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1. (2 points) Write down a Weierstrass equation for each of the following elliptic
curves:

1) The cubic curve X3 4+ Y3 = nZ3 in P2 with the distinguished point
Q
(1,—1,0). Here n € Q*.

(2) The normalization of the curve y? = z(z — a)(x — b)(z — ¢) (viewed as a
closed curve in ]P’?@ by homogenizing the equation) with the distinguished
point (x,y) = (0,0). Here a,b,c € Q, and 0, a, b, ¢ are distinct.

2. (3 points) Let E be an elliptic curve over Q, and E(® be the quadratic twist
of F by a non-square number d € Q*. Prove

L(Eg,s) = L(E,s) L(EW,s),
rank E(K) = rank E(Q) + rank E(?(Q).

Here K = Q(v/d) is the quadratic field, and E is the base change of F to K.
For the quadratic twist, recall that if F has an equation y? = 23 +as2?+asz+as,
then E(@ has an equation dy* = 23 + a2 + asx + ag. (Hint: Consider the
action of Gal(K/Q) on E(K).)

3. (2 points) Let K be a field with char(K) # 2. Let E be an elliptic curve over
K given by
v =az34+ar+0b, abekK.

d
Let w = 2—33 be a rational differential on E. Prove that w is regular on E, and
Y

it is translation-invariant in the sense that 7pw = w for any P € E(K). Here
7p : Bz = E7 denotes the translation map by P. (You can finish the problem
by either explicit computation or abstract algebraic geometry.)



4. (3 points) Let K be a local field with char(K) # 2. Denote by Ok the
valuation ring, g the maximal ideal of O, and k = I, the residue field. Let E
be an elliptic curve over K given by

v =az34ar+0b, a,beOk.

Assume that the discriminant —16(4a® + 27b%) € O, so that the equation has

— d
good reduction E over k. Let w = 2—:17 be the invariant differential on F. Prove
Y

/ ol = ¢ B!
E(K)

(The integration is of Tamagawa type. If you are not familiar with it, here
is an explanation. Find a coordinate chart {f,|a € S} of E(K) in the sense
that, for any o € S, f, is an injective map of the form:

fa 19— E(K), t— (Xo(t),Ya(t)), Xa Ya € Ox[t]]

Furthermore, assume that E(K) is the disjoint union of f,(p) (when « takes
all elements of S). Then define

/E(K) Wl := Z/ |fiw/dt|dt.

acsSv®

Here fXw/dt is a function on p, and | fXw/dt| is the absolute value normalized by
la| = ¢g~°"4¢(@) The Haar measure dt on g is normalized so that vol(p) = ¢~ .
The definition is independent of the coordinate chart.)



