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1 Preview

METHODS AND IDEAS

Theorem 1. Let A be an mˆn matrix, σ1 ě σ2 ě ¨ ¨ ¨ ě σr ą 0 be the singular
values of A, and

A “ σ1u1v
T
1 ` ¨ ¨ ¨ ` σrurv

T
r

be the singular value decomposition of A. Then rankA “ r, and for any i “
1, 2, ¨ ¨ ¨ , r,

Ai “ σ1u1v
T
1 ` ¨ ¨ ¨ ` σiuiv

T
i

is the best approximation of A by rank “ i matrices.

2 Problems

Example 1. True or false.

( ) The singular values of AT are the same as the singular values of A for any
A.

( ) If a square matrix A is symmetric, so is A2.

( ) If a square matrix A is symmetric, so is A´1.

( ) If p1, 2qT and p2, 1qT are both eigenvectors of a symmetric 2ˆ2 matrix A,
so is p2, 2qT .

3 Some Calculus

DERIVATIVES

fpxq f 1pxq

ex

anx
n ` an´1x

n´1 ` ¨ ¨ ¨ ` a0
lnx

sinx, cosx
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Useful properties of derivatives:

• pf ˘ gq1 “ f 1 ˘ g1;

• pf ¨ gq1 “ f 1 ¨ g ` f ¨ g1;

• pf{gq1 “ pf 1 ¨ g ´ f ¨ g1q{g2;

• Denote by h the composition of f and g, i.e. hpxq “ fpgpxqq, then h1 “
f 1pgq ¨ g1.

INTEGRALS

fpxq
ş

fpxqdx
şx

0
fpsqds

ex

xn pn ‰ ´1q
x´1

sinx, cosx

EXERCISES

Example 2. Find the derivatives of the functions below:

x3e2, tanx, lnx2, x sin
1

x
.

Example 3. Find all functions f “ fpxq such that fpxq “ f 1pxq.
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