Math 53M, Fall 2003 Professor Mariusz WodzicKi

Introduction to differential 3-forms

January 7, 2004

These notes should be studied in conjunction with lectures.’

Figure 1: The parallelepiped spanned by column-vectors v;, vy and vz an-
chored at a point x € R™.

1 Orienting a parallelepiped Two ways of ordering the vectors vy, vo and vs up to a
cyclic permutation correspond to two ways of orienting the parallelepiped they span, see
Figure 1. Each of the three orderings: v;v,vs, v3vyvs, and vavyvy, determines one and the
same orientation, while any of the remaining three: vyvsvsy, v3vavy, or vavyvs, corresponds
to the other orientation.

In general, there is no preferred orientation. The situation is, however, different when

V11 V12 Vi3
Vi = Va1 ) Va2 = Vo2 ) and vs = Va3 (1)
V31 V32 V33

TAbbreviations DCVF, LI and 2F stand for Differential Calculus of Vector Functions, Line Integrals, and
Introduction to differential 2-forms, respectively.
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are column-vectors in R3. If the determinant of the 3 x 3 matrix formed by column-vectors

(1),
Vi1 Viz Vi3
W(x;vy, vy, vy)i=det | Vo1 Voo Vo3

V31 V32 V33
= V11V22V33 + V12Va3V31 + Vi3VarVas — (V11Va3Vaa + ViaVa Vs + VigVaa Vs ), (2)

is positive then the orientation corresponding to orderings: v;vavy, V3viVsy, and vyvsvy, is
said to be positive, while the orientation corresponding to orderings: v;vgva, v3vavy, and
VaV1Vs, is said to be negative. We reverse this terminology if determinant (2) is negative: the
former orientation is then said to be negative and the latter—to be positive.

2 Oriented volume Let us denote by

Ox(Vv1,va,v3) (3)

the parallelepiped spanned by column-vectors vy, vo and vs anchored at point x € R?. The
absolute value of determinant (2) is equal to the volume of {,(vy,va,v3). It is therefore
legitimate to call number w(x;vy, vy, v3) in (2) the oriented volume of O,(vy, va, v3).

Exercise 1 Verify that

Vi1 Viz2 Vi3
Vvi-(vexvs) =det | vor Voo voz | = (Vi X Va) V3. (4)

V31 V32 V33

Observations on formula (2):

3 X 3 determinant (2) is the sum of terms Vviiva; Vs with + sign when ijk is
one of the three cycles: 123, 231 or 312, and — sign when ijk is one of the
three transpositions: 132, 321 or 213. *

Note the following properties of w:

*Note that determinant (2) is also the sum of terms vi;vjavig with + sign when ijk is a cycle and —
sign when 1ijk is a transposition.
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(a) Linearity in each of its three column-vector variables:

w(x;at+bu,v,w) = aw(x;t,v,w)+bw(x;t,u,v,w) (5)
w(x;t,au+bv,w) = aw(x;t,u,w)+bw(x;t,v,w) (6)
w(x;t,u,av+bw) = aw(x;t,u,v)+bw(x;t,u,w) (7)

(b) Antisymmetry: w changes sign whenever any two of its column-vector ar-
guments are transposed, thus

w(X;u7W7V) = —W(X;U,V,W), (8)
(U(X;W,V,UJ - —CU(X, u,V,W) 9 (9)
(,U(X;V,U.,W) = —(,U(X, u,V,W) (IO)

(t, u, v and w being column-vectors and a and b being scalars).

3 Differential 3-forms Any function
w:DxR™xR™xR™—R
satisfying the above two conditions will be called a differential 3-form on a set D C R™.

Remark:

We have seen so far differential o-forms (i.e., functions D — R), 1-forms, 2-
forms and 3-forms. A picture that emerges is that differential q-forms are func-
tions of q column-vectors vq, ..., vq anchored at a point x € D, which
behave like the oriented volume of the corresponding q-dimensional “paral-
lelepiped” spanned by these g vectors.

Thus, 1-forms are modelled on the oriented length of a line segment, 2-forms
are modelled on the oriented area of a parallelogram, and finally 3-forms are
modelled on the oriented volume of a parallelepiped.
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4 Exterior product of three 1-forms Given three differential 1-forms ¢, @5 and @3 on
D, the formula

@1(x;v1) @1(x;v2) @1(x;v3)
w(x; vy, vz, vg) i=det | @a(x;v1) @2(x;v2) @2(x;v3) (r1)
@3(x;v1) @3(x;v2) @3(x;v3)
gives us a differential 3-form. We denote it @; A @2 A @3 and call it the exterior product
of 1-forms @i, @, and @,.
Note that
PiNPINQPL = Q1 NP2 N\ Qs (if ijk is a cycle) (12)
= —@1 \N@s/\ @3 (if ijk is a transposition) . (13)

This follows from the fact that transposing any two columns in a matrix changes the sign
of its determinant.

Exercise 2 Verify that for any differential 1-forms @, x, v, O and scalars a and b, one
has:

(a1) (a@ +bX) AVAYI=a@ AVADI+bXAVAD;

(az) @ \N(ax+bV)AYd=a@ AXAI+DbeAVLADY;

(as) @ AXA(av+bd)=a@ AxAv+be AxAD.

5 Exterior product of 1-forms and 2-forms Recall that any 1-form ¢ is uniquely repre-

Z fi dXi

and that any 2-form 1 is uniquely represented as

Zgjk de /\ka . (14)

jk

sented as

We can define exterior products @ A and P A @ as:

(p/\ll)iZZfigjkdXi/\de/\ka (15)
i,j,k
4



Math 53M, Fall 2003

Professor Mariusz WodzicKi

and

ll)/\(p::Zgjkfi de/\ka/\dXi N (16)

i,k

respectively. It follows immedietely from definition (11) that

de VAN ka VAN dX;L = dXi AN de VAN ka ) (17)

hence,

for any 2-form 1.

Exercise 3 Verify that for any differential 1-forms @, X,
scalars a and b, one has:

(b1) (ap +bx) AP =a@ AP +bxA;
(by) @ N(ap+bé)=a@APp+beAE.

6 dx/Ady/Adz Note that

Vi1
dx Ady Adz(x;vqy,va,v3) =det | vy

V31

differential 2-forms \, & and

Vi2 Vi3
Vag Va3 (19)

V32 V33

which is the right-hand-side of (2) and, up to a sign, the volume of parallelepiped formed
by column-vectors vy, vy and vs at point x € R®. We call the differential 3-form on R3,

dx /A dy A dz, the oriented volume-element.

7 Differential 3-forms on R? For any differential 3-forms w on a subset D of R?, and

column-vectors
Vii

Vi = Voi ; (l - 17 2a 3) ) (ZO)

V3
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plugging (20) into w(x;vy, Vs, vs) and using properties (5)—(10), yields the following simple
formula

w = fdxANdyAdz where f(x) := w(x;i,j, k) . (21)

In particular, every differential 3-form on a set D C R3, is a multiple, with a function-
coefficient, of the oriented-volume element, dx A dy /A dz. Compare this with the situation
regarding 1-forms in R!, and regarding 2-forms in R? (see Section 7 of 2F).

The function-coefficient f in (21) is, for obvious reasons, denoted
w
dx A\ dy/Adz

(compare this with formula (19) in 2F).

Any differential 3-form on a set in one- or two-dimensional Euclidean space is identically
zero.

8 Example In Section 4 of 2F we calculated df; A df, for two functions in R?. Similarly,
one can calculate df; A dfy A df; for three functions in R?. The formula we obtain is
remarkably similar to formula (8) of 2F:

dfl/\ dfg/\df3 = (det ]f(X)) dX1 /\dXQ/\ ng, (2,_7,)
i

where f:= [ f, | denotes the vector function D — R? having f;, f, and f3 as its compo-
f3

nents.

Let us collect various formulae for the determinant of the Jacobi matrix of a vector function
f: D — RY, whose domain D is a subset of R™,3 for three smallest values of dimension

3Recall that such functions are called in College textbooks of Multivariable Calculus vector fields (on a set
D); cf. Section 13 of 2F.
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m=1, 2 and 3:

df
det Je(x) = ™ (form=1) (24)
df; /A df,
= — :2
B0 A dr (for m ) (25)
_ df Adfy Adfy forme3) »

dX1 AN ng A ng

The determinant of the Jacobi matrix of f is often referred to as the Jacobian of f.

9 The differential of a 2-form We already know that differential df of a function (i.e.,
of a o-form) is a 1-form and that differential d¢ of a 1-form is a 2-form (see Section 11 of
2F). Now, it is time to extend this operation to 2-forms. For any differential 2-form { on
a set D C R™, which is represented as in (14), we set

dy = z:dgjk/\dxj/\dx)< (27)
ik
da-
— Z 9ik dxi A dx; A dxy (2.8)
Gk aXi

10 A calculation: For any function f: D — R and a 2-form 1 on D, one has

d(f) = df AP + fd (29)
Indeed, it suffices to verify (29) for P = g dx; A dxy :
d(fp) = d(fgdx; Adxy) = d(fg) Adx; Adxx = (gdf +fdg) A dx; A dxy
= df A (g de VAN ka) + f(dg VAN de VAN ka)
= df AP+ fdy . (30)
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11 Another calculation: For any 1-forms ¢ and x on D, one has

dle Ax) = do Ax — @ Adx (31)
Similarly, it suffices to verify (31) for @ = fdx; and x = g dxy :
dle Ax) = d(fdx; Agdxy) = d(fg) Adx; Adxy = (gdf + fdg) A dx; A dxk
= (df Adxy) A (gdxy) + f(dg /A dx; A dxy)
= (df Adx;) A (gdxi) — (fdx;) A (dg A dxy)
= doAx—@Adx. (32)

In the last equality in (32), we have used identity (6) from 2F.

12 Yet another calculation: If coefficients of a 1-form ¢ = f; dx; + - - - + f, dx,, satisfy

the condition
%, 0%

an an - an an

(for all 1, j and k), (33)

then

Indeed,

(dod)(e) = d(dfy Adxq +---+ dfy, Adxy,)
= (d(dfy) Adxy + -+ d(dfy) Adx,) — (dfy Ad(dxq) +--- + df,, Ad(dx,))

=0 (35)

in view of formula (31) above and identity (4 1) in 2F.

The remaining properties of the operation of differential are left to you as an exercise.

% Exercise 4 Verify that for any differential 2-forms \, & and scalars a and b, one has:

8
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(c1) (ap+DbE)=ap+b&;
(c2) d(f*) =f"dy.

Here f: E — R™ is a vector function sending its domain into D and the pullback of 3-forms
is defined in exactly the same manner as for 1-forms and 2-forms:

(Frw)(x;u, v, w) = w(f(x); £ (), £(v), £(w)) : (36)

13 Example: the divergence of a vector field in R? Let us calculate the differential of an
arbitrary 2-form in R3:

d(fl ng A dX3 + fg dX3 A dX] + f3 dX] A dXQ)

= dfl A dXQ A ng + de A ng A dX1 + dfg A dX1 A ng)

of of of
= [ L dx Adxg Adxs + —5 dxg A dxg A dxs + —= dxs A dxg A dxs
6x1 aXQ aX3

of of of
+ [ =2 dxg A dxs A dxg + —= dxs A dxz A dxg + —= dxs A dxs A dxg
X1 0Xs 0x3

of of of
+ [ =2 dxg Adxg Adxg + —2 dxo A dxg A dxg + — dxs A dxg A dxo
0% 0%y 0X3

of of of
= —Lax; Adxo Adxs + —2 dxg Adxg A dxg + — dxs A dxg A dxs
6x1 ax2 aX3

of, 0ofy 0f;

= (14224 2 Ay Adxe A dx

(5)(1 % + 6X3> X1 X2 X3 (37)

We have used here properties (12) and (13) of the exterior product, and the fact that @ A@ =
0 for any 1-form, see (7) of 2F.

The function-coefficient in (37) is known under the name of divergence*

of; ofy 0fs

divF = — 4+ —+ —.
v 6x1 ax2 6x3

4The divergence of F is often denoted V - F in Physics textbooks (note the “dot”).
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of the vector field

In the language that avoids mentioning differential forms, identity (34) becomes the follow-
ing statement:

div(curl F) =0

14 Grand Picture Let Q) denote the the set of differential q-forms on a set D C R™.
We are already familiar with cases ¢ = 0, 1, 2 and 3. It is not difficult to see how to define
differential gq-forms also for higher values of q (make an attempt at such a definition! it’s
worth it).

Sets of differential forms for different values of q are related to each other by means of the
operation of differential:

d

o1 NEL-NYo TINLINY o LRNLNY e L NUL IR (40)

so that the composition of two consecutive operations of differential is zero d o d = 0.
What you see in (40) is called the de Rham’ complex of set D. Differential forms 1 whose
differential is zero: dn = 0, are called closed forms. Forms n which are equal to d& for
some form ¢ are called exact. It follows from what has been just said that

every exact form is closed. (41)

De Rham’s lifetime discovery was that

the extent to which closed forms on a given set
D are not exact provides a very precise mea-

sure of the geometrical complexity of D

This is what is called de Rham’s theory.

5Georges de Rham (1903-1990).

IO
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One can easily extend our definitions of exterior product to arbitrary forms, so that the
product of a p-form n and a q-form 9

nAd

isa (p + q)-form. Then

dnAd) = dnAdY+ (—1)PnAdd

The p-th power of —1 in (43) signals that the sign is + for all even values of p and —
for all odd valuse of p.

We already know this formula for p = q = 0 (this is the derivative-of-the-product formula
of Freshman Calculus), p = 0 and q = 1 (this is formula (b) in Section (14) of 2F), p = 0
and g = 2 (this is formula (29) above) and p = q = 1 (formula (3 1) above). These formulae
are collectively known under the name of Leibniz Rule.

15 Maxwell’s Equations Functions in R? which evolve “with time” are profitably thought
of as functions on subsets of R*. We shall denote coordinates in R* by xg, x;, X2 and x3.°

Any 2-form in R* can be represented as
F = E;dxoAdx; + Esdxg /A dxe + Ezdxg /\ dxs
—B; dxo A dx3 — Ba dxs /A dx; — Bs dx; A dxs (44)
for unique function-coefficients E;, Eo, E3, By, By and Bj.
Similarly, any 3-form in R?* can be represented as
J = pdx; Adxs Adxs—ij1 dxo /A dxg A dxs —jodxg /\ dxs /A dx; —js dxe Adxy Adxs (45)
for unique function-coeeficients p, ji, j» and js.

In Electrodynamics, the vector functions

E1 Bl
E:=| E, and B:=| B, (46)
E3 B3

®The physical meaning is xo = ct, where t stands for time and c denotes the speed of light; x; = x,
xo =y and x3 = z are spatial variables.

IT
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are called the electric and, respectively, magnetic field, the vector function

i=1 i (47)
3
is called the electric current, and finally, p is a scalar-valued function playing the role of the
density of electric charge.

It is remarkable that the whole theory of Electrodynamics’ in the language of differential
forms is contained in the following elegant pair of equations:

(48)
where *F denotes the 2-form:
*F = Bl dX() A dX1 + BQ dX() AN dX2 + Bg dXO A\ dX3
+E1 dX2 A ng + E2 ng A dX1 + E3 dX1 A dX2 (49)
The closedness of 2-form F is expressed by the following four equations
( aEQ - 6E3 B 681 —0
6x3 ax2 aX() N
0E; B o, _ 0B, _0
ax1 6x3 aXO B
(50)
oE,; B oE, B 0B3 _0
aXQ ax1 aXO N
0B, 0By 0B3
\ 6x1 + ax2 + 6x3 =0

7in vacuum

I2
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while equation d(*F) = J is equivalent to the following four

- + = —471j,

= —A471j,

(51)

aX2 ax1 + aXO ™3

oE; OEy, O0OEj
=4 .
\ 6x1 + aXQ + aX3 P

Collectively, these eight partial differential equations are called Maxwell’s® Equations.

Some authors of traditional textbooks of Electrodynamics express these eight equations in
the following equivalent form that is more compact:

10B 10E 4
curlE—I——a—:O curlB——a—:—ﬂj

c ot and c ot C (52)
divB =0 divE =4mp

while others prefer to express the same equations by employing an alternative notation for
curl and div:

10B 10E 4
VXE+_?3_t:0 VXB__aa_t:_ﬂj

¢ and ¢ ¢ (53)
V-B=0 V-E=4mp .

16 Integration of 3-forms This is done very similarly to how we did that for 2-forms in
Sections 16-22 of 2F:

(a) rectangles in R? are replaced by rectangular boxes;

(b) the area of plane regions is replaced by the volume of space regions;

8In these eight equations, James Clerk Maxwell (1831-1879) gave a mathematical formulation to discov-
eries of Michael Faraday (1791-1867).

Inspired by these equations great physicist Ludwig Boltzmann (1844-1906) exclaimed, in imitation of
Romantic poet Goethe, Was it a God who traced these signs?.

13
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(c) double integrals //f(x,y) dxdy are replaced by triple integrals /// f(x,y,z) dxdydz;
D D

in particular, /// dxdydz = Vol(D);
D

(d) the equality
///f(x,y,z)dxdydz = /fdx/\dy/\dz (54)
D
D

replaces equality (61) from 2F;

‘/D//f(x,y,z) dxdydz

replaces inequality (70) from 2F; in particular,

///f(x,y,z) dxdydz =0 (56)
D

for any bounded function f on a set D of zero volume;

(e) the inequality
< M Vol(D) (55)

(f) “Fubini’s Theorem” for triple integrals

///f()gy,z) dxdydz = /ab3 (/b2 </blf(x,y7z) dx) dy> dz (57)
’ s \Jar \Jay

replaces “Fubini’s Theorem” for double integrals, see (74) in 2F.

(g) The Change of Variables Formula for Triple Integral:

/D//f(u,v,w) dudvdw:/D//(foh)(x,y,z)|det]h(x,y,z)!dxdydz . (58)

14
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replaces the corresponding formula for double integrals, see formula (109) in 2F. Here
h: D — D’ is a diffeomorphism® of three-dimensional region D onto another region D’.

(h) Gauf$’-Ostrogradski’s Theorem:'°

Let D be a region in R? whose boundary, 9D, is a surface that
can be decomposed into regular patches, see Sections 33 and
35 of 2F. Let U be a differential 2-form on a region D C R3.
Then

/dq)_ V.
D oD

replaces Green’s Theorem (75) of 2F.

Note that the boundary, 0D, of the region D is automatically oriented. Indeed, as was
explained in Section 34 of 2F, orienting a patch in R? is the same as telling which ‘side’ is
‘positive’ and which one is ‘negative’. Thus, we orient the patches which are portions of
boundary 0D, by declaring ‘positive’ the side that faces outside D.

17 Linking number An oriented curve in R? consisting of two disjoint simple closed
curves C; and C, is called a link."* A link is said to be trivial if loop C; is contractible in
the complement to C,

E=R3\C,, (60)

see Section 27 in 2F. This definition does not depend on which of the two closed curves is

labelled C; and which is labelled C,.

The number of times curve C, is intertwined with curve C; is called the linking number
and denoted Ln(Cy, Cy). In order to determine Ln(Cy, Cs), project the link onto a plane
P C R? such that the ‘shadows’ of constituent curves C; and C, intersect transversally,
i.e. they intersect at regular points and they are not tangent when they intersect (cf. Section
29 of 2F). Think of the projected curves as being one-way roads. When they cross, one

9See Section 32 of 2F.

°Johann Carl Friedrich Gauf§ (1777-1855); Muxann Bacunnesuu Octporpanckuii (18o1-
1862).

TMore precisely, a 2-link. Oriented curves in R? consisting of n disjoint simple closed curves are called
n-links. 1-links are better known as knots.

15
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(a) A trivial link (b) A nontrivial link

Figure 2: Simplest links (orientation not indicated).

of them, the “overpass,” goes over the other one, the “underpass.” Each time they cross

add 1 subtract 1

Figure 3: At each crossing add 1 when the underpass crosses
leftwards and subtract 1 when it crossses rightwards.

add 1 if the underpass crosses leftwards and subtract 1, if it crosses rightwards. Since both
“roads” are closed, they must cross each other an even number of times. Thus, the total is
always an even integer. This integer does not depend on the choice of plane P onto which
we projected the link. By definition,

Ln(Cy,C1) =Ln(Cy, Cy) = 5 total .
Linking number of a trivial link is zero.

An alternative definition:

Count only those crossings where C; is the overpass and, thus, Cy is the underpass. The
total obtained equals 1n(Cy, C,).

16
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+1
( /\ . Figure 4: At each of eight crossings the
1
+1

7
1
underpass crosses leftwards, hence the
linking number equals
\X/j 1414141 +1+1+14+1)=4.
+1

+1

Linking number is an analog of winding number dicussed in Sections 29-30 of 2F. In
particular, there is an analog of Index Formula (103) in 2F. Let vy;: [a,b] — R?® and
Y5: [c,d] — R?® be the corresponding parametrizations of C; and C,, respectively. The
function

o(t,u):=vy(u) — vy (t) (61)

is defined on rectangle [a,b] x [c, d] and its image does not contain the origin, 0, because
Y1(t) # vo(u) forall t € [a,b] and u € [c, d] (curves C; and C, are disjoint!). One should
think of o as being a parametric surface in R? \ {0}. This surface is closed, i.e., does not
have a boundary,”* since curves C; and C, are closed.

18 Linking Number Formula The following is a close relative of Index Formula (108) in
2F:

(62)

1 / X1 dxa A dxs + X9 dxs /A dx; + x3dx; /A dxo

Ln(Cy,Cy) = — f
n(Cy, G 4t (X3 +x3 +x3)%/2

This formula can be established similarly to how Index Formula (103) was proved in 2F.
One notes first that the differential 2-form on R3 \ {0}:

Wy = LxldXQ/\dX:g—f—XQng/\Xm —|—X3dX1/\dX2 (6 )
7 4 (x3 + %3 +x3)%/2 ’ 3

>More properly, one should say that the boundary is empty.

17
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which is sometimes called the Gauf§ form, is closed, cf. sample problem in Problem-
book.

Using Gauf$’-Ostrogradski’s Theorem, one can show that the integral of a closed 2-form
over a closed surface does not change when one continuously deforms the surface—this
is exactly analogous to Theorem (101) of 2F (which was established using the parametric
form of Stokes’ Theorem, see Section 25 in 2F).

Without loss of generality, one can assume that curves C; and C, are parametrized by
interval [0,1]. Then it can be shown that, if Ln(Cy, C5) = m, then parametric surface o
can be deformed in R?\ {0} to the function

sin(7tt) sin(27tmu)
o (t,u) = sin(7tt) cos(2rmmu) | . (64)
cost

which parametrizes unit sphere in R? so that every point of sphere, except for the Northern
and Southern Poles, is ‘visited” exactly m times. The integral of w, over oy is m times the
integral of wy over the sphere, i.e., equals m (cf., exercise 60 and sample problem in
Problembook).

18
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