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1. The Vacuum Einstein constraint equations

This is the note for the summer school at St Andrews in the July of 2026.

1.1. The vacuum constraints. The vacuum Einstein equation states

Ricg − 1

2
g trg Ricg = 0, (1.1)

where g is a Lorentzian metric on a d+ 1-dimensional manifold, and Ricg is the Ricci curvature of g.

Let (Md, g) be a spacelike hypersurface of dimension d ≥ 2 in a vacuum spacetime, and let k be its second
fundamental form. The Gauss and Codazzi equations imply

2H(g, k) := Rg + (trg k)
2 − |k|2g = 0, (1.2)

M(g, k) := divg k − d(trg k) = 0. (1.3)

Indeed, suppose Rg is the Riemann curvature tensor of g, and Rg is the Riemann curvature tensor of g.
The Gauss equation states that

g(Rg(ei, ej)ej , ei) = g(Rg(ei, ej)ej , ei)− k(ei, ej)
2 + k(ei, ei)k(ej , ej).

Summing in i, j, the left hand side becomes∑
i,j

g(Rg(ei, ej)ej , ei) =
∑
j

Ricg(ej , ej)− Ricg(n, n) = 0,

while the right hand side becomes Rg + (trg k)
2 − |k|2g. The Codazzi equation states that

g(Rg(ei, ej)ej , n) = ∇eik(ej , ej)−∇ejk(ei, ej).

Summing in j, the left hand side becomes∑
j

g(Rg(ei, ej)ej , n) = Ricg(ei, n) = 0,

while the right hand side becomes d(trg k) − divg k. The fundamental theorem of Choquet-Bruhat [8]
states that any (sufficiently regular) triple (M, g, k) solving (1.2)–(1.3) corresponds to a geometrically unique
spacetime with a metric solving (1.1) (see [3, 13] for the uniqueness).

At each point, (g, k) contains d(d+1) scalar components, whereas (1.2)–(1.3) give only d+1 scalar equations.
The system is therefore underdetermined. The basic questions are:

• Can one build nontrivial vacuum data supported in a prescribed region?
• Can two solutions be glued in a prescribed region? What is the obstruction to glue two solutions?
• How fast may asymptotically flat vacuum data decay?

1



2 ZHONGKAI TAO

1.2. Linearization at flat data. Let us linearize around the flat data (δ, 0) on Rd. Write

g = δ + ġ, k = k̇.

The first variation of scalar curvature at the Euclidean metric is

DRδ(u) = ∂i∂j ġ
ij −∆trδ ġ. (1.4)

One quick derivation starts from

DΓk
ij(ġ) =

1

2

(
∂iġj

k + ∂j ġi
k − ∂kġij

)
,

then contracts DRicij = ∂kDΓk
ij − ∂jDΓk

ik. The terms involving k̇ in the Hamiltonian constraint are qua-
dratic, so they do not appear in the linearization at k = 0.

For the momentum constraint,
DM(δ,0)(ġ, k̇)j = ∂ik̇ij − ∂j trδ k̇. (1.5)

The metric perturbation ġ does not occur at linear order because the background second fundamental form
vanishes.

We make the following change of variables to make the equations (1.4)–(1.5) in a simpler form:

hij = gij − δij − δij trδ(gij − δij), πij = kij − δij trδ k. (1.6)

Since trδ h = −(d− 1) trδ(g − δ) and trδ π = −(d− 1) trδ k, the inverse transformation is

gij = δij + hij −
1

d− 1
δij trδ h, kij = πij −

1

d− 1
δij trδ π. (1.7)

Thus the linearized constraint operator becomes

P (h, π) =
(
PHh, PMπ

)
:=
(
∂i∂jh

ij , ∂iπ
ij
)
. (1.8)

The two components are called the double divergence and the symmetric divergence.

1.3. The nonlinear equations as a quadratic perturbation. In the variables (h, π), the constraint
equations (1.2)–(1.3) can be written as

P (h, π) = Φ(h, π). (1.9)
Near (0, 0), the nonlinear map has the schematic form

ΦH(h, π) =M (0)(h)
(
h, ∂2h

)
+M (1)(h)

(
∂h, ∂h

)
+M (2)(h)(π, π), (1.10)

ΦM (h, π) = N (0)(h)
(
h, ∂π

)
+N (1)(h)

(
∂h, π

)
, (1.11)

where M (0),M (1),M (2), N (0), N (1) are smooth tensor-valued coefficient maps as long as g remains positive
definite. The notation means finite linear combinations of contractions with coefficients depending smoothly
on h. The important facts are

Φ(0, 0) = 0, DΦ(0, 0) = 0. (1.12)
Consequently, in reasonable spaces we expect

∥Φ(h, π)∥Y ≤ C∥(h, π)∥2X , (1.13)

∥Φ(h1, π1)− Φ(h2, π2)∥Y ≤ C
(
∥(h1, π1)∥X + ∥(h2, π2)∥X

)
∥(h1 − h2, π1 − π2)∥X . (1.14)

1.4. Formal adjoints and finite-dimensional obstructions. On a bounded domain, compactly sup-
ported solvability is constrained by the kernels of the formal adjoints.

For a scalar test function φ, ∫
(∂i∂jh

ij)φdx =

∫
hij∂i∂jφdx,

so
P ∗
Hφ = ∇2φ. (1.15)

On a connected Euclidean domain, ∇2φ = 0 exactly when φ is affine:

φ(x) = a+ bix
i.
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Therefore a compactly supported solution of PHh = f must satisfy∫
f dx = 0,

∫
xaf dx = 0, a = 1, . . . , d. (1.16)

For a 1-form ω, ∫
(∂iπ

ij)ωj dx = −
∫
πij∂iωj dx

= −1

2

∫
πij(∂iωj + ∂jωi) dx.

Thus

P ∗
Mω = −1

2
(∂iωj + ∂jωi). (1.17)

Its kernel is the space of Euclidean Killing fields. In dimension three it is spanned by the translations

ea = ∂a, a = 1, 2, 3,

and rotations
Ya = ϵaijx

i∂j , a = 1, 2, 3.

Hence a compactly supported solution of PMπ = F must satisfy∫
F · ea dx = 0,

∫
F · Ya dx = 0, a = 1, 2, 3. (1.18)

Together, (1.16) and (1.18) give ten conditions in d = 3. These are the linear ancestors of energy, linear
momentum, center of mass, and angular momentum.

1.5. Notations. Unless stated otherwise, indices are raised and lowered with the Euclidean metric δ. Re-
peated indices are summed. The construction of Bogovskii-type operators work in dimension d ≥ 1 while
the discussion of constraint equations works in dimension d ≥ 3. We specialize to d = 3 when discussing the
ten charges and annular gluing (although the same works in general dimensions).

For a symmetric tensor u, trδ u = δijuij . Let Br(ξ) := {x ∈ Rd : |x− ξ| < r} and Br := Br(0). We write

⟨x⟩ = (1 + |x|2)1/2, Ar = B2r \Br, Ãr = B4r \Br/2.

A solid cone with vertex y, axis ω ∈ Sd−1, and opening angle θ is

Cy,θ(ω) = {x ∈ Rd : ∠(x− y, ω) ≤ θ}.

When y = 0 we write Cθ(ω). For 0 < θ < π/2 this is a convex cone.

2. Conic solution operators

In this section, we construct conic solution operators for the linearized constraint operator (1.8), which are
right inverses with controlled support of the Schwartz kernel in a conic region.

2.1. A right inverse for the divergence equation. Consider

∂iu
i = f. (2.1)

Fix ω ∈ Sd−1. The vector-valued distribution supported on the ray R+ω and defined by

⟨Tω, ψ⟩ :=
∫ ∞

0

ω ψ(tω) dt, ψ ∈ C∞
c (Rd), (2.2)

satisfies ∂i(Tω)i = δ0. Indeed, 〈
∂i(Tω)

i, φ
〉
= −

∫ ∞

0

d

dt
φ(tω) dt = φ(0).
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The singular ray can be smoothed in the angular variables without losing its one-sided support. Choose
κ ∈ C∞(Sd−1) with ∫

Sd−1

κ(ω) dω = 1. (2.3)

Averaging (2.2) gives

Ki
κ(x) = κ(x̂)

xi

|x|d
, x̂ :=

x

|x|
, ∂iK

i
κ = δ0. (2.4)

The kernel is homogeneous of degree 1− d and is supported in the closed cone generated by suppκ.

Exercise 2.1. Check (2.4) directly.

This elementary construction contains three features:

(i) the right inverse is obtained by integrating along rays;
(ii) angular averaging gives a kernel smooth away from the origin;
(iii) choosing the angular density localizes the kernel in a prescribed cone.

2.2. The double divergence equation. Now we study the double divergence equation

∂i∂jh
ij = f. (2.5)

For κ satisfying (2.3), set

Kij
κ (x) := κ(x̂)

xixj

|x|d
. (2.6)

Notice that Kκ is homogeneous of degree 2− d.

Proposition 2.2 (Conic fundamental solution for PH). The distribution Kκ is a symmetric tensor, smooth
on Rd \ {0}, and

∂i∂jK
ij
κ = δ0. (2.7)

Its support is contained in the closed cone generated by suppκ.

Proof. For φ ∈ C∞
c (Rd), polar coordinates give〈

∂i∂jK
ij
κ , φ

〉
=

∫
Sd−1

κ(ω)

∫ ∞

0

r ωiωj(∂i∂jφ)(rω) dr dω

=

∫
Sd−1

κ(ω)

∫ ∞

0

r
d2

dr2
φ(rω) dr dω.

Integration by parts twice, with compact support at infinity, yields∫ ∞

0

r
d2

dr2
φ(rω) dr = φ(0).

The angular integral is one by (2.3). The support and homogeneity statements follow immediately from
(2.6). □

The factor r in the preceding proof explains the order of the operator: solving a double-divergence equation
gains two derivatives and produces a kernel of order −2.

2.3. The symmetric divergence equation. We next solve

∂jπ
jk = F k, πjk = πkj . (2.8)

For a fixed v ∈ Rd, define

Ljk
κ,v(x) := ∂ℓ

[
κ(x̂)

xjxℓvk + xℓxkvj − vℓxkxj

|x|d

]
. (2.9)
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Proposition 2.3 (Conic fundamental solution for PM ). The tensor Lκ,v is symmetric in j, k, is homogeneous
of degree 1− d, is smooth away from the origin, and satisfies

∂jL
jk
κ,v = δ0v

k. (2.10)

Its support is contained in the closed cone generated by suppκ.

Proof. For a single direction ω, let ϕω be the distribution

⟨ϕω, ψ⟩ =
∫ ∞

0

tψ(tω) dt.

Then ωjωℓ∂j∂ℓϕω = δ0. Put

πjk
ω = ∂ℓϕω

(
ωjωℓvk + ωℓωkvj − vℓωkωj

)
.

The last two terms cancel after applying ∂j , while the first gives δ0vk. Averaging this identity over ω against
κ and changing to polar coordinates gives precisely (2.9). Symmetry and the remaining properties follow
from the formula. □

For a vector F = (F1, . . . , Fd), we use the standard basis ea and sum the corresponding kernels.

Definition 2.4 (Conic solution operator). Let Ω be a convex cone and choose κ satisfying (2.3) with
suppκ ⊂ Ω ∩ Sd−1. Define

Sc(f, F ) :=

(
Kκ ∗ f,

d∑
a=1

Lκ,ea ∗ Fa

)
. (2.11)

It follows from (2.7) and (2.10) that

PSc(f, F ) = (f, F ). (2.12)

2.4. Support preservation and the outgoing property. Note that

supp(u ∗ v) ⊂ suppu+ supp v := {a+ b : a ∈ suppu, b ∈ supp v}.

A convex cone is closed under addition. We therefore obtain the following:

Corollary 2.5 (Conic support). If supp(f, F ) ⊂ Ω and Ω is the convex cone used in Definition 2.4, then

suppSc(f, F ) ⊂ Ω.

The operator is outgoing in the following sense.

Definition 2.6 (Outgoing kernel). An integral kernel K(x, y) on a cone Ω is outgoing if there is CΩ > 0
such that

K(x, y) ̸= 0 =⇒ |y| ≤ CΩ(1 + |x|). (2.13)

Exercise 2.7. Define the incoming integral kernel similar as Definition 2.6. If an operator is both outgoing
and incoming, we say it is diagonal.

Lemma 2.8 (Conic convolution is outgoing). Let Ω = Cθ(ω) with 0 < θ < π/2. The kernel K(x − y) is
outgoing on Ω.

Proof. If x, y ∈ Ω and x−y ∈ Ωω,θ′ , then (x−y) ·ω ≥ 0. If |y|/|x| were arbitrarily large, then (x−y)/|x− y|
would approach −y/|y|, whose scalar product with ω is negative, contradicting x− y ∈ Ωω,θ′ . Compactness
gives a uniform constant CΩ. □

Exercise 2.9. Prove Lemma 2.8 with explicit CΩ.
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2.5. Weighted Sobolev spaces. For an integer m ≥ 0, define

∥u∥2Hm
b

:=
∑

|α|≤m

∥⟨x⟩|α|∂αu∥2L2(Rd). (2.14)

For s ∈ R, we define Hs
b using complex interpolation and duality.

For δ ∈ R set
Hs,δ

b = ⟨x⟩−δHs
b, ∥u∥Hs,δ

b
:= ∥⟨x⟩δu∥Hs

b
. (2.15)

For integer m, the norm is equivalent to ∑
|α|≤m

∥⟨x⟩δ+|α|∂αu∥L2 . (2.16)

Each derivative is accompanied by one extra power of ⟨x⟩.

For an open subset Ω ⊂ Rd, let Hs,δ
b (Ω) be the closure of C∞

c (Ω) in the Hs,δ
b norm. When Ω is the closure

of an open set with Lipschitz boundary, we use the same notation.

For u = ⟨r⟩−γ , we have

⟨r⟩−γ ∈ Hm,δ
b ⇐⇒

∫ ∞

1

r2δ−2γ+d−1 dr <∞ ⇐⇒ γ >
d

2
+ δ. (2.17)

In d = 3, the weights δ = −1/2 and δ = 1/2 correspond respectively to the decay rate r−1 and r−2.

Exercise 2.10. Let χ ∈ C∞(Rd) vanish on B1 and equal one outside B2. For γ, q ∈ R, set

u(x) = χ(x)|x|−γ
(
log(2 + |x|)

)−q
.

For an integer m ≥ 0 and δ ∈ R: determine when u ∈ Hm,δ
b .

Let {χj}j≥0 be a dyadic partition of unity, with χj supported where r ≃ 2j , and let φj(x) = 2jx. Then we
have the dyadic decomposition:

∥u∥2
Hs,δ

b

≃
∑
j≥0

22j(δ+d/2)∥φ∗
j (χju)∥2Hs(Rd). (2.18)

This reduces weighted estimates to ordinary Sobolev estimates on a dyadic annuli.

Exercise 2.11. Use (2.18) to show that

(i) If s > d/2, then
∥⟨x⟩d/2+δu∥L∞ ≲ ∥u∥Hs,δ

b
. (2.19)

(ii) For s1 + s2 > 0, we have

∥uv∥
H

s0,δ1+δ2+d/2

b

≲ ∥u∥
H

s1,δ1
b

∥v∥
H

s2,δ2
b

, s0 =

{
min(s1, s2), max(s1, s2) > d/2,
s1 + s2 − d/2, max(s1, s2) < d/2.

(2.20)

The natural solution space for the constraints is

Xs,δ := Hs,δ
b (Rd; Sym2)×Hs−1,δ+1

b (Rd; Sym2). (2.21)

The second fundamental form is assigned one extra power of decay and one fewer derivative.

2.6. Weighted estimates for homogeneous kernels. The conic kernels have nice mapping properties
between weighted Sobolev spaces.

Theorem 2.12 (Homogeneous convolution estimate). Let K ∈ C∞(Rd \ {0}) ∩ D′(Rd) be homogeneous of
degree k − d, with 0 < k < d. If

−d
2
< δ <

d

2
− k, (2.22)

then convolution extends to a bounded map

K∗ : Hs−k,δ+k
b −→ Hs,δ

b . (2.23)
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If the kernel is outgoing on a cone, the lower bound in (2.22) is not needed for the outgoing part; if it is
incoming, the upper bound is not needed for the incoming part.

Proof. Split the Schwartz kernel K(x− y) into three regions:

Kdiag +Kout +Kin,

where |x| ≃ |y|, |x| > (1 + c)|y|, and |x| < (1− c)|y|, respectively.

On the diagonal region, rescale each dyadic annulus to unit size. Homogeneity gives a factor 2j(k−d), and
standard pseudodifferential estimates show that the localized operator has order −k.

On the outgoing region, the off-diagonal kernel is smooth and satisfies

|∂αx,yKout(x, y)| ≲α (1 + |x|+ |y|)k−d−|α|.

This implies that

∥Kout,j,j′∥Hs−k,δ+k
b (A

2j
′ )→HN,δ

b (A2j )
≲ 2j(k−d)2(δ+d/2)j−(δ−d/2+k)j′ = 2(δ−d/2+k)(j−j′). (2.24)

In the outgoing region we have j > j′, this sum converges when δ < d/2 − k. On the incoming region we
have

∥Kin,j,j′∥Hs−k,δ+k
b (A

2j
′ )→HN,δ

b (A2j )
≲ 2j

′(k−d)2(δ+d/2)j−(δ−d/2+k)j′ = 2(δ+d/2)(j−j′), j < j′. (2.25)

The convergence requires δ > −d/2. Combining the three pieces gives (2.23). □

For Kκ we take k = 2; for Lκ,v we take k = 1. Both components of the constraint source can be placed in
the same space:

Corollary 2.13 (Mapping property of Sc). For every δ < d
2 − 2 and s ∈ R,

Sc : H
s−2,δ+2
b (Ω;R⊕ Rd) −→ Hs,δ

b (Ω; Sym2)×Hs−1,δ+1
b (Ω; Sym2) (2.26)

is bounded.

The endpoint is sharp: for generic compactly supported f , Kκ ∗ f has a leading term of size r2−d, and this
power lies just outside Hs,d/2−2

b .

Exercise 2.14. A function is called polyhomogeneous if it has the asymptotic expansion (as well as all the
derivatives)

u(x) ∼
∑
j,ℓ

uj(x̂)r
−j(log r)ℓ, r → ∞,

where j lies in a discrete index set and ℓ ∈ N. Prove that Sc maps polyhomogeneous functions to polyho-
mogeneous functions.

2.7. Linearized solutions. To construct solutions to the constraint equation (1.9) we need linearized so-
lutions (h0, π0) ∈ kerP .

Lemma 2.15. For ϕ ∈ C∞
c (Rd) define

T (ϕ)ij =

 ∂2∂2ϕ −∂1∂2ϕ 0
−∂1∂2ϕ ∂1∂1ϕ 0

0 0 0

 . (2.27)

Then
∂iT (ϕ)ij = 0. (2.28)

Consequently (T (ϕ), 0) and (0, T (ϕ)) both lie in kerP .

Exercise 2.16. Check that this linearized solution has nontrivial linearized Riemannian curvature when d ≥ 3.
Thus it will lead to a nontrivial metric instead of just a gauge change:

(DR)ijkℓ =
1

2
(∂i∂kġjℓ + ∂j∂ℓġik − ∂i∂ℓġjk − ∂j∂kġiℓ) ̸= 0.
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3. Bogovskii type operators

For the gluing problem, we need to solve (1.8) in a compact region. We adapt the Bogovskii operators from
fluid mechanics to more general settings.

3.1. The annular correction problem. Suppose two initial data are prescribed near an inner and an
outer annulus. A cutoff interpolation agrees with the desired data at both ends, but the derivatives of the
cutoff create error in the transition annulus. The correction problem is therefore:

Given (f, F ) supported in an annulus, find symmetric tensors (h, π) supported in the same
annulus such that

∂i∂jh
ij = f, ∂iπ

ij = F j .

By (1.16)–(1.18), this is possible only when (f, F ) is orthogonal to the ten-dimensional cokernel. Unlike the
conic case, the cokernel is unavoidable because both the source and the output are required to have compact
support.

3.2. The scalar Bogovskii-type operator on a star-shaped set. Let Ω ⊂ R3 be star-shaped with
respect to a ball B ⋐ Ω: for every x ∈ Ω and y ∈ B, the segment [x, y] lies in Ω. Choose η ∈ C∞

c (B) with∫
η = 1. For z = x− y, define

Ψij
η (z + y, y) =

zizj

|z|3

∫ ∞

|z|
η

(
r
z

|z|
+ y

)
r2 dr, (3.1)

and

(Sηf)
ij(x) =

∫
R3

Ψij
η (x, y)f(y) dy. (3.2)

The radial integral searches along the ray beginning at y and passing through x. It is nonzero only when
that ray eventually meets B.

Lemma 3.1. In the z variable,

∂zi∂zjΨij
η (z + y, y) = δ0(z)− 4η(z + y)− za∂aη(z + y). (3.3)

Integrating (3.3) with f(y) gives

∂i∂j(Sηf)
ij(x) = f(x)− (η(x) + ∂a(x

aη(x)))

∫
f(y) dy + ∂aη(x)

∫
yaf(y) dy. (3.4)

Proposition 3.2. If f ∈ C∞
c (Ω) satisfies∫

f = 0,

∫
yaf(y) dy = 0, a = 1, 2, 3, (3.5)

then
∂i∂j(Sηf)

ij = f, suppSηf ⊂ Ω.

Moreover, Sη is a classical pseudodifferential operator of order −2. In particular, for every s ∈ R, let Hs
0(Ω)

be the closure of C∞
c (Ω) in Hs(R3),

∥Sηf∥Hs
0
≲ ∥f∥Hs−2

0
, ∥[Sη, ∂a]f∥Hs

0
≲ ∥f∥Hs−2

0
. (3.6)

Proof. If the integrand in (3.1) is nonzero, there is an r ≥ |x− y| such that

y1 = y + r
x− y

|x− y|
∈ B.

The point x lies on the segment from y to y1. Since y ∈ Ω, y1 ∈ B, and Ω is star-shaped with respect to B,
it follows that x ∈ Ω. To show that Sη is a pseudodifferential operator, we define

a(y, ξ) :=

∫
χ(z)Ψη(z + y, y)e−iz·ξdz (3.7)
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so that
Ψη(x, y)χ(x− y) =

1

(2π)d

∫
a(y, ξ)ei(x−y)·ξdξ. (3.8)

We divide a(y, ξ) :=
∑
aj(y, ξ) where the integral is on the dyadic annulus |z| ≃ 2−j . Since

|∂αy ∂βz Ψη(z + y, y)| ≲ |z|−1−|β|. (3.9)

We conclude that
|∂αy ∂

β
ξ aj(y, ξ)| ≲ min(2−j(|β|+2), 2j|β

′||ξ|−(|β|+2+|β′|)). (3.10)
Thus we conclude that

|∂αy ∂
β
ξ a(y, ξ)| ≲ |ξ|−(|β|+2). (3.11)

□

3.3. The symmetric-divergence Bogovskii operator. Define

(Ψη)
ij

k(z + y, y) =
1

2

(∫ ∞

|z|
η

(
r
z

|z|
+ y

)
r2 dr

)
|z|−3(ziδjk + δikz

j)

+
1

2
∂zm

[(∫ ∞

|z|
η

(
r
z

|z|
+ y

)
r2 dr

)
|z|−3zm(ziδjk + δikz

j)

]

− ∂zk

[(∫ ∞

|z|
η

(
r
z

|z|
+ y

)
r2 dr

)
|z|−3zizj

]
, (3.12)

and
(TηF )

ij(x) =

∫
(Ψη)

ij
k(x, y)F

k(y) dy. (3.13)

The output is symmetric in i, j.

Lemma 3.3. We have

∂zi(Ψη)
ij

k(z + y, y) = δ0(z)δ
j
k − 2η(z + y)δjk − 1

2
zℓ∂zℓη(z + y)δjk +

1

2
zj∂zkη(z + y). (3.14)

Proposition 3.4. If F ∈ C∞
c (Ω;R3) obeys∫

F · ea dx = 0,

∫
F · Ya dx = 0, a = 1, 2, 3, (3.15)

then
∂i(TηF )

ij = F j , suppTηF ⊂ Ω.

The operator has order −1 and for all s ∈ R,

∥TηF∥Hs
0 (Ω) ≲ ∥F∥Hs−1

0 (Ω), ∥[Tη, ∂a]F∥Hs
0 (Ω) ≲ ∥F∥Hs−1

0 (Ω). (3.16)

Exercise 3.5. Prove Proposition 3.4 following the proof of Proposition 3.2.

3.4. From star-shaped sets to an annulus. An annulus is not star-shaped, but it is a finite union of sets
that are star-shaped with respect to balls.

Suppose U = U1 ∪ U2 and that U1 ∩ U2 contains a ball that is star-shaped in U1 and U2, so that we can
define the solution operators S1 and S2 in U1 and U2, respectively. Let χ1 + χ2 = 1 be subordinate to the
cover. For the solution operator in Proposition 3.2, write

g0 = 1, ga = xa, a = 1, 2, 3.

Choose ρ ∈ C∞
c (U1 ∩ U2), ρ ̸≡ 0, and form the Gram matrix

Gµν =

∫
gµgνρ

2 dx, 0 ≤ µ, ν ≤ 3.

It is positive definite. Set

ϑµ = (G−1)µνgνρ
2,

∫
ϑµgµ′ dx = δµµ′ . (3.17)
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For f ∈ C∞
c (U), define

f1 = χ1f −
3∑

µ=0

(∫
χ1fgµ dx

)
ϑµ, (3.18)

f2 = χ2f −
3∑

µ=0

(∫
χ2fgµ dx

)
ϑµ. (3.19)

Then each fa is supported in Ua and
∫
f1gµ =

∫
f2gµ = 0. Hence

Sf = S1f1 + S2f2

satisfies

PSf = f1 + f2 = f −
3∑

µ=0

(∫
fgµ dx

)
ϑµ.

Iterating over a finite cover yields the annular operators.

The same construction works for the solution operator in Proposition 3.4. We have proved the following.

Theorem 3.6 (Bogovskii operators on A1). For P = (PH , PM ), there are linear operators

SB : C∞
c (A1) → C∞

c (A1; Sym
2)× C∞

c (A1; Sym
2)

with the following properties:

(i) PSB(f, F ) = (f, F ) for (f, F ) satisfying (1.16) and (1.18);
(ii) SB : Hs−2

0 (A1) → Hs
0(A1)×Hs−1

0 (A1);
(iii) supp(f, F ) ⊂ A1 implies that suppSB(f, F ) ⊂ A1.

3.5. The ten surface charges. For data (g, k) on a neighborhood of ∂Br ⊂ R3, define

E[(g, k); ∂Br] =
1

2

∫
∂Br

(∂igij − ∂jgii)ν
j dS, (3.20)

Pa[(g, k); ∂Br] =

∫
∂Br

(kaj − δaj trδ k)ν
j dS, (3.21)

Ca[(g, k); ∂Br] =
1

2

∫
∂Br

[
xa(∂igij − ∂jgii)− δia(gij − δij) + δja(gii − δii)

]
νj dS, (3.22)

Ja[(g, k); ∂Br] =

∫
∂Br

(kij − δij trδ k)Y
i
aν

j dS. (3.23)

Write

Q = (E,P1,P2,P3,C1,C2,C3,J1,J2,J3).

To avoid traces on rough Sobolev data, one may average the surface charges: for η ∈ C∞
c ((1, 2)) such that∫

η = 1 and ηr(r′) = r−1η(r−1r′), define

Q[(g, k);Ar] =

∫
ηr(r

′)Q[(g, k); ∂Br′ ]dr
′. (3.24)

The link between charges and cokernels is given by the following. For 0 < r0 < r1,

∫
Br1

\Br0

1
2∂i∂jh

ij


1
x1
x2
x3

 dx =


E
C1

C2

C3

 [(g, k); ∂Br1 ]−


E
C1

C2

C3

 [(g, k); ∂Br0 ], (3.25)
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∫
Br1

\Br0

∑
j

∂iπ
ij



ej1
ej2
ej3
Yj

1

Yj
2

Yj
3


dx =


P1

P2

P3

J1

J2

J3

 [(g, k); ∂Br1 ]−


P1

P2

P3

J1

J2

J3

 [(g, k); ∂Br0 ], (3.26)

and in terms of averaged charges, if

χr0,r1(r) =

∫ r

−∞
(ηr0(r

′)− ηr1(r
′)) dr′, (3.27)

we have ∫
χr0,r1(r)

1
2∂i∂jh

ij


1
x1
x2
x3

 dx =


E
C1

C2

C3

 [(g, k);Ar1 ]−


E
C1

C2

C3

 [(g, k);Ar0 ], (3.28)

∫ ∑
j

χr0,r1(r)∂iπ
ij



ej1
ej2
ej3
Yj

1

Yj
2

Yj
3


dx =


P1

P2

P3

J1

J2

J3

 [(g, k);Ar1 ]−


P1

P2

P3

J1

J2

J3

 [(g, k);Ar0 ]. (3.29)

Under the invariant rescaling

g(R)(x) = g(Rx), k(R)(x) = Rk(Rx), (3.30)

the charges transform as

(E,P)[g(R), k(R);A1] = R−1(E,P)[g, k;AR], (C,J)[g(R), k(R);A1] = R−2(C,J)[g, k;AR]. (3.31)

4. Conic gluing and obstruction-free gluing

We recall the constraint equations:

Rg + (trg k)
2 − |k|2g = 0,

divg k − d(trg k) = 0.
(4.1)

4.1. The Picard iteration.

Proposition 4.1. Let P : X → Y and S : Y → X be bounded operators. Suppose Φ : X → Y is smooth
near 0, satisfies (1.12), and obeys (1.13)–(1.14). If u0 ∈ X is sufficiently small, then there is a unique u1 in
a ball of radius comparable to ∥u0∥2X such that

u1 = SΦ(u0 + u1). (4.2)

Consequently, if u0 ∈ kerP and PS = IdY , then u := u0 + u1 solves Pu = Φ(u) and

∥u− u0∥X ≲ ∥u0∥2X .

Any support property shared by u0, S, and Φ is inherited by u.

Proof. Let ϵ = ∥u0∥X and consider the ball BCϵ2(0) ⊂ X. For u1 in this ball,

∥SΦ(u0 + u1)∥X ≤ ∥S∥C0(ϵ+ Cϵ2)2 ≤ Cϵ2

when C is chosen large and ϵ small. Moreover,

∥SΦ(u0 + u1)− SΦ(u0 + v1)∥X ≤ C1∥S∥(ϵ+ Cϵ2)∥u1 − v1∥X .
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For ϵ small, the last coefficient is less than 1/2. Banach’s fixed point theorem implies a unique u1 of norm
≤ Cϵ2 satisfying (4.2). Finally, if u0 ∈ kerP and PS = IdY , then

P (u0 + u1) = Pu1 = PSΦ(u0 + u1) = Φ(u0 + u1). □

The difficult work is therefore concentrated in two tasks: construct a right inverse S with the correct support,
and choose spaces in which S and Φ satisfy the required estimates.

4.2. Solutions localized in a cone. We now show how to construct solutions supported in a cone. Let
Xs,δ be as in (2.21) and let

Y s,δ = Hs−2,δ+2
b (Rd;R⊕ Rd).

For s > d/2 and δ ≥ −d/2, the product estimate (2.20) implies that the nonlinear map (1.10)–(1.11) is
smooth

Φ : Xs,δ −→ Y s,δ (4.3)
near the origin. Combining this with 2.13, we have the following interval

−d
2
≤ δ <

d

2
− 2. (4.4)

Theorem 4.2 (Conic vacuum data). Let d ≥ 2, let Cθ(ω) be a solid cone with 0 < θ < π/2, let s > d/2,
and choose δ as in (4.4). If u0 = (h0, π0) ∈ Xs,δ is a sufficiently small solution of Pu0 = 0 supported in
Cθ(ω), then there is a vacuum solution u = (h, π) supported in Cθ(ω) such that

∥u− u0∥Xs,δ ≲ ∥u0∥2Xs,δ . (4.5)

If u0 is smooth, then the solution u is also smooth.

Proof. Set the fixed point problem
u1 = ScΦ(u0 + u1). (4.6)

The mapping statements above and the quadratic estimates for Φ verify the hypotheses of Proposition 4.1.
The local nature of Φ and Corollary 2.5 preserve support. Smoothness follows by differentiating the fixed
point equation, commuting derivatives through the diagonal part of Sc, and using that the outgoing pieces
are smoothing away from the diagonal. □

4.3. The tail. A compactly supported u0 does not in general lead to compactly supported nonlinear data.
This is because the solution operator Sc generates tails. We note that for |x| > 2|y|+ 1,

Kκ(x− y) = Kκ(x) +O(|x|1−d|y|), (4.7)

Lκ,v(x− y) = Lκ,v(x) +O(|x|−d|y|). (4.8)

Consequently, for (f, F ) decaying fast enough,

Kκ ∗ f(x) = Kκ(x)

∫
f(y) dy +O(|x|1−d), (4.9)

Lκ,v ∗ F (x) = Lκ,v(x)

∫
F (y) dy +O(|x|−d). (4.10)

A careful iteration on derivatives for the fixed point equation (4.6) implies

|∂ℓh(x)| ≲ℓ ⟨x⟩2−d−ℓ, |∂ℓπ(x)| ≲ℓ ⟨x⟩1−d−ℓ. (4.11)

Theorem 4.3 (Carlotto–Schoen [2], Aretakis–Czimek–Rodnianski [1], Mao–Tao [11]). For every d ≥ 3 and
every cone Cθ(ω) with 0 < θ < π/2, there exist nontrivial smooth vacuum data on Rd satisfying

(g, k) = (δ, 0) on Rd \ Cθ(ω)

and the estimates (4.11) for all ℓ ≥ 0.

This decay rate is sharp because if it decays faster, the ADM energy vanishes, and by the positive mass
theorem, the solution must come from a spacelike hypersurface in the Minkowski spacetime.
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4.4. Corvino–Schoen type gluing. Now we study the gluing problem on an annulus, à la Corvino–
Schoen [6]. The proof we state below is from Mao–Oh–Tao [10].

Definition 4.4 (Q-admissible initial data sets). Let a bounded open subset Q ⊆ R10 and s ∈ R be given.
We say that a 10-parameter family {(gQ, kQ)}Q is a Q-admissible family of annular initial data sets on Ãr

with Sobolev regularity s if:

(1) for each Q ∈ Q, (gQ, kQ) ∈ (H1 ∩ C0)× L2(Ãr) and solves (4.1) in Ãr;
(2) for each Q ∈ Q, (gQ, kQ) ∈ Hs ×Hs−1(Ãr);
(3) the map Q → Hs ×Hs−1(Ãr) defined by Q 7→ (gQ, kQ) is Lipschitz;
(4) for each Q ∈ Q ⊆ R10, we have Q = Q[(gQ, kQ);Ar].

Theorem 4.5 (Gluing up to linear obstructions at unit scale). For each s > 3
2 , there exist ϵc = ϵc(s) > 0

and Mc =Mc(s) > 0 such that the following holds. Let (̊g, k̊) be a solution to (4.1) in Hs ×Hs−1(Ã1) such
that

∥(̊g − δ, k̊)∥Hs×Hs−1(Ã1)
≤ ϵ. (4.12)

Define Q̊ ∈ R10 by Q̊ = Q[(̊g, k̊);A1]. Let Q ⊆ R10 be a bounded open set such that

Q̊ ∈ Q, BMcϵ2(Q̊) ⊆ Q. (4.13)

and consider an Q-admissible family of annular initial data sets {(gQ, kQ)}Q∈Q on Ã1 with Sobolev regularity
s such that, for all Q,Q′ ∈ Q,

∥(gQ − δ, kQ)∥Hs×Hs−1(Ã1)
≤ ϵ, (4.14)

∥(gQ − gQ′ , kQ − kQ′)∥Hs×Hs−1(Ã1)
≤ K|Q−Q′|. (4.15)

Then the following holds:

(1) Exterior gluing. If ϵ < ϵc and Kϵ < ϵc, then there exists a solution (g, k) ∈ Hs × Hs−1(Ã1) to
(4.1) and Q ∈ Q such that ∥(g − δ, k)∥Hs×Hs−1(Ã1)

≲ ϵ, |Q− Q̊| ≤Mcϵ
2, and

(g, k) =

{
(̊g, k̊) in A 1

2
,

(gQ, kQ) in A2.

(2) Interior gluing. If ϵ < ϵc and Kϵ < ϵc, then there exists a solution (g, k) ∈ Hs × Hs−1(Ã1) to
(4.1) and Q ∈ Q such that ∥(g − δ, k)∥Hs×Hs−1(Ã1)

≲ ϵ, |Q− Q̊| ≤Mcϵ
2, and

(g, k) =

{
(gQ, kQ) in A 1

2
,

(̊g, k̊) in A2.

In both cases, the following additional statements hold as well:

• (Lipschitz continuity) The map (̊g, k̊) 7→ (g, k,Q) is Lipschitz as a map from the subset of Hs×Hs−1

restricted by (4.12)–(4.13) into Hs ×Hs−1 × R10.
• (Persistence of regularity) If (̊g, k̊) ∈ Hs+m × Hs+m−1(Ã1) and the family {(gQ, kQ)}Q∈Q is of

Sobolev regularity s+m for m ∈ N, then (g, k) ∈ Hs+m ×Hs+m−1(Ã1) and

∥(g − δ, k)∥Hs+m×Hs+m−1(Ã1)
≤ C∥(̊g − δ, k̊)∥Hs+m×Hs+m−1(Ã1)

+C∥(gQ − δ, kQ)∥Hs+m×Hs+m−1(Ã1)
,

where C = C(s,m, ∥(̊g − δ, k̊)∥Hs+1×Hs(Ã1)
, ∥(gQ − δ, kQ)∥Hs+1×Hs(Ã1)

).

Proof. Step 1. We begin by forming the first trial for the desired initial data set. Let χ(x) be a smooth
radial function which equals 0 for |x| < 1 and 1 for |x| > 2. We introduce

(gin;Q, kin;Q, gout;Q, kout;Q) =

{
(̊g, k̊, gQ, kQ) for Statement (1),
(gQ, kQ, g̊, k̊) for Statement (2).
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We introduce the first guess for the glued initial data, namely,

(hQ, πQ) = (1− χ)(hin;Q, πin;Q) + χ(hout;Q, πout;Q). (4.16)

Of course, (hQ, πQ) would not solve the constraint equations (4.1); our aim is to find a correction (h̃Q, π̃Q)

supported in A1 and a choice of Q ∈ Q such that (h, π) = (hQ + h̃Q, πQ + π̃Q) solves (4.1).

A quick algebraic computation shows that we want (h̃Q, π̃Q) to satisfy

∂i∂j h̃
ij
Q = M̃Q, ∂iπ̃

ij
Q = ÑQ, (4.17)

where M̃Q, ÑQ are the errors.

Let SB be the solution operator defined in Theorem 3.6. For each Q ∈ Q, we look for (h̃Q, π̃Q) solving the
fixed point problems

(h̃Q, π̃Q) = SB(M̃Q, ÑQ). (4.18)

By the first part of Proposition 4.1, there exists such solution (h̃Q, π̃Q) ∈ Hs
0 ×Hs−1

0 (A1).

Step 2: Finding Q. To conclude the proof of existence, it only remains to find Q ∈ Q such that∫
1
2M̃Q(1, x1, x2, x3)

† dx = 0, (4.19)∫
ÑQ · (e1, e2, e3,Y1,Y2,Y3)

† dx = 0, (4.20)

Introduce χ 1
2 ,2

as in (3.27). By (3.28), the LHS of (4.19) equals

∫
−χ 1

2 ,2
(r) 12∂i∂jh

ij

Q


1
x1
x2
x3

 dx+

∫
Ã1

χ 1
2 ,2

(r) 12M̃
nonlin
Q


1
x1
x2
x3

 dx

=


E
C1

C2

C3

 [(gin;Q, kin;Q);A 1
2
]−


E
C1

C2

C3

 [(gout;Q, kout;Q);A2] +

∫
Ã1

χ 1
2 ,2

(r) 12M̃
nonlin
Q


1
x1
x2
x3

 dx,

To compute further the first two terms on the last line, we use (3.28) again: E
...

C3

 [(gin;Q, kin;Q);A 1
2
] =

 E
...

C3

 [(gin;Q, kin;Q);A1] +

∫
Ã1

χ 1
2 ,1

(r) 12M
nonlin
in;Q

 1
...
x3

 dx,

and similarly for [(gout;Q, kout;Q);A2]. We arrive at

(LHS of (4.19)) =

 E
...

C3

 [(gin;Q, kin;Q);A1]−

 E
...

C3

 [(gout;Q, kout;Q);A1] +

 n[Q]E
...

n[Q]C3

 (4.21)

where  n[Q]E
...

n[Q]C3

 =

∫
Ã1

1
2

(
χ 1

2 ,2
(r)M̃nonlin

Q + χ 1
2 ,1

(r)Mnonlin
in;Q + χ1,2(r)M

nonlin
out;Q

) 1
...
x3

 dx. (4.22)

Similarly, we may show that

(LHS of (4.20)) =

P1

...
J3

 [(gin;Q, kin;Q);A1]−

P1

...
J3

 [(gout;Q, kout;Q);A1] +

n[Q]P1

...
n[Q]J3

 (4.23)
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with n[Q]P1

...
n[Q]J3

 =

∫
Ã1

(
χ 1

2 ,2
(r)Ñnonlin

Q + χ 1
2 ,1

(r)Nnonlin
in;Q + χ1,2(r)N

nonlin
out;Q

)
·

 e1
...

Y3

 dx. (4.24)

For the nonlinear contribution n[Q], we note that since n[Q] involves quadratic terms,

|n[Q]| ≲ ϵ2, ∥n[·]∥Lip ≲ Kϵ.

For the sake of concreteness, we focus on the case of exterior gluing from this point on; the case of interior
gluing is similar. Then Q[(gin;Q, kin;Q);A1] = Q̊, whereas Q[(gout;Q, kout;Q);A1] = Q. Hence, (4.21)–(4.23)
reduce to a fixed point problem

Q = Q̊+ n[Q]. (4.25)
Moreover, we have shown that |n[Q]| ≲ ϵ2 and ∥n[Q]∥Lip ≲ Kϵ. We take Mc to be the implicit constant
in the first inequality so that |n[Q]| ≤Mcϵ

2. By hypothesis, dist(Q̊, ∂Q) > Mcϵ
2. Hence, for ϵc sufficiently

small (recall that ϵ < ϵc), the RHS of (4.25) is thus a contraction on {Q : |Q− Q̊| ≤ Mcϵ
2} ⊆ Q. It follows

that a unique Q ∈ Q satisfying (4.25) and |Q− Q̊| ≤Mcϵ
2 exists by the Banach fixed point theorem.

□

Exercise 4.6. Show the Lipschitz dependence property and the persistence of regularity in the Theorem.
Hint: Differentiate on the equation (4.18). It suffices to control the highest derivative on the right. Then
use the smallness of the solution.

4.5. Obstruction-free gluing. At the linear level, a compactly supported annular solution requires equality
of all ten charges. The nonlinear constraint equations contain quadratic terms that can create charge. We
will construct bump solutions that generate charges, which leads to the obstruction-free gluing à la Czimek–
Rodnianski [7]. The proof here follows Mao–Oh–Tao [10].

Theorem 4.7 (Obstruction-free gluing for almost flat data on annuli). Given s > 3
2 and Γ > 1, there exist

ϵo = ϵo(s,Γ) > 0, µo = µo(s,Γ) > 0 and Co = Co(s,Γ) > 0 such that the following holds. Let (gin, kin) ∈
Hs ×Hs−1(A1), (gout, kout) ∈ Hs ×Hs−1(A32) be pairs solving (4.1). Define ∆Q = (∆E, . . . ,∆J3) ∈ R10

by
∆Q = Q[(gout, kout);A32]−Q[(gin, kin);A1], (4.26)

and assume that

∆E > |∆P|, (4.27)
∆E√

(∆E)2−|∆P|2
< Γ, (4.28)

∆E < ϵ2o, (4.29)
|∆C|+ |∆J| < µo∆E, (4.30)

∥(gin − δ, kin)∥2Hs×Hs−1(A1)
+ ∥(gout − δ, kout)∥2Hs×Hs−1(A32)

< µo∆E. (4.31)

Then there exists (g, k) ∈ Hs ×Hs−1(B64 \B1) solving (4.1) such that

(g, k) = (gin, kin) in A1, (g, k) = (gout, kout) in A32, (4.32)

∥(g − δ, k)∥2
Hs×Hs−1(B64\B1)

< Co∆E. (4.33)

The condition (4.27) is a reflection of the positive mass theorem. (4.28) is a quantitative version of (4.27).
(4.29)–(4.31) are smallness conditions.

We also state the asymptotically flat version.

Definition 4.8. Let (g, k) ∈ Hs
loc×H

s−1
loc (Bc

R0
) for s > 3

2 and R0 ∈ 2N. We say that (g, k) is α-asymptotically
flat if, for some α ∈ R and D0 > 0, we have

∥(g − δ, k)∥Ḣs×Ḣs−1(Ãr)
≤ D0r

−s+ 3
2−α for all r ∈ 2N ∩Bc

R0
, (4.34)
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where1 ∥u∥Ḣs(ÃR) := R−s+ 3
2 ∥u(Rx)∥Hs(Ã1)

.

Theorem 4.9 (Obstruction-free gluing for asymptotically flat data). Let s > 3
2 and α > 1

2 . Let (gin, kin),
(gout, kout) ∈ Hs

loc × Hs−1
loc (Bc

R0
) be α-asymptotically flat pairs solving (4.1). Define, for those components

that are well-defined,
∆Q := QADM [(gout, kout)]−QADM [(gin, kin)],

and assume that
∆E > |∆P|.

Then there exists an asymptotically flat pair (g, k) ∈ Hs
loc ×Hs−1

loc (Bc
R0

) solving (4.1) and r ≥ R0 such that
(g, k) = (gin, kin) on B2r and (g, k) = (gout, kout) on Bc

32r.

Proof of Theorem 4.7. By Theorem 4.5, it suffices to construct a family of solutions (g∆Q, k∆Q) in the
annulus A16 such that it extends (gin, kin) and satisfies the conditions in Definition 4.4. For this we construct
bump solutions with the following properties:

(1) Each bump solution (gt,ℓ,ξ, kt,ℓ,ξ) solves (4.1).
(2) Each bump solution is the sum of a linearized solution of size t, supported in a small ball Bb(ξ), and

a nonlinear correction of size t2, supported in an outgoing cone.
(3) The charges are given by

(E,P,C,J) = γ(ℓ)t2(1, ℓi, ξi, ϵ
jk
i ξjℓk), γ(ℓ) = (1− |ℓ|2)− 1

2

up to small error terms.

We can then use those bump solutions to build a family of solutions (g∆Q, k∆Q) with the desired properties.

□

4.6. A localized bump solution. In this section, we show how to construct a bump solution to (4.1)
“localized" in a small ball Bb(ξ) with radius b and center ξ, and given charges. This bump solution is used
in the proof of Theorem 4.7.

Proposition 4.10 (Bump solution). Fix any −1 < δ < − 1
2 , θ ∈ (0, π2 ) and ω ∈ S2. For any s > 3

2 , b > 0

and Γ > 1, there exists ϵb,0 = ϵb,0(b,Γ) > 0 such that the following holds. Given t > 0, ℓ ∈ R3 and ξ ∈ R3

obeying
t < ϵb,0, 1 ≤ γ(ℓ) := (1− |ℓ|2)− 1

2 < Γ, Bb(ξ) ⊆ Cθ(ω) ∩A8,

there exists a solution (gt,ℓ,ξ, kt,ℓ,ξ) ∈ C∞(R3) to (4.1) satisfying

supp(gt,ℓ,ξ − δ, kt,ℓ,ξ) ⊆ Cθ(ω) ∩ {|x| > 8}, (4.35)

and, for n = 0, 1,

∥(t∂t, ∂ℓ, ∂ξ)(n)(gt,ℓ,ξ − δ, kt,ℓ,ξ)∥Hs,δ
b ×Hs−1,δ+1

b
≲s,b,Γ t, (4.36)

(t∂t, ∂ℓ, ∂ξ)
(n)
[
E[(gt,ℓ,ξ, kt,ℓ,ξ);A16]− γ(ℓ)t2

]
= Ob,Γ(t

3), (4.37)

(t∂t, ∂ℓ, ∂ξ)
(n)
[
Pi[(gt,ℓ,ξ, kt,ℓ,ξ);A16]− γ(ℓ)t2ℓi

]
= Ob,Γ(t

3), (4.38)

(t∂t, ∂ℓ, ∂ξ)
(n)
[
Ci[(gt,ℓ,ξ, kt,ℓ,ξ);A16]− γ(ℓ)t2ξi

]
= O(bt2) +Ob,Γ(t

3), (4.39)

(t∂t, ∂ℓ, ∂ξ)
(n)
[
Ji[(gt,ℓ,ξ, kt,ℓ,ξ);A16]− γ(ℓ)t2ϵ jk

i ξjℓk
]
= O(bt2) +Ob,Γ(t

3). (4.40)

Moreover, the following improved bound holds in {|x| > 16} (for n = 0, 1):

∥(t∂t, ∂ℓ, ∂ξ)(n)(gt,ℓ,ξ − δ, kt,ℓ,ξ)∥Hs,δ
b ×Hs−1,δ+1

b ({|x|>16}) ≲s,b,Γ t
2. (4.41)

We remark that Bb(ξ) contains the support of the seed bump, or more precisely the O(t) part of (gt,ℓ,ξ, kt,ℓ,ξ);
the reason behind the improvement (4.41) is that {|x| > 16} is disjoint from Bb(ξ).

The following lemma shows how to compute the charges for a specific type of solutions.

1When s ∈ N, observe that ∥u∥Ḣs(ÃR)
≃ ∥∂(s)

x u∥
L2(ÃR)

+R−s∥u∥
L2(ÃR)

.
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Lemma 4.11 (Charge computation for special initial data). Given r0 ∈ 2N0 , ξ0 ∈ R3, t, b0, A > 0 and
τ ∈ (−δ0, δ0) for some δ0 > 0, let (g, k) = (g(τ), k(τ)) ∈ C2 ×C1(B2r0(ξ0)) be a solution to (4.1) satisfying,
for n = 0, 1,

∥∂nτ (gij − δij − α̊ij , kij)∥C2×C1(B2r0 (ξ0))
≤ At2,

where α̊ij = α̊(τ)ij obeys the special condition

∂i(α̊ij − δij trδ α̊) = 0, (4.42)

as well as the size and support properties (for n = 0, 1 and n′ = 0, 1, 2)

|∂nτ (b0∂x)(n
′)α̊| ≤ Ab

− 1
2

0 t, supp α̊ ⊆ Bb0(0). (4.43)

Provided that Bb0(0) ⊆ Br0(ξ0), we have, for n = 0, 1,

∂nτ

[
E[(g, k);Ar0(ξ0)]− 1

16

∫ ∑
j,k,ℓ

(∂kα̊jℓ − ∂ℓα̊jk)
2 dx

]
= OA,b0(t

3),

∂nτ Pi[(g, k);Ar0(ξ0)] = OA,b0(t
3),

∂nτ Ci[(g, k);Ar0(ξ0)] = O(A2b0t
2) +OA,b0(t

3),

∂nτ Ji[(g, k);Ar0(ξ0)] = OA,b0(t
3).

Proof. For simplicity, we drop the τ -dependence; we leave the similar proof of the C1-dependence on τ to
the reader. Define (h, π) := ((g − δ) − δ trδ(g − δ), k − δ trδ k) and (h1, π1) := (α̊ − δ trδ α̊, 0). The charges
are given by (where χr0(r) =

∫∞
r
ηr0(r

′) dr′ as in (3.27))(
E
Ck

)
[(g, k);Ar0(ξ0)] =

1

2

∫
χr0(x− ξ0)∂i∂jh

ij

(
1
xk

)
dx =

1

2

∫
χr0(x− ξ0)M(h, π)

(
1
xk

)
dx

=
1

2

∫
M(h1, π1)

(
1
xk

)
dx+OA,b0(t

3) = −1

2

∫
R[δ + α̊]

(
1
xk

)
dx+OA,b0(t

3),

(
Pk

Jk

)
[(g, k);Ar0(ξ0)] =

∫ ∑
j

χr0(x− ξ0)∂iπ
ij

(
ejk
Yj

k

)
dx =

∫ ∑
j

χr0(x− ξ0)N
j(h, π)

(
ejk
Yj

k

)
dx

=

∫ ∑
j

N j(h1, π1)

(
ejk
Yj

k

)
dx+OA,b0(t

3) = OA,b0(t
3),

where we used the fact that ∂i∂jh
ij
1 = 0, π1 = 0 and supp(h1, π1) ⊆ Br0(ξ0).

The above already implies the desired assertions for Pk and Jk. For E and Ck, recall the general formulae

R[g] = (g−1)ij(∂kΓ
k
ij − ∂jΓ

k
ik + Γk

kℓΓ
ℓ
ij − Γk

iℓΓ
ℓ
jk), Γk

ij =
1

2
(g−1)kℓ(∂igjℓ + ∂jgiℓ − ∂ℓgij).

Let (g1)ij := δij + α̊ij and write (g−1
1 )ij = δij + α̃ij , where we observe that α̃ij = −α̊ij +OA,b0(t

2). We will
abbreviate terms that are linear in α̊ by lin – note that they will all vanish since (α̊, 0) is chosen to solve the
linearized constraint equation. We have

R[g1] =
1

2
(g−1

1 )ij∂kα̃
kℓ(∂iα̊jℓ + ∂jα̊iℓ − ∂ℓα̊ij) +

1

2
(g−1

1 )ij(g−1
1 )kℓ∂k(∂iα̊jℓ + ∂jα̊iℓ − ∂ℓα̊ij)

−1

2
(g−1

1 )ij∂jα̃
kℓ∂iα̊kℓ −

1

2
(g−1

1 )ij(g−1
1 )kℓ∂j∂iα̊kℓ + (g−1

1 )ij(Γk
kℓΓ

ℓ
ij − Γk

iℓΓ
ℓ
jk)

=
1

2
∂k(α̃

kℓ(2∂iα̊iℓ − ∂ℓα̊ii)) +
1

2
α̃ij∂k(2∂iα̊jk − ∂kα̊ij)−

1

2
∂i(α̃

kℓ∂iα̊kℓ)−
1

2
α̃ij∂i∂jα̊kk

+
1

4
∂ℓα̊kk(2∂iα̊iℓ − ∂ℓα̊ii)−

1

4
(∂iα̊kℓ)

2 +
1

4
(∂kα̊iℓ − ∂ℓα̊ik)

2 + lin +OA,b0(t
3).

To simplify the nonlinear terms, we use the special condition (4.42), which implies

∂iα̊ij = ∂j trδ α̊, ∂i∂jα̊ij = ∆trδ α̊.
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Recall also that lin = DδR[α̊] = 0, g1 = δ + α̊ and α̃ij = −αij +OA,b0(t
2). Thus

R[δ + α̊] =

(
1− 1

2
+

1

2
− 1

4
− 1

2

)
(∂j trδ α̊)

2 +

(
−1

2
− 1

4
+

1

2

)
(∂kα̊ij)

2 + ∂(α̊, ∂α̊) +OA,b0(t
3)

=
1

4
(∂j trδ α̊)

2 − 1

4
(∂kα̊ij)

2 + ∂(α̊, ∂α̊) +OA,b0(t
3)

= −1

8
(∂kα̊iℓ − ∂ℓα̊ik)

2 + ∂(α̊, ∂α̊) +OA,b0(t
3).

Plugging in this formula into the above formulae for E and Ck, and using the fact that |xk| ≤ b0 in
supp α̊ ⊆ Bb0(0), the desired assertions for E and Ck follow. □

Proof of Proposition 4.10. As a first step, we choose a localized linearized solution and apply the solution
operator to make it a solution to (4.1).

Step 1. Choice of α̊. We begin by choosing α̊ij ∈ C∞
c (R3), to which we shall apply Lemma 4.11 in the

end (in particular, for our motivation behind the choices b0 = 1
2Γ

−2b and (4.44), see Steps 2 and 4 below,
respectively). Fix a function χ ∈ C∞

c (B1) such that
1

16

∫
|∂(∂211 + ∂222)χ|2 dx = 1. (4.44)

Following §2.7, we set

α̊ = t

 1
2 (∂

2
22χb,Γ − ∂211χb,Γ) −∂212χb,Γ 0
−∂212χb,Γ

1
2 (∂

2
11χb,Γ − ∂222χb,Γ) 0

0 0 − 1
2 (∂

2
11 + ∂222)χb,Γ


where χb,Γ(x) = ( 12Γ

−2b)
3
2χ(2Γ2b−1x) so that ∥∂3ijkχb,Γ∥2L2 = ∥∂3ijkχ∥2L2 . From the definition, it is straight-

forward to verify that ∂iα̊ij = ∂j trδ α̊ and (4.43) hold with b0 = 1
2Γ

−2b.

It is, in principle, possible to choose more general linearized solutions to get bump solutions with more
general charges. Instead, we will only use the linearized Lorentz boost to get solutions with more general
charges.

Step 2. Construction of α and (αt,ℓ,ξ, βt,ℓ,ξ).

The Lorentz boost is the following process. Consider a Lorentzian metric g ∈ C2(Ω), where Ω ⊆ R1+3.
Given (Λ, ξ) ∈ SO+(1, 3)×R1+3, let yµ = Λµ

µ′xµ
′
+ ξν . Then, with respect to the coordinates (y0, . . . , y3),

define

g
(Λ,ξ)
ij = gij

∣∣∣
{y0=0}∩Ω

, k
(Λ,ξ)
ij =

−(g−1)0µ

2
√

−(g−1)00
(∂µgij − ∂igjµ − ∂jgiµ)

∣∣∣
{y0=0}∩Ω

. (4.45)

Consider the Einstein tensor G[g] = Ric[g]− 1
2g trg Ric[g]. Its linearization around the flat metric η, which

trivially satisfies G[η] = 0, takes the form

DηG[ġ]αβ =
1

2

(
−∇γ∇γHαβ +∇α∇γHγβ +∇β∇γHγα − ηαβ∇γ∇δHγδ

)
, (4.46)

where H = ġ − 1
2η trη ġ.

We solve the following linearized Einstein equation to define α ∈ C∞(R1+3) to be the unique solution to the
problem

DηG[α]αβ = 0, ∇αH[α]αβ = 0,

(αij , ∂0αij)|{x0=0} = (α̊ij , 0), α00|{x0=0} = 0, α0j |{x0=0} = 0,
(4.47)

where ∂0α00|{x0=0}, ∂0α0j |{x0=0} are induced by ∇αH[α]αβ = 0. It is direct to check that this is equivalent
to a wave equation

□ααβ = 0,

(αij , ∂0αij)|Σ0
= (α̊ij , 0), α00|Σ0

= 0, α0j |Σ0
= 0,

(∇αH[α]αβ)|Σ0
= 0, (DηG[α]α0)|Σ0

= 0.
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Recall that supp(αµν , ∂tαµν)|{x0=0} ⊆ {x0 = 0, |x| < 1
2Γ

−2b} for each µ, ν. Hence, by finite speed of
propagation,

suppα ⊆ Ωα := {|x| < |x0|+ 1
2Γ

−2b}. (4.48)
Using the parameters ℓ and ξ, define Λℓ ∈ SO+(1, 3) (Lorentz boost by velocity ℓ) and ξ ∈ R1+3 by

(Λℓx)
0 = γ(ℓ)(x0 − ℓ · Pℓx), (Λℓx)

j = γ(ℓ)(−ℓjx0 + (Pℓx)
j) + (P⊥

ℓ x)
j , ξ0 = 0, ξj = ξj ,

where γ(ℓ) = (1− |ℓ|2)− 1
2 (Lorentz contraction factor), and Pℓ, P

⊥
ℓ : R3 → R3 are orthogonal projections to

(ℓ) and (ℓ)⊥, respectively. Define
yµ = (Λℓ)

µ
νx

ν + ξµ,

which constitute another set of canonical coordinates. With respect to the coordinates (y0, . . . , y3), we define
(αt,ℓ,ξ, βt,ℓ,ξ) on {y0 = 0} as

(αt,ℓ,ξ)ij = αij

∣∣
{y0=0}, (βt,ℓ,ξ)ij =

1
2 (∂0αij − ∂iαj0 − ∂jαi0)

∣∣
{y0=0}. (4.49)

Note that this pair solves the linearized constraint equation, in the sense that (ht,ℓ,ξ, πt,ℓξ) = (αt,ℓ,ξ −
δ trδ αt,ℓ,ξ, βt,ℓ,ξ − δ trδ βt,ℓ,ξ) solves P (ht,ℓ,ξ, πt,ℓ,ξ) = 0. We claim that

∥(t∂t, ∂ℓ, ∂ξ)n(αt,ℓ,ξ, βt,ℓ,ξ)∥Hs×Hs−1(R3) + ∥∇(t∂t, ∂ℓ, ∂ξ)
nα0µ∥Hs−1(R3) ≲n,s,b,Γ t, (4.50)

supp(αt,ℓ,ξ, βt,ℓ,ξ) ⊆ Bb(ξ). (4.51)

The Hs ×Hs−1 bound (4.50) follows from the standard energy estimate applied to □(t∂t, ∂ℓ, ∂ξ)
nαµν = 0

in the region between the two planes {x0 = 0} and {y0 = 0}. To verify (4.51), observe first that, since
|x0| ≤ |ℓ||x| on {y0 = 0}, we have

{y0 = 0} ∩ {|x| > 1
2 (1− |ℓ|)−1Γ−2b} ⊆ {|x| > |x0|+ 1

2Γ
−2b} = R1+3 \Ωα.

Note also that, on {y0 = 0}, the coordinates (y1, y2, y3) see length contraction by γ(ℓ)−1 in the direction of
ℓ relative to (x1, x2, x3), i.e.,

(yj − ξj)
∣∣
{y0=0} = γ(ℓ)−1(Pℓx)

j + (P⊥
ℓ x)

j
∣∣
{y0=0}. (4.52)

In particular, |x| ≥ |y − ξ|. Putting these facts together, and using 1
2 (1− |ℓ|)−1 ≤ γ2 < Γ2, we have

{y0 = 0, |y − ξ| ≥ b} ⊆ {y0 = 0, |x| ≥ b} ⊆ {y0 = 0, |x| > 1
2 (1− |ℓ|)−1Γ−2b} ⊆ R1+3 \Ωα.

In view of (4.48), α = 0 in an open neighborhood of {y0 = 0, |y − ξ| ≥ b}, which implies the desired support
statement.

Step 3. Construction of (gt,ℓ,ξ, kt,ℓ,ξ). We work on the hyperplane {y0 = 0} using the coordinates
(y1, y2, y3). By (4.50), (4.51) and hypothesis, note that

supp(ht,ℓ,ξ, πt,ℓ,ξ) ⊆ Cθ(ω) ∩A8, ∥(t∂t, ∂ℓ, ∂ξ)(ht,ℓ,ξ, πt,ℓ,ξ)∥Hs,δ
b ×Hs−1,δ+1

b
= Os,b,Γ(t),

where the weights do not play any role in the second assertion by the support property. Let Sc be the conic
solution operators in Definition 2.4 adapted to Cθ(ω). In order to construct a solution to (4.1) of the form
(gt,ℓ,ξ, kt,ℓ,ξ) = (δ + αt,ℓ,ξ + α̃, βt,ℓ,ξ + β̃), it suffices to solve

(h̃, π̃) = ScN(ht,ℓ,ξ + h̃, πt,ℓ,ξ + π̃),

where (h̃, π̃) = (α̃ − δ trδ α̃, β̃ − δ trδ β̃). By standard Picard iteration, there is a unique solution (h̃, π̃) ∈
(Hs,δ

b ×Hs−1,δ+1
b )0(Cθ(ω)) as long as t is sufficiently small depending on s, b,Γ, such that

∥(t∂t, ∂ℓ, ∂ξ)n(h̃, π̃)∥Hs,δ
b ×Hs−1,δ+1

b
≲n,s,b,Γ t

2.

Step 4. Computation of charges. By (4.44), we have

1

16

∫ ∑
j,k,ℓ

(∂kα̊jℓ − ∂ℓα̊jk)
2 dx =

1

8

∫ ∑
j,k,ℓ

(∂jα̊k,ℓ)
2 −

∑
j

(∂j trδ α̊)
2

 dx

= t2
∫ [

1

4
|∂∂212χb,Γ|2 +

1

16
|∂(∂211 − ∂222)χb,Γ|2

]
dx
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=
t2

16

∫
|∂(∂211 + ∂222)χ|2 dx = t2.

Since {x0 = 0, 16 ≤ |x| ≤ 32} and {y0 = 0, 16 ≤ |y| ≤ 32} are contained in Ω yet disjoint from Ωα, for each
σ we may find a hypersurface Uσ such that ∂Uσ = {x0 = 0, |x| = 16(1 + σ)} ∪ {y0 = 0, |y| = 16(1 + σ)},
Uσ ∩ suppα = ∅ while Vol(Uσ) = O(1). By Lemma 4.11, we have

(E,P,C,J)[(g, k);A16] = (t2, 0, O(Γ−2bt2), 0) +Ob,Γ(t
3),

and similarly after applying of (t∂t, ∂ℓ, ∂ξ).

Exercise 4.12. Introduce the notation

(P0,Pi, Ji0, Jjk)[(g, k);Ar] = (E,Pi,Ci, ϵ
i
jkJi)[(g, k);Ar]. (4.53)

Show that after the Lorentz boost,

Pµ 7→ Λ µ′

µ Pµ′ , Jµν 7→ Λ µ′

µ Λ ν′

ν Jµ′ν′ + ξµΛ
ν′

ν Pν′ − ξνΛ
µ′

µ Pµ′ (4.54)

up to O(t4) errors. Thus we deduce (4.37)–(4.38), (4.39)–(4.40).

The proof goes along the following steps.

Let X be a Killing vector field with respect to η, i.e., (LXη)αβ = ∇αXβ+∇βXα = 0. By the linearized second
Bianchi identity ∇βDηG[ġ]αβ = 0, observe that ∇β(DηG[ġ]αβX

α) = 0; hence, the 1-form DηG[ġ]αβX
α is

co-closed. In fact, there exists a 2-form whose co-differential is this 1-form; following [5, Appendix E] (see
also [4]), we introduce

(X)Uαβ [ġ] =
1

2

[(
−∇αHγβ +∇βHγα + ηγα∇δHβδ − ηγβ∇δHαδ

)
Xγ +Hγα∇γXβ −Hγβ∇γXα

]
. (4.55)

By a straightforward computation, it may be verified that

∇α((X)Uαβ [ġ]) = DηG[ġ]αβX
α. (4.56)

Equivalently, d(⋆(X)U[ġ]) = −⋆DηG[ġ](X, ·) using the Hodge star operator ⋆ associated to η. By the Stokes
theorem, ∫

∂U

⋆(X)U[ġ] =
∫
U

d(⋆(X)U[ġ]) = −
∫
U

⋆DηG[ġ](X, ·). (4.57)

Consider a system of coordinates {x0, . . . , x3} with respect to which η = −(dx0)2+(dx1)2+(dx2)2+(dx3)2

and dx0 ∧ dx1 ∧ dx2 ∧ dx3 has positive orientation. On Σ0 = {x0 = 0}, define

ġij = ġij

∣∣∣
{x0=0}

, k̇ij =
1

2
(∂0ġij − ∂iġj0 − ∂j ġi0)

∣∣∣
{x0=0}

. (4.58)

It may be checked that

DηG[ġ]00 = 1
2∂j∂k(ġ

jk − δjk trδ ġ), DηG[ġ]0j = ∂ℓ(k̇jℓ − δjℓ trδ k̇). (4.59)

The space of Killing vector fields with respect to η are spanned by ∂xµ and xµ∂xν − xν∂xµ (µ, ν = 0, 1, 2, 3).
For r > 0, we define the associated charges by

Pµ[ġ; {x0 = 0, |x| = r}] =
∫
{x0=0, |x|=r}

⋆(∂xµ )U[ġ],

Jµν [ġ; {x0 = 0, |x| = r}] =
∫
{x0=0, |x|=r}

⋆(xµ∂xν−xν∂xµ )U[ġ],
(4.60)

where {x0 = 0, |x| = r} is oriented with ⋆(dx0 ∧ d|x|). Check that the (P, J) defined in (4.53) is the space
average of (4.60). Finally, (4.54) follows from the transformation of the Killing vector fields and (4.57).

□

Exercise 4.13. Use a linear combination of the bumps solutions to build a family satisfying the properties in
Definition 4.4.
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5. Slowly decaying data and rapidly decaying data

We now discuss some variants.

5.1. Initial data with slow decay. In Theorem 4.3, if we take the linearized solution to have slow decay,
we will get initial data with slow decay. This is investigated in Shen–Wan [14].

More precisely, we want to have solutions (g, k) to (4.1) such that for some α ∈ [0, 1),

|∂ℓ(g − δ)| ≲ ϵ0⟨x⟩−α−ℓ, 0 ≤ ℓ ≤ q + 1, (5.1)

|∂ℓk| ≲ ϵ0⟨x⟩−α−1−ℓ, 0 ≤ ℓ ≤ q, (5.2)
and such that (5.1) and (5.2) do not hold for any α′ > α.

The corresponding weighted Sobolev space is

H
s,α−3/2
b ×H

s−1,α−1/2
b . (5.3)

For α = 0, the metric perturbation is allowed to tend to zero more slowly than every positive power of r,
while k is only just beyond the r−1 scale.

We take L : [0,∞) → (0,∞) to be nondecreasing, and such that∫ ∞

1

dr

rL(r)2
<∞,

∫ ∞

1

rη−1

L(r)2
dr = ∞ for every η > 0, (5.4)

|(L−1)(m)(r)| ≤ Cm

rmL(r)
, 0 ≤ m ≤ q + 3, (5.5)

lim
r→∞

rL′(r)

L(r)
= 0. (5.6)

The model example is

L(r) =
(
log(2 + r)

)β
, β >

1

2
. (5.7)

Choose an angular cutoff χ supported in a cone and equal to one on a smaller cone, and a radial cutoff η
that equals one for large r. Define

ϕh(x) = ϵ0η(r)χ(x̂)
r2−α

L(r)
, ϕπ(x) = ϵ0η(r)χ(x̂)

r1−α

L(r)
. (5.8)

Set (h0, π0) as in Lemma 2.15.

The derivative conditions on L imply

|∂ℓh0(x)| ≲ℓ ϵ0
r−α−ℓ

L(r)
, (5.9)

|∂ℓπ0(x)| ≲ℓ ϵ0
r−α−1−ℓ

L(r)
. (5.10)

Thus (h0, π0) belongs to (5.3).

Exercise 5.1. Show that

|h0(x)| ≳ ϵ0
r−α

L(r)
, |π0(x)| ≳ ϵ0

r−α−1

L(r)
. (5.11)

Recall that the conic solution operator (2.11) has the specialized mapping property

Sc : H
s−2,δ+2
b (Ω;R⊕ R3) −→ Hs,δ

b (Ω; Sym2)×Hs−1,δ+1
b (Ω; Sym2). (5.12)

Running the Picard iteration as in §4.1 with s = q+3 gives a slowly decaying solution (h, π) = (h0+h1, π0+π1)
with

∥(h1, π1)∥Hs,α−3/2
b ×H

s−1,α−1/2
b

≲ ϵ20. (5.13)
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Theorem 5.2 (Shen–Wan [14]). For every α ∈ [0, 1), q ∈ N, and sufficiently small ϵ0, there are nontrivial
smooth initial data supported in a cone satisfying (4.1) and (5.1)–(5.2). Moreover, for every α′ > α, the
data fail to lie in H

q+3,α′−3/2
b ×H

q+2,α′−1/2
b .

Exercise 5.3. Verify the last claim of Theorem 5.2 using (5.11).

Exercise 5.4. Taking α = 0 in Theorem 5.2 gives a solution with very slow decay. It is possible to modify
the construction to construct a solution with no decay at all, in the following way.

(1) Choose initial data without decay;
(2) Consider the space with the norm

∥u∥Hs,δ,∞
b

:= ∥u∥Hs(B10) + sup
j∈N

∥u∥Hs,δ
b (Ã2j )

.

Show that the solution operator is bounded

Sc : H
s−2,δ+2,∞
b (Ω;R⊕ R3) −→ Hs,δ,∞

b (Ω; Sym2)×Hs−1,δ+1,∞
b (Ω; Sym2),

and the Picard iteration in §4.1 works on

Xs,δ := Hs,δ,∞
b (Ω; Sym2)×Hs−1,δ+1,∞

b (Ω; Sym2), Y s,δ := Hs−2,δ+2,∞
b (Ω;R⊕ R3), s > 3/2, δ = −3/2.

(3) Show that the solution we get has a uniform lower bound along a ray going to infinity.

5.2. Incoming solution operator. There is also an incoming construction of solution operators.

First we make the observation that the construction in §3 gives an operator also on Rd. For example, the
formula

Ψij
η (z + y, y) =

zizj

|z|3

∫ ∞

|z|
η

(
r
z

|z|
+ y

)
r2 dr (5.14)

makes sense on Rd. However, this operator does not have a very good regularizing property on weighted
Sobolev spaces. The reason is, after rescaling to the unit scale, the conic region we are averaging becomes
very thin.

Therefore we consider the following modification. Let η(y, y1) ∈ C∞(Rd ×Rd) be homogeneous in the sense
that

η(λy, λy1) = λ−dη(y, y1), λ > 1, |y| > 1.

Moreover, we assume for any y ∈ Rd, we have supp η(y, ·) ⊂ {|y|/100 < |y1| < |y|/10 + 1/10} and∫
η(y, y1)dy1 = 1, ∀y ∈ Rd. (5.15)

Now we consider the operator with the Schwartz kernel

Ψij
η (z + y, y) =

zizj

|z|3

∫ ∞

|z|
η

(
y, r

z

|z|
+ y

)
r2 dr (5.16)

After the process as in §3.4, this operator maps a dyadic annulus to essentially the same dyadic annulus,
and thus has nice properties on the weighted Sobolev spaces. Then we can use the Bogovskii type operator
(5.14) on Rd to correct the smooth errors in each dyadic annulus.

Using (5.16) we have the following lemma.

Lemma 5.5. Let d ≥ 2. Then there exist linear operators Shom on Rd such that for s ∈ R and δ > −d/2,

(1) Shom : Hs−2,δ+2
b → Hs,δ

b ×Hs−1,δ+1
b and [Shom, ∂] : H

s−2,δ+2
b → Hs,δ+1

b ×Hs−1,δ+2
b are bounded;

(2) There exist ζ(x, y) ∈ C∞(Rd × Rd) such that

PShomf = f −
∫
f(y)ζ(x, y)dy,

where ζ is homogeneous in the sense that

ζ(λx, λy) = λ−dζ(x, y), λ > 1, |x| > 1, |y| > 1.
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(3) Shom is homogeneous in the sense that

Shom(λx, λy) = (λ2−dS
(1)
hom(x, y), λ

1−dS
(2)
hom(x, y)), λ > 1, |x| > 1, |y| > 1.

(4) Shomis incoming in the sense that

suppShom(x, y) ⊂ {|x| ≤ |y|} ∪B1 ×B1. (5.17)

Moreover, Shom is diagonal: there exists C > 0 such that the Schwartz kernel K(x, y) satisfies

suppK(x, y) ⊂ {C−1|y| − C ≤ |x| ≤ |y|+ C}.

Exercise 5.6. Check that Shom maps polyhomogeneous functions to polyhomogeneous functions.

We can use incoming solution operators to construct solutions that decay fast with respect to a given solution.

We recall the following notation for the error of (4.1):

E0[g, k] := R[g] + (trg k)
2 − |k|2g, Ej [g, k] := (divg k)j −∇j trg k,

Theorem 5.7. Let s > 3
2 , −

3
2 < δ0 < δ1 and δ0 ≤ δ < δ1 such that δ1 > 1/2 and δ0+δ > −1. For ϵ0, ϵ1, ϵ > 0

sufficiently small (depending on s, δ0, δ1 and δ), the following holds. Let (g0, k0) ∈ Hs,δ0
b ×Hs−1,δ0+1

b (R3\B1)
satisfy

∥g0 − δ∥
H

s,δ0
b

+ ∥k0∥Hs−1,δ0+1

b

≤ ϵ0,

and solve (4.1) approximately in the sense that

∥(E0, . . . , E3)[g0, k0]∥Hs−2,δ1+2

b

≤ ϵ1.

Moreover, for δ satisfying δ0 ≤ δ < δ1, let (ġ, k̇) ∈ Hs,δ
b ×Hs−1,δ+1

b (R3 \ B1) be a solution to the linearized
system

P (h, π) = (∂i∂jh
ij , ∂iπ

ij) = 0 (5.18)

satisfying
∥(ġ, k̇)∥Hs,δ

b ×Hs−1,δ+1
b

≤ ϵ.

Then there exists (g, k) ∈ Hs,δ0
b ×Hs−1,δ0+1

b (R3 \B1) solving (4.1) such that

∥(g − g0 − ġ, k − k0 − k̇)∥
H

s,min{δ1,δ0+δ+3/2}
b ×H

s−1,min{δ1,δ0+δ}+5/2

b

≲ ϵ1 + ϵ2.

Proof. We will apply the homogeneous solution operator Shom in Lemma 5.5 and the Bogovskii operator Sη

in the whole space as in (5.14).

Let η ∈ C∞
c (B1/10) with

∫
η(y1)dy1 = 1 and

Sf = Shomf + Sη(f − PShomf). (5.19)

The incoming property of Shom and Sη implies the incoming property of S:

suppS(x, y) ⊂ {|x| ≤ |y|} ∪B1 ×B1

and thus S is well defined on R3 \B1.

We consider the fixed point problem

(h1, π1) = S(Φ(h0 + ḣ+ h1, π0 + π̇ + π1)− P (h0 + ḣ, π0 + π̇)).

Note that the right hand side is in Hs−2,δ1+2
b with δ1 > 1/2 so Sη can be applied to it. Banach fixed point

theorem gives a unique solution
∥(h1, π1)∥Hs,δ1

b ×H
s−1,δ1+1

b

≲ ϵ1.

Moreover, (h0 + ḣ+ h1, π0 + π̇ + π1) solves (4.1) in Rd \B1 due to the support of η. □

Exercise 5.8. Modify the proof above to construct exponentially decreasing perturbations.
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6. Recovery on curves and the finite-dimensional cokernel condition

The explicit conic and Bogovskii operators we have discussed are instances of a much broader construction
developed by Isett–Mao–Oh–Tao [9], which works for a general underdetermined PDE system in the sense
of Definition 6.3 below.

6.1. Derivation of Bogovskii type operators.

6.1.1. Double divergence equation. Suppose Ph = ∂i∂jh
ij for a symmetric two tensor hij . We would like a

construct solution operators to Ph = f . We start with the adjoint problem

⟨h,P∗φ⟩ = ⟨f, φ⟩, (P∗φ)jk = ∂i∂jφ.

Taking f = δy, we would like to recover φ(y) from P∗φ. We will make the construction on a family of curves
and then average among them.

We have the following ODE system.

∇iφ = ωi,

∇iωj = (P∗φ)ij .
(6.1)

Suppose we have a curve γ(t) : [0, 1] → Rd such that γ(0) = y, γ(1) = y1. We have

ωi(γ(t)) = ωi(y1)−
∫ 1

t

(P∗φ)ij(γ(s))γ
′(s)jds

and

φ(y) = φ(y1)−
∫ 1

0

ωi(γ(s))γ
′(s)ids

= φ(y1) + ωi(y1)(y − y1)
i +

∫ 1

0

(P∗φ)ij(γ(s))(γ(s)
i − γ(0)i)γ′(s)jds.

From this, we conclude a distribution Gy1
(x, y) supported on the curve γ defined by

⟨Gij
y1
(x, y), fij(x)⟩ =

∫ 1

0

fij(γ(s))(γ(s)
i − γ(0)i)γ′(s)jds

such that it solves Ph = 0 up to a finite dimensional cokernel

∂xi∂xjGij
y1
(x, y) = δ(x− y)− δ(x− y1) + (y − y1)

i∂xiδ(x− y1).

Averaging over a family of curves γ(t, y, y1) gives us the solution operator considered before.

6.1.2. Symmetric divergence equation. Suppose Pπ = ∂iπ
ij for a symmetric two tensor πij . We would like

to construct solution operators to (Pπ)j = f j . We start with the adjoint problem

⟨π,P∗ω⟩ = ⟨f,ω⟩, (P∗ω)jk = −1

2
(∂jωk + ∂kωj).

Taking f j = δye
j , we would like to recover ω(y) from P∗ω. We will make the construction on a family of

curves and then average among them.

Introduce ηjk = 1
2 (∂jωk − ∂kωj). We have the following ODE system.

∇iωj = ηij − (P∗ω)ij ,

∇iηjk = ∂k(P∗ω)ij − ∂j(P∗ω)ik.
(6.2)

Suppose we have a curve γ(t) : [0, 1] → Rd. We have

ηjk(γ(t)) = ηjk(y1)−
∫ 1

t

∂k(P∗ω)ij(γ(s))γ
′(s)i − ∂j(P∗ω)ik(γ(s))γ

′(s)ids
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and

ωj(y) = ωj(y1)−
∫ 1

0

ηij(γ(t))γ
′(t)idt+

∫ 1

0

(P∗ω)ijγ
′(t)idt

= ωj(y1) + ηij(y1)(y − y1)
i +

∫ 1

0

(∂j((P∗ω)ℓi(γ(s))γ
′(s)ℓ − ∂i(P∗ω)ℓj(γ(s))γ

′(s)ℓ)(γ(s)− γ(0))ids

+

∫ 1

0

(P∗ω)ijγ
′(t)idt.

From this, one concludes a solution operator supported on the curve γ defined by

⟨Kij
y1,k

(x, y), fij(x)⟩ =
∫ 1

0

(∂k(fℓi(γ(s))γ
′(s)ℓ − ∂i(fℓk(γ(s))γ

′(s)ℓ)(γ(s)− γ(0))ids+

∫ 1

0

fikγ
′(t)idt

such that it solves Pπ = 0 up to a finite dimensional cokernel:

∂xiKij
y1,k

(x, y) = δ(x− y)δjk − δ(x− y1)δ
j
k +

1

2
(y − y1)

ℓ∂ℓδ(x− y1)δ
j
k − 1

2
(y − y1)

j∂kδ(x− y1).

Averaging over a family of curves γ(t, y, y1) gives us the solution operator considered before.

6.2. The general operator and its formal cokernel. Let U ⊂ Rd be open, and let

P : C∞(U ;Cs0) −→ C∞(U ;Cr0), r0 ≤ s0, (6.3)

be an r0 × s0 matrix of linear differential operators with smooth coefficients. We write u = (uK)s0K=1 and
f = (fJ)r0J=1. Its formal L2 adjoint is

P∗ : C∞(U ;Cr0) −→ C∞(U ;Cs0).

The unknown side of (6.3) has at least as many components as the equation side, so P is underdetermined,
while P∗ is overdetermined.

Definition 6.1 (Formal cokernel). The formal cokernel of P on a connected open set U is

Z(U) := kerP∗(U) = {Z ∈ C∞(U ;Cr0) : P∗Z = 0}. (6.4)

No boundary condition is imposed on Z.

The terminology comes from compactly supported solvability. If u ∈ C∞
c (U ;Cs0) and Pu = f , then every

Z ∈ Z(U) satisfies
⟨Z, f⟩U = ⟨Z,Pu⟩U = ⟨P∗Z, u⟩U = 0. (6.5)

Thus compactly supported right inverses can exist only after projecting away the formal cokernel. The affine
functions for double divergence and the Euclidean Killing fields for symmetric divergence are precisely the
two blocks of this space for the flat linearized constraint operator.

From the above computation, it is clear that the Bogovskii type operator follows from the following graded
augmented system.

Definition 6.2 (Graded augmented system). Let P be an r0 × s0-matrix-valued differential operator on an
open subset U ⊆ Rd, with mK denoting the order of (P∗φ)K for each K ∈ {1, . . . , s0}. Given m′

K ∈ Z≥0 for
each K ∈ {1, . . . , s0} and an Cr0 -valued function (φJ)J∈{1,...,r0} on U , consider (ΦA = ΦA(y))A∈A (called
augmented variables) satisfying the following properties:

(Φ-1) (ΦA) is an augmentation of (φJ). The index set A contains {1, . . . , r0}; moreover, ΦJ = φJ for
J ∈ {1, . . . , r0} ⊆ A.

(Φ-2) (φJ) 7→ (ΦA) is a differential operator. There exist functions c[ΦA](α,J) on U , where α is a
multi-index and J ∈ {1, . . . , r0}, such that

ΦA(y) = c[ΦA](α,J)(y)∂αφJ(y),

for all A ∈ A and y ∈ U .
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(Φ-3) Φ and P∗φ solve a first-order PDE (augmented PDE system). There exist matrix-valued
1-forms (Bi)

A′

A and (Ci)
(γ,K)

A on U , where γ is a multi-index and K ∈ {1, . . . , s0}, such that

∂iΦA(y) = (Bi)
A′

A (y)ΦA′(y) + (Ci)
(γ,K)

A (y)∂γ(P∗φ)K(y), (6.6)

for all A ∈ A, i ∈ {1, . . . , d} and y ∈ U . Furthermore,

(Ci)
(γ,K)

A = 0 if |γ| > m′
K .

(Φ-4) Graded structure. Define the degree dA of ΦA by

dA := −max{|α| : c[ΦA](α,J) ̸= 0 for some J}.

In particular, φJ has degree 0, i.e., dJ = 0 for J ∈ {1, . . . , r0}. We assume that:
• Graded structure for the augmented system.

(Bi)
A′

A = 0 if dA > dA′ + 1,

(Ci)
(γ,K)

A = 0 if dA > −mK − |γ|+ 1.

We write N0 := max{|dA|}A∈A + 1 for the maximal degree2 that occurs in (6.6).

We call a collection (A, (ΦA)A∈A, (Bi)
A′

A , (Ci)
(γ,K)

A ) satisfying (Φ-1)–(Φ-4) a (graded) augmented system
for P.

6.3. The complex elliptic condition. Suppose that the Kth component of P∗φ has order mK . Its
principal symbol defines a linear map

p∗(x, ξ) : Cr0 −→ Cs0 , ξ ∈ Cd. (6.7)

The corresponding symbol p(x, ξ) of P is the transpose-adjoint map in the formal algebraic sense.

Definition 6.3 (complex elliptic condition). The operator P satisfies (CE) on U if

p∗(x, ξ) is injective for every x ∈ U and every ξ ∈ Cd \ {0}. (6.8)

Equivalently, p(x, ξ) is surjective for every nonzero complex covector.

The use of complex covectors is essential. Ordinary underdetermined ellipticity asks for surjectivity only
when ξ ∈ Rd \ {0}. Condition (CE) excludes complex characteristics as well.

It turns out that the complex elliptic condition implies the existence of a graded augmented system.

Theorem 6.4. Let U be an open subset of Rd. Suppose that P has smooth coefficients. Assume that the
s0 × r0-matrix-valued principal symbol p∗(x, ξ) of P∗ (where s0 ≥ r0) satisfies

(CE) p∗(x, ξ) is injective for all x ∈ U and ξ ∈ Cd \ {0}.

Then there exist augmented variables (ΦA)A∈A on U satisfying (Φ-1)–(Φ-4) with index set A = {(α, J) : 1 ≤
J ≤ r0, |α| ≤ N0 − 1}, degree d(α,J) = −|α|, and coefficients Bi,Ci ∈ C∞(U) with quantitative estimates.

For the proof we recall

Proposition 6.5 (Hilbert’s Nullstellensatz). Suppose f1(x1, · · · , xd), · · · , fN (x1, · · · , xd) ∈ C[x1, · · · , xd]
are polynomials with the set of common zeros

Z = {(z1, · · · , zd) ∈ Cd : fj(z1, · · · , zd) = 0, j = 1, 2, · · · , N}.

Then for any polynomial h(x1. · · · , xd) ∈ C[x1, · · · , xd], if h vanishes on Z, then there exist M > 0 and
polynomials gj(x1, · · · , xd) ∈ C[x1, · · · , xd], j = 1, 2, · · · , N such that

h(x1, · · · , xd)M =
∑
j

gj(x1, · · · , xd)fj(x1, · · · , xd).

2Here, +1 accounts for the derivative ∂i on the LHS of (6.6).
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Proof of Theorem 6.4. Step 1: For any x0 ∈ U , there exist N0 > 0 and polynomial valued r0 × s0 matrices
gα(ξ) for |α| = N0 such that

ξαIr0 = gα(ξ)p
∗(x0, ξ), |α| = N0. (6.9)

Moreover, (p∗) J
K (ξ) is homogeneous of degree mK and (gα)

K
J (ξ) is homogeneous of degree N0 −mK .

The claim follows from applying Hilbert’s Nullstellensatz (Proposition 6.5) to det(Mj(ξ)) where Mj(ξ) goes
through all the r0×r0 minors of p∗(x0, ξ). By assumption, the common zeros of det(Mj(ξ)) in Cd is contained
in {0}. Since ξℓ vanishes at 0, there exist N1, · · · , Nd and polynomials hjℓ(ξ) such that

ξNℓ

ℓ =
∑
ℓ

hjℓ(ξ) det(Mj(ξ)).

We notice that det(Mj(ξ))Ir0 can be written as the product of its adjugate matrix adj(Mj(ξ)) and itself:

det(Mj(ξ))Ir0 = adj(Mj(ξ))Mj(ξ).

Moreover, Mj(ξ) is the product of a constant 0− 1 matrix and p∗(x0, ξ). Therefore we conclude that there
are polynomial-valued r0 × s0 matrices g̃ℓ(ξ) so that

ξNℓ

ℓ Ir0 = g̃ℓ(ξ)p∗(x0, ξ).

Taking N0 > N1+ · · ·+Nd, we conclude (6.9). We may assume (gα)
K

J (ξ) is homogeneous of degree N0−mK

since terms of other degrees do not contribute.

Step 2: There exist ξ-polynomial-valued r0 × s0 matrices gα(x, ξ) for |α| = N0 such that

ξαIr0 = gα(x, ξ)p
∗(x, ξ), |α| = N0. (6.10)

The matrix gα(x, ξ) depends smoothly on the coefficients of p∗(x, ξ) and some smooth cutoff functions.
Moreover, (p∗) J

K (ξ) is homogeneous of degree mK and (gα)
K

J (ξ) is homogeneous of degree N0 −mK .

When P has constant coefficients, then it suffices to take gα(x, ξ) = gα(ξ) (from Step 1); hence, it suffices to
only consider the case when P does not have constant coefficients. After a partition of unity, it suffices to
prove the claim in a small neighborhood of a given point x0. By Step 1, we have

ξαIr0 = gα(x0, ξ)p
∗(x0, ξ), |α| = N0. (6.11)

Thus
ξαIr0 = gα(x0, ξ)p

∗(x, ξ) + gα(x0, ξ)(p
∗(x0, ξ)− p∗(x, ξ)).

Since each entry of gα(x0, ξ)(p∗(x0, ξ)− p∗(x, ξ)) is a homogeneous polynomial of degree N0 in ξ, we apply
(6.11) again:

ξαIr0 = gα(x0, ξ)p
∗(x, ξ) +

∑
β

ϵαβ(x)g
β(x0, ξ)p

∗(x0, ξ)

where ϵαβ(x) are r0 × r0 matrices depending smoothly on coefficients of p∗(x, ξ) such that ϵ(x, ξ) → 0 as
x→ x0. This can be done repeatedly and we get

ξαIr0 = gα(x0, ξ)p
∗(x, ξ) +

∑
β

ϵβα(x)gβ(x0, ξ)p
∗(x, ξ) +

∑
β,γ

ϵβα(x)ϵ
γ
β(x)gγ(x0, ξ)p

∗(x, ξ) + · · ·

=

gα(x0, ξ) +∑
β

ϵβα(x)gβ(x0, ξ) +
∑
β,γ

ϵβα(x)ϵ
γ
β(x)gγ(x0, ξ) + · · ·

 p∗(x, ξ).

For x in a small neighborhood of x0, the Neumann series converges and we conclude (6.10).

Step 3. We claim that taking ΦA = ∂αφJ to be the jet of φJ up to order N0−1 indexed by A = (α, J) in the
set A := {(α, J) : 1 ≤ J ≤ r0, |α| ≤ N0 − 1} gives an augmented system satisfying (Φ-1)-(Φ-4). First, (Φ-1)
and (Φ-2) are obvious from the definition. For (Φ-3), we take the trivial relation ∂i∂

αφJ(y) = ∂α+eiφJ(y)
to be the equation if |α| < N0 − 1, i.e.,

(Bi)
(α′,J′)

(α,J) =

{
1 if J = J ′, α′ = α+ ei,

0 otherwise,
and (Ci)

(γ,K)
(α,J) = 0 for |α| < N0 − 1.
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It remains to check that, for |α| = N0 − 1, there exist (Bi)
(α′,J′)

(α,J) (y) and (Ci)
(γ,K)

(α,J) (y) such that

∂i∂
αφJ(y) = (Bi)

(α′,J′)
(α,J) (y)∂α

′
φJ′(y) + (Ci)

(γ,K)
(α,J) (y)∂γ(P∗φ)K(y). (6.12)

This follows from (6.10) and putting (P∗
prin −P∗)φ into the first term on the right-hand side. Indeed, Ci is

determined by rewriting (6.10) in the form

ξiξ
α(Ir0)

J′

J = (Ci)
(γ,K)

(α,J) (y)ξγ(p∗) J′

K (y, ξ) for |α| = N0 − 1, (6.13)

(i.e., (gα+ei
) K
J (y, ξ) = (Ci)

(γ,K)
(α,J) (y)ξγ) and Bi is determined by

(Bi)
(α′,J′)

(α,J) (y)∂α
′
φJ′(y) = (Ci)

(γ,K)
(α,J) (y)(P∗

prin∂
γ − ∂γP∗) J′

K φJ′(y) for |α| = N0 − 1. (6.14)

It remains to check (Φ-4). We define the degree of ∂αφJ to be d(α,J) := −|α|. The condition (Φ-4) for
terms with degree d(α,J) > −N0 + 1 is obvious. It suffices to check (Bi)

(α′,J′)
(α,J) and (Ci)

(γ,K)
(α,J) (y)

which corresponds to d(α,J) = −N0 +1 in (Φ-4). Since d(α′,J′) ≥ −N0 +1, the condition for B is automatic.
Moreover, mK + |γ| ≤ N0, so d(α,J) ≤ −mK − |γ|+ 1 and the condition for C follows. □

In the constant-coefficient homogeneous case, we have the following equivalence.

Proposition 6.6. Let U be an connected open subset of Rd, and P an r0 × s0-matrix-valued operator on U
that is homogeneous with constant coefficients. Then the following are equivalent:

(1) p∗(ξ) satisfies (CE).
(2) There exists a maximal graded augmented system {ΦA}A∈A for P on U .
(3) dimkerP∗(U) < +∞.

Proof. The implication (1) ⇒ (2) is exactly Theorem 6.4. Moreover, (2) ⇒ (3) follows from integrating along
curves as above. It remains to prove (3) ⇒ (1), or equivalently, its contrapositive. Indeed, if p∗ does not
satisfy (CE), then there exists a constant vector {φJ}J∈{1,...,r0} ̸= 0 and ξ ∈ Cd \ {0} such that p∗(ξ)φ = 0,
which means that eiλξxφ ∈ kerP∗ for every λ ∈ C. Thus kerP∗ is infinite dimensional. □

6.4. Preliminaries for explicit computations in the constant curvature case. In the following sec-
tions, we collect some explicit computations for the double divergence operator and symmetric divergence
operator in the constant curvature case. Here we recall some preliminaries.

Under the convention R k
ij ℓu

ℓ = (∇i∇j−∇j∇i)u
k for the Riemann curvature tensor, recall that the Riemann,

Ricci, and scalar curvature tensors on a Riemannian manifold (M,g) with constant sectional curvature κ
are given by

Rijkℓ = κ(gikgjℓ − giℓgjk), Ric = (d− 1)κg, R = d(d− 1)κ.

We also introduce the generalized sine function that is defined for κ ∈ R as

sκ(t) =


t κ = 0,
sinh(

√
−κt)√

−κ
κ < 0,

sin(
√
κt)√
κ

κ > 0.

The generalized cosine function is defined as

cκ(t) = s′κ(t) =


1 κ = 0,

cosh(
√
−κt) κ < 0,

cos(
√
κt) κ > 0.

Fix a point y ∈ M, and consider the polar coordinate system (r, ω) (where ω = (ω1, . . . ωd−1) is a
parametrization of Sd−1) centered at y (i.e., r is the geodesic distance from y). The metric can be written as

g = dr2 + sκ(r)
2gSd−1 .



29

Using ordinary capital latin letters A,B, . . . to denote the angular variables ωA (so A,B, . . . ∈ {1, . . . , d−1}),
the Christoffel symbols take the form

ΓA
rB = ΓA

Br =
s′κ(r)

sκ(r)
δAB , Γr

AB = −s′κ(r)sκ(r)(gSd−1)AB , ΓA
BC = (gSd−1 )ΓA

BC ,

where all the other components vanish. The normalized angular forms and vector fields are defined as
dω̃A = sκ(r)dω

A and ∂Aω̃ = sκ(r)
−1∂ωA .

6.5. Double divergence operator (or linearized scalar curvature operator). We consider

Ph = ∇j∇kh
jk −

(
Ricjk − 1

d− 1
Rgjk

)
hjk where hjk = hkj , (6.15)

for d ≥ 1. The operator P is obtained by making a simple change of variables to the linearization of the
scalar curvature operator. In fact, the linearized scalar curvature operator is directly given by

DR(g)ġ = −∇ℓ∇ℓ trg ġ +∇j∇kġjk − Ricjkġjk,

where trg ġ = gjkġjk. We introduce3

hjk = ġjk − gjk trg ġ.

Then since trg h = (1− d) trg ġ, this change of variables is invertible and we have

ġjk = hjk − 1

d− 1
gjk trg h.

Under this change of variables, we have

DR(g)ġ = ∇j∇kh
jk −

(
Ricjk − 1

d− 1
Rgjk

)
hjk

where the RHS is equal to P(h) defined above.

We first compute the formal adjoint operator P∗ (with respect to dV ). For a smooth compactly supported
symmetric 2-tensor h on U and φ ∈ C∞

c (U), we have∫
U

P(h)φdx =

∫
U

(
∇j∇kh

jk −
(
Ricjk − 1

d− 1
Rgjkh

jk

))
φdx

=

∫
U

hjk

(
∇j∇k −

(
Ricjk − 1

d− 1
Rgjk

))
φdx.

So the formal adjoint is

(P∗φ)jk = ∇j∂kφ−
(
Ricjk − 1

d− 1
Rgjk

)
φ. (6.16)

Its principal symbol is
(p∗)jk(ξ) = −ξjξk, (6.17)

which clearly satisfies (CE) for all d ≥ 1.

6.5.1. Covariant graded augmented system and kerP∗. Given a function φ, define

ωj = ∂jφ. (6.18)

Then 
∇iφ = ωi,

∇iωj =

(
Ricjk − 1

d− 1
Rgjk

)
φ+ (P∗φ)ij .

(6.19)

As we will see in Section 6.5.2, this system of covariant first-order PDEs (6.19) is useful for performing
explicit computations on space forms.

We note that (6.19) immediately leads to graded augmented variables in the sense of Definition 6.2. Indeed,
if we specialize (6.19) to the Euclidean space in rectangular coordinates (so that P = Pprin and P∗ = P∗dx

prin),

3We carefully note that ġjk is the metric dual of ġjk, not the first order variation of (g−1)jk. These two objects differ by
a sign.
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then we see that Φφ := φ, Φωj := ωj define augmented variables for Pprin that satisfy (Φ-1)–(Φ-4), where
A = {φ,ω1, . . . ,ωd} (in particular, #A = d + 1), dφ = 0, dωj = −1, mij = 2, and m′

ij = 0 for all
i, j ∈ {1, . . . , d}. These augmented variables also satisfy (Φ-1)–(Φ-4) for any lower order perturbations of
Pprin (viewed as an operator on an open subset of Rd, the Euclidean space in rectangular coordinates).

In view of (6.19), we see that dimkerP∗ ≤ #A = d+1. This bound is optimal, and the maximal dimension
is reached (i.e., the augmented system is completely integrable) on space forms:

• For Rd, P∗φ = ∂j∂kφ and kerP∗ = span {1, x1, . . . , xd}.
• For the sphere Sd, P∗φ = ∇j∂kφ+gjkφ. If we embed the sphere into Rd+1 by {(x0)2+ · · ·+(xd)2 =

1} ⊆ Rd, then kerP∗ is spanned by the restrictions on Sd of the ambient coordinates x0, x1, · · · , xd,
which are linearly independent. Indeed, for each µ ∈ {0, 1, . . . , d}, that P∗xµ = 0 can be seen by
a direct computation using the fact that the second fundamental form Π(X,Y ) of the embedding
Sd ↪→ Rd+1, which proceeds as follows:

(P∗xµ)(X,Y ) = X(Y xµ)− (∇XY )∥xµ + g(X,Y )xµ = (Π(X,Y ) + g(X,Y ))xµ = 0,

where ∇ is the covariant derivative in the ambient coordinates, X,Y ∈ TSd, and (∇XY )∥ is the
tangential part of ∇XY . The expressions X(Y xµ) and (∇XY )∥ are computed using any extension
of Y as a smooth vector field; as is well-known, the identity holds independently of this choice. The
linear independence claim is clear. Since dimkerP∗ ≤ d+ 1, {x0, x1, . . . , xd} indeed also spans P∗.

• For the hyperbolic space Hd, P∗φ = ∇j∂kφ − gjkφ. We embed the hyperbolic space into the
Minkowski space R1,d with metric −(dx0)2+(dx1)2+ · · ·+(dxd)2 by {−(x0)2+(x1)2+ · · ·+(xd)2 =
−1}. Then kerP∗ is again spanned by the restrictions to Hd of the ambient coordinates x0, x1, · · · , xd.
This statement can be verified in a similar manner to the case of Sd. In particular, for µ ∈ {0, 1, . . . , d}
and any X,Y ∈ THd, we have

(P∗xµ)(X,Y ) = X(Y xµ)− (∇XY )∥xµ − g(X,Y )xµ = (Π(X,Y )− g(X,Y ))xµ = 0,

where we used that the second fundamental form Π(X,Y ) of the embedding Hd ↪→ R1,d equals g.

6.5.2. Explicit computations in the constant curvature case. Let κ be the constant sectional curvature of
(M,g). Fix y, y1 ∈ M and a geodesic segment x from y to y1. We may write x(t) = (t, ω0) in polar
coordinates at y for some ω0 ∈ Sd−1. From (6.19) and the formulas in Section 6.4, we have

∂rφ = ωr, ∂rωr = −κφ+ (P∗φ)rr.

So
d2

dt2
φ(x(t)) = (−κφ+ (P∗φ)rr) .

The solution is given by

φ(x(0)) =

∫ d(y1,y)

0

sκ(s)ẋ
iẋj(P∗φ)ij ◦x(s) ds+φ◦x(d(y1, y))cκ(d(y1, y))− ẋj(∂jφ)◦x(d(y1, y))sκ(d(y1, y)).

Thus,

⟨Ky1
(·, y), ψ⟩ =

∫ d(y1,y)

0

sκ(s)ẋ
iẋjψij ◦ x(s) ds,

⟨by1(·, y), φ⟩ = φ(y1)cκ(d(y1, y))− ẋj(y, y1, d(y1, y))(∂jφ)(y1)sκ(d(y1, y)),

which are tensor-valued distributions.

6.5.3. Explicit formulas on flat spaces. For the readers’ convenience, we record the explicit formulas for the
Bogovskii-type and conic solution operators on Rd. We average over straight line segments x(y, y1, s) =
y+ s(y1 − y) for the Bogovski-type solution operator and over straight rays x(y, ω, s) = y+ sω for the conic
solution operator.
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(1) Let η ∈ C∞
c (Rd) with

∫
Rd η = 1. The Bogovskii-type solution operator for Ph = ∇j∇kh

jk where
hij = hji on Rd with flat metric is given by

Kij
η (z + y, y) =

(∫ ∞

|z|
η

(
r
z

|z|
+ y

)
rd−1dr

)
zizj

|z|d

with
bη(x, y) = (d+ 1)η(x) + (x− y)i∂iη(x).

(2) Let κ ∈ C∞(Sd−1) with
∫
Sd−1 κ = 1. The conic solution operator for Ph = ∇j∇kh

jk where hij = hji

on Rd with flat metric is given by

Kij
κ (z + y, y) =

zizj

|z|d
κ

(
z

|z|

)
.

6.6. Symmetric divergence operator (or adjoint Killing operator). We consider the symmetric di-
vergence operator

Ph = ∇jh
jk where hjk = hkj , (6.20)

for d ≥ 1.

We first compute the formal adjoint operator P∗ (with respect to dV ). For a smooth compactly supported
symmetric 2-tensor h and 1-form ω on U , we have∫

U

(Ph)kωk dV =

∫
U

(∇jh
jk)ωk dV = −

∫
U

hjk∇jωk dV = −
∫
U

hjk 1

2
(∇jωk +∇kωj) dV.

The formal L2-adjoint is

(P∗ω)jk = −1

2
(∇jωk +∇kωj) . (6.21)

Observe that P∗ω = 0 is precisely the condition that the vector field ω♯ is a Killing vector field of (M,g);
for this reason, we will call P∗ the Killing operator. Its principal symbol is

(p∗) ℓ
jk (ξ) = − i

2
(ξjδ

ℓ
k + ξkδ

ℓ
j). (6.22)

6.6.1. Covariant graded augmented system and kerP∗. Given a 1-form ωj , define

ηjk = 1
2 (dω)jk = 1

2 (∇jωk −∇kωj). (6.23)

Then {
∇iωj = ηij − (P∗ω)ij ,

∇iηjk = −R ℓ
jki ωℓ +∇k(P∗ω)ij −∇j(P∗ω)ki.

(6.24)

We postpone the proof of (6.24) and discuss its consequences first.

We note that (6.24) immediately leads to graded augmented variables in the sense of Definition 6.2. Indeed,
if we specialize (6.24) to the Euclidean space in rectangular coordinates (so that P = Pprin and P∗ = P∗dx

prin),
then we see that Φωj

:= ωj , Φηjk
:= ηjk define augmented variables for Pprin that satisfy (Φ-1)–(Φ-4),

where A = {ω1, . . . ,ωd,η12, . . . ,η(d−1)d} (in particular, #A = d + d(d−1)
2 = d(d+1)

2 ), dωjk
= 0, dηj

= −1,
mij = 1, and m′

ij = 1 for all i, j ∈ {1, . . . , d}. These augmented variables also satisfy (Φ-1)–(Φ-4) for any
lower order perturbations of Pprin (viewed as an operator on an open subset of Rd, the Euclidean space in
rectangular coordinates).

As is well-known, P∗ has a finite dimensional kernel with dimkerP∗ ≤ #A = d(d+1)
2 . The maximal dimension

is reached (i.e., the augmented system is completely integrable) on space forms:

• For Rd, kerP∗ consists of the metric duals of the Killing vector fields, which are

span ({eJ}J=1,...,d ∪ {xKeJ − xJeK}1≤J<K≤d) .

Geometrically, these correspond to translation and rotation vector fields on Rd.
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• For the sphere Sd, kerP∗ consists of the metric duals of

kerP∗ = span ({xKeJ − xJeK}0≤J<K≤d) .

Geometrically, these correspond to the rotation vector fields on the ambient Euclidean space Rd+1.
• For the hyperbolic space Hd, kerP∗ consists of the metric duals of

kerP∗ = span
(
{x0eJ + xJe0}1≤J≤d ∪ {xKeJ − xJeK}1≤J<K≤d

)
.

Geometrically, these correspond to the Lorentz boost and rotation vector fields on the ambient
Minkowski space R1,d.

Finally, we give a proof of (6.24), which is a covariant generalization of [12]. Indeed, the first identity is
obvious. To prove the second identity, we begin by computing ∇i(P∗ω)jk and cycling the indices i, j, k:

−2∇i(P∗ω)jk = ∇i∇jωk +∇i∇kωj ,

−2∇j(P∗ω)ki = ∇j∇kωi +∇j∇iωk = ∇k∇jωi +∇i∇jωk −R ℓ
jk iωℓ +R ℓ

ij kωℓ,

−2∇k(P∗ω)ij = ∇k∇iωj +∇k∇jωi = ∇i∇kωj +∇k∇jωi −R ℓ
ki jωℓ.

Then we subtract the second equation from the third equation. We obtain

∇iηjk = 1
2 (R

ℓ
jk i −R ℓ

ij k −R ℓ
ki j)ωℓ +∇k(P∗ω)ij −∇j(P∗ω)ki

= R ℓ
jk iωℓ +∇k(P∗ω)ij −∇j(P∗ω)ki,

where we used the first Bianchi identity for the last equality.

6.6.2. Explicit computations in the constant curvature case. Let κ be the constant sectional curvature of
(M,g). Fix y, y1 ∈ M and a geodesic segment x from y to y1. We may write x(t) = (t, ω0) in polar
coordinates at y for some ω0 ∈ Sd−1. From (6.24) and the formulas in Section 6.4, we have

d

dt
ωr(x(t)) = −(P∗ω)rr,

d

dt
ωA(x(t)) = ΓB

rAωB + ηrA − (P∗ω)rA,

d

dt
ηrA(x(t)) = ΓB

rAηrB − κωA +∇A(P∗ω)rr −∇r(P∗ω)rA.

For the first equation we can solve directly:

ωr(x(t)) = ωr(y1) +

∫ d(y1,y)

t

(P∗ω)rr(x(s)) ds.

The equation for ωA can be reduced:

d2

dt2
(sκ(t)

−1ωA(x(t)) = −κsκ(t)−1ωA + sκ(t)
−1∇A(P∗ω)rr − 2sκ(t)

−1∇r(P∗ω)rA.

Therefore,

sκ(t)
−1ωA(x(t)) =

∫ d(y1,y)

t

sκ(t− s)sκ(s)
−1(∇r(P∗ω)rA −∇A(P∗ω)rr)(x(s))ds

+

∫ d(y1,y)

t

cκ(t− s)sκ(s)
−1(P∗ω)rAds

+ ωA(y1)cκ(t− d(y1, y))/sκ(d(y1, y)) + ηrA(y1)sκ(t− d(y1, y))/sκ(d(y1, y)).

Thus

⟨Ky1
(·, y), ψ⟩ =

(∫ d(y1,y)

0

ẋiẋjψij(x(s)) ds

)
dr +

(∫ d(y1,y)

0

cκ(s)ẋ
jψjÃ(x(s))ds

)
dω̃A

−

(∫ d(y1,y)

0

sκ(s)ẋ
iẋj(∇iψjÃ −∇Ãψij)(x(s)) ds

)
dω̃A
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(we recall that dω̃A = sκ(r) dω
A is the normalized angular 1-form and ψjÃ = sκ(r)

−1ψjA since ∂ω̃A =

s−1
κ ∂ωA) and

⟨by1(·, y), φ⟩ = φr(y1) dr +

(
φÃ(y1)cκ(d(y1, y))−

1

2
ẋj(d(y1, y))(∇jφÃ −∇Ãφj)(y1)sκ(d(y1, y))

)
dω̃A.

6.6.3. Explicit formulas on flat spaces. For the readers’ convenience, we record the explicit formulas for the
Bogovskii-type and conic solution operators on Rd. We average over straight line segments x(y, y1, s) =
y + s(y1 − y) for the Bogovski-type solution operator and over straight half-lines x(y, ω, s) = y + sω for the
conic solution operator.

(1) Let η ∈ C∞
c (Rd) with

∫
Rd η = 1. The Bogovskii-type solution operator for Ph = ∇jh

jk where
hij = hji on Rd with flat metric is given by

(Kη)
ij
k (z + y, y) =

1

2

(∫ ∞

|z|
η

(
r
z

|z|
+ y

)
rd−1 dr

)
ziδjk + zjδik

|z|d

+
1

2
∂zm

((∫ ∞

|z|
η

(
r
z

|z|
+ y

)
rd−1 dr

)
zm(ziδjk + zjδik)

|z|d

)

− ∂zk

((∫ ∞

|z|
η

(
r
z

|z|
+ y

)
rd−1 dr

)
zizj

|z|d

)
with

(bη)
j
k(x, y) =

d+ 1

2
η(x)δjk +

1

2
(x− y)ℓ∂ℓη(x)δ

j
k − 1

2
(x− y)j∂kη(x).

(2) Let κ ∈ C∞(Sd−1) with
∫
Sd−1 κ = 1. The conic solution operator for Ph = ∇jh

jk where hij = hji

on Rd with flat metric is given by

(Kκ)
ij
k (z + y, y) =

1

2

ziδjk + zjδik
|z|d

κ

(
z

|z|

)
+

1

2
∂zm

(
zm(ziδjk + zjδik)

|z|d
κ

(
z

|z|

))
− ∂zk

(
zizj

|z|d
κ

(
z

|z|

))
.

Exercise 6.7. Do the computation for the trace-free symmetric divergence operator

Ph = ∇jh
jk where hjk = hkj and trg h = 0, (6.25)

for d ≥ 3.
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