NOTES

This note is about Buser’s paper [Bus78| relating cubic graphs to compact Riemann
surfaces.

A cubic graph is a graph such that each vertex has degree 3. Let G,, be the set of cubic
graphs with 2n vertices. The partition number of a cubic graph G is defined as

(V=.v7)

V-
where the minimum is taken over a partition of the vertices V of G into V~ u V1 with
VonV*t =@ and |[V7| < |V*]. Here (V7,V7) is the set of edges having one endpoint
in V~ and another in V*. I think this is also called the Cheeger constant. Cheeger’s

p(G) = min

inequality says
p(G)?
6
This implies that the spectral gap 3 — A\y(G) being small is equivalent to p(G) being small.

<3 — X (G) < 2p(G).

A compact hyperbolic surface M is a compact smooth Riemannian manifold with con-
stant negative curvature —1. We will only consider orientable surfaces. Their topology are
classified by the genus g > 2. But for a fixed genus there are many hyperbolic surfaces. In-
deed there is a continuous moduli space M, of real dimension 6g — 6. People are interested
in the spectral gap of the Laplacian —A,, which has eigenvalues

There is a Cheeger inequality which works on any compact manifold:

Buser proved the following theorem.

Theorem 1. The following statements are equivalent.

. iHoloSUPMeMg M (M) =0y

g*)

e lim maxgeg, p(G)=0.
n—o0

Nowadays we know both are false, due to the existence of expander graphs (and Ra-

manujan graphs and almost Ramanujan surfaces).
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9 NOTES

0.1. From graph to surface. Suppose we have a graph with big p(G), we would like to
construct a compact hyperbolic surface with a big first eigenvalue. The construction of
the surface is given by gluing pairs of pants together. Cheeger’s inequality \;(—A) = h%/4
gives a lower bound on the first eigenvalue A\;(—A). So it suffices to find a surface with a
big Cheeger constant.

We will fix a given pair of pants whose boundary geodesics are short and the distances
between the boundary geodesics are long. Then we form the surface Mg by gluing the
pairs of pants according to the graph G, where a pair of pants corresponds to a vertex
and connecting boundary geodesics corresponds to an edge. Suppose we have a partition
of the surface M = M~ u M*. Since the distances between boundary geodesics are long,
it is most efficient to cut using the boundary geodesics. By analyzing a few cases, we may
assume we the best cut is essentially given by the boundary geodesics (i.e. this will not
increase the Cheeger constant too much). Then the conclusion follows from the assumption
on the Cheeger constant of the graph G.

0.2. From surface to graph. Assume that p(G) is small when |G| is large. We would
like to show Aj(—A) is small. We recall the minimax principle:

V f|2dx
A(—A) = min S‘LJ
§fdz=0 (| f|?dx
Now we encode the surface using a graph. Buser showed that any compact hyperbolic
surface can be written as the union of trigons:

(1) a simply connected geodesic triangle;
(2) or a doubly connected region with one boundary component being a closed geodesic,
and another component being a broken geodesic with two break points;

such that the side length is < log4 and the area is between 7 — 6 arcsin(y/2/3) and 27/3.
From the surface we can then associate a graph G, by mapping each trigon to a vertex
and each boundary geodesic to an edge. Since p(G) is small, we can divide the graph G
into two parts V'~ and V* so that the boundary length [(V~, V)| is short. We can then
consider the corresponding division of the surface into two parts M~ and M along the
boundary geodesics. We consider the function

N min(%dist(q,@M*),l), xe M*,
() = { 0, re M*

and f = ¢ —ay” so that § fdx = 0. For € > 0 sufficiently small (Buser took € = 1/4):

2 _
_SIViPdr _1jom| 1

M(=A) < < <
1(=4) (IfPde ~ e |M] P

p(G).



REFERENCES 3

The key property here is that the geometry of the trigons we choose are uniformly bounded
(we use in the last step).
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