SPECTRAL ASYMPTOTICS FOR KINETIC BROWNIAN MOTION ON
RIEMANNIAN MANIFOLDS

QIUYU REN AND ZHONGKAI TAO

ABSTRACT. We prove the convergence of the spectrum of the generator of the kinetic
Brownian motion to the spectrum of the base Laplacian for closed Riemannian manifolds.
This generalizes recent work of Kolb—Weich-Wolf [KWW22] on constant curvature sur-
faces and of Ren—Tao [RT22] on locally symmetric spaces. As an application, we prove a
conjecture of Baudoin—Tardif [BT18] on the optimal convergence rate to the equilibrium.

1. INTRODUCTION

Let (M, g) be a closed Riemannian manifold of dimension n > 2 and SM = {(z,v) €
TM : |v|y = 1} be the unit tangent bundle. For any p € M, the fiber S,M is a standard
sphere, and we denote by Ag, s the (positive) spherical Laplacian on S,M. We then define
the vertical Laplacian Ay on SM by (Ay f)|s,amr := As,m(f|s,n) for every p € M. Let X
be the generator of the geodesic flow on SM. From these two operators we construct the
generator of the kinetic Brownian motion on SM (see below for motivation) as

P, = —vX + e, Ay, Cp = v > 0. (1.1)

n(n—1)

We are interested in the spectrum of the operator P, : D(P,) = {u € L*(SM) : Pu €
L*} — L*(SM), which we denote by o(P,). The operator P, is hypoelliptic, hence it has
discrete spectrum with finite multiplicities (see e.g. [KW W22, Proposition 2.1]). The main
result of this paper is

Theorem 1. Let Ay be the (positive) Laplace—Beltrami operator on M. Then,
o(Py)NU = o(Ay)NU, v — 00 (1.2)

uniformly on any bounded open set U @ C, with the agreement of multiplicities. Moreover,
for any s € R,

1Py =A™ = (Aar = N Mlgemsperns = 0,y = 00 (1.3)
uniformly for N € U € C\ o(Ayp).
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FIGURE 1. Simulation of kinetic Brownian motion for v = 1072, 10, 10*
(click for movies) on S(R?/27Z?*) projected to the base R?/27Z2.

The convergence in (1.3) is in fact quantitative, and we show in (2.18) that the left hand
side of (1.3) is O(y~!/1%). We have not, at this stage, attempted to find the optimal rate of
convergence or optimal regularity improvement. This allows us to keep the proof relatively
short.

As an application, we prove a conjecture of Baudoin—Tardif [BT18] who proposed an
optimal convergence rate to the equilibrium:

Theorem 2. Suppose in addition to Theorem 1 that M s connected and the spectrum of
Ayris given by 0= Ao < A < Ay < -+, then for any 0 < 8 < Ay, there is vo > 0 such that
for any v > 7, there exists C, > 0 such that

1
Ty ———— dVol
o Voly(SM) /SMU %

A more precise asymptotic expansion is given in Theorem 3.

< Cye P |ullgz, t>0.

L2

The operator P, is the generator of a stochastic process called kinetic Brownian mo-
tion. It is a form of a Langevin equation where Brownian motion occurs only in the fiber
variables. It was studied by several authors, including Franchi-Le Jan [FLO7], Grothaus—
Stilgenbauer [GS13], Angst—Bailleul-Tardif [ABT15] and Li [Li16]. In particular, [ABT15]
and [Li16] proved that the kinetic Brownian motion interpolates between the geodesic flow
and Brownian motion on the base manifold. Figure 1 is a simulation of the kinetic Brow-
nian motion on the flat torus projected to the base. One can see that when 7 is small, the
flow behaves like the geodesic flow; but as v grows, it gets closer to the Brownian motion
on the base manifold.

Bismut [Bis05] introduced another, more functorial, family of hypoelliptic operators in-
terpolating between the generator of the geodesic flow and the Laplacian on the base. His


https://math.berkeley.edu/~ztao/kbm1.mp4
https://math.berkeley.edu/~ztao/kbm2.mp4
https://math.berkeley.edu/~ztao/kbm3.mp4
https://math.berkeley.edu/~ztao/kbm_movie.mp4
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hypoelliptic Laplacian, L., is defined for forms on the cotangent bundle 7*A/. Bismut-
Lebeau [BLO8| proved that L. converges to Ay in a certain strong sense for arbitrary closed
manifolds. Bismut [Bis11] also studied the limit v — 0 for a related hypoelliptic Laplacian
on locally symmetric spaces and obtained formulas for orbit integrals. One motivation
came from Fried’s conjecture [Fri&6; Fri95], which relates special values of dynamical zeta
functions to the Reidemeister torsion — see Shen [She21] for a recent survey. The proof of
Fried’s conjecture in the locally symmetric case by Shen [Shel7] used methods of [Bis11].

Our Theorem 1 should consequently be compared with [BLO8, Theorem 17.21.5]. We use
a Grushin problem similar to that in [BLO8, §17.2] but we do not need more sophisticated
aspects of semiclassical analysis used there. This is despite the fact that P, is less functorial
and hence does not enjoy special properties as in [BL0O8, Chapter 16] related to the harmonic
oscillator structure in the fibers which are crucial in [BL08, Chapter 17].

One possible reason for the difficulties in proving Fried’s conjecture using hypoelliptic
Laplacian is that its properties as v — 0 for general negatively curved manifolds are not
clear. On the other hand, if we think of P, as an analogue of hypoelliptic Laplacian on
SM, Drouot [Drol7] proved that, uniformly on compact sets,

o(X +~vAy) = Res(X), v—0

for negatively curved manifolds, where Res(X) is the set of Pollicott—Ruelle resonances.
They are defined as the spectrum of X on certain anisotropic Sobolev spaces and (at least
in principle) appear in expansions of correlations.

Concerning the limiting properties of P, as v — 0o, the first breakthrough was achieved
by Kolb—Weich—Wolf [KWW19; KWW22], who proved a weaker version of convergence for
constant curvature surfaces. This approach was generalized in Ren—Tao [RT22] to the case
of locally symmetric spaces. We should stress that [RT22] provides a strong convergence
as stated in (1.2), while [KWW?22] only proved convergence in each Casimir eigenspace.
The new ingredient in [R122] is a careful study of the localization of eigenfunctions in the
Fourier space. In this paper, we implement the strategy to general Riemannian manifolds
and prove similar localization results. This leads to the proof of Theorem 1. We also remark
that our method has been generalized to the setting of Bismut’s hypoelliptic Laplacian by
Nier-Sang—White [NSW24b; NSW24a] very recently.

The connection between kinetic Brownian motion and Fried’s conjecture is still mysteri-
ous. We propose it as an open question.

Question. How is P, related to the Reidemeister torsion?

A positive answer to this question would give us a new way to understand Fried’s con-
jecture.
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The paper is organized as follows. We prove Theorem 1 in §2. This is done by intro-
ducing a finite rank semi-positive operator ()4 such that P, — XA + @ 4 is invertible. In this
way, the problem is transformed to the study of the spectrum of the finite rank operator
(P, — A4+ Q4)'Qu4, and can be solved using a Grushin problem as in [RT22, Section 3.4].
The invertibility of P, —A+@ 4 is proved in Lemma 2.4 in a quantitative form, and is the key
technical result of the paper. Roughly speaking, we study the decomposition into spherical
harmonics in the fiber variables and prove that eigenfunctions of P, are localized to 0-th
spherical harmonics. Then we use projection to first order spherical harmonics to conclude
eigenfunctions of P, are also localized in the horizontal direction, hence compleltely local-
ized in the Fourier space. Thus the potential ()4 gives the invertibility of P, — A+ Q4. The
improvement of regularity is a corollary of a uniform hypoelliptic estimate (see Proposition
2.5) following [Rad69; Koh73; Hor07]. As an application, we prove Theorem 2 in §3. This is
done by writing e~*" as the inverse Mellin transform of the resolvent, and then deforming
the contour. Our method only provides information on compact sets (or on vertical strips).
In the faraway region, we use a result in Eckmann—Hairer [EH03], which is based on earlier
work of Hérau—Nier [HN04], to obtain a spectral free region near infinity.

Acknowledgement. We would like to thank Alexis Drouot for sharing with us his notes
on kinetic Brownian motion which suggested the Grushin problem used here and in [RT22],
and for helpful discussions. ZT would also like to thank Maciej Zworski for many helpful
discussions and for his encouragement. ZT was partially supported by National Science
Foundation under the grant DMS-1901462 and by Simons Targeted Grant Award No.
896630.

2. CONVERGENCE OF SPECTRUM

In this section, we prove Theorem 1. We will first recall some important properties of Ay
and X studied in Ren-Tao [RT22]. Then we prove the key invertibility lemmas: Lemma
2.4 and Lemma 2.7, and use them to conclude Theorem 1.

2.1. Decomposition of H*(SM). The result in this section is basically the same as [RT22,
Section 3.2], except we use more general H*® spaces defined as H*(SM) = {u € D'(SM) :
(1+ A)*/?u € L?}. Here we have three different (positive) Laplacians: the total Laplacian
A, the horizonal Laplacian Ay and the vertical Laplacian Ay .

e The total Laplacian A is the Laplace-Beltrami operator associated to the Sasaki
metric on SM.

e The vertical Laplacian Ay is defined as (Avy f)|s,ar := Ag,m(f|s,ar) for every p €
M.
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e The horizontal Laplacian Ay is defined as Ay = A — Ay.

We recall from [BB82, Theorem 1.5] that Az = Aplreony = An and A, Ay, Ay
commute with each other.

Let s € R. The total Laplacian A is a self-adjoint operator on H*(SM) with discrete
spectrum. Since Ay commutes with the total Laplacian A on SM, we can do spectral de-
composition on each eigenspace of A. Thus we get the following orthogonal decomposition:

H(SM) =P W (2.1)

where V)’ = {u € H*(SM) : Ayu = k(k +n — 2)u} is the k-th eigenspace of Ay.

Let II§ : H*(SM) — V7 denote the orthogonal projection with the abbreviated notation
I =1L : H(SM) — Vg and I* = id — I : H*(SM) — VZ,. The difficulty is that the
geodesic vector field X does not commute with Ay, but it satisfies the following properties
from [RT22, Lemma 3.2]. We include the proofs for completeness.

Lemma 2.1. e X is anti-self-adjoint with respect to the natural L*(SM) norm de-
fined via the metric;
o X sends Vj, into Vi1 @ Vi_1 with the convention that V_1 = 0;
o nIIX2II = —Ay,.

Proof. e The fact X is anti-self-adjoint on L? follows from the fact that exp(tX) is
volume-preserving. This is essentially Liouville’s theorem that geodesic flow pre-
serves the volume.

e This is done by a computation in local coordinates. We choose normal coordinates
{2} at p € M, so that g;j(p) = d;; and rgij(p) = 0. Then at p, X = > 070,
where v7’s are the induced coordinates on 7M. The claim follows from the fact that
multiplying spherical harmonics of degree k by linear functionals gives a combination
of spherical harmonics in degree k — 1 and k + 1.

e Again we compute in normal coordinates {z‘} and the induced coordinates {v'}
near the fiber over p € M. The geodesic flow is given by

X =) 0'0u =Y v'0Tf0e =Y (0'0 + O(x)0y),
and X? = > 070,05 + Y. O(1)dx + O(z). Since OIl = 0, it follows that at p,
X2 = Y TI(v'07)0,:0,5. Here II(v'0?) is the L? orthogonal projection of v'4’ to
constants. If ¢ # j, then the projection is zero. If ¢ = j, then the projection is given
by

o iy2 _ 1 . o 1
TR fo 0010 = gy [, ) = £
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1 — 1
Thus X% = — ) 9% = ——Ay,. O
us n ZZI ' M

n

2.2. Invertibility lemmas. In this section, we prove the crucial invertibility lemmas:
Lemma 2.4 and Lemma 2.7. In order to keep track of the dependence on the parameters,
we use A <g B to mean A < (C(s)B with the implicit constant C(s) depending on s.
Similarly, A <, B means we choose A < ¢(s)B for some sufficiently small ¢(s) > 0
depending on s. Since everything will depend on the dimension n and regularity s, we will
often omit s,n in the dependence to keep the notations simple.

We start by recalling the hypoelliptic estimate essentially from [Smi20, Theorem 6.3].
Lemma 2.2. For any v > 0,s e R, N € N, u € C*°(SM) we have
[ Xul weras < Oy s N ([ Pyull s + [lull-~). (2.2)

ms + ||ul

Since A commutes with Ay, it is easy to see C*(SM) is dense in D*(P,) = {u €
H*(SM) : Pu € H*(SM)}. Thus (2.2) works for any v € D*(P,). In particular, (P, —
Nu € C*(SM) implies u € C*(SM). A basic accretive estimate shows P, : D*(P,) —
H*(SM) is a Fredholm operator with index 0.

Lemma 2.3. For ReX <0, P, — \ is invertible on L?. For Re A < 0 sufficiently negative
(depending on s and v), Py, — X is invertible on H*.

Proof. We will only prove the claim for L?. The proof for H* is similar. First we recall
Re(Xwu,u)r2 = 0 since X is anti-self-adjoint. Thus
Re((P, — Nu,u) = ¢, v*(Ayu,u) — Re Al|uf|®> > — Re Aljul|®.

For Re A < 0, this shows P, — X\ : D(P,) — L? is injective and the image is closed. We
claim it is also surjective. If there is v € L*(SM) such that ((P, — A)u,v) = 0, then
distributionally

(P —MNv=0.
By hypoellipticity, v € C*(SM). However,
0 =Re((P; — N, v) =y (Ayv,v) — ReA||[v]|* > — Re A|v||?

implies v = 0. So P, must be surjective and thus invertible. ([l

When Re A > 0, it is possible that P, —\ is not invertible. The following lemma essentially
says that any such eigenfunction must be localized to finite frequency. In order to implement
the heuristics, for A > 0 we introduce Q4 = A* 1 (a,,<a2yIll : H¥(SM) — H5(SM). This
is a finite rank smoothing operator localized to finite frequencies. Here 1(y<42) is the



SPECTRAL ASYMPTOTICS FOR KINETIC BROWNIAN MOTION 7

characteristic function of the set {A\ < A%} and 1(a,,<42) is the spectral projection to
eigenspaces of Ay with eigenvalue < A?, defined using functional calculus of self-adjoint
operators.

Lemma 2.4. For any Cy > 0, s € R, there exists C; = C1(Cy,n) > 0 such that for any
v > Cp, A>Cy and |\ < Cy, the operator

P,—X+Qa:D°(P,) ={ue H(SM) : P,ue H*} - H*(SM)
is invertible. For v > A >c¢, ns 1, the inverse has the bound

||(P’Y — A+ QA)_1| Hs—HSs ,SC’U,n,s A_l- (23)

Proof. Since P, — A+ @ 4 is hypoelliptic and Fredholm of index 0, we only need to prove
it has no kernel. Suppose by contradiction that for some u € H*(SM) \ {0},

(Py = A+ Qa)u=0. (2.4)

Then u € C* by hypoellipticity. Suppose ||u||zz = 1 and denote uy, = Izu. Pairing with u
gives

cny? (Avu, u) — v Re(Xu, u) — Re M|ul|72 + (Qaug, ug) = 0. (2.5)
Since Re(Xwu,u)r2 = 0, we get
Il Sep v
Similaly pairing (2.4) with (Ag + 1)u gives
o (Av(Ag + u, u) — yRe(Xu, (Ag 4+ 1)u) — Re M|ul/2: + (Qauo, (Ax + 1)ug) = 0.
Moreover,
2Re(Xu, (Ag + 1u) = ([Ag, X](ITw+ uo), T + uo) S [T w3 + [T oo | .
Note [|IItul| g |Juoll i < eny || THHul|3: + v e, uol|3:, we conclude
T ull e Seo v~ ol
We come back to (2.4). Projecting it to V] gives
1

572u1 — I X (ug + ug) = Auy.
Recall ||uy]|zz Se, 771, and

1
[ Xug|72 = —(TIX?TTug, up) = E(AMUOaUO) 2 |luollz — lluollZ-,

[XuzlZ2 < uzlln Sco v~ luollz
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We conclude ||ug||zr S¢, 1. The key observation is that the constant in this estimate is
independent of A. On the other hand, (2.5) also implies ||ALa<azyuollr2 Se, 1. Taking
A >¢, 1 gives a contradiction. This shows the invertibility of P, — X\ + Q4.

In order to get the bound for the inverse, let f € C* and u € C* such that
(Py— A+ Qa)u=f. (2.6)
Pairing with u in H?® gives

Cn”YQ(AVU, U)H - ’YRG(X%U)HS —Re )\”U| ?{ + (QA% U)H = (f> U)H (2-7)

Since
Re(Xu, w)is = Re(Xu, (1 + A)u)z — %([(1 + A, X]u, u) e

S I ullfs + I e ol -,

we conclude as before
Il s Seo v luollas + 1 1ms), 1AL a<azyuollas Sco Nuollas + 11f 1 ms-

Now we look at the II; component of (2.6), i.e.

1
57%1 — I X (ug 4+ ug) = Aug + fi.

We conclude

Hsfl
e+ |
wor | f s+ S

e S [ Xuo

o] w1+ [[uol

ms—1 + |[ual|gs + [Juol

Sco Yl o1 (2.8)

Hs-

Sco luol
Now we divide into two cases.
o If f =1(a>+2)f is in high frequency, then (2.8) implies that
s+ £
Sco A7 (ol + (1 f lzre=1) + A7 ol s + 71 f e
S A7 luoll s + A7 ]
o If f =1 a<y2)f is in low frequency, then (2.8) with s replaced by s + 1 gives
werr S luollms 4[| Fllas +7H f]
e+ ||l

ol s Sco [ Lia<azytol|ms—1 + [|Liasaz)uo] He

Hs-

||u0| Hs+1

S [luol

On the other hand, we have

ol str > || Lasazyuol| a1 > Al|Lasa2yuol| as,
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thus
[uoll s < |La<azyuollms + (| Tiasazyuol u
Soo A7 (luoll s + 11 £
gs and we conclude

e Soo A7
e+ fllas Seo A7

).

In both cases we have ||ug|

Hs- U

||U| e S ||U0|

In order to get the improvement of regularity in (1.3), we prove a uniform hypoelliptic
estimate following [Rad69; Koh73] and [Hor07, Theorem 22.2.1].

Proposition 2.5. For A,B > 1, v > A+ B?, y € R, there exists C = C(n, s) independent
of A, B,v,y such that

geti/a < CBilH(Pfy + QA)ul

||ul s + CB||lu|| gs. (2.9)

ms + CBllu|

wers < CB7Y|(P, — iy)u| Hs. (2.10)

lul

Proof. 1t suffices to compute locally. We will only give the proof of (2.9), but (2.10) is
proved in the same way using the fact that for a local basis X; of vertical vector fields, the
vector fields

Xz'7 [XZ7X]7 [Xla [X“X]],’l = ]-7 27 e, N 1
generate all directions.

In order to get (2.9), since X, X, [X;, X],i = 1,2,--- ,n — 1 generate all directions, it
suffices to bound || X;ul | X || gs—1/2 and [|[X;, X]u|| gs—s/4 by the right hand side of (2.9).
First, we have

(Qau, u)ms + 7 (Avu, u)gs S Re((Py + Qa)u, u)gs + Cllul
S BB, + Qa)ullFye + B2l

Hs,

2
Hs

(2.11)

2
Hs-

We will abbreviate pseudodifferential operators of order & by W* to simplify the notation.
For || Xul| gs-1/2, we have

X ull o1z = (Xu, Wu) e = 47 (e Ay + Qi — (Py + Qa))u, T0u)pe.
The first term is estimated as
Y P Ayu, UOu) s = 4 (Y VY u, WOV u) s + (VY u, Uu) g
S B7(P, + Qa)u|

%Is + B2Hu\ ?{

The second term is estimated as

Y (Qau, ¥u) g S 77| Qaul i + Byl

2
Hs*

e S B(Py + Qa)ul

Hs U|
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The third term is estimated as

V(P + Qa)u, Tu) s Sy THI(Py + Qa)ul

ul

e llullgs <Ay + Qa)ullyys + 5 HullZe.
Thus we conclude
| Xt go-1/2 < B7H(Py + Qa)ullms + Bllul as. (2.12)
For ||[X;, X]u|| s-s/4, we have
11X, Xul|Fazs/a
= ([Xy, Xu, U=Y20) 4.
= (X;Xu, UY20) gs — (X Xju, O720) s
= —(Xu, UV Xu) e 4 (X, O20) e + (Xou, O7V2X0) e — (Xiu, U 1Y20) s
= Re(Xu, U™V2Xu) s + Re(Xu, U™20) i + Re(Xiu, U2u) s
The last term is estimated as
Re(Xou, U 2u) s S 97 HI(Py + Qa)ullfre + 7 HlulZe,
The second term is estimated as
Re(Xu, U~12)
=7 " Re((caV* Ay + Qa — (Py + Qa))u, U u) s
S VYl s |y VYO 2 e+ Qs Y u) e + (P + Qa)ullhs + |
< B72(Py + Qa)ulls + B?|Jul|%..

The first term is estimated as

Re(Xu, \Il_l/QXiu)Hs = 7_1 Re((chQAV +Qa— (Py+Qa))u, \I/_l/QXiu)Hs
< 7_1(72Avu, u)%f(vZAV\I/_lmXiu, \I/_I/QXZ»U)}H{S2
+ N Qau, VT2 Xu) e + (P + Qa)ul

< B72[(Py + Qa)ullfs + B||ul

Hs qul

Hs

2
Hs
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where we used (Ayu,v)ys < (Avu,u)}ﬁ(Avv,v)gf and
(VAU 2 X0, U2 X u) gy
< Re(P U2 Xu, U™V 2 Xu) s + C|| U2 X ul|%.
S Re(T 12X, Pou, U2 Xu) s + Re((720Y2VY 4+ 4020, UV2 Xu) e + C|| T2 X u|
< B2 Pyl + B2|lullg-
S BN(P, + Qa)ullfs + B2 |lullfe + |Qaull3-.

2
Hs

Thus we conclude

11X, XTullgs-sre S BTHI(Py + Qa)ull s + Bllul . (2.13)
Combining (2.11), (2.12), (2.13), we conclude (2.9). O
As a corollary, we can improve the regularity in (2.3).
Corollary 2.6. In Lemma 2./, we have
1Py = A+ Q) Ml ey roriva Scoms A2 (2.14)
Proof. We take B = AY2 in (2.9), then
ull resrrs Soo AT2I(Py = A+ Qa)ullms + AV |[ul 1
Sco AT((Py = A+ Qa)ullge. N

We will also need the following invertibility lemma. We use the semiclassical notation
h=~"1and P, = ¢,Ay — hX. Note that P, = 7*P,.

Lemma 2.7. Let s € R, |\ < Cy, there exists hg = ho(Co,n,s) > 0 such that for
0 < h < hg, the operator

(P, — RPN {u € V&, : T Pyu € H*} — V2,
1s 1nvertible. The inverse has norm

I(IEH (B — AZA)ITH) |

Hs—HS SCo,n,s 1.
Proof. For u € V3, h <, 1,
Re((Py — h2\)u, ) s = cn(Ayu, u) s — hRe(Xu,u)gs — h? Re \|ul

2
Hs-

he 2o |lul

So HL(f’h — R2M)IIL is injective and has closed image. Suppose it is not surjective, then
there exists a nonzero v € V2, such that

(ITH (P, — B2N)u, v)gs = 0, Yu € C®(SM) N Vayg.
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Thus I (P — h?A)v = 0 where the adjoint is taken in H®. Let xy € C3°(R;[0,1]) be a

cutoff function such that Y = 1 near 0 and v. = x(¢?A)v, then

e S (B — 2o
Sco X x(EA)]v]

Sco Pllv]|as-

Vel He

Hs

Let h <¢, 1 and € < 1, we conclude v = 0, a contradiction. Thus II* (P, — h2A)II* is also
surjective and thus invertible. O

2.3. Spectral convergence. In this section we prove the convergence of the spectrum in
Theorem 1 by a Grushin problem following [RT22].

Let ig : V§ — H*(SM) be the inclusion. Intuitively, we want to consider the following
Grushin problem for P, — A 4+ Q4.

P, — A '

P ATQa YN pepy @ v S B(SM) @ V.
~11I 0

However, it is not clear what the correct space is to set up the Grushin problem. Instead

we will just directly write down a formula (2.17) that works distributionally. Using same

methods in [RT22], we can solve the equations

(P, = A+ Qa)u+yu_=v, (u,u_)eD(SM)adD(M), (2.15)
u = vy, (v,vy) € D'(SM) B D'(M). '
The solution we get is
u = (I (P, — I (04 Xuy) + 5o,
-1 -2 1 Ly—177L (2.16)
u- =y Mo +7y*(A = Qa)vs + X (II-(Py — M) I (v + Xy ).
Now we write (at least formally)
(P,—A+Qa) '=E—-E.E'E_ (2.17)
where
E = (I (P, — )IIH) I, By = (IT(P, = M) THIEX 447,

E_ =~ +OXITH(P, — VYT, B =y 2\ 4+ X (ITH( B, — B2V 71X - Q).

We need to justify that E_, is invertible, and the inverse has a good control. So let us
look at the equation v2E_,u = f. Let v = (Il (P, — h>\)IT+) "1 X Tlu, we have

A+ X v — Qau = f, I (P, — h®\)v = Xu.
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Thus v2E_,u = f is equivalent to
(P, = A+ Qa)(u+hv)=—f.

By Lemma 2.4, P, —A+(@) 4 is invertible, we conclude E_ is also invertible. So the formula
(2.17) makes sense distributionally for v > A >¢, s 1 depending on the Sobolev regularity
S.

In order to apply (2.17), we write
Py=XA=P, =X+ Q41— Qa= (P, = A+ Qa)(I — (P, = A+ Qa)"'Qu).
We claim

Proposition 2.8. For |A\| < Cy, v > A>cynsn 1, we have

(P — A+ Qa) Q4 — (Ayr — A+ Q) ' Qallgosmosn < ComsN AN+2 1

1QA(Py = A+ Qa) " — Qa(Ay — A+ Qa) Mgt~ Scomsy ANy

for any s € Ry N > 0.

Proof. We will only prove the first one, but the second one is proved exactly the same way.

Note by (2.17), (P, — XA + Qa)"'Qa = —y 'E,E-1 Q4. We first prove a bound for
Y 2EZLQa in H® — H*™N for any N > 0. Let v?E_,u = Qaf, then for v = (II+ (P, —
R2N)IH) 1 X TIu we have

(Py — A+ Qa)(u+hv) =—-Quaf.
By Lemma 2.4, we conclude

wsen Sco ATNQaf sy Seo AV fle-

| ul
Now we can estimate the difference

(Py = A4+ Qa) ' Qa— Ay = A+ Qa)'Qa=—7"ELEZ{Qa— (Ay — A+ Qa)'Qa
= (=7 PE7L = (A = A+ Q) HQa — 7 (I (B — KNI 'IF X E~L Q.

For the second term,

Iy AT (B = RPN T X B2 Qul

HesHs+N S0 H'Yng:-lrQA‘

N+2 _ —1
SCOAJ'_’)/ .

Hs_)Hs+N+l
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For the first term,
(=7 ?EZ — (A — A+ Qa)1)Qa
(Apr — A4+ Q) H(=Ay — TIX(TTH(By, — RPN XTIy 2E-L Qa
(Apr — A+ Q) HIIX (¢, [T-AYITH) ™! — (ITH (B, — A2NITH) " H XTIy 2E-L Qa
(Apr — A+ Q) HIIX ((e, T AT I (=R X — A2A)ITH
(TP, — 2N H Xy 2E-L Q..

Note

mosmevs Sop AV ]IX]

Hs+N+3_)Hs+N+2 S 1,

v 2EZL Q4

[(ITH (B, — R2A)ITH) Y

Hs+N+2_y fys+N+2 SC’O 1, HhX + h2>\‘

H5+N+2_>H3+N+1 SCO h,

||X(CnHLAVHL)_1| Hs+N+1_y[s+N S 1, ||(AM — A+ QA)_ll Hs+N _yHJs+N SCO A2

We conclude
[(Py = A+ Qa)'Qa — (Ay = A+ Qa) ' Quall s resn Sy AV O
Now we are ready to prove Theorem 1.

Proof of Theorem 1. We first show the spectrum convergence (1.2). It is direct to check
I— (P, — X+ Q) 'Qa is invertible on L*(SM) if and only if it is invertible on D(P,). So
for U € C,
o(P)NU={N€U:1—(P,— X+ Q4) 'Qa is not invertible on L*(SM)}
= zeros of det(I — (P, — A+ Qa) 'Q4) in U.
By Proposition 2.8, for fixed A, the determinant det(/ — (P, — A+ Q) 'Qa) convergences

to det(I — (Apr — A+ Qa)*Qa) locally uniformly as v — oco. So the zeros also converge
to zeros of det(I — (Ay — A+ Qa) 'Q4), which are exactly eigenvalues of A,.

Now we prove the resolvent convergence (1.3). We will choose A = '/° — 0o below.
Let u € H® with uiow = T(a,,<1042)1lu and unigh = u — Uiow, We have

1(Anr = A) ™ tnign|

Het/a S A_7/4”uhigh|

Hs.
We note
I(7 = Qa(Arr = A+ Q)™ lwsns = I = Qa(Axr = N lmmsns Sop 1+ A
where C;' is the distance between o(Ays) and U. For A2y~1 <y A=2, we have
1Qa(Py = A+ Qa) " = Qa(Ay = A+ Qa) woms < (I = Qa(Arr = A+ Qa) ) Moty is
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so that
(1 = Qa(Py = A+ Qa)™ ) mesms Sv A
Moreover,
(7 = Qa(Py = A+ Qa) ™)™ = (I = Qa(Ay = A+ Qa) ™) )|
<= Qa(Py =X+ Qa) ™) HQA(P, = A+ Qa) ™ = Qa(Ay — A+ Qa)7")
(I —Qa(Ay —A+Qa) H 1y
Su AT = Qa(Ay = A +Qa) ™) |
Using (2.14), we conclude
1Py = X) unignll rorrss = [(Py = A4+ Qa) T (I = Qa(Py = A+ Qa) ™)™ ttnigy
Seo ATV = Qa(Py = A+ Qa)™") ™ tnign|
Su ATV = Qa(Av — A+ Qa) ™) unign|

= A7 Jupign|

HS

Hs

HS.

Hs+1/4

HS

HS.

In the last step we use the fact Q sunign = 0. Now we are left with the finite dimensional
part u, and by Proposition 2.8 we have

I((Py =A™ = (Anr = A) ™ tion]
= (I = (Py = A+ Qa)"'Qa) (P, = A+ Qa)™"

— (I = (A = A+ Qa)'Qa) " (Ay — A+ Qa) ) ay <1042 oy |
<N = (P = A+ Qa)'Qa) T (P = A+ Qa) ™ — (Ayr = A+ Qa) ™" ttion|
(T = (Py = A4+ Qa)'Qa) " = (I = (Ay = A+ Qa) 7' Qa) Ay — XA+ Qa) " thiony || o414

SU A2+1/4’7_1||U10W| Hs + A4+1/4'7_1||U10W|

Hs+1/4

Hs+1/4

Hs+1/4+

Hs-

We conclude
1Py = ) = (Bag = A) Moo Sp AV2 4 ABVA TSm0 (915

This finishes the proof of (1.3). O

3. CONVERGENCE TO EQUILIBRIUM

In this section we give the proof of Theorem 2. In fact, we will prove the following more
general Theorem 3. If we take § in Theorem 3 to be smaller than the first eigenvalue of A/,
then there is only a single term coming from the zero eigenvalue of P, in the expansion,
and this gives Theorem 2.
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Theorem 3. For any (,e > 0 there exists o > 0 such that for v > o, o(P,) N{Re X <
B} ={Xo=0,A1, -, A\ } is finite, and there exists C, > 0 such that

ro Mmj—

,tPA, Z Z . ft)\ — )\ ) H,\ju

7=0 1=0

< Che Pl t> 1,

L2
where 11y, is the spectral projector to the generalized eigenspace of P, with eigenvalue A;.
Moreover, for each j there is \) € o(Ay) such that |A; — N)| < e.

Proof. First we claim there are only finitely many eigenvalues of P, in the region {Re A <
B}, and they all satisfy |[Im A| < 8. We prove by contradiction again. Suppose A is an
eigenvalue of P, such that Re A < 3, then there exists u € C*°(SM) such that

Pou = c,V*Avu — yXu = Au. (3.1)

As in the proof of Lemma 2.4, we have

T ull s S /By Hluollms, s =0,1.
Projecting the equation (3.1) to V, gives
—7H0Xu1 = )\Uo.

Thus [A||uollze < l|utller S V/B||uollar- Projecting the equation (3.1) to V; gives
%7%1 — 1 X (uo + up) = Auy
which gives as before |Jug|m < VB(1+ v 2|A])||uol|z2. We conclude
LS B(L+ 7% AD.

Taking v* > f3, we conclude |A| $ . Along with Theorem 1, this shows |A; — X}| < € for
some A} € g(Ay) once v > 7 is taken large enough.

Now we consider the Laplace transform of e~
/ eMe tPrdt = (P, — A)7!, Re) <0.
0

We can then express e '™ as the inverse Laplace transform
1 —1-+ic0o

—tPy _ P — -1 —)\td )
e omi ) (Py—X) e MdA
We deform the contour from Re A = —1 to p and conclude
1
P —ZResA N (A =P te ™) + 5 Z/( P, — ) leMdA (3.2)
T

7=0
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RelA= -1 P

¢ B+ €

FIGURE 2. Contour deformation

where p is given by {ReX = 8+ €, [Im A < A} and {|Im )\ = C,(Re XA — 8 — &)'® +
A, ,ReX > 5+ €}. See Figure 2 for a picture of the contours. In order to conclude the
proof we need the following Lemma 3.1 from Eckmann-Hairer [EH03, Theorem 4.1, 4.3].

Lemma 3.1. There exists C > 0 (independent of v) such that P, does not have spectrum
in {|Tm A| > C(Re A +7Y/*)¥6 + 1, Re A > 0}. Moreover, we have for such \

1P = N s S 1.

Proof. The lemma follows from the uniform hypoelliptic estimate (2.10)
[ull s < CBTH(Py — iy)ullre + Bllullr2),  VyeR

with constant C' > 0 independent of y and ~. Taking B = v/, we get (using [HN04,
[Proposition B.1])

1 *

T2 ullge < (P + 1) (Py + 1) 0w, w) 2 + [ (Py = Aull e
S A ullFs + 1Py = NullZa

< O+ Re N2 [JullZ + (P, = Null7a.

~Y

Thus for |A + 1| > Cy ("4 + Re A\)'® + 1 we conclude

lull2 S (1(Py = Aull 2 O
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Theorem 3 then follows from (3.2) where the residues are given by

mj—l
Res,\:,\j(()\ — P,Y)_IS_M) = Res,\:,\j Z (PA/ - /\j)lH)\j (/\ — )\j)_l_le_)\t
1=0
mi—1
J —tl L
= Z (l—‘)e NP, — ),
1=0 ’
and the remainder is estimated as
‘ / (P, — \)te™Ma\ <, / e RN N <, e P O
4 L2—L2 p
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