BAND EDGES OF PERIODIC SCHRODINGER OPERATORS ARE
GENERICALLY ISOLATED AND NONDEGENERATE

ZHONGKAI TAO AND MENGXUAN YANG

ABSTRACT. For periodic Schrédinger operators Hy = —A +V with bounded real-valued
potentials on R? with d > 2, we show that for generic potentials, each endpoint of every
spectral gap is attained by a single Bloch band at only finitely many quasimomenta, and
has a nondegenerate Hessian at every attaining point. This proves the Spectral Edge
Conjecture for periodic Schrédinger operators.

1. INTRODUCTION
Let I' € R?, d > 2, be a lattice of full rank, with the dual lattice and the Brillouin zone
given by
I ={y"€R: 4.y €27Z for all y € T'}, T = R%/T™. (1.1)
We consider Schrodinger operators Hy = —A +V : L*(R?) — L*(R?) with bounded
real-valued I'-periodic potentials in the space

X = L®(R%/I';R). (1.2)
For V € X, Floquet—Bloch theory gives the Floquet—Bloch transformed operators
Hy(k) = (—iV + k) +V: L*RYT) = LA(RYT)  keT? (1.3)
with domain H?(R?/T") and eigenvalues (counted with multiplicity)
E\(V,k) < Ey(VE) < -+, ke T (1.4)
Then by Floquet—Bloch theory, we have the decomposition of the continuous spectrum
Spec Hy = | J E.(V, T9). (1.5)
n>1

A subset of X is called residual if it contains a countable intersection of open dense
subsets of X. The endpoints a,b € Spec Hy of a bounded connected component (a,b) of
R\ Spec Hy are called band edges (or spectral edges), and the interval (a,b) is called a
spectral gap.! Our main result is the following

Theorem 1.1. There exists a residual set G C X such that the following holds. For every
V € G and spectral gap (a,b) C R\ Spec Hy,,
(i) there exist unique indices n_,ny > 1 such that

a€E, (V,T%,  be E,, (V,T%;

for every k with E,_(V, k) = a, the number a is a simple eigenvalue of Hy(k), and
for every k with E,, (V. k) =0, the number b is a simple eigenvalue of Hy (k);
(ii) the sets
{k:E, (V.k)=a}, {k:E, (V.k)=0b} (1.6)

are finite;
The bottom of the spectrum is well understood in the literature (cf. [14]), thus we exclude it from the

definition of the band edges.
1
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(iii) for every k_ in the first set and k., in the second set in (1.6), we have
B, (V,k_) <0, diE,, (V ki) > 0.

The theorem proves the Spectral Edge Conjecture (cf. [18, Conjecture 8.5]) for periodic
Schrodinger operators, which predicts that, for generic potentials, any band edge belongs
to a single band function FE,(k), is attained at isolated quasimomenta k, and has a
nondegenerate Hessian there. The structure of band edges of periodic Schrodinger
operators is a fundamental open question in mathematical physics. Filonov—Kachkovskiy
[12] proved that global band extrema are isolated for a broad class of periodic elliptic
operators when d = 2. However, their argument does not establish nondegeneracy of the
Hessian and is specific to dimension two. The generic nondegeneracy of spectral edges
has remained open even for periodic Schréodinger operators. Theorem 1.1 establishes both
isolation and Hessian nondegeneracy for generic potentials in every dimension d > 2.

The Spectral Edge Conjecture has several important consequences. It enters the
definition of effective masses in solid-state physics [1, Chapter 12, equation (12.29)] and
is also a fundamental hypothesis in results on Liouville theorems and Green function
asymptotics [19, 20], homogenization [24], impurity eigenvalues created by localized
perturbations [5, 26], and Anderson localization near internal band edges [15, 25].

Part (i) follows from the theorem of Klopp—Ralston [16]. We prove parts (ii)—(iii) by

showing that, for a fixed band F,(V, k), a generic perturbation can make the Hessian
nondegenerate at its global extrema. Without loss of generality, we only give the proof
for global minima. Global maxima can be treated in a similar fashion.
Proof idea and structure of the paper. We briefly describe the main mechanism of
the proof. Fix a band E,(V, k) and let ko be a global minimum at which E, (V. k) is a
simple eigenvalue. Locally near ko, we write the corresponding eigenvalue and normalized
Bloch eigenfunction as F(k) and u(k), and set

K =kerd?E(ky), Y =K% .

Since kg is a minimum, the Hessian is positive definite on Y, so the only obstruction to
nondegeneracy lies in the kernel K. The implicit function theorem allows us to eliminate
the nondegenerate Y directions and reduce the problem to the behavior of the band
function in the K directions. By the Feynman—Hellmann formula,

0o B(V +10.K) = Fy(k), Ey(k) = [ a()lu(k, ) dr,
and by differentiation,
AFylko) - n = [ a@pa@)dz,  py= (- 30)ulko, )
The proof now splits according to whether these density variations vanish on K.

(1) In Section 3, we study the case when
py Z 0 for some n € K. (1.7)

In this case, we may choose ¢ = p, to make dFj(ky) -7 > 0. Thus the potential
perturbation changes, to first order, the gradient of the band function in a direction
belonging to the Hessian kernel K. After eliminating the Y variables, we obtain
a one-parameter family of reduced band functions on K. Then nonvanishing
dF, (ko) -n > 0 gives a transversality direction for this family. Sard’s theorem then
implies that, for generic values of the perturbation parameter, the reduced Hessian
has positive rank at every nearby critical point which is a local minimum. A Schur
complement argument identifies the corank of the reduced Hessian with that of
the full Hessian. Hence the Hessian corank decreases by at least one.
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(2) In Section 4, we study the case when
py =0 for every n € K. (1.8)

By (1.8), dF,(ko)|x = 0 for every ¢ € X, so we study the variation of the reduced
Hessian itself. Let g, denote the band function after eliminating the Y variables
for the perturbed potential V + tq. Section 4 shows that

d
@h:odzgt(o) = R(Q%

where R(q) is a quadratic form on K depending linearly on ¢g. To remove the
degeneracy in the K directions, the main point is to prove that there exists ¢ € X
for which

R(q) >0 on K. (1.9)

Thus the two mechanisms are complementary: in the first case a first-order perturbation
lowers the Hessian corank, while in the second case a second-order perturbation removes
the remaining kernel. The nondegeneracy of the Hessian follows by induction, and the
isolation of the minima/maxima follows as a corollary.

The key mechanism to establish (1.9) is Lemma 2.2, which says that under the as-
sumption (1.8), (- Jx)u(ko,-) cannot vanish on the nodal set of u for n # 0. The key
Lemma 2.2 for the Bloch density is proved in Section 2 using a current identity and
unique continuation. Section 5 applies the local arguments in Section 3 and 4 to show
that nondegeneracy is open and dense whenever the band extrema are simple. Section 6
combines this with Klopp—Ralston [16] to prove the main Theorem 1.1.

Related work. The Spectral Edge Conjecture is a long-standing problem in mathematical
physics. An early formulation appears in the work of Colin de Verdiere [7], who established
the Morse property for finitely many bands of small generic potentials in dimension
two. The conjecture was later formulated for periodic elliptic operators by Kuchment—
Pinchover [19, Conjecture 20]. See also [17, Conjecture 5.25] and the recent survey [18,
Conjecture 8.5]. Klopp—Ralston [16] proved generic simplicity of the endpoints at a
spectral gap. Filonov—Kachkovskiy [12] proved that global band extrema are isolated for a
wide class of two-dimensional periodic elliptic operators, while Kirsch—-Simon [14] proved
uniqueness and a quantitative nondegeneracy at the bottom of the spectrum. Further
perturbative results include [7, 22, 24].

There is a parallel algebraic theory for discrete and graph models. Do-Kuchment—
Sottile [9] established an algebraic genericity dichotomy for degenerate extrema and
verified the Spectral Edge Conjecture for a specific maximal two-atomic Z2?-periodic
graph. Liu [21] proved, using irreducibility of the Fermi variety, that for discrete periodic
Schrodinger operators an extremal level set is finite in dimension two and has dimension at
most d — 2 in dimensions d > 3. See also [13] for a different proof for non-divisible lattices.
Faust—Liu-Luo [10] subsequently obtained an improved quantitative two-dimensional
cardinality bound. Berkolaiko—Canzani—-Cox—Marzuola [4] gave local-to-global criteria
for extrema of dispersion bands on periodic graphs, and Faust—Sottile [11] verified the
Spectral Edge Conjecture for two infinite families of periodic graphs.

The isolated, single-band, nondegenerate edge hypothesis also has important con-
sequences: Kuchment—Pinchover [19] relate it to Liouville theorems, and Kuchment—
Raich [20] derive Green function asymptotics at internal spectral edges under this hypoth-
esis. Parnovski-Shterenberg enlarge the period lattice in their perturbation argument and
state in [22, Remark 1.2] that nondegeneracy in two dimensions under the same lattice
perturbation was not known, and Theorem 1.1 also answers this question. Stable degener-
ate edges occur for periodic quantum graphs [3] and for discrete periodic operators [12,
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Section 7]; these examples reflect structural constraints of the graph or discrete models
and do not contradict the continuum fixed-lattice result proved here.

Acknowledgments. The authors thank Ilya Kachkovskiy and Leonid Parnovski for
helpful discussions. We thank ChatGPT for its advanced editorial and mathematical
assistance. M.Y. acknowledges support from NSF grant DMS-2554813.

2. ANALYTIC PERTURBATION THEORY AND A CURRENT IDENTITY

We first fix notation for a simple eigenvalue under perturbation. Let Vy € X, ky € T¢,
and let Fy be a simple eigenvalue of Hy; (ko). Choose a positively oriented circle v C C
which encloses Ey and no other point of Spec Hy, (ko). After shrinking a neighborhood V
of Vp in X and a coordinate neighborhood U of kg, the circle v lies in the resolvent set of
Hyw (k) for all (W, k) € V x U, and the spectral projection

T(W, k) = 217” (o — (1)) d: (2.1)
has rank one. Define
E(W, k) = tr (217” ﬁ 2(z = Hy (k)™ dz) | (2.2)

Thus E(W, k) is the unique eigenvalue of Hy (k) inside 7. It is continuous in (W, k),
analytic in k, and jointly analytic when W is restricted to a finite-dimensional affine
subspace of X. If U and the finite-dimensional parameter set are contractible, one can
choose a normalized eigenfunction w(W, k) which is analytic in the finite-dimensional
variables and satisfies

Hy (k)u(W, k) = E(W, k)u(W, k), [[u(W, k)| 2ra/ry = 1. (2.3)
The following lemma is a consequence of standard elliptic estimates.

Lemma 2.1. Let U C R? be open. Assume that E:U — R and u: U — H*(R?/T") are
analytic and satisfy

Hy(k)u(k) = B(R)u(k),  [lu(h)l|z2qoyr) = 1.
For every multi-index 3, every 1 < p < oo and every 0 < o < 1,

Hu(k,-) € W*P(RYT) and O u(k,-) e C(RY/T)
locally uniformly in k € U.

Let E(k) and u(k) satisfy the assumptions of Lemma 2.1, and let k¢ be a critical point
of E. For &, ¢ € RY, write

pe = (& O)lulko, )1, pec = (&~ O)(C - Op)lulko, ). (2.4)
These functions are real-valued, continuous, bounded, and I'-periodic.
Lemma 2.2. Assume that n € ker diE (ko). Take
u = u(ko, -), v =(n-0k)u(ko,-), 7 ={rx € RYT : u(x) = 0}.

If
(- O)|ulko,)|* =0 on RYT, v=0 onZ, (2.5)

then we have n = 0.
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Proof. Lemma 2.1 gives u,v € WP N CH7(R?/T) for every 0 < 0 < 1 and 1 < p < 0.
The function ey (z) solves

(A +V = E(ko)) (e*"u(x)) = 0

on R?. A nontrivial solution of this equation cannot vanish on a set of positive Lebesgue
measure: at a density point it vanishes to infinite order by the argument of [8], and strong
unique continuation [2, 6] then implies that it vanishes identically. Hence

|Z] = 0. (2.6)
Set D = (R?/T") \ Z. The first condition in (2.5) is 2 Re(uv) = 0. Therefore
v=rtdau on D, a=—ioe C'(D;R). (2.7)
u

The function « is periodic on D, which need not be connected.

Define
J(k,x) = Im(u(k, 2)Vou(k, 2)) + klu(k, z)|, .
2.8
j = (n-0)J(ko,) = Im(TVeu + TV,40) + nul* + 2ko Re(v).
Multiplying (2.3) by u(k) and taking imaginary parts gives
V.- J(k,-)=0.
The Feynman—Hellmann identity in k-variable is given by
ViE(k) = 2/ I(k, z) da.
Re/T
Differentiating this identity and V, - J(k,-) = 0 in the direction 1 at ky gives
. . I,
v, =0, /R o = G@E(k)n = 0. (2.9)
Differentiating (2.8) and using (2.7) gives
j =|ul*(n+Va) on D. (2.10)

The second condition in (2.5) implies j = 0 on Z. Since u and v are Lipschitz and vanish
on Z, while their gradients are bounded,

lj(2)] < Cdist(z, Z),  x€RYT. (2.11)

We next justify integration by parts without assumptions on the geometry of Z. If
7 = @, take x. = 1. Otherwise choose periodic Lipschitz functions y. : R¢/T" — [0, 1]
such that

Xe = 0 on {dist(z, Z) < ¢}, Xe = 1 on {dist(z, Z) > 2¢}, Vx| < Cet. (2.12)

We choose the cutoffs so that x.(x) — 1 monotonically for every x € D as € — 0. Choose
bounded smooth functions Ty : R — R satisfying

Tn(0) =0, 0<Ty <1, Tyn(s) T1 for every s € R. (2.13)

The truncation is needed because a = v/u need not be bounded near Z. Testing the first
identity in (2.9) against x.7Tn(«) gives

/D XTn(a)j - Vadr = — /DTN(a)j - Vxedz. (2.14)
For fixed N, the right-hand side is bounded in absolute value by
C|{w « dist(x, Z) < 2}

)
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which tends to zero by (2.6). From (2.10),
j-Va=luPln+Val* - j.

Letting first € — 0 and then N — oo in (2.14), using monotone convergence for the first
term and dominated convergence for the second, gives

/ |u|2|n+Va|2dx=n-/ jdz =0, (2.15)
D R4/T
Thus
Va=-n onD. (2.16)
Lift all periodic functions to R%. On a nonempty connected component D, of the lifted
set {u # 0},
alx) =Cy—n-x. (2.17)

Take Dy = —iV + ko and L = D3 +V — FE(kg). Differentiating the eigenvalue equation in
the direction n and using dE(kg) - n = 0 gives

Lv = —2n- Dyu. (2.18)
For g(z) = i(Cy — n - x), the commutator identity [Dy j, g] = —n; gives
L(gu) = —2n - Dyu. (2.19)

The function v — gu solves the homogeneous equation and vanishes on the open set D,.
Unique continuation [2] gives v = gu on R% For every v € I, periodicity of u and v gives

(n-Yu(x) =0  forall z € R
Since v # 0 and I' spans R?, we obtain 7 = 0. 0

3. FIRST-ORDER PERTURBATIONS

In this section, we discuss the first-order perturbation, which works when p, # 0. For
V € X, assume that

ko € M, (V) == argmingpa E,(V, k), (3.1)

and E,(V, ko) is a simple eigenvalue of Hy (k). Let E(W, k) be the eigenvalue defined
by (2.2) on V x U, after choosing 7, V, and U as in Section 2. We use the notation

E(k) = E(V.),  u(k) = u(V, k).
Shrink U so that E(k) = E,(V,k) for k € U. Define

K =kerd:E(ky), Y :=K= . (3.2)
Since kg is a minimum,
Hy = d%E(k‘()”YXY > 0. (33)
By the Feynman—Hellmann formula, for ¢ € X
Ao BV +ta ) = FE). R [, g@lukafd. (@4

For n € K, define p, by (2.4). Then

dF, (ko) - = /Rd/

In particular, if p,, # 0, then we may take ¢ = p, € X such that
dFy(ko) - n = Han%Q(Rd/F) > 0.

4Py de. (3.5)
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Proposition 3.1. Ifr =dim K > 0 and ¢ € X satisfy

dF,(ko)|x # 0, (3.6)

then there exist a coordinate neighborhood Uy @ U of kg, a neighborhood Vo CV of V', and
g0 > 0 such that for every W € Vy, there exists an open dense set Gw., C (—¢o,€0) of
full Lebesgue measure such that for any a € Gy,

dimker d; E(W +aq, k) <r —1 (3.7)
at critical points k € Uy satisfying
d E(W + aq, k) =0, d2E(W + aq, k) > 0. (3.8)

Moreover, for each a € Gw.,, there exists & > 0 such that (3.7) remains valid after
replacing W + aq by any W' € V with

W' — (W + aq)||p=~ < 4.
Proof. Use a local coordinate chart at ky and write
k=ky+y+z, yeY, zekK.

Taking some neighborhood Vy C V of V' and gy > 0, for any fixed W € V; and |a| < &y,
we define

fW,a,y,z) = E(W + aq, ko +y + 2).
By (3.3), we may choose closed small balls By C Y and By C K centered at zero and
shrinking Vy, and gy if needed, such that 65 f is positive definite on Vy x (—¢&¢, £9) X By X Bx.
By the implicit function theorem, there exists a function (W, a, z) € By such that

Oy f(W.a,v(W,a,z),2z)=0, z € Bg. (3.9)

The positivity of 85 f implies the uniqueness of (W, a, z) as a solution of (3.9) in By.
Hence, for k = ky + y + z with (y, 2) € By x Bk such that dy E(W + aq, k) = 0, we have

y=v(W.a,z2).
By (3.6), we may choose e € K such that dF,(ky) - e # 0. For simplicity, we define

gW,a,z) = f(W,a,v(W,a, z), z), d(W,a,z)=d,gW,a,z)-e. (3.10)
Differentiating (3.9) in z at (V,0,0) and taking ¢ € K gives
Hy(D-4(V,0,0)¢, ) + di E(ko) (¢, )|, = 0.
By (3.3) and that K is the kernel of d2 E(ky), we have
D.b(V,0,0) = 0. (3.11)
Differentiating the identity
9ag(V, @, z)|a=0 = Fo(ko + (V. 0,2) + 2)
in z and using (3.4), (3.11) and the choice of e € K, we obtain
8.8(V,0,0) = dF, (ko) - (D1 (V,0,0)e + €) = dF, (ko) - e # 0. (3.12)

After shrinking the neighborhood Vy x (—&g,£¢) X By x By of (V,0,0), 9,® does not
vanish on it. Hence, for W € Vj, the map (a, z) — ®(W, a, 2) is a submersion, and the set

Yw ={(a,z): ®(W,a,z) =0}
is a smooth submanifold of R x K.
Let m : ¥y — R be the projection 7(a, z) = a. A point (a, z) € 3y is critical for 7 if
and only if
D.®(W,a,z) =0.
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Indeed, the tangent space of Xy is the kernel of 0,® da + D, ®, and 9, # 0. Thus the
critical parameters are exactly the critical values of the projection 7. Using Sard’s theorem
on the projection m and by the previous equivalence, for almost every a € (—¢g, &), we
have

D.®(W,a,z) #0 whenever z € Bg and ®(W, a,2) = 0, (3.13)
which is an open condition. Hence, the corresponding set Gy ., C (—ep, o) is open, dense,
and of full Lebesgue measure.

For a € Gw,, and k = ko + (W, a, 2) + z satistying (3.8), we have d,g(W,a,z) = 0.
Hence ®(W, a, z) = 0. Put
H = d*q(W,a,z) > 0.
Since & =d.g - e,
D.®(W,a,z)v = H(v,e), veK. (3.14)
By (3.13), D,®(W,a, z) # 0. Hence, we have H(-,e) # 0 and H has rank at least one.
Since dim K = r, we have
dimker H <r —1.

To compare H with the full Hessian, write the latter acting on Y & K as

<§T g), A>0.

The Hessian of g is the Schur complement
H=C-B"A"'B.

A B\ I 0\ (A 0\ (/I A'B
BT C) \BTA' 1)\0 H)\0 I
shows that their kernels have the same dimension. This proves (3.7).

For a fixed regular value a, compactness of the z-ball gives

|®(W, a,z)| + |D.P(W,a,z)| >c>0 (3.15)

The factorization

for all z € Bg. The inequality (3.15), the positivity of 02 f, and the rank-one property
of (2.1) persist under a sufficiently small perturbation of the potential. This proves the
last assertion. O

4. SECOND-ORDER PERTURBATIONS
In this section, we follow the notation of Section 3 and focus on the case

py =0 for every n € K. (4.1)
For ¢ € X, define
fely,2) = E(V +tq, ko +y + 2).
As in (3.9), let ¥(t, z) be the function such that
ayft(w(t7 Z)a Z) = 07 (42)
and, for simplicity, we write
If Y = {0}, all terms involving Y are omitted. We introduce
w(q) = —Hy' (dE(ho)ly).  R(@) = d*Fyko) i + d*E(ho) (5(a). - Mrexre- (44)

The following lemma gives the infinitesimal change of the Hessian in the K direction.
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Lemma 4.1. For every q € X,
8t|t:0 digt(O) = R(q), (4.5)
where forn,( € K,
Ra)n.Q) = [, a(r)Oncla)dr, (4:6)
with
Onc = Poc T Pxtnc)s X(1.¢) = —Hy'C(0,Q), C(n, Qlyl = PE(ko)(y,m, (). (4.7)
0).

Proof. Differentiate (4.2) in t at (¢,2) = (0,0). (3.4) gives
9y1p(0,0) = k(q). (4.8)
As in (3.11),
D.(0,0) = 0.
Differentiating (4.2) twice in z and pairing with 1, € K gives
D24(0,0)(n,¢) = x(1,€)- (4.9)

Differentiating with respect to t gives
Orgi(2) = O Ey(ko + Y(t, 2) + 2) + dEy(ko + (L, 2) + 2) - O)(t, 2) (4.10)
= 0 E (ko + (t, 2) + 2).
where the second term in (4.10) vanishes by (4.2) and 0u(t, 2) € Y. Evaluating at ¢ = 0,
Ol 91(2) = Folko +0(0,2) + ) (4.11)
Taking two derivatives in z at zero and usmg (4.9) gives
)

Ohlyo d2g:(0)(n, C) = d*Fy(ko)(n,¢) + dFy(ko) - X(1, ).

By symmetry of Hy ', the last term is d3E( ko)(k(q),m,¢). This proves (4.5). O
Lemma 4.2. Assume that K # {0} and (4.1) holds. Then there exists ¢ € X such that
R(q) >0 on K. (4.12)

Proof. As R(X) C Sym?(K*), if R(X) did not intersect the cone of positive definite forms
C={A¢cSym*(K*): A >0},

finite-dimensional convex separation (cf. [23, Theorem 11.2]) would give a nonzero linear
functional vanishing on R(X’) and nonnegative on C. By duality, this gives a nonzero
positive semidefinite M € Sym?(K) such that

(M,R(q)) =0 for every ¢ € X. (4.13)

By (4.6), the continuous periodic function x +— (M, ©(x)) has zero integral against every
q € X. Taking ¢ = (M, ©) gives
(M,0(x)) =0 for every = € R%/T. (4.14)

As M € Sym?(K), we may write

M =" pm; @1, pi >0, 0#mn€K.

j=1
Let Z = {u(ko,-) = 0}. If Z = &, then (4.1) and Lemma 2.2, with the condition on Z
vacuous, yields n; = 0, which is a contradiction. Thus Z # @.

For x € Z, since u(ko,x) = 0, the terms containing a factor u vanish and

Pnjn; (‘T) = 2|77j : aku(kOa $)|2a pX(T]j/Uj)(I) =0.
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Consequently,
O, (2) = 2|15 - Dulko, @), w € Z. (4.15)
Substituting (4.15) into (4.14) yields
n; - Ou(ko,x) =0  forx € Z

for every j. Together with (4.1) and 7; € ker di E(kq), Lemma 2.2 implies n; = 0. This
gives a contradiction. O

With Lemma 4.2, we can state the main second-order perturbation proposition.

Proposition 4.3. Assume that K # {0}, and let ¢ € X satisfy
dF,(ko)|x =0, R(q) >0 on K. (4.16)

There is a neighborhood Uy of kg and to > 0 such that for every 0 < t < ty the function

kv+— E(V +tq,k)
attains its minimum over Uy at exactly one point ky € Uy with

2E(V +tq, k) > 0. (4.17)
For each t € (0,1y), there exists 6; > 0 such that, if W €V and

W = (V +tq)| < 6,

then k — E(W,k) attains its minimum over Uy at exactly one point ky € U, and
B2E(W, ky) > 0.

Proof. Let
Gy(2) = Oilio 9:(2)- (4.18)
The first condition in (4.16), (4.11) and (4.5) give
dG,(0) =0,  d*G,(0) =R(q) > 0. (4.19)
Choose a closed ball B C K centered at zero such that
90(2) = 9o(0),  Gy(2) = Go(0) > cl2’, =z € B, (4.20)

for some ¢ > 0. We may shrink the Y-neighborhood so that 8; f+ is uniformly positive
definite. Then, for each z € B and small ¢, the point y = (¢, z) is the unique minimum
of y — fi(y, z) in that neighborhood. After shrinking again, minima of E(V + tq,-) over
a fixed product neighborhood U, correspond exactly to minima of g, over B.
Joint analyticity gives
9:(2) = go(2) +tGy(2) +t2S(t, 2) (4.21)

uniformly in C?(B). By (4.20), the value of g; on OB is larger than g,(0) for all sufficiently
small ¢ > 0. Thus every minimizer lies in B. Let z; be a minimizer. Since S is uniformly
Lipschitz in z,
|S(t,z) — S(t,0)] < Cslz|.
Comparing g:(z:) with g.(0) in (4.21) gives
0> gi(2) — g:(0) > ct|z|* — Cst?|z].

Therefore

|2| < Cht (4.22)
for a constant ) independent of ¢. Since K = kerd;E(kg), we have d?gy(0) = 0. For

each v € K, the function s — go(sv) has a minimum at zero and has vanishing second
derivative there. Its third derivative at zero is therefore zero. Polarization gives

diQO(()) = Oa
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and hence
dzg0(2) = O(|2[*). (4.23)
Using (4.19), (4.21), and (4.23), we obtain uniformly for |z| < Cit,
d?g.(2) = tR(q) + O(t*) > 0 (4.24)

for ¢ sufficiently small. The ball {|z| < Cit} is convex and contains every minimizer
by (4.22); thus (4.24) implies uniqueness of z;. The Schur complement argument similar
to Proposition 3.1 gives (4.17).

For fixed ¢t > 0, the rank-one spectral projection (2.1), the strict boundary inequality
gtlos > g:(0), uniqueness of the minimum, and the positive lower bound in (4.17) persist
under a sufficiently small perturbation of the potential. This proves the last assertion. [J

5. GENERIC NONDEGENERACY FOR A SINGLE BAND
For n > 1, define
Smin = {V € X : E,(V,k) is a simple eigenvalue of Hy (k) for every k € /\/ln(V)} (5.1)
Lemma 5.1. The set S™™ is open in X.

Proof. Fix V € 8™ and define
mp(V) = min E,,(V, k).

keT?

For each k € M,,(V), choose a coordinate neighborhood Uy, and a circle v, as in (2.1).

Compactness of M, (V') gives a finite subcover Uy, ..., Uy,. Their union U contains
M,,(V), and there exists § > 0 such that
E,(V.k) >m,(V)+35, keT?\U. (5.2)
The min—max principle gives
sup [En(W, k) = En(VE)| < [[W = V[1e. (5:3)

If |W — V|~ <6, then (5.2)—(5.3) imply that every point of M, (W) lies in U. The
contours 7, remain in the resolvent sets for W close to V, so the eigenvalue E, (W, k) is
simple at every k € M, (W) by analytic perturbation theory. O

For V € 8™ define

. : 2
R,(V) = e dimker dg E,, (V, k). (5.4)

We use the following notation at a pair (W, k) with W € S™» and k € M, (W). Let
Ew (k) and uw (k) be defined as in (2.2) and (2.3) near x = k. Write

KW, k) =kerd>Ew(k),  pwrny = n-0)|uw(k,)]?, ne KW,k). (55)
For ¢ € X, let Fyy 4 be the function in (3.4) formed with uy,, and let
Ruw(q) € Sym*(K (W, k)*) (5.6)
be the form defined by (4.4). These quantities do not depend on the phase of uy .

Lemma 5.2. Let V € 8™ and let r = R, (V) > 0 as in (5.4), and let kg € M, (V)
satisfy

dimker di E,,(V, ko) = 7.
There exist a compact coordinate neighborhood Q) of ko, with kg € int @), and an open
neighborhood Vo C S™™ of V' such that the set

Go = {W €V : dimker d; E,(W, k) <7 — 1 for every k € M, (W) N Q} (5.7)
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is open and dense in V.

Proof. Write Ky = K(V, ko) defined in (5.5). Shrink a coordinate neighborhood U of ky
and a neighborhood V, of V' so that Vy C S™" and
(a) for (W, k) € Vo x U, the ordered eigenvalue E, (W, k) is the unique eigenvalue inside

one fixed contour 7;
(b) if K € M, (W)NU, then

dim K (W, k) < r = Ry (V).

Note that the second property follows from upper semicontinuity of the Hessian corank.
We first prove the density of Gy in V.
Case 1. If pyj,, # 0 for some n € Ky, we choose ¢ = py,,- Then

dFy,q(ko) - > 0.

After shrinking U and V,, Proposition 3.1 applies to every potential W € V), with the
same direction ¢ and the same coordinate splitting at (V, ko). Let Q € U contain ky in
its interior. For every W € ), and every neighborhood W of W, Proposition 3.1 gives a
arbitrarily close to zero such that W +aqg € W N Gg NVy. Thus G is dense.
Case 2. If

PVikom =0 for every n € K. (5.8)

By Lemma 4.2, we may choose ¢ € X such that
Rvk(q) >0 on K. (5.9)
We may shrink U and V; so that
WeV,, keM,(W)NnU,

R 0 on K (W, k). 5.10
dim K(W, k) =, de,q(k)lK(w,k):o}: wi(g) > 0 on K(W,k). (5.10)

To see (5.10), choose ¢ > 0 smaller than every positive eigenvalue of d2E,, (V, k). For
(W, k) close to (V, ko), the spectral projection of the Hessian onto [0, ¢) is continuous and
has rank r whenever the Hessian corank is r; its range is then K (W, k). The energy
E(W.,k) in (2.2), its first three k-derivatives, and the first two k-derivatives of Fyy, depend
continuously on (W, k). By equation (4.6) and under the identification by these spectral
projections, Rw(q) converges to Ry, (q). Hence, (5.9) implies (5.10).

Choose Q € U with ky € int Q. Fix W € ), and set

By ={ke M, (W)NQ :dim K(W, k) =r}. (5.11)

The set By is compact. If By, = @, then W € Gg. Suppose that By # @.
For each k € By, take the fixed direction ¢ and the base point k. If

dFwq(k)| kowr) # 0, (5.12)

then Proposition 3.1 gives a neighborhood Uy, of k and an open dense subset Gy C (0, ;)
such that, for s € Gy, every point k € Uy satisfying

dE,(W + sq,k) =0, 2E,(W +sq,k) >0

has Hessian corank at most r — 1. If (5.12) fails, then (5.10) and Proposition 4.3 give a
neighborhood Uy and € > 0 such that every minimum in Uy has Hessian corank at most
r — 1 for every s € (0,eg).

Choose k1,...,k,, € By such that

=1
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After replacing all g, by their minimum, the set

G =) G, (5.14)
j=1
is open and dense in an interval (0, €); in the second-order case we take Gy, = (0,¢), where
we may shrink € so that W 4 sq € V), for every s € (0, ¢).
For all sufficiently small s > 0, every point of

{k e M,,(W+sq)NQ : dim K(W + sq,r) =1}

belongs to the union in (5.13). Otherwise there exist s; — 0 and x; € @ \ U; U, such
that k; € M, (W + s;q) and dim K(W + s;q, k;) = r. Passing to a subsequence gives
k; — k € Q. The estimate (5.3) gives k € M,,(W). The local eigenvalues converge in
C?, so upper semicontinuity gives dim K (W, k) > r. Property (b) gives equality; hence
Kk € By, contradicting (5.13).

Choose s € G arbitrarily small. Then W + sq € Gg, which proves the density in Case 2.

It remains to show that Gg is open. Suppose W; — W, in Vy, W, € Gg, and W, ¢ Gg.
Choose

kﬁj S Mn(VV]) N Q, dim K(Wj, ]{?]) Z r.

After passing to a subsequence, k; — k, € (). The estimate (5.3) gives k, € M, (W,),
and C? convergence of the local eigenvalues gives

dim K(W,, k) > r,
contradicting W, € Gg. Thus G is open. O
Proposition 5.3. For every n > 1, the set
N = {V e SM d2E,(V, k) > 0 for every k € /\/ln(V)} (5.15)
is open and dense in S™™.

Proof. We first show openness. Fix V € N™. M, (V) is finite and each point of M,, (V)
is an isolated minimum. Choose pairwise disjoint coordinate neighborhoods Uy, ..., Uy
of its points such that the local eigenvalues have Hessian bounded below by a positive
constant on each U;. The openness follows from the continuity of the Hessian and the
eigenvalues E, (W, -) with respect to the perturbations in W.

We now prove density. Let & C S™" be nonempty and open. Choose V, € U and put
ro = R,(Vy). If rg = 0, then Vy € N™". Assume ry > 0, and define

B,, (Vo) = {k € M, (Vp) : dimker d; E,,(Vy, k) = ro}. (5.16)

This set is compact. Apply Lemma 5.2 at each point of B,,(Vp). Choose finitely many
compact neighborhoods @1, ..., Qx whose interiors cover B,,(Vy), and choose an open

neighborhood Vy C U of V) on which Lemma 5.2 holds.
After shrinking Vy, every W € V, and every

N
j=1
satisfy
dimker i E,(W, k) <ro— 1. (5.17)
Indeed, otherwise there exist W; — Vj and k; outside the union with Hessian corank at

least 9. A subsequence converges to k € M, (V) with corank at least rg, so k € B,,(Vb),
contradicting the choice of the interiors.
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For each j, Lemma 5.2 gives an open dense subset of 1V}, on which every global minimum
in (); has Hessian corank at most ro — 1, whose finite intersection is again open and dense.
Together with (5.17), it contains a nonempty open set U; C U such that

Rn(W) S To — 1, W e Z/{l. (518)

Choose V; € Uy. If R,(Vy) = 0, then V; € N™" Otherwise, repeat the construction
inside U;. At each induction, R, decreases by at least one. The induction ends after at
most d steps, yielding a potential in & N N™". This proves density. O

6. PROOF OF THEOREM 1.1

We take intervals I = [r, s] with rational endpoints r, s € Q. Define V; C X to be the
set of V' for which [ is contained in a bounded connected component of R\ Spec Hy .

For V' € V;, denote this component by (a;(V),b;(V)). Define Dy C V; by the following
condition: V' € Dy if there exist unique indices n_(V'), ny (V') such that
(V) € Buqn(V,TS,  b1(V) € Buy (Vi T, (6.1)

Note that the condition (6.1) implies that each endpoint is a simple eigenvalue of Hy (k)
at every attaining quasimomentum k.

Lemma 6.1. The set V; is open in X, and Dy is open and dense relative to V.
Proof. The min—max principle gives
disty (Spec Hy, Spec Hy) < ||V — W/|| L. (6.2)
Thus V; is open. Applying [16, Theorem 1.1] at the two endpoints yields the density of
D; in V;. The relative openness of D; in V; again follows from (6.2) and the existence of
a uniform band gap near band extrema. U
Lemma 6.2. Let (a,b) be a connected component of R\ Spec Hy .
(1) If E,(V, ko) = a for some kg, then a = maxcra £, (V. k).
(2) If Ep,(V, ko) = b for some kg, then b = mingcra E,,(V, k).
We omit the proof as it is trivial. For V' € V;, let N7 be the set of potentials such that
(1) V € Dr; (2) for every k attaining a;(V), diE, (V. k) < 0; (3) for every k attaining

Proposition 6.3. The set N7 is open and dense relative to V.

Proof. Fix V € N;. Lemma 6.2 identifies the lower endpoint as a global maximum of
E,_(vy and the upper endpoint as a global minimum of E, ). The openness of (5.15)
together with Lemma 6.1 shows that N is relatively open.

Now we show density. Let & C V; be nonempty and relatively open. By Lemma 6.1,
choose Vy € U NDy. After shrinking, there exists a nonempty open set

Uy CUNTD; (63)
and fixed indices n_,n, such that (6.1) holds with these indices for every V € U.
Lemma 6.2 and the definition (5.1) give

Uy C SIS

ny
where §'** is defined analogously for band maxima. By the density of /\/'fl‘fn, there exists
a nonempty open set

Uy C Uy NN (6.4)
By the density of N there exists a nonempty open set

Uy C Uy NN, (6.5)
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where N™@* ig defined analogously for band maxima. Thus, by (6.3), (6.4) and (6.5), we
have a nonempty open set Uy C N;. This proves the density of N7 in V;. Il

Proof of Theorem 1.1. Define
Or =N U (X\ V). (6.6)

The set Oy is open. It is dense as follows. Let W C X be nonempty and open. If W
meets X\ V;, then it meets O;. Otherwise W C V;. Since V; is dense in its closure,
W N Vr is nonempty; Proposition 6.3 then gives W NN} # @.

Set

G= () Ops- (6.7)

r,s€Q
r<s

By definition, G is residual. Take V' € G. For any bounded spectral gap (a,b) of Spec Hy .
Choose r, s € Q with
a<r<s<hb.

Then V' € V4, and (6.6)(6.7) imply V € N, 4. This proves Parts (i) and (iii) of
Theorem 1.1. A nondegenerate critical point is isolated, and the set of attaining points is
closed. Therefore, there are only finitely many of them as T? is compact. This proves
part (ii) of Theorem 1.1. O

REFERENCES

[1] N. W. Ashcroft and N. D. Mermin, Solid State Physics, Brooks/Cole, Belmont, CA, 1976.
[2] N. Aronszajn, A unique continuation theorem for solutions of elliptic partial differential equations or
inequalities of second order, J. Math. Pures Appl. (9) 36 (1957), 235-249.
[3] G. Berkolaiko and M. Kha, Degenerate band edges in periodic quantum graphs, Lett. Math. Phys.
110 (2020), 2965-2982.
[4] G. Berkolaiko, Y. Canzani, G. Cox, and J. L. Marzuola, A local test for global extrema in the
dispersion relation of a periodic graph, Pure Appl. Anal. 4 (2022), 257-286.
[5] M. Birman, The discrete spectrum in gaps of the perturbed periodic Schrédinger operator. II. Nonreg-
ular perturbations, St. Petersburg Math. J. 9, No. 6, 1073-1095 (1998).
[6] T. Carleman, Sur un probléme d’unicité pour les systémes d’équations aux dérivées partielles & deux
variables indépendantes, Ark. Mat. Astron. Fys. B 26, No. 17 (1939), 1-9.
[7] Y. Colin de Verdiere, Sur les singularités de van Hove génériques, Mém. Soc. Math. France (N.S.)
46 (1991), 99-109.
[8] D. G. de Figueiredo and J.-P. Gossez, Strict monotonicity of eigenvalues and unique continuation,
Comm. Partial Differential Equations 17 (1992), 339-346.
[9] N. Do, P. Kuchment, and F. Sottile, Generic properties of dispersion relations for discrete periodic
operators, J. Math. Phys. 61 (2020), 103502, 19 pp.
[10] M. Faust, W. Liu, and E. Luo, Eztrema of spectral band functions of two dimensional discrete periodic
Schrodinger operators, J. Math. Phys. 66 (2025), 062102.
[11] M. Faust and F. Sottile, The spectral edges conjecture via corners, arXiv:2510.10143v1 (2025).
[12] N. Filonov and I. Kachkovskiy, On the structure of band edges of 2-dimensional periodic elliptic
operators, Acta Math. 221 (2018), 59-80.
[13] N. Filonov and I. Kachkovskiy, On spectral bands of discrete periodic operators, Comm. Math. Phys.
405 (2024), no. 2, Paper No. 21, 17 pp.
[14] W. Kirsch and B. Simon, Comparison theorems for the gap of Schrodinger operators, J. Funct. Anal.
75 (1987), 396-410.
[15] F. Klopp, Weak disorder localization and Lifshitz tails: continuous Hamiltonians, Ann. Henri Poincaré
3 (2002), no. 4, 711-737.
[16] F. Klopp and J. Ralston, Endpoints of the spectrum of periodic operators are generically simple,
Methods Appl. Anal. 7 (2000), 459-464.
[17] P. Kuchment, An overview of periodic elliptic operators, Bull. Amer. Math. Soc. 53 (2016), 343-414.
[18] P. Kuchment, Analytic and algebraic properties of dispersion relations (Bloch varieties) and Fermi
surfaces: what is known and unknown, J. Math. Phys. 64 (2023), 113504.



16
[19]
[20]
[21]
[22]
23]
[24]
[25]

[26]

ZHONGKAI TAO AND MENGXUAN YANG

P. Kuchment and Y. Pinchover, Liouville theorems and spectral edge behavior on abelian coverings
of compact manifolds, Trans. Amer. Math. Soc. 359 (2007), 5777-5815.

P. Kuchment and A. Raich, Green’s function asymptotics near the internal edges of spectra of periodic
elliptic operators: spectral edge case, Math. Nachr. 285 (2012), 1880-1894.

W. Liu, Irreducibility of the Fermi variety for discrete periodic Schrodinger operators and embedded
eigenvalues, Geom. Funct. Anal. 32 (2022), 1-30.

L. Parnovski and R. Shterenberg, Perturbation theory for spectral gap edges of 2D periodic Schrodinger
operators, J. Funct. Anal. 273 (2017), 444-470.

R. T. Rockafellar, Convexr Analysis, Princeton Mathematical Series, vol. 28, Princeton University
Press, Princeton, NJ, 1970.

S. G. Sista and V. Tewary, Generic simplicity of spectral edges and applications to homogenization,
Asymptot. Anal. 116 (2020), 219-248.

1. Veseli¢, Localization for random perturbations of periodic Schrédinger operators with regular Flogquet
eigenvalues, Ann. Henri Poincaré 3 (2002), no. 2, 389-4009.

L. Zelenko, Virtual bound levels in a gap of the essential spectrum of the weakly perturbed periodic
Schridinger operator, Integral Equations Operator Theory 85 (2016), no. 3, 307-345.

(Zhongkai Tao) INSTITUT DES HAUTES ETUDES SCIENTIFIQUES, 35 ROUTE DE CHARTRES, 91440
BURES-SUR-YVETTE, FRANCE
Email address: ztaoQihes.fr

(Mengxuan Yang) DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY, COLLEGE STATION,
TX 77843, USA

Email address: yangmx@tamu.edu



	1. Introduction
	Proof idea and structure of the paper
	Related work
	Acknowledgments

	2. Analytic perturbation theory and a current identity
	3. First-order perturbations
	4. Second-order perturbations
	5. Generic nondegeneracy for a single band
	6. Proof of Theorem 1.1
	References

