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1 Vocabulary

1.1 Terminology
1.1.1 A ground ring of coefficients

Let k be a fixed unital commutative ring. We shall be refering to it
throughout as the ground ring and practically all objects will be expected
to be k-modules.

1.1.2 A-Modules

In order to simplify terminology used below, the meaning of the term
A-module will depend on the context. A k-module M equipped with a
k-bilinear pairing

a: AXM — M, (1)

where A is another k-module, will be referred to as an A-module. The
value a(a,m) is usually denoted am or ma, depending on circumstances.
An A-module structure on a k-module M is thus the same as a k-linear
map

A — Endjmoa(M). (2)
1.1.3 k-algebras

An A-module structure on A itself, i.e., a k-bilinear pairing
p: AXxA — A, (3)

will be called a k-algebra.

1.1.4 The opposite k-algebra functor

Given a k-algebra A, the same k-module equipped with the multiplication
u°P:=yu o1, where

T: AXA — AXA, (a,b) — (b,a), (4)

is called the opposite algebra and denoted A°P. In order to distinguish
between a viewed as an element of algebra A and a viewed as an element



of algebra A°P is advisable to denote the latter by 4°P. In this notation the
formula for multiplication in A°P becomes

aPpOP = (ba )P,

Note that
()°P:a+— a

itself becomes an anti-isomorphism of A with A°P.

1.1.5
The correspondence

Ars A%, fr ()P0 (),
becomes a functorial involution of the category of k-algebras. The latter
means that when applied twice, it produces the identity functor.
1.1.6

An algebra is commutative if and only if A = A°P.

1.1.7 Associative k-algebras

If multiplication (3) is expected to be associative, we shall refer to A as an
associative algebra.

1.1.8 Unital k-algebras

If A is expected to have an identity element, we shall refer to A as a
unital algebra. The identity element will be denoted 1,4. Homomorphisms
between unital algebras are expected to preserve the identity.

1.1.9 Unitalization

For any k-algebra A, the k-module A = k@ A equipped with multiplica-
tion

(c,a)(c’,a") = (cc’,ca’ + ac) (¢, €k, a,d € A),
is called the unitalization of A. The correspondence A — A defines a
functor from the category of k-algebras to the category of unital k-algebras.
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1.1.10 The universal property of unitalization

Exercise 1 Show that any k-algebra homomorphism f: A—B into a unital
k-algebra extends in a unique manner to a unital homomorphism f': A—B.
1.1.11 Example: the convolution algebra of a binary structure

Given a binary structure (G, ), let kG be the free k-module with basis
G. Its elements are usually represented as formal linear combinations of
elements of G

) a8

g€G
with finitely many nonzero coefficients ¢, € k. Multiplication on G
extends by k-linearity to multiplication of such formal linear combinations.
The resulting product

(g;c ﬂgg> * (g;c bgg) = (g;c ng) : (5)

Cgi=) agbyr (summation over (g',¢") € GXG such that g'¢" = g),

where

is called the convolution product.

1.1.12 The universal property of the convolution algebra

The assignment
G — kG

extends to a functor from the category of binary structures to the category
of k-algebras.

Exercise 2 Show that any homomorphism
f:G— A~ (6)

from a binary structure G into the multiplicative binary structure of a k-algebra
A factorizes

T
7
kG

f
G ~
™~



for a unique homomorphism of k-algebras
f: kG—A. (7)

Here i: G — kG denotes the inclusion of G into kG.

1.1.13

The convolution algebra is unital if and only if (G, ) has identity. It is
associative if and only if (G, -) is a semigroup. If (G,-) is a group, it is
referred to as the group algebra of G.

1.1.14

If (6) is a unital homomorphism, then (7) is a unital homomorphism.

1.2 Augmented k-algebras
1.2.1  An augmentation

A homomorphism
€:A—k (8)

from a unital k-algebra A to k is said to be an augmentation if the compo-
sition with the unit map

n:k— A, T — 14, ()
is the identity on k,
e€eon = idk . (10)

1.2.2 Example: point augmentations on function algebras

Let O C kX be a unital subalgebra of the algebra kX of all k-valued
functions on a set X. We shall refer to elements of X as points. For any
P € X, evaluation at point P,

evp: O — k, fr— f(P), (11)
is an augmentation of O. The correspondence

P —— evp
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defines a map
X — Hom(0, k) (12)

where Hom(0O, k) denotes the set of morphisms in the category of unital
associative k-algebras. This map is injective if and only if O separates points
of X, i.e,, if for any pair of distinct points P # Q, there exists a function

f € O such that f(P) # f(Q).
1.2.3

A unital algebra equipped with an augmentation (8) is said to be augmented.
The kernel of the augmentation is called the augmentation ideal.

1.3 Lie k-algebras
1.3.1
A k-algebra satisfying the Jacobi identity
(ab)c + (bc)a+ (ca)b =0 (a,b,c € A) (13)

and the identity
a> =0 (aeA) (14)

is called a Lie k-algebra.

1.3.2 The Lie algebra associated with an associative multiplication

Given an algebra A, the pairing
(a,b) — [a,b]:=ab— ba (a,b e A) (15)

is referred to as the commutator operation. Operation (15) satisfies identity
(14). It also satisfies (13), if the multiplication in A is associative. In
particular, (A, [, ]) is a Lie k-algebra. We shall denote it Apje.

1.3.3 Bracket notation

It is a standard practice to denote the product of elements in any Lie
algebra not ab but [a,D].



1.4 Modules over k-algebras

1.4.1

A module over a nonunital nonassociative k-algebra A has the same mean-
ing as when A is expected to be equipped only with a k-module structure:
it is a k-module equipped with a k-bilinear pairing (1).

1.4.2 Modules over unital k-algebras

In the context of unital algebras, M is supposed to be unitary, i.e., it is

expected that
1am=m (m e M). (16)

Exercise 3 Show that any module structure over a nonunital k-algebra A ex-
tends in a unique manner to a unitary A-module structure.

In particular, the category of A-modules is isomorphic to the category of
unitary A-modules.

1.4.3 Modules over associative k-algebras

In the context of associative algebras, M is supposed to be associative. The
condition itself has two forms, one — for left A-modules, another one —
for right A-modules.

1.4.4 Left A-modules

In a left A-module a(a, m) is denoted am and associativity of the A-action
on M reads as the following identity

(ab)m = a(bm) (a,be A, me M). (17)

Associativity of a left A-module is equivalent to k-linear map (2) being a
homomorphism of k-algebras.



1.4.5 Right A-modules

In a left A-module a(a, m) is denoted ma and associativity of the A-action
on M reads as the identity

m(ab) = (ma)b (me M;abeA). (18)
Associativity of a right A-module is equivalent to k-linear map (2) being
an anti-homomorphism of k-algebras.
1.4.6

The category of associative right A-modules is isomorphic to the category
of associative left A°P-modules.

1.4.7

In the context of unital associative algebras, identities (16) and (17) are
both expected to hold.

1.4.8 Associative modules over not associative algebras

Distinction between left and right A-modules exists only when one of
the two associativity conditions (17)—(18) is expected to hold. In this case
k-linear map (2) is a homomorphism of k-algebras, algebra A itself does
not have to be associative.

1.4.9 Associativization of a k-algebra

Any homomorphism of A into an associative k-algebra uniquely factorizes
through the quotient A = A, by the congruence relation generated by

(ab)c ~ a(bc) (a,b,c € A).

The associative algebra A?** is a reflection of a nonassociative algebra A in
the subcategory of associative k-algebras.

In particular, the category of associative left A-modules is isomorphic
to the category of left A**°-modules, and similarly for right modules.



1.4.10 Modules over Lie k-algebras

Lie algebras with nonzero bracket operation are almost never associative
themselves yet the Jacobi identity plays a role similar to associativity. This,
however requires adopting the notion of a module: over a Lie algebra it is
expected to satisfy the identity

a(bm) — b(am) = [a,b]m (a,be A, me M) (19)

which is an analog of identity (17). For right modules the corresponding
condition reads

(ma)b — (mb)a = mla, b] (a,be A, me M). (20)

1.4.11

Identity (19) is equivalent to k-linear map (2) being a homomorphism of
Lie k-algebras, while (20) is equivalent to it being an anti-homomorphism.

1.4.12

Note that f is an anti-homorphism of Lie algebras if and only if —f is
a homomorphism. Thus, the distinction between left and right module
structures over a Lie algebra is exclusively in the sign. This explains why,
on one hand, there is little need to use the concept of a right module over a
Lie algebra, but it also explains certain otherwise mysterious sign changes
in various formulae involving dualization of Lie modules.

1.4.13 Notation

In order to simplify notation, in all cases we shall be denoting by A-mod
and mod-A the corresponding categories of left and, respectively, right A-
modules, with no distinction in meaning when the associativity conditions
(or their analogs for Lie algebras) are not expected.

1.5 Bimodules
1.5.1

Given a pair of k-modules A and B, an (A, B)-module is a k-module M
equipped with a structure of an A-module and of a B-module. Expect-
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ing morphisms to be simultaneaously A and B-linear, (A, B)-modules
obviously form a category that will be denoted (A, B)-mod.

1.5.2

A pair of module structures on a k-module M attains particular impor-
tance if A acts on M by B-linear maps or, equivalently, if B acts on M
by A-linear maps. Either of these condition can be expressed by the same
identity that is particularly suggestive if the right multiplication notation
is adopted for the action of B on M

(am)b = a(mb) (a€ A,me M,b € B). (21)

We shall refer to such (A, B)-modules as bimodules and will denote
the corresponding full subcategory of (A, B)-mod by (A, B)-bimod or
A-mod-B.

1.5.3

When A = B, we shall use A-bimod instead of (A, A)-mod or A-mod-A,
and shall refer to (A, A)-bimodules as A-bimodules.

1.5.4

In the context of associative algebras M is expected to be an (associative)
left A-module and an associative right B-module.

1.5.5

Note that any left A-module is automatically an (A, k)-bimodule and
any right B-module is automatically a (k, B)-bimodule with k-bimodules
being precisely k-modules. This underlies the approach according to
which all modules, algebras and bimodules carry preexistent k-module
structures and those additional structures respect the “ground” k-module
structure.
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2 Tensor product

2.1 Tensor product of k-modules
2.1.1

Given a k-bilinear map
B: MxN — X (22)

and a k-linear map f: X— X', the composite
foB: MxN — X'
is k-bilinear. We say in such a situation that this bilinear map is produced
from B by a k-linear map f.
2.1.2

A tensor product of k-modules M and N consists of a K-bilinear map
T: MXN — T (23)

such that every k-bilinear map from MxN, af. (22), is produced from T
by a unique k-linear map T—X.

2.1.3

If
7 MxN — T’

is another bilinear map possessing this universal property, then T and T’
are isomorphic by a unique isomorphism such that the diagram

commutes.
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2.1.4

The actual model for the tensor product of two k-modules is inessential:
all properties of tensor product are encoded in its universal property of
“converting” bilinear into linear maps.

2.1.5 Example: tensor product of free modules

Given sets X and Y, let kX and kY be the corresponding free k-modules
with bases X and Y.

Exercise 4 Show that the bilinear map

v: kXxkY — k(X xY), ( Y axx, ) byy) — ) axby(x,y),
xeX yey (xy)eXxY

(24)
is a tensor product of kX and kY.
2.1.6 Notation
Generic notation used for the tensor product is
Rk: MXN — M@ N, (m,n) — m @y n. (25)

2.1.7 Caveat
Elements of M ®; N are referred to as tensors. Tensors of the form
t=mQrn

are said to be of rank one. General tensors, i.e., elements of M ®; N, are
sums of tensors of rank one,

t=Y m;Qn (26)

yet such a representation is highly nonunique. Even a representation of
rank one tensors is generally highly nonunique. For this reason, defining
k-linear maps

f: M@ N—X (27)
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7

by defining them on tensors of rank one and then extending the “definition”
to all tensors by additivity is incorrect even though it is a common practice.
The correct way to define a k-linear map (27) is by defining a k-bilinear
map
p: MXN—X

that would induce it.

2.1.8
Given an (A, B)-bimodule M, the bilinear pairing
AxB%P — Endk_mod M, (El, bOp) — 2\,

where
aAp: m—— amb,

defines a k-linear map
A ®j B’ — Endy._0qg M
making M an A ®j B°P-module with

(a @ b°P)m = amb.

2.1.9

If M is a unitary bimodule over unital k-algebras, then both the left A-
module structure and the right B-module structure are encoded in the
A ®j B°P-module structure:

am = (a®r1y )m  and  mb= (14 @ bP).

In particular, the categories A-mod-B and A ®; B°°’-mod are in this case
isomorphic.

2.2 Comodules and coalgebras
2.2.1

Tensor product allows us to express A-module structures on k-modules
as k-linear maps
A AQrM — M, (28)
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and k-algebra structures as k-linear maps
H: A®r A — A. (29)

If we reverse the direction of arrows in (28) and (29), we obtain the
definition of an A-comodule and a k-coalgebra. The corresponding maps

M— A M (30)

and
A— AR A (31)

are referred to as the coaction of A on M and the comultiplication on A. It
is customary to denote the comultiplication by A.
2.2.2 The category of A-comodules

A map f: M— M’ of A-comodules is said to be a homomorphism if the
diagram
M — AR M

f ida ®rf

M/ Em— A@kM

with the horizontal arrows being the corresponding coactions, commutes.

2.2.3 The category of k-coalgebras

A map f: A— A’ of A-coalgebras is said to be a homomorphism if the
diagram
A2 AgA

f fexf

with the horizontal arrows being the corresponding comultiplications,
commutes.
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2.2.4 The “coconvolution” coalgebra

Given a set X equipped with a binary cooperation (referred to as comultipli-

cation), i.e., wth a map
K: X — XxX, (32)

the induced k-linear map of free k-modules
®: kX — k(XxX) (33)

equips kX with a structure of k-algebra since, according to Exercise 4,
k(X xX) is a model for kX ®; kX.

2.2.5
If x(x) = («/,x"), then

x — X @’ (34)
Since the multiplication on kX induced by a multiplication on X is called

convolution, the comultiplication on kX could possibly be referred to as
coconvolution (or even volution).

2.2.6 The diagonal k-coalgebra

Every set X is equipped with a canonical comultiplication, namely the
diagonal map
A: X — XXX, x — (x,x). (35)

It induces the canonical k-coalgebra structure on the free module spanned
by X,
A: kX — kX @ kX, Y cxx— ) ex(x @k x) (36)
xeX xeX

We shall denote (kX,A) by Diag, X and refer to it as the diagonal k-
coalgebra of a set X.

2.3 g-tuple tensor products
2.3.1

The definition of a tensor product of k-modules M., ..., My is obtained
by replacing in the definition of a tensor product bilinear with g-linear
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maps. Generic notation is M; ®y - - - ®; My and the same caveat applies:
linear maps
M, @y -+ @ My — X

must be defined via g-linear maps
B: Myx - xMy; — X. (37)

2.3.2 g-tuple versus iterated tensor products

Note that the map
Myx - XMpig —> (Mi @+ @ Mp) ® (Mp41 @ -+ - ® Mpiq)
that sends (my,...,mpq) to
(M@ @mp) @ (Mmp1 @ -+ @mpyg)
is (p + q)-linear. Thus, it induces a k-module map
M@ @Mprg — (Mi®@--Q@Mp) @ (Mpy1 @+ Q@ Mpiy)

(from now on the unmarked symbol ® will always stand for ®y).

2.3.3 Existence of the inverse map

Bilinear maps
(Mi @@ Mp) X (Mp4r @+ @ Mpsg) —> X
correspond to linear maps
M;® -+ @My — Homymod(Mp1 ® - - @ Mpyq, X),
the latter correspond to p-linear maps
M;x - XMy — HomMymed(Mp11 ® - - @ Mpiq, X),
and those correspond to p-linear maps into the k-module of g-linear maps
M;x - XMy — Homk_mod(Mp+1,- “t ptg X)
Exercise 5 Show that
(my, ..., mp) — tm,, m,
where
byt (Mpia, oo Mpig) V> M@ @My @Mpys @+ @ Mpig

is such a map.
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2.3.4 Commutativity of tensor product
Given a permutation ¢ of the set {1,...,q}, the correspondence
(Mg, mg) — M) @ - @ My(g),
defines a g-linear map
Myx - XMy — M) @+ ® My(q)-
The latter induces a k-module homomorphism
Out My @+ ® My — My(y) @+ @ My,

1

The inverse permutation ¢~ induces the inverse map.

2.3.5 The action of the permutation groups on tensor powers
In particular, the permutation group ¥4 acts on the g-th tensor power of a
k-module

M#I=M®---@M (g times). (38)
2.4 Existence of tensor product
2.4.1
Any map (37) uniquely extends by k-linearity to a k-linear map

B: k(Myx -+ xMg) — X

from the free k-module with basis M;x --- xM, to X.

2.4.2
If B is g-linear, then B vanishes on elements
c(my,...,mg) — (my,...,cm, ..., my) (c € k) (39)
and
% /

(Mg, ..., mi+mi, ... ,mg) = (my,...,mj,...,mg)— (my,...,mi,... my)

where m;, m!, m!" are arbitrary elements of M; and 1 <i <q.
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2.4.3
Thus, B vanishes on the k-submodule
R Ck(M;x---xMy)

generated by these elements and therefore it induces a k-linear map J
from the quotient module to X. We obtain the following diagram with
commutative triangles

Mlx...

k(Myx ---xM;)/R

2.5
The map 7:= 7t o1 obtained by composing the inclusion map
1o Myx oo XMy = k(Mix -+ xMy)

with the quotient map

e k(Myx - xMg) — k(M;x---xMy)/R
is obviously g-linear.
Exercise 6 Show that if B’ and B are two k-linear maps

k(Myx---xMg)/R — X

such that f'ot =B =p o1, then B/ = p".
This demonstrates that

T: Myx - XMy — k(M;x---xM,;)/R
is a tensor product of My, ..., My.
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2.6 Properties of algebras and coalgebras via diagrams
2.6.1 Unitality and counitality

Unitality of a k-algebra structure (29) can be expressed as an existence of
a k-module map #: k— A such that the diagram

=N
kA H ARk
17®idA\f‘ /idA®r]

ARA

commutes. Dually, counitality of a k-coalgebra structure (29) can be
expressed as an existence of a k-module map €: A—k such that the
diagram

commutes.

2.6.2 Associativity and coassociativity

Associativity of a k-algebra structure (29) can be expressed as commuta-
tivity of the diagram

id
A®3 ﬂ, A®2

ﬂ@id/\ H

A®? A
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and, dually, commutativity of the diagram

A®3 M A®2

A®id 4 A

A®? A

expresses coassociativity of a k-coalgebra structure (31).

2.6.3 Commutativity and cocommutativity

Commutativity of a k-algebra structure (29) can be expressed as commu-
tativity of the diagram

A%?

p
\
flip 1 A
~
A®?

and, dually, commutativity of the diagram
®
AT
flip

“a
A%?

A

expresses cocommutativity of a k-coalgebra structure (31).

2.6.4 A coaugmentation

Note that the isomorphism
k—)k@kk, 1 — 1 O 1k,

is a coassociative cocommutative comultiplication with the identity map
id; serving the double purpose of supplying the unit and the counit.
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2.6.5

A homomorphism #: k—C of counital k-coalgebras is said to be a coaug-
mentation if € o = idy. This is the same condition that was used to define
augmentations of unital algebras.

2.6.6 The module of primitive elements

A coalgebra equipped with a coaugmentation 7: k—C is said to be
coagmentated. We shall denote 7(1;) by 1¢ even though no multiplication
on C is specified. Elements ¢ € C such that

Alc) =1c®c+c®1c (41)

are said to be primitive. They form a k-submodule of C denoted Prim C.

2.6.7

If one replaces in the above diagrams a k-module A by a set X, the k-
module k by the single element set

X°:= {0 = X}, (42)

and ®; by X, then one obtains the corresponding notions of unital-
ity and counitality, associativity and coassociativity, commutativity and
cocommutativity—for binary operations and, respectively, cooperations
on sets.

2.6.8 Cosemigroups and comonoids

Sets equipped with a coassociative comultiplication are referred to as
cosemigroups. Counital cosemigroups are referred to as comonoids. They
form the corresponding categories denoted Cosgr and, respectively, Comon.

2.6.9 Integral [, as the counit map in the diagonal coalgebra

Exercise 7 Show that the map

/X X =k Yo Yo (43)

xeX xeX
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is induced by the counit map
X — X° (44)

of the diagonal comonoid (X, A).
Accordingly, [, is a counit map in the coalgebra Diag; X.

2.7 Tensor product of k-algebras
2.7.1

The tensor product of k-algebras A and B is naturally equipped with a
k-algebra structure. Since the map
AXBxAXB — A®B, (a,b,a',b") — (ad") @ (b1)
is k-linear in each argument, it induces a k-linear map
(A®RB)®(A®B) ~A®B®A®B — A®B.

Note that A ® B is associative or commutative if both algebras have these
properties. Note also

1A@B = 14 @ 1B.

2.7.2 The universal property of the tensor product of k-algebras
Given a pair of unital k-algebras, maps
A— A®B, a—a®1ip and B— A®B, b—14®b,
are unital k-algebra homomorphisms. They commute:
(a®1p)(1a®@b) =a®@b=(14®Db)(a® 1p).
We say that maps

fiA—C and g:B—C (45)
into a k-algebra C commute if
fa)g(b) = g(b)f(a)  (acAbcB). (46)

Exercise 8 Show that any commuting pair (45) of homomorphisms of unital
k-algebras uniquely factorizes through A ® B.

In other words, commuting pairs of unital homomorphisms (45) corre-
spond to unital homomorphisms

A®B— C.
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2.8 The k( )-functor
2.8.1

The assignment
(X, %) — (kX,K) (47)

gives rise to a functor
k(): Comult — k-coalg (48)

from the category Comult of sets equipped with a comultiplication (32)
to the category of k-coalgebras.

2.8.2

It also gives rise to a number of related functors:
Comulty, — k-coalg,,, Comult — k-coalg_,
as well as
Cosgr — k-coalg, . and Comon — k-coalg,; ..o,

where subscripts un, com and ass signify counitality, cocommutativity and
coassociativity of the corresponding structures.

2.8.3 The diagonal k-coalgebra functor

The assignment
X —— Diag, X (49)

gives rise to a functor
Diag, : Set — k—coalgumss’Com (50)

from the category of sets to the category of counital, associative and
commutative k-coalgebras.

2.8.4 Tensor product in the category of sets

Cartesian product in the category of sets behaves like tensor product of
k-modules and plays the same role: it converts bimorphisms into morphisms.
One is therefore advised to think of it as of being the tensor product on
Set.
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2.8.5 Monoidal categories

Both (Set, x) and (k-mod, ®) are examples of symmetric monoidal categories.
Monoidal categories are categories equipped with bifunctors

Cx€C — C

satisfying conditions reflecting the unitality and associativity properties of
tensor product on the category of k-modules. The epithet symmetric refers
to the additional property reflecting commutativity property of ®.

2.8.6 The free k-module functor as a monoidal functor

Exercise 24 expresses the fact that the functor,
Set — k-mod, X +—— the free k-module spanned by X,

is a monoidal functor: it preserves multiplication on these categories provided
by Cartesian product in the case of Set, and by tensor product—in the
case of k-mod.

2.8.7

The free k-module functor is the composite

Diag k() k-coal
Comoncom — K-COa gun,ass,com

Set k-mod

where Diag sends a set X to the diagonal comonoid (X,A) and F is a
forgetful functor: it sends a k-coalgebra to the underlying k-module.
2.8.8

In fact, each of the above functors is monoidal: both (Comoncom, ><) and
(k-coalgun’ass’com, ®) are symmetric monoidal categories and the functors
preserve multiplication.
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2.8.9 Tensor product of k-coalgebras

Exercise 9 Show that a tensor product C @ C' of a k-coalgebra (C,A) and of a
k-coalgebra (C', A") is naturally equipped with a structure of a k-coalgebra.

Tensor product of counital coalgebras is counital, of coassociative coalge-
bras is coassociative and, finally, of cocommutative coalgebras is cocom-
mutative.

2.9 Bialgebras
2.9.1

Suppose a k-module B is equipped with a k-algebra structure y and
a k-coalgebra structure A. We say that (B,u,A) is a k-bialgebra if the
diagram

A®? A

A®2 A

H@z
A®4 [N A®2

commutes. Commutativity of this diagram simultaneously expresses the
fact that the multiplication is a homomorphism of k-coalgebras and that
the comultiplication is a homomorphism of algebras.

2.9.2 The Lie algebra of primitive elements

If 1p is an identity element for multiplication, then we can adopt the defi-
nition of primitive elements previously given in the case of coaugmented
coalgebras. Let us call an element b € B primitive if

A(b) =13R@b+b® 15.

Exercise 10 Show that the k-module Prim B of primitive elements in a bialgebra
B is closed with respect to the commutator operation (15).

If multiplication in B is associative, then Prim B becomes a Lie subal-
gebraof (B, [,]).
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2.9.3 Unital and counital k-bialgebras

A bialgebra equipped with a unit map 77: k— B that is a homomorphism
of coalgebra structures will be called unital.

Dually, a bialgebra equipped with a counit €: B—>k that is a homo-
morphism of algebra structures will be called counital.

2.9.4 The convolution k-bialgebra

For a binary structure G, the diagonal map
A: G — GXG, e— (9.9),
is a homomorphism of binary structures, hence
A: kG — k(GxG)

is a homomorphism of counital k-algebras. In particular, kG is a counital
coassocitaive and cocommutative bialgebra. If multiplication in G is unital,
associative, or commutative, the convolution operation * ois likewise
unital, associative or, respectively, commutative.

2.10 Tensor product of A-modules
2.10.1 Balanced bilinear maps

If M and N are modules over a k-module A, then a k-bilinear map (22)
is said to be balanced, if it satisfies the identity

B(ma,n) = B(m,an) (me M,aec AneN,). (51)

We use the right multiplication notation for M even though neither M
nor N are assumed to be associative A-modules.

If A is expected to be an associative k-algebra, however, then M is
expected to be an associtive right, and N is expected to be an associtive
left A-module. For this reason we shall use the terminology reflecting
this notation and will speak of M as a right A-module and of N as a left
A-module.
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2.10.2

A tensor product of A-modules is an A-balanced k-bilinear map (23)
from which any A-balanced k-bilinear map (22) is produced by a unique
k-linear map T—X.

2.10.3 Notation

Generic notation used for the tensor product of A-modules is
Rp: MXN — M ®y4 N, (m,n) — m®py n. (52)

This is consistent with the fact that every k-bilinear map is automatically
k-balanced.

Exercise 11 Show that any k-bilinear map is k-balanced.

2.10.4 Functoriality

The tensor product is not unique yet any assignment of a tensor product
(23) to every pair (M, N) of right and left A-modules uniquely extends to
a functor

T: mod-A x A-mod — k-mod.

Such functors are also viewed as bifunctors, i.e., functors of 2 arguments.
Generic notation for T is ® 4.

Exercise 12 If f: M—M' is an A-module map, show that
MxN — M’ ®4 N, (m,n) — f(m) @4 n, (m e M,n € N),

is a balanced k-bilinear map.

2.10.5

If M is an (A, A)-bimodule, then M ® N is equipped with an A’-
module structure in view of functoriality of ®4.
In particular, ® 4 gives rise to a bifunctor

®a: A'-mod-A x A-mod — A’-mod.
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2.10.6
One similarly has bifunctors
®4: mod-A x A-mod-A” — mod-A”".
and
®a: A'-mod-A x A-mod-A" — A’-mod-A".
2.10.7

In the special case A’ = A = A", tensor product bifunctors define a
“multiplication” on the category of A-bimodules

®Xp: A-bimod x A-bimod — A-bimod.

It makes the category of A-bimodules into a monoidal category, i.e., a
“monoid in the category of categories”.

2.10.8 A-algebras

A bimodule B over a k-module A, equipped with a balanced k-bilinear
pairing
BxB — B, (53)

will be referred to as an A-algebra. Equivalently, it is an A-bimodule with
an A-bimodule map
B®sB — B.

2.10.9 g-tuple tensor products of (A; ,, A;)-modules

Given an A;-module M,, an (A;, A;)-module M,, ..., an (A; 2, Ag—1)-
module M, ;, and an A; ;-module M,, one defines balanced q-linear
maps (37) in a similar way as we did for ¢ = 2. Then, a tensor product is
an (A4, ..., Ay 1)-balanced g-linear map

M;x---xMy — T

from which any (A4, ..., Aq,l) -balanced k-bilinear map (37) is produced
by a unique k-linear map T—X.

Exercise 13 Prove the existence of a tensor product.
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2.10.10

Generic notation:

Mix--- XMq HM1®A1"'®A‘171 Mq.

2.10.11

If M, is an (A, A;)-bimodule and M, is an (A,, Ay41)-bimodule, then
g-tuple tensor product of (A;_;, A;)-modules gives rise to a g-functor
from

Ao-mod-A; x (A, Az)-mod X - - - x (A1, Ag)-mod x Ay-mod-Ag 4
to the category of (Ao, Ay11)-bimodules
Ao-mod-Ag .
Exercise 14 Explain why the left A, actionon My ®4, -+ - ®a, , My commutes

with the right Ag-action.

2.11  The tensor algebra
2.11.1  The tensor algebra of a k-module

Given a k-module, the direct sum of all positive tensor powers,

TiM:= P M™1, (54)
q>0

(cf. (38), is naturally equipped with an associative multiplication such that
(m1®...®mp)(m’1®...®m;) :m1®"'®mp®ml1®"‘®m;~

We shall refer to (54) as the nonunital tensor algebra of a k-module M. Its
unitalization,

T M = @ M®ql (55)
4>0

will be referred to as the tensor algebra of M.
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2.11.2  Universal properties of TyM and T M

Exercise 15 Show that any k-linear map f: M—B from a k-module M to an
associative k-algebra B has a unique extension to a homomorphism of k-algebras

f: M — B. (56)

Show that a unital homomorphism has a unique extension to a unital homomor-
phism T)M — B.

2.11.3

If M is a module over a k-module A, then the action of A on M being
a k-linear map (2), extends in a unique manner to a unitary associative
TkxA-module structure. Thus the categories A-mod and TyA-mod are
naturally isomorphic.

Exercise 16 Show that, for any unital associative k-algebra A, there exists a
surjective homomorphism
TkA — A
such that
a1®...®aq — al...aq.

2.11.4 The symmetric algebra of a k-module

Let SxM be the quotient of TyM by the congruence generated by the
relation
tt ~t @t (t,t' € TM). (57)

As a consequence of Exercise 15, any k-linear map f: M—>A into a unital
associative and commutative algebra uniquely factorizes as

M f (58)

where [ is obtained by composing the inclusion M — TiyM with the
quotient epimorphism TM— S, M, and f is a unital k-algebra homo-
morphism.
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2.11.5

The equivalence class of

is denoted m; - - -m; and the class of

me---Qm (g times)

is denoted m1.

2.11.6 The algebra of polynomial functions

Elements of the symmetric algebra Sy (M) of the dual k-module

M’ := Homj.moq(M, k) (59)

are referred to as polynomial functions on a k-module M.

2.11.7 The exterior algebra of a k-module

Let AxM be the quotient of TyM by the congruence generated by the
relation
tet~0 (t € TM). (60)

As a consequence of Exercise 15, any k-linear map f: M—:>A into a unital
associative algebra such that

uniquely factorizes as
A
7 (61)

o~
AM

where [ is obtained by composing the inclusion M — TyM with the
quotient epimorphism TxM—A;M, and f is a unital k-algebra homo-
morphism.
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2.11.8

The equivalence class of

is denoted m ;A - - - Amy.

2.11.9

By considering the inclusion f: M < M of M into unitalization of M
considered as an algebra with zero multiplication, we deduce that both

M # SrM and M *Z> NeM

are injective.

2.11.10 Augmentation

Sending all tensors of positive degree to o

e: TTM — k, Mm@ @mg—0 (g >0),

(62)

defines an augmentation of TyM. he augmentation The augmentation

ideal,
TiM:= P M™1,
q>0
is referred to as the nonunital tensor algebra of a k-module M.

2.11.11  Comultiplication of tensors

Exercise 17 Show that there exists a k-linear map
A: TiM — TIM ® TiM,

such that

q
A(m1®"’®mq)'—>Z(m1®"'®mi)®(mi+1®"'®mq)'

i=0
Note that the corresponding summands for i = 0 and i = q are
L Q (Mm@ --@my) and (M Q- Qmy) @1,
respectively. Show that (64) is homomorphism of algebras.
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2.11.12 The tensor algebra of a bimodule

Given an A-bimodule M, the A-bimodule

TaM:= ) M®41 (65)
q>0

is a quotient of the nonunital tensor algebra BT, M and thus an associative
k-algebra with balanced multiplication.
2.11.13

If A is equipped with an associative multiplication and both the left and
the right actions of A on M are associative, then

TyM:=A® TAM (66)

is an associative A-algebra. If A is unital and M is unitary both as a left
and a right module over A, then (66) is unital.

2.12 The universal enveloping algebra of a Lie algebra
2.12.1

Given a Lie k-algebra g, the quotient of Tyg by the 2-sided ideal generated
by elements

(& hlTg — [8 hlg (67)

is called the universal enveloping algebra of a Lie k-algebra g and is denoted
Ukg. Note that the first commutator equals

S®h—h®g

and thus belongs to g©? while the second belongs to g.

2.12.2

The universal enveloping algebra is a unital and counital associative and
coassociative cocommutative k-algebra. It inherits these structures from

Tkg-
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2.12.3

Exercise 18 Show that, given a g-module M, the action of g on M extends
uniquely to a left Uyg-structure and, vice-versa, restriction of a left Uyg-structure
to g defines a g-module structure.

In particular, the category of g-modules is isomorphic to the category
Urg-mod.
2.12.4 The universal property of Uig

Exercise 19 Show that any homomorphism of Lie k-algebras
f19— Atie

into the Lie algebra (A, [, |) of a unital associative k-algebra A, extends in a
unique manner to a homomorphism of unital k-algebras

f: Urg — A.

2.12.5

Any unital counital associative coassociative k-bialgebra B, is obviously a
Prim B-module. The inclusion of the Lie k-algebra of primitive elements
into B induces a homomorphism of unital associative algebras

U PrimB — B.

It is surjective precisely when B is primitively generated, i.e., is generated as
an algebra by the k-submodule of primitive elements. Under quite general
conditions this canonical homomorphism is an isomorphism. For example,
when B = Ug which is equivalent to saying that

Prim Uyg = g. (68)

2.12.6 The symmetric algebra of a k-module

The universal enveloping algebra of the Lie algebra M with zero bracket
operation coincides with the symmetric algebra of M.
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2.13 Base change
2.13.1

Whether A and B are expected to be k-modules or k-algebras—unital,
associative, or both—a morphism ¢: A — B induces a functor

¢*: B-mod — A-mod (69)

between the corresponding categories of modules. Given a B-module N,
¢*N is the k-module N equipped with the A-action

an = ¢(a)n (a € A,n€N). (70)

2.13.2
Functor (69) has a left adjoint
¢« A-mod — B-mod (71)
which means that there is a correspondence
Hom 4.mod (M, ¢*N) <— Homp.mod (¢+M, N)
natural in M € Ob A-mod and N € Ob B-mod.

2.13.3 The left adjoint for modules over unital associative algebras

For any k-module map f: M—N such that
flam) = ¢(a)f(m) — (acAmeM),

there exists a B-linear map p f : B®&y M—N, such that the diagram

L
M ' Bf (72)
>
Bos M
commutes where
NM:M— 1@ m (m e M). (73)



This map is induced by the bilinear map
(b,m) — bf (m).

Exercise 20 Prove that a B-module map f: B ® 4 M—N making diagram
(72) commute is unique.

In particular, the pair of correspondences
M+— B@sM  and  f — gf, (74)

where M denotes an A-module and f denotes an A-module map, defines
a functor left adjoint to ¢*.
2.13.4 The left adjoint for modules over nonunital associative algebras

Modules over a nonunital algebra are the same as unitary modules over
its unitalization, cf. Exercise 3. Therefore the left adjoint functor ¢, in
nonunital associative case is provided by

M+— Bo; M and f— 5f (75)

2.13.5 The left adjoint for modules over k-modules

Modules over a k-module are the same as unitary modules over its tensor
algebra, cf. Section 2.11.3. Therefore in this case the left adjoint functor ¢.
is provided by

M — TyB®1,4 M and  f — 15f (76)

2.14 Linearization
2.14.1

When ¢ is the unit homomorphism #: k—A and f: M—N is a k-linear
map from a k-module M to an A-module N, we shall refer to

f: A®x M—N (77)

as the linearization of f.
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2.14.2

Let us observe that the linearization of the unit homomorphism (9) is the
identity map id4: A—A while the linearization of id 4 is the multiplica-
tion map on A expressed as a k-linear map

ARA— A, Zai ® b; — Zaibi. (78)

2.15 The nonassociative tensor algebra
2.15.1

The forgetful functor
k-alg,, ass — k-mod (79)

that sends an algebra to the underlying k-module (it forgets the multiplica-
tion), has a left adjoint, namely

M —s T.M,

cf. Exercise 15. Forgetful functor (79) is a restriction of the forgetful functor
from the category k-alg of nonunital nonassociative k-algebras

k-alg — k-mod

that also has a left adjoint functor.

2.15.2

The nonunital tensor k-algebra Ty M is the direct sum of g-tuple tensor
powers of M. One can employ g — 1 iterations of the binary tensor product
®y to obtain a model for the g-tuple tensor product. The nonassociative
tensor algebra replaces a single g-tuple tensor power of M by the direct
sum of all realizations of such a power by means of the repeated use of
Q-

There are as many such realizations as there are ways to place 4 — 1
pairs of parentheses around g symbols in order to produce a recipe for
multiplication of g elements in a binary structure. This number equals
the number of words of length g in the free nonassociative binary structure
F{e} generated by the set containing a single element o. If w € F{e}, we
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shall denote by M®% the corresponding realization of the tensor power of
M. Thus,
M®* =M, M*=MaM,

and, continuing,

MEC) = (Mo M)oM, M) =M (M M),
and
MEE®)* = (MeM)@M)@M, M) = (MaM)e (MaM), ...

2.15.3
Let
ikM = @ M®w. (80)
wel{e}
Multiplication on (80) is given by bilinear pairings
M®wxM®/w N M®Ww/, (t, t/) — F® t/,

where ww’ denotes the product of w and w’ in F{e}.

2.15.4 Another realization of T, M
In Lukasiewicz’s parentheses-free notation elements of F{e} become
sequences of symbols | and e,

o, |oe, ||eee, [ojee, |[[ecee, |jee|ee,

with multiplication being just the concatenation of sequences with | placed
in front, e.g.,
(|oo, ||ooo) — ||eo||00e.

For every element of F{e} of length g, represented as a sequence of g — 1
symbols | and g symbols e, let M, denote the 2q — 1-tuple product

My = M, M, (81)
where M! is either
M =k  or M,

depending on whether the i-th symbol in the sequence is | or e. For
example,

Mijaefjees = kRKkOMIM@kRk®M®M® M.
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2.15.5

The pairings
(tt) — 1t t

define a nonassociative multiplication on the k-module T;(M*° ® M).
The subalgebra generated by M = M, is

M* = @ Mw- (82)
weF{e}

Translating nested-pairs-of-parentheses notation into Lukasiewicz’s parenthe-
ses free notation defines an isomorphism of k-modules

M®® ~ M,

so that the resulting isomorphism

is an isomorphism of k-algebras.
2.15.6
Given a k-algebra (A, AR A . A) , the maps

AV 5 A

that are induced by performing g — 1 number of times operation y accord-
ing to the recipe encoded by w € F{e} give rise to a canonical surjective
homomorphism of k-algebras

ikA — A (83)
Its unital associative version we encountered in Exercise 16.

2.15.7 The universal property of T;

Any k-linear map f from a k-module M into a k-algebra A induces a
homomorphism of k-algebras

‘j'kft ‘j'kM — ‘j'kA
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Let us denote by f its composition with the canonical epimorphism of
k-algebras (83). Then 3
f=Fou

where 11 M < TyM is the canonical inclusion and f is the unique k-
algebra homomorphism with this property in view of the fact that (M)
generates k-algebra T, M.

2.15.8 The unital nonassociative tensor algebra

If we denote by TyM and M., the unitalizations of JxM and M,, then we
obtain the corresponding unital nonassociative k-algebras satisfying the
universal property for k-linear maps from a k-module M into a unital
k-algebra.

2.15.9

The tensor algebra T; M coincides, of course, with the associativization of
TxM. The surjective homomorphism

TM — ToM

is induced by canonical isomorphisms

M®PY ~ M®4,

2.16 The universal Lie algebra of a module
2.16.1

For any k-linear map f: M—g, the induced k-algebra homomorphism
f_: (j'kM — 9

is constant on the equivalence classes of the congruence ~p; on T M
generated by the relation

(tu)o+ (uo)t+ (vt)u ~ 0 and  tt ~0,
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cf. (13)—(14). In particular, f uniquely factorizes through the quotient
epimorphism

TkM i» LkM:: (j’kM/NLie .

If we denote the induced map by f: LyM—g, then it is a unique homo-
morphism of k-Lie algebras such that the diagram

M f (84)

commutes where [:= 71 0. By taking g to be M with zero multiplication
and f to be the identity map, we deduce that

M — LM
is split injective.
2.16.2
The forgetful functor
k'algun,ass k-mod (85)

is obtained by composing the functors

( )Lie

k-algun,ass - k'algLie — k-mod .
Each of these functors has a left adjoint,
U
k-algun,ass ‘7}{ k'alg]_ie <—k k-mod ,

hence their composition yields a left adjoint to (85). Since the tensor
algebra functor is left adjoint to (85), we obtain the canonical isomorphism
of functors

Tk >~ uk o Lk- (86)

Combining this with (68), we deduce that the Lie algebra of primitive
tensors is a universal Lie algebra of a k-module M,

Prim Ty M ~ L M.
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3 Graded structures

3.1 Graded morphisms
3.1.1

Let G be a binary structure. Given two families of objects in a category C,

c= (Cg)geG and d = (C:g)gecf

a family f = (f;)sec of morphisms

will be referred to as a graded morphism of degree d.

3.1.2

Composition of graded morphisms of degree d and d’,

(farg Ofg)gGG’

is the morphism of degree dd’ if multiplication in G is associative. In
particular, G-graded objects of € form a G-graded category, i.e., a category
whose Hom-sets are graded sets,

Hom@G_gr(c, ) = (Homd(c, C/))deG

where
Hom“(c,¢') := [ | Home(cq, Cig)
geG
denotes the set of morphisms of degree d. If G has an identity, the
resulting category of G-graded objects is a unital category with morphims
of degree e being the families

f:
( Cg 4)52 Cig )gEG

The latter are well defined whether G has or lacks an identity element.
We shall refer to them as morphisms of degree zero.
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3.2 Graded modules
3.2.1

Any morphism of G-graded k-modules f: M—M’' induces a k-linear
map

eM, — DM .

8€G g€eG

It is customary to think of graded modules as precisely the modules with a
decomposition

M= P M; (87)
geG

with a restricted notion of a morphism as an element of

@ Hom’(M, M) = P [ Homy.mod(Mg, My, )
deG deG geG

rather than

I Hom’(M,M/) = IT I'THommoa(Ms, Mt/ig)'
deG deG geG

One should be always aware of this distinction regarding what is con-
sidered a morphism when employing and refering to graded module
categories.

3.2.2

On the other, hand it is of little difference whether one considers graded
modules to be G-indexed families of modules, or single modules with a
direct sum decomposition (87).

3.2.3

Let A = (Ag)gec be a G-graded k-module. A G-graded k-module
M = (Mg )qec equipped with a family of k-bilinear pairings

A
AgxMy "> Mg, (3,1 €G)
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or, equivalently, k-linear maps

A h
Ag® My, — My (g h€G),

will be referred to as a G-graded A-module.

3.2.4

Graded A-modules form a unital category k-modg.g, with morphisms
being graded degree zero morphisms ¢ = (¢;)scc such that the diagram

Agh
Ag X Mh — Mgh

idag Xy Pgh

)\,
gh
Agx My, —— My,

commutes.

3.2.5 Graded algebras
When M = A, we say that A is a G-graded k-algebra.

3.2.6

Graded k-algebras form a unital category k-alg_,, with morphisms being
graded degree zero morphisms ¢ = (¢g)4cc such that the diagram

Heh
Agx Ay — Ag

Pg Xy, Pon

W, h
/ / & /
MyxMj, — My,

commutes.
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3.2.7 TiM as a graded algebra

Several of the algebra functors introduced above yield graded k-algebras.
The nonassociative tensor algebra construction yields, e.g., a functor

Tk
k-mod —— k-algp gy, -

Note that T M carries also a coarser N-grading, where N denotes the
additive monoid of natural numbers,

TM = P TIM. (88)
IEN
Here
‘JZM = @ M®w
oy
w|=4

is the direct sum of iterated tensor powers of M over all words of length
q.

3.2.8

The tensor algebra TyM, the symmetric algebra SxM and the exterior
algebra AyM are all naturally N-graded,

TM=@TIM, SM=EPSM and AM=F AM.
geN geN geN

Here

TIM =M%,  SIM= (M) and  A/M = (M®)

/Nsym /~alt

where the equivalence relation ~gyn is generated by
M@ @M@ @M@ @My ~eym My @ @M@+ QMR - @1y
and the equivalence relation ~,; is generated by

my Q- QMg ~ 0

whenever m; = m; forsome 1 <i#j<gq.
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3.2.9

The tensor algebra Tj, the symmetric algebra Sy and the exterior algebra
Ay all yield functors

k-mod k'algun,ass,N—gr :

The target of Sy is the full subcategory of commutative algebras while the
target of Ay is the full subcategory of k-algebras A generated by the set
of their square-zero elements

{a e A|a*=0}.

3.2.10

Unlike the symmetric and the exterior algebras, the universal enveloping
algebra Uyg is only N-filtered, i.e., it is represented as the union of an
increasing sequence of k-submodules

Ao C A C -

such that
AiA; C Ay (L, EN).

In all three cases, the corresponding algebras
SkM, AkM and ukg

are quotients of the graded algebra Ty M by a congruence relation. Only
in the first two cases, however, the congruence is compatible with the
structure of the grading.

3.2.11

Most common are structures graded by a commutative monoid. In the
latter case one usually employs additive notation for the operation. Since
N-graded k-modules ae the same as Z-graded modules (My,),cz with

Mn:O (i’l<0),

we shall be always treating N-graded modules as special cases of Z-
graded modules.
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3.3 Chain and cochain complices

3.3.1

Chain complices of k-modules are Z-graded k-modules equipped with a
degree -1 k-linear map d = (9;)4cz satisfying

dod=0.

3.3.2
Cochain complices of k-modules are Z-graded k-modules equipped with a

degree +1 k-linear map J = (J;)4cz satisfying

006 =0.

3.3.3 Standard representation of complices

Chain complices are represented as sequences of k-module maps with
arrows pointing to the left

g 9

aq+1
C. : oo Cyr

Cq
and the degrees appearing as subscripts.

3.3.4 Homology groups of a chain complex

The quotient module

Kero
Hy(Co) = !

is called the g-th homology group of C,.

3-3:5

Cochain complices are represented as sequences of k-module maps with
arrows pointing to the right
612 511 5

C.I ...4>qu14>@44>...

and the degrees appearing as superscripts.
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3.3.6 Cohomology groups of a cochain complex

The quotient module
Ker 47

" ImoT !
is called the g-th cohomology group of C*.

HI(C,) : (90)

3.4 Tensor product of graded modules
3.4.1 Exterior tensor product

Given a G-graded k-module M and a G’-graded k-module M/, the family
of tensor products

/
(Mg ® Mg/)(g,g’)GGxG’ (91)
is a GxG'-graded k-module. We shall denote it
M X M’

and call it the exterior tensor product of M and M'.

3.4.2

Multiple exterior tensor products are defined similarly: the exterior tensor
product of a G;-graded module M,, a G,-graded module M,, ..., a
G4-graded module M,, is the G;X - - - X G,-graded module

M1 & ttt & Mq = (Mg1 ® T ® Mg‘7>(g1,...,gq)€G1X"'Gq

3.4.3 The totalization functors
Given a GxG-graded k-module

M = (MgI/gZ) (91,82)€EGXG’

one can form a G-graded module in 4 slightly different ways and all four
are important:

@ MgI/gZ 4 H Mglzgz

(81,82)€GXG (81,82)€GXG
g182=8 2€G g182=¢ 2€G
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or
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4 Derivations

4.1 The Leibniz identity
4.1.1

A central concept as well as the point of departure in Differential Calculus
is the following identity:

d(ab) = 6(a)b+ad(b). (92)

A k-linear map ¢ satisfying (92) is called a derivation.

4.1.2

By its very nature, the source of a k-linear derivation must be a k-algebra,
denote it A, while its target must be an (A, A)-module, denote it M.
4.1.3 Dery(A, M)

We shall denote the set of k-linear derivations 6: A — M by Dery(A, M).
It is a submodule of the k-module Homy._,oq(A, M).

4.1.4

Given a homomorphism of (A, A)-modules f: M — M’, the post-
composition f od with any k-linear derivation § € Dery(A, M) produces
obviously a derivation from A to M'.

4.1.5

In particular, Dery(A, M) is naturally a left module over the unital asso-
ciative k-algebra End (4, 4)-mod (M)

Exercise 21 Show that any k-linear derivation from a unital algebra to a unitary
bimodule vanishes on 14.
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4.1.6 Inner derivations

For a given m € M, let
Oom: A — M, a+— Op(a):=[m,a (a€A). (93)

Exercise 22 Show that 6y, is a derivation if M is an associative A-bimodule.

4.2 Derivations on a binary algebra
4.2.1

The special case M = A deserves a special attention. We shall denote
Dery(A, A) by Derg(A) and refer to elements of Dery(A) as derivations
on A.

4.2.2

If A> = 0, then every endomorphism of k-module A is a derivation.
Vice-versa, if the identity endomorphism id4 satisfies the Leibniz identity,
then multiplication (3) is identically zero.

4.2.3 The Lie k-algebra structure on Der;(A)

Given two k-linear derivations ¢ and ¢’ on A, the straighforward calcula-
tion

(000" (ab) = (508")(a)b + [8'(a)d(b) +6(a)d"(b)] + a(é0d")(D),

with the expression in the square brackets being symmetric in § and &',
shows that the commutator

6,8 =606 =806

of two k-linear derivations on A is a k-derivation. Thus, Der(A) is a Lie
subalgebra of the Lie k-algebra (Endj.moa(A), [,])-

Exercise 23 Show that the map that sends a € A to the inner derivation 6, on
an associative k-algebra A,

a— b, (aec A)
is a homomorphism of Lie k-algebras
(A, [,]) — Der(A).
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4.3 The universal derivation
4.3.1 Bilinearization of a derivation

Let M be a bimodule over a unital associative k-algebra A. Given a
k-linear map 6: A— M, its bilinearization,

5: A®3 — M, S(d ®@aad)=dd6(a)d”  (d,d,d" € A), (94)

is obtained by linearizing ¢ in the category of left A-modules, and then
linearizing the result in the category of right A-modules. It is the unique
A-bimodule map that makes the following diagram commutative

L
A E (95)
.
A®3
where
AMA:AF— 14 RaR 1y (ae A). (96)
4.3.2
Note that )
d(1®ab® 1) = (ab) (97)
and )
(1®a®b+a®b®1)=245(a)b+ad(b). (98)

The Leibniz identity for § thus becomes equivalent to saying that § anni-
hilates tensors of the form

ARbR1-10ab®1+1Q0a®b (a,b e A).

The A-bimodule generated by such tensors in A®3 coincides with the
image of the A-bimodule map A®4 — A®3 which sends

1 ®a, @a; @ ay, (a1,05,a5,04 € A)

to
a1, Qa3 @0, — a1 Qa3 0 a, + a1 Qa, X azay.

This map is denoted b, and is the fourth boundary map of the Bar complex
of A.
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Exercise 24 Denote the composite map

ANA T A®3

A A® —— b AT (99)

by dun. Show that dyn is a k-linear derivation.

433

We obtain the following diagram with commutative triangles

A M
72
Y
AUA 5 // //
s
s
7/ /
% /
’ //_
duni=7T0 41 A A®3 /) 0
/
/
7T/
/
//
A®3
I A®4
oA

Exercise 25 Show that if 6’ and ¢"" are two k-linear maps

A®3

b A" M

such that §' odyn = 6 = ' odyn, then &' = 6"
434

We conclude that any k-linear derivation 4 is produced from derivation
dun/

§=20do dun,
by a unique A-bimodule map
A®3 Y
by A®4 ’
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In other words, (99) is a universal k-linear derivation from a unital asocia-
tive k-algebra A. It sends a € A to

duna := the class of 14 ®a® 14 modulo bgA®4.

4.4 The Bar complex

4.4.1
Let A be a k-algebra.

Exercise 26 Show that the map A7 —s A®1-1),

1

q .
(alz---/aq) — (—1)1_1611@ @A Q- Qdag, (100)
1

~.

is k-linear in each of its q + 1 argquments.

4.4.2

The k-module map AT — A®@-1) induced by (100) is denoted bél. Note
that b, is the multiplication map (78) while b/, o b}, is the associator map

1, ®a, Qay — (a4a,)a5 — a.(a.a;). (101)
In particular, b} o b} = 0 if and only if A is associative.

44.3

Note that, for an associative algebra, bél are A-bimodule maps:
b/([l/ﬂ1 X ®aq) = a/b;(al R - ®gq)

and
b/(al ® ct ® aqa”) — b;(al ® c ® aq)a”.

Exercise 27 Show that by o by

g+1 = 0 forall g > 1 if A is associative.
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4-4-4
Thus, for an associative k-algebra, the sequence of maps

A bl A

A A®2 P A3 — - (102)

forms a chain complex of A-bimodules. It is called the Bar complex of a
k-algebra A and is denoted B.(A).

4.4.5 Bar homology
The homology groups of B.(A),

HB,(A) = % (103)
g+1
are called the Bar homology groups of A.
4.4.6 Example: group homology
The Bar homology of the augmentation ideal
LG :=Ker [, (104)

cf. (43), is the group homology of G with trivial coefficients k,

HB,(G) = Hy(G;k) (9> 0).

4.4.7 Example: Lie algebra homology

The augmentation ideal Jig of a Lie k-algebra g is the kernel of the homo-
morphism
Upg — k

from the universal enveloping algebra Ug to k which sends all g € g to o.
Its Bar homology is the Lie algebra homology of g with trivial coefficients
k,

HB,(LG) = Hy(gik) (g >0).
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4.4.8

When A is unital, the Bar complex B.(A) is equipped with a sequence of
maps 1, := 1] g4, for g > 0.

Exercise 28 Show that
Ng-10by +byong=id,  (g9>1) (105)
where idg:=1id eq.

4-4.9

Note that (105) is also valid for g < 1 if we set B;(A) = 0 for g < 1 with
the corresponding 7, and bél being zero maps.

4.4.10

Unlike the boundary maps b;, which are A-bimodule maps, 7, are only
right A-module maps. In fact, identity (105) expresses the fact that by, ,
is a left A-linearization of

idg —175-10 b[’].

This allows to use the sequence of identities (105) to define b"7 inductively
starting from the multiplication map b, which is the linearization of id,
as we already noticed in Section 2.14.2.

4.4.11

One can show that by o by, = 0 directly from this inductive definition.
Indeed,

blzobgoqzzb/zo(idz—ﬂlob'z):b;—blzoiylobé:blz—idloblzzo

which, in view of the fact that b} o b; is left A-linear and the image of 7,
generates A®3 as a left A-module, implies that b} o b} = 0.
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For q > 2, one has accordingly,
by 0 by 0 11q = by 0 (idg —17g—1 0 b))
= by — (idg—1 —17g-20bg—1) o by
= 17‘7_2 @) bq—l) o b; = 0

which again, since the image of 7, generates A®+1) a5 a left A-module,

implies that by o by, = 0.

4.4.12

In the language of Homological Algebra, identities (105) mean that the
sequence of right A-module maps (11;)4-0 is a contracting homotopy for the
Bar complex B (A). Note that it suffices that A has only a left identity. In
particular, the Bar complex of a k-algebra with a left identity is contractible.

4.4.13
Vanishing of the homology groups is an immediate consequence of con-
tractibility. Indeed, if bg(a) = 0, then

w = idg(0) = (g1 0 V) + by 0 g) (&) = By, (g(@)).  (106)

4-4-14

By replacing left A-module linearizations with right A-module lineariza-
tions, one can similarly show that the Bar complex of a k-algebra with a
right identity is contractible.

4.4.15

It follows that for an associative k-algebra with one-sided identity, b,;
induce isomorphisms

<
=~

A®1
—_— . (107)
bl A®TY)

Kerb,_,
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4.5 Diagonal calculus
4.5.1 The diagonal ideal

According to (107), the target of the universal k-linear derivation, cf. (99),
is canonically isomorphic, via b7, to the kernel of the multiplication map
(78). Let us denote it by InA or simply by I5. It can be thought of as a
left ideal in the algebra A ® A°P. Accordingly, we shall refer to I, as the
diagonal ideal.

4.5.2 Diagonal differential

Let
dpa:=1,4 ®a°P —a ® 1 40p (ac A). (108)
Note that
b; O dun = —dA.
4.5-3

The Leibniz identity for d, takes the following form
da(ab) = (1 @b°P)dpa+ (a @ 1)dab (a,b e A).

4.5-4
For any element a« =) 4, ® bfp of Ip one has
a—Y (a; @ 1)dpb; = <Zaibi> ®1=0,

i.e., Ip is generated as a left A-module by dpA, the image of the diagonal
differential.
4-5-5

Given a derivation §: A—M, let &' denote the restriction to I, of its left
A-linearization. By the definition it is a map of left A-modules and

§'(dpb) =6(1@bP —b®1) =6(b) —bd(1) = 5(b)

in view of Exercise (21).
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4.5.6

The calculation
8" ((1®a)dpb) = 0" (1® (ba)°P — b ® a®P)
= (ba) —bé(a) = 6(b)a
= ' (dpb)a
shows that ¢’ is also a map of right A-modules.

457

We proved directly that any k-linear derivation ¢ is produced from the
diagonal differential
d=06ody (109)

by postcomposing it with some A-bimodule map &': [y— M.
Exercise 29 Show that such an A-bimodule map is unique.

4.5.8 Diagonal commutator identities

Exercise 30 Show that
[daa, dpb] = —dpla, b] (a,b € A). (110)
In other words, —d, is a homomorphism of Lie k-algebras
(A [ ]) = (s [L])-
Exercise 31 Show that
[(a®1),dpb] = —[a,b)®1  (a,b€ A). (111)
By combining this with the fact that Iy = (A ® 1)dpA, we obtain

2 C(A®1)(daA)” + (A[A, Al ® 1)dAA.
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5 Superderivations

5.1 Preliminaries

5.1.1 k-supermodules

A k-supermodule is the same as a Z/2Z-graded k-module
V=V,® V..

5.1.2 Parity

Elements of V,, are said to be even, elements of V; are said to be odd. For
this reason V,, is sometimes denoted Ve, and V; is denoted V_ 4q.
Accordingly,

112
1 ifoeV; (112)

N {0 ifveV,
D =
is referred to as the parity of v. It is a function

from the disjoint union of V;, and V; to the abelian group Z/2Z.

5.1.3 k-superalgebras

A k-supermodule A = A, ® A; equipped with a Z/2Z-graded pairing
(3) is said to be a k-superalgebra.

5.1.4 An example: the k-superalgebra of endomorphisms of a k-supermodule

One has
Endk—mod(v) = Endz—mod(v) S5 Endli—mod(v)

where Endy  4(V) consists of those k-linear endomorphisms f of V
which preserve the parity of v € Vo, UV,

flv) =79,
while End; (V) consists of those k-linear endomorphisms f of V
which reverse the parity

f@) =1+

61



5.1.5 Supercommutator and supercommutativity

The supercommutator is defined by

[a,b] := ab— (—1)"ba (a,be Ao U Ay). (113)
In particular, we say that two elements of A supercommute if their super-
commutator vanishes.
5.1.6 The opposite k-superalgebra functor

The concept of the opposite k-superalgebra reflects the parity of elements
multiplied. The opposite multiplication y°P cannot be defined as pot
for some bijection 7: AXxA— AXA, like in Section (1.1.4) but it can be
defined by extending by biadditivity the formula

a®PpopP .= (—1)”7’3(ba)°p (a,be Ao U A;) (114)

to arbitrary pairs of elements of A = A, © A;.

5.1.7

For any k-superalgebra A, the category of associative right A-supermodules
is isomorphic to the category of associative left A°P-supermodules.
5.1.8

A superalgebra A is supercommutative,’ if and only if A = A°P.

5.1.9 Super Jacobi identity

When multiplication (3) is associative, the supercommutator satisfies the

the following identity

(=1)[[a, b], ] + (=1)®[[b,c], a] + (—1)"[[c,a],b] =0  (a,b,c € AoLIA,).
(115)

It is a common practice to refer to supercommutative superalgebras as commutative,
in order to avoid tedious repetition of the prefix super.
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5.1.10 Lie k-superalgebras
A binary k-superalgebra with a binary operation
(a,b) — [a,b]

is said to be a Lie k-superalgebra if the operation satisfies identity (115) and,
additionally, the identity

[a,a] =0 (a € A).

5.1.11 The Leibniz identity in the super-case

In the super case the Leibniz identity reflects the parity of 6 and of a
when “moving” the symbol J past the symbol a:

5(ab) = &(a)b + (—1)*2as(b). (116)

Note that in expressions involving the parity of some symbols the corre-
sponding elements are tacitly expected to be “pure”, i.e., to be either even
or odd.

5.1.12
A general superderivation from A to M is the sum
5 =0 4+ 50dd
with both ¢¢V and ¢6°4¢ satisfying identity (116). We shall use the same

notation as in the non-super case

5.2 Graded derivations
5.2.1 Graded k-modules
Graded k-modules are k-modules equipped with a direct sum decomposi-

tion
V=V,
qgezZ
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Elements of V, are said to be of degree g and
deg: v+—¢q it wovelV,
is referred to as the degree function. It is a function

||V, —Z
qez

from the disjoint union of all Vj to the additive group of integers.

5.2.2 Morphisms of degree d
A k-linear map f: V—W is of degree d if
f(Vy) €S Wyig forall ge€Z.

Such maps form a k-module denoted Hom/ _ ,(V,W).

5.2.3 The category of graded k-modules

Morphisms in the category of graded k-modules

Homy.mody,(V, W) := @ Hom/_ ,(V, W),
qez

form a graded k-module themselves. One has
Homk—modgr(vl W) - Homk—mod(vl W)

with equality if V;, and W, are nonzero for only finitely many 4.

5.2.4 Graded k-bilinear maps
Given graded k-modules U, V and W, a k-bilinear map
a: UXV — W

satisfying
a(Up, Vg) EWpiqg  (pq€Z)

(117)

(118)

(119)

is said to be graded. Strictly speaking one should be referring to such maps

as graded of degree o.
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5.2.5 Graded modules over graded algebras

By using graded k-modules and graded k-bilinear pairings in the defi-
nitions of Section 1.1 we obtain the graded versions of the concept of an
A-module and of an algebra.

5.2.6

A map 6 € HomZ_mOd(A,M) of degree d from a graded k-algebra A to a
agraded A-bimodule M is said to be a graded derivation if it satisfies the
graded Leibniz identity

6(ab) = 6(a)b + (—1)98%9e84,5(p). (120)

In expressions involving the degree function the corresponding elements
are tacitly expected to be of pure degree.

5.2.7 The associated super structures

One associates to any graded k-module V' the corresponding k-supermodule

Vey := @ Vq and Vodd == @ Vq (121)
q even g odd
Note that
0 =degv mod 2 (ve V).
5.2.8

Graded commutator coincides then with supercommutator, graded com-
mutativity with supercommutativity, the graded Jacobi identity becomes
the super Jacobi identity and so on.



6 Differential graded algebras

6.1 The tensor algebra of a bimodule
6.1.1 A-algebras

Let A be a unital associative k-algebra. An A-bimodule B is said to be
an A-algebra if it is equipped with an A-bilinear mapping

u: BXB —s B,

In the context of noncommutative algebras ‘bilinear” involves three condi-
tions: u is supposed to be left A-linear in the left argument, right A-linear
in the right argument, and A-balanced. If B is a symmetric bimodule over
a commutative algebra, any pairing thats is A-linear in both arguments is
automatically A-balanced.

6.1.2

The above definition supplies a proper generalization of the notion of an
algebra to the case when the ground ring is not commutative. Unitality,
associativity, commutativity remain all unaffected by this generalization.

Exercise 32 Show that unital A-algebra structures on a k-algebra B are in
natural bijective correspondence with homomorphisms of unital k-algebras

A — B.

6.1.3 The universal property of the tensor algebra of a bimodule
Given an A-bimodule M, the canonical A-bilinear pairings

MEAP « M®ad9 —y pM@alp+q)
define a structure of a unital associative A-algebra on

TaM := @M@)Aq (122)
q=>0

where M®4° is understood to be A. Unital homomorphisms

T4M — B (123)
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in the category A-alg, . of associative unital A-algebras are uniquely
determined by A-bimodule maps M — B. Vice-versa, any such A-
bimodule map extends to a homomorphism of A-algebras (123), which
means that the assignment

M —s TaM

gives rise to a functor A-bimod — A-alg,  that is left adjoint to the
functor A-alg,, , — A-bimod that forgets the multiplication.
6.1.4 Modules over T4M

Unitary left T4 M-module structures on a k-module N are in bijective
correspondence with A-bilinear maps

MxN — N.

Similarly for right T4M-module structures. For bimodules the left and
the right actions of M on N are expected to commute.

6.2 Derivations from ToM
6.2.1

Given a TqM-bimodule N and a splitting

oc: TgyM — TpoM x N, o(t) = ((5(tt)>, (124)

of the semi-direct product extension

2

TAM «“— TyMx N

N (125)

of A-algebras, the composition of ¢ with the projection onto N is a
derivation 6: TAM — N.

Vice-versa, given any derivation 6: TyM — N, the map defined by
(124) is a splitting.



6.2.2

Since the k-algebra ToM is generated by A U M, each derivation J is
uniquely determined by its restrictions to A and M,

°:A—N and 6': M — N.

Since A is a k-subalgebra of T4 M, the restriction 6° of § to A is a k-linear
derivation A — N, while "' satisfies the pair of identities

0 (am) = 6°(a)m + ad* (m) and  ¢'(ma) = 6" (m)a+md°(a). (126)

Exercise 33 Verify that the left identity in (126) expresses the fact that o* is a
map of left A-modules if one equips N with the A-module structure twisted by
derivation 6°:

a-gon:= (a+6°)n.

Similarly for the right identity in (126).

6.2.3

Given any such pair (8°,0*) of k-linear mappings, the map

A—TaMxN, a—s0°a)= (50”&)),

is a homomorphism of unital k-algebras, while

m
M — TgoM x N, m— o'(m):= (51(1%)),
is a homomorphism of unitary A-bimodules if N is equipped with the
0°-twisted A-bimodule structure.

6.2.4

In view of the universal property of T4M discussed above, ¢' extends
to a homomorphism of A-algebras (124) whose restriction to A is ¢°.
Note that the endomorphism 7t o ¢ of the algebra TyM is the identity
map on A and on M. Since the k-algebra ToM is generated by AU M,
oo =idr, M, ie., o is a splitting of (125). In particular, the composition
of o with the projection onto N yields a k-linear derivation extending ¢°
and J*.
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6.2.5

The k-module isomorphism between Dery(T4M, N) and the k-module
formed by pairs (6°,6") such that ¢° is a derivation from A to N and 4"
satisfies identities (126), yields also the description of derivations from the
quotient algebras T4M/] when ] is generated by a submodule of

ADMODO My M.

6.2.6 Derivations from the symmetric algebra

For example, given a symmetric bimodule M over a commutative algebra
A, derivations from SyM to an SyM-bimodule N are precisely those
derivations 6: T4M — N for which

(6% (m),m'] + [m,6*(m' )] =0  (m,m' € M). (127)

6.2.7 Derivations from the exterior algebra

Derivations from A4M toa AyM-bimodule N are precisely those deriva-
tions 6: TAM — N for which

0t(m)m +mé*(m) =0 (m e M). (128)

6.2.8 Derivations from the universal enveloping algebra

Given a Lie A-algebra, k-linear derivations from Uag to a U g-bimodule
N are precisely those derivations é: T4g — N for which

0'(g),8'1+[g,6' ()] =6'([g,&]) (88 €9) (129)

6.3 Graded derivations from Ty M
6.3.1

If ToM is considered as an N-graded algebra, then it will be denoted T3 M.
Given a graded T3 M-bimodule N, and an integer d, the shifted bimodule
[p]N is defined as

([PIN)g = Ng—p (9€Z),
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with the left and right actions of T3 M given by
Hpln) = (—1)"[pl(tn)  and  ([pln)t:= [p](nt).

6.3.2

A k-linear map ¢ of degree d from T3M to N, is a graded derivation
if and only if [—d] o ¢ is a derivation of degree o. It follows that, for the
6'-component of a derivation of degree d, the conditions (126) become

0 (am) = 6°(a)m + ad*(m) and  0'(ma) =" (m)a+ (—1)d~m5°(a)
(130)
since elements of M have degree 1.

6.3.3

In particular, the argument demonstrating that derivations from T4M to
N correspond to those pairs (§°,4") yields that graded derivations

0: TaM — N,
correspond to pairs (4°,9*) where
0°: A — Ny
is a k-linear derivation of A into the A-bimodule N, and
o't M — Ny,
is a k-linear map satisfying identities (130).

6.3.4 Derivations from the symmetric algebra

For the §*-component of a derivation of degree d from S% M identity (127)
becomes

(6" (m)m' — (—1)‘jm'(51(m)) — (6" (m"ym — (—1)d~m(51(m')) =0 (m,(m' f M).
131
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6.3.5

Note that the symmetric k-algebra S% M is not graded commutative if
M is assigned degree 1. Elements of M from the graded point of view
anti-commute. In a graded algebra anticommutator is denoted

[a,b]4 = ab + (—1)%ba.
Using the anticommutator notation, identity (131) can be expressed as

(6" (m), m') 4 + (—1)%[m, 6" (m)]4 = 0.

6.3.6 Graded derivations from the exterior algebra

For the ¢'-component of a derivation of degree d from A% M identity
(128) becomes

S (m)m + (=1)ms* (m) =0 (m € M). (132)

6.3.7

Condition (132) is automatically satisfied if the target of the derivation, N,,
is a graded-symmetric bimodule over A% M, which means that the graded
commutators [«, 7| vanish for all « € ASM andin n € N.

Indeed, note that in any graded algebra A., one has the formula

d(a?) = 6(a)a + (—1)"ad(a),
whose the right-hand-side coincides with the graded commutator

[6(a), a]

if a is of odd degree. In particular, if 2 commutes in the graded sense with
d(a), then §(a?) vanishes.

6.4 The universal cochain algebra
6.4.1 The Bar algebra

Given a k-algebra A (here not assumed to be associative or unital),

TA=PA™ (133)

q>0
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is equipped with the pairings
AD(P+1)  A®(+1) __ A®(p+q+1)
given by
(@ @ apah® - Qal) — G @ D apty @ D al.

This makes (133) into an N-graded k-algebra if we consider A®(1+1) as
the component of degree 4.

/

Exercise 34 Show that the Bar boundary b" = (b,

a derivation of degree -1.

)gez i3, for this multiplication,

6.4.2

We shall now consider the even part of the Bar algebra which is the direct
sum of odd tensor powers of A,

TR A. (134)

We shall consider it as an N-graded algebra on its own, with tensors
x € A®(9+1) assigned degree .

6.4.3

From now on let us assume again that A is an associative unital k-algebra.
In Section 4.3.1 we constructed the universal derivation from A in terms
of the bilinearization 1 = z1n4 of the identity map id4.
Let us extend 5 to a map of degree 1 on (134), whose component in
degree g,
,7(q) c A®atT) o A®(20+3)

sends
Ao @ -+ Qdyy (135)

to

q .
Z(_)l(ao ® -+ @ Ayi—q) Ny (azq—H X azq) (136)
i=0
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6.4.4

Employing Bar multiplication, the rank 1 tensor (135) can be rewritten as
the product of elements a,; of degree o and elements 7a,;,; of degree 1,

ao(1na+)as - - Ay(q—1) (17829—1) a2,

and 79 is the alternating sum consisting of the expressions obtained by
replacing each a,; by 7a,;.

Exercise 35 Show that the image of 79+ o 5\9) is contained in the ideal gener-
ated by
(1) =10101=0(1010181).

Exercise 36 Calculate

(ﬂ(p)a)ﬁ — P (aB) + (=1)PayPT1p,

where « has degree p and B has degree q, and show that the result belongs to the
ideal generated by by, A®4.

6.4.5

In particular, the quotient of graded algebra (134) by the ideal generated by
the single element b} (1 ® 1 ® 1 ® 1) becomes a cochain complex, whereas
the quotient by the ideal generated by the submodule

b, A%+ C A®3
becomes a cochain algebra.

Exercise 37 Show that the quotient algebra A'®) obtained by dividing the even
part of the Bar algebra, (134), by the ideal generated by b, A®*, is isomorphic to
the bimodule tensor algebra

A®3

TAA(I) where AW = = (137)
b, A®4

In other words, you are asked to show that the multiplication maps
AV, o0, A0 5 AW (g times)

are isomorphisms.
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6.4.6

In view of Exercise 36, the graded map #(*) induces a differential of degree
1 and makes A(*) into an N-graded cochain k-algebra.

Exercise 38 Show that, given any associative unital N-graded cochain algebra
(B,d), any homomorphism of unital k-algebras f: A — B° has a unique
extension to a homomorphism of cochain algebras

Al B,

6.4.7
It follows that the assignment
A s (AL, 5%

gives rise to a functor that is left adjoint to the inclusion of the category
of associative unital k-algebras onto a full subcategory of the category of
N-graded cochain k-algebras.

6.4.8

Moreover, if B° is a quotient algebra of A and B is generated as a k-
algebra by BUdB, then (B,d) is a quotient of (A(*),5(*)).

6.5 The de Rham algebra
651 d: O — O

Let O be a unital commutative k-algebra There are several models of the
universal derivation from O to a symmetric O-bimodule. A particularly
convenient one is given by

0%2

/K= 5,05 df :=the class of 1®f. (138)

Note that the Hochschild boundary maps b,: A®(1+1) — A®7 are O-
linear in view of commutativity of O. In particular, the cokernel of b, is
equipped with an O-module structure.
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Exercise 39 Show that f —— df is a k-linear derivation.

Exercise 40 Show that a k-linear map 6: O — E to an O-module E (consid-
ered as a symmetric O-bimodule) is a derivation if and only if

Sob,=0

where by: A®3 — A®2 is the Hochschild boundary map and §: A®?* — E is
the O-linearization of ¢,

S(fog)=rig) (f.g€0).

6.5.2 )

The de Rham algebra of O is the graded-commutative O-algebra generated
by Qg . .
0/k = NoQo . - (139)

6.5.3

A k-linear derivation 6: Qg ,, — Qf ;. of degree [ is uniquely deter-
mined by its components in degrees o and 1

8:0—Quy  and 5 Of — QL

Here ¢° is a k-linear derivation while ' is a k-linear map satisfying the
identity

0 (fa) = 8°(f)Na + fo* () (f €0, €Qy ), (140)

and any such pair of maps gives rise to a derivation of degree I.

6.5.4 The de Rham differential
The k-bilinear map

OxO0 — MW, (f,8) —df g (f,g€0),
induces a map d*: O ®, O — Q) ;.

Exercise 41 Show that d* ob, = 0.
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The induced k-linear map
ok — Qo

will be denoted d* as well.

Exercise 42 Show that d* satisfies identity (140).

6.5.5

The resulting graded derivation of Q)f , of degree 1 is referred to as the
de Rham differential. Since d* od = 0, the de Rham differential makes Qg

into a cochain algebra. The cohomology of (Qf) ., d) is called the de Rham
cohomology of the commutative unital k-algebra O and is denoted

HR(0/K).

It is a graded commutative k-algebra itself.

Exercise 43 Show that the inclusion of the field of algebraic numbers ﬁalg into
C induces an isomorphism

Q% ~ HY(C/2).

6.6 The Lie superalgebra of graded derivations of (¢
6.6.1

Exercise 44 Show that
d,]d,d]] =0

for any graded derivation & of O3 ;..

It follows that the graded commutator with the de Rham differential
is a coboundary map on the graded k-module Dery (Qf) /k)' It makes

Der; (Qf) /k) into a differential graded Lie superalgebra.



6.6.2 Graded O-linear derivations of Q('9 /k

A derivation ¢ is O-linear if and only if §° = 0. This follows from unitality
of O. Identity (140) means in this case that ' is a k-module map. Given
any k-linear map

. 1+1

the associated O-linear derivation
q .
fodfih -+ Adfy +— Y (—0)UDENLAE A AG(fIN - - A,
i=1

with will be denoted .
Exercise 45 Show that

Lid%/k(oc) = degua.

6.6.3 The Lie derivative
The graded commutator with the de Rham differential
Lp=[d, 1] (141)
will be called the Lie derivative.
Exercise 46 Show that £ is O-linear if and only if ¢ = 0.
In particular, £ = 0 if and only if ¢ = 0.

Exercise 47 Show that de Rham differential is the Lie derivative with respect to
the identity endomorphism of Qg ;..

Lidyy =4

O/k

Exercise 48 Find formulae for 1y and £y where ¢ is the morphism of left
multiplication by a differential form a € Qﬁg Ik

pr—ang (B EQyp)-
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6.6.4

Given any derivation J of degree [, its o-component, being a derivation
from the k-algebra O to the O-module Qé) /- 18 represented as

d° =00

for a unique k-linear map ¢: Qg — Q{D k- Note that the o-component
of Ly is do, hence 6§ — £y is O-linear, and thus is of the form Ly for

some k-linear map ¢: QO , — QL.
6.6.5
The resulting decomposition

0 =1p+ Ly (142)
is unique. Indeed, given another decomposition

0= t(P/ + glp/
we would have

l(P_(P/ =lp — t¢/ = gz/)’ — glp = gl/)’—l,b'

In view of Exercise 46, one has ¢’ — ¢ = 0. This implies that 1y, = 0
which means that ¢ — ¢’ = 0.
We established the following important result.

Theorem 6.1 Any derivation of degree | of the de Rham algebra is uniquely
representable as the sum of an O-linear derivation and of a Lie derivative, cf.

(142).
6.6.6

As a corollary, we deduce that the graded k-module of Lie derivatives
coincides with the centralizer of the de Rham differential in Dery (Q('9 /k) .

In particular, it is a subalgebra of Derg (Qf) /) -
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6.6.7

Thus, Derg (Qf) /k) decomposes into the direct sum of two of its graded

Lie super-subalgebras: Derf, (Qf) /k) , which coincides with the centralizer
of O, and the Lie derivative subalgebra that coincides with the centralizer
of d. As graded k-modules they are isomorphic to

Hom 9_mod (/1 Q0 k) (143)
and
Hom g-mod (O /i 11008 /x) = [1HOM 9 -mod (/5 OB k)

respectively. This endows (143) with two bracket operations: the /-bracket

(¢, 9], is defined by
Ypapl, = [tgr ]
while the .#-bracket [¢, ] » is defined by

Lowle = Lo, L)

The former is of degree o, the latter of degreee 1.

6.6.8
The correspondence

h:6 — 1y (6 € Derz (QF) 1)) (144)
defines a k-linear map of degree —1 such that

hoh=20 and ady, h| = id~ e/ e
[ada, Dert (Q /1)

where ad; denotes the graded commutator with the de Rham deifferential,
considered to be an inner derivation of the Lie superalgebra Derg (Qf, /k) ,

5 — ada(6):=[d,o].

In other words, (144) is an integrable contracting homotopy for the cochain
complex

(Der,: (Qé/k)/add>-
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Exercise 49 Show that the correspondence
6 —> f,;

that sends a k-linear derivation & of O to a derivation of Q) ;. of degree o, where
¢ is the unique k-module morphism &: Q0 , — O such that

§=dog,
is a homomorphism of Lie superalgebras
Der(0) — Derg (Qf) /)
(with Dery(O) being concentrated in degree o).
Exercise 50 Show that for any
&0 € (Qf)" =Homp.mod (01, 9),
one has

["?C’ 19] = Hgo) e

6.7 Poincaré’s Lemma
6.7.1 Description of d: S5,V — 0% vk
Given a k-module V, the k-g-linear maps
q
Vx - XV — S V&V, (V1,...,09) — Y Vg0 Uy @O
i=1
are symmetric, hence they define k-linear maps
STV — SV @ V
that are combined into a single map

dy: 5.V — S5V &, V. (145)

Exercise 51 Show that (145) is a derivation from SV to the relatively free
S,V -module S,V @, V.
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6.7.2

A derivation § from the symmetric algebra S,V to a symmetric SV -
module E is uniquely determined by its restriction J; to V C S¢V. This
map V — E possesses a unique extension to a S5xV -linear map

5:SV&yV—s L

Exercise 52 Show that 3
bd=0do dv.

Thus, (145) provides a model for the universal derivation from O = S,V
into a symmetric bimodule.

6.7.3
In particular, the following sequence
dy w2 b ®3
SkV Rk V «— (SkV) A (SkV)
is exact.

Exercise 53 Write down the formula for dy .

6.7.4 The exterior algebra of a relatively free module

Given an O-algebra B and an O-linear mapping from the induced module
O®¢V to B,
f:0®¢V — B,

such that
f(e)*=0 (ec O®V),

its restriction f; to V induces a homomorphism of k-algebras
fa: AV — B. (146)
Exercise 54 Show that the O-linearization of (146)
fA: O@ AV — B

is a homomorphism of k-algebras.

81



Since the O-algebra O ®j AfV is generated by O ®, V and e¢* = 0 in
O ®k AtV for any e € O ®; V, the canonical homomorphism

O AtV — Ap (O Ok V)
must be the inverse to the canonical homomorphism

Ao (O Rk V) — O Q@ ArV.

6.7.5 ngV/k

It follows that the de Rham algebra (), is canonically isomorphic to
the tensor product of O and the exterlor algebra AV whenever Q) is
isomorphic to the relatively free module O ®; V.

6.7.6 The subalgebra of constant differential forms
The image of AV under the map

forms the subalgebra of constant differential forms QgﬁnSt. As an O-
module, Ik is relatively free,

0f, = 0@ 05

6.7.7 The de Rham algebra of the symmetric algebra S,V
The grading of 5,V induces a NxN-grading of Qg , , with tensors

ul"‘up ®kdvq/\"‘/\d0q (ul,...,up,vl,...,vq G V)

having bidegree (p,q). Differential forms of bidegrees (0,q) form the
subalgebra of constant differential forms.

Note that the de Rham differential has bidegree (—1,1). In particular,
it preserves the total degree n = p + g, hence (Q;kv /k,d) is the direct

sum of cochain complices

SV/k = D Q3,v k(1)

n>o

where Qg v /k(n) denotes the subcomplex of forms of total degree 7.
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6.7.8

Exterior multiplication induces a canonical isomorphism in the category
of cochain complices (concentrated in degrees >o0) of the n-th supersym-
metric tensor power of ngV/k(l) with Q;kv/k(n),

SZ( EkV/k(l)) = QEkV/k(”)-

The complex Qg y, /(1) is concentrated in degrees o and 1 and is isomor-
phic to
idy

0 v 1% 0

This complex is obviously contractible with idy providing the contraction.
In terms of QF |, /k(1), the differential d(o) is provided by the map

V—1,8YV, V> 1Q0
while the contracting homotopy is provided by its inverse
1, QV —V 10V +— 0.

We shall denote the latter map by [(1). Note that the contraction is a
boundary map of degree —1 (we call such contractions integrable).

6.7.9

When tensoring n complices with integrable contractions, we obtain a
complex with integrable contraction for the endomorphism of multiplica-
tion by n. This induces the corresponding contraction of the symmetric
n-th tensor powers.

We established the following result.
Proposition 6.2 The de Rham complex of SV is the direct sum of complices

(@) n),d(n)), each equipped with an integrable contraction of the endomor-
SV /k quipp g
phism of multiplication by n.



6.7.10 The integral

Assuming that 7 is invertible in k, the boundary map of the chain complex
Sk (QEkV/k(l)rf(l))

divided by # is a contracting homotopy for (ngv i(1),d(n)). We shall
denote it [(n). For n =0 we set [(0) = o.

Corollary 6.3 (Poincaré’s Lemma) If the additive group of k is uniquely di-
visible, then Q;kv /k(n) is contractible for any n > 0, and the inclusion

[0]k = Q% yk(0) = QF vk

is a homotopy equivalence, with the integral [ = ([(n))
corresponding homotopy.

nen Supplying the
6.7.11

In particular, the de Rham cohomology of SxV vanishes in positive degrees
if the additive group of O is a Q-vector space.

6.8 Commutative and N-graded algebras
6.8.1

Suppose that O is N-graded (note that this is in general different from
graded-commutative),
0= o(n).

n>o



7 Connections

7.1 The definition
7.1.1

Given an O-module E, a k-linear map dy: E — E®o() ;. is said to be
a connection on E if it satisfies the identity

dy(ef) = (dve)f +e@odf  (e€E, f€0) (147)

7.1.2

An O-module E is a symmetric O-bimodule, therefore ef is defined and
equals fe. In the context of connections on E, the right-module-notation
is preferrable to the left-module-notation, however, because it agrees with
the structure of several standard chain complices like Bar and Hochschild
complex.

7.1.3
Given a “vector field”
v
¢ € () = Homo mod (Qoyx 0),

the composite mapping

dy

i idp ®e¢ (148)

E

~

E®y0O
will be denoted V. The calculation

Ve(ef) = idp ®0¢ (dv(e) f + e®odf)
= (idg ®@o8)(dv(e))f +e((od))f
= (Ve)f +e(Zf) -
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shows that V; satisfies the following form of Leibniz’s identity
Velef) = (Vee)f +e(Zf). (149)

7.1.4

The correspondence
%

is O-linear,

Vie=fVe
if we consider the O-module structure on Endy(E) induced by the action
of O on the farget of the homomorphism,

(fe)(e):= fole).

Note that Endi(E) is naturally an O-bimodule, with the other O-module
structure induced by the action of O on the source of a homomorphism,

(9f)(e):=o(fe).

7.1.5

If O = O(X) is the algebra of functions on a space X, and E is the O-
module of sections on a vector bundle & on X, a traditional view is that a
connection V on & is an assignment to each vector field ¢ € 9% on X, of
a k-linear operator V¢ on E satisfying identity (149), the dependence of
Ve on ¢ supposed to be O-linear.

7.1.6  E®0Q i

Exterior multiplication of differential forms equips E®o€)g , with the
structure of a graded-symmetric bimodule over Q) ;,

(e®or)AB:=eRp(aAB) and  PA(e®pr) = (—1)Pe®o(anp).
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7.1.7

The de Rham differential, not being O-linear, does not induce a degree 1
k-linear endomorphism of EQo()f ;. This is what a connection on E is
meant for. Let us consider the k-bilinear map

ExQ

o/ E®eQl! (e,) —> dyeNa + e®pda. (150)

0/k’
Calculating the values pairing (150) takes on (ef,«),
dy(ef)Aa +e@oda = (dye) fAx + eRpdfAa + (ef )Rpda, (151)
and on (e, fa),
dye/(fa) +eRod(fa) = dyeN(fa) + eRodfAa+e@o(fda),  (152)

we observe that the the values are equal. In other words, pairing (150) is
O-balanced without being O-linear in either argument.

Exercise 55 Show that the resulting k-linear maps
J’_
dqvi E®OQZ)/]( — E@oﬂg/i, (q € N),
satisfy the identity
dpv+q(erc) = d%e/\a + (—1)Pendn (e € E®oﬂg/k, nE Q?D/k). (153)

7.1.8 The curvature of a connection

The calculation
(AT 0 dL) (ewpa) = dLT (dv(e)/\oc v e®od0¢)

= (dL" ody) (e)Aa — dy (e)Ada + dy (e) Ada + e (d o d)a
= (dy ody)(e)Aa
shows that the degree 2 k-linear endomorphism
dy ody

of EQu Yy /i is g i -linear. Since the ()f ,-module E®p()f ; is gener-
ated by E, dy ody is uniquely determined by its degree o component,

The latter is denoted Ry and referred to as the curvature (operator) of
connection V.
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7.1.9 Integrable connections

We say that a connection is integrable or flat), if its curvature operator is
zero.

Exercise 56 Show that a connection dv; is integrable if the O-module E is

generated by a k-submodule E, consisting of vectors annihilated by dv .

7.2 The category of O-modules-with-connection
7.2.1

Modules over O equipped with a connection form a category with mor-
phisms being O-linear maps $E — E’ for which the diagram

dor
E/ L) E/®Oﬂé/k

id
¢ P0iday

d
E —— E®0Qy
commutes.

7.2.2 The direct sum of modules-with-connection

Given modules-with-connection (E’ , dv/) and (E’ " dv//) , their direct sum
is the module E’' & E” equipped with the connection

¢’ dy (e’
(o) = (igrien)
e dyn(e”)
We shall denote this module-with-connection by (E’,dy/) @ (E”,dyr).
Exercise 57 Show that the k-bilinear pairing
E'xE" — FE/ ® E//®oQ(19/k, (6/, 6//) — dv/(€/)®o€// + €/®odv//(€”)

(154)
is O-balanced.
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Exercise 58 Show that the k-linear map induced by (154),
dv: EQoE — E' ® E//®Oﬂgj/k (155)

is a connection on E'®qE" .

7.2.3 The tensor product of modules-with-connection

Given modules-with-connection (E’,dy/) and (E”,dyn), their tensor prod-
uct is the module E'®oE" equipped with connection (155). We shall
denote it by (E',dg/)®¢(E”,dyn).

Exercise 59 Show that (E,dv)®¢(0,dgr) is canonically isomorphic to (E,dv )

7.3 The space of connections
7.3.1
Given any connection dy on E and an O-linear map

the map dvy + 6 is a conection. Vice-versa, the difference of two connections
dy — dy is O-linear in view of the fact that the commutator of dy with
the multiplication by a function f € O,

[dV/ f]

is the operator of multiplication by df. In particular, the deviation of dy
from being O-linear is independent of the connection.

7.3.2

It follows that the set of connections Conn(E) on an O-module E is a
torsor over Hom g mod (E, E®0(Y; ;) when it is nonempty.

7.3.3 Torsors

A torsor over a group G is a transitive free G-set, i.e.,, a G-set X with
the property that given any two elements x,x" € X, there exists a unique
element G € G such that x’ = gx.
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7.3.4 Existence of a connection

Suppose that an O-module E’ is a retract of an O-module E which means
that there exists a pair of O-linear maps ¢: E' — E and 7: E — E such
that 7 o1 = idp/. Fixing a retraction pair (1, 7r) allows one to produce a
connection on E’ from a connection dy on E,

E' > E'®0Q i

TR id
L 000 /k

dy

Denote this connection by dy. We shall refer to it as the retract of dy via
(1,77), and to the module-with-connection (E’,dy-) as the retract of (E,dvy)
via (1, 77).

7-3:5

We infer that the set of connections on E’ is nonempty if E’ is a retract of
a module E with Conn(E) # @.

7.3.6
In fact, the map
(1, 7)4: Conn(E) — Conn(E’), dy — (mT®0 idQ{g/k) ody ol
is surjective. Indeed, given any connection dy: on E’ and any connection
dy» on the kernel E” = kerm (such a connection exists since E” is a

retract of E), their direct sum defines a connection on E' & E” ~ E that is
sent by (1, 77); to dyr.

7.3.7 Free O-modules

Any free O-module F is isomorphic to a direct sum of a family of free
rank 1 modules O. Selecting a basis B C F equips F with the unique
connection that annihilates basis vectors b € B. Such a connection is
integrable, cf. Exercise 56.
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7.3.8 Projective O-modules

Retracts of free modules coincide with the class of projective modules. In
particular, projective modules admit a connection.

7.4 Chern character
For any pair of O-modules E and F, the map
EV®oF — Hom_med(E, F)
that sends a tensor e®of to the O-linear map
e— ele)f,

is a map of O-bimodules. If E is a free module of finite rank, this map
is an isomorphism. As a corollary, the same holds for retracts of free
modules of finite rank, i.e., for finitely projective modules.

7.4.1 The contraction EY®yE — O

Note that EV®gE is, for any module E, naturally equipped with the
O-bilinear evaluation pairing

T: EY®yE — 0O, (e,e) — e(e).

In classical theory of invariants this is referred to as contraction of tensors.

7.4.2 The contraction algebra EV®yE

The 4-linear map
(8/, e € e//) N 8”(6’)8’@@6”, (156)

induces a multiplication on EV®oE,
(EY®oE)®0(EY®oE) — EY®oE

Exercise 60 Show that the contraction multiplication induced by (156) is asso-
ciative and that the canonical mapping

EY®oE — Endg.mod (E) (157)

is a homomorphism of O-algebras.
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Exercise 61 Calculate
T((Sl®oe/) (€//®Oeu))

and use your calculation to show that

T(uov) =T1(vou) (u,v € EYQguE).

7.4.3 Trace

Contraction 7 for a finitely projective module E induces a O-bimodule
map
Tr: Endg.moq(E) — O

called the trace map.

7-4.4 The N-graded algebra EY®oE®0Qy

The tensor product of the O-algebras EY®yE and of the N-graded O-
algebra ()3 ks

EY@0E®0Q} k.

can be considered as an Q) ,, -alegbra. The contraction pairing on EV®¢E
induces the contraction

T. = T®o idQZ‘)/k — Qé/k

7.4.5 Chern character forms

For a finitely generated projective module E, the curvature operator of
any connection becomes an element of

Proposition 7.1 The contractions of the powers of the curvature of a connection
are closed differential forms

ddR(TZ”(R’%)) =0.
Proposition 7.2 Given two connections on E, the difference
TZI’I(R%) o TZTZ(RI%/)

is an exact form.
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7.4.6

Assuming that multiplication by n! is an automorphism of the additive

group of Q)F,, one defines the Chern character forms as

Chy(E, V) = %TZ”(R%).

The Chern character of a finitely generated projective module E (E,dy)
is defined as the element of

[T H&(O/K)

neN
whose component in degree 2n is the cohomology class of Ch,(E, V). It
depends only on E and not on the chosen connection.
7.4.7 The K-group of a unital ring

Given a unital ring R, isomorphism classes of finitely generated projective
(left) R-modules form a commutative monoid. Addition is induced by
direct sum

[E] + [E]:=[E® E'].
The isomorphism class of the zero module provides the neutral element.
The reflection of this monoid in the category of groups is an abelian group,
denoted K(R), and called the K-group of R.
7.4.8 The K-functor

Assignment
R — K(R)

gives rise to a functor from the category of unital rings to the category of
abelian groups.

7.4.9 Multiplication on K(R)
When R is commutative, tensor product

E,E —s E®R L,
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induces commutative associative multiplication on K(R) which is biaddi-
tive. The class of the rank 1 free module R provides the neutral element.
In particular, K(R) is a unital commutative ring.

Theorem 7.3 The Chern character is a unital ring homomorphism

K(0) — I‘I[\IHg’Ig(O/k).
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