Fall 2025 Math 53, Sections 104/106
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GSI: Zack Stier
Date: November 21/24

1. Evaluate the surface integral | | F - dS for the given vector field F and oriented surface
S. For closed surfaces, use the positive (outward) orientation.

(a) F(x,y,2z) = (ze"¥, —3ze",xy). S is the parallelogram x = u + v,y = u —0v,z =
1+2u+09,0<u<2,0<v<1oriented upwards.
Let#(u,v) = (u +o,u—v,142u —|—v> Then?, x 7, = (3,1, —2). We get F(¥(u,v)) =
((142u+0)e "%, =3(1+2u+v)e’ %", u2 — v?). Since the z-component of 7, X 7,
is negative, we use —(ru X ¥y). Thus,

//P dS—//P — (7, X 7)) dA = // (u? — ) dudv = 4.

(b) ﬁ(x, y,z) = (0,y, —z) and S consists of the paraboloid y = x> + 22,0 < y < 1, and
the disk x? + z2 < lLy=1
Let S be the paraboloid and S, be the disk. Since S is closed, we use the outward
orientation. On S; we have F(7(x,z)) = (0,42 + 2%, —z) and 7 x 7, = (1,2x,0) x
(0,2z,1) = (2x, —1,2z). Then

o . . 2t 1
// F-dS = // (—(x? +2%) —2z%)dA = —/ / (r* +2r*sin®Q)rdrdf = — 7
JJS JJx24+22<1 Jo Jo

and on S, we have ﬁ(?(x,z)) = (0,1, —z) and 7; x 7y = (0,1,0). Then fjsz F-dS=

ffx2+z2<1 dA = .
This can also be done with the divergence theorem.

(© E(x,y,z) = (x%,12,2%) and § is the boundary of the solid half cylinder 0 < z <

V1—-y2,0<x<2

Here S has four surfaces. S; is the portion of the cylinder, S; is the bottom surfaces
(lies on xy-plane), Sz is the front half disk at x = 2 and S, is the back half disk

at x = 0. On S; we have 7(x,y) = (x,y,\/1—y?) so 7 = (1,0,0) and 7, =
(0,1, —y(1 —y?)~1/2. Then

/s F- dS—/ / (Fx x 7y)dxdy = / / 2) 712 4 (1 —y?)dydx = 8/3.
1

On S; we have z = 0 with downward orientation so ffs F.dS = foz j_ll —z2dydx =
0. On S3, the surfacesis x =2 for —1 <y < 1and 0 < z < /1 — y? oriented in the
LY R dady =

positive x-direction. Hence, 7, x r, = iso | fs3 F-dS = =



4f f”l ¥ dzdy = 2m. On Sy, the surfaces is x = 0 for -1 < y < 1 and

0<z< /1—-y? oriented in the negative x- direction Hence, 7, x 1, y = —is0
_ V1 _ _

/] 5, £-dS = f o x>dzdy = 0 f f dz dy = 0. Summing these we

get 27t + 8/3.

This can also be done using the divergence theorem.

2. Let S be the cylinder x> +y?> = 1, —1 < z < 1, plus its top and bottom caps. Compute

the flux of the vector field
. — sin 7ty
F(x,y,z) = | —cos mx
Xy

both directly and by using the divergence theorem.

The vector field is incompressible, so by the divergence theorem we immediately know
that the flux has to be zero. If we do a direct computation the sides of the cylinder
will have zero contribution because # L F there and the contribution from the top and
bottom caps will cancel.

3. (a) Compute [, F-dS where F = (x2,2z,—3y) and S is the portion of y> + 22 = 4
betweenx =0and x = 3 — z.

(b) Compute [[;(V x F)-dS where F = (y, —x,yx®) and S is the portion of the sphere
of radius 4 with z > 0 and the upwards orientation.

(c) Compute [[; F - dS where F = (sin(7x), zy3, 2% 4 4x) where S is the surface of the
box -1 <x<2,0<y <1 and 1 < z <4, oriented outwards.

(a) Parametrize the surface by x = x, y = 2cos0, and z = 2sinf for 0 < 6 < 27,
0<x<3—2cosh. Then?, = (1,0,0) and 7y = (0,2cos0, —2sinf). So 7y X g =
—2sin 97— 2 cos 6k. Our integral then becomes

. . 2w 3—2cosf
/ F-dS = / / (0,2cos @, —2sin @) - (x*,4cosf, —6sinf) dx do
S o Jo
271 r3—2cosf
:/ / 4sinfcosfdxdo
0

27
= / 12sin 6 cos§ — 8sin O cos? 0 do = 0.
0

(b) We use Stokes’ theorem and then Green’s theorem. Note that the boundary circle
C is the circle of radius 4 centered at the origin in the xy-plane. Let D be the disk
of radius 4 enclosed by C in the xy-plane. Then

[LG7XF

’Tu

Jo
/ dx — xdy

// —2dA = —2-(167) = —327.



(c) We use the divergence theorem. Note that V - F = 7t cos(7tx) + 3y?z + 2z. So our
integral becomes

S 2 1 4
// F-dSs = / / / (7t cos(mrx) + 3y*z +2z) dzdy dx
S -1Jo /1

:/ / 37TCOS(7TX)+7]/ +15dydx
J-1Jo

2 15 135
:/ 3mcos(mx) + — +15dx = —.
1 2 2

4. Let f(x, y,z) = (x2,yz,xz) and evaluate // V x F-dS, where S is the unit sphere...
S

* by direct computation.
* using a symmetry argument.
¢ using the divergence theorem.

¢ using Stokes’ theorem.

All problems courtesy of Carlos Esparza.



