 6 < d/2 — k. On the incoming region we
have
5 5— i’ s j—5' .
1Koz wstb ) ies g,y S 2 BT D2CTYDITOAZRT = g@HIDEZI i< gt (2.25)
The convergence requires § > —d/2. Combining the three pieces gives (2.23). a
For K, we take k = 2; for L, , we take £ = 1. Both components of the constraint source can be placed in

the same space:

Corollary 2.13 (Mapping property of S.). For every § < % —2and s €R,

Se H§_2’5+2(Q;R o RY) — Hg’é(Q; Sym?) x H§_1’5+1(Q; Sym?) (2.26)
is bounded.
The endpoint is sharp: for generic compactly supported f, K, * f has a leading term of size 2=, and this
s,d/2— 2

power lies just outside H’

Ezercise 2.14. A function is called polyhomogeneous if it has the asymptotic expansion (as well as all the
derivatives)

Zu] D)rI(logr)t, r— oo,

where j lies in a discrete index set and ¢ E N. Prove that S. maps polyhomogeneous functions to polyho-
mogeneous functions.

2.7. Linearized solutions. To construct solutions to the constraint equation (1.9) we need linearized so-
lutions (hg, mo) € ker P.
Lemma 2.15. For ¢ € C°(RY) define

02020 —0102¢ 0

T($)ij = | —0102¢0 010190 0]. (2.27)
0 0 0
Then
0T ()" =0. (2.28)

Consequently (T (¢),0) and (0, T (¢)) both lie in ker P.

FEzxercise 2.16. Check that this linearized solution has nontrivial linearized Riemannian curvature when d > 3.
Thus it will lead to a nontrivial metric instead of just a gauge change:

1 ) ) ) )
(DR)jjke = §(Bi<9kgﬂ + 0;0egix — 0i0edjk — 0jOkgir) # 0.
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3. BOGOVSKII TYPE OPERATORS

For the gluing problem, we need to solve (1.8) in a compact region. We adapt the Bogovskii operators from
fluid mechanics to more general settings.

3.1. The annular correction problem. Suppose two initial data are prescribed near an inner and an
outer annulus. A cutoff interpolation agrees with the desired data at both ends, but the derivatives of the
cutoff create error in the transition annulus. The correction problem is therefore:

Given (f, F) supported in an annulus, find symmetric tensors (h, 7) supported in the same
annulus such that
&@-h” = f, ai’ﬂ'” = Fj.

By (1.16)—(1.18), this is possible only when (f, F') is orthogonal to the ten-dimensional cokernel. Unlike the
conic case, the cokernel is unavoidable because both the source and the output are required to have compact
support.

3.2. The scalar Bogovskii-type operator on a star-shaped set. Let O C R?® be star-shaped with
respect to a ball B € Q: for every z € Q and y € B, the segment [z,y] lies in Q. Choose n € C°(B) with

Jn=1. For z =z —y, define
g Zizd [ z
\IﬂnJ(z + y,y) = 7|z|3 /l n (T|Z| + y) 7"2 dr, (31)

and
(S0 = [ @i (32)

The radial integral searches along the ray beginning at y and passing through z. It is nonzero only when
that ray eventually meets B.

Lemma 3.1. In the z variable,

02109 (2 + y,y) = 8o(2) — 4n(z +y) — 2°9an(z +y). (3.3)
Integrating (3.3) with f(y) gives
0.0,(S,1)(2) = £(a) = (1) + Bu(a"n(a))) [ ) dy + Bun(e) [ " F(o) . (3.4)
Proposition 3.2. If f € C(Q) satisfies

/f—O /y“f(y)dyzO, a=1,23, (3.5)

then

9;0;(Spf)? = f,  suppS,f C Q.
Moreover, S, is a classical pseudodifferential operator of order —2. In particular, for every s € R, let H5(S)
be the closure of C2°(2) in H*(R3),

1Suf s S Uflgs2r |

(S D Flltg S 15 g2 (3.6)

Proof. If the integrand in (3.1) is nonzero, there is an r > |a: — y| such that

—y+r € B.
|z yl

The point z lies on the segment from y to y;. Since y € €, y; € B, and {2 is star-shaped with respect to B,
it follows that = € 2. To show that S;, is a pseudodifferential operator, we define

a(y,§) = /X(Z)‘Ifn(z +y,y)e " idz (3.7)



so that )
V(oo —1) = gy [ ol e
We divide a(y, &) := > a;(y, &) where the integral is on the dyadic annulus |z| ~ 277, Since
10500, (2 +y,y)| S 271717

We conclude that
|a§za§ﬁaj(y7£)| < min(g*j(\ﬁ\JrQ)’ 2]’|5'\|£|f(\3\+2+|ﬁ/\))'

Thus we conclude that
105 0Z aly, €)| < ¢~ 1PH+2),

3.3. The symmetric-divergence Bogovskii operator. Define

3 1 o0 o o
(U),(z+y,y) = 3 (/ n (7"; +y> r? dr> \z|*3(215i +9;.27)
|2|
1 Oo < 2 —3,mis] i j
—|—§8zm 7 TM—Fy redr | 2|72 (200, + 05.27)
|2|
— O,k [(/ n (T; +y) r2 d’r) |Z|_3zizj‘| ,
||

(T, F)" (x) = / ()94 (1) F* () dy.

and

The output is symmetric in i, j.

Lemma 3.3. We have

3 . 1 1.
0,:(U) k(2 + y,y) = do(2)0;, — 2n(z + y)o], — izeazm(z + ), + 52-782kn(z +v).

Proposition 3.4. If F € C°(Q;R3) obeys
/F'eadx:O, /F~Yadx:O, a=1,2,3,

then - _
0;i(T,,F)" = F7, supp T, F' C Q.
The operator has order —1 and for all s € R,
HTnF”Hg(Q) S HF”HS’I(Q)’ H[Tnaaa]F”Hg(Q) S ||F||Hg*1(gz)'

Exercise 3.5. Prove Proposition 3.4 following the proof of Proposition 3.2.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

3.4. From star-shaped sets to an annulus. An annulus is not star-shaped, but it is a finite union of sets

that are star-shaped with respect to balls.

Suppose U = U; U Uy and that Uy N Us contains a ball that is star-shaped in U; and Us, so that we can
define the solution operators S7 and Ss in U; and Us, respectively. Let x1 + x2 = 1 be subordinate to the

cover. For the solution operator in Proposition 3.2, write
go =1, Jgo=1z% a=1,23.
Choose p € C° (U NUy), p £ 0, and form the Gram matrix
G = /gugyp2 dz, 0<p,v<3.
It is positive definite. Set
19# = (Gil)uugup{ /ﬁugu’ dz = 6##“

(3.17)
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For f € C°(U), define

3
fh=xaf-% ( [t dx) D (3.18)
=0
#3
Ja=x2f — Z (/xzfgu dx) Dy (3.19)
=0

Then each f, is supported in U, and [ f1g, = [ f2g, = 0. Hence
Sf=51fi+52/2

satisfies

3
PSf=f1+f2=f—Z(/fgudx>19u.
=0

Iterating over a finite cover yields the annular operators.

The same construction works for the solution operator in Proposition 3.4. We have proved the following.
Theorem 3.6 (Bogovskii operators on Ay). For P = (Py, Pys), there are linear operators

Sp : CX(A;) — C(Aq;Sym?) x C°(Ap; Sym?)
with the following properties:

(i) PSg(f,F)=(f,F) for (f,F) satisfying (1.16) and (1.18);
(i) Sp: HE 2(Ay) — H{(Ay) x HE H(Ay);
(111) supp(f, F') C Ay implies that supp Sgp(f, F) C A;.

3.5. The ten surface charges. For data (g, k) on a neighborhood of 9B, C R3, define

El(g,k);0B,] = 1/ (8:9ij — 09::)v” dS, (3.20)
2 Jan,

Pullg:k):08,] = [ (ks = 8oy trs by d, (3.21)
8B,
1 .

C.l(g,k);0B,] = B /85 [l’a(az‘gij — 0j9ii) — 0ia(gij — 0ij) + 0ja(gis — 0ii) |V’ dS, (3.22)

Jal(g,k); 0B,] = / (kij — 6ij trs k)Y, 17 dS. (3.23)
8B,

Write
Q = (E7P17P27P37cl7 027037']17']27']3)'

To avoid traces on rough Sobolev data, one may average the surface charges: for n € C°((1,2)) such that
[n="1and n.(r') =r"n(r~'r'), define

Qllg. k)i A} = [ 0.0")Ql(g. k)i, Jar'. (3.24)
The link between charges and cokernels is given by the following. For 0 < rg < rq,
1 E E
| x C C
/ %aiajhU xl dr = Cl [(ga k)7 aBm] - Cl [(ga k)7 8BTO]’ (325)
By \Br, 2 2 2

xIs Cg Cg
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ej1: P P,
e; PQ P2
i e] P P
/ Yoo | o | dv=| 37| o k) 0Bn] = | 57 | [(9:K): 0B, (3.26)
B’"l\B'O 7 1 1 1
Y} Ja Jo
Yé Jg J3
and in terms of averaged charges, if
Yoo = [ () = 0)) @ (3:27)
we have
1 E E
[xon@ioon | 7] ao= [ & (o.kidn) - | & | lo0540) (3.25)
T3 Cs Cs
e] P, P,
e Py Py
id e'7 P P
Z Xro,r1 (T)aﬂr / 3] dz = s [(97 k)§ An] - s [(g, k); Aro]- (3~29)
, Yy Ji J1
! Y} Jo Ja
Under the invariant rescaling
9™ (2) = g(Rz), k¥ (z) = Rk(Rx), (3.30)
the charges transform as
(E’P)[Q(R)ak(R)§A1} = R_l(E,P)[g,k‘;ARL (C7J)[9(R)’k;(R);A1] = R_Q(CvJ)[gvk;AR]' (331)

4. CONIC GLUING AND OBSTRUCTION-FREE GLUING

We recall the constraint equations:
Ry + (trg k) — k|2 =0,
divg k — d(trg k) = 0.

4.1. The Picard iteration.

Proposition 4.1. Let P: X — Y and S : Y — X be bounded operators. Suppose ® : X — Y is smooth

near 0, satisfies (1.12), and obeys (1.13)—(1.14). If ug € X is sufficiently small, then there is a unique uy in
a ball of radius comparable to ||ug||% such that

Uy = S(I)(UO + Ul). (42)
Consequently, if ug € ker P and PS = Idy, then u:= ug + u1 solves Pu= ®(u) and
lu —uollx < lluoll%-

Any support property shared by ug, S, and ® is inherited by u.

Proof. Let € = ||up||x and consider the ball Bo2(0) C X. For u; in this ball,
1S®(uo + u1)||x < ||S]| Cole + Ce?)? < Ce?
when C' is chosen large and e small. Moreover,

||S<I)(U0 + Ul) — S‘I)(Uo + Ul)”X < Ol||SH(€ + 062)||U1 — 'U1||X-
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For € small, the last coefficient is less than 1/2. Banach’s fixed point theorem implies a unique u; of norm
< O¢? satisfying (4.2). Finally, if ug € ker P and PS = Idy, then

P(U0+U1):PU1ZPSCD(UQ—f—ul):‘l)(U()—Ful). |

The difficult work is therefore concentrated in two tasks: construct a right inverse S with the correct support,
and choose spaces in which S and & satisfy the required estimates.

4.2. Solutions localized in a cone. We now show how to construct solutions supported in a cone. Let
X*9 be as in (2.21) and let

s—2,0+2 .
Ye? = 72 P(RE R @ RY).
For s > d/2 and 6 > —d/2, the product estimate (2.20) implies that the nonlinear map (1.10)—(1.11) is
smooth

D G (4.3)
near the origin. Combining this with 2.13, we have the following interval
d d
——<i< = —2. 4.4
2~ < 2 (44)

Theorem 4.2 (Conic vacuum data). Let d > 2, let Cp(w) be a solid cone with 0 < 6 < /2, let s > d/2,
and choose & as in (4.4). If ug = (ho,mo) € X*? is a sufficiently small solution of Pug = 0 supported in
Co(w), then there is a vacuum solution u = (h, ) supported in Cy(w) such that

= uoll x5 S lluoll5es- (4.5)

If ug is smooth, then the solution u is also smooth.

Proof. Set the fixed point problem

U = SC¢(UO + ul). (46)
The mapping statements above and the quadratic estimates for ® verify the hypotheses of Proposition 4.1.
The local nature of ® and Corollary 2.5 preserve support. Smoothness follows by differentiating the fixed
point equation, commuting derivatives through the diagonal part of S., and using that the outgoing pieces
are smoothing away from the diagonal. |

4.3. The tail. A compactly supported uy does not in general lead to compactly supported nonlinear data.
This is because the solution operator S. generates tails. We note that for |x| > 2|y| + 1,
E(z —y) = Ke(z) + O(lz"|y]), (4.7)
Lyw(® —y) = Ly o(z) + O(‘xl_dlm)'
Consequently, for (f, F') decaying fast enough,

Ky f(z) = Kol2) / F(y) dy + O(J[1=), (4.9)

Ly, F(xz) =Ly ,(2) / F(y)dy + O(|z|~9). (4.10)
A careful iteration on derivatives for the fixed point equation (4.6) implies
0 h(@)| Se @)~ (0" m(a)| Se ()T (4.11)

Theorem 4.3 (Carlotto—Schoen [2], Aretakis—Czimek-Rodnianski [1], Mao—Tao [11]). For every d > 3 and
every cone Co(w) with 0 < 6 < 7/2, there exist nontrivial smooth vacuum data on R? satisfying

(gv k) = (5, 0) on Rd \ Cb‘(w)
and the estimates (4.11) for all £ > 0.

This decay rate is sharp because if it decays faster, the ADM energy vanishes, and by the positive mass
theorem, the solution must come from a spacelike hypersurface in the Minkowski spacetime.
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4.4. Corvino—Schoen type gluing. Now we study the gluing problem on an annulus, a la Corvino—
Schoen [6]. The proof we state below is from Mao—Oh-Tao [10].

Definition 4.4 (Q-admissible initial data sets). Let a bounded open subset @ C R'? and s € R be given.

We say that a 10-parameter family {(g9qg,kq)}o is a Q-admissible family of annular initial data sets on A,
with Sobolev regularity s if:

1) for each Q € Q, (9o, ko) € (H' NC°) x L*(A,) and solves (4.1) in A,;

(1)
(2) for each Q € Q, (gg.kq) € H® x H*71(A,);
(3)

3) the map Q — H® x H*"1(A,) defined by Q + (gg, k) is Lipschitz;
(4) for each @ € Q C R, we have Q = Q[(90,kq); Arl-

Theorem 4.5 (Gluing up to linear obstructions at unit scale). For each s > 3, there exist €. = €.(s) > 0

and M, = M.(s) > 0 such that the following holds. Let (§,k) be a solution to (4.1) in H* x H*"1(A;) such
that

”(.5_57 ];)”stHs—l(gl) <e (412)
Define Q € R by Q = Ql(g, k), Aq]. Let Q@ CR9 be a bounded open set such that
Q€Q, Bu.-@co. (4.13)

and consider an Q-admissible family of annular initial data sets {(gg,kq)}geo on Ay with Sobolev regularity
s such that, for all Q,Q’ € Q,

H(gQ -9, kQ)”HSxHS*l(Kl) <€ (414)
”(gQ —9Q" kQ - kQI)HstHsfl(‘Xl) < K‘Q - Q/| (415)
Then the following holds:

(1) Exterior gluing. If € < ¢, and Ke < e, then there exists a solution (g,k) € H® x H""1(A;) to
(4.1) and Q € Q such that [|(g — 6, k)| o o1,y S € Q@ — QI < M.€2, and

g,k in A,
(g.k) = | @Ry
(90,kg) in As.

(2) Interior gluing. If € < €. and Ke < e, then there exists a solution (g,k) € H® x H“"_l(gl) to
(4.1) and Q € Q such that [|(g — 6, k)|l o o1,y S € |1Q — QI < M.€2, and

go, k m Az,
(o) = e F) o
(g,k) in As.

In both cases, the following additional statements hold as well:

e (Lipschitz continuity) The map (g, k) > (g, k, Q) is Lipschitz as a map from the subset of H® x H*~!
restricted by (4.12)—(4.13) into H® x H*~1 x R19.

e (Persistence of regularity) If (§,k) € H*t™ x H*T™=1(A,) and the family {(90,kqQ)}oeo is of
Sobolev regularity s +m for m € N, then (g,k) € H*t™ x H*+t™=1(A;) and
H(g - 5, k)||H5+7n XH5+771—1(EI) S CH(& - 5; k)||Hs+m XHS#»wnfl(Avl)
+C||(gQ - 6; kQ)||Hs+m XHs+mfl(;4vl)a
where C = C(s,m, [[(§ — 6, k)|l o xHs(A,) (9@ = 6, k)|l grors st(gl))-
Proof. Step 1. We begin by forming the first trial for the desired initial data set. Let x(z) be a smooth
radial function which equals 0 for |z| < 1 and 1 for |z| > 2. We introduce

(§712:,gQ,kQ) for Statement (1),

in; 7kin' » Jout; akou' = o 7
(9ini: Kin:Q» Gouti@: KoutiQ) {(QQ,kQ,g,k) for Statement (2).
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We introduce the first guess for the glued initial data, namely,
(ﬁQvﬁQ) = (1 - X)(hzn,Qa Win;Q) + X(hout;Qv Wout;Q)~ (416)

Of course, (hg,Tq) would not solve the constraint equations (4.1); our aim is to find a correction (EQ, Q)
supported in A; and a choice of @ € Q such that (h,7) = (hg + hg,Tg + 7g) solves (4.1).

A quick algebraic computation shows that we want (EQ, TQ) to satisfy
8:0;hg = Mg, 973 = Ng, (4.17)
where MQ, ]\NIQ are the errors.

Let Sp be the solution operator defined in Theorem 3.6. For each QQ € Q, we look for (EQ, 7g) solving the
fixed point problems

(hq, 7o) = Sp(Mg, No)- (4.18)
By the first part of Proposition 4.1, there exists such solution (EQ, To) € Hy x Hi '(A).

Step 2: Finding @. To conclude the proof of existence, it only remains to find Q € Q such that
/%MQ(l,xl, Ty, x3)1 dz =0, (4.19)

/]\7@ -(e1,€2,€3,Y1, Y5, Y3) dz = 0, (4.20)

Introduce x1 5 as in (3.27). By (3.28), the LHS of (4.19) equals

1 1
—X1 (T)lﬁlaﬁij UL de 4 X1, 2(1)3 M"O"lm S I
3.2\29%9% 0 | 40 i To
xs3 T3
E E 1
_ Cl i . . _ Cl rnonlin | L1
= C, [(gm;kam;Q)’A%] C, [(gout;Qv out; Q) AQ] /A1 Xl ( ) M T dxv
Cg Cg xS
To compute further the first two terms on the last line, we use (3.28) again:
E E 1
: [(gin;Qv kin;Q)§ A%] = [(gin;Q> kin;Q); Al] + /~ X%,l( ) Mg%lm de,
C3 C3 A I3
and similarly for [(gout;0, kout;Q); A2]. We arrive at
(LHS of (4.19)) = | [ [(gim@: kini@)i A1l = | | [(Yout:@: Kouti@); A1] - + : (4.21)
Cs Cs n[Qlc,

where

n[Qlc, o
Similarly, we may show that
Py Py
(LHS of (4.20)) = | ¢ [ [(gin:@: kins@)i A1l = | 3 | [(Gout:@: Kouts);
Js J3

n[Qle
| = 3 (T M M) ( (422)
( (4.23)
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with
n[Q}Pl €1
| = (s N Nz | 2 | e @2
n[Q}Js Y3

For the nonlinear contribution n[Q)], we note that since n[Q)] involves quadratic terms,

QIS e, Inbll, S Ke.

For the sake of concreteness, we focus on the case of exterior gluing from this point on; the case of interior
gluing is similar. Then Q[(gin:Q, kin:Q); A1] = Q, whereas Ql(gout:@+ kour:0); A1] = Q. Hence, (4.21)—(4.23)
reduce to a fixed point problem

Q=Q+nlQ)]. (4.25)
Moreover, we have shown that [n[Q]| < € and ||n[Q]| i, S Ke. We take M, to be the implicit constant
in the first inequality so that |n[Q]| < M.e?. By hypothesis, dist(COZ7 Q) > M.e2. Hence, for e, sufficiently
small (recall that € < ¢,), the RHS of (4.25) is thus a contraction on {Q : |Q — Q| < M.€2} C Q. It follows
that a unique @ € Q satisfying (4.25) and |Q — Q\ < M_€? exists by the Banach fixed point theorem.

O

Ezercise 4.6. Show the Lipschitz dependence property and the persistence of regularity in the Theorem.
Hint: Differentiate on the equation (4.18). It suffices to control the highest derivative on the right. Then
use the smallness of the solution.

4.5. Obstruction-free gluing. At the linear level, a compactly supported annular solution requires equality
of all ten charges. The nonlinear constraint equations contain quadratic terms that can create charge. We
will construct bump solutions that generate charges, which leads to the obstruction-free gluing & la Czimek—
Rodnianski [7]. The proof here follows Mao—Oh—Tao [10].

Theorem 4.7 (Obstruction-free gluing for almost flat data on annuli). Given s > % and I' > 1, there exist
€o = €0(8,T) > 0, 1o = p1o(s5,T) > 0 and C, = C,o(s,T') > 0 such that the following holds. Let (gin,kin) €
H* x H7Y(A1), (Gout, kout) € H® x HS1(Az) be pairs solving (4.1). Define AQ = (AE,...,AJ3) € R!®
by

AQ = Q[(gouta kout)§ A32] - Q[(gim kin)§ Al]v (4-26)
and assume that
AE > |AP|, (4.27)
AE
NSNS <T, (4.28)
AE < €2, (4.29)
|AC| + |AJ] < p,AE, (4.30)
1 (Gin — 6 Kinresto sy + | Gt — 6 bt e pre 1) < HoAE. (431)
Then there exists (g, k) € H® x H*"1(Bgy \ By) solving (4.1) such that
(97 k) = (gin’ km) in Ay, (ga k) = (gouta k'out) in Asg, (4.32)
||(g - 57 k)||2HS><H571(B64\Bil) < C’OA:E' (433)

The condition (4.27) is a reflection of the positive mass theorem. (4.28) is a quantitative version of (4.27).
(4.29)—(4.31) are smallness conditions.

We also state the asymptotically flat version.

Definition 4.8. Let (g, k) € H? st_l(Bl%bO) for s > 2 and Ry € 2N. We say that (g, k) is a-asymptotically

loc loc

flat if, for some a € R and Dy > 0, we have
(g — o, k)||7_~15><7_~15,1(gr) < Dor *t37%  forallr €2¥n B, (4.34)
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g3
where! ||uH7_-LS(gR) =R +2||U(R$)HHS(KI)'

Theorem 4.9 (Obstruction-free gluing for asymptotically flat data). Let s > % and o > % Let (gin, kin),
(Gout, kout) € Hf . x Hp 1(BJC?,0) be a-asymptotically flat pairs solving (4.1). Define, for those components

loc

that are well-defined,
AQ = Q"M [(gout, kour)] — QM [(gin, kin)],
and assume that
AE > |AP|.
Then there exists an asymptotically flat pair (g,k) € Hj . x Hfocl(Bf%O) solving (4.1) and r > Ry such that
(9,k) = (gin, kin) on Bar and (9,k) = (Gout, kout) 0n BS,..

Proof of Theorem 4.7. By Theorem 4.5, it suffices to construct a family of solutions (gag,kag) in the
annulus Ajg such that it extends (g;n, kin) and satisfies the conditions in Definition 4.4. For this we construct
bump solutions with the following properties:

(1) Each bump solution (g ¢.¢, ki.¢,¢) solves (4.1).
(2) Each bump solution is the sum of a linearized solution of size ¢, supported in a small ball B, (), and
a nonlinear correction of size t2, supported in an outgoing cone.

(3) The charges are given by
(E7 P7 CaJ) = 7(€)t2(17£17€Z7€zjk£]‘€k)7 ’Y(é) = (1 - M'Q)_%

up to small error terms.

We can then use those bump solutions to build a family of solutions (gag, kag) with the desired properties.
|

4.6. A localized bump solution. In this section, we show how to construct a bump solution to (4.1)
“localized" in a small ball B,(§) with radius b and center £, and given charges. This bump solution is used
in the proof of Theorem 4.7.

Proposition 4.10 (Bump solution). Fiz any —1 <§ < —3, 0 € (0,%) and w € S*. For any s> 3,b>0
and T' > 1, there exists ey0 = €5,0(b,I') > 0 such that the following holds. Givent >0, £ € R® and £ € R?
obeying

t<eo, 1<A(0):=0—P)72 <T, By(&) C Colw)n 4s,
there exists a solution (gi e, kioe) € C(R3) to (4.1) satisfying

supp(gi,e.e — 0, kio.e) C Co(w) N{|x| > 8}, (4.35)
and, forn=0,1,

(0, B, 0e) ™ (gr0.6 — O, kt,e,g)HH;Sth«j—lMl Sepr by (4.36)
(tdy, Dy, D)™ (E[(ge,.6, kre,e); Are] — ’Y(Z) 2] = Opr(t?), (4.37)
(t0r, 00, 0¢) ™ [Pi[(gr,0.6s keoe); Are) — Y(O)E24;] = Opr(t%), (4.38)
(0%, O, 0)™ [Cil(gt,0.6, kte.6); Ar] — f2§z] = O(bt?) + Op 1 (t7), (4.39)
(t0r, 00, )™ (T3l (9,060 r,e.6 ) Are) — t2 JRei0,] = O(bt?) + Op p(t3). (4.40)

Moreover, the following improved bound holds in {|z| > 16} (forn=10,1):
(04, B, 9) ™ (g1, — 6, k/’t,é,g)HHﬁﬁXHS*1,5+1({|;E\>16}) Senr . (4.41)

We remark that By (§) contains the support of the seed bump, or more precisely the O(t) part of (g:.e.¢, ki 0.¢);
the reason behind the improvement (4.41) is that {|z| > 16} is disjoint from Bp(€).

The following lemma shows how to compute the charges for a specific type of solutions.

'When s € N, observe that Hu“?—l-*(ﬁﬁ»,) o~ ||8§;S>UHL2(;R) + R*SHuHLQ(;R).
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Lemma 4.11 (Charge computation for special initial data). Given rq € 2V, & € R3, t,bg, A > 0 and
€ (=00, 80) for some &g > 0, let (g,k) = (g(7), k(1)) € C? x CY(Ba,,(&)) be a solution to (4.1) satisfying,
forn=0,1,
107 (955 — 615 — Qg kig) 02 x 01 (Bary (60)) < AL,
where &;; = &(T);; obeys the special condition
81(&” - 61‘]‘ tI‘g Ooé) = 0, (442)
as well as the size and support properties (forn=0,1 and n’ =0,1,2)

167 (b0,) ™ )é&| < Aby %t,  supp & C By, (0). (4.43)
Provided that By, (0) C By, (&), we have, forn =0,1,

07 [El(g. )i Ary (€0)] = 5 | 3" (Outse = 01 da] = O (),
g,k
O7Pil(g: k); Ary (€0)] = O (),
02 Cil(9,1)s Ary ()] = O(A%0f?) + O ().
k

973il(g, k) Ary (§0)] = Oy ().

Proof. For simplicity, we drop the 7-dependence; we leave the similar proof of the C'-dependence on T to
the reader. Define (h,7) := ((g — 0) — dtrs(g — 8),k — dtrs k) and (hy,71) := (& — dtrs &, 0). The charges
are given by (where x,, (1) = [ 7 1y, (r'") dr’ as in (3.27))

s

(&) 10k At = & [t (1) ae =] [t —comonm () a
/Mhl,m( )dx+OAb0 :—/R5+a( )dx+(9,4b0( )

(1;:) [(9,k); Ary (€0)] /me — &0)OmY (Y]) dx—/ZXm(x—fo)Nj(h,w) (%) da
/ZNJ hi,m1) ( )dx+oAbo( ) = Oap (),

where we used the fact that aiajhﬁj =0, m; = 0 and supp(hy,71) C By, (&)-

The above already implies the desired assertions for Py and Ji. For E and Cy, recall the general formulae

1,
5(9 Y (Bigie + 0igie — Degi)-
Let (g1)i; := 0ij + dy; and write (g;')¥ = 6% + &%, where we observe that & = —c; + Oa p, (t2). We will
abbreviate terms that are linear in & by lin — note that they will all vanish since (&, 0) is chosen to solve the

linearized constraint equation. We have
1, qiiia ~ . . . 1, i, = . . .
R[g1] = 5(9 1Y 9™ (93600 + 0jcuie — Opciz) + 5(91 D (g Y0, (05600 + 0;6uie — Deduij)

1 o 1, i ) e
—5(9f1)1]aj04k€3i04k4—5(911)](911)uaj3z‘ak6+(91 )9 (T, — THIS)

1, - . . 1_,. . . 1, - . 1, .
= 55]@(04“(281‘0@@ — 8ga“~)) + 5041](9;6(281‘0@‘19 — 6kaij) — §8i(a”8iak4) — §a”8i8jakk

Rlg] = (g7 ") (0T}, — 0,15, + T, L, = THTS,), Th =

1, . . 1. 1., . .
+Zaeakk(20iaie — Optyi) — Z(aiaké)Q + Z(alcazl — Op&ir)? + lin + Oap, (t%).
To simplify the nonlinear terms, we use the special condition (4.42), which implies

6’&” = 8]‘ tI‘(; &, 6i8j&,-j = Atl‘g Q.
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Recall also that lin = DsR[&] =0, g1 = 6 + & and &% = —a; + Oap, (t?). Thus
1

d= (=24l DY omaz+ (<L L1 9.a)2 + 04, 06 s
R0+ 4] = (1 57571 2>(ajtr5a) +( 5 4+2)(8ka”) + 90(&, 06) + O 4, ()
1 1
= 7(0jtr5 @) = £ (Ok6uij)* + (&, 06) + O (1)

1
= —g(ak&ig — 8goozik)2 + 8(&, 8&) + OA,bo (t?’).

Plugging in this formula into the above formulae for E and Ci, and using the fact that |zp| < by in
supp & C By, (0), the desired assertions for E and Cj, follow. a

Proof of Proposition 4.10. As a first step, we choose a localized linearized solution and apply the solution
operator to make it a solution to (4.1).

Step 1. Choice of &. We begin by choosing &;; € C2°(R?), to which we shall apply Lemma 4.11 in the
end (in particular, for our motivation behind the choices by = %I‘_Qb and (4.44), see Steps 2 and 4 below,
respectively). Fix a function y € C2°(Bj) such that

1
y / 1008, + 32)x|2 d = 1. (4.44)
Following §2.7, we set
3(03xb,0 — 021 Xb,1) — 95 Xb.r 0
a=t —0%Xb,0 $(0% xb,0 — O3axb,1) 0
0 0 —5(0% + 93)xbr

where xpr(z) = (%F_Zb)%x(ZFQb_lx) so that |07, xb.rll72 = 1103, x[|72. From the definition, it is straight-
forward to verify that 8'¢;; = 0; trs & and (4.43) hold with by = 11" =2b.

It is, in principle, possible to choose more general linearized solutions to get bump solutions with more
general charges. Instead, we will only use the linearized Lorentz boost to get solutions with more general
charges.

Step 2. Construction of o and (ay ¢, Biroc)-

The Lorentz boost is the following process. Consider a Lorentzian metric g € C?(€2), where © C R *3.
Given (A, €) € SOT(1,3) x RYF3, let y# = A“H,m“/ + &Y. Then, with respect to the coordinates (°,...,4%),
define

(A.8)

9i5 = 8ij (8 (g )™
1] 1

= —————(0u8ij — i8jn — 0j8in) ’

4.45
{yozo}mn’ ¥ 2 _(g—l)OO ( )

{y0=0}nQ2’

Consider the Einstein tensor G[g] = Ric[g] — ;g trg Ric[g]. Its linearization around the flat metric n, which
trivially satisfies G[n] = 0, takes the form

. 1
DnGlglas = 5 (-V'VyHas + VoV Hys + V5V Hya = 0,5V V Hys) (4.46)
where H =g — %77 try 8.

We solve the following linearized Einstein equation to define a € C*°(R!*3) to be the unique solution to the
problem
D, Glo]as =0, VHo]us = 0,
(@, Qoexij)|(zo=0y = (&ij,0), aool{z0=0y =0, @oj|{zo—0} =0,
where dyao|z0—0}, Joo;]{z0—=0} are induced by V*Ha]s = 0. It is direct to check that this is equivalent
to a wave equation

(4.47)

Daag = 0,
(aij, Ooeeij)ls, = (@i,0), @ools, =0, ajls, =0,
(ViH[]ap)ls, =0,  (DyGla]ao)ls, = 0.
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Recall that supp(ou, o) (zo—0y € {2° = 0, |z| < $T72b} for each p,v. Hence, by finite speed of
propagation,
supp & C Qg = {|z| < |2°| + 3T 7%b}. (4.48)

Using the parameters ¢ and &, define A, € SO*(1,3) (Lorentz boost by velocity £) and & € R by

(Ae2)® = 5O — £ Pex), (M) = A(O)(—~62° + (P + (Prayi, € =0, & =),
where v(¢) = (1 — |¢|?)~2 (Lorentz contraction factor), and Py, Pi : R? — R? are orthogonal projections to
(¢) and (¢)*, respectively. Define

y' = (M), 2" + €7,

which constitute another set of canonical coordinates. With respect to the coordinates (y°, ..., y?), we define
(atee, Bree) on {y° =0} as
(o6)ij = il oy (Breedij = 3 (Boorij — Bicvjo — djcxin) |0, (4.49)
Note that this pair solves the linearized constraint equation, in the sense that (hiee, T ee) = (e —
dtrs Qe ,Bt7g,§ — dtrg ,3@@@) solves P(ht,€,§7 7Tt7g75) = 0. We claim that
[[(t0k, Or, 0¢)™ (v .6, Broee )l s xrrs—1(may + [V (80, O, O¢) " ol -1 2y Smosbir L (4.50)
supp(au,e¢, Bre.e) C Bp(§)- (4.51)

The H* x H*~! bound (4.50) follows from the standard energy estimate applied to O(t0:, 0s, 9¢ )"ty = 0
in the region between the two planes {z° = 0} and {y° = 0}. To verify (4.51), observe first that, since
|29 < |¢||z| on {y° = 0}, we have

{0 =0} N {Ja| > L(1 — ()T 726} C {Ja| > |2°] + AT %} = RT3\ Q.

Note also that, on {y° = 0}, the coordinates (y*,y?,%>) see length contraction by v(¢)~! in the direction of

¢ relative to (z1, 2%, 2%), ie.,

W =) ooy = 1O (PexY + (Pia)’|jo_gy- (4.52)
In particular, |z| > |y — &|. Putting these facts together, and using %(1 — €))7t <42 < T2, we have
{8 =0, ly—¢l =0} S{y’ =0, [2[ > b} S {s° =0, [a] > 3(1 — [¢))7'T 7?0} TR\ Qq.

In view of (4.48), a = 0 in an open neighborhood of {3° = 0, |y — £| > b}, which implies the desired support
statement.

Step 3. Construction of (g ¢,k re). We work on the hyperplane {y® = 0} using the coordinates
(y', 4%, y3). By (4.50), (4.51) and hypothesis, note that

supp(hi,e.e; Teee) © Co(w) NV As,  [[(60:, O, Oe) (hepes meee)ll oo 1040 = Ospr (b)),

where the weights do not play any role in the second assertion by the support property. Let S, be the conic
solution operators in Definition 2.4 adapted to Cy(w). In order to construct a solution to (4.1) of the form

(ge.e.6,keoe) = (0 + arpe + a, Broe + B), it suffices to solve
(}VL, 77') = SCN(htj,g + F}VL, Ttee + %)7

where (i~z,7~r) = (a —dtrsa, 5 — dtrs B) By standard Picard iteration, there is a unique solution (ﬁ,%) €
(H§’6 X H§7176+1)0(Cg (w)) as long as t is sufficiently small depending on s,b, T, such that

120t O, 06)™ (1, Tl o5 o541 Ssvr -

Step 4. Computation of charges. By (4.44), we have

1 . . 1 . .
16 / Z(@kaﬂ — 8gajk)2 dr = g/ Z(ajakl)Q - Z(aj trs &)? | dx
ikt

Jik,t J

1 1
= t2/ {4|88122Xb,r|2 + 1—6|8(8121 _ 8222)Xb,1“‘2 de
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t2
— 15 [ 10008 + o3 do =2

Since {2° =0, 16 < |z| < 32} and {y° = 0, 16 < |y| < 32} are contained in §2 yet disjoint from Q4, for each
o we may find a hypersurface U, such that U, = {2° = 0, |z| = 16(1 + o)} U {y° = 0, |y| = 16(1 + o)},
U, Nsupp @ = () while Vol(U,) = O(1). By Lemma 4.11, we have

(E,P,C,J)[(g,k); Ais] = (£*,0,0(I2bt%),0) + Opr(t%),
and similarly after applying of (¢t0y, 0, O¢).

FEzercise 4.12. Introduce the notation

(P07 P’ia Ji07 “]]jk)[(gv k)? AT] = (E7 Pi7 Cia eleJl)[(gv k)a AT] (453)
Show that after the Lorentz boost,
Py APy T = A A T + €A Py — €A1 P (4.54)

up to O(t*) errors. Thus we deduce (4.37)—(4.38), (4.39)—(4.40).
The proof goes along the following steps.

Let X be a Killing vector field with respect to n, i.e., (£Lxn)as = VaXp+V X, = 0. By the linearized second
Bianchi identity VD, G[g]as = 0, observe that V#(D,,G[g],sX%) = 0; hence, the 1-form D,,G[g],sX? is
co-closed. In fact, there exists a 2-form whose co-differential is this 1-form; following [5, Appendix E]| (see
also [4]), we introduce

1

XU,p(g] = 5 [(=VaHys + VsHyo + N0 VoHgs — s VOHLs) XY + H o VX5 — H 5V'X, | . (4.55)

By a straightforward computation, it may be verified that

Ve(RU,p[g]) = Dy GglasX®. (4.56)

Equivalently, d(x®)U[g]) = —xD, G[g](X, -) using the Hodge star operator x associated to 17. By the Stokes

e / *XU[g) / d(xXU[g] / *D, G[g](X, ). (4.57)

Consider a system of coordinates {z°, ..., 23} with respect to which n = —(dz")? + (dz')? + (dz?)? + (d=?)?
and dz® A dz! A dz? A da® has positive orientation. On ¥g = {z" = 0}, define

. : 1 . . .

Gij = kij =3 (Oo&ij — 0igjo — 9i&io) ‘{$0:0}~ (4.58)

ng {IOZO},
It may be checked that

D, G[gloo = $0;0k(¢"" — % tr5 ), D, G[glo; = 9 (kje — dje trs k). (4.59)

The space of Killing vector fields with respect to i are spanned by 0. and x,0,» — x, 051 (1, v = 0,1,2,3).
For r > 0, we define the associated charges by

Pulis e =0, o] =} = [ Ay,
{20=0, |z|=r}
(4.60)
Byl {2 =0, Jal = )] = [ (ondee a0 ) g,
{z0=0, |z|=r}

where {20 = 0, || = 7} is oriented with x(dz® A d|z|). Check that the (P,J) defined in (4.53) is the space
average of (4.60). Finally, (4.54) follows from the transformation of the Killing vector fields and (4.57).

O

Exercise 4.13. Use a linear combination of the bumps solutions to build a family satisfying the properties in
Definition 4.4.
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5. SLOWLY DECAYING DATA AND RAPIDLY DECAYING DATA

We now discuss some variants.

5.1. Initial data with slow decay. In Theorem 4.3, if we take the linearized solution to have slow decay,
we will get initial data with slow decay. This is investigated in Shen—Wan [14].

More precisely, we want to have solutions (g, k) to (4.1) such that for some « € [0, 1),
0°(g =) Seolar) ™, 0<L<q+1, (5.1)
0%k Seox)™*717F 0< 1l <y, (5.2)
and such that (5.1) and (5.2) do not hold for any o > a.
The corresponding weighted Sobolev space is
HE 732 5 gemlonl/2, (5.3)

For o = 0, the metric perturbation is allowed to tend to zero more slowly than every positive power of r,
while k is only just beyond the r~! scale.

We take L : [0,00) — (0,00) to be nondecreasing, and such that

/OOL< /007m1d for eve >0 (5.4)

. TL0)? 00, I0E r=o0 for every n , .

C

—1y(m) < m <m< .

[(L™) (r)|_rmL(r)’ 0<m<q+3, (5.5)
. rL'(r)
O 50
The model example is
1

L(r) = (log2+1)", B> 5 (5.7)

Choose an angular cutoff x supported in a cone and equal to one on a smaller cone, and a radial cutoff n
that equals one for large . Define

2—a -«
on(e) = (@ oy n(e) = eonlrX(@ (5.8)
Set (hg, o) as in Lemma 2.15.
The derivative conditions on L imply
’ < ,r.—a—é
|0°ho ()| <e L) (5.9)
, r—a—l—@
< - 1
|00 (@)| Se €0 0 (5.10)
Thus (ho, m) belongs to (5.3).
Exercise 5.1. Show that .
T—a ,’,.—Oé—
h > en—— > eg—. 5.11
| 0(.T)| ~ GOL(T)’ |7T0(.7,‘)| ~ 60 L(T) ( )
Recall that the conic solution operator (2.11) has the specialized mapping property
Se: HE7 PR @ R?) — HY(Q;Sym?) x HE~ 0T (Q; Sym?). (5.12)

Running the Picard iteration as in §4.1 with s = ¢+3 gives a slowly decaying solution (h, ) = (ho+h1, mo+m1)
with
H(hl,7T1)||H{:,a—3/2><H5—1,o¢—1/2 ,S 6(2). (5.13)
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Theorem 5.2 (Shen-Wan [14]). For every a € [0,1), ¢ € N, and sufficiently small €y, there are nontrivial

smooth nitial data supported in a cone satisfying (4.1) and (5.1)—(5.2). Moreover, for every o > a, the

data fail to lie in Hg+3’o‘,73/2 X HSH’O‘LUQ.

Ezercise 5.3. Verify the last claim of Theorem 5.2 using (5.11).

Exercise 5.4. Taking a = 0 in Theorem 5.2 gives a solution with very slow decay. It is possible to modify
the construction to construct a solution with no decay at all, in the following way.

(1) Choose initial data without decay;
(2) Consider the space with the norm

||uHHg,a,oo = [Jull s (Byo) + j}elg ||UHH;5(ZZ_7»)'

Show that the solution operator is bounded
Se H§72’6+2’°O(Q;R OR3) — Hg’é’oo(ﬂ; Sym?) x H{:71,5+1,00(Q; Sym?),
and the Picard iteration in §4.1 works on
X590 . H§’5’O°(Q; Sme) « H§_1’6+1’OO(Q; Sym2), Yy .— Hg_2’6+2’oo(Q;R ® R?’), s> 3/27 § = _3/2.

(3) Show that the solution we get has a uniform lower bound along a ray going to infinity.

5.2. Incoming solution operator. There is also an incoming construction of solution operators.

First we make the observation that the construction in §3 gives an operator also on R?. For example, the
formula

y P z
U (z + = r— 4y |r2dr 5.14
P =10 [ (g (5.14)
makes sense on R%. However, this operator does not have a very good regularizing property on weighted
Sobolev spaces. The reason is, after rescaling to the unit scale, the conic region we are averaging becomes
very thin.

Therefore we consider the following modification. Let (y,y1) € C(RY x R?) be homogeneous in the sense
that

Ny, Ayn) = Ay, 51), A> 1yl > L
Moreover, we assume for any y € R?, we have suppn(y,-) C {|y|/100 < |y1| < |y|/10 + 1/10} and

/n(y,yl)dyl =1, VyeR: (5.15)
Now we consider the operator with the Schwartz kernel
i 27 [ z
v =13 = ’d 5.16
7 (2 +y,y) EE /IZI n<y,r|zl+y>r r (5.16)

After the process as in §3.4, this operator maps a dyadic annulus to essentially the same dyadic annulus,
and thus has nice properties on the weighted Sobolev spaces. Then we can use the Bogovskii type operator
(5.14) on RY to correct the smooth errors in each dyadic annulus.

Using (5.16) we have the following lemma.
Lemma 5.5. Let d > 2. Then there exist linear operators Snom on R? such that for s € R and § > —d/2,

(1) Shom : H§_2’5+2 — H,‘;"S X H§_1’5+1 and [Shom, 9] : H{;_Q"H_Q — H{j’é'H X H§_1’6+2 are bounded;
(2) There exist {(z,y) € C®(R? x R?) such that

R%mf:f—/}@xwwm%

where ( is homogeneous in the sense that

COz YY) = A %(2,y), A>1, |z > 1,y > 1



23

(8) Shom %s homogeneous in the sense that
Shom (A2 Ay) = (PTI8(00 (2, 9) AT w), A L] > Lyl > 1
(4) Shomis incoming in the sense that
supp Shom (2, y) C {|z| < |y|} U B1 x By. (5.17)
Moreover, Spom is diagonal: there exists C > 0 such that the Schwartz kernel K(x,y) satisfies
supp K (z,y) C {C7'y| - C < |z < [y| + C}.

Exercise 5.6. Check that Sy, maps polyhomogeneous functions to polyhomogeneous functions.

We can use incoming solution operators to construct solutions that decay fast with respect to a given solution.
We recall the following notation for the error of (4.1):

Eolg, k] == Rlg] + (trg k)* — |k[2,  &ilg. k] := (divg k); — V; trgk,
Theorem 5.7. Let s > %, —% < 0o < 01 and §p < 6 < &1 such that &1 > 1/2 and §o+6 > —1. Forep,e1,¢ >0

sufficiently small (depending on s, &, 1 and §), the following holds. Let (go, ko) € Hg"so X H§71’6°+1(R3 \By)
satisfy

llgo = 5”H§"‘0 + ||k0||H§71,50+1 < o,
and solve (4.1) approximately in the sense that

||(50, ey 53)[90, ko} ||H§72,51+2 S €1.

Moreover, for & satisfying 6o < & < 0y, let (g, k) € H§’5 X HS_I’HI(R?’ \ B1) be a solution to the linearized
system
P(h,7) = (9;0;h",0;7") = 0 (5.18)
satisfying
(O8] P———

Then there exists (g, k) € HS";O X H§71’5°+1(R3 \ B1) solving (4.1) such that

. 2
||(g —go— g,k —ko— k)HHS,mm{sl,aOMJrs/z} XHi—l,min{Jl,50+6}+5/2 5 €1 + €”.

Proof. We will apply the homogeneous solution operator Syom in Lemma 5.5 and the Bogovskii operator .S,
in the whole space as in (5.14).

Let n € C°(By/10) with [ n(y1)dy; = 1 and
Sf = Shomf + Sy(f — PShomf)- (5.19)
The incoming property of Shom and S, implies the incoming property of S:
supp S(z,y) C {|z| < |y|} UB;1 x By
and thus S is well defined on R? \ Bj.
We consider the fixed point problem
(h1,m1) = S(®(ho + h + hy,mo + 7 + 1) — P(ho + h, mo + 7).

Note that the right hand side is in H§72’51+2 with 6; > 1/2 so .S, can be applied to it. Banach fixed point
theorem gives a unique solution

||(h1, 7T1)||H;,51 XH§—1,61+1 S/ €1.
Moreover, (ho + h+ hy, o + 7 + 1) solves (4.1) in R% \ By due to the support of 7. O

Exzercise 5.8. Modify the proof above to construct exponentially decreasing perturbations.
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6. RECOVERY ON CURVES AND THE FINITE-DIMENSIONAL COKERNEL CONDITION

The explicit conic and Bogovskii operators we have discussed are instances of a much broader construction
developed by Isett—Mao—Oh-Tao [9], which works for a general underdetermined PDE system in the sense
of Definition 6.3 below.

6.1. Derivation of Bogovskii type operators.

6.1.1. Double divergence equation. Suppose Ph = 9;0;h% for a symmetric two tensor h”. We would like a
construct solution operators to Ph = f. We start with the adjoint problem

<h’P*90> = <fa (P>7 (P*(P)jk = 8i8j¢~

Taking f = d,,, we would like to recover ¢(y) from P*p. We will make the construction on a family of curves
and then average among them.

We have the following ODE system.
VZSD = Wy,
Viw; = (P ¢)ij-

Suppose we have a curve y(t) : [0,1] — R? such that v(0) = y, y(1) = y;. We have

1 .
wi(y(t)) :wi(yl)*/t (P @) (v(s))7 (s)’ ds
and

1
o) = o) — /0 Wiy () (5)ids

= o(y1) +wily)(y —y1)" + /0 (P )i (7())(7(5)" = 7(0)")7'(s) ds.

From this, we conclude a distribution G, (x,y) supported on the curve v defined by

1
(G (,y), fij(2)) = /O Fi(v(s)(v(5)" = ~(0))7'(s) ds
such that it solves Ph = 0 up to a finite dimensional cokernel
001 00s G (x,y) = 0(z — y) — 8(x — y1) + (y — 91)"'0pi0(z — 11).
Averaging over a family of curves (¢, y,y1) gives us the solution operator considered before.

6.1.2. Symmetric divergence equation. Suppose Pm = 9;m% for a symmetric two tensor 7. We would like
to construct solution operators to (Pm)? = f7. We start with the adjoint problem

(m.P'w) = (f,w), (P'w)je = — 5 (Bjwn +0w)).

Taking f7 = §,e’/, we would like to recover w(y) from P*w. We will make the construction on a family of
curves and then average among them.
Introduce 1, = §(d;wi — dpw;). We have the following ODE system.
Viw; =y, — (Pwi,
e (6.2)
vi'r’jk = 8k(77 w)ij — 6](’]3 w)ik.
Suppose we have a curve (t) : [0,1] — R?. We have

1
(V1)) = n;1.(y1) */t (P w)ij (v(s))'(5)" = 0j (P w)in(v(s))Y ()" ds
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and
1

1
wily) = w; () - / 15 (YO (1)1t + / (P*w)iy (t)idt

0

= w;(y1) +my; W)y — ) + /0 (0;(P*w)ei(7(9))7/(5)" = 05 (P*w) e (v(s))7' (s)°) (7(s) — 7(0))"ds

1
+ [Py @yan
0
From this, one concludes a solution operator supported on the curve v defined by

(Kl (@), fij (@) = /0 O (fes(V())7 () = B fer(7(9))7 (5)) (4(5) = ~(0))"ds +/O i/ (t)"dt

such that it solves Pm = 0 up to a finite dimensional cokernel:
iy , 1 | ,
O K 1 (2,y) = 6(x — y)0, — 6(z — y1)d + 5(9 —41) 0eb(x — 11)8; — 5(?/ —y1)? k(2 — y1).

Averaging over a family of curves (¢, y,y1) gives us the solution operator considered before.

6.2. The general operator and its formal cokernel. Let U C R? be open, and let

P C®(U;C0) —s CX(U;C™), 1o < s0, (6.3)

be an 7y X so matrix of linear differential operators with smooth coefficients. We write u = (u)3_, and

f=(f7)",. Its formal L? adjoint is
P* . C®(U;C™) — C™(U;C*).
The unknown side of (6.3) has at least as many components as the equation side, so P is underdetermined,

while P* is overdetermined.

Definition 6.1 (Formal cokernel). The formal cokernel of P on a connected open set U is
ZWU) =kerP*(U) ={Z € C(U;C™) : P*Z = 0}. (6.4)

No boundary condition is imposed on Z.

The terminology comes from compactly supported solvability. If u € C2°(U;C*0) and Pu = f, then every
Z € Z(U) satisfies

(Z, Yu ={(Z,Pu)yy = (P*Z,u)y = 0. (6.5)
Thus compactly supported right inverses can exist only after projecting away the formal cokernel. The affine
functions for double divergence and the FEuclidean Killing fields for symmetric divergence are precisely the
two blocks of this space for the flat linearized constraint operator.

From the above computation, it is clear that the Bogovskii type operator follows from the following graded
augmented system.

Definition 6.2 (Graded augmented system). Let P be an ro x sp-matrix-valued differential operator on an
open subset U C R?, with my denoting the order of (P*p)x for each K € {1,...,s0}. Given m}, € Zx for
each K € {1,...,s0} and an C"-valued function (1) seq1,....ro} On U, consider (@5 = ®a(y))aca (called
augmented variables) satisfying the following properties:

(®-1) (®a) is an augmentation of (¢;). The index set A contains {1,...,7¢}; moreover, ®; = ¢ for
J e {1,...77’()} Q.A

(®-2) (ps) + (®a) is a differential operator. There exist functions c[®5](*7) on U, where « is a
multi-index and J € {1,...,r0}, such that

Da(y) = c[@a]") ()00 (y),
forall Ae Aand y € U.
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(®-3) ® and P*p solve a first-order PDE (augmented PDE system). There exist matrix-valued
1-forms (Bi)AA/ and (Ci)A(%K) on U, where v is a multi-index and K € {1,...,s0}, such that
00 a(y) = (B a™ (1)®ar(y) + (C) A ()0 (P*0)xc ), (6.6)
forall A€ A, ie{l,...,d} and y € U. Furthermore,
(C)AT™ =0 if 7] > mi.
(®-4) Graded structure. Define the degree da of ®a by
da = —max{|a| : ¢[®a]*) # 0 for some J}.
In particular, ¢ ; has degree 0, i.e., dy =0 for J € {1,...,70}. We assume that:

e Graded structure for the augmented system.
B)a =0  ifda >da +1,
CLT =0 ifda > —mg — |y + 1.

We write Ny := max{|da|}aca + 1 for the maximal degree® that occurs in (6.6).

We call a collection (A, (®a)aca, (Bi)a?, (Ci)A(W’K)) satisfying (®-1)—(P-4) a (graded) augmented system
for P.

6.3. The complex elliptic condition. Suppose that the Kth component of P*¢ has order mg. Its
principal symbol defines a linear map

p*(x,6):C0 — C*>,  £cCl (6.7)

The corresponding symbol p(x, £) of P is the transpose-adjoint map in the formal algebraic sense.
Definition 6.3 (complex elliptic condition). The operator P satisfies (CE) on U if

p*(z,€) is injective for every z € U and every & € C?\ {0}. (6.8)
Equivalently, p(x, £) is surjective for every nonzero complex covector.
The use of complex covectors is essential. Ordinary underdetermined ellipticity asks for surjectivity only
when ¢ € R?\ {0}. Condition (CE) excludes complex characteristics as well.
It turns out that the complex elliptic condition implies the existence of a graded augmented system.

Theorem 6.4. Let U be an open subset of R?. Suppose that P has smooth coefficients. Assume that the
S0 X ro-matriz-valued principal symbol p*(x,&) of P* (where sg > rg) satisfies

(CE) p*(z,€) is injective for all x € U and & € C?\ {0}.
Then there exist augmented variables (Pa)aca on U satisfying (D-1)—(P-4) with index set A= {(a,J) : 1 <
J <o, |a] < No — 1}, degree do, 5y = —|a, and coefficients B;, C; € C*°(U) with quantitative estimates.
For the proof we recall

Proposition 6.5 (Hilbert’s Nullstellensatz). Suppose fi(x1,--- ,xq), -, fn(x1, - ,24) € Clay, -, 24
are polynomials with the set of common zeros

Z ={(z1," - ,zd)E(Cd:fj(zl,n- ,24)=0,j=1,2,--- N}

Then for any polynomial h(xy.--- ,xq) € Clxy, -+ ,z4], if h vanishes on Z, then there exist M > 0 and
polynomials gj(z1,--- ,xq) € Clay, -+ ,24], j =1,2,--- | N such that

h(zy,- - zg)M = Zgj(xla"' vxq) fi(Te, - xa).
J

2Here, 41 accounts for the derivative 8; on the LHS of (6.6).
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Proof of Theorem 6.4. Step 1: For any zy € U, there exist Ny > 0 and polynomial valued ry x sp matrices
9o (§) for |a| = Ny such that

§Lry = ga(&)p” (20,€),  |a| = No. (6.9)

Moreover, (p*) ;7 (€) is homogeneous of degree my and (g, ) ;% (€) is homogeneous of degree Ny — mk-.

The claim follows from applying Hilbert’s Nullstellensatz (Proposition 6.5) to det(M;(€)) where M; (&) goes
through all the rq x ro minors of p*(z¢, ). By assumption, the common zeros of det(M;(&)) in C* is contained
in {0}. Since & vanishes at 0, there exist Ny,---, Ny and polynomials h}(€) such that

Z R (€) det(M;(€)).

We notice that det(M;(£))I,, can be written as the product of its adjugate matrix adj(M;(£)) and itself:
det(M;(£)) I, = adj(M;(§)) M;(E)-

Moreover, M, (&) is the product of a constant 0 — 1 matrix and p*(z¢,&). Therefore we conclude that there
are polynomial-valued 7 x s matrices §*(£) so that

" 1y = 5" ()" (w0, 6).

Taking Ny > Ny +- - -+ Ny, we conclude (6.9). We may assume (g,) ;% (€) is homogeneous of degree No —m
since terms of other degrees do not contribute.

Step 2: There exist {-polynomial-valued rg X sp matrices gq(x, &) for || = Ny such that

gaIro :ga(zvf)p*(xag)v |O“ = No. (610)

The matrix ¢, (z,£) depends smoothly on the coefficients of p*(x,&) and some smooth cutoff functions.
Moreover, (p*) ;7 (€) is homogeneous of degree my and (go) ;% (€) is homogeneous of degree Ny — m.

When P has constant coefficients, then it suffices to take g, (x, &) = go(§) (from Step 1); hence, it suffices to
only consider the case when P does not have constant coefficients. After a partition of unity, it suffices to
prove the claim in a small neighborhood of a given point xg. By Step 1, we have

£y = ga(20,§)p"(70,€), |af = No. (6.11)
Thus
gaIro = ga(xo,f)p*(x,ﬁ) + ga(anf)(p*(xmg) —p*($,§))-

Since each entry of g, (o, &)(p*(x0,&) — p*(x,€)) is a homogeneous polynomial of degree Ny in &, we apply
(6.11) again:

g(){[ro :ga($07 -T g +Z€B xOv p (1'0,6)

where €§(x) are ro X 7o matrices depending smoothly on coefficients of p*(x,&) such that e(z,£) — 0 as
x — xg. This can be done repeatedly and we get

Ly = ga(w0,E)p" (2,€) +Ze )gs(20, §)p™ (2, €) +Ze )9, (0, )p* (2, €) +

= xOv +Z gﬁ 1'07 +Z g'y $0,€)+ p*(l'vf)

For z in a small neighborhood of x, the Neumann series converges and we conclude (6.10).

Step 3. We claim that taking 4 = 0% to be the jet of ¢ ; up to order Ny —1 indexed by A = («a, J) in the
set A:={(a,J): 1< J <1, |a] < Ng— 1} gives an augmented system satisfying (®-1)-(®-4). First, (P-1)
and (®-2) are obvious from the definition. For (®-3), we take the trivial relation 9;0%p;(y) = 0*T®iw;(y)
to be the equation if || < No — 1, i.e.,

. (()/,J/)_ 1 lfJ:JI, Oé/:a+ei; . ('YvK)_ —
(Bl)(a,J) _ {0 othersise, and (CZ)(%I) =0 for|a| < Ny—1.
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It remains to check that, for || = Ny — 1, there exist (Bi)( (a/"],)(y) and (Ci)(a J)(V’K)(y) such that

a,J)
0,005 (y) = (Bi) oy 0)0% 00 (1) + (C) 0" W) (P )k (1). (6.12)
This follows from (6.10) and putting (P,;, — P*)¢ into the first term on the right-hand side. Indeed, C; is
determined by rewriting (6.10) in the form
&€ (Iny) s = (Ci) 0" WE W) T (1,€)  for o] = No — 1, (6.13)

(e (Gare) /S (1,6) = (C) " ()€?) and B, is determined by

(Bi) o 00 00 (1) = (Ci) oy " W) (Pin®” — 0P) i i (y)  for o] = No—1. (6.14)
It remains to check (®-4). We define the degree of 9%p; to be d4, 5 := —|a|. The condition ($-4) for
terms with degree d(,, ;) > —No + 1 is obvious. It suffices to check (Bi)(aJ)(a/"ﬂ) and (Ci)(a J)('Y’K) (y)

which corresponds to d(, ;) = —No + 1 in (®-4). Since d(ar,j7y = —No + 1, the condition for B is automatic.
Moreover, mg + || < No, 80 d(qa, 7y < —mk — ||+ 1 and the condition for C follows. O

In the constant-coefficient homogeneous case, we have the following equivalence.

Proposition 6.6. Let U be an connected open subset of R, and P an ro X so-matriz-valued operator on U
that is homogeneous with constant coefficients. Then the following are equivalent:

(1) p*(§) satisfies (CE).
(2) There exists a mazimal graded augmented system {®ataca for P on U.
(3) dimker P*(U) < +o0.

Proof. The implication (1) = (2) is exactly Theorem 6.4. Moreover, (2) = (3) follows from integrating along
curves as above. It remains to prove (3) = (1), or equivalently, its contrapositive. Indeed, if p* does not
satisfy (CE), then there exists a constant vector {¢;}jeq1,....r} 70 and £ € C?\ {0} such that p*(&)¢ = 0,
which means that e"*¢% € ker P* for every A € C. Thus ker P* is infinite dimensional. |

6.4. Preliminaries for explicit computations in the constant curvature case. In the following sec-
tions, we collect some explicit computations for the double divergence operator and symmetric divergence
operator in the constant curvature case. Here we recall some preliminaries.

Under the convention R; jk b = (V;V;—V,;V,;)uF for the Riemann curvature tensor, recall that the Riemann,

Ricei, and scalar curvature tensors on a Riemannian manifold (M, g) with constant sectional curvature s
are given by

Rijke = r(8ir8je — 8irgjx), Ric=(d—1)kg, R=d(d—1)k.
We also introduce the generalized sine function that is defined for k € R as

t k=0,

salt) = § TOEED <,

sin (/D)
NG Kk > 0.
The generalized cosine function is defined as
1 k=0,
cx(t) = 8, (t) = < cosh(v/=rt) Kk <0,
cos(y/kt) k> 0.
1

Fix a point y € M, and consider the polar coordinate system (r,w) (where w = (w!,...w?!) is a
parametrization of S¥~1) centered at y (i.e., 7 is the geodesic distance from y). The metric can be written as

g = dr? —+ SH(T)Qng—l.
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Using ordinary capital latin letters A, B, ... to denote the angular variables w? (so A,B,...€{1,...,d—1}),
the Christoffel symbols take the form

s (r
FfB = Fgr - SKET; ‘%, e = —5u(r)sx(r)(gsi-1) B, Fgc = (ggdfl)rga
where all the other components vanish. The normalized angular forms and vector fields are defined as
do? = s,(r)dw? and 04 = s,,(r)710,,4.

6.5. Double divergence operator (or linearized scalar curvature operator). We consider

d—
for d > 1. The operator P is obtained by making a simple change of variables to the linearization of the
scalar curvature operator. In fact, the linearized scalar curvature operator is directly given by

DR(g)g = —~V'Vitrg g + V/ V¥ g1 — Ric’*g;p.,

where trg g = g/*g,.. We introduce®

; 1 o . )
Ph = V,;V;hi* - (Ricjk — 1jok> h/*  where h/* = h"/, (6.15)

Wt = gik — gkt g
Then since trg h = (1 — d) trg g, this change of variables is invertible and we have

gkt =ni* — ———_gi*tr b

d—1
Under this change of variables, we have
. 1 4
DR(g)g = Vijth — <RiCjk - d—lejk> hik
where the RHS is equal to P(h) defined above.
We first compute the formal adjoint operator P* (with respect to dV'). For a smooth compactly supported
symmetric 2-tensor h on U and ¢ € C°(U), we have

j 1 .
/ Pihjeds = / (vjv’“hjk - (Ricjk - jokh]k)> pdz
U U d—1

, 1
= / hi* (vjvk - (Ricjk - 1jok>> pda.
U

. 1
(P ) jk = V;orp — (Rlcjk - d_lejk> ©. (6.16)

So the formal adjoint is

Its principal symbol is

(p*)jk (&) = =&k, (6.17)
which clearly satisfies (CE) for all d > 1.

6.5.1. Covariant graded augmented system and ker P*. Given a function ¢, define
Then
Vﬁp = Wi,
(6.19)
d—
As we will see in Section 6.5.2, this system of covariant first-order PDEs (6.19) is useful for performing
explicit computations on space forms.

. 1 *
Viwj = (Rlcjk - 1jok> ®+ (,P @)ij'

We note that (6.19) immediately leads to graded augmented variables in the sense of Definition 6.2. Indeed,
if we specialize (6.19) to the Euclidean space in rectangular coordinates (so that P = Ppyin and P* = P4 ),

3We carefully note that g7* is the metric dual of gk, not the first order variation of (g=1)7k. These two objects differ by
a sign.
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then we see that ®, := ¢, ®,, := w; define augmented variables for Py, that satisfy (®-1)-(®-4), where
A = {p,w1,...,wa} (in particular, #A = d + 1), d, = 0, do; = —1, m;; = 2, and mj; = 0 for all
i,j € {1,...,d}. These augmented variables also satisfy (®-1)—(®-4) for any lower order perturbations of

Pprin (viewed as an operator on an open subset of R?, the Euclidean space in rectangular coordinates).

In view of (6.19), we see that dimker P* < #A = d+ 1. This bound is optimal, and the maximal dimension
is reached (i.e., the augmented system is completely integrable) on space forms:

e For RY, P*p = 0;0;¢ and ker P* = span {1,2!,..., 2}

e For the sphere S, P*p = V0, +g;kp. If we embed the sphere into R4 by {(2°)2 4+ (z9)? =
1} C R4, then ker P* is spanned by the restrictions on S? of the ambient coordinates 2%, x!,- .-, 2%,
which are linearly independent. Indeed, for each u € {0,1,...,d}, that P*z* = 0 can be seen by
a direct computation using the fact that the second fundamental form II(X,Y") of the embedding

S% < R4 which proceeds as follows:
(P*z")(X,Y) = X(Yzt) — (VxV)lzr + g(X, V)" = (II(X,Y) + g(X,Y))z" =0,

where V is the covariant derivative in the ambient coordinates, X,Y € TS, and (VXY)” is the
tangential part of VxY. The expressions X (Yz#) and (VxY)l are computed using any extension
of Y as a smooth vector field; as is well-known, the identity holds independently of this choice. The
linear independence claim is clear. Since dimker P* < d+ 1, {z° 2!,..., 2%} indeed also spans P*.

e For the hyperbolic space H?, P*p = V;iOkp — gjrp. We embed the hyperbolic space into the
Minkowski space R*? with metric —(dz®)? 4 (dz')2 4 - - -+ (dz?)? by {—(2°)2 + (21)2 +- - -+ (29)? =
—1}. Then ker P* is again spanned by the restrictions to H? of the ambient coordinates 2%, x!, - - - , 2.
This statement can be verified in a similar manner to the case of S?. In particular, for 4 € {0,1,...,d}
and any X,Y € TH?, we have

(P*z")(X,Y) = X (Yat) — (VxY)lzr — g(X, V)" = (II(X,Y) — g(X,Y))z" =0,

where we used that the second fundamental form IT1(X,Y) of the embedding H? <« R%? equals g.

6.5.2. Ezxplicit computations in the constant curvature case. Let k be the constant sectional curvature of
(M,g). Fix y,1;n € M and a geodesic segment x from y to y;. We may write x(t) = (¢,wp) in polar
coordinates at y for some wy € S?"1. From (6.19) and the formulas in Section 6.4, we have

ar(P = W, arwr = —R@ + (P*(p)rr
So
d2
@@(X(t)) = (ko + (P*Q)rr) -

The solution is given by

d(y1,y) o )
¢(x(0)) = /0 8k (8)X' %) (P )i 0x(s) ds +pox(d(y1,y))ex(d(y1,y)) — % (950) ox(d(y1,y)) sk (d(y1, ).

d(y1,y) o
(K, ()0 = / ()% %015 0 x(s) ds,

(by, (1), 0) = p(y1)ex(d(yr,y)) — % (g, y1, d(y1,9))(0;0) (1) sk (d(y1, ),

which are tensor-valued distributions.

6.5.3. Explicit formulas on flat spaces. For the readers’ convenience, we record the explicit formulas for the
Bogovskii-type and conic solution operators on R?. We average over straight line segments x(y,y1,s) =
y+ s(y1 —y) for the Bogovski-type solution operator and over straight rays x(y,w, s) = y + sw for the conic
solution operator.
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(1) Let n € C*(R?) with fRd n = 1. The Bogovskii-type solution operator for Ph = Vijhjk where
h¥ = h’' on R? with flat metric is given by

e z _ 2t2d
K7 (z+y,y) = / n (r + y> rd=tdr i
2| |2| |2

by(z,y) = (d + n(x) + (x — y)"Oin(=).
(2) Let k € C°°(S*"!) with o, , & = 1. The conic solution operator for Ph = V;Vh/* where h*/ = hi*
on R? with flat metric is given by

ij 2z z
K (z+y,y) = |z|dﬁ( ) .

||

with

6.6. Symmetric divergence operator (or adjoint Killing operator). We consider the symmetric di-
vergence operator

Ph =V,;h/*  where h’* = h*/ (6.20)
for d > 1.

We first compute the formal adjoint operator P* (with respect to dV'). For a smooth compactly supported
symmetric 2-tensor h and 1-form w on U, we have

_ . 1
/(Ph)kwk dV:/(thjk)wde: —/ "V, w;, dV = —/ hﬂki(vjwﬁvkwj) dv.
U U U U

The formal L?-adjoint is
1
(Prw)jk = D) (Vjwr + Viw;) . (6.21)

Observe that P*w = 0 is precisely the condition that the vector field wy is a Killing vector field of (M, g);
for this reason, we will call P* the Killing operator. Its principal symbol is

(0);0(€) = —2 (&% + &55). (6.22)

6.6.1. Covariant graded augmented system and ker P*. Given a 1-form w;, define
njk = %(dw)jk = %(ijk — kaj). (6.23)
Then

Viwj =n;; = (P*w)ij, (6.24)
Vinj, = —Rypi'wi + V(P w)i; — V; (P w)i. .
We postpone the proof of (6.24) and discuss its consequences first.

We note that (6.24) immediately leads to graded augmented variables in the sense of Definition 6.2. Indeed,
if we specialize (6.24) to the Euclidean space in rectangular coordinates (so that P = Ppyin and P* = Pk ),
then we see that @, = wj, (I)lek := n,;, define augmented variables for Ppin that satisfy (P-1)—(D-4),
where A = {w1,...,wa, M2, -, Mg_1)a} (in particular, #A = d + @ = @), dwy, =0, dy, = -1,
m;; =1, and mj; = 1 for all 4,5 € {1,...,d}. These augmented variables also satisfy (®-1)—(®-4) for any
lower order perturbations of Ppin (viewed as an operator on an open subset of R?, the Euclidean space in
rectangular coordinates).

Asis well-known, P* has a finite dimensional kernel with dim ker P* < #A4 = @. The maximal dimension
is reached (i.e., the augmented system is completely integrable) on space forms:

e For R?, ker P* consists of the metric duals of the Killing vector fields, which are

span ({es}y=1,. aU{rres —rsex }i<ick<d)-

Geometrically, these correspond to translation and rotation vector fields on R<.
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e For the sphere S?, ker P* consists of the metric duals of
ker P* = span ({zxes — xjex to<i<k<d)-

Geometrically, these correspond to the rotation vector fields on the ambient Euclidean space R4 1.
e For the hyperbolic space H?, ker P* consists of the metric duals of

ker P* = span ({J}OEJ + Z‘Jeo}ngSd @] {xKeJ - l‘JeK}1§J<K§d> .

Geometrically, these correspond to the Lorentz boost and rotation vector fields on the ambient
Minkowski space R¢.

Finally, we give a proof of (6.24), which is a covariant generalization of [12]. Indeed, the first identity is
obvious. To prove the second identity, we begin by computing V;(P*w), and cycling the indices i, j, k:
—2V;(P*w)jr = ViVjwi + ViViwj,
=2V (P*w)pi = V;Viw; + V;Viwy, = ViVjw; + ViVwi — R we + Ry wr,
—2V (P w)iy = ViViw; + Vi V,w; = ViViw; + Vi Vw; — Ry, wr.
Then we subtract the second equation from the third equation. We obtain
Vinj, = %(Rjkei - Rijék - Rkiej)wf + Vi(P'w)ij = V(P w)ki
=R wi + Vi(P*w)ij — V(P )k,
where we used the first Bianchi identity for the last equality.
6.6.2. FExplicit computations in the constant curvature case. Let k be the constant sectional curvature of

(M,g). Fix y,;1n € M and a geodesic segment x from y to y;. We may write x(t) = (¢,wp) in polar
coordinates at y for some wy € S?"1. From (6.24) and the formulas in Section 6.4, we have

d .
Ewr(x(t)) = —(P*'w)pr,
d
&WA(X(U) =Twp +m,4 — (P*w)ra,
d

EWTA(X(IS)) = FrBAan —kwa + Va(P'w)p — Vi (Pw)ra.

For the first equation we can solve directly:

d(y1,y)
wr(x(t)) = wr(y1) +/t (P w)pr(x(s)) ds.

The equation for w4 can be reduced:
d2
a2

Therefore,

(5:() rwa(x(t)) = —kse(t) rwa + 5. (1) VAP W)y — 28.(1) V. (P*W)ra.

d(y1,y)
sx(t) twa(x(t) = /t $u(t = )85 (5) T (Vi (P*w)ra — Va(P*w)rr) (x(s))ds

d(y1,y)
+ / Cult — 5)8,(8) H(P*w),ads
¢

+wayr)ex(t —d(y1,9))/5x(dY1,y) + M4 (W1)s6( — d(y1,9))/5x(d(y1,y))-
Thus

d(yiy) d(y1,y) )
<Ky1<-7y>,¢>=< / xwmx(s))ds) dr+< / cﬁ<s>>'<ﬂwjg<x<s>>ds> i

d(y1,y) o
- < / (8130 (Vb 5 — V 1005) (x(5)) ds> di



33

(we recall that do? = s.(r)dw? is the normalized angular 1-form and Uiz = $i(r)"Mj4 since Oza =
s.10,4) and

(by, (-, y), ) = @r(yr) dr + (@g(yl)cn(d(yl,y)) — %Xj(d(yl,y))(vm — Vgsoj)(yl)sn(d(yhy))> dw?.

6.6.3. Explicit formulas on flat spaces. For the readers’ convenience, we record the explicit formulas for the
Bogovskii-type and conic solution operators on RY. We average over straight line segments x(y,y1,s) =
y + s(y1 — y) for the Bogovski-type solution operator and over straight half-lines x(y,w, s) = y + sw for the
conic solution operator.

(1) Let n € C*(RY) with [,.n = 1. The Bogovskii-type solution operator for Ph = V;h/* where
h% = h7* on R? with flat metric is given by

ij 1 o z _ 2187 + 218}
(Kn)il (2 +y.y) =5 / n(ry ) rtthde | R
2\ Jj |2| |2|

1 00 m i(sj jéi
+ §azm / n (TZ + y) pd=tgp | 222 0% T 20 (10} + 270%)
|

2| E |2

o] 1.7
— Ok / n (rz + y) e Zd
2] |2 |z

d

(n)itry) = To 08+ 5 (@~ ) ()8 — 3 w — ) den().

(2) Let k € C>(S%!) with [,, , & = 1. The conic solution operator for Ph = V;h/* where h"/ = hi’
on R¢ with flat metric is given by

y 1280 + 2188 2 1 (2180 + 21 8%) z 2420 z
TR L £ WEAFE Y R EET TN IOWE WM
Fuli (= +0:9) = 51 EIRE 2] ] m

Exercise 6.7. Do the computation for the trace-free symmetric divergence operator

Ph=V,;h/*  where h/* = h*/ and trgh =0, (6.25)

with

for d > 3.
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