RESONANCES AS VISCOSITY LIMITS FOR BLACK BOX
PERTURBATIONS

HAOREN XIONG

ABSTRACT. We show that the complex absorbing potential (CAP) method for com-
puting scattering resonances applies to an abstractly defined class of black box per-
turbations of the Laplacian in R™ which can be analytically extended from R™ to
a conic neighborhood in C™ near infinity. The black box setting allows a unifying
treatment of diverse problems ranging from obstacle scattering to scattering on finite
volume surfaces.

1. INTRODUCTION AND STATEMENT OF RESULTS

The complex absorbing potential (CAP) method has been used as a computational
tool for finding scattering resonances — see Riss—Meyer [RiMe95] and Seideman—Miller
[SeMi92] for an early treatment and Jagau et al [J*14] for some recent developments.
Zworski [Zw18] showed that scattering resonances of —A+V, V € L%, , are limits of
eigenvalues of —A +V —icz? as € — 0+ . The situation is very different for potentials
of the Wigner—von Neumann type, in which case Kameoka and Nakamura [KaNa20]
showed that the corresponding limits exist away from a discrete set of thresholds. Using
an approach closer to [[{aNa20] than [Zw18], the author extended Zworski’s result to
potentials which are exponentially decaying [Xi20]. In this paper we show that the CAP
method is also valid for an abstractly defined class of black box perturbations of the
Laplacian in R™ which can be analytically extended from R" to a conic neighborhood
in C" near infinity.

We formulate black box scattering using the abstract setting introduced by Sjostrand
and Zworski in [SjZw91] except that the operator P is not assumed to be equal to —A
near infinity. For that we follow Sjostrand [Sj97] and assume that P is a dilation
analytic perturbation of —A near infinity. The black box formalism allows an abstract
treatment of diverse scattering problems without addressing the details of specific
situations — see Examples 1-3 later in this section. We recall the setup as follows:

Let H be a complex separable Hilbert space with an orthogonal decomposition:
H =Hg, © L*(R"\ B(0, Ry)), (1.1)

where B(z, R) = {y € R" : |[r—y| < R} and Ry is fixed. The corresponding orthogonal

projections will be denoted by w +— u|p(o,ry), and u — u|gn\p(o,r,) Or simply by the
1
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characteristic function 1, of the corresponding set L. We consider an unbounded
self-adjoint operator
P:H —H with domain D. (1.2)

We assume that
Dlzn\s(o,ry) C H*(R™\ B(0, Ro)), (1.3)
and conversely, u € D if u € H*(R"\ B(0, Ry)) and u vanishes near B(0, Ry); and that
15(0,Re) (P +4)~" is compact. (1.4)
We also assume that,
Lrm\B(0,Ry) P = Q(ulrm\B(0,Ry)),  for all u € D,
Q=—> 0, (¢"(2)ds,) +clx), ¢* ceCPR.

jk=1

(1.5)

Here Cp° denotes the space of C* functions with all derivatives bounded. Note that
if ¥ € C;°(R™) is constant near B(0, Ry), then there is a natural way to define the
multiplication: H 3 u — Yu € H, and we have Yu € D if u € D.

We make the further assumptions on the coefficients of Q: ¢’*, ¢ are real-valued
functions on R" satisfying

g =g" vk, | ) dM@g&l > Ol
jik=1

n (1.6)
Z ¢ (1) + c(x) — €2, |2| — oo.

J,k=1

We will use the method of complex scaling — see §2.1 to define the resonances of P.
For that we follow [Sj97] to make the following assumptions:

There exist 6y € [0,7/8], § > 0, and R > Ry, such that
the coefficients ¢’%(x), c(z) of Q extend analytically in z to
{sw:weC" dist(w,S" ') <6, s€C, |s| >R, args € (—5,0p +6)}

and the second half of (1.6) remains valid in this larger set.

(1.7)

We can now define the resonances z; of P in C\ e %%[0,00) as the eigenvalues of P
on a suitable contour in C”, this set consists of the negative eigenvalues of P plus a
discrete set in the sector {z € C\ {0} : =20y < arg z < 0}, see [SjZw91] and §2.1.

We now introduce a reqularized operator,
P.:= P —ig(1—x(z))z?, &>0, (1.8)

where y € C°(R") is equal to 1 near B(0, Ry); 2% := 2% + --- + 22. It follows from §3
that P. is an unbounded operator on ‘H with a discrete spectrum. We have
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Theorem 1. Denote by Res(P) the set of resonances of P. Then, uniformly on any
precompact open subset 2 of the sector {z € C\ {0} : =20 < argz < 37/2 + 26, },

lim Spec(P.) N2 = Res(P)NQ,
e—0+

where the limit is taken with respect to the Hausdorff metric, that is for two non-empty

subsets A, B of C,

dy(A, B) := max {igg ;g la — b, i?};’i@g la — b|} :
Remark: A more precise version of this theorem will be proved in §6, which involves
the multiplicities of resonances z; and eigenvalues z;(¢) defined in §2.1 and §3 respec-
tively.

We refer to these limits as viscosity limits by analogy to the case of Pollicott—Ruelle
resonances in Dyatlov—Zworski [DyZw15]. In that case, the analogue of P. is given
by X + A where X (the analogue of our iP) is the generator of an Anosov flow
on a compact manifold and A, the Laplace-Beltrami operator for some metric, is
an analogue of our |z|*> (on the Fourier transform side as in [KaNa20]). This then
corresponds to a standard “viscosity /stochastic” regularization.

Fixed complex absorbing potentials have already been used in mathematical liter-
ature on scattering resonances. Stefanov [St05] showed that semiclassical resonances
close to the real axis can be well approximated using eigenvalues of the Hamilton-
ian modified by a complex absorbing potential. For applications of fixed complex
absorbing potentials in generalized geometric settings see for instance Nonnenmacher—
Zworski [NoZw09], [NoZw15] and Vasy [Val3]. The analogous results to Theorem 1
were proved for Pollicott—Ruelle resonances in [DyZw15], for kinetic Brownian motion
by Drouot [Dr17], for gradient flows by Dang-Riviere [DaRil7] (following earlier work
of Frenkel-Losev—Nekrasov [FLN11]), and for Oth order pseudodifferential operators,
motivated by problems in fluid mechanics, by Galkowski-Zworski [GaZw19].

Example 1. Obstacle scattering. Suppose that O C B(0, Ry) is an open set
such that 0O is a smooth hypersurface in R™ and that R" \ O is connected. Let
H = L*(R"\ O), and P = —Algn\o on the exterior domain realized with any self-
adjoint boundary conditions on 0O. For instance, the Dirichlet boundary condition

D ={uec H*R"\ O) : ulso = 0}
or the Neumann/Robin boundary condition
D ={uec H*R"\ O) : d,u+ nulso = 0}

where 0, is the normal derivative with respect to 0O and 7 is a real-valued smooth
function on 0. Theorem 1 shows that the eigenvalues of P — icx? converge to the
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resonances of P (the irrelevance of the missing iex(z)x? term comes from continuity
of resonances under compactly supported perturbations — see Stefanov [St94]).

Example 2. Scattering on asymptotically Euclidean space. Let M be a real
analytic manifold which is diffeomorphic to R™ near infinity and equipped with a real
analytic metric g which is asymptotically Euclidean. More precisely, let g;; = d;; + hy;
be the metric tensor then we assume that h;;(x) extend analytically in x to

{sw:weC", dist(w,S" ') <6, s€C, |s| >R, args € (—5,0p +6)}

for some 6y € [0,7/8], 6 > 0, R > Ry, and that h;; — 0 in this larger set. We
put P = —A,, the Laplace-Beltrami operator with respect to the metric g, then
all the black box assumptions are satisfied. Suppose that y € C°(M;[0,1]) is equal
to 1 near some compact set K and that M \ K is diffeomorphic to R™ \ B(0, Ry).
Then the operator —A, — ie(1 — x(z))2? has a discrete spectrum for £ > 0 and
the eigenvalues converge to the resonances of —A, uniformly on compact subsets of
—20y < argz < 3w/2 + 20,.

Example 3. Scattering on finite volume surfaces. This example was already
discussed in [Zw18] but this paper provides a complete proof via the black box setting.
Consider the modular surface M = SLy(Z)\H? (or any surfaces with cusps — see
[DyZw19, §4.1, Example 3|) equipped with the Poincaré metric g and Ay, < 0 the
Laplacian on M. We choose the fundamental domain of SLy(Z) to be {z + iy € H? :
lz| < 1/2,2% + y* > 1} then Ay in the cusp y > 1 is given by y*(9? + (95) Let
r =logy, 6 = 2wz, then M in (r,0) coordinates admits the following decomposition:
M = MyU My, (M, gla,) = ([0,00), x S, dr* + (27)2e~*"dh?), S' = R/27Z.
We recall the black box setup in this case from [DyZw19, §4.1, Example 3]. Let
H:HO@L2<[0700)7CZT)7 HO:L2<M0)EBH87

where (with Z* :=7Z\ {0})

Hy = {{an(r)}nez* a, € Lz([O, 0)), Z /000 lan (r)|2dr < oo} )

nez*

We can identify L?(M) with H via the following isomorphism:

v L2(M) 3w (u|ug, {67T/2un(7”)}nez*76%/27«00(7”)) €H,
1 ,
up(r) : / u(r,0)e=™dl, r > 0.
St

Then P := —Ay — 1/4 is a black box Hamiltonian on H which equals —9? on
L3([0,00), dr) — see [DyZw19, §4.1, Example 3]. In the language of Theorem 1 and in
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(x,y) coordinates

1/2

P.=—Ay —1/4—ig(1 - x(y)(logy)’Ty, Hou(z,y) = / / u(x',y)dx'.
~1/2
where x € C([0,00)), x(y) = 1 for y < 2 and x(y) = 0 for y > 3. The eigenvalues
of P. converge to the resonances of P uniformly on compact subsets of arg z > —7 /4.
Equivalently if we define s(¢) € 3. < s(e)(1 — s(e)) — 1/4 € Spec(F:), then the limit
points of ¥, ¢ — 0+, in Res < 1/2, arg(s — 1/2) # 117/8 are given by the nontrivial
zeros of ((2s) where ¢ is the Riemann zeta function — see [Zw18, Example 2] and
[DyZw19, §4.4 Example 3].

The paper is organized as follows. In §2.1 we review the method of complex scaling
and define the resonances of P as the eigenvalues of the complex scaled operator Py.
In §3 we show that P. has a discrete spectrum in C \ e~*"/4[0, 00), which is invariant
under complex scaling. Since our operator is an abstract perturbation of —A, in §4 we
use a different method from [Zw18] and [Xi20] to characterize the eigenvalues of P,
e > 0. More precisely, we use a reference operator reviewed in §2.2 to introduce the
Dirichlet-to-Neumann operator N »(z) associated with P.y and an artificial smooth
obstacle O. The artificial obstacle problem is needed to separate the abstract black
box from the differential operator outside. The operator N ¢(z) is well-defined for all z
except for a discrete set depending on the obstacle, and we show that the eigenvalues of
P. ¢ can be identified with the poles of z — N »(z) !, with agreement of multiplicities.
In §5 we show that the obstacle can be chosen so that the corresponding N (z) is
well-defined near the resonances z;. The proof of Theorem 1 is completed in §6 by
obtaining further estimates on N 4(z).

Notation. We use the following notation: f = O,(g)n means that || f||z < Crg where
the norm (or any seminorm) is in the space H, and the constant C, depends on .
When either ¢ or H are absent then the constant is universal or the estimate is scalar,
respectively. When G = Oy(g) : Hy — Hy then the operator G : Hy — Hs has its
norm bounded by Cyg.

ACKNOWLEDGMENTS. The author would like to thank Maciej Zworski for helpful
discussions. I am also grateful to the anonymous referees for the careful reading of the
first version and for many valuable comments. This project was supported in part by
the National Science Foundation grant DMS-1901462.

2. PRELIMINARIES

2.1. Review of Complex Scaling. Complex scaling has been a standard technique
in resonance theory since the works of Aguilar-Combes [AgCo71], Balslev—Combes
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[BaCo71] and Simon [Si79]. Here we follow rather closely the presentation in [Sj97]
since our assumptions on the operator P is weaker than [SjZw91].

A smooth submanifold I' € C" is said to be totally real if 7,I' NiT,I' = {0} for
every x € I', where we identify T, I with a real subspace of T,C" ~ C". We say that
' is maximally totally real if I" is totally real and of maximal (real) dimension n, the
natural example is [' = R™. Let I' C C" be smooth and of real dimension n, then
locally I' can be represented using real coordinates: R" 5 z +— f(z) € I". Let f be an
almost analytic extension of f so that df vanishes to infinite order on R™. Let = € R™,
then since df () is complex linear, Ty = df (x)(iT,R"™). Hence T is totally real in
a neighborhood of f(z) if and only if df(x) is injective, i.e. detdf(z) # 0.

Let €2 C C" be an open neighborhood of I' such that I" is closed in €2, and let

1
A(z,D.) = ) au(2)DZ, D, := ~0., DI=Dg DI,

laj<m
be a differential operator on 2 with holomorphic coefficients. Define Ar : C>°(I') —
C>(T") by
Aru = (Ad)|r, (2.1)
where @ is an almost analytic extension of u, that is, a smooth extension of u to a
neighborhood of I" such that 0@ vanishes to infinite order on I'. Ap is then a differential
operator on I' with smooth coefficients, and for the principal symbols we have

ar = ajr=r,
where a is the principal symbol of A.
We recall a deformation result from [SjZw91, Lemma 3.1]:
Lemma 2.1. Suppose that W C R" is open and that F : [0,1] x W > (s,x)
F(s,x) € C", is a smooth proper map satisfying for all s € [0, 1]
det 0, F(s,z) #0, and x> F(s,x) is injective,
and assume that t € W\ K = F(s,x) = F(0,z) for some compact K C W.

Let A(z,D,) be a differential operator with holomorphic coefficients defined in a
neighborhood of F([0,1] x W) such that for 0 < s <1 and I's := F({s} x W), Ar, is
elliptic.

If ug € C>*(I'y) and Ar,ug extends to a holomorphic function in a neighborhood of
F([0,1] x W), then the same holds for uy.

The lemma will be applied to a family of deformations of R” in C"*. We aim to
restrict the operators P., € > 0, to the corresponding totally real submanifolds. For
given o > 0 and Ry > Ry, we can construct a smooth function

[0,600) x [0,00) 3 (6,t) — ga(t) € C,
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injective for every 6, with the following properties:

(i) go(t) =t for 0 <t < Ry,
(11) < arg 99<t> < 07 atg9(t) 7é 07
(iii) arg gs(t) < arg dygs(t) < arg go(t) + o,
(iv) go(t) = €t for t > Ty, where Ty depends only on ap and R;.

We now define the totally real submanifolds, I'y, as images of R™ under the maps
fo R's>zx=twr go(t)w € C", t =|z|.
Then a dilated operator Py can be defined as follows. Let
Ho = Hr, © L*(Ty \ B(0, Ry)),

where B(0, Ry) denotes the real ball as before. If x € C°(B(0, R;)) is equal to 1 near
B(0, Ry), we put
Dy={uecHy:xueD, (1-x)ue H* T4\ B(0,Ro))}

Let Py be the unbounded operator Hy — Hy with domain Dy, given by

n

Pou = P(xu) + Qo((1— )u), Qo= — > (0:,(¢(2)8s,) + c(2)lr,.

k=1
These definitions do not depend on the choice of x.
We recall some properties of the dilated Laplacian from [SjZw91, §3]. Let
Ay = (AY)|r,, o := 2|r,-
Parametrizing Ty by [0,00) X S"7! 3 (¢t,w) > go(t)w, we obtain
— Qg = (g5(t) "' Dy)* — i(n — 1)(go(t)gy(t)) " Ds + go(t) D, (2.2)

where D; = —id; and D? = —Agn-1. If w*? denotes the principal symbol of D2 and
we let 7 be the dual variable of ¢, then the principal symbol of —Ay is

(=) = got) > + go(t) 0,

so pointwise on I'g, —Ay is elliptic and the principal symbol takes values in an angle of
size < 2qy, while globally, o(—Ay) takes values in the sector —26 — 2y < argz < 0.

The basic result based on ellipticity at infinity is
20+ <argz<2mr—20—90, |z|>0 =
o , 2.3
(8 — 2t = Op([2F) - IX(Ty) = HI(Ty), j=0,1,2 2%

This follows from [SjZw91, Lemmas 3.2-3.5 and §4] applied with P = —A.
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Py, as a perturbation of —Ay, is also elliptic — see [S]97, §5]. More precisely, choosing
R large enough, it follows from the assumptions (1.6) and (1.7) that
In Ty \ B(0, Ry), Py is an elliptic differential operator whose principal
symbol pointwise on I'y takes its values in an angle of size < 3ay, (2.4)

and globally in a sector —26 — 3oy < arg z < .

The coefficients of Py — e 2?(—A) tend to zero when I'y > z — o0, 2.5)
where we identify I'y and R", by means of fj. '

We recall some basic results about Py from [Sj97, §5]:

Lemma 2.2. If z € C\ {0}, argz # —26, then Py — z : Dy — Hy is a Fredholm
operator of index 0. In particular the spectrum of Py in C\ e=2?[0, 00) is discrete.

Proof. The first part of the lemma is the same as Lemma 7.3 in the lecture notes by
Sjostrand [Sj02], the corresponding proof can be found there. It remains to show that
Py has a discrete spectrum in C \ e=%[0, 00). For that, let zo =L, L > 1, we put

E(z) = x1(P — 20) "'x1 + (1 — x0) (=8¢ — 20) (1 — x1), (2.6)

where x; € C(B(0, Ry)) is equal to 1 near supp xo and xo = 1 on B(0, Ry — 9), for
some 0 > 0 small. Then we have

(Po — 20)FE(20) = I + K(20) + K1(20),

where
K(z0) = [P, xa)(P — z0) "1 + [Qg, X0l (=g — 20) (1 — xa),

Ki(z0) = (P — (—=29))(1 = Xx0) (=29 — 20) (1 — x1)-

(1
Choosing R, sufficiently large, we may assume by (2.3) and (2.5) that || K1 (20) ||2y—m, <
1/2, for all zy =iL, L > 1. Then we get

(Py — 20)E(20) (I + K1(20)) ™" =T+ K(20)(I + K1(20)) ™"

It follows from (2.3) that K(iL) = O(L™Y2) : Hy — Hy, then for zy = iL, L > 1,
1K (20) (1 + K1(20)) " 2452, < 1/2, thus Py — 2y has a right inverse:

E(z0)(I + K1(20)) ' (I 4+ K (z0)(I + Ki1(20)) "),

which implies that Py — 2 is surjective. Since Py — zj is a Fredholm operator of index 0,
it must also be injective. Hence by the inverse mapping theorem, Py — 2, is invertible
and we have

(Po— 20) " = E(20) (] + K1(20)) (L + K (20)(I + Ki(2)) ") " (2.7)

Analytic Fredholm theory then shows that Py has a discrete spectrum. 0
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Lemma 2.3. Assume that 0 < 0; < 0, < 0y and let zy € C\ e 21909210, 00). Then

dim ker(Py, — 29) = dimker(Py, — 2p).

This is identical to [SjZw91, Lemma 3.4] and the proof is the same as there using
Lemma 2.1.

Lemma 2.3 shows that the spectrum in the sector —260, < arg z < 0 is independent
of 0 in the following sense: We say that z € C\ {0}, —260, < arg z < 0 is a resonance
for P if and only if z € Spec(Py) with —260 < arg z < 0 for some 6 € (0, 6]. For such
a resonance 2z € e~ 1% (0, 00), the spectral projection

1
Iy (z0) = —7{ (2 — Pp)tdz, (2.8)
20

21

where the integral is over a positively oriented circle enclosing zy and containing no
resonances other than zy, is of finite rank. The restriction of Py — 2z to RanIly(z) is

nilpotent. If 6 € [0, 6] is a second number with z € e=219)(0, c0), then since Lemma
2.3 can be extended to dimker(Py — 29)* = dimker(P; — 2)* for all k, Ily(z) and
I1;(29) have the same rank, which by definition is the multiplicity of the resonance zy:

m(zo) = rankIlp(29), —20 <argz, <O0. (2.9)
2.2. A reference operator. As explained in §1, to separate the abstract black box
from the differential operator outside we introduce a reference operator P© associated

with a bounded open set O C R"™ containing B(0, Ry). We assume that O is a smooth
hypersurface in R™. In the notation of (1.1), we put

HO .= Hp, ® L*(O\ B(0, Ry)). (2.10)
The corresponding orthogonal projections are denoted by
u = 1po,re) U = U|B0,R)), U LO\B(0,Re) U = U|0O\B(0,Ro)-
If P is a black box Hamiltonian introduced in §1 with domain D, then we define

DO .= {uc H® : ¢ € C(0), ¥ =1 near B(0, Ry) =

2.11
Yu€eD, (1-¥)ue H(O)N Hy(0)} 24y
and, for any ¢ with the property (2.11),
Po D% — HO,
(2.12)

POu = Pu) + Q((1 — ¥)u).
Assumptions (1.3), (1.5) show that this definition is independent of the choice of 1.

We recall some basic properties of the reference operator from [SjZw91, §7]:
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Lemma 2.4. Suppose that O C R™ is an open set containing B(0, Ry) such that 0O
is a smooth hypersurface in R™. Let P® be the reference operator defined in (2.12).
Then, with H® given by (2.10),

PO HO = HO,
is a self-adjoint operator with domain D® defined in (2.11). Furthermore, the resolvent
(PO + i)~ is compact and thus P® has discrete spectrum which is contained in R.

For the proof we refer to Dyatlov—Zworski [DyZw19, Lemma 4.11] and we remark
that the arguments there is still valid if we replace the assumption there: P = —A in
R"™\ B(0, Ry), by the assumption (1.5).

3. THE REGULARIZED OPERATOR

In this section we show that the spectrum of P. is invariant under complex scaling.
Choosing R; such that supp x € B(0, R;) when we construct the complex contours
[, the complex absorbing potential —ie(1 — x(z))z? can be analytically extended to
[y, thus it defines a multiplication on the following subspace of Hy:

Ho := Hp, & |xg| 2L*To \ B(0, Ry)),

where xy := fy(x) denotes the parametrization of I'y. We now introduce the deforma-
tion of P. on T'y, 6 € [0, 6p):

P.g =Py —ic(1 — x(z4))z;, with the domain 139 =Dy N 7—79. (3.1)
It follows from (2.5) that P. g near infinity is close to the operator
H.p:= —e 2PN\ —jce®2? (3.2)
which was considered by Davies [Da%9] as an interesting example of a non-normal
differential operator. We recall the following basic result:
Lemma 3.1. Fore > 0,0 < 0 < 7/8, H.y is a closed densely defined operator on
L*(R™) equipped with the domain H*(R™) N (x)~2L*(R™). The spectrum is given by
Spec(H.g) = {e ™ *\e(2lal +n) : a € NI}, o] :=a; + -+ an. (3.3)
In addition for any 6 > 0 we have uniformly in € > 0,
(Hep—2)"" = Os(|2|7 ) : L*(R") = HI(R™), j=0,1,2,

3.4
for =20+ <argz <3m/2+20—9, |z|>0. (3:4)

Proof. For every ¢ > 0 and 0 < 6 < 7/8, H.y can be viewed as the Weyl quantization
of the complex-valued quadratic form ¢ : R} x R — C, (z,£) — e *7¢* —ice®a?,
which shall be viewed as a closed densely defined operator on L?*(R™) equipped with
the domain D(H.y) = {u € L*(R") : H.pu € L*(R™)}. For the analysis of the
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spectrum for general quadratic operators see Hitrik—Sjostrand—Viola [HSV13] and ref-
erences given there, in particular we obtain (3.3). Noticing that the numerical range
of ¢ is the sector {z € C : 37/2 +20 < argz < 27w — 20}, H.y — i is elliptic with
respect to the order function m = 1+ 22 + €2 in the sense that |¢ — i| > C'm for some
C = C(e) > 0. Since H.y — i is invertible by (3.3), we conclude that
(Hep— i)' L*(R") = m ™' (z, D,)L*(R") = H*(R") N (z) >L*(R™).

Hence u € D(H.y) = u = (H.p — 1) "(Hepu — iu) € H*(R™) N () 2L*(R"). Now
we rescale y = y/ex, then H.y is unitary equivalent to —e 2%cA, — ie*?y? that
is a semiclassical quadratic operator with h = y/z. The bounds (3.4) follow from
semiclassical ellipticity of —e™2?eA, —ie?¥y? — 2 for —20 +§ < arg 2z < 3m/2+ 20 — 6,
|z| > 9. O

Then we show that P. 4 is a Fredholm operator for z ¢ e=/4[0, 00).

Lemma 3.2. If z € C\ {0}, argz # —n/4, then for each ¢ > 0 and 0 < 6 < 6y,
P-o — 2z : Dy = Hy ts a Fredholm operator of index 0. In particular the spectrum of
P.o in C\ e /40, 00) is discrete.

Proof. We choose x; € C(I'y), j = 0,1,2,3, such that x; = 1 near supp x;_1 and
that xo(ge(t)w) = 1 for any ¢ < Tj, thus 1 — x; are supported in the region where
[y > xp =z, v € R". Lemma 3.1 then shows that if arg z # —m/4,

(1= x0)(Hep — )" (1= x1) : Ho — Ds.
Now we fix z € C\ {0} with argz # —n/4. Using (2.5) we may assume that supp xo
is large enough so that [[(Peg — Heg) (1 — x0) (Hep — 2)"(1— x0)llysrtp < 1/2. Then
we choose zg = iL, L > 1 using (2.7) such that ||e(x3 — x)22(Ps — 20) |y e < 1/2,
thus
(Po —ie(xs — x)ag — 20) "' = (Po — 20) " (I —ie(xs — x)a5(Po — 20)"')™"  (3.5)

exists. We put
E(z) = x2(Pp —ie(xs — X)7§ — 20) X1+ (1 = x0)(Hep — 2) (1 — x1).
Then we get
(Peop—2)E(2) =1+ K(2) + Ki(2),

where
K(2) = ((20 — 2)x2 + [Pa, x2]) (Ps — ie(x3 — )25 — 20) "X

+e A, xol(Hep — 2) (1 = x1)
Fu(2) = (Pag — Hog) (1 — x0)(Hag — 2)™(1 = xa).
Recalling that || K7 (2)||x,—n, < 1/2, we obtain that I + K;(z) is invertible thus
(Peo = 2)E(2)(I + Ku(2)) ™ = T+ K(2)(I + Ky (2))
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Since (Py — 29)~! : Hg — Dy, we conclude that K(z) is compact: Hy — H,y. Hence
E(z)(I + K(z)) is an approximate right inverse of P,y — 2.

As an approximate left inverse, we put
F(z) = x1(Ps —ie(xs — X)25 — 20) " 'x2 + (1 = x1)(Hep — 2) ' (1 — x0).

Then

F(2)(P.p—2) =1+ L(2) + Li(2),
where

L(z) = x1(Ps — ie(xz — x)a5 — 20) " ((20 — 2)x2 — [Po, x2])
—(1 = x1)(Hep — 2) e, x0]
Li(z) = (1 = x1)(Hep — 2) 71 (1 = X0)(Pep — Hep).

We may assume again by (2.5) that ||L1(2)[|5, 5, < 1/2, then

(I 4 Li(2) ' F(2)(Pep — 2) = T+ (I + Li(2)) ' L(2).

Using (1.3), we see that [e"2?A, o] is compact: Dy — Hg, thus L(z) is compact:
Dy — Dy, (I + Li(2)) "' F(z) is an approximate left inverse.

We have shown that Py — 2 : 159 — Hp is a Fredholm operator. This operator
depends continuously on (6, z), thus the index is constant under deformation in (6, 2).
Deforming z into ¢ and ¢ down to 0, we see that the index of P,y — z is equal to the
index of P. — i : Do H (where we omit the subscript 0). Repeating the arguments
above, we can also show that for every v € [0,7/2], P+ e e(1—x(z))z?—i: D — H
is a Fredholm operator. Deforming v from 7/2 (that is for P.) to 0, it follows that
the index of P. — i is equal to the index of P + (1 — x(x))x? — i, which is 0 since
P +e(1 — x(z))2?: D — H is self-adjoint, see [HSV13, §1]. Hence we conclude that
P.o — z is of index 0.

It remains to show that P., has a discrete spectrum in C \ e=7/4[0, 00). Recalling
first (3.5) and then (2.6), (2.7), we see that || K (z0)||,—n, can be controlled by ||(1 —

X0)<P - ZO)_1HH~>H1(R”)7 H(-Ag - ZO)_1HL2—>H1 and H(H&G - ZO)_I”L2~>H1- It then
follows from (2.3) and (3.4) that K(iL) = O(L™*/2) : Hy — H,. Hence for zy = iL,
L> 1,1+ K(z)(I + Ki(2))~" is invertible and we have

(Peo — 20)E(20) (I + K1(20)) " (L + K (20)(I + K1(20)) )" =1,

which implies that P.y — 2y is surjective. Since P.y — 2 is a Fredholm operator of
index 0, it must also be injective. Thus P, g — 2y is invertible by the inverse mapping
theorem. Analytic Fredholm theory then shows that P. g has a discrete spectrum. U

Lemma 3.3. For each 0 < 0 < 6y ande > 0, let ¢ € CX(B(0, Ry); [0, 1]) be equal to 1
near B(0, Ry) so that ¢ is a function on I'y and defines a multiplication on Hg. Then
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we have, meromorphically in the region —m/4 < argz < T /4,
w<P£ - Z)ilw = w(,PE,G - Z)ilw' (36>

Proof. We modify the proof of [Zwl8, Lemma 2|. It is sufficient to show that for
0§91<02<90, ‘91—62’<<1,

1/)(775,91 - Z)_lw = ’(/)(735792 - Z)_lw' (37)

It is also enough to establish this for z € €'(=21+7/2)(1 00) as then the result follows by
analytic continuation. For that we show that for f € Hg, & L*(B(0, Ry) \ B(0, Ry)) C
Hy, there exists U holomorphic in a neighborhood €y, 4, of

U (©\ B, Ry) c C"
such that o
U|p9j (z) = [(P-;, — ) f](x), Ve [y, \ B(0, Ro). (3.8)

To show the existence of U such that (3.8) holds we apply Lemma 2.1 to a modified
family of deformations, which is obtained as follows. Let p € C°((1,6); [0, 1]) be equal
to 1 near [2,4], and put for 7' > 1,

991,92,T<t) ‘= go, (t) + p(t/T) <g92 (t) — 96, (t))7
F91792’T = {991792,71(75)(,0 't e [0, OO), w € Sn_l} c Cc™.

We can apply Lemma 2.1 to the family of totally real submanifolds interpolating
between I'y, and T'g, g, 7, [0,1] 2 5 = Iy, (1-5)9,+50,,7- It follows that there exists a
holomorphic function UT defined in a neighborhood of the union of these submanifolds
which restricts to u; = (P.g, — 2)"Mpf € Hy,. Varying T we obtain a family of
functions agreeing on the intersections of their domains and that gives a holomorphic
function U defined in the neighborhood €y, g,.

It remains to show that U restricts to us € Hyp, (the equation (P.g, — 2)ug = ¢ f is
automatically satisfied). For T large we put

Ql(T) = {Z eC".T< |Z| < GT} N F91792,T D) F917927T \ [y,
Q(T)={z€C":T/2< |2| <8T} NTo g1, Q(T)\U(T) C R,
and choose xr € C*(Qy(T); [0, 1]) such that xyr = 1 on Qy(7T") with derivative bounds

independent of 7. We recall the following estimate from the proof of [Zw18, Lemma
3]: for u € C*(Ty, go1), T > 1,

[ (= Alrg, gz = 1 (@lry, 0,0)* = i€ Tu,u) | = (lullZ2 + | Dull72) /C,

with C' > 0 independent of 7, T, here (-,-) is the L? inner product on Ty, g9, 7. Writing

,P€,917927T = P|F91,92,T - ie(x|F91,92,T)2’
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it then follows from (1.5) that
(Pegr oo — (=Alrg, 5, — i€(2|rg, 4, 2)%))u, u) = / (¢°" — 6"%)Orudju + clul®.
Loy ,05,1

In view of (1.6) and (1.7), we obtain that for 7" sufficiently large,
[ {(Pegy o — 1€ 1) xzU, xzU) | 2 (IxzUlIZ2 + 1D (xrU)72) /€,
thus ||x7U||2 < C||(P-gy 601 — i 21 7)xrU| 2. We note that
(Peprgsr — i€ T)UT =0 = (Pepy o — i€ 7)x7U = [Pegy 0,7, X1V,
which is supported on Q9(7') \ ©24(T") C I'y,. Hence,
[ Lor<|z<ar U2|’%2(r92) < C|[Pepy o1 X1lU 172 < Clllrjas)zi<sr U1||%11(r91)-
We now take T' = 27 and sum over j, it follows that uy € Hy,. O

Lemma 3.4. For 0 < 0 < 0y, € > 0, the spectrum of Peg is independent of 6. More
precisely, for any zy € C\ e”"/4[0, 00) we have

meg(20) = rank}l{ (P — 2)tdz = rank]{ (P. — 2) ' dz, (3.9)

20 20
where the integral is over a positively oriented circle enclosing zy and containing no
poles other than possibly zy.

Proof. Lemma 3.2 shows that
1
Mog(z0) = —=— @ (Pop — 2) dz, (3.10)

27 J,,

is a finite rank projection which maps Hy to the generalized eigenspace of P. g at 2.
In view of Lemma 3.3, it suffices to show that for each 0 < 6 < 6,

rank I1. g(29) = rank ¢I1, o(z0)1.

First we show that rank Il y(zo) = rank I, y(z0)t, which is equivalent to show that
rank 11 o(20)* = rank Il g(20)*, since the adjoint of a finite rank operator is of finite
rank with the same rank. For that we shall argue by contradiction. Suppose that
rank I1. o(20)* < ranklIl, y(zp)*, there would exist 0 # 0 € Ranll, y(2)* satisfying
Y0 = 0. Note that TI. y(20)* is also a projection of the form (3.10) except that PZ, and
Zy replace Py and 2 there, we may assume

(PZy— )0 =0, 0:= (PZy— Z0)F 19 #£0, for some k > 1.

3 &€

But that would mean that @ can be identified with an element of H?(T'y) satisfying
(QZp—20)u=0, ulpory =0, Qcp:=0Qp—ic(l~— x(zg)) 5.

Since () 4 is elliptic, unique continuation results for second order elliptic differential
equations — see Hormander [HOIII, Chapter 17] show that @ = 0, thus a contradiction.
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It remains to show that rank ¢Il. g(z9)1) = ranklIl, y(zp)y». Otherwise there would
exist solutions v € Dy to (P.y — 20)v = 0, u := (P.g — 20)* v # 0 with Yo = 0. Tt
follows that u can be identified with an element of H?(Ty) satisfying

(Qe,e - Zo)u =0, U|B(0,R0) = 0.

Again by the unique continuation results for second order elliptic differential equations,
we obtain that v = 0, thus a contradiction. 0

The next lemma shows that the spectrum of P,y must stay close to the spectrum
of Py when ¢ is sufficiently small:

Lemma 3.5. Suppose that 0 < 6 < 0y and that Q € {z: —20 < argz < 3w/2+ 20} is
disjoint with Spec(Py), then there exist £g = £¢(2) and C = C(Q2) such that, uniformly
in 0 <e < e, Spec(P-y) NQ =0 and

[(Pep — 2) Hlggom, <O, 2 €Q.

Proof. We follow closely the proof of [Zw18, Lemma 5] except that Py replaces —Ay
there. Let x; € C°([0,00);[0,1]) be equal to 1 on [0, Ry] and satisfy x; = 1 near
supp xj-1, j = 1,2. Parametrizing Ty by fy : [0,00) x S"7! 3 (t,w) — gp(t)w € Ty, we
define functions x? € C°(Ty) by
X;-‘(gg(t)w) = x;(th), 0<h<L.

For z € Q we put

Elg(2) = x5(Po — 2)7'X1 + (1= xg) (Hep — 2)7H (1 = X1),
so that (P.g — 2)Ey(z) = I + K!'y(2), where

Klo(z) == —ie(1 — X)zpxs(Po — 2) "Xt + [Po, X51(Po — 2) "Xt
+ (Pop— Hep) (1 — x§) (Hep — 2) 7' (1 — X1)
— [Po. xg](1 = x¢)(Hep — 2) 11— x1).

Using (2.5) and (3.4) we see that for h small enough,

1(Pep = Hep) (1 = x0) (Hep — 2) 7 (1 = x)llz2wo)22ry) < 1/4

Since [Qg, X}] = O(h) : H'(Ty) — L*(T'y) and z5x3 = O(h™?) : L*(Ty) — L*(Ty),
we can first choose h sufficiently small then there exists €9 = g¢(h, ) such that for
all £ < g9(h,Q) and z € Q, ||[Kly(2)|lsy—n, < 1/2, thus I + K!y(2) has a uniformly
bounded inverse and (P.g — 2)~" = Eo(2)(1 + K!5(2)) " exists. It follows from (3.4)
that there exists C' = C'(€2) independent of & such that for z € Q, ||E5(2)|l3—p, < C,

which completes the proof. 0
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4. THE OBSTACLE PROBLEM AND THE DIRICHLET-TO-NEUMANN OPERATOR

In the black box case we cannot use the strategy of [Zw18] which covers the case
P=-A+V Vel Instead we introduce an artificial obstacle to separate the

comp"*

abstract black box from the differential operator outside. By an obstacle we mean
a bounded open set O with smooth boundary as in §2.2. Suppose that O contains

B(0, Ry) and that y in (1.8) be equal to 1 near O. Let v(x) be the Euclidean normal
vector of 00 at x pointing into O, we put

V(1) = (¢7%(2))nxn - v(x), 2 € DO. (4.1)
First we introduce the interior Dirichlet-to-Neumann operator of P:
, ou (P—2u=0in O
Np'(2)p := —, where u solves the problem : (4.2)
oy, u =@ on 00

N2 (2) is well-defined once we establish the existence and uniqueness of the solution u
to the boundary-value problem in (4.2). This can be done if z is not an eigenvalue of the
operator P9 introduced in §2.2. Indeed, we set E™ : H32(00) — H?*(O) as a linear
bounded extension operator such that E™p|so = ¢ and supp Ep C O\ B(0, Ry) for
any . Then for z ¢ Spec(P?), u = Emp — (P° — 2)74Q — z)E™p is the unique
solution to (4.2), we obtain that

N (2)p = 0y, (E™p — (PP = 2)7H(Q — 2)E™p), (4.3)

Hence z — N'(2) : H32(00) — H'Y?(D0O) is a meromorphic family of operators on
C with poles contained in Spec(P?).

Similarly, we can define the exterior Dirichlet-to-Neumann operator of P. y for every
0<0<06yand e >0:

) Qep—2)u=0inTy\ O
= 2% Where u solves the problem ( ) \ . (44)

out —
N () o u = on 00

To show the well-definedness of N2j(2), we introduce the restriction of Q.9 to T'g\ O
with Dirichlet boundary condition as follows:

Q5 H* Ty \ O)NHL(Ty\ O) = L*(Ty\ O), QFu:= Qqu,

4.5
29 = Qf —ie(1 — x)x2 with domain D(QS) N |zg| 2L*(Ty \ O). (4.5)

Since QY and Qge can also be viewed as black box perturbations of —Ay and H, g
respectively, we conclude from Lemma 2.2 and Lemma 3.2 that Qgg —z,e>0isa
Fredholm operator of index 0 for —20 < arg z < 37/2 4 20. We claim that N2 (z) is
well defined if z ¢ Spec(Q%,). For that let E°'* : H¥2(00) — H*(Ty \ O) be a linear
bounded extension operator with E®*¢|s0 = ¢ and supp E°*¢ € 'y \ O, then

5 (2)p = 0, (B¢ — (QF — 2) 7 (Qep — 2)E™). (4.6)
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It follows that z — N2'(z) : H¥2(00) — H'Y*(90) is a meromorphic family of
operators in the region —260 < arg z < 3w /2 + 26, with poles contained in Spec( ?,0)-

Now we put

Neo(z) = N2 (2) = Np'(2). (4.7)

Lemma 4.1. Suppose that 0 < 0 < 6y, ¢ > 0 and that —20 < argz < 3mw/2 + 20
with z ¢ Spec(P?) U Spec(QY,), then N.y(z) : H¥*(00) — HY*(0O) is a Fredholm
operator of index 0.

Proof. Let Qf) and N (z) be the the reference operator and the interior Dirichlet-
to-Neumann operator associated with @, defined as in (2.12) and (4.2) respectively
except that @ replaces P there. Choosing zy ¢ Spec(Q) U Spec(QS) U Spec(Q-p),
we claim that

N2 (20) — /\/22“(20) - H32(00) — HY?(00) is invertible. (4.8)

To show injectivity, we argue by contradiction. Suppose that 0 # ¢ € H3?(90)
satisfies V23" (20)¢ = N§'(20)e, it follows from (4.2) and (4.4) that there exist u; €
H?(O), uy € H*(Ty \ O) (|wg|*us € L*(Ty \ O) when e > 0) such that

(Q — 2z)u; =0in O (Qep — 20)ug =0in Iy \ O
uy solves , and wuy solves . (4.9)
u; = ¢ on 00 uy = ¢ on 00
and that d,,u; = 9,,us. Let u = lpu; + 1)\ 0 u2, we aim to show that u € H?(Ty).
For that it suffices to show the regularity of u near 0O. For any zy € 0O, we choose
B,, = B(xo,r) C B(0, Ry) such that Q.y = Q) in B,, and put v € C(B,,). Then we
integrate by parts to obtain:

/ Z gjkﬁxku Oz, v + cuv | dx
Ba,

J,k=1
= / (Z gjkazkm@xjv + cuw) dx + / <Z gjkﬁxkuﬁxjv + cu2v> dx
BsyNO \ j 32 Bsg\O \j i1

= / v Quidr — / v Oy, urdS(z) + / v Quadx + / v Oy, u1dS ()
BuoNO 00NBy, Bug\O 00N By,

= / zou v dr + / ZoUs¥ dr = / Zouv dax.
ByyNO Byy\O B

o

Hence u is a weak solution of (Q) — zp)u = 0 in B,,, the regularity results for second
order elliptic differential equations show that u is H? near xq, thus u € H?(Ty). It then
follows from (4.9) that u solves the equation (Q.9 — 2o)u = 0, thus zy € Spec(Q:p),
which gives a contradiction.
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To show surjectivity, we first choose a linear bounded operator L, : H 1/ 2(00) —
H?(O) satisfying the following:

L,p:=v, wherev € H*(O)N Hy(O) satisfies
suppv C O\ B(0, Ry) and o v=0¢, ¢E€ H1/2(8(9).
For any ¢ € HY2(90), let v := L@, f = (Q9 — z)v € L*(O) and we put
wi=(Qeo —20) "of and @ :=ulso € H*(0),

where 1 : L?(0) < L*(Ty) denotes the extension by zero. Then u; := lpu — v solves

the boundary value problem (Q — zo)u; = 0 in O, u; = ¢ on 90; uy := 1)\ u solves
(Qep — 20)ug = 0in 'y \ O, ug = ¢ on 0O. Hence we have

aOlelt( 0)¢ NQ (20)p = @jglrg\o U — 3yg(1ou —0v) = &,gv = Q.

In view of (4.8), we now show that N2§'(z) — N2§*(z0) and Np'(z) — N5 (z) are
compact: H*?2(00) — HY%(00). Using (4.6) we have for any p € H3%(0O),

out out

o (2)p = N2 (20)
= 0,,((Q2p — 20) Qe — 20) — (Qp — 2) 7 (Qep — 2)) E™'p
= (2= 2)0, (@2 — 20) 7' (I = (QFy — 2) Qe — 2) B¢ € H**(D0),
thus V25 (z) — N2 (20) : HY2(0O) — H°?(00) C HY?*(00O) is compact since the
last inclusion map is compact. It remains to show that N3 (z) — Négn(zo) is compact:

H32(00) — HY2(00). Let 1 € C*(O) be equal to 1 near B(0, Ry), ¢ € HY?(0),
there exist u and v satisfying:

(P—2)u=0in O (Q—2)v=0in O
u = on 00 o v = on 00
recalling (2.11) that (1 — ¢)u € H%(O), thus we have

(NP'(2) = NG (20))¢ = 0y, (1 = ¥)u — (1 = ¥)v).
Using (1.5) we can show that (1 —¢)u — (1 —)v € H*(O) N H}(O) satisfies:
QUL =v)u— (1 —=v)v) =1 =¢)Pu—[PYlu—(1-¢)Qu+[Q,¢Jv
= 2(1 = Y)u — 2(1 = ¥)v — [Py]u+[Q, ¢]v € H(O),
then we conclude from the regularity results for second order elliptic differential equa-
tions that (1 — ¢)u — (1 —¢)v € H3(O), thus (NP(z) — N5 (20))e € HY2(00).
Therefore, NP'(z) — N (20) : H**(80) — H3/2(00) € HY?(9O) is compact.

So far we have shown that there exists a compact operator K(z) : H3%(00) —
HY2(00) such that N y(z) = N2 (20) — N§'(20) + K(2). Using (4.8) we can write

Neo(2) = (N2 (20) = Ng'(20)) (I + (NVZ5' (20) — NG (20)) T K (2)),

(4.10)

)
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i.e. it is a product of an invertible operator and a Fredholm operator of index 0, thus
N () is also a Fredholm operator of index 0. O

out

Remark: The compactness of N2§'(z) — N2 (20) and Np'(z) — N5 () can also be
proved using the facts that the principal symbols of N24*(2) and N25'(2) are identical,
same for Np'(z) and N (z0) — see for instance Lee-Uhlmann [LeUh89] for a detailed

account.

In order to work on a single Hilbert space, we introduce
Neo(2) = (Dao) ™' Nep(z) : H?(00) — H¥?(90), (4.11)

where (Dpo) = (1 — Ago)*/? is the standard isomorphism between Sobolev spaces
H*(00) and H*'(00O). Now we are ready to state the main results of this section:

Lemma 4.2. Suppose that 0 < 0 < 6y, ¢ > 0 and that Q@ € {z : =20 < argz <
3m/2 + 20} is disjoint from Spec(P°) U Spec(Q?ﬁ),

Z = K/’a,e(z)_lv Z € Q>

is a meromorphic family of operators on H*?(0O) with poles of finite rank. Moreover,

Neg(z) == L tr?{./\A/;,g(w)_lawﬂ\/;,g(w) dw = m.g(z), (4.12)

271

where the integral is over a positively oriented circle enclosing z and containing no
poles other than possibly z and m.¢(z) is given by (3.9) (and by (2.9) when e =0).

Proof. 1. Suppose that z € Q is an eigenvalue of P.y, we choose u € ker(P.g — 2)
and let ¢ = ulso, then N2§*(2)p — NE(2)¢ = 9,,u — dy,u = 0. Note that ¢ # 0
since z ¢ Spec(P?), thus ker ./\75,9(2) # {0}. On the other hand, suppose that 0 # ¢ €
ker J(\/'g,g(z), the same arguments as in the proof of Lemma 4.1 show that z € Spec(P. ).
Hence

z € Spec(P.p) <= ker./\A/'g,g(z) # {0}, (4.13)

and we conclude from Lemma 4.1 that ./\75,9(2’) is invertible for z € Q\ Spec(P.p).
Analytic Fredholm theory then shows that Q > 2 — M.4(2)"! is a meromorphic
family of operators on H*/2(00) with poles of finite rank.

2. Since (4.13) proves (4.12) in the case m.g(z) = 0, we now assume that m_g(z) =
M > 1, and that P.p has exactly one eigenvalue z in D(z,2r) := {( € C,|( — 2| <
2r}. We note that z is not a compactly supported embedded eigenvalue of P, by
which we mean an eigenvalue admitting a compactly supported eigenfunction — see
(5.17). This is because if (P — z)u = 0 for some 0 # u € Deomp, then u must vanish
identically outside B(0, Rg) by unique continuation results for second order elliptic
differential equations, thus u € D®. It follows that z € Spec(P?) which contradicts
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the assumption © N Spec(P®) = (. Then we claim that for any § > 0 there exists
V e C®(O\ B(0, Ry); R) with [|V]|s < ¢ such that

rank/ (P.y+V —w) tdw = M,
0D(z,r)

and that the eigenvalues of P.y + V in D(z,r) are all simple. This follows from the
results of Klopp-Zworski [KIZw95] (see also [DyZw19, Theorem 4.39]) and we omit
the proof here. Replacing P by P+ V in (4.2), we can define Ji\fs‘fg for P.p+V as in
(4.7) and (4.11). Note that .&7&9 has no kernel except at z in D(z,2r) by (4.13), using
(4.3) we can choose § small enough such that for ||V, < 4§,

o () (N p(w) = N ()l ga0)smao) < 1, Y € OD(z, 7).

It then follows from the Gohberg-Sigal-Rouché theorem (see Gohberg-Sigal [GoSiT71]
and [DyZw19, Appendix C]) that

L_tr/ J\f;fe(w)_law E‘f@(w) dw = ngg(2).
oD

Hence it is enough to prove (4.12) in the case m. ¢(2z) = 1 with P,y replaced by P. g+ V.

3. Now we assume that m.g(z) = 1. In view of (4.13), .&7579(11})_1 has a pole at z,
it remains to show that z is a simple pole. For any w near z and ¢ € H'/ 2(00), we
recall (4.10) that L, € D, then (P° — w)L,p € H®. Now we put

u:= (P.p— w)_lz(Po —w)Lyp, ¢ = ulpo,

where 1 : HO < H, is the extension by zero. Following the arguments in the proof of
Lemma 4.1 while P replacing @) there, we can show that N g(w)¢ = @, thus

Neo(w)™'@ = (Peg = w) (P = w)Ly((Dao)$))loo, ¥ € H(0).

Since z is a simple pole of w + (P.y —w)~! by our assumptions, it follows from the
expression above that z must be a simple pole of w + N g(w) ™. 0

5. DEFORMATION OF OBSTACLES

We have shown that the eigenvalues of P.y, € > 0, can be identified with the poles
of z — N.p(2)"". One problem of this characterization is that N.(z) can only be
defined away from Spec(P?) and Spec(QZ). In this section we will show that the
spectrum of P and Qf can be moved by deforming the obstacle O while we always
assume that B(0, Ry) C O C B(0, R;). Hence for any resonance z, of P, we can always
assume that Ny(z) is well-defined in some neighborhood of zy by selecting a proper

obstacle.
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To describe the deformations of obstacles, we follow Pereira [Pe04] and introduce a
set of smooth mappings which deforms the obstacle O:

® € C*(R™;R") is a diffeomorphism : ®(00) = 0 P(0),
Diff(O) :=

O(z) =z, forall |z| < Ryor|z| > Ry.
We note that ® € Diff(O) only deforms the region {z € R" : Ry < |z| < Ry}, then it
also defines a diffeomorphism of I'g, 0 < 6 < 6. The pullback ®* gives an isomorphism
between L?(T'y\ ®(0)) and L?(T'y\ O), which also restricts to an isomorphism between
D( g)(o)) and D(Q§) given in (4.5) since it preserves the Dirichlet boundary condition.
Hence we can define

Qs = Q5 V(27! with D(QF4) = D(QY), (5.2)

which is considered as the deformed operator of Q under the deformation ®. The

(5.1)

Fredholm properties of Q z immediately show that Qe ¢ —# 1s a Fredholm operator
of index 0 for —20 < argz < 37r/2 + 260, and (5.2) implies that the spectrum of Qf,

in this region is identical to the spectrum of Q;D(O). Moreover, ng) can be viewed as
a restriction of Qg e := P*Qp(P*)~! to 'y \ O with Dirichlet boundary condition. A
direct calculation shows that

Ap =" Q(P") " = Q= P*Q() ' —Q = aalx (5.3)
|| <2
where the coefficients a,, are supported in B(0, R;) \ B(0, Rg) C T'y. We note that
aalloo < Cl® —id ||z, thus Ag = O(||® — id||¢2) : H*(Ty) — L3(Ty).
Now we show that Spec(Q§) can be moved by deforming the obstacle:
Lemma 5.1. Suppose that the obstacle O C B(0, Ry) contains B(0, Ry) and that

—20 < argzy < 3m/2+ 20, then for any 6 > 0 there exists & € Diff(O) with ||® —
id ||c2 < & such that zy ¢ Spec( E(O)).

Proof. We may assume that zy € Spec(QY), otherwise we can take ® = id. Suppose
that Qf has exactly one eigenvalue in D(zg,2r). For D := D(z,r) we define
1
llp(D) := — 5 (Qe —¢)7'd¢, mo(D) :=rankIlp(D), (5.4)
then mo(D) = me(zy), where mo(z()) denotes the multiplicity of zy € Spec(QY).

For ¢ > 0 small, we put
Us(O) = {® € Diff(O) : ||® —id ||c2@m\0) < I}

It follows from (5.3) that Qfq — QF = O(||® —id||c2) : H*(Tg\ O) — L*(Ty\ O), thus
for & € Us(O) with ¢ sufficiently small,

Qs — )7 =(Q7F — Q7'+ (QFs — QN(QF =7, (€D,
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exists and sup;cop [[(Qfe — €)' — (QF — O ll2wn0)—r2000) < C()5. We define
1

[le(D) := ~5— aD(Qg)@ —()7'd¢, me(D) ;= rank Il (D), (5.5)

then I1g (D) and Ilp (D) have the same rank for any ® € Us(O) if § is sufficiently small.
Since ma (D) = mao)(D) by (5.2), we conclude that

ma(o) (D) is constant for ® € U;(O) if J is sufficiently small. (5.6)

We note that for every O and zj, one of the following cases has to occur:
Vo >0, 3P eUs(O) such that me)(z0) < mao) (D), (5.7)

or

36 > 0, such that V& € Us(O), mao)(20) = mao)(D). (5.8)
The first possibility means that by deforming O under an arbitrarily small &, we can
obtain at least one eigenvalue of Qg)(o) other than zy. The second possibility means
that under any small deformation ®, z; is the only eigenvalue of Q;I)(O) in D and the
maximal multiplicity persists.

Assuming (5.7) we can prove the lemma by induction on me(zp). If mo(z) = 1,
(5.6) shows that me(o) (D) = 1 for & € Us(O) with ¢ small. It then follows from (5.7)
that we can find ® € Us;(O) such that maey(20) < 1,1i.e. 29 ¢ Spec(ng(O)). Assuming

that we proved the lemma in the case mp(z9) < M, we now assume that me(z9) = M.
We note that for any ¢, € Diff(O) and &, € Diff(P,(0)),

@20 @1 —id[|c2 < O(||P1 —id ||z + || P2 —id [|¢2),

where C'is a constant depending only on the dimension n. For any § > 0, (5.7) implies
that we can find ®; € Diff(O) with ||®1 —id|[c2 < §/2C such that me,)(20) < M.
It then follows from our induction hypothesis that there exists ®5 € Diff (®(QO)) with
|2 —id||c2 < 6/2C such that zy ¢ Spec(Qg’z(%(O))). We now take & = &5 0 &y, then
¢ € Us(O) and 2 ¢ Spec(Qé@(O)).

[t remains to show that (5.8) is impossible. For that, we shall argue by contradiction,
assume that me(D) = M and that (5.8) holds. For ® € Us(O), we define

k(®) := min{k : (Qfe — 20)"ls(D) = 0},

then 1 < k(®) < M. It follows from (5.2) and (5.5) that if ||®; — @||cemr — 0 and
(Q(?@j — ZO>kH¢,j(D) = 0, then (Q&, — 2)*Is(D) = 0. We now put

ko := max{k(®) : & € Us2(O)},

and assume that the maximum is attained at ®q € Us/2(O) i.e. k(Pg) = ko, then there
exists ¢’ > 0 such that || — ®g||c2n < &' = k(D) = ky. Henceforth, we can replace
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our original obstacle O with ®,(0), decrease ¢ and then assume by (5.8) that

(Qg,cp — 29)* s (D) = 0, (Q?@ — 20)"™ (D) # 0,

5.9
me(z0) = rank[le(D) = M, V& € Diff(O), ||® —id ||gz2m < 0. (5:9)

Before proving that (5.9) is impossible we introduce a family of deformations in
Diff(O) acting near a fixed point on 00O. For any fixed o € 0O and some hy > 0

small we can choose a family of functions y;, € C*(00; [0, c0)) depending continuously
in h € (0, ho] with

/ Xn(z)dS(x) =1, suppxn C Bso(zo,h), Yh € (0,hgl, (5.10)
00

where Byo(xg,h) denotes the geodesic ball on 0O with center xy and radius h. For
each h € (0, hgl, we construct a smooth vector field V}, € C°(R"™; R") with some small
constant &, = O(h?*™*7=1) such that

Vh(l’) = (thh(l’)yg(l’), Vr € (9(9, ||VhHCQM < 8/2,

(5.11)
supp Vi, C Bgn(xg, Ch) for some C > 0,

where v(x) is the normal vector at x € JO pointing inward. Let ¢} : R™ — R" be the
flow generated by the vector field Vj,. It follows from (5.11) that for every h € (0, hy
there exists ¢y > 0 such that

(102 € DIH(O>7 ”902;1 —id HCQM < 57 Vi e (_t07t0)'

Assuming (5.9) we can find w € L*(T'p\ O) so that u := (QY — zp)* " p(D)w # 0.
For any fixed ¢ € 00 and h € (0, ho], we take &, := ¢}, t € (—to, o) and put

uft) = (@) u(t),  v(t) = (Qfa, — 20)" g, (D)w.
In view of (5.2), (Qfs, — 20)v(t) = 0 implies that
(Qo — z0)u(t) =0 in Iy \ ¢,(O). (5.12)

Since ®,(O) C O for t > 0, we can restrict (5.12) to the region I'y\ O then differentiate
it in ¢, by taking ¢ = 0, we obtain that

(Qo — 20)u'(0) =0 inTy\O. (5.13)

Recalling that u(t,z) = v(t,¢; r) and u(0) = v(0) = u, we conclude from the flow
equation that u/(0) = v'(0) — 6 u -V, thus by (5.11) we have

u'(0) = —0pxn(x)0y,u, on JO. (5.14)



24 HAOREN XIONG

We now multiply (5.13) by u then integrate it on I'y \ O, then
0= / u (Qp — 20)u'(0)
TH\O

- /Fg\o ul(o) (QG - ZO)U + /1“0\(9 ;}; 8j (ul(())gjkaku — Ugjkaku/((])) (5'15)

_ / (1 (0) By, 1 — u By, (0)) dS.
00

It then follows from u|sp = 0 and (5.14) that

0= | xn(a)(@,u@)Fasa),

sending h — 04, we conclude from (5.10) that 0,,u(zo) = 0. We note that zo € 00
can be chosen arbitrarily, thus (3l,gu|5@ = 0. Putting @ := 1p - 0 + 1p,\0 - u, the same
arguments as in the proof of Lemma 4.1 show that u € H*(T'y) and (Qy — 29)u = 0
on I'y. But unique continuation results for second order elliptic differential equations
show that u = 0, thus a contradiction. 0

Now we consider the behavior of Spec(P?) under the deformations of O. In the
notation of §2.2, for & € Diff(O), the pullback ®* gives an isomorphism between
H2©) and H®, which also restricts to an isomorphism between D®©) and D°. Like

(5.2) we define the deformed operator of P® associate with ®:
PP = &*P*©(®*)"!  with domain DC. (5.16)

Since (P®©) + )~ is compact by Lemma 2.4, the same holds for PS, it follows that
P§ has a discrete spectrum. Moreover, Spec(PS) must be identical to Spec(P®©)),
which lies in R due to the self-adjointness of P®(©),

Before stating the deformation results for Spec(P?), we notice that unlike Lemma
5.1, there is a subset of Spec(P?) which is invariant under the deformations of the
obstacle, that is the compactly supported embedded eigenvalues of P,

SPeCeomp(P) :={A € C: 30 # u € Deonyp such that (P — A)u = 0}, (5.17)
where Deomp 1= {u € D : ulrm\p(0,ry) € Hopmp(R™ \ B(0, Ro))}. In view of the unique

continuation results for second order elliptic differential equations, w in (5.17) must
vanish on R" \ B(0, Ry), thus u € D® for any O containing B(0, Ry), which implies
that Speceomp(P) C Spec(P?). The next lemma shows that any eigenvalue of P¢
other than those compactly supported embedded eigenvalues of P can still be moved
by deforming the obstacle:

Lemma 5.2. Suppose that the obstacle O C B(0, Ry) contains B(0, Ry) and zy €
Spec(P)\SpeCeomp (P), then for any § > 0 there exists ® € Diff (O) with ||®—id ||z <
§ such that zy ¢ Spec(P*(©).
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Proof. The proof is similar to Lemma 5.1 except that we need a different approach
from (5.15) since the integration by parts is not available in the black box. Suppose
that 29 € Spec(P?) with multiplicity m5(20) and that P© has exactly one eigenvalue

in D(zg,2r). For D := D(zy,r) we put
1
Nn5(D) = —— [ (P°=¢)7'd¢, mb(D) :=rank 15 (D).
21 Jop

Using (2.12) and (5.3) we can deduce that 9D > ¢ — (P — ()~! exists for ® € Us(O)
with § small enough, then we define

1
(D) := —5= 8D(P§ —¢)7'd¢, mg(D) = rankIlg(D) = mye (D).

We remark that m{(D) is also invariant under small deformations of obstacles:
mg(o)(D) is constant for ® € Us(O) if ¢ is sufficiently small. (5.18)
In view of the proof of Lemma 5.1, it is enough to exclude the following case:
30 > 0, such that V& € Us(O), mg(o)(zo) = mg(o)(D). (5.19)

Again we argue by contradiction, assume that (5.19) holds and m5(D) = M > 1. We
remark that unlike the proof of Lemma 5.1, the self-adjointness of P®*(©) implies that
(P*©) — 20)II5 ) (D) = 0 thus (Pg — 2)IIg(D) = 0 for any ® € Us(O). We now
choose w € HO such that u := II5(D)w # 0. For any fixed zy € 0O and h € (0, hy),
we set @, := ¢} where ¢} is the flow generated by Vj, given in (5.11), there exists
to > 0 such that &, € Us(O) for all —ty <t < to. Let

o(t) =115 (D)w € D, u(t) == (@, ') v(t),

we have (P§ — zo)v(t) = 0, thus (P?©) — z)u(t) = 0. Recalling (2.12) we obtain that
for some ¢ € C°(0), v = 1 near B(0, Ry) and to > 0 small enough,

Vi e (—to,to), P(u(t)) +Q((1 —)u(t)) — zu(t) =0 in &(O). (5.20)

Since ®,(0) D O for t < 0, we can restrict (5.20) to O and differentiate it in ¢, by
taking t = 0, we have

P/ (0)) + Q((1 — ¢)u'(0)) — 2u/(0) =0 in O. (5.21)

Next we compute the inner product of the left hand side and u on the Hilbert space

HO defined by (2.10). For that, choose ¢; € C(0), 1; = 1 near B(0, Ry), so that

11 = 1 near supp?, 1 =1 near supp ¥s. (5.22)

Then we have, using the self-adjointness of P,

(P(¥u'(0)), u)yo = (P(Yu'(0), Pru)y = (Pu'(0), P(dru))n,
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and (Q((1 — ¥)u/(0)),u)yo = (Q((L — ¥)u'(0)), (I — ¥2)u)r2(0). Recalling (5.14),
integration by parts as in (5.15) shows that

QU1 = )u'(0)), (1 = $2)u) r2(0) = (1 = )u'(0), QL = Ph2)u)) 12(0)
= /Ozaj((l — ) (0)g7 O (1 — o)) — (1 — t2) g’ Op((1 — ¢)u'(0)))

_ / Ll (0)0y,a + @0 (0) = | Suxeldl,ul>
00 00

It follows from (2.12) and (5.22) that

(' (0), P(¢1u))p = (0 (0), ¥ (PPu — Q((1 — ¢n)u)))yo = (w/(0), ¥ POu)yo;
and that
(1= 9)u'(0), Q((1 = ¥2)u)) 120y = (W/(0), (1 = ) (PPu — P(tyu)))yo
= (u'(0), (1 — ¢) PPu)yo.

We now conclude from (5.21) and all the calculation above that

0= <u’(0), (PO — 20)U)y0 +/ 5hXh’anu’2 = / 5hXh‘augu‘2-

80 80
It follows that 0,,u(x) = 0. Since xy € 0O can be chosen arbitrarily, we obtain that
Oy, ulpo = 0. Putting @ := lou+1gm 0-0, the same arguments as in the proof of Lemma
4.1 show that @ € D and (P — z)@ = 0, which would imply that 2y € Spec.qy,,(P), a

contradiction. O

6. PROOF OF CONVERGENCE

Before proving the convergence of eigenvalues of P. to resonances as ¢ — 0+, we
recall a basic estimate of decay of the Green function of QY off the diagonal {(z,r) :
x € I'y\ O}. For a detailed account see Shubin [Sh92] and references given there.

Lemma 6.1. Suppose that the obstacle O C B(0,Ry) contains B(0, Ry) and that
20 & Spec(QY) with —20 < arg zy < 37/2 + 20. The Schwartz kernel of the resolvent
(QF — z)7t : L2(Ty \ O) — L*(Ty \ O) is denoted by G(z0; e, yp), where xg = fo(x)
1s the parametrization on I'y. Then there exists B > 0 such that for every 6 > 0 there
exists Cs > 0 such that

|G (20 fo(), fo(y))| < Cse ¥ if o —y| > 6.

Proof. Identifying I'y and R™ by means of fy, the pullback f; gives an isomorphism
between L?(Ty \ O) and L*(R" \ O) since there exists C' > 0 such that

! < | det dfp(z)| = ]x\l_"]gg(\:d)]”_l|gg(]a:\)| < C, for all z.
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Let QS == f:QS(f;)~ " : L*(R™\ 0) — L*(R™\ O) then QY is elliptic and equipped
with the domain H2(R™\ O)NHL(R™\ O). Moreover, (Q — z,) " exists and we denote
its Schwartz kernel by G(20; 2, 9), z,y € R"\ O, i.e. G(20;2,9) = [(QF — 20) 6, (")](x)
where 0, is the Dirac function supported at y.

The same arguments as in [Sh92, Appendix 1] show that there exists § > 0 such
that for every o > 0 there exists Cs > 0 such that

|é(zo;x,y)| < CsePle—ylif |z —y| > 4.

We remark that the assumption in [Sh92, Appendix 1.1] that the manifold M is com-
plete can be dropped if we introduce J(sc, y), the substitute with smoothness properties
for the distance |z — y|, on the whole R™ then restrict it to R” \ O. The remaining
arguments in [Sh92, Appendix 1.2] are still valid if we replace M by R\ O.

Using (QS — 20) ™' = £;(QF — 2)~"(f;)~" we obtain that
G(z0; fo(@), fo(y)) = (detdfy(y)) "G (z0; 2, y), @,y €R"\ O,
the desired estimate of G/(zo; g, ys) then follows from the estimate of G(z;x,y). [
We now state a more precise version of Theorem 1:

Theorem 2. Suppose that Q2 € {z : =20y < argz < 3w/2 + 200}. Then there exists
do = 0p(2) > 0 such that V0 < § < &y, &5 > 0 such that

J
0<e<e = Spec(P.)NQ C | JD(z,0), (6.1)
j=1
where Qs := {z € Q : dist(z,00Q) > 6} and zy,--- ,z; are the resonances of P in Q.
Furthermore, for each resonance z; with the multiplicity m(z;) given by (2.9),
# Spec(P:) N D(z;,0) =m(z;), V0 <e<ey, (6.2)

where the eigenvalue in Spec(Ps) is counted with multiplicity defined in (3.9).

Proof. First we put dy = 3 minj<;<; dist(z;, 9Q) and fix 6 € [0,6p) such that Q € {z:
—20 < argz < 3w/2 4 20}. To prove (6.1) we argue by contradiction. Suppose that
there exist some § < dp and a sequence €, — 04 such that

J
32 € Spec(P.,) N\ | D(2,6), k=12,

j=1

Then there exists a subsequence z,, — 29, as k — 0o, for some zy € Qs \ szl D(z;,6).
Since zp € €2, we see that zy is not a resonance, thus Py — zg is invertible by definition.
We may assume that D(zg,r) is disjoint with Spec(Py) for some r > 0, it then follows
from Lemma 3.5 that Spec(P- ) N D(zo,7) = 0 for £ small enough. However, Lemma
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3.4 shows that Spec(F., ») = Spec(F, ) 3 zn, — 2 while €,, — 0+, which gives a

nk
contradiction.

It remains to prove (6.2). For each resonance z;, let
Vi = {u € Deomp : (P — z;)u = 0},

then Vj is finite dimensional and V; # {0} if and only if z; € Spec gy, (P). We remark
that V; is a subspace of Hp, given in (1.1), as a consequence of the unique continuation
results for second order elliptic equations. The self-adjointness of P implies that V; L
-+ 1 V; in the Hilbert space H. Putting Vg := V) & --- @& V), H admits the following
orthogonal decomposition:

H =V, ®Hp, ® L*(R"\ B(0, Ry)). (6.3)

Let IIy : H — V4 be the orthogonal projection. Since Vj is an invariant subspace under
P, we can introduce the restriction of P as follows:

P:Hg, ® L*(R™\ B(0, Ry)) = Hr, ® L*(R"\ B(0,Ry)), Pu:= (I —II,)Pu.

If we replace Hp, with H R, and replace P by P, which is also self-adjoint with domain
D := (I —1Iy)D, it is easy to see that the assumptions (1.2) — (1.5) are still satisfied.
Recalling the definition of resonances introduced in §2.1, any resonance of P must also

be a resonance of P and we have

m(z;) = rankj{ (z — Py)~Ydz + dim V.

Zj

Note that V; # {0} implies that z; € Spec(P.) for every ¢ > 0. Putting P. :=
P —ig(1 — x(x))2?, it follows that

# Spec(P:) N D(z;,0) = # Spec(P.) N D(z;,0) +dimV;, Ve >0,

while both sides are counted with multiplicities. Hence it is enough to establish (6.2)
for P. In other words, it suffices to prove (6.2) in the case that P has no compactly
supported embedded eigenvalues in §2.

Now we assume that Spec,,,, (P)NQ = (). Lemma 5.1 and 5.2 show that there exists
an obstacle O C B(0, R;) containing B(0, Ry) such that x in (1.8) is equal to 1 near
O and that z; ¢ Spec(P?) U Spec(QY), 7 = 1,---,J. Then we can decrease §y such
that Spec(P?) and Spec(QY) are disjoint with U}I:1 D(z,2dy). For each § € (0,0p),

we can also decrease €5 in (6.1) such that

comp

J
Vo<e<es | JD(z,26)NSpec(QY,) = 0.

=1
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This follows from Lemma 3.5 applied with Py = QY and Q = U;.Izl D(z;,25). Hence

the Dirichlet-to-Neumann operators &79(2), 0 < € < g4 introduced in §4, are well-
defined for z € U;.le D(z;,26). In view of (6.1), Lemma 3.4 and 4.2 we obtain that

0D(z;,0) 2 w — .&\[5’9(11})_1 exists and that forall 0 <e <e5, j=1,---,J,
1 ~ ~
# Spec(P.) N D(z;,0) = — tr/ Nz o(w) 10N o (w)dw. (6.4)
0D(z;,9)

2mi
In order to apply the Gohberg-Sigal-Rouché theorem, we need the estimate:
Vlo<e< E8, |\/\A/;79(w) — Ng(’ll))HHsm(a@)_,Hs/z(aO) < 1, w € 8D(zj, (5), (65)

here we write /Vg(-) = /%79(-) for simplicity. To obtain this estimate, we first choose
E°" in (4.6) such that y = 1 near supp E°*¢ for any ¢ € H3/2(00), then (4.6) reduces
to E(j‘glt(z)gp = 0y, (B¢ — ( ge —2)7HQ — 2)E°"p). Therefore,

(Nea(w) = No(w))p = (Dao) 9y, ((QF — w) ™" = (QF — w) ) (@Q — w)E™p.
Choosing 1 € C°(Ty \ O) such that 1) = 1 near supp E°"¢, Vo € H3/2(00) and that
X = 1 near supp ¢, (6.5) then follows from the following estimate: for w € 9D(z;, ),

(QF —w)™ = (Q2p —w) ) = Os(e) : L*A(Tp\ O) = H*(Ty\ O). (6.6)

To obtain (6.6), we denote the Schwartz kernel of the operator (1 — x)z5(Q%y —w)™'¢
by K(w;xg,ys). In the notation of Lemma 6.1, we have

K (w; fo(x), fo(y)) = (1 — x(x)) fo(x)*G(w; fo(x), foly))v(y).

It follows from Lemma 6.1 that there exists 85 > 0 such that for all w € 9D(z;,0),
J=10 T K (ws fo(@), fo(y))] < ClafPe vy (y), thus

sup / K (w; 20, yo)||dys| < Cs, sup / K (w; 20, yo)|dza] < C.
Fg\o FG\O

xo Yo
The Schur test shows that (1 — x)z2(Q%% —w) 1 = Os(1) : L*(Ty\ O) — L*(Ty\ O).

&,
Hence we can write

(QF —w)™" = (QF — w) )¢ = —ie(Qgy — w) ™ (1 = X)75(Q5 — w) ¢,

It remains to show that for €5 > 0 small enough,

J
(QSy —w)™ = 05(1) : L*(Ty\ ©) = H*(Ty\ 0), we | JID(z,4), 0 <e <z
j=1
This follows from Lemma 3.5 with Py = Qf and Q = U;.Izl 0D(z;,9). Using (6.6) we
can decrease €5 such that (6.5) holds for j = 1,--- ,J. Now we apply the Gohberg—
Sigal-Rouché theorem to conclude that for all 0 <e <esand j=1,---,J,

1 e’ o’ 1 A A~
— tr/ N o(w) P ON g(w)dw = — tr/ No(w) 0Ny (w)dw.
aD(Zj,(S) aD(ij(S)

21 27
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Finally, using Lemma 4.2, (6.4) and the equation above, we obtain (6.2). O
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