NOTES

We discuss the work of Hide-Magee [HM23] on near optimal spectral gap of hyperbolic
surfaces.

The key is to construct the inverse of A—s(1—s) on a (noncompact) finite area hyperbolic
surface T'\H. On the hyperbolic plane, the Schwartz kernel of Rg(s) = (A —s(1 —s))7!is
given by

L (e (1=t
Ry(s;z,y) = yp f ﬁdt, o = cosh?® (g) , r=dg(z,y).
This is bounded on L?*(H) when s > 1/2. Note the Schwartz kernel of Ry(s) only depends
on r. This is a manifestation that A commutes with the group action by PSL(2,R).

In general, if an operator has Schwartz kernel of the form ko(du(z,y)), it is given by a
Fourier multiplier for Af = (€2 + 1/4)f.

:\/EJOO L| \/cosh Silii)?lq(u)dp du-

| K| 222 = sup [R(£)].

£=0

Thus

Now we want to descend this resolvent to the quotient ["'\H. This does not work unless
s > 1 such that one have R(s,r) < Ce™*". We need to cut off. Let xo be a cutoff such
that xo(x) = 1 from (—o0,0] and vanishes for z € [1,00). Let xr(z) = xo(z —T) and
RI(HIT)(S, r) = xr(r)Ru(s,r). In polar coordinates,

0? 1 0 1 0

Ag = —— — - .
" or2  tanhror  sinh®r 04
Therefore,
1
T
[Aiu R]g-]l )<S7 T)] = _a’%XT - arXTar - m@)@.
So

(AH - S(]- - 5))R]§-]1T) — 1= LI(HIT) (Sa T) == <872‘XT + arXT) RH(Svr) - 5TXT67‘RH(S’ r)

1
tanh r
and

]L](}HT)(S, r) < Ce™™.

Lemma 0.1. ||L](HT)(S,T)HL2_,L2 < OTe=1/2)T,
1
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Proof. Tt suffices to estimate

(s,7)sinh(p)
ul \/COSh ) — cosh(u)

T+1 e J~T+1 |L(T)( r)| sinh(p)
max(|ul,T) \/COSh — COSh(U)

T+1 pcosh(T+1) 1
< CesT J J ——dydu
coshmax(|ul,T) A/Y — cosh(u)

drdu

drdu

< OTels~Y2AT
[

We will pretend that I'\H is compact. In fact, when there is a cusp, it suffices to deal
with the cusp part separately, which can be explicitly analyzed. The paper considers the
cusp case because Bordenave—Collins requires the fundamental group to be a free group.

Let F' be a Dirichlet fundamental domain, i.e.
F = ﬂ {zeH:d(o,2) <d(z,70)}.
~eT'\{id}

For f e CF(H; V), we write

L&@ﬂ@=2jFQwaw%wwmmy

vyel
Recall
Li(H; Vr?) ~ LQ(F) ® VA).

Under this isomorphism, we have

_ T
r =Y adD(s)@pe(vY), al(s;zy) = LY (siva, ).
vyel
The operator for the regular representation p., is
T _
L (s,r) = D1 al(s) ®@ pos(v7Y), 0l (s32,y) = L (5,72, y).
vyel

Since aﬁ,T)(s) is compact, we can choose finite rank operators bgT)(s) such that

HaE/T)(S) - bgT>(s)||L2(F)QL2(F) < ¢(T).
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Applying Bordenave—Collins, we know a.a.s. as n — o0,

20 ()®ps(v7)

~yel

<

Zb 8)® poo (YY) + e

vyel

Therefore,

D1l (s)®ps(vh)| <

vyel
The right hand side is small because of Lemma 0.1.

D100 () ® poo(yH)| + €.

vel

We have to make the proof uniform for s € [sg, 1]. This uses the fact that
157 (s1) = al" ()| L2(r)—r2(r) < C(T)|s1 — sa.
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