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Abstract. For periodic Schrödinger operators HV = −∆+V with bounded real-valued
potentials on Rd with d ≥ 2, we show that for generic potentials, each endpoint of every
spectral gap is attained by a single Bloch band at only finitely many quasimomenta, and
has a nondegenerate Hessian at every attaining point. This proves the Spectral Edge
Conjecture for periodic Schrödinger operators.

1. Introduction

Let Γ ⊂ Rd, d ≥ 2, be a lattice of full rank, with the dual lattice and the Brillouin zone
given by

Γ∗ = {γ∗ ∈ Rd : γ∗ · γ ∈ 2πZ for all γ ∈ Γ}, Td
∗ = Rd/Γ∗. (1.1)

We consider Schrödinger operators HV = −∆ + V : L2(Rd) → L2(Rd) with bounded
real-valued Γ-periodic potentials in the space

X = L∞(Rd/Γ;R). (1.2)
For V ∈ X , Floquet–Bloch theory gives the Floquet–Bloch transformed operators

HV (k) = (−i∇ + k)2 + V : L2(Rd/Γ) → L2(Rd/Γ) k ∈ Td
∗, (1.3)

with domain H2(Rd/Γ) and eigenvalues (counted with multiplicity)
E1(V, k) ≤ E2(V, k) ≤ · · · , k ∈ Td

∗. (1.4)
Then by Floquet–Bloch theory, we have the decomposition of the continuous spectrum

SpecHV =
⋃

n≥1
En(V,Td

∗). (1.5)

A subset of X is called residual if it contains a countable intersection of open dense
subsets of X . The endpoints a, b ∈ SpecHV of a bounded connected component (a, b) of
R \ SpecHV are called band edges (or spectral edges), and the interval (a, b) is called a
spectral gap.1 Our main result is the following

Theorem 1.1. There exists a residual set G ⊂ X such that the following holds. For every
V ∈ G and spectral gap (a, b) ⊂ R \ SpecHV ,

(i) there exist unique indices n−, n+ ≥ 1 such that
a ∈ En−(V,Td

∗), b ∈ En+(V,Td
∗);

for every k with En−(V, k) = a, the number a is a simple eigenvalue of HV (k), and
for every k with En+(V, k) = b, the number b is a simple eigenvalue of HV (k);

(ii) the sets
{k : En−(V, k) = a}, {k : En+(V, k) = b} (1.6)

are finite;
1The bottom of the spectrum is well understood in the literature (cf. [14]), thus we exclude it from the

definition of the band edges.
1
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(iii) for every k− in the first set and k+ in the second set in (1.6), we have
d2

kEn−(V, k−) < 0, d2
kEn+(V, k+) > 0.

The theorem proves the Spectral Edge Conjecture (cf. [18, Conjecture 8.5]) for periodic
Schrödinger operators, which predicts that, for generic potentials, any band edge belongs
to a single band function En(k), is attained at isolated quasimomenta k, and has a
nondegenerate Hessian there. The structure of band edges of periodic Schrödinger
operators is a fundamental open question in mathematical physics. Filonov–Kachkovskiy
[12] proved that global band extrema are isolated for a broad class of periodic elliptic
operators when d = 2. However, their argument does not establish nondegeneracy of the
Hessian and is specific to dimension two. The generic nondegeneracy of spectral edges
has remained open even for periodic Schrödinger operators. Theorem 1.1 establishes both
isolation and Hessian nondegeneracy for generic potentials in every dimension d ≥ 2.

The Spectral Edge Conjecture has several important consequences. It enters the
definition of effective masses in solid-state physics [1, Chapter 12, equation (12.29)] and
is also a fundamental hypothesis in results on Liouville theorems and Green function
asymptotics [19, 20], homogenization [24], impurity eigenvalues created by localized
perturbations [5, 26], and Anderson localization near internal band edges [15, 25].

Part (i) follows from the theorem of Klopp–Ralston [16]. We prove parts (ii)–(iii) by
showing that, for a fixed band En(V, k), a generic perturbation can make the Hessian
nondegenerate at its global extrema. Without loss of generality, we only give the proof
for global minima. Global maxima can be treated in a similar fashion.
Proof idea and structure of the paper. We briefly describe the main mechanism of
the proof. Fix a band En(V, k) and let k0 be a global minimum at which En(V, k0) is a
simple eigenvalue. Locally near k0, we write the corresponding eigenvalue and normalized
Bloch eigenfunction as E(k) and u(k), and set

K = ker d2
kE(k0), Y = K⊥.

Since k0 is a minimum, the Hessian is positive definite on Y , so the only obstruction to
nondegeneracy lies in the kernel K. The implicit function theorem allows us to eliminate
the nondegenerate Y directions and reduce the problem to the behavior of the band
function in the K directions. By the Feynman–Hellmann formula,

∂t|t=0E(V + tq, k) = Fq(k), Fq(k) =
∫
Rd/Γ

q(x)|u(k, x)|2dx,

and by differentiation,

dFq(k0) · η =
∫
Rd/Γ

q(x)ρη(x)dx, ρη = (η · ∂k)|u(k0, ·)|2.

The proof now splits according to whether these density variations vanish on K.
(1) In Section 3, we study the case when

ρη ̸≡ 0 for some η ∈ K. (1.7)
In this case, we may choose q = ρη to make dFq(k0) · η > 0. Thus the potential
perturbation changes, to first order, the gradient of the band function in a direction
belonging to the Hessian kernel K. After eliminating the Y variables, we obtain
a one-parameter family of reduced band functions on K. Then nonvanishing
dFq(k0) · η > 0 gives a transversality direction for this family. Sard’s theorem then
implies that, for generic values of the perturbation parameter, the reduced Hessian
has positive rank at every nearby critical point which is a local minimum. A Schur
complement argument identifies the corank of the reduced Hessian with that of
the full Hessian. Hence the Hessian corank decreases by at least one.
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(2) In Section 4, we study the case when
ρη ≡ 0 for every η ∈ K. (1.8)

By (1.8), dFq(k0)|K = 0 for every q ∈ X , so we study the variation of the reduced
Hessian itself. Let gt denote the band function after eliminating the Y variables
for the perturbed potential V + tq. Section 4 shows that

d

dt
|t=0d

2
zgt(0) = R(q),

where R(q) is a quadratic form on K depending linearly on q. To remove the
degeneracy in the K directions, the main point is to prove that there exists q ∈ X
for which

R(q) > 0 on K. (1.9)
Thus the two mechanisms are complementary: in the first case a first-order perturbation
lowers the Hessian corank, while in the second case a second-order perturbation removes
the remaining kernel. The nondegeneracy of the Hessian follows by induction, and the
isolation of the minima/maxima follows as a corollary.

The key mechanism to establish (1.9) is Lemma 2.2, which says that under the as-
sumption (1.8), (η · ∂k)u(k0, ·) cannot vanish on the nodal set of u for η ̸= 0. The key
Lemma 2.2 for the Bloch density is proved in Section 2 using a current identity and
unique continuation. Section 5 applies the local arguments in Section 3 and 4 to show
that nondegeneracy is open and dense whenever the band extrema are simple. Section 6
combines this with Klopp–Ralston [16] to prove the main Theorem 1.1.
Related work. The Spectral Edge Conjecture is a long-standing problem in mathematical
physics. An early formulation appears in the work of Colin de Verdière [7], who established
the Morse property for finitely many bands of small generic potentials in dimension
two. The conjecture was later formulated for periodic elliptic operators by Kuchment–
Pinchover [19, Conjecture 20]. See also [17, Conjecture 5.25] and the recent survey [18,
Conjecture 8.5]. Klopp–Ralston [16] proved generic simplicity of the endpoints at a
spectral gap. Filonov–Kachkovskiy [12] proved that global band extrema are isolated for a
wide class of two-dimensional periodic elliptic operators, while Kirsch–Simon [14] proved
uniqueness and a quantitative nondegeneracy at the bottom of the spectrum. Further
perturbative results include [7, 22, 24].

There is a parallel algebraic theory for discrete and graph models. Do–Kuchment–
Sottile [9] established an algebraic genericity dichotomy for degenerate extrema and
verified the Spectral Edge Conjecture for a specific maximal two-atomic Z2-periodic
graph. Liu [21] proved, using irreducibility of the Fermi variety, that for discrete periodic
Schrödinger operators an extremal level set is finite in dimension two and has dimension at
most d− 2 in dimensions d ≥ 3. See also [13] for a different proof for non-divisible lattices.
Faust–Liu–Luo [10] subsequently obtained an improved quantitative two-dimensional
cardinality bound. Berkolaiko–Canzani–Cox–Marzuola [4] gave local-to-global criteria
for extrema of dispersion bands on periodic graphs, and Faust–Sottile [11] verified the
Spectral Edge Conjecture for two infinite families of periodic graphs.

The isolated, single-band, nondegenerate edge hypothesis also has important con-
sequences: Kuchment–Pinchover [19] relate it to Liouville theorems, and Kuchment–
Raich [20] derive Green function asymptotics at internal spectral edges under this hypoth-
esis. Parnovski–Shterenberg enlarge the period lattice in their perturbation argument and
state in [22, Remark 1.2] that nondegeneracy in two dimensions under the same lattice
perturbation was not known, and Theorem 1.1 also answers this question. Stable degener-
ate edges occur for periodic quantum graphs [3] and for discrete periodic operators [12,
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Section 7]; these examples reflect structural constraints of the graph or discrete models
and do not contradict the continuum fixed-lattice result proved here.

Acknowledgments. The authors thank Ilya Kachkovskiy and Leonid Parnovski for
helpful discussions. We thank ChatGPT for its advanced editorial and mathematical
assistance. M.Y. acknowledges support from NSF grant DMS-2554813.

2. Analytic perturbation theory and a current identity

We first fix notation for a simple eigenvalue under perturbation. Let V0 ∈ X , k0 ∈ Td
∗,

and let E0 be a simple eigenvalue of HV0(k0). Choose a positively oriented circle γ ⊂ C
which encloses E0 and no other point of SpecHV0(k0). After shrinking a neighborhood V
of V0 in X and a coordinate neighborhood U of k0, the circle γ lies in the resolvent set of
HW (k) for all (W, k) ∈ V × U , and the spectral projection

Π(W,k) = 1
2πi

∮
γ
(z −HW (k))−1 dz (2.1)

has rank one. Define

E(W, k) = tr
( 1

2πi

∮
γ
z(z −HW (k))−1 dz

)
. (2.2)

Thus E(W,k) is the unique eigenvalue of HW (k) inside γ. It is continuous in (W,k),
analytic in k, and jointly analytic when W is restricted to a finite-dimensional affine
subspace of X . If U and the finite-dimensional parameter set are contractible, one can
choose a normalized eigenfunction u(W,k) which is analytic in the finite-dimensional
variables and satisfies

HW (k)u(W, k) = E(W, k)u(W, k), ∥u(W, k)∥L2(Rd/Γ) = 1. (2.3)

The following lemma is a consequence of standard elliptic estimates.

Lemma 2.1. Let U ⊂ Rd be open. Assume that E : U → R and u : U → H2(Rd/Γ) are
analytic and satisfy

HV (k)u(k) = E(k)u(k), ∥u(k)∥L2(Rd/Γ) = 1.

For every multi-index β, every 1 < p < ∞ and every 0 < σ < 1,

∂β
ku(k, ·) ∈ W 2,p(Rd/Γ) and ∂β

ku(k, ·) ∈ C1,σ(Rd/Γ)

locally uniformly in k ∈ U .

Let E(k) and u(k) satisfy the assumptions of Lemma 2.1, and let k0 be a critical point
of E. For ξ, ζ ∈ Rd, write

ρξ := (ξ · ∂k)|u(k0, ·)|2, ρξζ := (ξ · ∂k)(ζ · ∂k)|u(k0, ·)|2. (2.4)

These functions are real-valued, continuous, bounded, and Γ-periodic.

Lemma 2.2. Assume that η ∈ ker d2
kE(k0). Take

u = u(k0, ·), v = (η · ∂k)u(k0, ·), Z = {x ∈ Rd/Γ : u(x) = 0}.

If
(η · ∂k)|u(k0, ·)|2 = 0 on Rd/Γ, v = 0 on Z, (2.5)

then we have η = 0.



GENERIC ISOLATION AND NONDEGENERACY 5

Proof. Lemma 2.1 gives u, v ∈ W 2,p ∩ C1,σ(Rd/Γ) for every 0 < σ < 1 and 1 < p < ∞.
The function eik0·xu(x) solves

(−∆ + V − E(k0))
(
eik0·xu(x)

)
= 0

on Rd. A nontrivial solution of this equation cannot vanish on a set of positive Lebesgue
measure: at a density point it vanishes to infinite order by the argument of [8], and strong
unique continuation [2, 6] then implies that it vanishes identically. Hence

|Z| = 0. (2.6)
Set D = (Rd/Γ) \ Z. The first condition in (2.5) is 2 Re(uv) = 0. Therefore

v = iαu on D, α = −i v
u

∈ C1(D;R). (2.7)

The function α is periodic on D, which need not be connected.
Define

J(k, x) = Im
(
u(k, x)∇xu(k, x)

)
+ k|u(k, x)|2,

j = (η · ∂k)J(k0, ·) = Im
(
v∇xu+ u∇xv

)
+ η|u|2 + 2k0 Re(uv).

(2.8)

Multiplying (2.3) by u(k) and taking imaginary parts gives
∇x · J(k, ·) = 0.

The Feynman–Hellmann identity in k-variable is given by

∇kE(k) = 2
∫
Rd/Γ

J(k, x) dx.

Differentiating this identity and ∇x · J(k, ·) = 0 in the direction η at k0 gives

∇x · j = 0,
∫
Rd/Γ

j dx = 1
2d

2
kE(k0)η = 0. (2.9)

Differentiating (2.8) and using (2.7) gives
j = |u|2(η + ∇α) on D. (2.10)

The second condition in (2.5) implies j = 0 on Z. Since u and v are Lipschitz and vanish
on Z, while their gradients are bounded,

|j(x)| ≤ C dist(x, Z), x ∈ Rd/Γ. (2.11)
We next justify integration by parts without assumptions on the geometry of Z. If

Z = ∅, take χε = 1. Otherwise choose periodic Lipschitz functions χε : Rd/Γ → [0, 1]
such that
χε = 0 on {dist(x, Z) ≤ ε}, χε = 1 on {dist(x, Z) ≥ 2ε}, |∇χε| ≤ Cε−1. (2.12)

We choose the cutoffs so that χε(x) → 1 monotonically for every x ∈ D as ε → 0. Choose
bounded smooth functions TN : R → R satisfying

TN(0) = 0, 0 ≤ T ′
N ≤ 1, T ′

N(s) ↑ 1 for every s ∈ R. (2.13)
The truncation is needed because α = v/u need not be bounded near Z. Testing the first
identity in (2.9) against χεTN(α) gives∫

D
χεT

′
N(α)j · ∇α dx = −

∫
D
TN(α)j · ∇χε dx. (2.14)

For fixed N , the right-hand side is bounded in absolute value by

CN

∣∣∣{x : dist(x, Z) < 2ε}
∣∣∣,
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which tends to zero by (2.6). From (2.10),
j · ∇α = |u|2|η + ∇α|2 − η · j.

Letting first ε → 0 and then N → ∞ in (2.14), using monotone convergence for the first
term and dominated convergence for the second, gives∫

D
|u|2|η + ∇α|2 dx = η ·

∫
Rd/Γ

j dx = 0. (2.15)

Thus
∇α = −η on D. (2.16)

Lift all periodic functions to Rd. On a nonempty connected component D∗ of the lifted
set {u ̸= 0},

α(x) = C0 − η · x. (2.17)
Take D0 = −i∇ + k0 and L = D2

0 + V −E(k0). Differentiating the eigenvalue equation in
the direction η and using dE(k0) · η = 0 gives

Lv = −2η ·D0u. (2.18)
For g(x) = i(C0 − η · x), the commutator identity [D0,j, g] = −ηj gives

L(gu) = −2η ·D0u. (2.19)
The function v − gu solves the homogeneous equation and vanishes on the open set D∗.
Unique continuation [2] gives v = gu on Rd. For every γ ∈ Γ, periodicity of u and v gives

(η · γ)u(x) = 0 for all x ∈ Rd.

Since u ̸≡ 0 and Γ spans Rd, we obtain η = 0. □

3. First-order perturbations

In this section, we discuss the first-order perturbation, which works when ρη ̸≡ 0. For
V ∈ X , assume that

k0 ∈ Mn(V ) := argmink∈Td
∗
En(V, k), (3.1)

and En(V, k0) is a simple eigenvalue of HV (k0). Let E(W,k) be the eigenvalue defined
by (2.2) on V × U , after choosing γ, V , and U as in Section 2. We use the notation

E(k) = E(V, k), u(k) = u(V, k).
Shrink U so that E(k) = En(V, k) for k ∈ U . Define

K := ker d2
kE(k0), Y := K⊥. (3.2)

Since k0 is a minimum,
HY = d2

kE(k0)|Y ×Y > 0. (3.3)
By the Feynman–Hellmann formula, for q ∈ X

∂t|t=0 E(V + tq, k) = Fq(k), Fq(k) :=
∫
Rd/Γ

q(x)|u(k, x)|2 dx. (3.4)

For η ∈ K, define ρη by (2.4). Then

dFq(k0) · η =
∫
Rd/Γ

qρη dx. (3.5)

In particular, if ρη ̸≡ 0, then we may take q = ρη ∈ X such that
dFq(k0) · η = ∥ρη∥2

L2(Rd/Γ) > 0.
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Proposition 3.1. If r = dimK > 0 and q ∈ X satisfy
dFq(k0)|K ̸= 0, (3.6)

then there exist a coordinate neighborhood U0 ⋐ U of k0, a neighborhood V0 ⊂ V of V , and
ε0 > 0 such that for every W ∈ V0, there exists an open dense set GW,ε0 ⊂ (−ε0, ε0) of
full Lebesgue measure such that for any a ∈ GW,ε0

dim ker d2
kE(W + aq, k) ≤ r − 1 (3.7)

at critical points k ∈ U0 satisfying
dkE(W + aq, k) = 0, d2

kE(W + aq, k) ≥ 0. (3.8)
Moreover, for each a ∈ GW,ε0, there exists δ > 0 such that (3.7) remains valid after
replacing W + aq by any W ′ ∈ V with

∥W ′ − (W + aq)∥L∞ < δ.

Proof. Use a local coordinate chart at k0 and write
k = k0 + y + z, y ∈ Y, z ∈ K.

Taking some neighborhood V0 ⊂ V of V and ε0 > 0, for any fixed W ∈ V0 and |a| < ε0,
we define

f(W,a, y, z) = E(W + aq, k0 + y + z).
By (3.3), we may choose closed small balls BY ⊂ Y and BK ⊂ K centered at zero and
shrinking V0, and ε0 if needed, such that ∂2

yf is positive definite on V0×(−ε0, ε0)×BY ×BK .
By the implicit function theorem, there exists a function ψ(W, a, z) ∈ BY such that

∂yf(W,a, ψ(W, a, z), z) = 0, z ∈ BK . (3.9)
The positivity of ∂2

yf implies the uniqueness of ψ(W,a, z) as a solution of (3.9) in BY .
Hence, for k = k0 + y + z with (y, z) ∈ BY ×BK such that dkE(W + aq, k) = 0, we have
y = ψ(W, a, z).

By (3.6), we may choose e ∈ K such that dFq(k0) · e ̸= 0. For simplicity, we define
g(W,a, z) = f(W,a, ψ(W, a, z), z), Φ(W, a, z) = dzg(W,a, z) · e. (3.10)

Differentiating (3.9) in z at (V, 0, 0) and taking ζ ∈ K gives

HY (Dzψ(V, 0, 0)ζ, ·) + d2
kE(k0)(ζ, ·)

∣∣∣
Y

= 0.

By (3.3) and that K is the kernel of d2
kE(k0), we have

Dzψ(V, 0, 0) = 0. (3.11)
Differentiating the identity

∂ag(V, a, z)|a=0 = Fq(k0 + ψ(V, 0, z) + z)
in z and using (3.4), (3.11) and the choice of e ∈ K, we obtain

∂aΦ(V, 0, 0) = dFq(k0) · (Dzψ(V, 0, 0)e+ e) = dFq(k0) · e ̸= 0. (3.12)
After shrinking the neighborhood V0 × (−ε0, ε0) × BY × BK of (V, 0, 0), ∂aΦ does not
vanish on it. Hence, for W ∈ V0, the map (a, z) 7→ Φ(W,a, z) is a submersion, and the set

ΣW = {(a, z) : Φ(W, a, z) = 0}
is a smooth submanifold of R ×K.

Let π : ΣW → R be the projection π(a, z) = a. A point (a, z) ∈ ΣW is critical for π if
and only if

DzΦ(W,a, z) = 0.
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Indeed, the tangent space of ΣW is the kernel of ∂aΦ da+DzΦ, and ∂aΦ ̸= 0. Thus the
critical parameters are exactly the critical values of the projection π. Using Sard’s theorem
on the projection π and by the previous equivalence, for almost every a ∈ (−ε0, ε0), we
have

DzΦ(W,a, z) ̸= 0 whenever z ∈ BK and Φ(W, a, z) = 0, (3.13)
which is an open condition. Hence, the corresponding set GW,ε0 ⊂ (−ε0, ε0) is open, dense,
and of full Lebesgue measure.

For a ∈ GW,ε0 and k = k0 + ψ(W,a, z) + z satisfying (3.8), we have dzg(W,a, z) = 0.
Hence Φ(W, a, z) = 0. Put

H = d2
zg(W,a, z) ≥ 0.

Since Φ = dzg · e,
DzΦ(W,a, z)v = H(v, e), v ∈ K. (3.14)

By (3.13), DzΦ(W,a, z) ̸= 0. Hence, we have H( · , e) ̸= 0 and H has rank at least one.
Since dimK = r, we have

dim kerH ≤ r − 1.
To compare H with the full Hessian, write the latter acting on Y ⊕K as(

A B
BT C

)
, A > 0.

The Hessian of g is the Schur complement
H = C −BTA−1B.

The factorization (
A B
BT C

)
=
(

I 0
BTA−1 I

)(
A 0
0 H

)(
I A−1B
0 I

)
shows that their kernels have the same dimension. This proves (3.7).

For a fixed regular value a, compactness of the z-ball gives
|Φ(W,a, z)| + |DzΦ(W,a, z)| ≥ c > 0 (3.15)

for all z ∈ BK . The inequality (3.15), the positivity of ∂2
yf , and the rank-one property

of (2.1) persist under a sufficiently small perturbation of the potential. This proves the
last assertion. □

4. Second-order perturbations

In this section, we follow the notation of Section 3 and focus on the case
ρη = 0 for every η ∈ K. (4.1)

For q ∈ X , define
ft(y, z) = E(V + tq, k0 + y + z).

As in (3.9), let ψ(t, z) be the function such that
∂yft(ψ(t, z), z) = 0, (4.2)

and, for simplicity, we write
gt(z) = ft(ψ(t, z), z). (4.3)

If Y = {0}, all terms involving Y are omitted. We introduce

κ(q) = −H−1
Y

(
dFq(k0)|Y

)
, R(q) = d2Fq(k0)|K×K + d3E(k0)(κ(q), ·, ·)|K×K . (4.4)

The following lemma gives the infinitesimal change of the Hessian in the K direction.
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Lemma 4.1. For every q ∈ X ,
∂t|t=0 d

2
zgt(0) = R(q), (4.5)

where for η, ζ ∈ K,
R(q)(η, ζ) =

∫
Rd/Γ

q(x)Θη,ζ(x) dx, (4.6)

with
Θη,ζ = ρηζ + ρχ(η,ζ), χ(η, ζ) = −H−1

Y C(η, ζ), C(η, ζ)[y] = d3E(k0)(y, η, ζ). (4.7)

Proof. Differentiate (4.2) in t at (t, z) = (0, 0). (3.4) gives
∂tψ(0, 0) = κ(q). (4.8)

As in (3.11),
Dzψ(0, 0) = 0.

Differentiating (4.2) twice in z and pairing with η, ζ ∈ K gives
D2

zψ(0, 0)(η, ζ) = χ(η, ζ). (4.9)
Differentiating with respect to t gives

∂tgt(z) = ∂tEt(k0 + ψ(t, z) + z) + dEt(k0 + ψ(t, z) + z) · ∂tψ(t, z) (4.10)
= ∂tEt(k0 + ψ(t, z) + z).

where the second term in (4.10) vanishes by (4.2) and ∂tψ(t, z) ∈ Y . Evaluating at t = 0,
∂t|t=0 gt(z) = Fq(k0 + ψ(0, z) + z). (4.11)

Taking two derivatives in z at zero and using (4.9) gives
∂t|t=0 d

2
zgt(0)(η, ζ) = d2Fq(k0)(η, ζ) + dFq(k0) · χ(η, ζ).

By symmetry of H−1
Y , the last term is d3E(k0)(κ(q), η, ζ). This proves (4.5). □

Lemma 4.2. Assume that K ̸= {0} and (4.1) holds. Then there exists q ∈ X such that
R(q) > 0 on K. (4.12)

Proof. As R(X ) ⊂ Sym2(K∗), if R(X ) did not intersect the cone of positive definite forms
C = {A ∈ Sym2(K∗) : A > 0},

finite-dimensional convex separation (cf. [23, Theorem 11.2]) would give a nonzero linear
functional vanishing on R(X ) and nonnegative on C. By duality, this gives a nonzero
positive semidefinite M ∈ Sym2(K) such that

⟨M,R(q)⟩ = 0 for every q ∈ X . (4.13)
By (4.6), the continuous periodic function x 7→ ⟨M,Θ(x)⟩ has zero integral against every
q ∈ X . Taking q = ⟨M,Θ⟩ gives

⟨M,Θ(x)⟩ = 0 for every x ∈ Rd/Γ. (4.14)
As M ∈ Sym2(K), we may write

M =
m∑

j=1
µjηj ⊗ ηj, µj > 0, 0 ̸= ηj ∈ K.

Let Z = {u(k0, ·) = 0}. If Z = ∅, then (4.1) and Lemma 2.2, with the condition on Z
vacuous, yields ηj = 0, which is a contradiction. Thus Z ̸= ∅.

For x ∈ Z, since u(k0, x) = 0, the terms containing a factor u vanish and
ρηjηj

(x) = 2|ηj · ∂ku(k0, x)|2, ρχ(ηj ,ηj)(x) = 0.
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Consequently,
Θηj ,ηj

(x) = 2|ηj · ∂ku(k0, x)|2, x ∈ Z. (4.15)
Substituting (4.15) into (4.14) yields

ηj · ∂ku(k0, x) = 0 for x ∈ Z

for every j. Together with (4.1) and ηj ∈ ker d2
kE(k0), Lemma 2.2 implies ηj = 0. This

gives a contradiction. □

With Lemma 4.2, we can state the main second-order perturbation proposition.

Proposition 4.3. Assume that K ̸= {0}, and let q ∈ X satisfy
dFq(k0)|K = 0, R(q) > 0 on K. (4.16)

There is a neighborhood U0 of k0 and t0 > 0 such that for every 0 < t < t0 the function
k 7−→ E(V + tq, k)

attains its minimum over U0 at exactly one point kt ∈ U0 with
d2

kE(V + tq, kt) > 0. (4.17)
For each t ∈ (0, t0), there exists δt > 0 such that, if W ∈ V and

∥W − (V + tq)∥L∞ < δt,

then k 7→ E(W,k) attains its minimum over U0 at exactly one point kW ∈ U0, and
d2

kE(W, kW ) > 0.

Proof. Let
Gq(z) = ∂t|t=0 gt(z). (4.18)

The first condition in (4.16), (4.11) and (4.5) give
dGq(0) = 0, d2Gq(0) = R(q) > 0. (4.19)

Choose a closed ball B ⊂ K centered at zero such that
g0(z) ≥ g0(0), Gq(z) −Gq(0) ≥ c|z|2, z ∈ B, (4.20)

for some c > 0. We may shrink the Y -neighborhood so that ∂2
yft is uniformly positive

definite. Then, for each z ∈ B and small t, the point y = ψ(t, z) is the unique minimum
of y 7→ ft(y, z) in that neighborhood. After shrinking again, minima of E(V + tq, ·) over
a fixed product neighborhood U0 correspond exactly to minima of gt over B.

Joint analyticity gives
gt(z) = g0(z) + tGq(z) + t2S(t, z) (4.21)

uniformly in C2(B). By (4.20), the value of gt on ∂B is larger than gt(0) for all sufficiently
small t > 0. Thus every minimizer lies in B. Let zt be a minimizer. Since S is uniformly
Lipschitz in z,

|S(t, z) − S(t, 0)| ≤ CS|z|.
Comparing gt(zt) with gt(0) in (4.21) gives

0 ≥ gt(zt) − gt(0) ≥ ct|zt|2 − CSt
2|zt|.

Therefore
|zt| ≤ C1t (4.22)

for a constant C1 independent of t. Since K = ker d2
kE(k0), we have d2

zg0(0) = 0. For
each v ∈ K, the function s 7→ g0(sv) has a minimum at zero and has vanishing second
derivative there. Its third derivative at zero is therefore zero. Polarization gives

d3
zg0(0) = 0,
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and hence
d2

zg0(z) = O(|z|2). (4.23)
Using (4.19), (4.21), and (4.23), we obtain uniformly for |z| ≤ C1t,

d2
zgt(z) = tR(q) +O(t2) > 0 (4.24)

for t sufficiently small. The ball {|z| ≤ C1t} is convex and contains every minimizer
by (4.22); thus (4.24) implies uniqueness of zt. The Schur complement argument similar
to Proposition 3.1 gives (4.17).

For fixed t > 0, the rank-one spectral projection (2.1), the strict boundary inequality
gt|∂B > gt(0), uniqueness of the minimum, and the positive lower bound in (4.17) persist
under a sufficiently small perturbation of the potential. This proves the last assertion. □

5. Generic nondegeneracy for a single band

For n ≥ 1, define
Smin

n =
{
V ∈ X : En(V, k) is a simple eigenvalue of HV (k) for every k ∈ Mn(V )

}
. (5.1)

Lemma 5.1. The set Smin
n is open in X .

Proof. Fix V ∈ Smin
n and define

mn(V ) = min
k∈Td

∗
En(V, k).

For each k ∈ Mn(V ), choose a coordinate neighborhood Uk and a circle γk as in (2.1).
Compactness of Mn(V ) gives a finite subcover Uk1 , . . . , UkN

. Their union U contains
Mn(V ), and there exists δ > 0 such that

En(V, k) ≥ mn(V ) + 3δ, k ∈ Td
∗ \ U. (5.2)

The min–max principle gives
sup
k∈Td

∗

|En(W,k) − En(V, k)| ≤ ∥W − V ∥L∞ . (5.3)

If ∥W − V ∥L∞ < δ, then (5.2)–(5.3) imply that every point of Mn(W ) lies in U . The
contours γkj

remain in the resolvent sets for W close to V , so the eigenvalue En(W,k) is
simple at every k ∈ Mn(W ) by analytic perturbation theory. □

For V ∈ Smin
n define

Rn(V ) := max
k∈Mn(V )

dim ker d2
kEn(V, k). (5.4)

We use the following notation at a pair (W,k) with W ∈ Smin
n and k ∈ Mn(W ). Let

EW (κ) and uW (κ) be defined as in (2.2) and (2.3) near κ = k. Write
K(W,k) = ker d2

κEW (k), ρW,k,η = (η · ∂κ)|uW (k, ·)|2, η ∈ K(W,k). (5.5)
For q ∈ X , let FW,k,q be the function in (3.4) formed with uW , and let

RW,k(q) ∈ Sym2(K(W,k)∗) (5.6)
be the form defined by (4.4). These quantities do not depend on the phase of uW .
Lemma 5.2. Let V ∈ Smin

n , and let r = Rn(V ) > 0 as in (5.4), and let k0 ∈ Mn(V )
satisfy

dim ker d2
kEn(V, k0) = r.

There exist a compact coordinate neighborhood Q of k0, with k0 ∈ intQ, and an open
neighborhood V0 ⊂ Smin

n of V such that the set

GQ =
{
W ∈ V0 : dim ker d2

kEn(W,k) ≤ r − 1 for every k ∈ Mn(W ) ∩Q
}

(5.7)
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is open and dense in V0.

Proof. Write K0 = K(V, k0) defined in (5.5). Shrink a coordinate neighborhood U of k0
and a neighborhood V0 of V so that V0 ⊂ Smin

n and
(a) for (W,k) ∈ V0 ×U , the ordered eigenvalue En(W,k) is the unique eigenvalue inside

one fixed contour γ;
(b) if k ∈ Mn(W ) ∩ U , then

dimK(W, k) ≤ r = Rn(V ).
Note that the second property follows from upper semicontinuity of the Hessian corank.
We first prove the density of GQ in V0.
Case 1. If ρV,k0,η ̸≡ 0 for some η ∈ K0, we choose q = ρV,k0,η. Then

dFV,q(k0) · η > 0.
After shrinking U and V0, Proposition 3.1 applies to every potential W ∈ V0, with the
same direction q and the same coordinate splitting at (V, k0). Let Q ⋐ U contain k0 in
its interior. For every W ∈ V0 and every neighborhood W of W , Proposition 3.1 gives a
arbitrarily close to zero such that W + aq ∈ W ∩ GQ ∩ V0. Thus GQ is dense.
Case 2. If

ρV,k0,η = 0 for every η ∈ K0. (5.8)
By Lemma 4.2, we may choose q ∈ X such that

RV,k0(q) > 0 on K0. (5.9)
We may shrink U and V0 so that

W ∈ V0, k ∈ Mn(W ) ∩ U,

dimK(W, k) = r, dFW,q(k)|K(W,k) = 0

}
=⇒ RW,k(q) > 0 on K(W,k). (5.10)

To see (5.10), choose c > 0 smaller than every positive eigenvalue of d2
kEn(V, k0). For

(W,k) close to (V, k0), the spectral projection of the Hessian onto [0, c) is continuous and
has rank r whenever the Hessian corank is r; its range is then K(W,k). The energy
E(W,k) in (2.2), its first three k-derivatives, and the first two k-derivatives of FW,q depend
continuously on (W,k). By equation (4.6) and under the identification by these spectral
projections, RW,k(q) converges to RV,k0(q). Hence, (5.9) implies (5.10).

Choose Q ⋐ U with k0 ∈ intQ. Fix W ∈ V0 and set
BW = {k ∈ Mn(W ) ∩Q : dimK(W, k) = r}. (5.11)

The set BW is compact. If BW = ∅, then W ∈ GQ. Suppose that BW ̸= ∅.
For each k ∈ BW , take the fixed direction q and the base point k. If

dFW,q(k)|K(W,k) ̸= 0, (5.12)
then Proposition 3.1 gives a neighborhood Uk of k and an open dense subset Gk ⊂ (0, εk)
such that, for s ∈ Gk, every point κ ∈ Uk satisfying

dκEn(W + sq, κ) = 0, d2
κEn(W + sq, κ) ≥ 0

has Hessian corank at most r − 1. If (5.12) fails, then (5.10) and Proposition 4.3 give a
neighborhood Uk and εk > 0 such that every minimum in Uk has Hessian corank at most
r − 1 for every s ∈ (0, εk).

Choose k1, . . . , km ∈ BW such that

BW ⊂
m⋃

j=1
Ukj

. (5.13)
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After replacing all εkj
by their minimum, the set

G =
m⋂

j=1
Gkj

(5.14)

is open and dense in an interval (0, ε); in the second-order case we take Gkj
= (0, ε), where

we may shrink ε so that W + sq ∈ V0 for every s ∈ (0, ε).
For all sufficiently small s > 0, every point of

{κ ∈ Mn(W + sq) ∩Q : dimK(W + sq, κ) = r}
belongs to the union in (5.13). Otherwise there exist sj → 0 and κj ∈ Q \ ⋃i Uki

such
that κj ∈ Mn(W + sjq) and dimK(W + sjq, κj) = r. Passing to a subsequence gives
κj → κ ∈ Q. The estimate (5.3) gives κ ∈ Mn(W ). The local eigenvalues converge in
C2, so upper semicontinuity gives dimK(W,κ) ≥ r. Property (b) gives equality; hence
κ ∈ BW , contradicting (5.13).

Choose s ∈ G arbitrarily small. Then W + sq ∈ GQ, which proves the density in Case 2.
It remains to show that GQ is open. Suppose Wj → W∗ in V0, W∗ ∈ GQ, and Wj /∈ GQ.

Choose
kj ∈ Mn(Wj) ∩Q, dimK(Wj, kj) ≥ r.

After passing to a subsequence, kj → k∗ ∈ Q. The estimate (5.3) gives k∗ ∈ Mn(W∗),
and C2 convergence of the local eigenvalues gives

dimK(W∗, k∗) ≥ r,

contradicting W∗ ∈ GQ. Thus GQ is open. □

Proposition 5.3. For every n ≥ 1, the set

N min
n =

{
V ∈ Smin

n : d2
kEn(V, k) > 0 for every k ∈ Mn(V )

}
(5.15)

is open and dense in Smin
n .

Proof. We first show openness. Fix V ∈ N min
n . Mn(V ) is finite and each point of Mn(V )

is an isolated minimum. Choose pairwise disjoint coordinate neighborhoods U1, . . . , UN

of its points such that the local eigenvalues have Hessian bounded below by a positive
constant on each Uj. The openness follows from the continuity of the Hessian and the
eigenvalues En(W, ·) with respect to the perturbations in W .

We now prove density. Let U ⊂ Smin
n be nonempty and open. Choose V0 ∈ U and put

r0 = Rn(V0). If r0 = 0, then V0 ∈ N min
n . Assume r0 > 0, and define

Br0(V0) = {k ∈ Mn(V0) : dim ker d2
kEn(V0, k) = r0}. (5.16)

This set is compact. Apply Lemma 5.2 at each point of Br0(V0). Choose finitely many
compact neighborhoods Q1, . . . , QN whose interiors cover Br0(V0), and choose an open
neighborhood V0 ⊂ U of V0 on which Lemma 5.2 holds.

After shrinking V0, every W ∈ V0 and every

k ∈ Mn(W ) \
N⋃

j=1
intQj

satisfy
dim ker d2

kEn(W,k) ≤ r0 − 1. (5.17)
Indeed, otherwise there exist Wj → V0 and kj outside the union with Hessian corank at
least r0. A subsequence converges to k ∈ Mn(V0) with corank at least r0, so k ∈ Br0(V0),
contradicting the choice of the interiors.
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For each j, Lemma 5.2 gives an open dense subset of V0 on which every global minimum
in Qj has Hessian corank at most r0 − 1, whose finite intersection is again open and dense.
Together with (5.17), it contains a nonempty open set U1 ⊂ U such that

Rn(W ) ≤ r0 − 1, W ∈ U1. (5.18)
Choose V1 ∈ U1. If Rn(V1) = 0, then V1 ∈ N min

n . Otherwise, repeat the construction
inside U1. At each induction, Rn decreases by at least one. The induction ends after at
most d steps, yielding a potential in U ∩ N min

n . This proves density. □

6. Proof of Theorem 1.1

We take intervals I = [r, s] with rational endpoints r, s ∈ Q. Define VI ⊂ X to be the
set of V for which I is contained in a bounded connected component of R \ SpecHV .
For V ∈ VI , denote this component by (aI(V ), bI(V )). Define DI ⊂ VI by the following
condition: V ∈ DI if there exist unique indices n−(V ), n+(V ) such that

aI(V ) ∈ En−(V )(V,Td
∗), bI(V ) ∈ En+(V )(V,Td

∗). (6.1)
Note that the condition (6.1) implies that each endpoint is a simple eigenvalue of HV (k)
at every attaining quasimomentum k.
Lemma 6.1. The set VI is open in X , and DI is open and dense relative to VI .
Proof. The min–max principle gives

distH(SpecHV , SpecHW ) ≤ ∥V −W∥L∞ . (6.2)
Thus VI is open. Applying [16, Theorem 1.1] at the two endpoints yields the density of
DI in VI . The relative openness of DI in VI again follows from (6.2) and the existence of
a uniform band gap near band extrema. □

Lemma 6.2. Let (a, b) be a connected component of R \ SpecHV .
(1) If En(V, k0) = a for some k0, then a = maxk∈Td

∗
En(V, k).

(2) If Em(V, k0) = b for some k0, then b = mink∈Td
∗
Em(V, k).

We omit the proof as it is trivial. For V ∈ VI , let NI be the set of potentials such that
(1) V ∈ DI ; (2) for every k attaining aI(V ), d2

kEn−(V )(V, k) < 0; (3) for every k attaining
bI(V ), d2

kEn+(V )(V, k) > 0.
Proposition 6.3. The set NI is open and dense relative to VI .
Proof. Fix V ∈ NI . Lemma 6.2 identifies the lower endpoint as a global maximum of
En−(V ) and the upper endpoint as a global minimum of En+(V ). The openness of (5.15)
together with Lemma 6.1 shows that NI is relatively open.

Now we show density. Let U ⊂ VI be nonempty and relatively open. By Lemma 6.1,
choose V0 ∈ U ∩ DI . After shrinking, there exists a nonempty open set

U0 ⊂ U ∩ DI (6.3)
and fixed indices n−, n+ such that (6.1) holds with these indices for every V ∈ U0.
Lemma 6.2 and the definition (5.1) give

U0 ⊂ Smax
n− ∩ Smin

n+ ,

where Smax
n− is defined analogously for band maxima. By the density of N min

n+ , there exists
a nonempty open set

U1 ⊂ U0 ∩ N min
n+ . (6.4)

By the density of N max
n− , there exists a nonempty open set

U2 ⊂ U1 ∩ N max
n− , (6.5)
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where N max
n− is defined analogously for band maxima. Thus, by (6.3), (6.4) and (6.5), we

have a nonempty open set U2 ⊂ NI . This proves the density of NI in VI . □

Proof of Theorem 1.1. Define

OI = NI ∪
(
X \ VI

)
. (6.6)

The set OI is open. It is dense as follows. Let W ⊂ X be nonempty and open. If W
meets X \ VI , then it meets OI . Otherwise W ⊂ VI . Since VI is dense in its closure,
W ∩ VI is nonempty; Proposition 6.3 then gives W ∩ NI ̸= ∅.

Set
G =

⋂
r,s∈Q
r<s

O[r,s]. (6.7)

By definition, G is residual. Take V ∈ G. For any bounded spectral gap (a, b) of SpecHV .
Choose r, s ∈ Q with

a < r < s < b.

Then V ∈ V[r,s], and (6.6)–(6.7) imply V ∈ N[r,s]. This proves Parts (i) and (iii) of
Theorem 1.1. A nondegenerate critical point is isolated, and the set of attaining points is
closed. Therefore, there are only finitely many of them as Td

∗ is compact. This proves
part (ii) of Theorem 1.1. □
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