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1 Introduction

This paper uses convex bodies to study line bundles in the setting of Arakelov theory. The
treatment is parallel to [Yu2], but the content is independent.

The method of constructing a convex body in Euclidean space, now called “Okounkov
body”, from a given algebraic linear series was due to Okounkov [Ok1, Ok2], and was explored
systematically by Kaveh–Khovanskii [KK] and Lazarsfeld–Mustaţǎ [LM]. Many important
results of algebraic geometry can be derived from convex geometry through the bridge that
the volume of the convex body gives the volume of the linear series.

Let K be a number field, X be an arithmetic variety of relative dimension d over OK ,
and L be a hermitian line bundle over X . There are two important arithmetic invariants
ĥ0(L) and χ(L). Their growth under tensor powers are measured respectively by vol(L) and
volχ(L). In [Yu2], we have introduced the Okounkov body ∆(L) ⊂ Rd+1 of L, whose volume
computes vol(L). It is a natural arithmetic analogue of the construction in [LM].

In the current paper, we use the usual Okounkov body ∆(LK) ⊂ Rd of the generic fibre
LK viewed as a line bundle on the projective variety XK . Then we introduce the Chebyshev
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transform c[L] of L, which is a convex function on ∆(LK). We show that the Lebesgue
integral of c[L] on ∆(LK) gives volχ(L) under some boundedness condition. For example,
it is true in the caes of toric varieties. We conjecture that it is true in the general case that
the generic fibre LK is big.

The construction of c[L] is inspired by the work of Nyström [Ny], and can be viewed as
the global case of Nyström’s work. For each place v of K, we introduce a local Chebyshev
transform cv[L], which is a real-valued convex function on ∆(LK) depending on the v-adic
metric of LK induced by the model L. The archimedean case is exactly Nyström’s construc-
tion, and the non-archimedean case is analogous. Then the global Chebyshev transform is
defined by c[L] =

∑
v cv[L].

1.1 Algebraic case

We first review the construction of [LM]. Instead of flag of subvarieties, we will use local
coordinates as in [Ny]. It actually gives a generic infinitesimal flag in the sense of [LM].

Let X be a projective variety of dimension d over any base field K. Fix a regular
rational point x0 ∈ X(K) which exists by replacing K by a finite extension if possbile. Let
t = (t1, · · · , td) be a system of parameters at x0. In another word, t1, · · · , td is a minimal set
of generators of the maximal ideal of the local ring OX,x0 .

Let L be a line bundle over X. Fix a local section s0 of L around x0 which does not
vanish at x0. It gives a trivialization mL ⊂ OX,x0 for any integer m. Here mL means L⊗m,
and we always write line bundles additively in this paper. In fact, for any local section s of
mL at x0, the quotient s−m0 s is a rational function on X regular at x0 and we may identify
s with s−m0 s. Consider the power series expansion

s =
∑
α∈Nd

aαt
α.

Here we use the convention tα := tα1
1 · · · t

αd
d for any α = (α1, · · · , αd) ∈ Nd. The smallest

α ∈ Nd with respect to the lexicographic order of Zd such that aα 6= 0, denoted by νt(s), is
called the valuation of s.

It follows that we have a map

νt : H0(X,mL)− {0} → Nd.

The Okounkov body ∆t(L) is defined to be the closure of

Λt(L) =
⋃
m≥1

1

m
νt(H

0(X,mL))

in Rd. Here νt(H
0(X,mL)) stands for νt (H0(X,mL)− {0}) throughout this paper.

As shown by [LM], the Okounkov body is convex and bounded and satisfies

vol(∆t(L)) =
1

d!
vol(L).
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Here we recall that the volume of L is defined by

vol(L) = lim
m→∞

dimK H
0(X,mL)

md/d!
.

The existence of the above limit is an easy consequence of properties of the Okounkov body,
and was implied by Fujita’s approximation theorem in history.

To prepare for the arithmetic case, we introduce one more notation. For any α ∈
ν(H0(X,L)), define

H0(X,L)(α) = {s ∈ H0(X,L) : s = tα + higher order terms}.

In another word, H0(X,L)(α) consists of sections with valuation α and leading coefficient
equal to 1. Then H0(X,L)(α) gives a way to normalize the sections. Any s ∈ H0(X,L) is
uniquely written in the form

∑
α∈ν(H0(X,L)) bαsα with bα ∈ K and sα ∈ H0(X,L)(α).

The valuation map ν and the Okounkov body ∆ depend on the choice of x0 and t, but
not on the choice of s0. The set H0(X,L)(α) will be multiplied by s′0(x0)/s0(x0) ∈ K× if we
change s0 to another s′0.

1.2 Chebyshev transform

To define the Chebyshev transform, it is more convenient to work on adelic metrized line
bundles in the sense of Zhang [Zh2]. We briefly recall the definition of adelic metrized line
bundles. For more details, we refer to [Zh2] and §2.1 of the current paper.

Let X be a projective variety of dimension d over a number field K, and L be a line
bundle over X. For any place v of K, by a v-adic metric on L we mean an assignment of a
Galois invariant Cv-norm to the fibre LCv(x) at any point x ∈ X(Cv). Here Cv denotes the
completion of the algebraic closure of Kv. It induces the supremum norms on H0(XCv , LCv)
given by

‖s‖v,sup = sup
x∈X(Cv)

‖s(x)‖v.

An adelic metric on L is a colletion {‖ ·‖v}v of continuous v-adic metrics on L over all places
v of K satisfies certain coherence condition. We usually write L̄ = (L, {‖ · ‖v}v) and call it
an adelic metrized line bundle.

Let L̄ = (L, {‖ · ‖v}v) be an adelic metrized line bundle on X with L big. As in the
algebraic case, take a rational regular point x0 ∈ X(K) which exists by enlarging K, take a
local coordinate t = (t1, · · · , td) at x0, and a base local section s0 that induces trivialization
of L. The Okounkov body ∆(L) = ∆t(L) is induced by the valuation map ν = νt on the
global sections.

Fix a place v. The local Chebyshev transform cv[L̄] of L̄ will be a real-valued function
on ∆(L) constructed from ‖ · ‖v by the method of [Ny]. For any α ∈ ν(H0(X,L)), define

Fv[L̄](α) := inf
s∈H0(XCv ,LCv )(α)

log ‖s‖v,sup.

3



Here
H0(XCv , LCv)(α) = {s ∈ H0(XCv , LCv) : s = tα + higher order terms}

is introduced above.
Let {mk}k be a sequence of positive integers tending to infinity, and let αk ∈ 1

mk
ν(H0(X,mkL))

be a sequence convergent to some α ∈ ∆(L) under the Euclidean topology. Then cv[L̄](α) is
defined to be the limit

lim
k→∞

1

mk

Fv[mkL̄](mkαk).

Proposition 1.1. For any α in the interior ∆(L)◦ of ∆(L), the above limit exists and does
not depend on the sequence {(mk, αk)}. Thus

cv[L̄](α) := lim
k→∞

1

mk

Fv[mkL̄](mkαk).

is a well-defined function on ∆(L)◦. Furthermore, it is convex and continuous.

Note that our definition of cv differs from that in [Ny] by a factor 2. If v is archimedean,
the result is exactly Theorem 1.1 and Theorem 1.2 of [Ny]. The non-archimedean case is
very similar.

Go back to the globally metrized line bundle L̄. We simply define

c[L̄] :=
∑
v

cv[L̄].

The sum converges pointwise in ∆(L)◦, which makes c[L̄] a convex and continuous function
on ∆(L)◦. By the product formula, the sum c[L̄] is independent of the choice of s0.

1.3 Integration and volume

Let (X, L̄) be as above. The main result of this paper is as follows:

Theorem 1.2. Assume that L is big. Then the following are true:

(1) The function c[L̄] is integrable on ∆(L), and∫
∆(L)

c[L̄](α)dα ≤ − 1

d!
volχ(L̄).

(2) If the function
1

m

∑
v

Fv[mL̄] is uniformly bounded for all m ≥ 1, then

∫
∆(L)

c[L̄](α)dα = − 1

d!
volχ(L̄).
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Now we explain the definition of the adelic volume volχ(L̄). We first denote

χsup(L̄) = log
vol(Bsup(L̄))

vol(H0(X,L)AK
/H0(X,L))

.

Here AK =
∏

vKv is the adele ring of K and H0(X,L)AK
is the adelization of H0(X,L).

The unit ball
Bsup(L̄) =

∏
v

Bv,sup(L̄)

is a product of local unit balls

Bv,sup(L̄) = {s ∈ H0(X,L)Kv : ‖s‖v,sup ≤ 1}.

Note that both Bsup(L̄) and H0(X,L)AK
/H0(X,L) are compact, and the quotient of their

volumes does not depend on the Haar measure on H0(X,L)AK
. Now we can define

volχ(L̄) = lim sup
m→∞

χsup(X,mL̄)

md+1/(d+ 1)!
.

Let X be an arithmetic variety and L = (L, ‖ · ‖) be a hermitian line bundle over X .
Then an adelic metric {‖ · ‖v}v is induced on the line bundle LK over XK . By the data
(XK ,LK = (LK , ‖ · ‖v)), we have the Chebyshev transform c[LK ] on ∆(LK) depending on
the choice of a flag. In this case volχ(LK) is equal to volχ(L) defined by

volχ(L) = lim sup
m→∞

χsup(X ,mL)

md+1/(d+ 1)!
.

Here the usual arithmetic Euler characteristic is defined by

χsup(X ,L) = log
vol(Bsup(X ,L))

vol(H0(X ,L)R/H0(X ,L))
.

with unit ball
Bsup(X ,L) = {s ∈ H0(X ,L)R : ‖s‖sup ≤ 1}

is the corresponding unit ball.
The “limsup” defining volχ(L) is proved to be a limit by Chen [Ch1] using Harder-

Narasimhan filtrations. In the case that Theorem 1.2 (1) is true, we can recover Chen’s
result by our treatment.

2 Chebyshev Transform

In this section, we prove Proposition 1.1 and Theorem 1.2. Proposition 1.1 will be proved
immediately in §2.2. The proof of Theorem 1.2 is given in §2.4 after some more preparations
in §2.3.
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2.1 Conventions and prelimilary results

Lexicographic order

In this paper we denote N = {0, 1, 2, · · · }. There is the usual lexicographic order in Nd.
Namely, (α1, · · · , αd) < (α′1, · · · , α′d) for two elements in Nd if there is an i ∈ {1, · · · , d} such
that (α1, · · · , αi−1) = (α′1, · · · , α′i−1) and αi < α′i. The order is preserved by addition in the
sense that α + β ≤ α′ + β′ if α ≤ α′ and β ≤ β′.

Adelic metrics

Here we recall the notion of adelic metrized line bundle introduced by Zhang [Zh2].
Let X be a projective variety over a number field K, and L be a line bundle over X.

For any place v of K, by a v-adic metric on L we mean the assignment of a Galois invariant
Cv-norm to the fibre LCv(x) at any point x ∈ X(Cv). Here Cv denotes the completion of the
algebraic closure of Kv.

Let X be an arithmetic variety and L = (L, ‖ · ‖) be a hermitian line bundle over X .
Then the generic fibre LK is a line bundle on XK . We call (X ,L) an integral model of the
generic fibre (XK ,LK). For each place place v, we will have a natural v-adic metric ‖ · ‖v on
LK . If v is archimedean, the metric is exactly the hermitian metric. If v is non-archimedean,
a point x ∈ X (Cv) extends to x̃ : Spec(OCv)→ XOCv

. Then x̃∗LOCv
gives a lattice in LCv(x),

and thus induces a Cv-norm on LCv(x). It gives ‖ · ‖v. We call a collection {‖ · ‖v}v of v-adic
metrics on LK over all places v of K obtained by this way an algebraic adelic metric on LK .

In general, let (X,L) be as above. A colletion {‖ · ‖v}v of v-adic metric on L over all
places v of K is called an adelic metric if there is an algebraic adelic metric {‖ · ‖′v}v on L
satisfying the following coherence and continuity conditions:

• There exists a finite set S of places of K such that ‖ · ‖v = ‖ · ‖′v for all v /∈ S;

• The quotient ‖ · ‖v/‖ · ‖′v is a continuous function on X(Cv) for all places v.

We usually write L̄ = (L, {‖ · ‖v}v) and call it an adelic metrized line bundle. It induces the
supremum norms on H0(XCv , LCv) given by

‖s‖v,sup = sup
x∈X(Cv)

‖s(x)‖v.

Approximation of convex cone

We recall some consequences of a theorem in Khovanskii [Kh] which will be used later.
Similar result are used in [LM] and [Ny].

Let Γ be a sub-semigroup of Nd+1, and assume that Γ generates Zd+1 as a group. Denote

Σ(Γ) = closed convex cone of Γ in Rd+1;

∆(Γ) = Σ(Γ) ∩ (Rd × {1});
Γm = Γ ∩ (Nd × {m}), m ∈ N;

Λm(Γ) =
1

m
Γm ⊂ Σ(Γ), m ∈ N.
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We may also view ∆(Γ) as a subset of Rd, and Λm as a subset of Qd. Then ∆(Γ) is a convex
body of Rd in the sense that it is convex and closed.

The following result is a rephrasal of Proposition 3 in §3 of Khovanskii [Kh]:

Theorem 2.1 (Khovanskii). If Γ is finitely generated as a semigroup, then there exists an
element γ ∈ Γ such that (γ + Σ(Γ)) ∩ Nd+1 ⊂ Γ.

Corollary 2.2. For any convex body D contained in ∆(Γ)◦, there exists m0 > 0 such that

D ∩ Λm(Γ) = D ∩ 1

m
Nd

for all integers m > m0.

Proof. It is immediately true if Γ is finitely generated by the above theorem. If Γ is arbitrary,
we can find a finitely generated sub-semigroup Γ′ ⊂ Γ such that ∆(Γ′)◦ contains D. Then
apply the theorem on Γ′.

For applications to (X, L̄) as in the introduction, we will take

Γ =
⋃
m≥1

ν(H0(X,mL))× {m}.

The related notations are translated as:

∆(Γ) = ∆(L) Okounkov body;

Γm = ν(H0(X,mL))× {m};
Λm(Γ) = Λm(L)× {1}.

By [LM, Lemma 2.2], it generates the group Zd+1 if L is big. Hence we can use the results
above.

2.2 Basic properties

Resume the notations in the introduction. That is, let X be a projective variety over K
of dimension d, and L̄ = (L, {‖ · ‖v}v) be an adelic metrized line bundle on X with L big.
As in the introduction, take a rational regular point x0 ∈ X(K) which exists by enlarging
K, take a local coordinate t = (t1, · · · , td) at x0, and a base local section s0 that induces
a trivialization of L. Then we have a valuation map ν = νt on the global sections, and he
Okounkov body ∆(L) = ∆t(L) is the closure of

Λ(L) =
⋃
m≥1

1

m
ν(H0(X,mL))

in Rd. Denote

Λm(L) = Λt,m(L) =
1

m
ν(H0(X,mL)).
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It is a finite subset of Λ(L).
We first show Proposition 1.1 following the method of [Ny]. Let v be any place of K.

For any positive integer m and α ∈ Λm(L), we would like to bound

Fv[mL̄](mα) = inf
s∈H0(XCv ,mLCv )(mα)

{log ‖s‖v,sup},

where

H0(XCv ,mLCv)(mα) = {s ∈ H0(XCv ,mLCv) : s = tmα + higher order terms}.

Denote by |(mα,m)| the sum of all components of mα and m. The following result
includes the non-archimedean case of [Ny, Lemma 5.4].

Lemma 2.3. There exists a constant C independent of (m,α) such that

Fv[mL̄](mα) ≥ C|(mα,m)|.

Proof. The archimedean case is just Nyström’s result. The non-archimedean is proved in
the same way. Let v be non-archimedean. We will show that there is a constant C such that

log ‖s‖v,sup ≥ C|(mα,m)|, ∀s ∈ H0(X,mL)(mα).

The coordinate t = (t1, · · · , td) maps points near x0 in X(Cv) to Cd
v. We can find an closed

neighborhood U of x0 which is bijectively to the closed polydisc D of radius r > 0 in Cd
v. As

in the archimedean case, we have

‖s(x)‖v = h(x)m|s−m0 s|v, ∀x ∈ U.

Here h is some positively-valued continuous function on U . Let A > 0 be a positive lower
bound of h. It follows that

‖s‖v,sup ≥ sup
x∈U
{h(x)m|s−m0 s|v} ≥ Am sup

x∈U
|s−m0 s|v.

View s−m0 s as a convergent power series on D. It is of the form:

tmα + higher order terms.

Its maximal absolute value on D is equal to its Gauss norm. By definition, the Gauss norm
is greater than or equal to r|mα|. It finishes the proof.

With the above lemma, Proposition 1.1 is proved in the same way as [Ny, Proposition
5.6]. Now we want to have some bound on cv[L̄] by varying v. It suffices to bound the values
of cv[L̄] on Λ(L). For any α ∈ Λ(L) in the interier of ∆(L), we have

cv[L̄](α) = lim
m

1

m
Fv[mL̄](mα).

Here the limit is only taken for positive integers m such that α ∈ Λm(L).
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Lemma 2.4. The following are true:

(1a) For all places v,
1

m
Fv[mL̄](mα) has a lower bound independent of (m,α).

(1b) For all places v, cv[L̄] is bounded from below.

(2a) For all but finitely many places v, we have Fv[mL̄] ≥ 0 for all m ≥ 1.

(2b) For all but finitely many places v, and cv[L̄] ≥ 0.

(3a) For any α ∈ Λ(L), the value Fv[mL̄](mα) = 0 for all but finitely many places v and
for all m such that α ∈ Λm(L).

(3b) For any α ∈ ∆(L)◦, the value cv[L̄](α) = 0 for all but finitely many places v.

Proof. It is easy to see that (1b) and (2b) are implied by (1a) and (2a) respectively. From
(3a) to (3b) it requires a little arguement.

By Lemma 2.3,
1

m
Fv[mL̄](mα) > C|(α, 1)|, α ∈ Λm(L).

The right-hand side is bounded since the Okounkov body is bounded. It proves (1a)
Now we prove (2a) and (3a). It will not impact the truth of the results if we change the

adelic metric of L̄ at finitely many places. Thus we can assume that the adelic metric on L̄
is algebraic, i.e., it is induced by an integral model (X ,L) of (X,L).

We first show (2a). Let v be a non-archimedean place such that the fibre XFv of X above
v is irreducible and has multiplicity zero in div(s0) and all div(ti) as divisors on X . It only
excludes finitely many places. We claim that Fv[mL̄] ≥ 0. Otherwise, there is a section
s ∈ H0(X,mL)(mα) with ‖s‖v,sup < 1 for some α ∈ Λm(L). Then div(s), as a divisor on X ,
has positive multiplicity on XFv . This is impossible since

s = sm0 t
mα(1 + higher order terms).

Each factor on the right-hand side has multiplicity zero on XFv .
Now we consider (3a). By (2a), it suffices to show that Fv[mL̄](mα) ≤ 0 for all but

finitely many places v and for all m ∈ M . Here M(α) denote the set of posisitve integer
m such that α ∈ Λm(L). It is a semigroup. Fix an m ∈ M(α), and pick any element
s ∈ H0(X,mL)(mα). Then ‖s‖v,sup = 1 for almost all non-archimedean place v. For such a
place v, by definition Fv[mL̄](mα) ≤ 0. In another word, there is a finite set S(m) of places
of K such that Fv[mL̄](mα) ≤ 0 for all v /∈ S(m). Observe that for m1,m2 ∈M(α), we have
m1 + m2 ∈ M(α) and S(m1 + m2) ⊂ S(m1) ∪ S(m2). Since the semigroup M(α) is finitely
generated, it is easy to find a common S for all m ∈M(α).

In the end, we consider (3b). By (3a), we see that the result is true if α ∈ Λ(L). For
a general α ∈ ∆(L̄)◦, pick two elements β, γ ∈ Λ(L̄) such that the line segment between β
and γ contains α. We have showed cv[L̄](β) = cv[L̄](γ) = 0 for almost all v. Since cv[L̄]
is convex, we have cv[L̄](α) ≤ 0 almost all v. By (1b), we conclude that cv[L̄](α) = 0 for
almost all v.
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Remark. By the convexity of cv[L̄], we actually know that for any closed convex polytope
contained in ∆(L̄)◦, cv[L̄] vanishes identically on the polytope for almost all v.

Now we are can introduce the global Chebyshev transform as the sum of the local ones.
Denote

F [L̄](α) : =
∑
v

Fv[L̄](α), α ∈ Λ1(L)

c[L̄](α) : =
∑
v

cv[L̄](α), α ∈ ∆(L)◦.

By Lemma 2.4 (3a) (3b), both sums are finite and thus well-defined. Below is the global
version of Proposition 1.1.

Proposition 2.5. The following are true:

(1) The function c[L̄] is convex and continuous on ∆(L)◦.

(2) Let {mk}k be a sequence of positive integers divergent to infinity, and αk ∈ Λmk
(L) be

a sequence convergent to some α ∈ ∆(L)◦. Then

c[L̄](α) = lim
k→∞

1

mk

F [mkL̄](mkαk).

Proof. These properties can be transfered from the local case since the definitions of F [L̄]
and c[L̄] are essentially summations. For example, (1) is immediate.

Now we prove (2). We claim that there is a a finite set S of places of F such that for any
v /∈ S,

Fv[mkL̄](mkαk) = 0, cv[L̄](α) = 0.

Once this is true, the result follows from the local case.
By Lemma 2.4 (2a) (3b), there is a a finite set S of places of F such that for any v /∈ S,

Fv[mkL̄](mkαk) ≥ 0, cv[L̄](α) = 0.

It remains to show that the inverse direction of the inequality is true for some S.
As in §2.1, denote

Γ =
⋃
m≥1

ν(H0(X,mL))× {m}.

By definition (mkαk,mk) lies in the closed convex cone Σ(Γ). Since αk → α, we can find a
sub-semigroup Γ′ generated by finitely many points (n1β1, n1), · · · , (nrβr, nr) of Γ such that
Σ(Γ′) contains (mkαk,mk) for all k. By Theorem 2.1, (mkαk,mk) ∈ Γ′ for k large enough.

By Lemma 2.4 (3a), there is a a finite set S of places of F such that for any v /∈ S,

Fv[njL̄](njβj) = 0, j = 1, · · · , r.
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It implies that for any v /∈ S,

Fv[mkL̄](mkαk) ≤ 0, ∀k � 0.

In fact, for sufficiently large k one can write

(mkαk,mk) =
∑
j

aj(njβj, nj), aj ∈ N.

Then any choice of section sj ∈ H0(XCv , njLCv)(njβj) gives a section

⊗js
⊗aj

j ∈ H0(XCv ,mkLCv)(mkαk).

Then it is easy to have the bound.

2.3 Euler characteristic and arithmetic degree

Let X, L̄ be as before. In this subsection we build relation between F [L̄] and χsup(L̄). The
supremum norm at archimedean place is not an inner product, so we first introduce the
L2-norm and compare these two norms.

Change of norm

Let v be an archimedean place. Fix a measure dµv on X(Cv), which is assumed to be the
push-forward measure of a positive smooth volume form on some resolution of singularity of
X(Cv). It gives an L2-norm by

‖s‖2
v,L2 =

∫
|s(z)|2vdµv, s ∈ H0(X,L)Cv .

Denote the associated bilinear pairing by 〈·, ·〉v.

Lemma 2.6 (Gromov). There exists a positive constant a such that

am−d‖s‖v,sup ≤ ‖s‖v,L2 ≤ ‖s‖v,sup , ∀m > 0, s ∈ H0(X,mL)Cv .

For a proof, see [GS2] or [Yu1, Proposition 2.13]. Such a property is called Bernstein-
Markov property by analysists.

Replacing the supremum norms by the L2-norms at every archimedean place, we define
the L2-version (χ

L2 (L̄), F ′v[L̄], c′v[L̄]) of (χsup(L̄), Fv[L̄], cv[L̄]). Their difference can be ignored
by the above lemma.

First, the L2-characteristic χ
L2 is defined by

χ
L2 (X, L̄) = log

vol(BL2(L̄))

vol(H0(X,L)AK
/H0(X,L))

.

11



Here the unit ball
BL2(L̄) =

∏
v|∞

Bv,L2(L̄)×
∏
v-∞

Bv,sup(L̄)

with
Bv,L2(L̄) = {s ∈ H0(X,L)Kv : ‖s‖v,L2 ≤ 1}.

Second, for any archimedean v, we define

F ′v[mL̄](mα) := inf
s∈H0(XCv ,mLCv )(mα)

{log ‖s‖v,L2}.

For any α ∈ ∆(L)◦, choose a sequence αk ∈ ∆mk
(L) converging to a point α, and define

c′v[L̄](α) := lim
k→∞

1

mk

Fv[mkL̄](mkαk).

We have the following simple consequence of Lemma 2.6.

Lemma 2.7. Let v be an archimedean place. The following are true:

(1) χ
L2 (X,mL̄) = χsup(X,mL̄) +O(md logm).

(2) F ′v[mL̄](mα) = Fv[mL̄](mα) +O(logm).

(3) For any α ∈ ∆(L)◦, the limit defining c′v[L̄](α) exists and does not depend on the
sequence {αk}. Furthermore, c′v[L̄] = cv[L̄].

Euler characteristic and arithmetic degree

Let s1, s2, · · · , sN be a basis of H0(X,L) over K, where N = dimK H
0(X,L). Define

degH0(X, L̄) := −
∑
v|∞

log
√

det(〈si, sj〉v)i,j −
∑
v-∞

log
vol(OKvs1 + · · ·+OKvsN)

vol(Bv,sup(L̄))
.

Proposition 2.8. The definition of degH0(X, L̄) is independent of the basis s1, s2, · · · , sN .
Furthermore, there exist a positive constant aK depending only on K such that

|χ
L2 (X, L̄)− degH0(X, L̄)| ≤ aKN logN.

Proof. We first recall some basic algebraic number theory. One has a coset identity

AK/K ∼= (K ⊗Q R/OK)×
∏
v-∞

OKv .

Here K ⊗Q R = Rr1 × Cr2 where r1 (resp. 2r2) is the number of real (resp. imaginary)
embeddings of K in C. Endow K ⊗Q R with the Lebesgue measure induced by the identity,
then vol(K ⊗Q R/OK) =

√
dK . Here dK denotes the discriminant of K over Q.

12



Go back to the current situation. By the product formula, it is easy to see that the
definition is independent of the basis. Denote by M = OKs1 + · · · + OKsN the free lattice
in H0(X,L) generated by the basis. We obtain

H0(X,L)AK
/H0(X,L) ∼=

(
H0(X,L)⊗Q R/M

)
×
∏
v-∞

Mv.

It follows that

χ
L2 (X, L̄) = log

vol(
∏

v|∞Bv,L2(L̄))

vol(H0(X,L)⊗Q R/M)
+
∑
v-∞

log
vol(Bv,sup(L̄))

vol(Mv)
.

Identify H0(X,L) with KN via the basis {si}. Endow H0(X,L)⊗Q R ∼= Rr1N × Cr2N with

the Lebesgue measure. We have vol(H0(X,L)⊗Q R/M) =
√
dNK , and

vol(Bv,L2(L̄)) =

{
det(〈si, sj〉v)−

1
2V (N) if v is real;

det(〈si, sj〉v)V (2N) if v is imaginary.

Here

V (N) = π
N
2 /Γ(

N

2
+ 1)

is the volume of the unit ball in the Euclidean space RN . It follows that

χ
L2 (X, L̄) = degH0(X, L̄)− 1

2
N log dK + r1 log V (N) + r2 log V (2N).

Then the result follows from Stirling’s formula.

Remark. The vector space H0(X,L) over K is endowed with the L2-norm at archimedean
places and the supremum norms at non-archimedean places. Then it induces an adelic metric
on the one-dimensional K-vector space detH0(X,L), whose arithmetic degree is exactly
degH0(X, L̄) defined above. A more elegant expression is

degH0(X, L̄) = −
∑
v

log ‖s1 ∧ s2 ∧ · · · ∧ sN‖v.

The bound above is a Riemann-Roch type result.

The following is the fundamental identity we will use.

Proposition 2.9.

degH0(X, L̄) = −
∑
v

∑
α∈Λ1(L)

F ′v[L̄](α).

13



Proof. For every α ∈ Λ1(L), we pick an element sα of

H0(X,L)(α) = {s ∈ H0(X,L) : s = tα + higher order terms}.

Then {sα : α ∈ Λ1(L)} forms a K-basis for H0(X,L). By definition,

degH0(X, L̄) = −
∑
v|∞

log
√

det(〈sα, sβ〉v)α,β∈Λ1(L) −
∑
v-∞

log
vol(

∑
α∈Λ1(L) OKvsα)

vol(Bv,sup(L̄))
.

We will show the match of the local terms at each place v.
Recall that for α ∈ Λ1(L),

Fv[L̄](α) = inf
s∈H0(XCv ,LCv )(α)

{log ‖s‖v,sup}.

Let ev,α ∈ H0(XCv , LCv)(α) be an element that takes the infimum. Then we have∑
α∈Λ1(L)

Fv[L̄](α) = log
∏

α∈Λ1(L)

‖ev,α‖v,sup

for non-archimedean v. One needs to replace the supremum norm by the L2-norm in the
above expression for archimedean v.

First assume that v is archimedean. Since both sα and ev,α are elements ofH0(XCv , LCv)(α),
the transition matrix between the basis {ev,α}α and {sα}α is upper-triangular with 1 on the
diagonals. Thus it has determinant 1. It follows that

det(〈sα, sβ〉v)α,β∈Λ1(L) = det(〈ev,α, ev,β〉v)α,β∈Λ1(L).

A key property of {ev,α}α is that they form an orthogonal basis of H0(XCv , LCv). Oth-
erwise, assume that ev,α is not orthogonal to ev,α′ for some α < α′. Then there will be an
ε ∈ Kv such that the norm of ev,α + εev,α′ is greater than ev,α. It contradicts to the choice of
ev,α.

Hence, we simply have

det(〈sα, sβ〉v)α,β∈Λ1(L) =
∏

α∈Λ1(L)

‖ev,α‖2
v,L2 .

It gives the matching

log
√

det(〈sα, sβ〉v)α,β∈Λ1(L) =
∑

α∈Λ1(L)

Fv[L̄](α).

Next, assume that v is non-archimedean. The transition matrix between sα and ev,α still
has determinant 1. It follows that we have

vol(
∑

α∈Λ1(L)

OKvsα) = vol(
∑

α∈Λ1(L)

OKvev,α).
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It remains to show that

vol(
∑

α∈Λ1(L) OKvev,α)

vol(Bv,sup(L̄))
=

∏
α∈Λ1(L)

‖ev,α‖v,sup.

We claim that
Bv,sup(L̄) =

∑
α∈Λ1(L)

OKve
◦
v,α,

Here e◦v,α is any element in Kvev,α with norm 1. It is easy to see that it implies what we
want.

Now we prove the claim. Let s ∈ Bv,sup(L̄) be any element. We need to show that s
belongs to

∑
αOKve

◦
v,α. We can uniquely write

s =
∑

α∈Λ1(L)

aαev,α, aα ∈ Kv.

It suffices to show that |aα|v · ‖ev,α‖v,sup ≤ 1 for all α.
Let α1 < α2 < · · · < αN be the elements of Λ1(L) in the lexicographic order. If aα1 6= 0,

we have

1 ≥ ‖s‖v,sup ≥ |aα1|v ·

∥∥∥∥∥ev,α1 +
∑
α 6=α1

a−1
α1
aαev,α

∥∥∥∥∥
v,sup

≥ |aα1|v · ‖ev,α1‖v,sup.

Here the last inequality follows from the minimality of ev,α1 . It confirms the case α = α1.
Considering

s− aα1ev,α1 =
∑
α 6=α1

aαev,α ∈ Bv,sup(L̄),

we can show that |aα2|v · ‖ev,α2‖v,sup ≤ 1. Inductively, we will have the result for all α.

2.4 Proof of the main result

Now we are ready to prove Theorem 1.2. Note that if we change the metric ‖ · ‖v to e−a‖ · ‖v
for some constant a ∈ R, then Fv[L̄] will increase by a. By this fact it is easy to see that the
truth of Theorem 1.2 does not change. By Lemma 2.4, we can assume that all Fv[L̄] ≥ 0 for
all v. Then everything involved in the summation and integrals below are non-negative.

The first part

We first prove Theorem 1.2 (1). By Proposition 2.8 and Proposition 2.9,

χ
L2 (X,mL̄) = −

∑
v

∑
α∈Λm(L)

F ′v[mL̄](mα) +O(md logm).
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By Lemma 2.7, we have the supremum version

χsup(X,mL̄) = −
∑
v

∑
α∈Λm(L)

Fv[mL̄](mα) +O(md logm).

By Lemma 2.4 (3a), there are only finitely many nonzero terms in the double summation,
so we can change the order of the summation. It yields

χsup(X,mL̄) = −
∑

α∈Λm(L)

F [mL̄](mα) +O(md logm).

Here we recall that
F [mL̄](mα) =

∑
v

Fv[mL̄](mα).

Rewrite it as

χsup(X,mL̄)

md+1
= − 1

md

∑
α∈Λm(L)

1

m
F [mL̄](mα) +O(

1

m
logm). (1)

Observe that
1

m
F [mL̄](mα) ≥ c[L̄](α).

In fact, for any α ∈ Λm(L), the sequence
1

mk
Fv[mkL̄](mkα) decreases to cv[L̄](α) as k →∞.

Hence the limit is always smaller. It follows that (1) gives

−χsup(X,mL̄)

md+1
≥ 1

md

∑
α∈Λm(L)

c[L̄](α) +O(
1

m
logm).

By Corollary 2.2, for any convex body D contained in ∆(L)◦,

−χsup(X,mL̄)

md+1
≥ 1

md

∑
α∈D∩ 1

m
Nd

c[L̄](α) +O(
1

m
logm).

The right-hand side is a Riemann sum for c[L̄], except for some exceptions on the boundary
of D which can be ignored. Taking limit, we obtain

− 1

d!
volχ(L̄) ≥

∫
D

c[L̄](α)dα.

Let D → ∆(L). We obtain

− 1

d!
volχ(L̄) ≥

∫
∆(L)

c[L̄](α)dα.

Then we see that c[L̄] and all cv[L̄] are integrable by the following lemma.
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The second part

Assume that
1

m
F [mL̄] is uniformly bounded. Then our regularization method is the similar

to Nyström’s proof.
Recall that in (1) we have

χsup(X,mL̄)

md+1
= − 1

md

∑
α∈Λm(L)

1

m
F [mL̄](mα) +O(

1

m
logm).

Define a step function c̃m : Rn → R as follows. Define

c̃m(α + β) =
1

m
F [mL̄](mα), ∀α ∈ Λm(L), β ∈ [0, 1/m)d.

Define c̃m(x) to be zero if x ∈ Rn can not be written in the form α+ β describe above form.
Then the summation on the right-hand side is exactly equal to the integral of c̃m. We get

χsup(X,mL̄)

md+1
= −

∫
Rn

c̃m(x)dx+O(
1

m
logm). (2)

By Proposition 2.5 and Corollary 2.2, we know that c̃m(x) converges to c[L̄](x)1∆(L)◦(x)
almost everywhere. Note that c̃m(x) is uniformly bounded and uniformly supported on a
bounded domain. We can use dominant convergence theorem to conclude that

lim
m→∞

∫
Rn

c̃m(x)dx =

∫
∆(L)

c[L̄](x)dx.

Take limit in (2). It proves the result.

We conjecture that
1

m
F [mL̄] is uniformly bounded for all big L. It is easy to see that

the result does not depend on the adelic metric on L. In fact, if {‖ · ‖v}v and {‖ · ‖′v}v are
two metrics of L, then we can find a positive constant bv ≥ 1 for each place v such that
b−1
v ‖ · ‖v ≤ ‖ · ‖′v ≤ bv‖ · ‖v. Furthermore, we can take bv = 1 for almost all v. Then

−
∑
v

log bv ≤
∑
v

1

m
Fv[‖ · ‖′v](mα,m)−

∑
v

1

m
Fv[‖ · ‖v](mα,m) ≤

∑
v

log bv.

Then one of the sums is bounded if and only if the other one is bounded.
The following are some simple examples for which the uniform bound is easy to obtain.

Example. (1) The standard valuation in projective space. More precisely, X = Pd with
homogeneous coordinate (Z0, · · · , Zd), base point x0 = (1, 0, · · · , 0), and local coordinate
t = (Z1/Z0, · · · , Zd/Z0). The line bundle L̄ = (O(1), {‖ · ‖v}v) with arbitrary adelic metric,
and the trivialization is given by the base section s0 = Z0. Then it is easy to verify that

1

m
F [mL̄](mα) ≤ max

0≤i≤d

∑
v

log ‖Zi‖v,sup.

Note that the summation on the right-hand side is always a finite sum by the definion of
adelic metric.
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(2) Assume that the value semi-group

Γ =
⋃
m≥1

ν(H0(X,mL))× {m}

is finitely generated. As in the proof of Proposition 2.5, we have

1

m
F [mL̄](mα) ≤ max

1≤j≤r

1

nj
F [njL̄](njβj)

where {(njβj, nj) : j = 1, · · · , r} is a set of generator of Γ. It happens if X is a toric variety
and x0, div(s0), div(t1), · · · , div(td) are invariant under the torus action.
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