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The main goal is to understand Scholze’s paper [Sch15], concentrating on the cohomology
of Siegel modular varieties.1 To understand the context, recall that the (classical) Langlands
correspondence predicts that, given an automorphic representation π of GLn over a number
field F , there is an associated `-adic Galois representation. When F is a totally real or
CM field and π has regular infinitesimal character at infinity, this is a theorem of Harris–
Lan–Taylor–Thorne [HLTT]. The main theorem of [Sch15] proves the torsion analogue of
this, where a “torsion automorphic representation” is to be interpreted as a (topological)
cohomology class with torsion coefficients for the locally symmetric spaces associated to
GLn over F .2 (If the coefficients are Q or C then one essentially recovers the classical
automorphic representations by a theorem of Franke, a generalization of Matsushima’s
formula.) For further introductions, see [Sch] (especially §16–18) and [Wei16] (especially
§5), as well as a one-page introduction in the following seminar plan3

http://www.math.uni-bonn.de/people/scholze/ARGOS13.pdf

The lectures are roughly divided into three parts. In Lectures 1–3, after introducing
some basic language and fundamental objects to study, we aim to understand the statement
of the main theorem. Lectures 5 and 6 are devoted to build background, especially in
p-adic geometry, which is heavily used in the proof. Lectures 4 and 7–10 will sketch some
important steps in the proof of the main theorem, recalling further background materials
along the way.

Lecture 0: Overview and organization. I will give an overview and assign subsequent
lectures to volunteers.
Lecture 1: Siegel modular varieties. Recall basic facts about the Siegel modular
varieties in the context of Shimura varieties. Give the description of the set of complex
points in terms of a symplectic (similitude) group and interpret the set as the moduli
space (at least on the level of C-points) for polarized abelian varieties over C with level
structure; see [Mil05, Section 6], for instance. Introduce the congruence subgroups Γ0(p

m),
Γ1(p

m) and Γ(pm) [Sch15, Definition 3.1.1], and concretely explain the level structure in
the corresponding moduli problems. Finally present the Siegel modular varieties over Z(p)

again as the moduli spaces for polarized abelian schemes with level structure.

Lecture 2: Cohomology of locally symmetric spaces and automorphic forms.
State Matsushima’s formula (for compact locally symmetric spaces) and sketch the proof. A
good summary is [Art96] (up to the second display; in fact Arthur proves the generalization
of Matsushima’s formula for L2-cohomology but the latter is the same as the usual
cohomology in the compact case).

1 An expository account of [Sch15] is [Sch16], which you may find helpful. You may also be interested in
the informal discussion of [Sch15] by Calegari on his blog (titled “Scholze on Torsion”, Part I, II, III, and

IV). 2 By restricting to Siegel modular varieties, we only prove the main theorem when F = Q. For F

totally real or CM, we need to employ more general Shimura varieties (of Hodge type). 3 In comparison,

our seminar will suppress subtle technical details and focus on more basic stuff.
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Explain the relationship between the cohomology of (non-compact) locally symmetric
spaces for GLn and the “regular algebraic” automorphic representations of GLn, following
[Clo90] complemented by Clozel’s notes Motives and automorphic representations4.

Lecture 3: Main results on the global Langlands correspondence. State precisely
the global Langlands conjecture predicting the existence of (compatible systems of) `-adic
Galois representations associated to automorphic representations of GLn over a number
field. State also the analogous conjecture on the existence of torsion Galois representations
associated to torsion cohomology classes for locally symmetric spaces of GLn. (These
correspond to Conjectures 1.0.1 and 1.0.2 of [Sch15], respectively. Also see Section 3 of
[BG] for a generalization of Conjecture 1.0.1 to arbitrary reductive groups.) In particular,
you will make sense of Hecke algebras and a system of Hecke eigenvalues (modulo p). End
the talk with the main theorems of [HLTT] and [Sch15].

Lecture 4: Borel–Serre compactification and reduction to liftability. Explain
the argument reducing the proof of the main theorem ([Sch15, Theorem 1.0.3] or [Sch16,
Theorem 1.1]) to a theorem on congruences of automorphic forms in cohomology ([Sch15,
Theorem 1.0.5] or [Sch16, Theorem 1.2]), by summarizing 5.2 and 5.4 of [Sch15]. Along the
way, give a brief introduction to Borel–Serre compactifications, perhaps following [Gor05]
(the original paper is [BS73]).

Lecture 5: Introduction to adic spaces. There are several approaches to p-adic
analytic geometry. In this seminar we focus on adic spaces, a simultaneous generalization
of classical rigid analytic spaces and formal schemes. We favor adic spaces as they are
thriving in the era of perfectoid spaces. One advantage is that the topology is simply
given by a collection of open subsets, whereas the topology is quite subtle in the other
approaches. The lecture notes at the following addresses would be very helpful.
http://math.stanford.edu/~conrad/Perfseminar/ (Stanford learning seminar)
http://math.stanford.edu/~conrad/Perfseminar/refs/wedhornadic.pdf (Wedhorn’s

lecture notes)
It would be reasonable to give a talk following [Sch12, Section 2] with further details as

necessary from the above sources.

Lecture 6: Introduction to perfectoid spaces. Scholze introduced perfectoid spaces
in the first place to tackle the weight-monodromy conjecture in the mixed characteristic
case (i.e. over a p-adic field as opposed to a function field of characteristic p). The key
observation was the existence of a tilting operation which allows one to go between equal
characteristic (where p = 0) and mixed characteristic (where p 6= 0). Since then, perfectoid
spaces have proved useful in several different contexts including an application to Shimura
varieties and the Langlands correspondence, as we are trying to learn in this seminar. For
surveys on perfectoid spaces, see

An introductory talk may be based on [Sch13, Section 2.1] and [Sch, Sections 2–7],
possibly complementing with some details from [Sch12, Sections 3–6] but omitting most
of the discussion on the weight monodromy conjecture.

Lecture 7: Canonical subgroups with application to Siegel modular varieties.
The early developments of canonical subgroups are due to Lubin and Katz. They have
been found useful in a geometric description of p-adic automorphic forms. Our motivation
is that canonical subgroups will serve us to show that “Γ0(p

∞)-level Shimura varieties are
perfectoid when restricted to the not-so-supersingular locus”.

4 available at https://hal.archives-ouvertes.fr/hal-01019707/document



The talk is going to cover Section 3.2 of [Sch15] up to Corollary 3.2.20; also see Lemma
3.1.3 therein.

Lecture 8: The Hodge–Tate period morphism and perfectoid Γ(p∞)-level Siegel
modular varieties, I. In lectures 8 and 9, we upgrade the previous result to show that
Siegel modular varieties are perfectoid (i) at Γ(p∞)-level (ii) on the whole space. To
deal with (i), we go from Γ0-level to Γ(p∞)-level via Γ1(p

∞)-level. For (ii) we utilize a
group action of GSp2n(Qp) and the Hodge–Tate period morphism, which we are about
to construct. Roughly speaking, the Hodge–Tate period morphism is a (p-adic analytic)
morphism from perfectoid Siegel modular varieties to suitable flag varieties, mapping
polarized abelian varieties to the Hodge–Tate filtration on their p-adic Tate modules on
moduli-theoretic data.

Lecture 8 would cover the rest of Section 3.2 of [Sch15], culminating with Theorem
3.2.36. There are highly technical issues coming from the boundary of the minimal
compactification. The speaker may mention the difficulties without delving into them.

Lecture 9: The Hodge–Tate period morphism and perfectoid Γ(p∞)-level Siegel
modular varieties, II. Recall Hodge–Tate filtrations from [Sch13, Theorem 3.20]. In-
troduce the Hodge–Tate period morphism and finish the proof that Γ(p∞)-level Siegel
modular varieties are perfectoid, following Section 3.3 of [Sch15]. Give a concrete picture
for the Hodge–Tate period morphism on modular curves [Sch15, pp.972-973], [Sch16, §3].

Lecture 10: Lifting mod p cohomology classes to Siegel cuspforms in charac-
teristic 0. In Lecture 4, we are reduced to proving a statement on congruences, which
amounts to saying that mod p cohomology classes for Siegel modular varieties may be
lifted to characteristic 0 cohomology classes for the usual Siegel cuspforms (to which Galois
representations can be attached). Sketch how to finish the proof, following Sections 6 and
7 of [Sch16] possibly with more details from the original paper [Sch15].
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MR 0387495

Clo90 [Clo90] Laurent Clozel, Motifs et formes automorphes: applications du principe de fonctorialité, Au-
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