Contents

0 Vocabulary

Calculus 214

Lecture notes

Mariusz Wodzicki
December 14, 2008

0.1 T-diagramsand categories . . . . . . ... ... ........

02 Modules . ... ... . ...
021 CaseR=Z ...... ... . . . ... . . ...
022 Caseofageneralring . .................

0.3 Exactness . . . . . . v v v v i i e e e e e

1 Derivations

1.1 Non-gradedcase . ........................

1.1.1
1.1.2
1.1.3
1.14
1.1.5
1.1.6
1.1.7
1.1.8

Split k-algebra extensions . . . . ... ... ... ...
The Lie algebra structure on Derp (M) . . . . . . ..
Functorial properties of derivations . . .. ... ...
Example: Derivations from the tensor algebra

Variant: Derivations from the symmetric algebra . . .
Variant: Derivations from the exterior algebra

The universal derivation . . . . .. ... ... ... ..
Point derivations . . . . ... ... .. ... . ... ..

1.2 Gradedcase . .. ... . . . . . ..

1.2.1

Example: Derivations from the exterior algebra

2 Differential forms
2.1 Kahler'srealization . . . . . . . . . .. ... ... ... ...
2.2 Hochschild’s realization . . . ... ... ... ... ......



221 A-linearization of k-linear maps . . . .
222 Hochschild homology . . ... ... ..
2.3 Serre’srealization . . .. .. ... ... .....
2.4 Functorialities . . . ... ... ... ... ....
2.4.1 First Fundamental Exact Sequence . . .
2.4.2 Second Fundamental Exact Sequence .
25 Examples. ... ... ... ... . ...
2.5.1 The symmetricalgebra . ... ... ...
2.5.2 Affine algebra A =k[Xy,..., X\l/(Fy,...
2.6 The algebra of differential forms . . ... ...

3 Connections

0 Vocabulary

0.1 T'-diagrams and categories

Recall that an oriented graph

F: Foizﬂ

t

consists of a pair of sets: Iy, whose elements are called vertices, and T,
whose elements are called edges, and of a pair of maps s and t; for an
edge e € I', s(e) is called the source of e, while t(e) is called the target of
e. Morphisms between graphs are defined naturally as pairs of maps

(T 5T, 1 5T

which are compatible with the corresponding source and target maps.
By reversing the direction of all edges we obtain the opposite graph

M. Onehas I'Y =T;,i=0,1,but s’ =t and t® =s.

Definition 0.1 A category structure on a graph T', consists of an associative

law of composition for arrows

]J.:r1 X ﬂ —>F1



where the fibered product of two copies of T over Ty is defined as follows:
M xr, i={(e1,e2) | s(er) = tlea)}.

The elements of Ty are then referred to as objects and the elements of Ty as mor-
phisms, or arrows, of the category.

The original definition of a category requires, in addition, the existence of
“the identity” morphisms, i.e., that multiplication p has a neutral element
1 :Fo—>F1,v|—>1V.

Formally speaking, we defined above the so called small categories.
General categories are defined similarly, but I3, i = 0,1, are allowed to
be classes instead of being sets. Needless to say, caution is required when
operations on classes are involved.

The underlying graph |C| of a given category € is obtained by forgetting
multiplication p.

Morphisms between categories are called functors. They are defined
naturally as morphisms between the underlying graphs |€| — |C’| which
are compatible with the corresponding multiplication laws (and take the
identity morphisms to the corresponding identity morphisms).

When we think of functors as morphisms between categories, then
small categories form a category themselves. It is denoted Cat and called
the category of all (small) categories.

Semigroups or, more properly, monoids, are nothing but categories
with a single object (in that case the whole structure reduces to the multi-
plication on the set of arrows).

By formally reversing the direction of all arrows in a given category C,
one obtains the opposite category C°’. Note that |CP| = [C|°P.

Functors F: € — D are usually referred to as contravariant functors
from € to D in order to distinguish them from actual functors ¢ — D
which are then referred to as covariant functors.

Definition 0.2 Let T be a graph and C be a category. A morphism A: T — |C]
is called a T'-diagram in category C.

Exercise. For a given graph I', I'-diagrams in a category C naturally form a
category, denoted Diag-(C). Give its definition.



A functor F : € — D transforms I'-diagrams in category C into I'-
diagrams in category D,

A — F(A) (A € Ob Diag(C)),

whereas a contravariant functor G : € — D transforms I'-diagrams € into
P-diagrams in D.

Definition 0.3 We shall say that a graph T is sequential if each vertex has at
most one out-going and at most one in-going edge. The connected components of
sequential graphs are the graphs

Y.: e« ---« e (muvertices). (1)

I'-diagrams in a category C, where T is sequential, will be referred to as se-
quences in C.

0.2 Modules

Let R be a ring (always assumed to be associative, unless otherwise stated,
but not necessarily unital), and u : R x R — R be the corresponding
multiplication.

Definition 0.4 The opposite ring R°P is defined as follows: as an additive
abelian group it coincides with (R, +), but the multiplication is new:

op
R_" R
R xR

T(r1,712) = T(r2, 12) (r1,m2 € R).

R x

where T is the involution:

It is advisable to use the following convention: denote r € R, when it
is viewed as an element of opposite ring R, as 7. Then multiplication
in R is given by the formula:

TP . %P = (s1)°P.

Note that (R°P)% = R.



Definition 0.5 A ring R is commutative if R = R.

Definition 0.6 A left (respectively, right) R-module structure on an abelian
group M is a ring homomorphism

A:R — Endap(M), T A,
(respectively, a ring homomorphism
p:RP — Endap (M), TP — Pyop ).
Traditional notation:
rm:= A (m)
in the left R-module case, and
mr:= pyop (M)

in the right R-module case.

Note that a right R-module structure on M is the same as a left R%-
module structure.

If R>1and A : 1+ ida, then the left module is said to be unitary
(similarly for right modules). All modules over a unital ring are tacitly
assumed to be unitary unless explicitly stated otherwise.

In the rest of this chapter R is assumed to have 1 unless otherwise
stated. The category of (unitary) left R-modules is denoted R-mod while
the category of (unitary) right R-modules is denoted mod-R.

Definition 0.7 A right R-module M is said to be:
(a) projective if, for any diagram of right R-modules

us

Lo~

XM

there exists a morphism f: M — Ly such that the triangle

L

L
Lo« L
P
\O g
o %
"



(b)

(c)

commutes (f is called a lifting of f). In other words, if the functor
Hommoea-r(M, ) : mod-R — Ab
preserves epimorphisms, i.e., if
HoMmea-r(M, Lo) ¢~= Hommoda.r(M, Ly)
is an epimorphism whenever 7 is one; here 7. ($) := 1o P.
injective if, for any diagram of right R-modules
L

A\

M

Lo

L,

there exists a morphism § : Ly — M such that the triangle

commutes (§ is an extension of g). In other words, if the functor
Hommog-r(, M) : (mod-R)? — Ab

preserves epimorphisms, i.e., if

HoMmod-r(Lo, M) ¢— HoMmoa.r(L1, M)

is an epimorphism whenever \°P is one (this happens precisely when  is a

monomorphism in mod-R); here () := ¢ o L.

a generator (of category mod-R) if, for any right R-module L and any
t € L, there exists a morphism f : M — L such that { € f(M).
other words, if any right R-module L is isomorphic to a quotient module of

D,cx M for some set X (take, e.g., X = Hompmoq-r(M, L)).



(d) a cogenerator (of category mod-R) if, for any right R-module L and any
{ € L, there exists a morphism g : L — M such that g({) # 0. In other
words, if any right R-module L is isomorphic to a submodule of [ [,.x M
for some set X (take, e.g., X = Hommoa-r(L, M)).

(e) free if there exists a subset X C M such that any element m € M can
be expressed as m = ) . _, x7 for a unique collection v, € R of finite
support. In this situation, X is called a basis of M and the correspondence

m — (Tx)xex defines an isomorphism of right R-modules M ~ @, . R.

The proof of the following lemma is a simple exercise
Lemma 0.8 A right R-module M is:

(a) projective if and only if M is isomorphic to a direct summand of free
module €, xR for some set X;

(b) a generator if and only if rank 1 free module R is isomorphic to a direct
summand of @, .« M for some set X. O

0.2.1 Case R=7

Definition 0.9 An abelian group is said to be divisible if, for any a € A and
positive integer n, there exists a’ € A such that a = na’.

Proposition 0.10 An abelian group is injective if and only if it is divisible.
0J

The multiplicative group of complex roots of identity o := (J,>1 Hn,
where i
un:={CeC[{" =1},
is divisible; the correspondence q — e*™, identifies the additive group
Q/7Z with uy .

Proposition 0.11 ., is an injective cogenerator of the category of abelian groups.
O



0.2.2 Case of a general ring

For any abelian group A and any left (respectively, right) R-module L,
abelian group Homap(L, A) is equipped with a canonical structure of a
right R-module:

(dr)(€) := d(rl) (reRlel)
(respectively, left R-module:

(rd)(0) :=(br)  (reRtel).

Definition 0.12 For any R-module L, the module L*:=Homap (L, p) is called
the character module of L.

Note that R* is both a left and a right R-module.

Proposition 0.13 For any ring R, character module R* is an injective cogener-
ator in categories R-mod and mod-R. O

The following is the counterpart of Lemma 0.8

Corollary 0.14 A right R-module M is:

(a) injective if and only if M is isomorphic to a direct summand of the char-
acter module of some free R-module [, . R* = (D, xR)*;

xeX

(b) a cogenerator if and only if character module R* is isomorphic to a direct
summand of [ [,.x M for some set X. O

0.3 Exactness

Definition 0.15 A connected sequence of R-modules

f f f
Mot My & oMy,

is exact if Imf; = Kerfi_; forall i = 1,..., n. A general sequence S of
R-modules is exact if all of its connected components are such.

The following definitions is particularly important.

8



Definition 0.16 A functor F from R-mod, or mod-R, to category of abelian
groups Ab:

(a) preserves exactness (such functors are called exact) if, for any exact se-
quence S of R-modules, sequence F(S) is exact;

(b) reflects exactness if, for any sequence S of R-modules, the latter is exact
if F(S) is such.

In the above definition it suffices to consider only X3-sequences (cf. (1)):
Mo &M, &M, )

Exercise. Verify that the covariant Hom-functor:
Homyoq-r(M, ) : mod-R — Ab, L — Homgyeg-r(M, L), 3)
and the contravariant Hom-functor:
Hompyeq-r( , M) : mod-R — Ab, L — Hompeg-r(L, M), 4)
preserve the exactness of sequences
(R R R
Such functors are called left exact and form a very important class of functors.

It follows directly from the respective definitions of a projective and
of an injective module, see Definitions 0.7(a) and 0.7(b), that functor (3)
is not exact if M is not projective, and that functor (4) is not exact if M is
not injective. It turns out that the exactness of the corresponding Hom-
functors characterizes projectivity and, respectively, injectivity.

Proposition 0.17 A right R-module M is:
(a) projective & functor Hommea-r(M, ) preserves exactness;
(b) injective & functor Hommea-r( , M) preserves exactness;
(c) a generator & functor Hommea-r(M, ) reflects exactness;

(d) a cogenerator & functor Hommea-r( , M) reflects exactness. O



1 Derivations

1.1 Non-graded case
1.1.1 Split k-algebra extensions

An extension of k-algebras
E: A Bex]
is said to be split if there exists a morphism of k-algebras
0:A—B

such that ot =ida; o is then called a splitting of €. The set of splittings
of extension € will be denoted Split(&).

When J? = 0, the extension ideal ] is a bimodule over B/] ~ A:
ax:=o(a)x and xa:=xo(a) (ae A;xe])

for any splitting o (the result does not depend on the choice of o).
For any 0,0’ € Split(€), their difference 6 = o’ — o has the following
properties:
d(a)e] (a€A),

since mod =moo’ —mo o =1ida —ida =0, and

d(araz) = o'(ajaz) — o(ayaz) = o'(ay)o’(az) — o(as)o(ay)
= (0'(a;) — o(ay))o’(az) + o(a;)(0'(az) — o(az))
= 8(a1)o’(az) + o(ay)d(az) = d(ar)az + a;d(az)

Definition 1.1 A k-linear map & : A — M of a k-algebra A into an A-
bimodule M is called derivation if

d(ajaz) = d(ar)az + aid(az) (a;,a2 € A). ()

The set of k-linear derivations, denoted Der (M), is a k-module.

Example For any element m € M, the correspondence

a+— [a,m]:=am—ma (ae A;me M) (6)

10



is a derivation. Such derivations are called inner. They form a k-submodule
of Dera(M). The quotient

H'(A; M) := Dera (M) /Dera (M) (7)

is the first Hochschild cohomology group of k-algebra A with coefficients
in bimodule M.

Returning to our discussion of split extensions with J* = 0, we note
that, for any o € Split(€) and 6 € Dera (M), we have

(o0 +6)(araz) = o(ar)o(az) + d(ar)az + ard(az)
= o(aj)o(az) +&(ar)o(az) + olaq)d(az)
= (o(aq) + 8(ar))(o(az) + d(az)),

i.e.,, 0+ b is another splitting of €.

Definition 1.2 Let G be a group and X be a set on which G operates (i.e., X is a
G-set). We say that X is a G-torsor if, for any x,x’ € X, there exists a unique
g € G such that x' = gx.

Thus, we have established

Lemma 1.3 For any split extension & with J* = 0, the set of splittings Split(&)
is a Der a n(M)-torsor. O

For any A-bimodule M, there exists a canonically split extension of A
by M, called the semidirect product of A by M, and denoted A x M. As
a k-module, it coincides with A @ M while the multiplication is given by

(a,m)(a’,m’) = (aa’,ma’ + am’).
Corollary 1.4 A map & : A — M is a derivation if and only if the map
hs:A—AXM, ar (a,d(a)) (ae A;MeM),
is a k-algebra morphism. Every splitting of the extension
A«—AXxM—~M

is of this form. Thus, the correspondence & — hs establishes a natural isomor-
phism of k-modules
Derp (M) ~ Split(A x M) .

11



1.1.2 The Lie algebra structure on Der (M)
For any &7, &, € Dera (M), their commutator [0+, d,] is a derivation too:

(61, 02](araz) = &1(d2(ar)az + ardz(az)) — 62(81(ar)az + aid:1(az))
= ((8182)(ar))az + 62(ar)d1(az) + &1(ar)dz2(az) + ai((6102)(az))
— ((6281)(ar))az — &2(ar)d1(az) — d1(aq)da(az) — a((6281)(az))
= ([81,820(ar))az + aq([81, 82](az)).

Note that we did not use above associativity of multiplication. Thus, for
any binary k-algebra A, k-module of derivations Dera (M) is a Lie sub-
algebra of Lie algebra gl (A) of k-linear endomorphisms of k-module A.

1.1.3 Functorial properties of derivations

A homomorphism of k-algebras f : A — B makes any B-bimodule M
into an A-bimodule, and also induces the obvious map of k-modules

f* . DerB/k(M) — DET'A/k(M), dr— f*(é) =30Jo0 f,

whose kernel, Derg s, (M), consists of those derivations 4 : B — M
which vanish on the image of A in B. We record this fact as

Lemma 1.5 For any homomorphism of k-algebras f : A — B and any B-
bimodule M., one has the following exact sequence

0 — Derg/an(M) — Derg (M) 5 Derap(M). (8)

All derivations & : B — M which vanish on A are automatically A-
bimodule maps. If B > 1 then also the opposite is true:

0(a) =08(a-1)=ad(1) =0,

since
0=25(1%)—=58(1)=8(11+15(1)—5(1) =58(1).

If A is an extension of B with an ideal J:
BLA ], 9)
then Derg/a (M) =0 and
f*: Derg (M) — {5 € Dera (M) | 6y = 0}.

12



1.14 Example: Derivations from the tensor algebra

Let E be a bimodule over a unital k-algebra B and M be a bimodule over
the tensor algebra A = TZE. The restriction of any derivation 6 : T;E — M
to TSE = B is a derivation §: B — M and thus

ho:B— A XM, B (b,dy(b)) (beB),

is a homomorphism of algebras. This endows A x M with a new structure
of a B-bimodule:

b(a, m):= (b, dy(b))(a,m) = (ba,bm + dy(b)a) (10)
and
(a,m)b:= (a,m)(b, do(b)) = (ab, mb + ady(b)) (11)

(beBjae T;M;me M).
The restriction of § to T'BE = E, denoted &, satisfies the pair of iden-
tities
61(b€) = 60(b)€—|—b6](€) (12)
and
61(eb) = &1(e)b + edo(b) (13)

(b € B; e € E) which express the fact that the map
hi:E—AXM, er (e di(e)) (e€eE), (14)

is a morphism of B-bimodules if A x M is given the bimodule structure
described in (12) and (13).
The pair of maps

(B2 M,E 2L M) (15)

determines derivation 6 : TsE — M uniquely, since TZE is generated by
BUE as a k-algebra.

Vice-versa, given a pair like (15), consisting of a derivation 6o : B — M
and of a k-module map 6; : E — M which satisfies identities (12) and
(13), we obtain B-bimodule map (14) which, by the universal property of
the tensor algebra, extends to a unique B-algebra homomorphism

h:T;E — T;Ex M

13



which splits the extension
TaE «~ TREx M —~ M.

In other words, h(a) has the form (a,d(a)) where 6 : T;E — M is a
(unique) derivation that equals 6y, on B and 6; on E.

Proposition 1.6 For any TSE-bimodule M, there is a natural k-module isomor-
phism between Der (1) (M) and

{(60,01) € Derg (M) x Homy_pimod (E, M) | 87 satisfies (12) and (13)}. (16)
O

In the special case B = k, one has Dery (M) = 0, so 8 = 0 and
identities (12) and (13) together mean that &; : E — M is a map of k-
bimodules. Hence the following

Corollary 1.7 For any T;E-bimodule M, the correspondence 6 — &; defines a
natural k-module isomorphism

Der 1) (M) =~ HoMicpimod (E, M) (17)

1.1.5 Variant: Derivations from the symmetric algebra

Let E be a module over a unital commutative k-algebra B and M be a
bimodule over the symmetric algebra A = S}E.

Derivations S;E — M are the same as derivations T;E — M satisfy-
ing the identity

[5(e1), ez] + [e1,8(e2)] =0 (e1,e2 € E) (18)

which expresses the fact that 5([e;, e2]) = d6(e; ®ez) —d(e;®ey) = 0. Thus,
the following statement is a corollary of Proposition 1.6.

Proposition 1.8 For any StE-bimodule M, there is a natural k-module isomor-
phism between Ders:¢) (M) and

{(80,01) € Derg (M) x Homy_bimod (E, M) | 81 satisfies (12), (13) and (18)}.
(19)
]
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In the special case B = k, we have the following analog of Corollary
1.7

Corollary 1.9 For any Sy E-bimodule M, the correspondence & — &, defines a
natural k-module isomorphism

Der(siE)/k(M) ~ {81 € HoMubimod (E, M) | 81 satisfies (18)} . (20)

1.1.6 Variant: Derivations from the exterior algebra

Let E be a module over a unital commutative k-algebra B and M be a
bimodule over the exterior algebra A = ARE.
Derivations AZzE — M are the same as derivations T{E — M satisfy-
ing the identity
d(e)e+edle) =0 (e€E) (21)
which expresses the fact that (e ® e) = 0. Thus, the following statement
is a corollary of Proposition 1.6.

Proposition 1.10 For any ALE-bimodule M, there is a natural k-module iso-
morphism between Der(azx) (M) and

{(80,01) € Derg (M) x Homy_bimod (E, M) | 81 satisfies (12), (13) and (21)}.

(22)
O
1.1.7 The universal derivation
For any k-algebra A, the kernel of the multiplication map
IA(A):=Ker(A@x A 5 A), plar®az):=ara;. (23)

is an A-sub-bimodule of A. We will call it the diagonal ideal of A. The
terminology stems from the fact that In = IA(A) is a left ideal in algebra
A ® A (all tensor products over k unless indicated otherwise).

Assumption: in this subsection A is assumed to be unital.
Lemma 1.11 The correspondence
da:a— daa=1®a—a®1 (24)

is a k-linear derivation A — Ia.

15



Indeed,

da(aiaz) =1® (a1az) — (a1a2) ® 1
= (T®(aa2) —a1®az) + (a1 ®@az — (a1a2) @ 1)
=(loag—al)aoat+a(l®an—ael)
= dalar)az + ajda(az).

Observation 1.12 If x = Y . a/® af € 4, then
¢
=) ajdalaf). (25)
i=1
Indeed,

4 14 14
Y ai®al=) aldalaf)+() aja)®1.
i=1 i=1 i=1

Proposition 1.13 For any derivation & : A — M from A into an A-bimodule
M, there exists a unique A-bimodule map & : In — M such that the following
triangle commutes:

d
A M
o
o S
% S
Ia

Proof. The pairing A x A — M, (ap, a1) — apd(ay), is biadditive and
k-balanced, hence induces a map

A®A—)M, ao ® aq »—>a06(a1), (26)

which is clearly left A-linear. The restriction of (26) to I, is also right
A-linear. Indeed,

0 0 0
Za{é(a{’b) = Zai’é(a{’)b—l— (Z aia;)ob (27)
i i i1

and the right hand sum in (27) vanishes if Zle ai ® a € Ia.

The uniqueness of & follows from the fact that 1, is generated by daA,
the image of A in I,, as a left A-module, while d is requested to be A-
linear. O

16



Corollary 1.14 The correspondence f — foda defines a canonical isomorphism
of k-modules:
Homapbimod (Ia, M) =~ Dera (M) . (28)

O

1.1.8 Point derivations

Definition 1.15 A point of a k-algebra A (more precisely, a k—point) is a
k-algebra homomorphism p : A — k. The set of k-points will be denoted
Specy(A) and called the k-spectrum of A.

When talking about points, it is customary to write a(p) instead of
p(a), for a € A, as if the elements of A where functions on the spectrum
of A and the homomorphism A — k were the “evaluation at point p”.

For a given point p, the set

m,:={a€A|alp) =0} (29)

is an ideal in A (‘ideal” will always mean ‘two-sided ideal’, unless stated
otherwise).
A choice of a point p equips k with a structure of an A-bimodule:

ac:=a(p)c, ca:=ca(p) (a e A;cek).

The corresponding derivations v : A — k form the tangent space, T,A,
to A at point p. We shall call them point derivations (at p), or tangent
vectors to A at p.

From now on we assume A to be unital.

The correspondence
a— (a(p),Apa) (acA),

where A,a:=a—a(p), defines a splitting of k-module A into a direct sum
k®m,.

Proposition 1.16 (a) For any point p of A, the correspondence

dp: a— class of Aya modulo m3

17



defines a derivation A — m/m?.

(b) Derivation d,, is universal for all point derivations at point p. More
precisely, for any tangent vector v € T,A, there exists a unique A-bimodule map
V such that the triangle commutes:

mp/mf,
Proof. Part (a) is an immediate consequence of the identity
Ap(araz) = (Apar)az + ai(Apaz) — (Apar)(Apaz) (a1,a, € A).
For a tangent vector v € T,A and a € A,
v(a) =v(a(p)) +v(Apa) =v(Apa)

and the right hand term depends only on the class of A,a modulo m3,
since v vanishes on m?:

v(ab) =v(a)b(p) + a(p)v(b) =v(a)0+ 0v(b) =0.

Since any element of m,/m? is of the form d,a for some a € A, this
implies that the correspondence v : d,a +— v(a) produces a well de-
fined k-linear map v : m,/m? — k. Noting that the action of A on both
m,,/m? and k factorizes through A/m, ~ k, we obtain the canonical iso-
morphism:

HOoMmod (Mp/my, k) = HOM A pimod (mp/m?, k) ~ TLA . (30)
O

Definition 1.17 We call d,a € my,/m? the differential of a € A at point p.
We shall denote w,/m? either Q. 0r Qap(p).

The space of differentials at a given point p plays the role of the cotan-
gent space in Analysis on Manifolds. There, it is defined as the dual, (T,)*,
of the tangent space. As we have seen, it is rather the tangent space which

18



appears as the dual of the space of differentials of a € A (“functions”) at
point p.

The canonical A-bimodule map In — mp/mé, which sends agdaa;
to a(p)d,ay, is the restriction to I of the tensor product of the canonical
quotient maps

(A - A/my,) @ (A - A/m?)

viewed as an A-bimodule map A® A — k® (A/m2) ~ A/m3.

1.2 Graded case

Suppose that algebra A is Z-graded, i.e.,
A=A and A4 C Ay (Li€Z),
icz
and that M is a Z-graded A-bimodule, i.e.,
M=EPM; and AM; C My D MiA;
i€z

A nonzero element a € A is said to be homogeneous of degree i if a € A; (by
d we shall denote the parity of the degree of a; thus d@ = 0 or 1). Similarly
for elements of M.

Definition 1.18 For any graded A-bimodule M and j € Z, the j-shifted bi-
module [j1M is defined as follows:

(GIM)y = My (ieZz)
with the left and right actions of A given by
([m)a =[l(ma), a(fjlm) =(=1)"[](am)  (ai€ Azme M).

Definition 1.19 A map between Z-graded moduless f : L — M is said to have
degree d € 7 if f(L;) € Mia, 1 € Z. Maps of degree 0 are also called graded
maps.

Note that the shift map [j] : M — [jIM, m +— [jlm, has degree j, and
that the composition f o g of maps of degree d and, respectively, e has
degree d +e.
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Definition 1.20 A map b : A — M of degree d is said to be a k-linear deriva-
tion of degree d if, [—dld, i.e., the composition with shift [—d] o b, is a k-linear
derivation [—d]d: A — [—d]M.

Equivalently, 8A; C Miyq forall i € Z and

S(araz) = (8(ar))az + (—1)"a;(8(az) (a; € Aj,a € A).
The following is a version of Corollary 1.4 for graded bimodules.
Corollary 1.21 A map & : A — M is a derivation of degree d if and only if
a+— (a,[-d]o(a))

is a graded k-algebra homomorphism A — A x [—d] M. O

1.2.1 Example: Derivations from the exterior algebra

Let E be a module over a unital commutative k-algebra A and M be a
graded module over the exterior algebra A = A’ (E).

Note that A% (E) = SH([1]E), provided % € k; here E is treated as a
graded module whose i-components, for i # 0, are zero.

Let 6 : A (E) — M be a derivation of degree d. Its 0-th component
80: A = AQ(E) — My satisfies the condition that the correspondence

a+— (a,d0(a)) (31)
is a homomorphism of k-algebras
A— AKX Md

(note that A x Mg is the 0-th component of graded algebra A’ (E) x
[—d]M). Equivalently, &, is a derivation.
The component &, : E = AL(E) — M g4, satisfies the identity

d1(ae) = do(a)e + adq(e) (aeA;ecE) (32)
and, since e? = 0 for any e € E, also the identity
S1(e)e + (—1)%d;(e) =0 (e € E). (33)

Conversely, for any derivation 6y, : A — My, correspondence (31)
defines a morphism of k-algebras A — A%(E) x [-d]M which makes
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A%L(E) X [-d]M an A-algebra, and thus an A-module. Identity (32) then
esxpresses the fact that the correspondence

er— (e, [—d]dq(e)) (34)
which maps E into
E® Md+1 = (A*A(E) X [_d]M)l )

defines an A-linear map h; : E — A% (E) x [-d] M. The unique extension
of h; to a homomorphism of graded A -algebras

h:TL(E) — A%L(E) x [—dIM

annihilates elements e®e € T3 (E), This follows from the formula precisely
when &, satisfies identity (33).

h(e® e) =hy(e)* = (e, [—d]di(e))?
= (eAe, [—d](81(e)e+ (—1)%edi(e)))
= (0,[—d](81(e)e + (—1)"%edq(e))),

If so, then homomorphism h passes to the quotient algebra A% (E) and the
obtained graded k-algebra homomorphism

h: AL(E) — AL(E) X [—d]M

is then of the form
h(x) = («, [—d]§'(«))

for some derivation &’ : A (E) — M of degree d. Since & = 9, for
1=0,1,we have

d(aet A ---Nen) =80(a)ANeg A Aep (35)
+ Z(—])(F”dam A Ndi(e) AN---Nen
i=1

—5(aer A---Aen),

ie, 8’ = 0. Identities (35) mean, in particular, that any derivation & of
degree d is uniquely determined by its components 8y : A — M4 and
61 E— Md+1 .

We have thus established
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Proposition 1.22 For any graded N’y (E)-bimodule M., there is a natural bijec-
tive correspondence between derivations & : A3 (E) — M of degree d and pairs
of k-linear maps

(A =5 Ma, E =5 Map) (36)

such that &y is a derivation and 8, satisfies identities (32) and (33). O

Exercise. Prove the following variant of Proposition 1.22:

For any graded T, (E)-bimodule M, there is a natural bijective correspondence between
derivations & : TH (E) — M of degree d and pairs of k-linear maps (36) such that 5 is
a derivation and &1 satisfies identity (32).

2 Differential forms

Unless otherwise stated, A represents in this section and the next section a uni-
tal commutative k-algebra and M an A-module treated as a symmetric A-
bimodule:

am = ma (aeAameM).

We shall give in this chapter three realizations of the derivation that is
universal in the class of unital commutative algebras and modules over
them.

2.1 Kahler’s realization

Let A(da | a € A) be the A-module freely generated by the set whose
elements are formal symbols da, for all a € A.

Definition 2.1 The A-module of Kéihler differentials (or, Kihler differential
1-forms) of a unital commutative k-algebra A is the quotient module

QA/k = A<d(l | ac A>/N (37)

by the A-submodule N generated by elements of three types
(a) d(a1 + Clz) —da; —day,
(b) d(ca)—cda,
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(C) d(a1a2) — Clzda] — a1da2,

where a1, a, € A, and ¢ € k.
It follows tautologically from the definition that
d:A—Qprx, d:iar—da, (38)

is a derivation universal in the class of unital commutative algebras and
modules over them.

2.2 Hochschild’s realization

2.2.1 A-linearization of k-linear maps

Any k-linear map f from a k-module E into an A-module M induces a
unique A-linear map f: A ® E — M such that the triangle commutes:

f
E M
«
@X £
Q&) K
A R

where € : k — A is the structural homomorphism Ty +— 14. We can
express this also by saying that there is a canonical isomorphism of k-
modules

Homk—mod(E> M) = HomA—mod(A YN E; M)) . (39)

Definition 2.2 An A-module is relatively free if there exists a k-module E and
a k-module map f : E—M such that f is an isomorphism.

Consider the linearization, 4 : AQ@ A — M, of a k-module map d: A -
— M. Note that:

(dar)ar = ax(day) = d(ax ®@ ay),

and 5
a;(daz) = o(ay ® az),

as well as 5
d(araz) =0(1a ® ajay).
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It follows that

(dar)az + ai(daz) = §(araz) =dlar @ ay —1Ta® ez + @ ®@ @) . (40)
The three-term expression in parentheses on the right hand side of (40) is
related to a very important object introduced below.

2.2.2 Hochschild homology

For any A-bimodule M over an arbitrary k-algebra A, let
Cn(A;M):= M@ A®" (41)
and maps by, : C(A;M) — C1(A; M), n > 1, be defined as follows:

bhmM®Ra; @ - ®ap) =Ma;Ra; @ ® dn (42)
n—1

+) MO ® e @ ®ay
i=1

+(-DN"am®a;®--- @ an .
The following lemma is established by a straightforward calculation.

Lemma 2.3 Sequence of k-modules and k-linear maps (C.(A; M), b,.) isa chain
complex, i.e., by_1by =0 forall n > 1. O

Definition 2.4 (C.(A; M), b.) is called the Hochschild complex of a k-al-
gebra A with coefficients in an A bimodule M, and its homology groups
H.(A;M) are called the Hochschild homology groups of A with coefficients
in M. Maps b, are called the Hochschild boundary maps,

When M = A (and A is unital), then HH,(A) := H,(A;A) is called the
Hochschild homology of algebra A.

One has
HHo(A;M) = M/[A, M] (43)

where [A, M] denotes the commutator space

A, M]:= (Y (am; —mia;) | @ € A, m; € M} (44)
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Comment When A is commutative and M is a symmetric A-bimodule, then
the Hochschild boundary maps are A -linear and, consequently, groups H.(A; M)
are A-modules.

Now, returning to the case of commutative A and symmetric bimodule
M, identity (40) can be rewritten as

(dar)az + ai(8az) —8(araz) = (§0by)(1A ® a1 ® az) (45)

where b, : A®3 — A®2 is the corresponding Hochschild boundary map
in C,(A;A).
Since A is commutative, we have

aob2(Ta ® a1 ® az) =b(a)® a1 ® ay) (a; € A),

and thus we conclude that & is a derivation if and only if § vanishes on
b,A®3. In the latter case, d induces an A-linear map & : HHy(A) — M.

Forany a € A, let
dya:= the class of 1o ® a modulo b,A%3 . (46)

Wenotethat T® a=1®a—-—a®1+b(a®1®1),ie., dya is the image
in HH;(A) of diagonal differential daa, cf. (24).

We also note that a;dya, — du(ajas) + a>dya; coincides with the class
modulo b,A%3 of

a@a—-—la®aa+ar®a=b(1a®a; ®ay),
i.e., vanishes. Thus we have

Proposition 2.5 The map dy : A — HH;(A), a — dna, is a derivation
and, for any derivation § : A — M, there exists a unique A-linear map § :
HH;(A) — M such that the triangle

)
A M
HH;(A)

commutes. In other words, dy : A — HH;{(A) is a universal derivation in the
class of unital commutative algebras and modules over them. O
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The uniqueness, up to a unigue isomorphism, of the universal deriva-
tion (in the class of unital commutative algebras and modules), plus the
fact that both Kihler’s and Hochschild’s derivations are universal, result
in the following

Corollary 2.6 The correspondence apda; — aodnay defines a canonical iso-
morphism of A-modules

2.3 Serre’s realization

Let da: A — 15/ IzA be the diagonal derivation, da : a — I4, followed by
the canonical quotient map Ix — Ia/ IZA. Since the latter is an A -bimodule
map, the result is a derivation A — [5/15.

Lemma 2.7 15/15 is a symmetric A-bimodule; more precisely:
I3 =I[A, 1Al (48)
(cf. (44)). In particular,
Ia/13 = I/IA, 1Al = HHo(A;14) . (49)
Proof. One has the following identity in A ® A:

[adacal =@ —a1a2® 1 —1® aza; + a; ® ay (50)
= (ITaaw—ag@®a—a®a +aa;®1)
= —(daa;)(daayz),

which, in view of commutativity of A, implies that
[a,0] = (daa)x €15 (a € Ajo € 14)
(cf. representation (25) of elements of ).
Vice-versa,
ao(daar)(daaz) = lag(daar), a2l € [Ia, Al = [A,1Al,

and I is additively spanned by products

ao(daar)(daaz). (51)
This proves equality (48), and (49) follows with help of equality (43).

O
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Proposition 2.8 Derivation da: A — 1a/13 is universal in the class of unital
commutative algebras and modules over them. In particular, the correspondence
aodaar — apdnay establishes a canonical isopmorphism of A-modules:

Ia/TA = Ho(A;1a) >~ HHy(A) (52)

Proof. In view of the universality of dy : A — HH;(A), the correspon-
dence aodpa; — agdaay yields a well defined a-module map HH;(A) -
— Ia/14. The universality of da : A — I, in the class of all A-bimodules
yields an A-bimodule map In — HH;(A) which sends apdaa; to apdnas.
It remains to show that this last map passes to [5/14 or, equivalently, that
da(I4) € b,A®3. This follows from the identity

ao(daar)(daaz) = ap® aja; — azap0 ® a; + apa1a; ® 1 —apa; ® az (53)
=br(apa1a;®1TR®1T—ay®a; ®ay).

O

In what follows we shall be freely identifying all three models of the module of
differential 1-forms, and we shall be using notation Qn and da irrespective of
the model chosen.

2.4 Functorialities
2.4.1 First Fundamental Exact Sequence

Let f : A — B be a homomorphism of unital commutative k-algebras.
The composite dg/of : A — Qp/y is a derivation (where (g is given an
A-module structure via f : A — B). In view of the universal property of
derivation da,x : A — Qa x, there exists a unique A-module morphism

f. : QA/k — QB/k

such that the following square

f
A B
da/x O dg/x
fo
QA/k ............. > QB/k



commutes. Let f, : B®a Qa/x — Qg be its B-linearization:
f.(b ® apda;) = apb d(f(a)) (ap,a; € A;b € B),

see Section 2.2.1. The image of f, coincides with the B-submodule gen-
erated by dA, while a glance at Kidhler’s definition of the module of dif-
ferential forms shows that the quotient Qg//BdA canonically identifies
with Qg/a. Thus, we obtain the First Fundamental Exact Squence:

B ®a Qan ~ Qpje — Qpja — 0 (54)

whose dual form we already encountered in more general situation, cf. (8).

24.2 Second Fundamental Exact Sequence

Suppose f is an epimorphism, i.e., A is an extension of B by some ideal
J] C A, see (9). In this case, Qp/a = 0 and therefore f, is surjective. By
tensoring () 5 i with exact sequence (9), we obtain the following exact se-
quence:

I@AQA/kHA@AQA/k—)B(@AQA/kHO (55)

which shows that B-module B ®a QA /k is canonically isomorphic to the
quotient module Qa4 /JdA. Since d(J?) C JdJ C JdA, the restriction of
da/k to J induces a map

d:J/]* — Qan/JdA ~ B @4 Qan,

and
Cokerd ~ Qa,/(JdA +dJ).

Note that QA 1/(JdA + dJ) is a B-module and that the composite deriva-
tion
da/k

A —— Qan — Qan/(JdA + dJ)
vanishes on J, and thus induces a derivation

The latter induces a B-module map

S IQB/k—)QA/k/(]dA+d]). (56)
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For any a € A, let da denote the class of da modulo JdA + dJ. Then
f. sends da to d(f(a)) € Qg and & sends d(f(a)) to da. In other
words, B-linear maps f, and & supply mutually inverse correspondences
between set dA, which generates B-module QA /(JdA 4 dJ, and set dB,
which generates B-module Qg .

We conclude that f, induces an isomorphism

Cokerd ~ Qg

which establishes the Second Fundamental Exact Sequence

]/IZE)B(X)AQA/kf—*)QB/k—)O. (57)
We shall sometimes be using it in the form

Proposition 2.9 For any extension (9) of unital commutative k-algebras, the
epimorphism Qa . — Qg x induces a canonical isomorphism of B-modules

Oan/(JAA +dJ) ~ Qpjx. (58)

2.5 Examples
2,51 The symmetric algebra

Let A = SiE be the symmetric algebra of a k-module E and M be any
SiE-module. Corollary 1.9, combined with canonical isomorphism (39),
yields in this case the canonical isomorphisms

Homs: £-mod (Qs; £k, M) = HoMiemod (E, M) =~ Homs: E-mod (SKE @ E, M,

which show that
Qe ~SKEQE (59)

(it suffices to take M = Qs: i ). Under (59), differentials de, e € E, corre-
spond to elements 1® e € S{E ® E. We notice that Qs: ¢ i is a relatively free
SiE-module, cf. Definition 2.2.

If E is a free k-module with basis ((ei)ic1), then S;E ® E is a free S{E-
module with the same basis. In this case, Qs /i is a free S;E-module with
basis ((dei)icr):

Qs = Sildei[1€]). (60)
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In the special case E = k™, symmetric algebra SiE becomes the k-
algebra of polynomials in n variables:

SIE = k[Xy, ..., Xul,
and the formula for the differential
d: k[X1) oo )Xn] — Qk[X] ..... Xnl/k

takes the familiar form

dX; (61)

for f € k[Xy,...,X].

When k-module E is projective, S;E-module S E®E is projective, and
thus also Qs: k-

2.5.2 Affine algebra A = k[Xy,..., Xu]/(Fy,...,Fmn).

Let k, := k[Xy,...,Xy] and Q,, := Qy, k. As a k,-module, the latter is
freely generated by differentials of variables dX;, ..., dX,. According
to (58), Qa/x is canonically isomorphic to the quotient of Q,, by the k-
submodule

(Fq,...,F)Qn + kndFy + ...+ kodF.. (62)

Example: Plane curve XY = c Fora given c € k, let A.:=k[X, Y]/(XY—
c¢). If ¢ is invertible then the correspondence T s ¢ 'X induces a k-
algebra isomorphism:

KT T " ~ k[X, Y]/(XY —¢)

where k[T, T is the algebra of Laurent polynomials with coefficients in
k.

2.6 The algebra of differential forms

Definition 2.10 The exterior algebra Q% ne = NAQan is called the Kdhler-
de Rham algebra of a unital commutative k-algebra A. Elements of Q%
AXQa i are called differential q-forms.

/k T

30



Note that
QOA/k:A al’ld Q/]A/k:QA/k'

Proposition 2.11 There exists a unique extension of derivation d : A — Q}, k
to a derivation of degree 1 of N-graded k-algebra

d:Qhp — Qi (63)

such that
dod: A — QF . is zero. (64)

Proof. According to Proposition 1.22, derivations d, : Q% e — [0)% e of
degree 1 are in bijective correspondence with pairs:

(do) a k-linear derivation do: A — Q) Y

(d1) a k-linear map d; : Q) , — Q3 , which satisfies the identity
di(a@) =doa N\ @ + adi
Identity (33) is automatically satisfied:
oA+ (-1 "ToAdio=dioAp—dip A =0,
since d;¢ has degree 2, and thus commutes with all elements of (% e
We shall construct d; as follows. The k-bilinear pairing
AxA—)Q%/k, (ap, a;) — dag/\ da; (apg,a; € A),

induces a k-linear map
ARA — QF . (65)

Since ag(daai)(daa;) is sent by (65) to
dao A\ d(a1 Clz) — d(aoaz) A da1 — d(aoa1) VAN daz + d(aoa1az) Adl
= (azdao A da1 + aq d(lo A daz)
— (azdao A dCl1 + aodaz VAN dCL])
— (Cl1 d(lo A d(lz + aoda1 A d(lz) =0 y

and elements (51) additively span 1%, map (65) vanishes on 15. Denote
the induced map

Qppe =~ Ia/T3 = A®/I3 — O3 (66)
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by d; and notice that d;(ao(a;da;)) is the image of apa; ® a, —apa;a,; ® 1
under map (65):

d(apai) Adar — d(apajay) Adl = dapo A (arjdaz) + apda; A da,
= d(lo A (Cl]daz) + (lo/\ (04(1(12) .

Thus, our d; : Q) e 0% . satisfies condition (32), and
(diodo)(a)=di(T®a—a®1)=dl Ada—daAdl =0,

which proves the existence of the desired derivation d : Q7 , — Q7 ..
The uniqueness follows from Leibniz” identity combined with condi-
tion (64):
d(apda; A---Adagq) =dagAda; A---Adag (67)
+ apd?a; A+ A dag
—apday Ad?a; A+~ Adag+---
:d(lo/\da]/\"'/\d(lq.
O

Comment One has dod = 0 on forms of any degree as follows imme-
diately from formula (67). In particular, (Q% o d) is a cochain complex of
k-modules.

Definition 2.12 We will refer to (Q, ,,d) as the Kihler-de Rham complex

(o1, just the de Rham complex) of a unital commutative k-algebra A. Its coho-
mology, Hig(A/k), will be called the de Rham cohomology of A.

De Rham cohomology Hiz(A/k) is a very important invariant of alge-
bra A.

3 Connections

Let E be an A-module.
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Definition 3.1 A k-linear map
V:E—Q),®AE (68)

is said to be a connection on E if it satisfies the following version of the Leibniz
Rule
V(ae) =daAe+ aVe. (69)

Exercise. Show that the k-bilinear pairings
Q9 xE— QYN @rE  (ae)r—da®e+ (—1)9xAVe, (70

A/k A/k

where A : Qf\/k ® Q@A E — Q?\J/T( ®A E is defined as A ®4 idg, are A-
balanced.

In particular, pairings (70) define a graded k-module map of degree 1
dV:0%, @A FE — 03 @aE,  dV(x@e):i=da®e+(-1)%xAVe (71)
which is called the differential associated with connection V.
Exercise. Show that the dV satisfies the following version of the Leibniz Rule
dV(aAe)=daAe+ (—1)PaAdVe (ocEQE\/k,eGQE\/k@)AE). (72)
Definition 3.2 The map RY := (dV)? : E — Q3%  ®A B is called the curvature
operator of connection V.

Exercise. Show that the RY is A-linear.

Exercise. Show thatforany e =a®e € Qg\ /k ®a E, one has

(dV)?(e) =RY Ae:= a ARV (e). (73)

It follows from (73) that (dV)? is a graded A -linear map of degree 2, which is
given by the “exterior” product with the curvature operator

RY € Homamod (E, Q% , ®a E). (74)

In particular, ( RV)A=(dV)™: E — Qf@k@) A E is the n-th “exterior” power
of the curvature operator.
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When E is a finitely generated projective A-module, one has the canonical
isomorphism

Q3 ®AERAEY ~ O ®a Homamoa(E, E) ~ Homamod (E, QXY @A E) (75)

where EY := Homa.mod (E, A) is the dual A-module.
In this case we can apply the canonical A-bilinear pairing
ExEY — A, (e, f) — f(e),

to obtain the form
tr(RY)™ € Q3% (76)

Definition 3.3 Suppose that the additive group of A is uniquely divisible, i.e., that A
is a Q-algebra. In that case, the formal sum

o0 o0 1 o0
chV(E)=) chY(E):=) = trRY)" e [ [ Qi (77)
n=0 n=0 n=0

is called the Chern character form of connection V on A-module E.

It is a standard fact, that for a smooth k-algebra A, the Chern character form is
closed and its cohomology class depends only on A-module E up to an isomor-
phism, and not on any particular choice of the connection.

Polynomials in chY(E) are known under the name of characteristic classes of
A-module E.
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