
NOTES

We discuss the work of Hide–Magee [HM23] on near optimal spectral gap of hyperbolic

surfaces.

The key is to construct the inverse of ∆´sp1´sq on a (noncompact) finite area hyperbolic

surface ΓzH. On the hyperbolic plane, the Schwartz kernel of RHpsq “ p∆ ´ sp1 ´ sqq´1 is

given by

RHps;x, yq “
1

4π

ż 1

0

ts´1p1 ´ tqs´1

pσ ´ tqs
dt, σ “ cosh2

´r

2

¯

, r “ dHpx, yq.

This is bounded on L2pHq when s ą 1{2. Note the Schwartz kernel of RHpsq only depends

on r. This is a manifestation that ∆ commutes with the group action by PSLp2,Rq.

In general, if an operator has Schwartz kernel of the form k0pdHpx, yqq, it is given by a

Fourier multiplier for ∆f “ pξ2 ` 1{4qf .

hpξq “
?
2

ż 8

´8

eiξu
ż 8

|u|

k0pρq sinhpρq
a

coshpρq ´ coshpuq
dρdu.

Thus

}K}L2ÑL2 “ sup
ξě0

|hpξq|.

Now we want to descend this resolvent to the quotient ΓzH. This does not work unless

s ą 1 such that one have Rps, rq ď Ce´sr. We need to cut off. Let χ0 be a cutoff such

that χ0pxq “ 1 from p´8, 0s and vanishes for x P r1,8q. Let χT pxq “ χ0px ´ T q and

R
pT q

H ps, rq “ χT prqRHps, rq. In polar coordinates,

∆H “ ´
B2

Br2
´

1

tanh r

B

Br
´

1

sinh2 r

B

Bθ
.

Therefore,

r∆x, R
pT q

H ps, rqs “ ´B
2
rχT ´ BrχTBr ´

1

tanh r
BrχT .

So

p∆H ´ sp1 ´ sqqR
pT q

H ´ I “ L
pT q

H ps, rq “ ´

ˆ

B
2
rχT `

1

tanh r
BrχT

˙

RHps, rq ´ BrχTBrRHps, rq

and

|L
pT q

H ps, rq| ď Ce´sr.

Lemma 0.1. }L
pT q

H ps, rq}L2ÑL2 ď CTeps´1{2qT .
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Proof. It suffices to estimate

?
2

ˇ

ˇ

ˇ

ˇ

ˇ

ż 8

´8

ż 8

|u|

L
pT q

H ps, rq sinhpρq
a

coshprq ´ coshpuq
drdu

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2
?
2

ˇ

ˇ

ˇ

ˇ

ˇ

ż T`1

0

eiξu
ż T`1

maxp|u|,T q

|L
pT q

H ps, rq| sinhpρq
a

coshprq ´ coshpuq
drdu

ˇ

ˇ

ˇ

ˇ

ˇ

ď Ce´sT

ż T`1

0

ż coshpT`1q

coshmaxp|u|,T q

1
a

y ´ coshpuq
dydu

ď CTeps´1{2qT .

□

We will pretend that ΓzH is compact. In fact, when there is a cusp, it suffices to deal

with the cusp part separately, which can be explicitly analyzed. The paper considers the

cusp case because Bordenave—Collins requires the fundamental group to be a free group.

Let F be a Dirichlet fundamental domain, i.e.

F “
č

γPΓztidu

tz P H : dpo, zq ă dpz, γoqu.

For f P C8
ϕ pH;V 0

n q, we write

L
pT q

H,npsqfpxq “
ÿ

γPΓ

ż

yPF

L
pT q

H,nps; γx, yqρϕpγ´1
qfpyqdy.

Recall

L2
ϕpH;V 0

n q – L2
pF q b V 0

n .

Under this isomorphism, we have

L
pT q

ϕ ps, rq –
ÿ

γPΓ

apT q
γ psq b ρϕpγ´1

q, apT q
γ ps;x, yq “ L

pT q

H ps; γx, yq.

The operator for the regular representation ρ8 is

L
pT q

H ps, rq –
ÿ

γPΓ

apT q
γ psq b ρ8pγ´1

q, apT q
γ ps;x, yq “ L

pT q

H ps; γx, yq.

Since a
pT q
γ psq is compact, we can choose finite rank operators b

pT q
γ psq such that

}apT q
γ psq ´ bpT q

γ psq}L2pF qÑL2pF q ď ϵpT q.
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Applying Bordenave—Collins, we know a.a.s. as n Ñ 8,
›

›

›

›

›

ÿ

γPΓ

bpT q
γ psq b ρϕpγ´1

q

›

›

›

›

›

ď

›

›

›

›

›

ÿ

γPΓ

bpT q
γ psq b ρ8pγ´1

q

›

›

›

›

›

` ϵ.

Therefore,
›

›

›

›

›

ÿ

γPΓ

apT q
γ psq b ρϕpγ´1

q

›

›

›

›

›

ď

›

›

›

›

›

ÿ

γPΓ

apT q
γ psq b ρ8pγ´1

q

›

›

›

›

›

` ϵ1.

The right hand side is small because of Lemma 0.1.

We have to make the proof uniform for s P rs0, 1s. This uses the fact that

}apT q
γ ps1q ´ apT q

γ ps2q}L2pF qÑL2pF q ď CpT q|s1 ´ s2|.
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