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Abstract. This paper provides a mathematical perspective on fragile topology phenom-

ena in condensed matter physics. In dimension d ≤ 3, vanishing Chern classes of bundles of

Bloch eigenfunctions characterize operators with exponentially localized Wannier functions

(these functions form convenient bases of spectrally determined subspaces of L2). However,

for systems with additional symmetries, such as the C2T (space-time reversal) or the PT

(parity-time) symmetry, a set of exponentially localized Wannier functions compatible with

such symmetry may not exist. We show that for rank 2 Bloch bundles with such symmetry,

non-trivial Euler classes are obstructions to constructing exponentially localized compatible

Wannier functions. We also show that this obstruction can be lifted by adding additional

Bloch bundles with the symmetry, even though the Stiefel–Whitney class of the total bun-

dle is non-trivial. This allows a construction of exponentially localized Wannier functions

compatible with the symmetry and that is referred to as topological fragility.

1. Introduction

In condensed matter physics it is commonly accepted that topological features of Bloch

bundles, such as the Hall conductance and the localization of Wannier functions, are robust

under topologically trivial perturbations of the system. However, in the presence of certain

symmetries, the so-called fragile topology discovered by Po–Watanabe–Vishwanath [PWV18]

challenges this narrative. Consider a periodic Hamiltonian invariant under the symmetry

Iu(x) = u(−x). (1.1)

This symmetry induces a real sub-bundle ER of the Bloch bundle EC (cf. equation (1.2)) of

the periodic Hamiltonian. If ER is of rank two with the Euler class e1(ER) ̸= 0, there is no

exponentially localized Wannier basis compatible with the I-symmetry (cf. equation (1.4)).

This topological phenomenon is considered fragile because adding topologically trivial bands

allows for the existence of an exponentially localized Wannier basis compatible with the I-

symmetry. This topological feature has received attention because it prominently appears in

twisted bilayer graphene [Po*19] and its flat bands in relation to strongly correlated electron

phenomena [SEB20, Pe*21].

In this article, we give a mathematical characterization of fragile topology by proving

a more general result stating that any real Bloch bundle ER over T2 or T3 with rank ≥ 3

induced by the I-symmetry admits an exponentially localized Wannier basis compatible with

the I-symmetry – see Theorem 2. In particular, increasing the rank of any rank 2 Bloch

bundle destroys the topological obstruction to exponentially localized compatible Wannier

bases. Our results also extend previous results by Po–Watanabe–Vishwanath [PWV18] and
1
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Ahn–Park–Yang [APY19] from two dimensional to three dimensional periodic systems. The

nonexistence result in the rank 2 case is presented in Theorem 1.

We start by introducing some main concepts.

Assumption 1. Let Γ be a lattice in Rd and P := (P (k))k∈Rd be a family of orthogonal

projections with finite constant rank r acting on the Hilbert space H = L2(Rd/Γ) that depends

real analytically on the parameter k ∈ Rd and satisfies for all k ∈ Rd and γ ∈ Γ∗

P (k + γ) = τ(γ)−1P (k)τ(γ), τ ∈ Cω(Rd, U(H)) a unitary operator. (A1)

The most prominent examples of P (k) are spectral projections to r bands gapped from

the rest of the bands for periodic Hamiltonians and τ(γ) := e−i⟨γ,x⟩. A family of projections

in Assumption 1 induces a vector bundle via the equivalence relation

(k, φ) ∼ (k′, φ′) ∈ Rd × ranP (·) ⇐⇒ (k′, φ′) = (k + γ, τ(γ)φ), γ ∈ Γ∗,

with the total space

E := {(k, φ) ∈ Rd × ran(P (k))}/∼ (1.2)

and the base space B := Rd/Γ∗. Thus the projection map π : E → B induces a complex

vector bundle EC (cf. Definition 2.1), which is called the Bloch bundle.

Definition 1.1. A Wannier basis of the Bloch bundle EC is a set of orthonormal functions

W :=
r⋃

a=1

⋃
γ∈Γ

{
ψa(x− γ)

}
(1.3)

such that W is an orthonormal basis of the range of the projection P with rank r.

In quantum mechanics, the existence of exponentially decaying Wannier basis is of partic-

ular interest, as this allows tight-binding constructions for the corresponding Hamiltonians.

It is well-known that the existence of exponentially decaying Wannier functions is equivalent

to the topological triviality of the Bloch bundle [Ne83, Pa07, Mo*18].

In contrast, for Bloch bundles satisfying the I-symmetry in (1.1), we show that it may allow

the existence of exponentially decaying Wannier functions compatible with the symmetry,

even when the underlying symmetry induced real Bloch bundle is topologically non-trivial.

We introduce

Assumption 2. The projections P (k) in Assumption 1 satisfy

IP (k) = P (k)I. (A2)

This symmetry is also well-known as C2T or PT -symmetry in quantum mechanics. In

particular, it holds for a large class of Hamiltonians, e.g., Bloch transformed Schrödinger

operators Hk = (−i∇− k)2 + V with V (−x) = V (x) and the Bistritzer–MacDonald Hamil-

tonian of twisted bilayer graphene [BiMa11]. For Bloch bundles with the symmetry, it is

natural to study the existence of exponentially localized Wannier functions invariant under

the I-symmetry. To this end, we introduce
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Definition 1.2. We say a Wannier basis W is compatible with the I-symmetry if

IW = W . (1.4)

The I-symmetry acts as a real vector bundle homomorphism (i.e., each fiber is preserved).

Since I2 = 1, it has eigenvalue 1 and −1 on each fiber. Hence, the I-symmetry naturally

induces a real subbundle of the Bloch bundle

ER := {(k, v) ∈ EC : Iv = v},

which is given by the eigenspace of 1. This real subbundle ER is closely related to the

existence of exponentially decaying Wannier basis compatible with the I-symmetry:

Theorem 1 (Wannier obstruction). Let ER be a rank 2 real orientable subbundle of the Bloch

bundle induced by the I-symmetry with base dimension ≤ 3. The Euler class vanishes if and

only if it admits an exponentially localized Wannier basis compatible with the I-symmetry,

i.e., for some β > 0, we have

2∑
a=1

∫
Rd

e2β|x||ψa(x)|2dx < +∞.

In contrast, if the rank of ER is different from 2, we show

Theorem 2 (Fragile topology). Let ER be a rank r real subbundle of the Bloch bundle induced

by the I-symmetry with base dimension ≤ 3. When r ̸= 2, the bundle ER always admits an

exponentially localized Wannier basis compatible with the I-symmetry.

The proofs of the theorems are presented in Section 4. Thus, an obstruction of constructing

exponentially localized Wannier functions compatible with the I-symmetry may exist only

for vector bundles of rank 2. As a direct consequence, consider the rank 2 real subbundle

ER without exponentially decaying Wannier basis; by adding a real line bundle L, the new

bundle ER⊕L automatically admits an exponentially localized Wannier basis compatible with

the I-symmetry. This is the phenomenon of fragile topology in condensed matter physics –

see [APY19, PWV18, BBS19, BBS20].

Related works. Different invariance conditions (3.7) for the Bloch and Wannier functions

have been considered in [FMP16a, FMP16b]. The observed effects are fairly different, and

fragile topology does not appear in these settings. To compare our framework with the setting

studied by [FMP16a, FMP16b], we can compare the C2zT -symmetry IC2zTu(x) = u(−x),
with the time-reversal symmetry ITu(x) = u(x) and notice that they act differently on Bloch

functions. Indeed, while they are both bosonic in the terminology of the aforementioned

works as they square to the identity, we have [IC2zT , (−i∇−k)2] = 0 whereas IT (−i∇−k)2 =
(−i∇ + k)2IT for the time reversal symmetry. That is, time-reversal symmetry maps k to

−k, while we consider symmetries that leave k unchanged; see Proposition 3.4. See also

[KLW16] for an account of the relation between the Z2 topological invariants (cf. [KM05,

FK06, FKM07]) and the Stiefel–Whitney class in the setting of [FMP16b], and [Ah*19]

for classification of topological phases in bands with the I-symmetry using Stiefel–Whitney
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class from a physics perspective. The fragile topology phenomenon in various models of

twisted bilayer graphene has been widely studied recently in condensed matter physics. See

[So*19, SEB20, Po*19, Lu*21, Pe*21] and the references therein. Our result also generalizes

[Be*24, Proposition 5.3] on Wannier basis in twisted bilayer graphene.

For mathematical results on periodic Hamiltonians, we refer the readers to [Ku12, Ku16]

and the references therein. The classical question on the existence of exponentially localized

Wannier functions does not involve any symmetries and can be fully understood in terms

of the Chern number [Ne83, Pa07, Br07, Mo*18]. In particular, for periodic systems with

non-trivial Chern number, even though it is not possible to construct analytic Bloch frames

that lead to exponentially localized Wannier basis, it has been shown that one can construct

so-called Parseval frames with redundancies (see [Ku08, AuKu18, CMM19]) by embedding

them into trivial Bloch bundles with higher ranks. This construction yields a set of exponen-

tially localized Wannier functions that are linearly dependent. Orthogonal to this direction of

constructing linearly dependent Wannier functions using Parseval frames, the work [BTY25]

studies the optimal decay rate of Wannier basis from the global Bloch frame with singular-

ities for Bloch bundles with non-trivial Chern classes. Recently, results on Wannier basis

localization have been extended to non-periodic systems [LSW22, MMP23, LuSt24, RoPa24].

Notations and conventions. Let H be a separable Hilbert space. Let Γ =
∑d

i=1 Zei ⊂ Rd,

for linearly independent ei, be a lattice, and Γ∗ := {x ∈ Rd : ⟨x, γ⟩ ∈ 2πZ for all γ ∈ Γ} =∑d
i=1 Zvi be the dual lattice. We denote by U(H) the group of unitary operators on H and

by L(H) the space of bounded linear operators on H.

The lattices Γ and Γ∗ naturally give rise to a torus as well as a dual torus, that is, Rd/Γ

and Rd/Γ∗. However, for simplicity, we will often just say that we have a vector bundle over

a torus Td, which then in the physics setting corresponds to the dual torus Rd/Γ∗.

Structure of the paper. In Section 2, we review the (properties of) characteristic classes

for real and complex vector bundles that are relevant to fragile topology. In Section 3, we

introduce Wannier functions and discuss their properties under the compatibility condition

(1.4) with the I-symmetry. In Section 4, we discuss the splitting of real vector bundles and

its relation with the existence of exponentially decaying Wannier functions. Using these,

we prove Theorem 1 and 2. In Section 5, we study the fragile topology phenomenon in the

twisted bilayer graphene using the framework we developed.
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2. Characteristic classes and bundle classification

In this section, we discuss the classification of complex vector bundles EC and real vector

bundles ER over a manifold of dimension d ≤ 3. We also recall the basic properties of Chern

classes, Euler classes, and Stiefel–Whitney classes.

2.1. Bundles. We briefly recall the definition of vector bundles, the notion of orientation,

and the classification of line bundles.

Definition 2.1 (Vector bundle). Let E,X be topological spaces. π : E → X is called a

(complex or real) vector bundle of rank r if for any x ∈ X, π−1(x) is a (complex or real)

vector space of dimension r, and there exists a covering {Ui} of X such that there is a

homeomorphism, called the trivialization, which is linear on each fiber π−1(x), such that the

following diagram commutes

π−1(Ui) Ui × Cr or Ui × Rr

Ui

∼=

π
pr1

Here E is also called the total space and X is called the base. A vector bundle of rank 1 is

called a line bundle.

Remark 1. In the above definition, if E,X are Cs manifolds, π is Cs and the trivialization

is a Cs map, then the vector bundle is called a Cs vector bundle, where s ∈ N or s = ∞
(smooth) or s = ω (real analytic). We note that the classifications of Cs vector bundles are

equivalent for s ∈ N or s = ∞ or s = ω, see [Sh64, Theorem 5].

Replacement of the vector space with more general objects leads to the definition of fiber

bundles.

Definition 2.2 (Fiber bundle). A fiber bundle is a quadruple (E,B, π, F ), where E is the

total space, B is the base space, π : E → B is a continuous projection map, and F is the

typical fiber, a topological space, satisfying the following conditions:

(1) For every b ∈ B, the preimage π−1({b}) is homeomorphic to F ,

(2) There exists an open cover {Ui}i∈I of B and homeomorphisms ϕi : π
−1(Ui) → Ui×F

such that π(e) = pr1(ϕi(e)), where pr1 : Ui × F → Ui is the projection onto the first

component.

From the definition of a fiber bundle, we can now define the principal G-bundles:

Definition 2.3 (G-bundle). A principal G-bundle, where G is a topological group, is a fiber

bundle such that G acts continuously from the right on E. In addition, the action of the

group must leave the fibers π−1(x) invariant and act freely and transitively on them.

The extension of this concept to the smooth or real analytic category is straightforward by

requiring that G has a smooth/real analytic structure and the action is smooth/real analytic.
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The reason for introducing the principal G-bundles is that they allow the classification of

complex or real vector bundles with symmetries. Complex or real vector bundles naturally

correspond to principal G-bundles, where G is the general linear group (real or complex).

One can extend the correspondence to include other groups G, by adding more structure to

the vector bundle, such as, for instance, orientation:

Definition 2.4 (Orientation). An orientation of a real vector space is an equivalence class

of ordered bases, where two ordered bases are equivalent if the invertible matrix taking the

first basis to the second has a positive determinant. A vector bundle is called orientable if

there exists a continuous choice of orientation on each fiber.

We now briefly recall the classification of real or complex line bundles, which shall be used

in later sections.

(1) For a structure group G, G-principal bundles are classified by the classifying space

BG, which is a principal G-bundle whose total space EG is contractible:

{principal G-bundles over M}/isomorphism ∼= [M,BG]

where [M,BG] is the set of homotopy classes of continuous maps from M to BG.

(2) In particular, complex vector bundles of rank r are classified by BU(r). Real vector

bundles of rank r are classified by BO(r) and oriented real vector bundles of rank r

are classified by BSO(r).

(3) We have BU(1) = CP∞ = K(Z, 2), BO(1) = RP∞ = K(Z/2, 1), where K(A, n) is

the Eilenberg–Maclane space which satisfies

πn(K(A, n)) = A, πm(K(A, n)) = 1, m ̸= n.

It has the universal property

[M,K(A, n)] ∼= Hn(M ;A).

(4) The element of [M,BU(1)] ∼= H2(M ;Z) is the first Chern class c1. The element of

[M,BO(1)] ∼= H1(M ;Z/2) is the first Stiefel–Whitney class w1.

2.2. Classification of complex vector bundles. For a rank r complex vector bundle EC
over a manifold M , the Chern class ck(EC) is an element of H2k(M ;Z). If the vector bundle
has a smooth connection with curvature Ω which is a gl(r,C)-valued 2-form, the Chern

classes can be computed by

det

(
I +

√
−1

2π
t[Ω]

)
=

∑
j≥0

cj(EC)tj.

Over any manifold M , complex line bundles are classified up to isomorphisms by the

first Chern class c1 ∈ H2(M ;Z) as discussed at the end of Subsection 2.1 (see also [Ch79,

p. 34] for a different proof). For higher-rank complex vector bundles, we have the following

classification:
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Proposition 2.5. Complex vector bundles EC over a manifold M of dimension ≤ 3 are

classified by the first Chern class c1 ∈ H2(M ;Z). Furthermore, EC admits a decomposition

into line bundles

EC =

( r−1⊕
i=1

Li

)
⊕ L, (2.1)

where all line bundles Li are trivial apart from possibly L for which c1(EC) = c1(L).

Proof. Let EC be a complex vector bundle of rank r ≥ 2 overM . By the Thom transversality

theorem, there exists a non-vanishing section s of EC. Since if s intersects the zero section

0M transversally at (x, 0) ∈ EC, we have

ds(TxM) + T(x,0)0M = T(x,0)EC.

Thus, the dimension of the intersection of the tangent space

dimR(ds(TxM) ∩ T(x,0)0M) = dimR(ds(TxM)) + dimR(T(x,0)0M)− dimR(T(x,0)EC) < 0,

ensures that the intersection is empty. Hence, s induces a trivial line bundle L1, and EC
splits as a Whitney sum:

EC ∼= L1 ⊕ E ′
C,

where E ′
C is a complex vector bundle of rank r − 1. By induction, EC is isomorphic to the

Whitney sum of r− 1 trivial line bundles with a complex line bundle L. The Chern number

of L satisfies c1(L) = c1(EC), which completes the proof. □

Remark 2. When EC is real analytic, the decomposition in the previous Proposition can be

chosen so that Li and L are real analytic line bundles. This is because (2.1) holds in the

topological category, and Remark 1 implies a real analytic isomorphism

EC ∼=
( r−1⊕

i=1

Li

)
⊕ L.

2.3. Stiefel–Whitney class. For a real vector bundle ER of finite rank on a base space M ,

the i-th Stiefel–Whitney class wi(ER) is an element of H i(M ;Z/2). An axiomatic definition

of the Stiefel–Whitney class can, for instance, be found in [Hu94, Theorem 5.4]. Some basic

properties of the Stiefel–Whitney classes that will be relevant to us are:

(1) wi(ER) = 0 if i > rank(ER) or i > dimM .

(2) ER is orientable if and only if w1(ER) = 0 [Hu94, Theorem 2.1].

(3) Let

wt(ER) = 1 + w1(ER)t+ · · ·+ wr(ER)tr, wi(E) ∈ H i(M ;Z/2).

Then the Stiefel–Whitney class of the Whitney sum is given by

wt(ER ⊕FR) = wt(ER)⌣ wt(FR),

where the cup product induces a bilinear operation on cohomology via the binomial

formula:

H i(M ;Z/2)×Hk−i(M ;Z/2) → Hk(M ;Z/2).
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Consequently, we have wk(ER ⊕FR) =
∑k

i=0wi(ER)⌣ wk−i(FR) and in particular

w1(ER ⊕FR) = w1(ER) + w1(FR), (2.2)

w2(ER ⊕FR) = w2(ER) + w1(ER)⌣ w1(FR) + w2(FR). (2.3)

(4) When tensoring two real line bundles L1, L2, the first Stiefel–Whitney class is given

by w1(L1 ⊗L2) = w1(L1)+w1(L2). In general, we can assume that both bundles are

direct sums of line bundles and state a general formula. This formula still holds in

general by the “splitting principle” (see [BoTu13, Section 21]).

For example, if ER is a real vector bundle of rank r and L is a real line bundle,

then

w1(ER ⊗ L) = w1(ER) + rw1(L). (2.4)

In particular, the tensor bundle L⊗ L is always a trivial line bundle.

2.4. Euler class. Let ER be a real oriented vector bundle of rank 2k over a smooth manifold

M , the Euler class e(ER) is an element of H2k(M ;Z).
If ER has an orthogonal connection (with respect to a bundle metric) with curvature Ω

(an so(2k)-valued 2 form), the Euler class is given by

e(ER) =
1

(2π)k
[Pf(Ω)] ∈ H2k

dR(M ;R),

where Pf(Ω) is the Pfaffian of Ω.

Example 1. In particular, forM = R2/Γ∗, k = 1, d = 2 and a connection Ω =

(
0 Ω12

−Ω12 0

)
,

the Euler number is

χ(ER) :=
∫
R2/Γ∗

e(ER) =
1

2π

∫
R2/Γ∗

Ω12.

There is a natural homomorphism σ : H2k(M ;Z) → H2k(M ;Z/2) that maps the Euler

class to the top Stiefel–Whitney class [MiSt74, Proposition 9.5]

w2k(ER) = σ(e(ER)). (2.5)

The Euler class is also related to the Chern class. In fact, by [MiSt74, Lemma 14.1] for a

complex vector bundle EC with rank k, its underlying real vector bundle ER of rank 2k has

a canonical orientation. The top Chern class ck(EC) ∈ H2k(M ;Z) then coincides with the

Euler class e(ER) (cf. [MiSt74, Section 14.2]).

2.5. Classification of real vector bundles. Over any manifold M , real line bundles are

classified by the first Stiefel–Whitney class w1 ∈ H1(M ;Z/2) as discussed at the end of

Subsection 2.1.

Suppose M has dimension ≤ 3, we can classify real vector bundles over M .

Proposition 2.6. Real vector bundles of rank r over a manifold M with dimension ≤ 3 are

classified by the Stiefel–Whitney classes w1 ∈ H1(M ;Z/2) and w2 ∈ H2(M ;Z/2) when r ̸= 2.

When r = 2, oriented real vector bundles are classified by the Euler class e2 ∈ H2(M ;Z).
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Proof. Then rank 2 oriented real bundles are classified by the Euler class

e2 ∈ [M,BSO(2)] = [M,K(Z, 2)] = H2(M ;Z).

For rank r real vector bundles with r ≥ 3, we may assume r = 3 because for r ≥ 4 we

can always split off a trivial subbundle as in the proof of Proposition 2.5. Moreover, we

may assume it is orientable by tensoring with a line bundle, cf. (2.4). Now oriented rank 3

line bundles are classified by [M,BSO(3)]. Since π1BSO(3) = π0SO(3) = 1, π2BSO(3) =

π1SO(3) = Z/2, π3BSO(3) = π2SO(3) = 1, they are classified by the second Stiefel–Whitney

class w2:

[M,BSO(3)] = [M,K(Z/2, 2)] = H2(M ;Z/2) ∋ w2.

Since the Stiefel–Whitney class does not depend on the orientation, this finishes the classi-

fication of rank 3 vector bundles. □

3. Wannier functions with symmetry constraints

In this section, we recall the basics of Wannier functions and discuss the compatibility of

Wannier functions with the I-symmetry.

3.1. Preliminaries on Wannier functions. We first recall the definition of Wannier func-

tions. For the projections P (k) with rank r satisfying Assumption 1 and the Bloch bundle

EC, we can define a basis of ranP (k) for k ∈ Rd/Γ∗.

Definition 3.1. For the orthogonal projections P := (P (k))k∈Rd satisfying Assumption 1,

we say that Φ : Rd → Hr is a global Bloch frame, if

Φ : Rd → H⊕ · · · ⊕ H = Hr, k 7→ (φ1(k), . . . , φr(k)),

is τ -equivariant:

φa(k + γ) = τ(γ)φa(k) for all k ∈ Rd, γ ∈ Γ∗, a ∈ {1, . . . , r}, (3.1)

and for a.e. k ∈ Rd, the set {φ1(k), . . . , φr(k)} is an orthonormal basis spanning RanP (k).

Remark 3. In the language of vector bundles, each φa(k) is a normalized section of the

Bloch bundle, and a Bloch frame Φ is a family of orthonormal sections of the Bloch bundle

EC that span the Bloch bundle over C for a.e. k ∈ Rd.

We now define Wannier functions. First, recall the Bloch transform is given by

(Bψ)(k, x) :=
∑
γ∈Γ

e−i⟨x+γ,k⟩ψ(x+ γ), ψ ∈ L2(Rd), (3.2)

which is an isometry

B : L2(Rd) −→ Hτ := {φ ∈ L2
loc(Rd;L2(Rd/Γ)) : φ(k + γ, x) = τ(γ)φ(k, x) for all γ ∈ Γ∗}.
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Definition 3.2. Let φ(k, x) ∈ Hτ be a normalized section of the Bloch bundle, the Wannier

function w(φ) ∈ L2(Rd) is defined by

w(φ)(x) :=
1

|Rd/Γ∗|

∫
Rd/Γ∗

ei⟨x,k⟩φ(k, x) dk = B−1(φ). (3.3)

Moreover, Wannier functions of the Bloch frame Φ = (φa)1≤a≤r are given by {w(φa)}1≤a≤r.

For a global Bloch frame Φ = (φa)1≤a≤r of an orthogonal projection P , the shifted Wannier

functions

W = {w(φa)(• − γ)}γ∈Γ,1≤a≤r (3.4)

form an orthonormal basis of the space⊕
k∈Rd/Γ∗

ranP (k).

Hence, the set W is also a Wannier basis as in the Definition 1.1. See [Ku16, Section 6.5]

or [TaZw23, Proposition 5.5] for detailed discussions.

3.2. Chern numbers and localization dichotomy. We recall the criterion of exponential

localization of Wannier functions without symmetry constraints.

Recall that P (k) denotes the family of orthogonal projections parametrized by k ∈ Rd

that satisfy the equivariance conditions (A1) of the reciprocal lattice Γ∗. This gives rise to

a Bloch bundle EC over the torus Rd/Γ∗ defined in (1.2), equipped with a Berry connection.

Let Ω(k) =
∑

i,j Ωij(k) dki ∧ dkj be the curvature form of the Berry connection:

Ωij(k) := trH(P (k)[∂iP (k), ∂jP (k)]).

Then, the first Chern class is defined as

c1(EC) = i
2π
[Ω] ∈ H2

dR(Rd/Γ∗;R),

where [Ω] represents the de Rham cohomology class of the curvature form Ω.

To compute the first Chern class explicitly, we use the de Rham isomorphism. For the

d-dimensional torus Rd/Γ∗, the second homology group satisfies

H2(Rd/Γ∗) ∼= Z(
d
2).

This group is generated by the independent 2-cycles (Bij)1≤i<j≤d, where Bij := (Rvi +
Rvj)/(Zvi + Zvj) and (vi)

d
i=1 are basis vectors of Γ∗.

Definition 3.3. A family of projections P that satisfy Assumption 1 is called Chern trivial

if for d ∈ {2, 3} the Chern numbers

C1(EC)ij :=
i

2π

∫
Bij

trH(P (k)[∂iP (k), ∂jP (k)]) dki ∧ dkj

vanish for all 1 ≤ i < j ≤ d.
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By the de Rham isomorphism, Chern triviality implies the vanishing of the first Chern

class c1(EC) = 0. The first Chern class has direct implications on the structure of Wannier

functions. This is the localization dichotomy as stated, for instance, in [Mo*18]:

• Case 1: If P is Chern-trivial, then there exists a Bloch frame Φ that is real analytic

in the parameter k, such that all Wannier functions w(φa) decay exponentially.

• Case 2: If P is not Chern-trivial, then there does not exist a Bloch frame that is

H1
loc in k. In addition, for any Bloch frame Φ, there exist Wannier functions w(φa)

for some a such that xw(φa) /∈ L2.

It is instructive to compare this dichotomy with Theorem 1 and 2. If EC is not Chern-

trivial and E ′
C is Chern-trivial, then the direct sum EC⊕E ′

C remains not Chern-trivial. Hence,

the obstruction to the existence of exponentially localized Wannier basis imposed by the

Chern number cannot be removed by adding trivial bundles. This highlights the distinction

between stable topology in condensed matter physics, where obstructions cannot be lifted by

modifications by topologically trivial elements, and fragile topology, which depends on the

rank and can be lifted by changing it.

3.3. Compatibility of Wannier functions. Now we consider the Bloch bundle EC and

Wannier basis W equipped with the symmetry Iu(z) = u(−z) defined in (1.1).

By Assumption 2, the I-symmetry acts as a real vector bundle homomorphism (i.e., each

fiber is preserved). Since I2 = 1, it has eigenvalue 1 and −1 on each fiber. The I-symmetry

naturally induces a rank r real subbundle

ER = {(k, v) ∈ EC : Iv = v} ⊂ EC,

given by the eigenspace of 1.

We now give an equivalent characterization of Wannier functions W compatible with the

I-symmetry, i.e., IW = W . We shall see that this characterization relates the compatibility

conditions to the Stiefel–Whitney classes of the real line bundles ER.

Proposition 3.4. A Wannier basis W is compatible with the I-symmetry in the sense of

Definition 1.2 if and only if there exist functions {ψa(x) ∈ L2(Rd) : a ∈ {1, · · · , r}} and

c1, · · · , cr ∈ Γ such that

Iψa,γ = ψa,ca−γ, a ∈ {1, · · · , r}, ψa,γ(x) := ψa(x− γ) (3.5)

and

spanC W = spanC{ψa,γ(x) : γ ∈ Γ, a ∈ {1, · · · , r}}. (3.6)

In particular, the points c1, · · · , cr ∈ Γ are called the rescaled Wannier centers.

Proof. The “if” direction is obvious. We prove the “only if” direction. Suppose W is a

Wannier basis compatible with the I-symmetry and ψa,0 ∈ W . By assumption, there exists

ψb,c ∈ W such that

Iψa,0 = ψb,c.
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If a = b, then by the definition of I, we have

Iψa,γ(x) = I(ψa,0(· − γ)) = (Iψa,0)(x+ γ) = ψa,c−γ(x).

If a ̸= b, then we let

ψ̃a,0 :=
1√
2
(ψa,0 + ψb,c) , ψ̃b,0 :=

i√
2
(ψa,0 − ψb,c) .

Then Iψ̃a,0 = ψ̃a,0, Iψ̃b,0 = ψ̃b,0 and {ψ̃a,γ, ψ̃b,γ}γ∈Γ give an orthonormal basis of the space

spanC(ψa,γ, ψb,γ). We can apply this process to the remaining basis and get (3.5). □

By taking the Bloch transform (3.2) with φa = Bψa, equation (3.5) translates into

Iφa(k, x) = ei⟨ca,k⟩φa(k, x), a ∈ {1, · · · r}. (3.7)

Hence, each φa(k, ·) is a section of the real subbundle

Eca := {(k, v) ∈ EC : Iv = ei⟨ca,k⟩v} ⊂ EC, (3.8)

where Ec is a subbundle of the complex vector bundle EC ∼= ER ⊗ C.

3.4. Wannier centers. We continue with a more detailed discussion on Wannier centers.

For the real subbundle Ec defined in (3.8), We claim

Ec ∼= ER ⊗ Lc (3.9)

where Lc is the real line bundle, corresponding to the Stiefel–Whitney class c ∈ Γ/(2Γ) ∼=
H1(Rn/Γ∗;Z/2). In other words, Lc is a real line bundle contained in the trivial complex

line bundle Td × C satisfying

Lc := {(k, z) ∈ Td × C : z = ei⟨c,k⟩z}. (3.10)

The isomorphism (3.9) follows from identifying EC with ER ⊗C, where I acts trivially on ER
and acts as a conjugation on C. In particular, Ec ∼= Ec′ if c− c′ ∈ 2Γ as Lc’s are classified by

the first Stiefel–Whitney class w1 ∈ H1(Rn/Γ∗;Z/2) ∼= Γ/(2Γ).

We now give a more physically relevant definition of the Wannier center.

Definition 3.5. Let ⟨•⟩1/2w(φ) ∈ L2(Rd). The Wannier center c(w(φ)) is defined as the

expectation of the position operator

c(w(φ)) :=

∫
Rd

|w(φ)|2x dx ∈ Rd.

Since Wannier centers are the expectation of the position of charge carriers, they are

directly related to the polarization where q is the electric charge of the particles [MaVa97,

Ma*12]

P = qc(w(φ)).

We now clarify the relation between the two definitions of (rescaled) Wannier centers as

the expectation of the position in Definitions 3.5 and phase factors (of the I-symmetry) in

Proposition 3.4. In particular, Wannier centers give rise to the first Stiefel–Whitney class of

the associated real line bundle (3.8).
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Proposition 3.6. Let u ∈ Hτ ∩H
1
2
loc(Rd;L2(Rd/Γ)) be a normalized section. Suppose Iuk =

ei⟨c,k⟩uk (as in Proposition 3.4) is anti-unitary. Then for c(w(u)) as in Definition 3.5,

c(w(u)) =
c

2
.

Proof. For simplicity, we shall give our proof in the dimension d = 2. We start by recalling

that after conjugating by the Bloch–Floquet transform UxU−1 = i∇k which shows that

c(w(u)) = ⟨w(u), xw(u)⟩L2(Rd) =
⟨Uw(u), (UxU−1)Uw(u)⟩L2(Rd/Γ×Rd/Γ∗)

|v1 ∧ v2|

= −
i⟨u,∇ku⟩L2(Rd/Γ×Rd/Γ∗)

|v1 ∧ v2|
,

where Γ∗ = Zv1 + Zv2. With the Berry connection A(k) = −i⟨uk,∇kuk⟩L2(Rd/Γ) and unit

vector ev =
v

∥v∥

⟨c(w(u)), ev1⟩ =
|v1 ∧ v2|
|v1 ∧ v2|

∫ 1

0

∫ 1

0

⟨A(t1v1 + t2v2), ev1⟩ dt1 dt2

=

∫ 1

0

∫ 1

0

⟨A(t1v1 + t2v2), ev1⟩ dt1 dt2

=
1

∥v1∥

∫ 1

0

∫ 1

0

⟨A(t1v1 + t2v2), v1⟩ dt1 dt2 =
1

∥v1∥

∫ 1

0

γv1(t2) dt2,

where γv1 is the Berry phase in v1 direction

γv1(t2) =

∫ 1

0

⟨A(t1v1 + t2v2), v1⟩dt1.

The same computation applies to ev2 with 1 replaced by 2 everywhere.

More can be said about the Berry phase when symmetries are enforced. For Iuk = eiϕ(k)uk
and ϕ(k) := ⟨ca, k⟩, a simple computation shows that

⟨uk, i∇kuk⟩ = −i⟨uk,∇kuk⟩ =
〈
1

i
∇k(Iuk), Iuk

〉
=

〈
1

i
∇k(e

iϕ(k)uk), e
iϕ(k)uk

〉
= ∇ϕ(k)− i⟨∇kuk, uk⟩.

Using that 0 = ∇k∥uk∥2 = ⟨∇kuk, uk⟩+ ⟨uk,∇kuk⟩, we find

2γv1 =

∫ 1

0

⟨∇ϕ(t1v1 + t2v2), v1⟩ dt1 = ⟨ca, v1⟩ (3.11)

such that

⟨c(w(u)), evj⟩ =
⟨ca, vj⟩
2∥vj∥

=
⟨ca, evj⟩

2
, j = 1, 2 =⇒ c(w(u)) =

ca
2
. □

Remark 4. It follows from the proof that the Wannier center ca in (3.8) is completely

determined by the Berry phase by (3.11).
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4. Fragile topology

In this section, we consider a complex Bloch bundle EC of rank r ≥ 2 over T2 or T3

equipped with the I-symmetry in (1.1). Thus we get a real vector subbundle ER with (real)

rank r ≥ 2, i.e.

ER = {(x, v) ∈ EC : Iv = v}, EC = ER ⊗ C. (4.1)

We show that for r = 2 there is an exponentially localized Wannier basis compatible with

the I-symmetry if and only if the Euler class e(ER) = 0, whereas for r ≥ 3 we show that

there is always an exponentially localized Wannier basis compatible with the I-symmetry.

4.1. Wannier basis and line bundles. We first prove an equivalent statement of the

existence of an exponentially localized Wannier basis compatible with the I-symmetry.

Proposition 4.1. The real subbundle ER in (4.1) over Td can be split into a direct sum of

analytic line bundles if and only if there is an exponentially localized Wannier basis {φa
γ(x) :

γ ∈ Γ, a ∈ {1, · · · , r}} (with some Wannier centers) compatible with the I-symmetry.

Proof. We use the equivalent definition of compatibility in Proposition 3.4. If ER = L1⊕· · ·⊕
Lr is a direct sum of analytic line bundles, we may take the line bundles to be orthogonal.

Let ca ∈ Γ be a representative of the Stiefel–Whitney class w1(La) ∈ H1(Rd/Γ;Z/2) = Γ/2Γ.

As La⊗Lca is a trivial line bundle in ER⊗Lca and by orthogonality of {La}1≤a≤r, there exist

analytic orthonormal sections sa of the tensor bundle ER ⊗ Lca = Eca , for a = 1, 2, · · · , r.
Taking the Bloch transform of sa, we can construct exponentially localized Wannier functions

satisfying

Iφa
γ = φa

ca−γ, a ∈ {1, · · · , r}.

On the other hand, if there exists an exponentially localized Wannier basis with rescaled

Wannier centers at {ca}1≤a≤r, then the inverse Bloch transform would give analytic orthonor-

mal sections sa of bundles Eca = ER⊗Lca , a = 1, 2, · · · , r. Now we claim ER ∼= Lc1 ⊕· · ·⊕Lcr .

We can split off a trivial bundle L1
∼= Rs1:

Ec1 = L1 ⊕ E ′
c1
.

Tensoring Ec1 with Lc1 yields that

ER = (L1 ⊗ Lc1)⊕ (E ′
c1
⊗ Lc1)

∼= Lc1 ⊕ (E ′
c1
⊗ Lc1).

Repeating this construction gives the desired direct sum decomposition. □

4.2. Wannier obstructions for rank two vector bundles. In this section, we show that

an oriented rank two real Bloch bundle ER over the torus in dimension d ≤ 3 exhibits an

exponentially localized Wannier basis compatible with the I-symmetry if and only if the

Euler class e(ER) = 0. In fact, we have the following more general result.

Proposition 4.2. A rank two oriented real vector bundle ER over Td can be split into the

direct sum of line bundles if and only if e(ER) = 0. In particular, ER is a trivial bundle when

it splits.
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Proof. Suppose ER = L1 ⊕ L2, where L1 and L2 are orthogonal line bundles to each other.

Then there exists a section s1 of L1 that vanishes on a subtorus γ1 representing w1(L1).

Similarly, there exists another section s2 of L2 that vanishes on a subtorus γ2 representing

w1(L2). Since L1 ⊕ L2 is orientable, w1(L1) = w1(L2). Therefore, we can choose γ1 and

γ2 to be parallel subtori so that s1 + s2 is nonvanishing everywhere. Thus, ER contains a

non-vanishing section and is trivial. □

Remark 5. This proposition is not true over RP2. Let L be the tautological line bundle over

RP2, then L⊕ L is not trivial.

Proof of Theorem 1. By Proposition 4.1, the existence of an exponentially localized Wannier

basis compatible with the I-symmetry is equivalent to the decomposability of the real Bloch

bundle ER into a direct sum of line bundles. Proposition 4.2 shows that real bundles of rank

two are decomposable to line bundles if and only if the Euler class e(ER) = 0. □

4.3. Fragile topology for higher rank vector bundles. In this section, we consider the

so-called fragile topology for three or more Bloch bands over T2 or T3.

Proposition 4.3. Let M be T2 or T3 and ER be a real vector bundle of rank ≥ 3 over M .

Then ER can be written as a direct sum of real line bundles.

Proof. It suffices to consider the case r = 3, as any real vector bundle with rank ≥ 4 over

M can split off a trivial line bundle by applying the Thom transversality theorem as in

Proposition 2.5. Without loss of generality, we may also assume ER is orientable. Otherwise,

we may tensor it with a line bundle to make it orientable (see (2.4)), then we can tensor it

with the same line bundle after splitting to obtain the decomposition of the original bundle.

First, we discuss bundles over T2. The orientability of ER yields w1 = 0 ∈ H1(T2;Z/2) =
Z/2e1 + Z/2e2. We assume w2 = ae1 ⌣ e2 ∈ H2(T2;Z/2) = Z/2e1 ⌣ e2. We can choose

three line bundles with w1 = ae1, ae2, ae1 + ae2 respectively. The bundle we get from the

direct sum has the total Stiefel–Whitney class

(1 + ae1)(1 + ae2)(1 + ae1 + ae2) = 1 + ae1 ⌣ e2,

which agrees with the total Stiefel–Whitney class of ER.
Now we discuss bundles over T3. Again, the orientability of ER yields w1 = 0 ∈ H1(T3;Z/2) =

Z/2e1 + Z/2e2 + Z/2e3. We assume

w2 = ae1 ⌣ e2+be2 ⌣ e3+ce3 ⌣ e1 ∈ H2(T3;Z/2) = Z/2e1 ⌣ e2+Z/2e2 ⌣ e3+Z/2e3 ⌣ e1.

There are four cases we need to consider

• When a = b = c = 0, this is a trivial bundle.

• When one of a, b, c is nonzero, say a = 1, b = c = 0, we choose three line bundles

with w1 = e1, e2, e1 + e2 respectively, and use

(1 + e1)(1 + e2)(1 + e1 + e2) = 1 + e1 ⌣ e2.
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• When two of a, b, c are nonzero, say a = b = 1, c = 0, we choose three line bundles

with w1 = e1 + e3, e2, e1 + e2 + e3 respectively, and use

(1 + e1 + e3)(1 + e2)(1 + e1 + e2 + e3) = 1 + e1 ⌣ e2 + e2 ⌣ e3.

• When all of a, b, c are nonzero, i.e. a = b = c = 1, we choose three line bundles with

w1 = e1 + e3, e2 + e3, e1 + e2 respectively, and use

(1 + e1 + e3)(1 + e2 + e3)(1 + e1 + e2) = 1 + e1 ⌣ e2 + e2 ⌣ e3 + e3 ⌣ e1.

In each case, ER can be decomposed into the direct sum of three line bundles given by the

total Stiefel–Whitney class in the LHS of the equalities. □

One may furthermore take the three line bundles to be orthogonal. For real Bloch bundles,

this gives the Wannier centers and Wannier functions compatible with the I-symmetry.

Proof of Theorem 2. Again by Proposition 4.1, the existence of an exponentially localized

Wannier basis compatible with the I-symmetry is equivalent to the decomposability of the

real Bloch bundle ER into a direct sum of line bundles. For d ≤ 3, Proposition 4.3 shows

that this is always the case for real bundles with rank ≥ 3. □

5. Applications: Fragile topology in the chiral TBG at magic angles

In this section, using the fragile topology framework developed in previous sections, we

determine the Wannier centers of the exponentially localized Wannier functions arising from

the topologically non-trivial flat bands of twisted bilayer graphene (TBG). In particular, we

consider the so-called chiral limit of the TBG. See [TKV19, Be*22, Zw23] for more detailed

discussions on the chiral TBG and [BiMa11, BeZw23, Be*24] for the general Bistritzer–

Macdonald Hamiltonian.

The Bloch transformed Hamiltonian is given by

Hk(α) =

(
0 D(α)∗ + k̄

D(α) + k 0

)
with D(α) =

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
with a potential U ∈ C∞(C) satisfying for γ ∈ Λ := Z + ωZ with ω = e2πi/3, K = 4π

3
, and

⟨a, b⟩ = Re(ab)

U(z + γ) = ei⟨γ,K⟩U(z), U(ωz) = ωU(z) and U(z̄) = −U(−z),

such that Hk commutes with the symmetry I =

(
0 Q

Q 0

)
with Qu(z) = u(−z). The operator

acts on the Hilbert space

L2
0 := {v ∈ L2

loc(C;C4);Lγu = u for all γ ∈ Λ},

where Lγu(z) = diag(ωγ1+γ2 , 1, ωγ1+γ2 , 1)u(z + γ), with γ = γ1 + ωγ2 and (γ1, γ2) ∈ Z2.

A magic angle in this model is defined as a parameter α ∈ C such that

0 ∈
⋂
k∈C

SpecL2
0
(Hk(α)).
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By Fredholm theory, this implies that dimkerL2
0
(D(α)∗ + k̄) = dimkerL2

0
(D(α) + k) ̸= 0 for

all k ∈ C. If dim kerL2
0
(D(α) + k) = 1 for all k ∈ C, we call the magic angle simple and if

dim kerL2
0
(D(α)+k) = 2 for all k ∈ C, we call it two-fold degenerate. The existence of simple

and two-fold degenerated magic angles are proved in [BHZ23a, BHZ23b, WaLu21].

Recall that flat bands and the corresponding eigenspaces are given by a family of orthog-

onal projections that satisfy Assumption 1 due to the existence of band gaps between flat

bands and other bands [BHZ23a, BHZ23b]. We consider V (k) := kerL2
0
(D(α) + k) ⊂ L2

0.

This allows us to define a trivial bundle π : Ẽ → C, where

Ẽ := {(k, v) : v ∈ V (k)} ⊂ C× L2
0(C/Λ;C2).

To define a vector bundle over the torus C/Λ∗, we introduce

(k, u) ∼ (k + p, τ(p)u), τ(p)u(z) = ei⟨z,p⟩u(z),

for p ∈ Λ∗. This way EC := Ẽ/∼ → C/Λ∗ is a holomorphic vector bundle. At simple magic

angles rankC(EC) = 1, while at two-fold degenerate magic angles rankC(EC) = 2.

We now define the complex Bloch bundle over C/Λ∗ (corresponding to the flat band):

F := {(k, ϕ) : (C× L2
0(C/Λ;C4)/∼ : ϕ ∈ 1l0(Hk(α))}, (k, ϕ) ∼ (k + p, τ(p)ϕ) for p ∈ Λ∗.

and the corresponding real Bloch bundle F0 := {φ ∈ F : Iφ = φ}. Note that such Bloch

bundles corresponding to flat bands can be defined using spectral projections due to the

existence of band gaps at magic angles (see [BHZ24, BHZ23b]).

To identify the complex bundle EC with an oriented real bundle of twice the rank, we

take some basis of every fiber u1 (for simple magic angles) or u1, u2 (for degenerate magic

angles). Focusing now exclusively on two-fold degenerate magic angles, to streamline the

presentation, u1, iu1, u2, iu2 then defines an oriented basis. This one is always consistently

oriented by general concepts [MiSt74, Lemma 14.1]. To obtain an oriented basis of the

bundle F0 associated with the I-symmetry that commutes with the Hamiltonian, we just

use the symmetry Qu(z) = u(−z) and define

(u1, Qu1), (iu1,−iQ(u1)), (u2, Q(u2)), (iu2,−iQ(u2)).

Since F0
∼= EC and the Euler class equals the top Chern class, we conclude that w1(F0) = 0

and e(F0) = c1(EC). Thus the Euler number of F0 can be computed by

χ(F0) =

∫
R2/Γ∗

e(F0) =

∫
R2/Γ∗

c1(EC).

5.1. TBG with two flat bands. At a simple magic angle, we take the real bundle F0. We

may add a line bundle and define: F ′
0 := F0 ⊕ L.

By Proposition 4.3, we can write F ′
0 =

⊕2
i=0 Li. As the real Bloch bundle F0 is orientable,

i.e. w1(F0) = 0, we have

w1(L) = w1(F ′
0) =

2∑
i=0

w1(Li), (5.1)
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as well as

w2(F0) = w2(F ′
0) =

∑
i<j

w1(Li)⌣ w1(Lj). (5.2)

Recall that for a line bundle Li, the rescaled Wannier center ci ∈ Γ is the same as the first

Stiefel–Whitney class w1(Li) ∈ H1(R2/Γ∗;Z/2) = Γ/2Γ. Assume w1(L) = c ∈ Γ/(2Γ), then

the first condition yields that
2∑

i=0

ci = c.

Let ω be the generator of H2(R2/Γ∗;Z) ∼= Z, then the Euler class of F0 is given by

e(F0) = −ω, as the Chern number of the associated complex line bundle EC is −1. Thus, by

equation (2.5), the second Stiefel–Whitney class is given by w2(F0) = e1 ⌣ e2 with e1 ⌣ e2
being the generator of H2(R2/Γ∗,Z/2) ∼= Z/2 as in the proof of Proposition 4.3. By the

proof of Proposition 4.3, we obtain

Corollary 5.1. If L is a real line bundle from an isolated band, then we may decompose the

real Bloch bundle F ′
0 = F0⊕L into a direct sum of three real line bundles F ′

0 =
⊕2

i=0 Li with

Wannier centers

c0 = e1 + c, c1 = e2 + c, and c2 = e1 + e2 + c.

.

5.2. TBG with four flat bands. In case of TBG at a two-fold degenerate magic angle,

the real vector bundle F0 can be written as a direct sum of real line bundles F0 =
⊕3

i=0 Li.

Using the orientability of F0, we find that the first Stiefel–Whitney class satisfies

3∑
i=0

w1(Li) = w1(F0) = 0.

As the Chern number of the two-fold degenerate flat band is −1 (cf. [BHZ23b, Theorem 5]),

we also obtain ∑
i<j

w1(Li)⌣ w1(Lj) = w2(F0) = e1 ⌣ e2.

Splitting a trivial bundle off the rank four real Bloch bundle F0 and using the proof of

Proposition 4.3, we obtain the following

Corollary 5.2. We can decompose F0 into a direct sum of four real line bundles F0 =⊕3
i=0 Li with Wannier centers at

c0 = e1, c1 = e2, c2 = e1 + e2, and c3 = 0.
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