INITIAL DATA GLUING IN THE ASYMPTOTICALLY FLAT REGIME
VIA SOLUTION OPERATORS WITH PRESCRIBED SUPPORT PROPERTIES

YUCHEN MAO, SUNG-JIN OH, AND ZHONGKAI TAO

ABsTrACT. We give new proofs of general relativistic initial data gluing results on unit-scale annuli based on
explicit solution operators for the linearized constraint equation around the flat case with prescribed support
properties. These results retrieve and optimize — in terms of positivity, regularity, size and/or spatial decay
requirements — a number of known theorems concerning asymptotically flat initial data, including Kerr
exterior gluing by Corvino—Schoen and Chrusciel-Delay, interior gluing (or “fill-in”) by Bieri-Chrusciel, and
obstruction-free gluing by Czimek—Rodnianski. In particular, our proof of the strengthened obstruction-free
gluing theorem relies on purely spacelike techniques, rather than null gluing as in the original approach.

1. INTRODUCTION AND MAIN RESULTS

Let (M32,g) be a Riemannian manifold and k be a symmetric (contravariant) 2-tensor on M?3. The
FEinstein vacuum constraint equation reads

{R[g] + (trg k)2 — k|2 =0,

. (1.1)
divg k —dtrgk =0,

where R[g] is the scalar curvature of g, divy kj = Dikir;(g~1)" with D; the Levi-Civita connection associated
with g, trgk = (971)¥ki; and [k|2 = kijkij(971)" (g71)%7". By the fundamental theorem of Choquet-
Bruhat [20], to any (sufficiently regular) triple (M3, g, k) solving (1.1) corresponds a (geometrically) unique
spacetime (M3 g) solving the Einstein vacuum equation

1
Riclg] — 38 trg Ric[g] = 0, (1.2)

into which (M3, g) isometrically embeds with k as the second fundamental form. In this sense, a pair (g, k)
solving (1.1) constitutes an initial data set for the Einstein vacuum equation.

While underdetermined, the nonlinear nature of (1.1) imposes nontrivial constraints on the class of initial
data sets for the Einstein vacuum equation, as exemplified by the celebrated positive mass theorem [31,32].
Understanding the flexibility of initial data solving (1.1) is often an indispensable part of the study of
solutions to the Einstein vacuum equation.

The subject of this paper is initial data gluing, which asks: given two initial data sets, find — if possible
— another initial data set which contains the two. We focus on initial data sets (M3, g, k) such that either
(1) (M3, g) is bounded and (g, k) is almost flat (i.e., close to the flat data (8,0)) or (2) M? is unbounded
but (g, k) is asymptotically flat (i.e., M? is diffeomorphic to the exterior of a ball in R? and (g, k) — (4,0) as
|z| — 00). These two cases are closely related as the latter is typically reduced to the former via rescaling.
Since the pioneering work of Corvino [17], many results have appeared on initial data gluing in this setting,
such as (1) gluing a general asymptotically flat initial data set to the exterior of initial data for one of the
Kerr spacetimes [15,16, 18], and (2) gluing an interior region to a general asymptotically flat initial data
defined in the exterior of a ball to produce a globally defined initial data [8,13], and so on. See also the
recent works [21,22, 23] adopting a geometric microlocal approach. For further discussion and additional
references, we refer the reader to the excellent review article [10].

The first contribution of this paper is a new short proof of a basic gluing result on an almost flat annulus
at unit scale (Theorem 1.3), which leads to the above gluing results (1) and (2) for asymptotically flat initial
data after suitable rescaling arguments; see also Theorem 1.6 and Remark 1.11. The main simplification
comes from the use of explicit Bogovskii-type solution operators to solve the linearization of (1.1) around
the flat case (g;,kij) = (;;,0) on an annular domain with zero boundary condition. As a byproduct of its
simple and explicit nature, our proof readily handles the optimal (modulo the endpoint) Sobolev regularity.
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Another contribution of this paper is a new approach to (a strengthening of) obstruction-free gluing a
la Czimek-Rodnianski [19]; see Theorems 1.7 and 1.10 for the precise formulation. This novel type of
gluing theorem, which relies on remarkable properties of the nonlinearity of (1.1), was originally proved
in [19] using the theory of null (or characteristic) data gluing, pioneered by Aretakis [1,2] and Aretakis—
Czimek-Rodnianski [3,4, 5] (see also [14,26,27]). Our direct proof, independent of null gluing, optimizes
the positivity, regularity, size and spatial decay requirements in obstruction-free gluing for asymptotically
flat initial data; see Remarks 1.8 and 1.11. It is based on the first main theorem (Theorem 1.3), as well as
the construction of multi-bump initial data sets with prescribed charges and support properties that relies
on several ingredients: (1) conic-type solution operators for the linearized constraint equations around the
flat case as in [28], which can be used to construct initial data sets localized in conic regions (cf. Carlotto—
Schoen [11] as well as [3,4,5]); (2) a nonlinear computation similar to that of Bartnik in |7] concerning the
positivity of mass in the time-symmetric, almost flat case; and (3) a localized boost argument based on the
fundamental theorem of Choquet-Bruhat [20] and the computation of Chrusciel [12] (see also [16]). A more
detailed sketch of the proof is in Section 5.1 below, which can be read after Sections 1 and 2.

Remark 1.1 (Solution operators to divergence-type equations with prescribed support). As indicated above,
the approach in this paper is based on the use of solution operators for the linearized constraint equations
around the flat case whose support properties are prescribed (in a bounded set or in a cone); see Lemmas 2.3
and 2.5 below. In [28], a similar approach was employed to construct of localized initial data sets a la
Carlotto—Schoen [11]. In fact, construction of such solution operators may be extended to other divergence-
type equations with variable coeflicients and/or on different manifolds; this will be addressed in an upcoming
work [24].

1.1. Notation and conventions. Before stating the main results, we introduce some notation.

e Asusual, A < B is the shorthand for |A| < CB for some C > 0 (implicit constant), which may differ
from line to line. We write A~ B if A < B and B < A.

e N is the set of (positive) natural integers, Ng = NU {0}.

e We denote by (2!, 22, 23) the rectangular coordinates on R3. We equip R? with the Euclidean metric,
given by the identity matrix d;; with respect to (z!, 2%, 23). We use latin indices 4, j, ... for tensors
on R3; all latin indices are raised and lowered using §. Also, trs T = > i T

e We denote by (2, x!, 22, 2%) the rectangular coordinates on R1™3. We equip R!*3 with the Minkowski

metric, given by the diagonal matrix n,,, with entries —1, +1,+1, 41 with respect to (20, 21, 2%, 23).
We use greek indices p, v, , . .. for tensors on R13; all greek indices are raised and lowered using 7).
Also, try, T = n**T,,,.

e We define B,.(§) to be the ball of radius r centered at &, A.(§) = Ba-(§) \ Br(§) for an annulus
of radii ~ r and A,(§) = By (€) \ Bz () for an enlargement of A,. When { = 0, we shall omit
(&) and write B, = B,(0), A, = A,(0) etc. We introduce two pieces of notation for cones in
R3: first, given w C S?, we define C,, = { € R* : £ € w}, and second, given § € (0,7) and
w € S%, we define Cy(w) = {z € R? : L(z,w) < 0}. We write Q¢ for the complement of ) in R?,
—Q={zeR?:—2e€Q},and Q+={x+£€R3: 2 € Q}.

e For F;; defined on a symmetric subset Q2 of R? (i.e., Q2 = —2), we denote its decomposition into the

even and odd parts by F;; = FZ‘; + F;;, where F*(z) = §(F(z) £ F(—x)).

e We introduce e; = 9;, v = %ej (the outward unit normal to 9B,.) and Y; = ¢;;

kxie;, (the infinites-

imal generator of rotation about the xi—axis), where ¢, is the Levi-Civita symbol.
e Given a Banach space X = X (R3) of (possibly vector-valued) functions on R® and an open subset
Q2 C R3, we define the space of extendible functions on Q as X () = X (R?)/{u € X(R®) : u|, = 0},
equipped with the [|lul|x @) = infaex ®s).7),=u U]l x. We also define the space of functions supported
in Q, denoted by X;(2), to be the completion of C2°(£2) with respect to ||-|| x(q)-
1.2. Scaling invariance and charges in the almost flat regime. In this paper, we shall consider
solutions (g, k) to (1.1) equipped with global coordinates z', 2, 23 — or more concretely, defined on a subset
Q of R3. For any such initial data (g, k) and any 7 > 0, define (¢("), k(")) by

(9:%) = (9 (2), k" (2)) := (g(ra), rk(ra)). (1.3)

Observe that (1.1) is invariant under (1.3), which we shall call the invariant scaling transformation.
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We also introduce the following charges of (g, k) measured on the sphere dB,., which are conserved (i.e.,
independent of r) if (g, k) solves the linearization of (1.1) around (4,0) (see Lemma 2.7 below):

E[(g,k); 0B,] = ;/BBT Z (85915 — 0;944) v dS, (1.4)
Pi[(g,k);0B,] = /aBT (kij — 8 trs k) v dS, (1.5)
Ckl(9,k);0B,] = ;/BBT Z (x10:9i5 — Tx0j9i1 — Oir(9i5 — 0i3) + 0j(gai — i) v dS, (1.6)
Ji[(g,k); 0B, = /8B (kij — 6i; trs k) Yyiv? dS. (1.7)

We put these together to form a 10-vector,
Q[(gu k)a 837‘] - (E7 P17 P27 P37 Cl7 027 C37J1u J27 JS)T[(g7 k)a aBT]

Taking (formally) the limit as » — oo leads to the usual ADM energy, linear momenta, center of mass and
angular momenta under a suitable asymptotic flatness assumption (see Definition 1.5 and Lemma 4.1 below).
For these quantities, we introduce the notation

Q*PM (g, k)] = (BAPM, . 34PM)i[(g,k)) = (lim Bl(g,k);0B.),..., lim Js[(g,k); 0B,])'.

Since we will be working with annuli, it is also convenient to introduce the following (smoothly) averaged
charges. Fix n € C2°(0, 00) such that suppn C (1,2), [n(r')dr’ =1 and n,(r') := r~'n(r~1r"). We define

Qllg, k); Ar] = (E, ..., J3)[(g, k); A,] = /nr(r’)(Ea -, J3)[(g,k); 0B/ ] dr’. (1.8)
In accordance with this notation, we shall denote the components of Q € R by

Q = (E(Q)vpl(Q)7P2(Q)7P3(Q)a Cl(Q)v CQ(Q)7 C3(Q)aJl(Q)vJQ(Q)v']ii(Q))T

These quantities are conserved for solutions to the linearization of (1.1) around (4, 0); see Lemma 2.7. They
are not invariant under (1.3), but transform as follows:

(E’ P)[(g(r)7 k(r))v ARO] = T_l(E’ P)[(gv k)? A"'RO]? (C’ J)[(g(r)v k(r)); ARO] = T_Q(C’ J)[(Q? k)? ATROL
and similarly for Q[(g, k); 0By].

1.3. Gluing up to linear obstructions. Suppose that we are given two disjoint dyadic annuli Ag,, and
Ag,,, (e, 2R;, < R,yu) and initial data sets (gin, kin) and (gout, kout) on the annuli Ap, and Ag
respectively, that are almost flat (i.e., close to (4,0) in some suitable sense). Consider the following gluing
problem: find an almost flat initial data set (g, k) on Bag,,, \ Br,, that agrees with (gin, kin) and (Gout, kout)
on Ag,, and Ag,,,, respectively.

If all the initial data sets solve not (1.1) but rather its linearization around (4, 0), then an obvious necessary
condition for the solvability of this problem is Q[(gin, kin); Ar.,] = Ql(Gout, kout); Ar,,,], in view of the
conservation laws (see Lemma 2.7 below). In fact, this condition turns out to be sufficient as well'; in this
sense, (the failure of) the condition Q[(gin, kin); Ar,,] = Q[(Gout, kout); Ar,,,| is precisely the obstruction
for linearized initial data gluing.

Our first main result generalizes the above linear considerations to the nonlinear setting. To state it, we
first need to formulate the notion of admissible initial data sets (cf. [18]) on an annulus.

in out?

Definition 1.2 (Q-admissible initial data sets). Let a bounded open subset @ C R'? and s € R be given.
We say that a 10-parameter family {(g9qg, kq)}o is a Q-admissible family of annular initial data sets on A,
with Sobolev regularity s if:

(1) for each Q € Q, (9¢,kq) € (H* NC°) x L2(A,) and solves (1.1) in A,;

(2) for each Q € Q, (9g,kq) € H® x H*"1(A,);
(3) the map Q — H® x H*"1(A,) defined by Q — (gg, kg) is Lipschitz;

ISufficiency of Q[(gin, Kin); ARr,..] = Ql(gout, kout); AR,,,] for linearized gluing can be established using Lemma 2.2 along
with simple extension procedures; we leave the details to the interested reader.
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(4) for each Q € @ C R, we have Q = Q[(gg, kq); Ar]-

Theorem 1.3 (Gluing up to linear obstructions at unit scale). For each s > %, there exist €, = €.(s) > 0

and M, = M.(s) > 0 such that the following holds. Let (§,k) be a solution to (1.1) in H® x H*"1(A;) such
that

H('&_é’];)”stHs—l(gl) S €. (19)
Define Q € RY by Q = Ql(g, k), Aq]. Let @ C R be a bounded open set such that
Q€Q, Bu-(@c (1.10)

and consider an Q-admissible family of annular initial data sets {(gg,kg)}geo on A with Sobolev reqularity
s such that, for all Q,Q’ € Q,
H(QQ _67kQ)||HS><HS—1(ﬁ1) <e, (111)
1(9@ — 901k — k)l o o1,y < KIQ — Q' (1.12)
Then the following holds:

(1) Exterior gluing. If e < ¢. and Ke < €., then there exists (g,k) € H* x H*71(A;) and Q € Q such
that H(g -0, k)”stHsﬂ(Zl) Se |Q - Q| < Mc€2; and

g,k in A,
(gak) = ( ) . 2
(90,kg) in As.

(2) Interior gluing. If ¢ < e, and Ke < €., then there exists (g, k) € H® x H*"1(A;) and Q € Q such
that H(g -0, k)Hstqu(gl) S €, |Q - Q| < Mc€27 and

go, k mn Ai,
(g.h) = 4 e F) 2
(g,k) in As.

In both cases, the following additional statements hold as well:
o (Lipschitz continuity) The map (g, k) (g, k, Q) is Lipschitz as a map from the subset of H® x H*~!
restricted by (1.9)—(1.10) into H* x H*~! x R0,
e (Persistence of reqularity) If (g,k) € Hstm x Hvm=L(A}) and the family {(9g:kq)}geo is of
Sobolev regularity s +m for m € N, then (g, k) € HT™ x Hst™=1(A;) and

H(g - 63 k)||H5+7n XHs«mel(gl) S OH(E] - 6’ k)”HS*’"lXH"‘*’m*l(Zl)
+C||(QQ - 5, kQ) ||Hs+m x Hs+m—1(A;)>

where C = Cs,m, 15 = 8, ) | yoss o1 1090 = 8K Lo erre i,y

Theorem 1.3 is proved in Section 3.

Remark 1.4. (1) In view of the fact that H? x Hz is invariant under (1.3), the regularity requirement s > %
is optimal modulo the endpoint. Moreover, using different Moser and product estimates on R? in lieu

3
Lemma 3.1 below, it is not difficult to extend the result to the case when H? is replaced by By 2 (scaling
invariant Besov space) or WP with s > % and 1 <p < 3.

(2) We formulated Theorem 1.3 for initial data sets on A, for technical convenience. Nonetheless, by the
extension lemmas proved below (Lemmas 5.8 and 5.9), the theorem may be immediately reformulated in
terms of initial data in two annuli A1 and Ay with averaged charges measured in the respective annuli.
As alluded to before, this formulation provides a sufficient condition for solving the gluing problem with
Ry = % and R,,; = 2 analogous to the linear problem. The result may also be easily extended to any
other pair of concentric annuli whose closures are disjoint.

Using Theorem 1.3, we may retrieve the celebrated gluing result of Corvino—Schoen [18] (see also Chrusciel-
Delay [16] and Chrusciel-Corvino—Isenberg [15]) for asymptotically flat initial data sets, under (essentially)
optimal assumptions on the regularity and the spatial decay. We adopt the following definition of asymptotic
flatness:
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Definition 1.5. Let (g,k) € H}. XHSfl(Bf%O) for s > 2 and Ry € 2. We say that (g, k) is a-asymptotically

loc
flat if, for some a € R and Dy > 0, we have
19 = 0, k) 3o o a,y < Dor T2~ for all 7 € 2V N Bfy, (1.13)

a3
where? lullge 7,y =R s+3 lu(R2) || e 1,
By the Sobolev embedding, « corresponds to the pointwise decay rate of g — ¢ in |z|~!.

Theorem 1.6 (Corvino-Schoen [18] and Chrusciel-Delay [16]; see also [15]). Let s > 3 and a > 3.
Given any a-asymptotically flat initial data (gin,kin) € Hp . X Hs_l(B‘j%O) solving (1.1) and satisfying

loc
[EAPM[(g,k)]| > [PAPM (g, k)]|, there exist (g, k) € Hf , x H‘s_l(szo) solving (1.1) and r > Ry such that

loc loc

(9, k) = (gin, kin) on By and (g,k) equals an initial data set for one of the Kerr spacetimes on BS,.
Theorem 1.6 is proved in Section 4. We remark that o > % is the sharp (up to endpoint) threshold for

the ADM energy-momentum to be well-defined [7]; see also Lemma 4.1 for sufficiency.

1.4. Obstruction-free gluing. We return to the problem of gluing two initial data sets (Ag,,, gin, kin)
and (Ag,,,, Youts kout) that are almost flat. Recall from the discussion in Section 1.3 that the linearized
gluing problem is solvable (if and) only if the 10 charges Q are identical. Remarkably, the original nonlinear
problem turns out to be solvable if these identities among charges (obstructions) are replaced by mere
positivity conditions! This novel type of gluing — obstruction-free gluing — has been recently introduced and
established by Czimek-Rodnianski® [19].

We provide a new purely spacelike proof of obstruction-free gluing (the original approach of [19] involves

null gluing), and furthermore sharpen the positivity, regularity and size requirements — see Remark 1.8 below.
Our main result for almost flat data on two annuli reads as follows.
Theorem 1.7 (Obstruction-free gluing for almost flat data on annuli). Given s > 2 and I' > 1, there exist
€0 = €(8,T) >0, o = po(s,T) > 0 and C, = Cy(s,T') > 0 such that the following holds. Let (gin, kin) €
H® x H (A1), (outs kour) € H® x H*1(A3z2) be pairs solving (1.1). Define AQ = (AE,...,AJ3) € R!®
by

AQ = Q[(Gout, kout); Az2] — Q(gin, kin: A1), (1.14)
and assume that

AE > |AP), (1.15)
Vs < 110
AE < €, (1.17)
|AC| + |AJ] < uoAE, (1.18)
[[(gin — 6, k‘in)”%{wmfl(m) + [[(gout — 9, kout)H%{aXHSfl(Aw) < uoAE. (1.19)

Then there exists (g,k) € H® x H*1(Bgs \ B1) solving (1.1) such that
(9,k) = (gin> kin) 10 A1, (9,k) = (Gout, kout) in Asa, (1.20)
19 = 8, )% o1 (o By < CoAE- (1.21)

Remark 1.8 (Sharpness of positivity, regularity and size assumptions). As observed in [19], the positivity
requirement AE > |AP| is a key necessary condition for the validity of obstruction-free gluing in general
(see also Remark 1.11 below). In Theorem 1.7, |AP] is allowed to be arbitrarily close to AE (i.e., T is
arbitrarily large in view of (1.16)) provided that the bounds (1.17)—(1.19) hold with sufficiently small €, and
1o (depending on I').

As before, the regularity requirement s > % is sharp (up to endpoint) in relation to the scaling critical
exponent. In view of the conservation law for E (see Lemma 2.7 below), for a solution (g,k) € H?® x
H* Y (Bgar \ B1) (s > ) satisfying (1.1), (1.14) and (1.20), it is necessary that

2
AE Ssr (g — o, k>||HSXHS*1(Be4F\E)'

2When s € N, observe that [[ull ;. 5,y ~ 108 ull 2 5,0y + B ull 2,

3We note that, instead of annular data, [19] work with data on two spheres.
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Thus (1.21) is sharp up to a constant, and hence so are the assumptions (1.18) and (1.19). Finally, we remark
that the choice of the radii R;, = 1 and R,,; = 32 is arbitrary, and the result may be easily extended to any
other pair of concentric annuli whose closures are disjoint.

Remark 1.9. By a minor modification of the proof of Theorem 1.7, the following statements may also be
established (where the domains are omitted for simplicity):
e (Persistence of regularity) If (gin, kin, Gout, kout) € (HST™ x HTM=L)x (HsT™ x H3+tm=1) for m € N,
then (g, k) € H¥t™ x HsTm=1,
o (Lipschitz continuity) The correspondence (gin, kin, Jout, Kout) —> (g, k) in Theorem 1.7 may be put
together to define a locally Lipschitz map from the subset of (H® x H*~') x (H* x H*™!) restricted
by (1.15)~(1.19) into H® x H>1,

The corresponding result for asymptotically flat initial data sets has a more elegant hypothesis, at the
expense of performing the gluing procedure in an annulus sufficiently afar (as in Theorem 1.6).

Theorem 1.10 (Obstruction-free gluing for asymptotically flat data). Let s > % and o > % Let (Gin, kin ),
(Gout, kout) € Hf . % Hii;l(szo) be a-asymptotically flat pairs solving (1.1). Define, for those components
that are well-defined,

AQ = QADM[(gouta kout)] - QADJW[(gina kzn)]7
and assume that

AE > |AP|.

Then there exists an asymptotically flat pair (g,k) € Hp, . x HlSOZl(Bf%O) solving (1.1) and r > Ry such that
(9, k) = (gin, kin) on Bay and (g, k) = (Gout kout) on By, ..

Theorems 1.7 and 1.10 are proved in Section 5.

Remark 1.11. Taking (gin, kin) = (J,0) shows that the condition AE > |AP)| is sharp in view of the positive
mass theorem [31,32]. Note that this case recovers the interior gluing of Bieri-Chrusciel [8].

The requirements on the regularity and spatial decay exponents s > % and a > 5 are sharp (up to
endpoints) as discussed in Section 1.3; in particular, AE and AP are well-defined. On the contrary,

CAPM JADM yeed not be well-defined for either (gin, kin) o (Jout, kout) to apply Theorem 1.10.

N[

1.5. Structure of the paper. The remainder of the paper is structured as follows. Section 2 collects some
preliminary facts concerning the linearization of (1.1) and (1.2) around the flat case. More specifically, after
rewriting (1.1) as a quasilinear perturbation of divergence-type equations on (R3,4) (i.e., the linearization
of (1.1) around the flat case) in Section 2.1, we write down Bogovskii- and conic-type operators for these
equations (see also [24]) in Sections 2.2 and 2.3, respectively. We discuss the conservation laws for the
linearization of (1.1) (which involve Q) in Section 2.4, and for the linearization of (1.2) (which will be
used in the proof of obstruction free gluing) in Section 2.5. Then in Section 3, we prove Theorem 1.3.
In Section 4, we collect some basic facts about asymptotic flatness and establish Theorem 1.6, with some
technical details concerning Kerr initial data sets deferred to Appendix A. Finally, in Section 5, we prove
Theorems 1.7 and 1.10; an outline of the proof is provided in Section 5.1.
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2. LINEARIZATION AROUND THE FLAT CASE

2.1. Schematic notation and reformulation of (1.1). We begin by reformulating (1.1) in a sufficiently
flat region. We introduce new variables (h, ), defined as follows:

(hija Wij) = (gZ] — (51']' — (Sij trg(g — 5), kij — 51’]’ tr(; k) (21)

Observe that the transformation is obviously invertible with the formulae

1 1
(9ij» kij) = (645 + hij — 551'1‘ trs h, m; — §5¢j trs ). (2.2)



With respect to the new variables, we write the left-hand sides of (1.1) schematically as

Rlg) = 0:0;1h7 — M? (n,8°h) — M\" (9h, 0h), (2.3)
0
(trg })? = [k} = —M," (), (2.4)
¢ (g7 Dgikirjr — 0y trg k) = 0w — NI (h, om) — N (9, 7). (2.5)
The schematic notation we use is defined as follows:
Definition 2.1 (Schematic notation). Each of M,S*) (u,...,ux) and N,(L*) (uq,...,ux) is a linear combination
of contraction of uy, ..., u; with a smooth tensor field A (of the appropriate rank) on R? that depends only

on h. Moreover, we assume that |8}(ln)A( )| S 1 as long as |h| < M for all n € NU{0}.

In conclusion, (1.1) takes the form

8,0;h% = M (h, 9*h) + MM (0h, o) + MO (x,7), (2.6)
oir'l = N\ (h, 0m) + N (0h, ), (2.7)

where the indices are raised and lowered using the Euclidean metric §. Introducing
P(h,7) = (8;0;h7,8;7%9),  N(h,m) = (M(h, =), N(h,7)) := (RHS of (2.6), RHS of (2.7)), (2.8)

we may abbreviate (2.6), (2.7) as P(h,7) = N(h, 7).

2.2. Bogovskii-type operators. We now state our main tool for inverting the LHS of (2.6)—(2.7) while
preserving the annular support property.

Lemma 2.2. Let Q = Ay. There exists a linear operator S defined for f € C°(Q) and taking values in
symmetric 2-tensor fields (i.e., symmetric 3 X 3 matriz-valued functions) such that

(S1) supp Sf C Q (recall felCx(Q));

( ) 33 (Sf Z] = foQ 1 I1,$2,$3)le‘—0

(53) ||Sf||Hs' st ||fHHs'—z fO?” any s' € R;

(S4) |11S, 051 g Ssv NIl gsr—2 for any s € R and j =1,...,d.
Moreover, there exists a linear operator T defined for £ € C2°(;R?) and taking values in symmetric 2-tensor

fields such that

(T1) suppr C Q (recall f € C(Q;R?));

( ) (Tf)” = fj Zf fQ el,eg,eg,Yl,Yg,Yg)le' = 0

(T3) [Tt Sor €] for any & € R;

(T4) 1T, 051f|| gy Ssv Il gyer—2 for any s € R and j =1,...,d.

Concerning the integral conditions in (S2) (resp. (T'2)), observe that 1, 21, x2, 23 span the kernel of the
formal L?-adjoint of the double divergence operator h +— 9;0;h% (resp. e1, ..., Y3 span the kernel of the
formal L2-adjoint of the symmetric divergence operator 7~ 9;7%).

The basic ingredient for the proof of Lemma 2.2 is the following explicit operators in the case € is star-
shaped with respect to a ball (see Lemma 2.3 for the definition), which is analogous to the classical Bogovskii
operator [9] for the divergence operator u — d;u’.

Lemma 2.3 (Bogovskii-type operators). Let © be an open set in R? that is star-shaped with respect to a
ball B C Q, i.e., for every x € U and y € B, the line segment [T, 7] is contained in Q. Fix C°(B) such that
[ ndz =1, and xo € C(R?) such that xo =1 on €.

Then the operator defined for all f € C(R?) by

(SF)9( /111” (x,y)f(y)dy, (2.9)

W) = ( [ >r v) i 210

satisfies (S1) (when supp f C Q) and (S2). Moreover, f — S(xaf) is a classical pseudodifferential operator
of order —2, which also implies (S3) and (S4) when supp f C .
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Moreover, the operator defined by

(TE)" (x) = / (L)% (2, )£ () dy, (2.11)

ij 1 - o -3 ( isi ij
()P (2 +.9) = =3 </ ! <’"|z| +y> . d’") 217 (48] + 8127

z

1 < i 2 -3 i S om i 5. m

—|—282m <</|Z| n (T|Z| —l—y) r dr) 2] (z 07.2™ + 0,272 ) (2.12)
= z 2 3 i j

—0,k ((/ n(r|+y)r dr) 2| zz]>.
|2 z

satisfies (T'1) (when suppf C Q) and (T2). Moreover, f — T(xaof) is a classical pseudodifferential operator
of order —1, which also implies (T3) and (T4) when suppf C Q.

Proof. That (S1) and (T'1) hold may be verified by computation using the explicit formulae. To prove (S1),
we first recall the computation 9, [\ET fIZT n(ri + y)r? dr} = 0p(z) —n(z +y), where the expression inside

the parentheses is the classical Bogovskii operator for the divergence operator [9]. We may then compute

P > z PR o z
0 | —3 / nlir—-+y rzdr+—3é9zg/ nl{r= +y)r2dr
|2 2| 2] |2| 2| |2

P B ,
= 0, [W/ 7 (T|§| + y> r? dr] — 0y [2177 (z+ y)]

B
= 00(2) — 4z +y) — 2 (9m) (2 + ),

where we used the preceding identity on the last line. From this computation, (52) follows. On the other
hand, a proof of (T'2) can be found in [25], where the same operator was introduced and used (alternatively,
(T2) can also be verified by computation as above). Next, following an argument similar to [29], it may be
verified that f — S(xqf) and f — T'(xqf) are pseudodifferential operators of order —2 and —1, respectively.
Then (53), (54), (T3) and (7'4) follow. O

0,0, ¥y(2+y,y) =0,

Proof of Lemma 2.2. We shall call S (resp. T') satisfying (S1)—(S54) (resp. (T'1)—(T4)) a Bogovskii-type op-
erator on ). Lemma 2.3 says that such operators exist for any open set star-shaped with respect to a ball.
We claim that a Bogovskii-type operator can be defined on the union of any two open sets on each of which
such an operator is defined. By a simple recursion argument, this observation would allow us to define a
Bogovskii-type operator on any finite union of such sets. Since A; is clearly a finite union of open star-shaped
sets with respect to balls, Lemma 2.2 would then follow.

It remains to verify the claim. We focus on the case of S, the case of T being similar. Let U; and Us be
open sets on which Bogovskii-type operators S; and Ss, respectively, exist. When Uy N Us # 0, let {x1, x2}
be a smooth partition of unity on U subordinate to {Uy,Usz} and fix n € C*(Uy NUsz). Write g9 = 1,
g; = x; (j = 1,2,3) and define G, = [g,g.n*dz. If n # 0, note that G, is positive-definite and in
particular invertible. Now, we define 6# = (G~1)"g,n?, so that [6"g, dz = d,, and 0" € C°(Ur N UVa).
We decompose f into

3

f=f1+f2+(/fdx> 90—2</ijdx>9j,

j=1

where fr = fxe— ([ fxr dz) 90—2?:1 ([ fxrzjdz) 69, Then f = fi+foifand onlyif [ f(1, 21, z2,23)" da =
0. Moreover, supp fr C Uy with ffk(l,xl,l’g,l’g)T dx = 0. We claim that the following defines a desired
Bogovskii-type operator on U:

Sf =511+ S/
That (S1)-(S53) hold is straightforward. To check (S4), note that

(S, 051 = [S1,0;1f1 + [S2,05]fo + S1((0; f)1 — 05 f1) + 52((95 f)2 — 0j f2). (2.13)
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That the H*" norm of the first two terms on the RHS is bounded by |||+ is clear by (S4) for Sy, and
the definition of f. To estimate the H* norm of the third term, in view of (S3) for Sy, we write

1510005 )1 = D f)llger S 105 )1 = O full gor—2 S 1105 Fxa = 05 (Fx) [ ger—2 4 [1.f 1| ror 2
where, for the last inequality, we used the observation that all terms involving #* may be bounded by
1 £l gor—2- But |05 fx1 — 05 (Fx1 )l =2 = | fOixall go'—2 S || fll rs'—2, which is acceptable. The fourth term
in (2.13) is handled similarly. O

2.3. Conic operators. Here we state the main tool for inverting the LHS of (2.6)—(2.7) while preserving
the conic support property. We first define the relevant weighted Sobolev space.

Definition 2.4. For s € Ny, the b-Sobolev space H{(R?) is defined by the norm
lullZre == > @) E V¥ 0 72 sy
k<s
We extend the definition to s € R by duality and (complex) interpolation. We further define for § € R,
HY? = (z) 0 H}.
In [28] (see also [29]), the following was proved.
Lemma 2.5. Let w C S? be a convex open subset, and consider k € C*°(S?) with [ s =1 and suppr C w.

Consider the linear translation-invariant operator S. defined for f € C°(Cy,) and taking values in symmetric
2-tensor fields (i.e., symmetric 3 X 3 matriz-valued functions) given by

(o) = [ K@=t KIG) = rli) T
Then S, satisfies
(Sel) supp Scf C Cy;
(Sc2) 0;0;(Sc ) = f;
(S.:3) ||Sf||H§/,5 Setys Hf||H§uz,5+z for any s’ € R and § < —1.

Moreover, consider the linear translation-invariant operator T, defined for f € C°(C,,; R3) and taking values
in symmetric 2-tensor fields given by

. . i8] ,m g am i T
re= [(K)i - P, (K07 =0, (nm;)z‘skz o 5’“)
Then T, satisfies
(Te1) supp T.f C C,;
(T.2) 0;(T.£) =1£I;
(Te3) |Tet|| yors S Il yor—1i541 for any 8" € R and § < :
b b

Remark 2.6. The definition of K, is not exactly the same as [28], but the boundedness assertion (S.3) for
the solution operator was proved for any homogeneous distribution with outgoing property, which clearly
applies here. The fact (S.1) is obvious from the defintion and convexity of the cone and (S.2) can be checked
by direct computation:

VA ZiZj zZ ZiZj z ZiZj z Zi
0i0; (” <z|) z|3) =0 <aj“ <|z> ER (m) % (w)) =0 (‘ <z|) |z|3> = 0o

2.4. Conservation laws for the linearized constraint equation. We now state a tool for controlling
the variation of charges Q (both averaged or unaveraged). For 0 < r¢ < r1, and 7, is as in (1.8), we introduce

Koo = [ ) = () (2.14)

Lemma 2.7. Let (g,k) and (h,m) be related by (2.1). For any 0 < ro < r1, we have

1 E E

1o 9 pii | 1 1 G ) B C, .
/BTI \BTO 2818]]1 Z2 dx B CQ [(g, k)7 aBrl] CQ [(ga k)7 8BT0]a

xIs Cg Cg
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e]1: Py P,
€ P, P,
i e] P P
/B L 20wy = 0 R 0B] = | P (9, K): 0B,
T T 1 1
e Y} Jo Ja
Yé Jg J3
and in terms of averaged charges, we have
1 E E
/X’l'o,m (r)%alajh J LE; dr = C; [(ga k), A?'J - C; [(gv k‘), Am]a
I3 03 Cg
e{ P, P,
e]2_ Py P,
J
ii | €3 _|Ps . _|Ps .
/ZXT(JJ‘l (T)alﬂ- Y{ dCE - Jl [(g7k)7A7"1] Jl [(gak)vATo}'
! Y) Jo Jo
Y J3 J3

This lemma follows immediately by integration by parts, (2.1) and the fact that 1, zy, ..., z3 (resp. e1,...,Y3)
belong to the kernel of the L2-adjoint of h — 9;0;h¥ (resp. 7+ 9;w™).

2.5. Conservation laws for the linearized Einstein vacuum equations. In this subsection, we work
in an oriented spacetime domain Q equipped with a flat (i.e., Minkowski) metric 7. We use greek indices
a, B, ... to refer to spacetime tensorial indices. We always raise and lower indices using the flat metric n,
and denote by V the (trivial) covariant derivative with respect to 7.

Consider the Einstein tensor G[g] = Ric[g] — 3gtrg Ric[g]. Its linearization around the flat metric n,
which trivially satisfies G[n] = 0, takes the form

1
DnGlglas = 5 (=V'V,Has + VoV'H, 5+ VgV H, o — 1,5V VOHs) (2.15)

where H = g — Intr, g Note that, by linearizing the second Bianchi identity D’Gg]o,s = 0, we have
VAD,G[glas = 0.

Let X be a Killing vector field with respect to n, i.e., (Lxn)ap = VaXp + V35X, = 0. By the linearized
second Bianchi identity, observe that V#(D,G[g].sX*) = 0; hence, the 1-form D, G[g]osX* is co-closed.

In fact, there exists 2-form whose co-differential is this 1-form; following [16, Appendix E]| (see also [12]), we
introduce

) 1
XUuplg] = 5 [(=VaH,y5 + VsHyo + 1,V Hgs — 1,5V Hos) X7+ H, o VX — H,3V'X,] . (2.16)
By a straightforward computation, it may be verified that
V(P Uas(g]) = Dy GlglasX . (2.17)

Equivalently, dx®)U[g]) = —xD,,G[g](X, -) using the Hodge star operator x associated to . By the Stokes
theorem,

*XU[g] = * X)) =— [ * . -). .
/w Ulg] /U A=U[g)) /DnG[ng,) (2.18)

U
Consider a system of coordinates {2°, ..., 23} with respect to which n = —(d2?)?+(da!)?+(da?)?+(dz?)?
and dz® A dz! A dz? A dz3 has positive orientation — such coordinates shall be referred to as canonical. On
o = {2° = 0}, define

) ) : 1 ) . )
Gij = 8ij (0—0)’ kij = 3 (0ogij — 0igj0 — 0j8io0) ’ (2.19)

It may be checked that (cf. (2.1) and (2.8))
Dy Glgloo = 30;0k(57% — 67 trs ), DnGlglo; = 0 (kje — 60 trs kije). (2:20)

{a0=0}’
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Indeed, these may be proved by linearizing the nonlinear relations G[gJoo = 5 (R[g] — (trg k) +[k[2), G[glo; =

ﬁzﬁjg — 0 trk on Xg, where g is the induced metric, D is the induced connection and k is the second
fundamental form on ¥y (see (5.10) below for the formulae for (g, k)).
The space of Killing vector fields with respect to n are spanned by 0y and x,,0y» — 2, 0pu (1, v =0,1,2,3).

For r > 0, we define the associated charges by

B[&: {0 = 0, |2 = )] = / o)
{20=0, |z|=r}
(2.21)

N R et 202 g
{z0=0, |z|=r}
where {20 = 0, |z| = r} is oriented with x(dz" A d|x]). We have the following relationship between P,,, J,..,
and the charges for (g, k).

Lemma 2.8. For any r > 0 and canonical coordinates z* on Q containing {z° =0, |z| < r},

(I[DOa IPi7v]]i07 J]k)[ga {‘TO = Oa |l’| = T}] = (E7 Pi7 Cia Eljk']z)[((; + 97 k)v 8BT]7

where (g, k) is given in terms of & by (2.19) in the coordinates (x°, xt, 22, 23).

Indeed, these identities may be quickly verified by comparing (2.18) with U = {2° = 0, |z| < r} and
(2.20) with Lemma 2.7.

We conclude this discussion with some formulae concerning Poincaré transformations. Let A*, € SO(1,3),
Le., n,,A" A, =n,, (isometry), det A =1 (proper) and A% > 0 (orthochronous) and § € R'*3. If {z*}
is a system of canonical coordinates, then so is {y* = A" M,x”/ + &"}. Observe the following transformation
laws for the Killing vector fields:

’
Oy = A 0,0,

’ / ’ ’ (2’22)
YuOyr — YOy = AP N (200 — 2000 ) + €07 Opur — E,A 1 0,0,

€T
where A" (defined via index raising and lowering using ) is identical to (A‘l)”u in view of the isometry
property. Using (2.18), (2.21), (2.22) and Lemma (2.8), as well as the linearity of X)U in X, transformation

properties of the charges (E, P, C,J) under isometries of n may be derived.

3. GLUING UP TO LINEAR OBSTRUCTIONS

Proof of Theorem 1.3. Step 1. We begin by forming the first trial for the desired initial data set. Let x(x)
be a smooth radial function which equals 0 for |z| < 1 and 1 for |z| > 2. We introduce

@Joﬁ,gQ,kQ) for Statement (1),

in; 7kin' y Yout; 7kou‘ = 0 ¥
(9inic Q> JoutiQ ) {(gQ,kQ,g,k) for Statement (2).

Let (Rin:s Tin:@) and (Rout;:, Tout;o) be defined by (2.1) with (g, k) replaced by (gin:q, kin:0) and (Gout;Q, Kout:Q)s
respectively. We introduce the first guess for the glued initial data, namely,

(hq,7q) = (1= X)(hini@: Tini@) + X(hout:@: Tout:)- (3.1)
Of course, (hg,7q) would not solve the constraint equations (2.6)—(2.7); our aim is to find a correction
(hg,7q) supported in A; and a choice of @ € Q such that (h,7) = (hg + hg,Tg + 7g) solves (2.6)—(2.7).

A quick algebraic computation shows that we want (hq,Tq) to satisfy
i 9 - o~ 9) — _
0idihg = Fo + M . (hg +ho.0%(hg +ho)) = M) (ho. 8he)
1 T T T T Va7 a7
M) o (0(hg +ho).0(hq + ha)) — My (9hq. Do) (3:2)

(U T 1) pg
+MEQ+EQ(WQ+7TQ’7TQ +7q) MEQ (TQ,7q),
~ij j i 7 — ~ i o=
073 = Gl + N%Q)i%Q(hQ +ha,0(7q + 7o) — NI (ho, 07q)

, L e (3.3)
0 — ~ 0 _
+N%Q)1EQ (0(hg + hq), To +7q) — NéQ)j (Ohg, 07q),
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where F and G are the errors incurred by plugging (hg,7¢g) into (2.6)—(2.7), i.e.,
i 2) 1 - 1)/ ar - 0)/— —
Fo = —0,0;h¢) + M%Cj(hQ, %hg) + M%Q)(ahQ, oho) + M%Q)(WQ, 7))
GJQ = - zﬁg + Nﬁ(;)j (EQ, 8?@) + N}(Lo)j (aEQ,fQ).

There is, of course, considerable flexibility in specifying (%Q, 7g) due to the underdetermined nature of
the problem, which we now fix. Let (S,T) be defined as in Lemma 2.2 with @ = A;. For each Q € Q, we

look for (hg,7g) solving the fixed point problems
(hq:7iq) = S(Mq: No). (3.4)

where MQ and K% are our shorthands for the RHS of (3.2) and (3.3), respectively, and S(F,G) = (SF,TG).
Next, we look for @ € Q such that

/%MQ(l73717$27xii)]L dz = 0; (35)
/]\7@ -(e1,e3,€3, Y1, Y, Yg)l dz = 0, (3.6)

which would ensure that 7LQ, 7o solve (3.2) and (3.3) by (52), (12).
Step 2: Finding (EQ, 7¢g). We shall use the following standard estimates:

Lemma 3.1. Let u,v be (possibly vector-valued) Schwartz functions on R3.
(1) Moser estimates. Let F' be a C™ function with bounded derivatives. Then for s > 0, we have

[1F(u) = FO)lae Ss,pjjulpoe llullme- (3.7)

(2) Moser difference estimates. Let F' be a C*° function with bounded derivatives. Then for s > 0,
we have

IF() = Pl Sompulle ol 0= vl + e = vl (lullz + o). (33)

(8) Product estimates. For s, s1,s2 such that s + $1 + s2 >

> %, S0 + s1 + s2 > max{so, 1,52} with
at least one of the inequalities strict, we have

[ vl -0 Ssosiso [l (vl ez (3.9)
See, for instance, [6, Sec. 2.8]; the results therein easily imply Lemma 3.1. In what follows, we shall apply
(3.7) and (3.8) with the given s, and (3.9) with (sg,s1,82) = (2—8,8,s—2) and (2 —s,5s — 1,5 — 1), all of
which are valid thanks to s > %
For each @ € Q, we now find (hg,Tg) satisfying (3.4). We first claim that,

supp(Fo,Go) € A1, |Follae-s + |Gollue—s S e. (3.10)

Indeed, from (3.1) it is clear that (hg,7¢g) solves (2.6)—(2.7) outside A;, from which the support property
follows. Using the definition of localized norms, the support property and Lemma 3.1, the Sobolev norm
bound follows?. _ _

Next, we claim that if supp(hqg,7q) C A1 and ||(hg, 7o) || gsxms—1 < Mce for M, > 0, then

supp(Mq — Fo,Ng — Gq) C A1, |[Mg — Follge—2 + |Ng — Gh -2 Sur, €. (3.11)

Indeed, the support property follows from that of (EQ,%Q) and the structure of the terms MQ — Fg and
Ng — Gg. The Sobolev norm bound follows from the assumptions on (hg,7) and (hg,7q), as well

as Lemma 3.1. By the same lemma, if, in addition to the previous assumptions for (hq,7g), we have
supp(hg, 7g) € A1 and [|(hg, 7o) lms xms—1 < Mce, then

1M,[(ho,7q)] — Mol(h, 7o)l me—2 + || Nol(hag, 7o)] — Nol(hly, 7o) | mo—2 5.12)
S ell(hg — hig, g — Q) | e xcare—1-

4We note that, in fact, Fp and G enjoy better Sobolev regularities, but this gain is useless in view of (3.11), which is
sharp.
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Therefore, by a standard Picard iteration argument, if 0 < € < €. and €. > 0 is sufficiently small, then for
every ) € Q we may find a unique (hg,7g) € H® x H*~1. By the support-preserving property of S and T,
it follows that (EQ, 7o) vanish outside of A;. Finally, by varying @ and using a similar argument as before,
one may verify that @ — (EQ, 7g) € H® x H*~! is locally Lipschitz, whose details we omit.

Step 3: Finding Q. To conclude the proof of existence, it only remains to find Q) € Q such that (3.5)—(3.6)
hold. Since (hg,Tg) and (EQ, 7Q) are e-small on Ay, it is sensible to isolate the linear terms —aiajﬁg and
—0;i7g on the RHS of (3.2) and (3.3), respectively. Introduce X1 asin (2.14). Observe that supp x1 »(r) €

211, and Xi2= 1 on Ay, which contains the support of the RHS of (3.2). Hence, by Lemma 2.7, the LHS of
(3.5) equals

1 1
1 747 | T1 1 y7nonlin | 1
[ xsatgoantiy || des [ gm0 de
T3 T3
E E 1
Cl Cl A nonlin | L1
= C, [(gin;Qv kin;Q); A%] - C, [(gout;Qa kout;Q)§ A2] + /Xl X%,z(T)%MQ To dz,
C3 C3 $3

where Mgonlm = (RHS of (3.2)) + 810]%8. To compute further the first two terms on the last line, we
multiply (2.6) for (hin, min) by X%J(T) and integrate by parts; by which we obtain

E E 1
[(gin:@ kin@)s ALl = | 1 | [(9ini@s Kini@); Ad] +/g Xaa(r)gMiey™ | | da,
Cs Cs ' T3

where M3 = (RHS of (2.6)) with (h,m) = (hin,q, Tini@). Carrying out a similar computation for

(hout;Q, Tout;) using x1,2 and M(ﬁft"g” = (RHS of (2.6)) with (h,7) = (hout;Q, Tout;0), then going back to
the previous computation, we arrive at

E E n[Qle
(LHS of (3.5)) = | 1 | (gm0 kini0); A1l — | ¢ | [(Gout:0s kour:0); A1]  + : (3.13)
C3 Cg n[Q}Cs
where
n|QJe 1
| = A (e g s e | | a (3.14)
n[Q]c, 3

Similarly, working with (3.3), we may show that

P, P n[Qlp,
(LHS of (3.6)) = [(9ins@s kini@); Ar] — [(Gout:: kout;); A1 + (3.15)
J3 J3 n[Q]a,
with
n|Qlp, el
= [ (N g oz s xsoms) || a6
n[Qla, o Ys

where Ngolin = Nmonlin[(hg, %), (hq, 7q)] and NEA™ = (RHS of (2.7)) with (h,7) = (hoyq. 70,q) with
U = in or out.
For the nonlinear contribution n[Q], we claim that

QI S InflL, S Ke.
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We begin by recalling the expressions (3.14) and (3.16). The terms that do not involve (%r(’?yhg and
erg, where (hg,7g) may be (EQ,%Q), (hg,70)s (hin.0s Tin:0)s OF (hout.0, Tout:0), can be handled us-
ing the L and H' x L? norms of (hg,Tg) (which are all e-small), as well as the trivial observation that
1,z%,...,eq1,..., Y3 and their derivatives are uniformly bounded on ﬁl. For the terms containing such a
factor, observe that this factor is always linear and we may integrate one derivative by parts off of it, after
which the L> and H' norms of (hg,Tg) again suffice. The Lipschitz bound is proved similarly, using in
addition (1.12).

We are now ready to conclude this step. For the sake of concreteness, we focus on the case of exterior

gluing from this point on; the case of interior gluing is similar. Then Q[(gin:Q; kin:0); A1] = 602, whereas
Q[(gout:0» kout:0); A1] = Q. Hence, (3.13)—(3.15) reduce to a fixed point problem
Q=Q+n[Q]. (3.17)

Moreover, we have shown that [n[Q]| < €2 and ||n[Q]||Lip < Ke. We take M, to be the implicit constant
in the first inequality so that |n]Q]| < M.e2. By hypothesis, dist(Q, Q) > M_.e2. Hence, for ¢, sufficiently
small (recall that € < e,), the RHS of (3.17) is thus a contraction on {Q : |Q — Q| < M.e2} C Q. It follows
that a unique @ € Q satisfying (3.17) and |Q — Q\ < M_,€? exists by the Banach fixed point theorem.
Step 4: Conclusion of the proof. It remains to verify that, taking ¢, > 0 smaller if necessary, the
Lipschitz dependence and persistence of regularity properties hold. The Lipschitz dependence property is
immediate from the Picard iteration (or Banach fixed point) schemes above; we omit the details. In case of
persistence of regularity, we need to differentiate (3.4) and estimate (8"%@, 0°Tg) in H® x H*~! for |a| < m.
While achieving this bound is straightforward if €. is allowed to depend on m, we need to show that a single
choice of ¢, works for all m. We sketch the necessary argument below.

From now on, we omit the subscript ) since it remains fixed. We first consider a-priori bounds under the
assumption that all objects are smooth. We take 0% of (3.4) and rearrange the equations as

(0%, 0°%) — § (D5 = (M, N)[(8%h, 8°%)]
) (O S ) _ (3.18)
= S[0%(F,G)] + 0%, S|(M, N)(h,7) + (E,, 3, E, 5)[(h, 7)),
where D(ﬁﬁ)(l\?, N)[(h,7)] is the linearization of M around (h, %) applied to (h,7). (Here, hij(x), 7ij ()

are regarded as coefficients). Observe that we have put all highest order derivatives of (%, 7) on the LHS.
Proceeding as in Step 2, but also using (54) and (T4), as well as Gagliardo—Nirenberg, we may show that

IRHS of (3.18) || srexcre—t < (1 + )| (B, ) || et s groem—1
o+ VB e + 1A essscare] 1o Bl et cazesn-a,

where m = |a|. On the other hand, observe that the LHS of (3.18) defines the same linear operator for
(0%h, 0°7) independent of a.. Proceeding as in Step 2, for e sufficiently small independent of a, we obtain

IILHS of (3.18)||gsxms—1 = ||(O%h, O“T)|| grs xcirs—1 -
We fix ¢, > 0 so that this estimate holds. At this point, it is straightforward to set up an induction
scheme involving difference quotients to prove the persistence of regularity. O
4. ASYMPTOTIC FLATNESS

In this section, we collect some facts concerning asymptotic flat initial data sets, which will be useful in
the remainder of this paper. As an application, we also establish Theorem 1.6.

Lemma 4.1 (Annular restriction of asymptotically flat data). Let (g,k) be an a-asymptotically flat pair on
B, solving (1.1), and let r € 2%. Then the following holds.

(1) The pair (¢, k")) solves (1.1) on {|z| > r~ Ry} and obeys
H(g(r) - 57]‘5“))”}1”1{571(51) < Dor™“,

where s, Dy and a are from (1.13).
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(2) Fora > %, EAPM gnd PAPM gre well-defined for (g, k). Moreover, for r > Ry such that Dor= <1,
we have
El(¢"), kD); Ar] = r T EAPM| 4 [P[(¢7), k) Ay) — T PAPM) < D, (4.1)

EADM PAD]\/I

where and are evaluated for (g, k). For the remaining averaged charges, for r > rq >
Ry such that Dorg® <1, we have

(CD(g™ K ); 4| £ r72(Cro, 370)| 4 D2 mintesthgmint®hizet oghi(@) o), (42)
where 01(a) = 1 when o =1 and 0 otherwise, and (C™,J™) := (C,J)[(g, k); Ar,]-
(3) Assume furthermore that (g,k) also satisfies the a_-parity (or Regge—Teitelbaum) condition,
195@ s 1. + 19505l 1. + W@l s 1) < Dor—>+io- (43)

for all r € 22N Bg,- If a +a > 2, then CAPM gnd JAPM (j =1,2,3) are well-defined for (g, k).
Moreover, for r > Ry such that Dor~=% < 1, we have

Z|C (97, k) Aa] = e 2CEPM 4 3 133 [(g") K Ax] = TPIEPM] S DY ee

where CAPM and JAPM are evaluated for (g, k).

Part (1) is trivial, Part (2) is proved using Lemma 2.7 and proceeding as in Step 3 in Section 3, and
Part (3) follows from the observation that the contribution of (h~,7") in Lemma 2.7 for C,J vanishes due
to parity considerations. We omit the details as they are straightforward.

We also state the following quantitative facts concerning (exterior) Kerr initial data sets.

Lemma 4.2. Let £ :={Q € R" : [E(Q)| > |[P(Q)|}. For each Q € &, there exists an exterior region of an
initial data set for one of the Kerr spacetimes, denoted by (gge”, k'ge”), such that

QADM[( Kerr kKerm) = Q,

2|0 (g5 = 8)| + |=[*THOURE | < C(n, v
[0 g KW‘I+|wl"“\3(”>kKW’+| < Cp(n,y
2|0 0 p g | + || g pkS T < Cp(n,y
(n,y

2|0 ”>aE PgKW—|+|gc|"+1|a "o pki | < Cp(n,

—_ = — — —
i
)_.
~ o~~~ o~~~
L e
© o0 N O Ot
—_— Y — D T —

for |z| > Cr(7)(IM| + [M|7L|(C,J)|), where M = sgnE E2 — |P|2 and v = %

An elegant construction of such a family has been given in [16] (via application of isometries of the

background Minkowski metric to Kerr initial data sets), although the bounds (4.7)—(4.9) are not explicitly
established there. We sketch the proof of Lemma 4.2 in Appendix A.

Proof of Theorem 1.6. Assume, without loss of generality, that + < a < 1. Let (g, k) = (gf;), k(;)), where
r > 0 will be fixed at the end. By Lemma 4.1.(1)—(2),

105 = 8.6 e s 3,y < Dor™,
(E.P)[(¢\7), k1)) Ay] = v~ {EAPM PAPM) (g, kip)] + O(D3r2%), (4.10)

(C, D)9 k3): i) S Dor=2r2 + D3r—2,

where 9 = DOé (so that Dory® = 1). Define € = Dor~® and Q = BMcez(QD) with Q = Q[(gm), kz(g)), Aq] so
that (1.9) and (1.10) trivially hold. We shall construct a Q-admissible family from Lemma 4.2 by rescaling
and reparametrizing ). Observe that, by (4.5)—(4.6) and Lemma 4.1.(1)7(3),

H( Kerr(r) _, k]Q(eTT(T))”HSXH‘S " < C, ’Y‘M( )| 7
(E,P)[(g5 """ k5, Al] = H(E,P)(Q) + O,(IM(Q)[*r2), (4.11)
(C,I)[(gese™ ™ k™) 4] = r=2(C,3)(Q) + O, (IM(Q)2r~?),
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[E(Q)|

where v = MG 38 long as
r > Oy (IM(Q)] + IM(Q)|H(C, 3)(@Q))), (4.12)
Similarly, by (4.5)—(4.9) and Lemma 4.1.(1)—(3),
Q[(gé(err(r)7 kgerr(r)); Al} . Q[(gé(/err(r)7 kg/err(r)); Al} (413)

= (T (B, P)(Q - Q)7 *(C,)(Q = Q) + Ospe (Munaxr ™ [(rH (B, P)(Q = Q)7 7(C,0)(Q — Q))])

for Ymax > max{y(Q),v(Q")}, Mmax > max{|M(Q)|,|M(Q’)|} and r satisfying (4.12) with respect to Q, Q’.
Consider

&7 ={Q € € §BQ) < BAPM[(gin, hin)] < 2B(Q), 7(@Q) < 2 [(gin, kin)], |(C. D|(Q) < CDFr* 20},

where yAPM — ((EAPM)2 _ |pADM |2)-3 EAPM a1 ( s larger than the implicit constant in the last bound
in (4.10). Since a > 3, there exists Ry > Ry such that (4.12) is satisfied for all » > R and Q € El(r).
In particular, by (4.13), the map T : El(r) — R Q Q[(ggerr(r)7k:gerr(r));Al] is one-to-one and bi-
Lipschitz if » > Ry. Moreover, in view of (4.10) and (4.11), as well as the inverse function theorem, we may
ensure that T(’“)(Efr)) contains Q = By 2(Q) if r is sufficiently large. Hence, inverting 7(") and composing
with (gg SM(T)7 kzgewm), we produce a Q-admissible family on A;. Finally, taking r even larger if necessary,

we obtain € < €. and Cp([s],v)e < e, so Theorem 1.3 can be applied. O

5. OBSTRUCTION-FREE GLUING
In this section, we prove the obstruction-free gluing theorems stated in Section 1.4.
5.1. Outline of the proof. Our proof consists of the following steps.

5.1.1. Construction of a single localized bump. At the heart of our proof is the following construction. Given
0e(0,%),weS* b>0,t>0,¢ecR®and £ € R such that B,(£) C Cy(w) N As, we construct a smooth
solution (gt ¢¢, kto.¢) to (1.1) on R? that

(i) equals (4,0) outside Cyp(w) N {|z| > 8}, and

(ii) attains the following (averaged) charges AQ € RV in an outer annulus (say, Ajg):

(B, Py, Ci, 3)[(gr.e.6: kree); Ars] = (VOB 1 (O 4, /(O 1 (0P Etx) + -+
where v(¢) = (1 — [¢|2)~2 and we omitted terms that are smaller than 2 provided that t < b < 1.

Intuitively, (g4, kt,r,e) may be thought of as bump (or particle) with the mass, velocity and position 2, ¢
and &, respectively, with characteristic scale b.

A key difficulty in this construction is the fact that any smooth solution (c, 3) on R? to the linearization
of (1.1) around (4,0) has zero charges (measured on any A,) due to the conservation laws, Lemma 2.7.
Hence, (ii) must arise from the properties of the nonlinearity of (1.1). Another difficulty lies in ensuring the
support property (i) while achieving (ii).

With these difficulties in mind, let us first consider the zero velocity (or time-symmetric) case £ = 0. Let
&;; be a smooth symmetric 2-tensor that satisfies & = O(t), supp @ C By,(0) and

81(&” - 61‘]‘ tI‘g Ooé) = 0,
which is stronger than (&,0) solving the linearized constraint equation (i.e., 8'97(&;; — d0;; trs &) = 0).
Suppose that (g¢,0,0, kt,0,0) is a solution to (1.1) such that (g¢,0,0, kt,0,0) = (6 + &, 0) + O(t?). A key nonlinear

computation, which is similar to that of Bartnik in [7], shows that the charges of (g+,0,0, kt,0,0) are determined
by an explicit expression in & up to leading order:

(B, P3, €130 (1001 b0): Ary (€0)] = (25 [ 3 (Gucts = Buiyn)? de,0,0,0) + -+
7.k,

where supp & C B, (&). By normalizing &, we may ensure that E[(g:0.0, kt.0,0); Ar] = 2.

To construct such a solution (g:,0,0, kt,0,0) With a good support property, we use the conic solution operator
S, from [28] (see Section 2.3) to set up a Picard iteration argument. By selecting the convolution kernel of
S. to be supported in Cy(w), we may ensure that supp(g:,0,0, £t,0,0) € Uzesuppa(Co(w) + x). Applying the
spatial translation  — z — £ (with b and £ as above), we obtain (g 0., kt,0,¢) with properties (i) and (ii).
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To handle the case ¢ # 0, the idea is to utilize Lorentz boosts, which now requires thinking about objects
defined on spacetime (as opposed to spacelike hypersurface). For solutions to the linearization of (1.2) around
7, an elegant proof of the transformation properties of the charges under Lorentz boosts can be given using
the Hamiltonian (2.16) associated with (continuous) isometries of 77 introduced by Chrusciel [12]. One way
to extend this property to our nonlinear setting is to first consider the Cauchy development of (g¢0.¢, kt,0.¢)
with respect to (1.2) using the Choquet-Bruhat theorem [20], then controlling the nonlinear error terms in
the proof of the transformation property (cf. [16, Appendix E] in the case of the ADM charges). The upside
is that this procedure produces a boosted pair (g; ¢, Et, ¢,¢) attaining the desired charges (ii). The downside,
however, is that the support property (i) is difficult to keep, particularly for |¢| close to 1.

To avoid this issue, we instead consider the Cauchy development « of (&, 0) with respect to the linearized
Einstein vacuum equation (around 7)), obtain the boosted pair (ay ¢, 5i,r,¢) solving the linearized constraint
equation (around (6,0)), then upgrade it using the conic solution operator S, to a solution (9,0, 0,) to
(1.1) with the desired support property (i). Next, we apply the above Lorentz boost argument in reverse
for the Cauchy development of (g¢.¢, ks ¢,¢e) with respect to (1.2). The key observation is that the resulting
un-boosted (also un-translated by &) pair still obeys (g¢,0,0, Et,O,O) = (6§ +&,0) + O(t?), which is sufficient for
the charge computations to go through.

5.1.2. Multi-bump configurations with prescribed charges. The next step of the proof is to put together
multiple bumps obtained in §5.1.1 — which may be arranged to have pairwise disjoint supports — to construct
a smooth solution (gzg“p;r, kZ“Qmp;F) to (1.1) on R3 that attains the (averaged) charges AQ € R'? as measured
in the annulus Ajg for any AQ = (AE, ..., AJs) satisfying

AE > |AP, ﬁ < 2T, AE < €7, |AC| +|AJ| < i AE,

with €, up sufficiently small depending on T'. Importantly, this range is larger than (1.15)—(1.18) (e,, tto will
be chosen small compared to ey, ).

There are many possible ways to achieve this goal. Our configuration consists of six bumps — see Figure 1.
Two of these bumps are placed symmetrically (relative to 0) on the 2% axis and carry most of E and all of
P while contributing zero C and J. The remaining four are placed roughly symmetrically (relative to 0)
on the z! and z? axes, are almost time-symmetric (i.e., small |[¢|) and attain the desired values of C and
J while contributing zero P. We remark that the P, C and J of the latter quadruple is well-approximated
by the total linear momentum, center of mass and angular momentum of the system of 4 point particles in
Newtonian mechanics in the same configuration.

5.1.3. Extension procedures and proof of Theorem 1.7. Extending (gout, kout) tO Ase (which is straightfor-

ward; see Lemma 5.9) and applying Theorem 1.3 (gluing up to linear obstructions), the proof of Theo-

rem 1.7 is reduced to constructing an admissible family of extensions (gag, kag) (in the outward direction)
Q[(gAQa kAQ]; AlG) ~ Q[(gznz kln]» Al) + AQ ~ Q[(gout7 kout]; A32)

up to errors of order O(cAE) with ¢ = ¢(T") small. To achieve this goal, we first extend (g;, — 0, kin) outward

to (gin — 6, kin) using Carlotto—Schoen-type techniques (but based on conic- and Bogovskii-type solution

operators as in [28]), which can be arranged to have disjoint supports from (gzuénp T k‘zuénp;r); see Figure 1.

We then simply superpose (i — 0, kin) on (gzlgnp;r, kzuénp;r) to produce the desired pair (gag,kag)-

5.1.4. Theorem 1.7 = Theorem 1.10. This is a simple rescaling argument (cf. Section 4).

Remark 5.1 (Comparison with [19]). Apart from the apparent differences — such as null vs. spacelike gluing,
spherical vs. annular data and the use of a Lorentz boost to optimize the range of AP — perhaps the biggest
difference between our approach and [19] is the absence of extra oscillations in the bumps, which correspond
to, in the context of [19], the “nonlinear corrections” for “gluing” the charges. Roughly speaking, instead of
separation in frequencies as in [19], we rely on separation in physical space to preclude dangerous interactions.
Our use of conic solution operators (also Bogovskii operators for extension procedures) to ensure that the
multi-bump configuration and (g;, — 6, Em) have disjoint supports is an instance of this idea. Placing the
gluing annulus A;¢ outside the support of the leading order part (o ¢, Bie,¢) of all bumps is another (at a
more technical level, note the improved bounds (5.31), (5.32) in this region).
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FIGURE 1. Six-bump configuration. The two darker balls represent the two bumps carrying
most of E and all of P, while the four lighter balls represent the four bumps that give C
and J. The six-bump solution is supported inside the union of the six cones and away from
the inner dashed ball. The extension (gin — 9, kin) of (gin — 9, kin) will be designed to have
disjoint support from the six-bump solution. The gluing annulus Ajg sits outside of all the bumps.

In the rest of this section, we carry out the proof of Theorems 1.7 and 1.10 outlined above.
5.2. Construction of a single localized bump. The main goal of this subsection is to prove the following.

Proposition 5.2. Fiz any —1 < 6 < f%, 0 (0,3) and w € S?. For any s > %, b>0andT > 1, there

exists €p,0 = €p,0(b,I') > 0 such that the following holds. Givent >0, £ € R® and £ € R? obeying
t<eo, 1<7(0):=1-0)72 <T, By(€) C Co(w)N As,
there exists a solution (gio.¢, kioe) € C(R?) to (1.1) satisfying
supp(ge,e.e — 0, kree) € Co(w) N {[z] > 8}, (5.1)

and, forn=20,1,

1(t0, D2, )™ (gr.e.6 = 8 kel oo prs—1.541 Ssbr (5.2)
(t0r, 0, 0c) ™ [El(gr,0,6, kre.6): Are] — V(O] = Op 0 (t?), (5.3)
(t0s, 00, 0e)™ [Pil(ge,e.: re.0); Are] — V(O] = Oy 0 (t%), (5.4)
(t0r, 00, 9¢) ™ [Cil(gre,e. ke e.e); Arg] — V(OFE] = O(bt?) + Op (%), (5.5)
(t0s, 00, 0e)™ [Jil(g.0.6, Kr 0); Are) — V(O e k] = O(BE) + Op r (7). (5.6)

Moreover, the following improved bound holds in {|x| > 16} (forn =10,1):
(0%, D2, D)™ (ge,.6 = 6, ke o) g s pre=151 (12> 16}) ST t2. (5.7)

We remark that B,(§) contains the support of the seed bump, or more precisely the O(t) part of
(gt..¢, ke0,e); the reason behind the improvement (5.7) is that {|z| > 16} is disjoint from By (§).
To establish Proposition 5.2, we need some preliminary lemmas.

Lemma 5.3 (Charge computation for special initial data). Given 7o € 2N, & € R3, t,bg, A > 0 and
7 € (=00, 00) for some &g > 0, let (g,k) = (g(7), k(1)) € C% x CY(Bay,(£0)) be a solution to (1.1) satisfying,
forn=0,1,

107 (gij — 01 — Qigs kig) | 020 (Bary (o)) < AL
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where &;; = &(T)i; obeys the special condition
8 (&ij — 6y trs &) =0, (5.8)
as well as the size and support properties (forn=0,1 and n’ =0,1,2)
107 (b00,) "™ a] < AbGt, supp@ C By, (0). (5.9)
Provided that By, (0) C B,, (&), we have, for n = 0,1,
07 [Bl(g, k)5 Ary (€0)] = o5 [ 3 (Oudise = 0t da] = O (8,

Sk
O'P;[(9,k); Arg (€0)] = Oap, (£2),
07 Cil(g,k); Ary (€0)] = O(A2bot?) + O a4, (%),
07 Jil(g, k); Ary (£0)] = Oap, (7).

Proof. For simplicity, we drop the 7-dependence; we leave the similar proof of the C'-dependence on 7 to
the reader. Define (h,7) := ((¢ —0) — dtrs(g — d),k — dtrs k) and (hy,m) := (& — dtrs &,0). Using the
notation in (2.8), the charges are given by

(&) ol = =5 [xante oo (1) de =5 [xoante- @i () ao
:—7/Mh177r1 ( >dx+(9Ab0 /R(Ha(k) dr 4 Oun ().

(if) (g, - /Z:X”J’270 — &o)0m” (YJ> dz = /me%o (x — &)N (h, ) (YJ) dz

—/ZNj(hl,ﬂ'l) <§2> d1‘+OA7b0(t3) = OAJ,O(tB),
J

where we used the fact that aiajhij =0, m; = 0 and supp(h1,m) C By (o).
The above already implies the desired assertions for Py and J;. For E and Cy, recall the general formulae

L 1, _
Rlg] = (g 1)” (8kri‘€j - 5jrfk + Fﬁer F F k) F?j = 5(9 1)“(@93‘4 + 0590 — 3egij)-

Let (g1)ij == 0ij + &ij and write (g7 )" = 6% + &%, where we observe that & = —d;; + O 5, (t?). We will
abbreviate terms that are linear in & by lin — note that they will all vanish since (&, 0) is chosen to solve the
linearized constraint equation. We have

1 — i7 ~ o o o 1 — 17 — o o o
R[g] = 5(91 1Y 9p & (836050 + Ojéir — ociz) + 5(91 Y (g7 ROy (0i6vj0 + Ojéip — Docuij)

1 o . 1 .. B s
—5(91 19 0;0" 060 — 5(91 N9 (g7 0,056 + (97 ) (TR, Ly — THIS)

1, - . . 1_.. . 1_
= iak(a“(QaiaM — 8@0&1@‘)) + 5@”8;6(26%»0@;@ 6;.30%) — *8 ( kty, Otkg) — 50[ ]8 6 ALk
1. . . 1. 1., . .
+18504kk(23i0¢w — Optvii) — i(aiaké)Q + Z(akoéié — Qpdvir)® + lin + O, (7).
To simplify the nonlinear terms, we use the special condition (5.8), which implies

82004” = 8 trs Ooé, 6iaj(o)éij = AtI‘g Q.

Recall also that lin = DsR[&] =0, g1 = 6 + & and &% = —a;; + O4p, (t?). Thus
) 1 1 1 1 1 1 1 . o
R[0+a] = (1 —5 + 2 1" 2) (0 trs &) + (—2 ~1 + 2) (Ocriz)? + O(&, 0&) + Oap, (t%)
1 < ae
= 4(3j trs )7 — 1(8;41“) + 0(&, 0&) + Oa b,y (1)
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1. . « o
= 7§(8kam — 8gaik)2 + 3(0[, 80&) + (9,471,0 (tg).
Plugging in this formula into the above formulae for E and Cy, and using the fact that |zg| < by in
supp & C By, (0), the desired assertions for E and Cj, follow. |

To state the next lemma, consider a Lorentzian metric g € C?(€2), where & C R'*3. Given (A, &) €
SO*(1,3) x R13 let y# = A“#,x“/ + &”. Then, with respect to the coordinates (y°,...,%?%), define

_(o—1\0pn
(A8 _ o k(.w:i@ ) 0,8ii — 0igiy — 0:g 5.10
& Sis =0y’ Y 2 —(gfl)oo( k8ij — Oisjn — Oisin) {yo=0}nQ’ (5.10)
Motivated by Lemma 2.8, we introduce the notation
(Po,Pi, Jio, Jjk) (g, k) Ary (€0)] = (B, Py, Ci, €. 33) (9, k); Ay (€0)]- (5.11)

Lemma 5.4 (Effect of boost and translation). Given t,A > 0 and 7 € (—dp,d0) for some §o > 0, let
g = g(1) € C*(Q) be a solution to (1.2) satisfying, for n =0,1,
||877}(gl“’ ~Myw — aHV)HC'Z(Q) < At27
where o, = o(T) obeys
D,Gla] =0, [|0ralczq) < At
(1) For any C*-curve (A(7),&(7)) € SOT(1,3) x RT3 with |0, (A, €)| < A, we have, for n = 0,1,
A, A,
107955 = 815 = a8 B — B )| o2 ) = O (1),
where
(A8) _ (A8) _
R
with respect to y* = A¥, ¥ + &".
(2) Let (g, k) = (g0, k050, Assume that, for each o € [0, 1], there exists hypersurface U, C Q such
that OU, = {2° = 0,]z| = (1 + o)ro} U{y® =0, |yl = (1 + o)r}, U, Nsupp e = B, and Vol(Uy,) < A,
with the volume induced from the auziliary Riemannian metric (dz®)*+--- (dx®)2. Then forn =0,1,

07 [Pallg ™), b0 0); 4] = A Bl(g,1); Arg]] = Oalt?),

1
5 (E)Oal-j — 81'an - @-aio) (40=0)

07 |3 l(g ™9 KO A — (A A B + €0, By — 6,0, B ) [(9.K): A ]| = Oalt?).

Proof. For simplicity, we drop the 7-dependence; we leave the similar proof of the C'-dependence on 7 to
the reader. Statement (1) is a simple consequence of extracting the terms of linear order in (5.10) around 7.
For Statement (2), observe first that g = O4(t?) on U, since U, Nsupp a = ), and hence D,,G|g] = O4(t*)
on U,. Applying (2.18) to U = U,, we obtain

/ Ammd‘/ +NU[g] = 0a(th),
{y°=0,|y|=(1+0)r} {20=0,|z|=(1+0)ro}

for any Killing vector field X with respect to 1. In view of (2.22), we obtain
Pulgi {y° =0, lyl = (1 +0)r}] = A, Porlg: {2° = 0, o] = (14 0)ro}] + Oa(t!).

Using Lemma 2.8 and smoothly averaging in o, we obtain the desired assertion for P,. The case of J,,, is
similar. (]

Lemma 5.5. Consider an open subset & C R**3 such that g := {2° = 0} N Q is a Cauchy hypersurface
in Q. Consider a symmetric covariant two-tensor field Fog satisfying VYFo5 =0 and a 1-form Jg defined
on Q, as well as a pair of symmetric covariant two-tensor fields (cj, i), a function n and a 1-form N;
defined on Xg. The following initial value problem posed on

D,,,G[Ot]ag = Fag, VQH[Q]QB = Jﬁ,
(eij, doctij)ls, = (ij, 2Bij + 0iN;j + 9 Ni),  awols, =n,  ojls, = N;
is equivalent to the following reduced problem posed on €2:

Daag = —Q(Fag — %Tlaﬁ tr,, F) + VQJB + VBJQ,



21

(aij, Ooaij) s, = (ij, 285 + OiN; + 0;N;),  aools, =n, agjls, = Nj
(vaH[a]aﬁ - Jﬁ)lzo =0, (DnG[a]ao - Fa0)|20 =0.

We remark that V*H[a],p = 0 is the linearized wave coordinate condition, and that (V*H[a]as —J8)|x,
induces initial conditions for dyaxgg|s,. The reduced problem, being an inhomogeneous initial value problem
for the classical wave equation, is well-posed (in, say, H* x H*~1({z" = 7} N Q)) by our hypothesis on €.

Proof. This is a well-known computation essentially dating back to [20]. From (2.15), it follows that

Oaas = —2(Fap — 3N ttn F) + Vods + Vs,
1

& DnGlafag = Fap + 5 (Va(V'Halyg — Jg) + Va(VTH[a]ya = Ja) — NasV° (V'H[a],s5 — Js)) -
From this equivalence, the derivation of the reduced problem from the first problem is immediate. To show
that the solution a to the reduced problem solves the first problem, it suffices to show that V*H[a]os = J 5.
Observe that the second equation combined with V*D, Glang = 0 (linearized Bianchi) and V*F,g = 0
implies O(V*H[a]og — J3) = 0. Moreover, the same equation combined with (D, G[a]ao — Fao)ln, = 0
implies 0y(V*H[at|ag — J3)|5, = 0. Since (V*H[a]ap — Ig)|x, = 0 as well, it follows from uniqueness of
the initial value problem for the classical wave equation that VeH[at]os = J 5. 0

Proof of Proposition 5.2. Step 1. Choice of &. We begin by choosing &;; € C°(R?), to which we shall
apply Lemma 5.3 in the end (in particular, for our motivation behind the choices by = %F_Qb and (5.12),
see Steps 2 and 5 below, respectively). Fix a function x € C2°(B;) such that

%6 / |0(87) + 035)x[* dx = 1. (5.12)
Following [28, Sec. 4.1], we set
192 _ 2 _ 92
3 (032x6,0 — 011 X0,1) A2 Xb,0 0
a=t —0fXb,r 3@ xo,r — O%xu,r) 0
0 0 —3(0% + 0%)xp,r

where xpr(z) = (%F_2b)%x(21"2b_1x) so that |02, xe.rll72 = 1103, x[|72. From the definition, it is straight-
forward to verify that 8¢;; = 0; try & and (5.9) hold with by = 3T~2b.
Step 2. Construction of a and (ot ¢, Btre). We use Lemma 5.5 to define e € C*°(R'3) to be the
unique solution to the problem
D, Gladas =0, VH[a]as =0, 613
(aj, doexij)l{zo=0} = (&i5,0), ool(zo=0} =0, wjl{zo=0y =0, '
where dpougo|{z0—0}, dotoj|{z0—0} are induced by V*H[a]as = 0. Recall also from Lemma 5.5 that, in fact,
Oay, = 0 and supp(oy.,, 0rou )| z0—0y C {20 =0, 2] < %I’_Zb} for each p,v. Hence, by finite speed of
propagation,
suppa C Qq = {|z| < |2°| + 2T ?b}. (5.14)
Using the parameters ¢ and £, define A, € SOT(1,3) (Lorentz boost by velocity £) and & € R**3 by
(M)’ = 7(0)(2° = € Pix), (M) = y(O)(=F2° + (Px)) + (Pfz), € =0, &=¢,
where v(¢) = (1 — |¢|*)~2 (Lorentz contraction factor), and Py, P;- : R? — R are orthogonal projections to
(¢) and (¢)*, respectively. Define
y' = (A a¥ + €,

which constitute another set of canonical coordinates. With respect to the coordinates (¢, ...,%%), we define
(a6 Broe) on {y° = 0} as (cf. (2.19))
(ar6)ij = @il oy (Breedij = 3 (Boorij — Bicvjo — Djcxin) |0y (5.15)
Note that this pair solves the linearized constraint equation, in the sense that (ht,g,g,m7g€) = (Oét’g)g —
dtrsouoe, o 0e —0trs Bree), as in (2.1), solves ﬁ(ht’e’g,ﬂ't’gyg) = (0. We claim that
([ (¢, Oc, 0)™ (.65 Broo,e) | s mrs—1.(ray + |V (20, Or, O )" ol me-1(r3) S ¢, (5.16)

supp(a,e¢, Bre.c) C Bp(§)- (5.17)



22 YUCHEN MAO, SUNG-JIN OH, AND ZHONGKAI TAO

The H® x H*~! bound (5.16) follows from the standard energy estimate applied to CI(t0;, Oy, 9¢) ety = 0
in the region between the two planes {#° = 0} and {y° = 0}. To verify (5.17), observe first that, since
|2°| < |€]|x] on {y° = 0}, we have

{° =0} n{lz] > 51— [e)T'T726} € {Jaf > |2°] + 30770} =R'*5\ Q.

1

Note also that, on {y° = 0}, the coordinates (y',y?, %) see length contraction by y~! in the direction of £

relative to (2!, 2%, 23), i.e.,
W =€) oy =7 (Pea) + (Pia)[ oy (5.18)
In particular, [z| > |y — &|. Putting these facts together, and using (1 — |¢])~* < 4? < T2, we have
(" =0,ly—€l b} S {y" =0, |2 >0} S {y" =0, |2| > 3(1 = €)' 7%} SR\ Qa.
In view of (5.14), a = 0 in an open neighborhood of {3° = 0, |y — &| > b}, which implies the desired support
statement.

Step 3. Construction of (gis¢,kire). We work on the hyperplane {y° = 0} using the coordinates
(y', 4%, y3). By (5.16), (5.17) and hypothesis, note that

supp(heee, m0e) C Cop(w) N Ag,  ||(t0:, 867aﬁ)(ht,f,éa7Tt,£,£)||H§v5st*1,5+1 = O, (1),

where the weights do not play any role in the second assertion by the support property. Let S’; = (S, T.) be
the conic solution operators in Lemma 2.5 adapted to Cy(w). By the computation in Section 2.1, in order

to construct a solution to (1.1) of the form (gr.s.e, krre) = (6 + ure + @, Broe + B), it suffices to solve
(h,7) = SeN (he,e.¢ + hy T +7),

where (ﬁ,%) = (& — dtrs a, B — §trs 5) By standard Picard iteration, there is a unique solution (ﬁ,%) €
(Hs’é X H§_1’6+1)0(Og (w)) as long as t is sufficiently small depending on s, b, T, such that

1401, 0, 06)" (1 ) g5 o151 S 12

By (2.2), assertions (5.1) and (5.2) immediately follow. Moreover, since (g¢¢.¢ — 0, kt.e.e) = (&, B) outside of
supp(au,e,¢e, Br,ee), (5.7) follows as well.

Step 4. Construction of g and identification with a up to O(#?). In preparation for computation of
the charges for (g¢.0.¢, kt.0.e) on {y° = 0}, we consider its Cauchy development g. More precisely, we solve the
vacuum Einstein equation G(g) = 0 in the domain © = {(y°, y!,3?%,¢y3) € R : |y°| < 64, |y|+2[y°| < 256}
under the wave coordinate gauge condition gy* = 0 with the following initial data:

gool{yo=0y = =1 + ool (yo=0}, 8ojl{yo=0} = @ojl{yo=oy, (5.19)

as well as g;;|ry0-0}, Q08ijl{y0=0}» O080j|{yo=0} and Oogoo|{yo—0} determined (in order) from the initial data
set (gee.e, ke ee) using (5.10) and Ogy” = 0. Assuming that ¢t < €, ¢ with €, o sufficiently small depending
on b,T'; we may ensure the existence of g in € by the standard local well-posedness theory [30, Ch. 14-15]
(see also [20]). Observe also that 9 is spacelike with respect to 1, and hence with respect to g provided
that ¢ is sufficiently small. By (5.16), boundedness, persistence of regularity, Cauchy stability and Sobolev
embedding, we have

(491, 91, 06)™ (& — Ml g2y Srosir - (5.20)

To conclude this step, it remains to identify g with a up to terms of order t2. Observe, from (5.15) and our
choice of initial data for g, that &« = g — n — « solves

D,Gaas = O(t?), VOH[&]as = O(t?),
(@i, Qo@uij)lgyo=oy = O(t%), (&0, &o;)l(yo=0y = 0. (oG, Doo;)l(yo=0y = O(t?),

where g = O(t?) is a shorthand for ||(td, 0z, 0¢)" gl = () Sn,sb,r t2. It follows from Lemma 5.5 (and Sobolev
embedding) that

10, 0e, 0¢)" (8 — m — @)l c= (@) Snospr 2. (5.21)
Step 5. Computation of charges. Thanks to (5.21), we may now use Lemma 5.4 to compute the charges
of (gi,0.¢, ke 0,¢), which equals (ghe:8) E(Ae€)) in the notation of Lemma 5.4, in terms of those of (g, k), which
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is the induced data on {2° = 0}. Moreover, in view of (5.10) with (A, &) = (I,0), (5.13) and (5.21), we may
appeal to Lemma 5.3 with & as in Step 1 to compute the charges of (g, k). By (5.12), we have

/Z (9kajg 8@04jk) dr = g/ Z(Gjo?k,g)g —Z(aj trs 001)2 dz
3.kl 7.k, J

:t2/{ |8612Xbl“|2 |5(311 352) dx

/|8 (9 +822 X|2d$_t2

Since {z° = 0, 16 < |z| < 32} and {y° = 0, 16 < |y| < 32} are contained in Q yet disjoint from Q,, for
each o we may find a hypersurface U, such that OU, = {z° = 0, |z| = 16(1 + o)} U {y® = 0, 16(1 + o)},
U, Nsupp @ = ) while Vol(U,) = O(1). By Lemma 5.3, we have

(Po, Py, J,u)[(g, k); Are] = (12,0, 0(T720t%)) + Oy (%),
and similarly after applying of (t0;,0¢,0¢). Applying Lemma 5.4, (5.11) and ||A¢l|gisrs S v S T, we

as well by estimating (A) ' (Ar),” O(T~2b2) = O(bt2). O
5.3. Multi-bump configurations with prescribed charges. Our first goal is to establish the following.

Proposition 5.6 (Almost time-symmetric four-bump configuration). Fiz —1 < § < —% and 6 € (0,%), and

define C(g4) = Cp(e1) UCy(—e1) U Cy(ez) U Cy(—ez). For s > %, there exists €51 = €p1(8) > 0 such that the
following holds. Consider

U={QeR":0<E <2, |C|+P|+|J| <2¢,E}.
For any Q € U, there exists (g bump kbump) € C>(R3) such that
supp(9g™” — 8,k3"™") € Gy N {la] > 8} and Qllgg™™,Kg"™); Awe] = Q.

Moreover, the map Q — (g g’mp d, kb“mp) is C in the H{j’é X H§71’5+1 topology, and

105" = 8, k5™ s o161 S VE. (5.22)
||8Q( bump kg“mp)||Hg’5ng”*5“ < % (5.23)
Moreover, in {|z| > 16}, we have the improved bounds
(g™ = 8, k5™ g5 g -1843 (o) o B (5.24)
||8Q(ggump7kgump)”m S HZ =1 (o] >16)) <s 1. (5.25)

Proof. We would like to consider a superposition of 4 bumps with disjoint supports and use the inverse
function theorem around E > 0,C =P =J = 0. For By(§) C Cyp(e1) N As, By(n) C Cy(ez) N As, let

Supp(gt,é,f - 67 kt,é,&) g 09(91)7 suPp(gt,m,n - 57 kt,m,n) g 00(92)
be the single bumps constructed in Proposition 5.2. We define
(97 0= e+ (0), ki g e (@) := (Gree —g (=), =k er —e- (=) € CF(Cy(—e1)),
(Gt (@) K e = (€)= (Geme e (=), =K== (=) € C%(Cy(—e2))

be the dual bumps defined by inversion symmetry. Since the solutions have disjoint supports, we define the
superposition of 4 bumps

(g(4) — 5, k(4)> = (gm,g - 6, kt,é,ﬁ) + (gt7m,7] - 6; ktﬂnm) + (ng*}g* - 6a kaﬁ*,ﬁ*) + (g:,m*,n 6 k:m ,n* ) (526)

which solves (1.1). Now we get a family with 25 parameters and we are interested in the charges

Q: (t,0,075,6,6 m,m*,n,n%) — Q[(g¥, k™W); Asg). (5.27)
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We need to choose 10 of them with a uniform non-degenerate Jacobian. Intuitively, we will choose ¢ for the
energy, & for the central charge, ¢ for the momentum and three parameters among (£*,m) for the angular
momentum.

We note at £ = 0 we have k; ¢ ¢ = 0 and thus

P[(g,0,6, kt,0,6); Ar6] = I[(9t,0,6, kr,0,¢); Ar6] = 0.
Moreover, by the inversion symmetry, for £ +&* =0, n + n* = 0, we have
Cl(g", kW); Asg) = 0.

Now we fix £*,n,n*, m* and compute the Jacobian of the family (¢,,¢,£*,m) — Q with 13 parameters
at the point /=0 =m=m*=0and {+ & =n+n"=0:

to E OE OE 0p-E 0,E 82 0 0 0 0 O (%)

to,C 9C 9C 9-C 9,C| | 0 # 0 0 0 N O(bt?) + Oy(t3)

to,P P P 0P 0,P| | 0O 0 t2 t? Oy (t?)

t0, I 0 0T 9T Opd 0 0 eh 2efe 2, O(bt?) + Oy (13)
(5.28)

If we subtract the ¢ columns from the £* columns, and then half the ¢* column and add to the ¢ column,
and finally subtract the ¢ column from the m column, we would get

82 0 0 0 0 Op(t?)
0 t 0 0 0 N O(bt?) + Oy (t3)
0 0 ¢ 0 0 Op(t?)
0 0 0 e 2"y O(bt?) + Oy(t?)

Let £ = (12,0,0) so that £* = (—12,0,0), and n = (0, 12,0), then the 3 x 6 minor in the bottom-right corner
of the first matrix is

, , 0 0 0 0 0 12
e/ ¢ e/ ) =t*0 0 12 0 0 0

0 —12 0 —12 0 0
d(E,C,P,J)
(t7£a€7£;7€§7m3)

We can then select the variables £3, 05, ms so that 3 is non-degenerate once we choose

t<pland bk 1.

Now we fix a sufficiently small b > 0 and use the inverse function theorem to conclude the proposition.
We denote © = (£, 4, 05,05, mg) and fix £ = (—12,0,0), n = (0,12,0), n* = (0,—12,0), {1 =my =me =0
and m* = 0, and apply the inverse function theorem over the region

U, = (1~ E1)& <B < (1+,)&, [C]+[P|+ ]3] < 106,83},

By (5.28), for ¢, sufficiently small, the map (7,0) — €, 2Q(e17,0) is a diffeomorphism with uniformly
non-degenerate Jacobian near the point

GE=1, C=’P=¢2T=0, <1,b<1.
More precisely, there is a uniform (i.e. independent of €;) neighbourhood V near 7 = 1/2,0 = 0 such that
(1,0) = °Q(e17,0) : V — € °U.,
is a diffeomorphism with uniformly bounded inverse in C'. Let é — (7,0) be the inverse map so that
Q— (1,0) = °Q(e17,0) = Q, Qe e U, .
Then we have

Q[(g7 k)(elT,@)Q;AIG] = 6%@7 @ S EIQZ/{el-

Taking Q = €2Q, we conclude the construction of a reparametrized family of (ggump,kgump) such that

Q[(ggump, kgump); Aq] = Q for any Q € U,, . Tt also follows from the construction that @ — (g(bg“mp—c;, kg“mp)
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is smooth in the Hg"s X Hlf*m“ topology. Note that by varying €1, we can cover U with

uc |J U,
0<e1<10ep,1
By the uniqueness of the inverse function theorem, the e;-family {gg : Q@ € U, } glues together to a smooth
family ggump for Q@ e U.
Moreover, by Proposition 5.2, we have for n = 0,1 (recall t = €17 ~ €1),

||(t3t,5®)(n)(ggump s kgumP)HHé,ngsfl,Hl =0(t) = O(\/E),

as well as the following chain of estimates:

bum

b — b b
”8@(9@ pakQump)||H§"‘><H§‘1'5+l =6 2”8@(9Qump7kQump)HHg'ﬁng_l‘Hl

- b b
Se? 10(r.0) (gQumpv kQump) HH5=5 xHEThoT!

-1
=0(H)=0WE ).
We are left to check the uniform C*-dependence on @ in {|z| > 16}. By (5.7), for n =0, 1,
n) ¢, bum bum
||(t6t7a@)( )(gQu P-4, kQu p)HHsﬁXHg*1v5+1({|$|>16}) = O(tz) =O(E).

Thus

bum

b —2 b b
100(9G™" kg™ Migssmz=r5+1 (qasaepy = € 19G(9Q" kQ ™ Magswmz=1541 (lz1>16})

b b
]

S e 100 (90 O(1). O

HEOx HE™ T ({2 >16}) —

To extend the range of allowed P, we adjoin to the four-bump configuration two more bumps that carry
most of the total linear momentum.

Proposition 5.7 (Six-bump configuration). Fiz —1 < § < —% and 0 € (0,5), and define C’éﬁ) = C'(g4) U

Coles) U Cy(—es). Given s > 3 and T' > 1, there exist €, = €,(s,I') > 0 and py, = pp(s,T) such that the
following holds. Consider

For each Q € Ur, there exists (ggump;r, kgump;l_‘) € C°°(R?) such that

supp(gg ™™ — 0, kg™ ) € O n{la] > 8} and Qg™ kP ); Av] = Q.

Moreover,
198™ T = 8, k™) | o o-rot S VE, (5.29)
Ha@(ggump;l“’ kgump;F)HHgvéxHﬁ’l’“l < % (5.30)
Moreover, in {|z| > 16}, we have the improved bounds
(g™ =6, kgump;r)HHS’5><H§’1’5+1({|x\>16}) s B, (5.31)
”aQ(ggump;F’kgump;r)HHS"S><H§’1’5+1({|z\>16}) Ss 1 (5.32)

Proof. We first apply Proposition 5.2 to place two boosted bumps in Cy(e3) UCy(—e3) that carries most of E
and all of P, then use Proposition 5.6 to correct the remaining charges. To be more precise, let (g¢¢.¢, ke o)
be the boosted bump supported in Cy(es) N {|xz| > 8} constructed in Proposition 5.2 and define the dual
bump by

(970 g+ (), i pe g (7)) := (Gr0x —ex (=), —Ft 0= —ex (=) € C7(Cp(—e3)).

Since the two bumps have disjoint supports, the superposition

2 2 * *
(9;13),5 -9, ki,g),g) = (gt,z,g -9, kt,e,g) + (gt,z,—g =9, kt,é,—{) (5.33)
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solves (1.1). By inversion symmetry, we have
Cllgie: kiv.e)i Arel = TU(gt7 e, ki e)s Ars] = 0.
Moreover, we have
(601, 06, )" (B, P){(g17 ¢ by ) Arel = 29O (1,0)) = Opr(t?).

Using inverse function theorem over the region

UEP = {(E,P) €R*: |P| < E < 10¢, \/E%W < 10r} :

it is easy to see we have a 4-parameter family (g](;)P, k:](;)P) for (E,P) € UI]::’P with
(B.P)[(ggp ki p)i Ars] = (B,P),  (C.3)[(gp kiyp): Ass] = 0. (5.34)
Now we want to add the almost time-symmetric four-bump configuration in Proposition 5.6 to (9(2)7 k'(z)):
(9® —6,k©) .= (gg>13 — 4, k:g)ﬁ) + (g™ — 6, k™), (5.35)
which again solves (1.1). The charges are given by
(E,P)[(9") = 6,k); Aig] = (E+ E, P+ P), (C,I)[(g" —5,k); Aig] = (C, ), (5.36)
for (E, P) e Up' and Q € U. For (E,P,C,J) € Ur, we take
E=E\/1-(10I)2, E=E—E,P=P,P=0,C=C, J=1J. (5.37)

Then it is easy to check (E,ﬁ) € lell:l’P and Q = (E,P,C,J) € U for e > 0,pp > 0 small enough. The
estimates follow from Proposition 5.2 and Proposition 5.6. O

5.4. Extension procedures. In this subsection, we prove extension lemmas for (gin, kin) and (gout, Kout)-

Lemma 5.8. Let (gin, kin) € H® x H*"Y(A;) be a pair solving (1.1). Fiz any —1 < § < —%, 0 > 0 and

wo € S%. Provided that ||(gin — 0, Kin)ll mrs x rre-1a,) 18 sufficiently small, there exists (Gin, kin) solving (1.1)
on R? such that

(giny kzn) = (giTm kzn) m A17 Supp(ﬁin - 57 kzn) g B4 U CQ(wO)
H(ﬁm -0, kin)HHzﬁng*lle 5575,9 H(gm -0, kin)HHSxHS*l(Al)-
Proof. Step 1. The first step is to construct a solution operator S,,; for P (i.e., PS,u = I) with the
mapping property
Sout = (Hy 2°72)0(A3 U Cy(wo)) — (Hy® x Hy H°")g(A3 U Ch(wo)).-
We begin by constructing a Bogovskii-type operator Sp for the region Q := (A, UCy(wo))N{|z| < 8} such
that PSpf = f in Q\ Cy(wo) for f € C(Q). To achieve this, we carry out an argument similar to the proof

of Lemma 2.2 above. We begin with covering {2 by finitely many regions 2,7 =0,1,--- , J star-shaped with
respect to small balls B; C Q; such that By C Cy(wy) and the following joins of consecutive balls lie in Q:

Ch(Bj,Bj+1) = {tl’+ (1 7t)y T e Bj,y € Bj+1,t S [0,1]} - Q, 7=0,1,--- ,J* 1.
Let 5‘} be the Bogovskii-type operator on €); defined in Lemma, 2.3 and x; be a partition of unity with respect

to Q;. First of all, u; = 5‘} (x;f) solves the equation ﬁuj = x; f outside B;. Note gj is also well-defined on
the star-shaped region ch(Bj, Bj11), we correct the errors inductively:

vy = 0, wy = O, Vj—1:= S:j_l(Xjf - ﬁUj + 'LUj) € CCOO(Ch(Bj_l,Bj)),
Wj—1 = (Xjf — ﬁUj + U)j) — ]31)]-,1 S Cgo(ijl), 7=12,---J
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J . ~
Once we define u := Y (u; + v;), it is easy to see Pvy, = 0 and Pu = f outside UB;. For € By, k =
§=0
1,2,---,J, we note ﬁvj(x) =0for j # k,k — 1 and thus
Pu(z) = Z x;f+ Pug(z) + Pug(x) + Pop_1(z)
J#k
= ijf + Pug(x) + Pog(z) + xuf — Pug(z) + wi(z)
J#k
= f(@) + (Xps1f — Pugsr + wppa)(z) = f(2).
We conclude that Pu = f outside By C Cpy(wp).

Next, let §c be the conic solution operator adapted to the cone Cy(wg) so that ﬁgcf = f for f €
C(Cyp(wo)). Let x € C({]z| < 8}) be a cutoff function such that y(z) = 1 near A;. We then define

Soutf = Se(f — PSp(xf)) + Sp(xf) « (HS2°72)0(A2 U Co(wo)) — (HE® x HY™1)g(A2 U Cy(wo)),

which obeys ﬁgoutf = f for any f € C°(A2 U Cy(wp)) as desired.

Step 2. Let (hn,min) be the initial data corresponding to (gin, kin) under the transformation (2.1), and
we can freely extend (hin, i) to Hi x H3~'({|z| < 4}) (with control on the norm). We then consider the
following fixed point problem:

(h, %) = St (N (Rin + by in + 7) — P(hin, Tin))-

By the Banach fixed point theorem, there exists a unique solution (h, %) € (H{j"s X H§71’6+1)0(A2 U Cp(wo))

such that ||(h, T ot o641 S | (Pins Tin) || s x mr2—1(4,)- Define (gin, kin) to be the solution corresponding
b b

to (hin + %, Tin + 7). Since (E, 7) is supported outside A, we have (§2n,Ezn) = (Gin, kin) in Aj. O

Lemma 5.9. Let (Gout, kout) € H® x H*"1(Aar) be a pair solving (1.1). If ||(gout — 9, Kowt) | rrs s irs-1(Azr)
1s sufficiently small, there exists (gout’f];(mt) solving (1.1) on ZR such that

(Eout, kout) = (gouta kout) n A2R7 H(gout -9, %out)|

HsxHs—1(AR) ,Ss ||(gout -9, kout)HHSXH*‘*l(AQR)-

Proof. We may assume R = 1 by rescaling. First we may freely extend (gout, kout) to H*({|z| < 4}) (with
control on norm). Let S;,, be the Bogovskii operator on By as in Lemma 2.3 with n € C2°({|z] < 1/4}). We
consider the following fixed point problem:

By the Banach fixed point theorem, there exists a unique solution (h, %) € (H® x H* 1)o(By). Define
(Gout, kout) to be the solutiori corresponding to (hout +~h, Tout + 7). By the support of 1, (Gout, kout) solves
the (1.1) on A;. Since supp(h,7) C Bg, we have (Gout, kout) = (Jout kout) in As. a

5.5. Proof of Theorem 1.7. Fix —1 < § < —3 and # € (0,%). Let Ur(AE) = {AQ’ € Ur : $AE <
E(AQ') < 2AE}. Given AQ’ € Ur(AE), by Proposition 5.7, there exists a six-bump initial data (gzugp;r —
d, kg‘gfp;F) supported in C§6) \ Bs. By Lemma 5.8, given any wo € S, there also exists (§in — 0, kin) €
H§’5 X H{jfl"sﬂ extending (g, — 9, ki) which is supported in By U Cy(wy). By an appropriate choice of
wp, we may ensure that C’é& and Cp(wp) have disjoint closures, so that the same holds for C’éﬁ) \ B4 and
Cop(wp) U By. We may thus define
(QAQ/ - 6; kAQ') = (gln - 57 ’Igzn) + (g2151/1p;r - 53 kZlgrllp;F)’

which extends (g, — 9, kin ), belongs to H§’5 X H§71’5+1(R3) and solves (1.1) by the disjoint support property.
Moreover, by Lemma 2.7, we have

Ql(9aqr, kaq); Are] = Q[(gZ‘g‘?p;F, kZ“S?p;F); Aue) + Q[@in,zm); Aue)
= AQ" + Q[(gin, kin); A1] + Or (1, AE),
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while
Ql(9aq: kaq); Are] — Ql(9aqr. kagr); Aws] = AQ" — AQ".
In particular, the map 7 : Ur (AE) — R0, AQ’ — Q[(gAQ/ kag'); Aig] is bi-Lipschitz.
Next, by Lemma 5.9, there exists (Gout, k:out) on Ajgr extending (gout, kout). Again by Lemma 2.7,
Q[(goutv out) Alﬁ] Q[(gouta out) A32] +OF(,LL0AE)
By the preceding identities and the definition of AQ, we have

T(AQ') = Ql(9aqr: kag); Ars] = Q(Gouts kour); Ars] + (AQ' — AQ) + Or (1, AE).
Choosing p, even smaller depending on g, and I', we may apply the inverse function theorem to ensure
that the image of the bi-Lipschitz map T'(Ur) covers a ball of radius Or(u,AE) around Q[(Gout, kout); A1e];
here, it is important that Ur in Proposition 5.7 is larger than the subset of R defined by (1.15)-(1.18). By
inverting this bi-Lipschitz map and composing with (gags, kag/), we may produce an admissible family on

1 ) o~
Ay verifying (1.10)—(1.12) with € = Op(ud (AE)2) and K = Or(1); that (Gout, kour) verifies (1.9) is also
clear. Choosing ¢, sufficiently small, we can apply Theorem 1.3 and conclude the proof. O

5.6. Proof of Theorem 1.10. Given the two asymptotically flat solutions, we first rescale them using (1.3).
Arguing as in the proof of (4.10) in the proof of Theorem 1.6, we have

(E P)[( (r) k; ) ARD] = Tﬁl(EaP)[(gD,kD);ArRD] — Tﬁl(EADJw,PADM)[(gD,kD)} + O(sza)’
(C. (g5 k5N Arg) = r=*(C. D90, k) Arig) = O,

for O = in or out, where R;, = 1 and R,,; = 32. Therefore, for sufficient large r > Ry, we verify the
conditions (1.15)—(1.18). The asymptotic flatness condition (1.13) implies (1.19), since

1950) = 8. ki Bz ary + 106t = 8 kout) Ve pre1 (agey S 772% < 1o AE
for sufficiently large r > Ry. We can then apply Theorem 1.7 to conclude the proof. (Il

APPENDIX A. PROOF OF LEMMA 4.2

For simplicity, we omit the superscript ¢ below. Following [15], we use the Kerr-Schild coordinates

(20, 21, 22, 23), with respect to which

2M7r3 o rol4ax? | ra®— z3
(gM,a)y,l/ = nl“/ —l— Wkukl” k = de’ + de + ﬁd + d . (Al)
where r is implicitly defined by 72((z!)? + (2%)?) + (r* + a?)(23)? = r2(r? + a?).
According to [16, Appendix F], there exists a map
£ = RxSO™(1,3) xR x SO(3) xR?, Q= (E,P,J,C)— (M(E,P),A(E,P),a(Q), R(Q),£(Q))
such that (g9g, ko) = (g](\/[ £.A) k(R & A)) where the right-hand side is the initial data set induced from gz,
on the hypersurface {y° = 0}, Where y* = A (R 2™ + €Y) (i.e., rotate, translate, then boost). In fact,
M =sgnE\E2— P2, A=A, with(=E"'P, a=M'J(A'Q), £¢=-M'C(A;'Q) (A.2)
where Q' = A(Q) is defined by the relations
PM(Q/) = ANH Pu’ (Q)7 JMV(QI) = Auu Auy JM'V'(Q)’
where (Po, Pi, Jio, Jx)(Q) = (B, P, Ci, €,3:)(Q) (cf. (5.11), Lemma 5.4 and [16, Prop. E.1]). Moreover, R
is a rotation in the plane spanned by Zj J(Ae_lQ)jaﬂ and 0,3 that maps the former to the latter. Note

also that the Lorentz factor v of A equals (E2 — |P|2)~ 2 |E|.
In what follows, we shall freely make use of the following basic facts:

v S Arises £ 10,8 =y TPMTHC, ), o7 = o — €77 Sa a7 for 2] > 10jg]. (A3)

Moreover, to simplify the exposition, we now adopt the following conventions: (1) M,a > 0 (the general
case is similar), (2) all bounds we state in the variables y are to be satisfied for |y| > Cr(M + M~1|(C,J)]|)
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for some C'r = Cr(7), which may vary line by line, and (3) unless otherwise specified, all implicit constants
may depend on n and .
We begin with

2r3

OMEBM,a = W (Ookpuky +k,0.k,).

2Mr3 2Mr3
k#kua aagM,a aa< " > #k + 4

4+ a2(23)2 i+ a2(a3)2
Notice that [0(™k,,| < |z|™™, so we have |z|"|0™ drgar.a| < 2|71 Moreover, notice that

r((@h)? + (2%)%)

Our =~ (P +a?)2 —a((z")? + (22)2)

O(|z|7),

from which it follows that

3
g, <2MT>' « Ma = M ||

n
0
. @) | ¥ T

8(”)8aku‘ < O(lz|Y).
We conclude that
Ma M
19 g, < .
|‘T H a(gM,a)| ~ |.’E‘3 + |.’L'|2

Recall y* = A*,(R” 2> + £”), as well as (5.10). Using the preceding identities, (A.1) and (A.3), we have

n R A n
g s Myl ly

n R,E,A — n
O ongle | Syt Iyl

R,E,A _
" 0y 9ugfie | S Myl 2.
We may also compute®

ly" |0,

’n A n
O\ Deglis )‘<M|y| %yl

o ongse™| S My~ ol [

0 Org\fs ™| < Maly| ™2,

where we used the rotation invariance of the leading term of the Kerr metric for the last bound. Moreover,

(Rf A)—

for g, , the leading term is cancelled and |y|~! improve to |y|=2 in the above bounds. Finally, by

(5.10), smnlar bounds follow for k (R '5 A and k:(R ST
From the preceding assertions, (4 5) (4 6) 1mmed1ately follow. To establish the remaining bounds, observe
also that, by (A.2) and the definition of R (which is locally well-defined),

oA | 1 orR | _ 1 OR [(C.J)] 1 (a,€) 1 | 0(a§) [(C,I)]
’a(E,P)‘N” M’ a(C,J)‘M Ma’ a(E,P)‘N7 M Ma’ a(C,J)‘N”M 'a(E,P)‘N7 M2

For (4.7), we have

n R,E,AN) n R,EA n R,E,A
100,951 S | 5 | 1917107 091N + |5 1710 Ong |

A n R,E,N) n R,EA
+152%5 1y1M10 ™ Bag T | + 1585 [y 10" 0rgSi e ™| + | 5easss vl 0¢ >agg< )
<yl 1+M "Myt + KGRy 2+ LG aM|y| 2 <yl

(RéA)

and we have a similar bound for kj, . The proof of (4.8) is similar. For (4.9), we have

Iyl |a(">ac 396"

A (R,E,A RN
s w110 0agiie M + | 5255 1y ["10 ™ Org e ™ + | 55 Iyl 0™ deglis ™|
SM 1Mlyl 2+ (Ma)~ 1M@Llyl 2+M "Mly| 72 Syl 72

and we have a similar bound for k%ﬁf’[\). O

5The exact choices of the coordinates A and R on SOT(1,3) and SO(3), respectively, are not too important. For instance,
they may be regarded as local coordinates near given A(E,P) and R(Q) obtained by left-translation of normal coordinates near
the identity in SO (1,3) and SO(3), respectively.
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