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1 Introduction

Let T be an almost strongly minimal theory eliminating imaginaries, with monster model M.
For S a small set of parameters, let Gal(S) denote the profinite group Aut(acl(S)/ dcl(5)).
Let M be a small model of T, inside the monster model M. Let GG be a connected M-definable

group.

1.1 The fundamental group

By a finite group cover of GG, we will mean an M-definable connected group H with a
surjective M-definable map H — G, whose kernel K is finite. The kernel K must lie within
the center of H, because the action of H on K by conjugation yields a necessarily-trivial
homomorphism from the connected group H to the finite group of automorphisms of K.

If m; : H; — G are finite group covers of G for ¢ = 1,2, a morphism of finite group
covers from H; to Hs will be an M-definable group homomorphism f : H; — H; making
the obvious diagram commute. This makes finite group covers into a category.

Remark 1.1. 1. If f is a morphism of finite group covers, the map f : Hi — Hy must
be a surjection.

2. The category of finite group covers is a poset: if f,q are two morphisms from H; = G
to Hy 3 G, then f = g.

3. The resulting poset is (co)directed, in the sense that if H; =5 G for i = 1,2 are two
finite group covers, then there is a third w3 : H3 — G and morphisms from Hz — G to
H, — G fori=1,2.

Proof. 1. Since Hy; — G factors through H; — Hs, the kernel of H; — Hj is a subgroup
of the finite kernel of H; — G. Since H; — H» has finite kernel, its image has the same
rank as GG, Hy, and H,. Consequently, it has finite index in Hs. As Hy is connected,
the image must be all of H,.



2. Let K be the kernel of H, — G. For every x € Hy, let 7(x) be f(x) - g(x)~!. As f(x)
and g(z) have the same image in G, 7(z) € K. So 7(z) € Z(Hs). Now for every z, we
have f(xz) = 7(x) - g(x). Since f and g are homomorphisms, for any z,y we have

T(xy)g(x)g(y) = 7(xy)g(ey) = f(xy) = f(2)f(y) = 7(2)g(x)7(y)g(y)-

As 7(y) is in the center of Hj, it follows that 7(zy) = 7(x)7(y), so 7 is a homomorphism
from the connected group H; to the finite group K. Therefore 7 is trivial, and f = g.

3. Given H; — G and Hy — G, let H3 = (Hy X¢ H)°. Then we have a commutative
diagram
H3z —— H,

L

Hgﬁ'G

Now Hi X¢g Hs surjects onto G and has kernel equal to the product of the kernels of
H, — G and Hy — G. Therefore H; xg Hy has the same rank as G, Hy, and H,. Its
connected component, Hs, has this same rank. As Hj is a subgroup of H; xg Hs, the
kernel of H3 — G is still finite, so the image has the same rank as G, ans therefore is

all of G. So Hj does indeed surject onto GG, and Hj is a finite group cover.
O

Say that H' — G dominates H — G if there is a morphism H' — H (over G).
As a cofiltered category, we can take the inverse limit of ker H — G as H — G ranges
over the finite group covers of G. Let m1(G) denote the resluting profinite group.

1.2 The first cohomology group

Let g1,92,...,9, be a Morley sequence of generics over Mt, of length n, for n > 1. For
non-empty I C n, let

Gal; = Gal({g; : 1 € I} Uacly({g; - gj_1 ti,7 €1Y}))

There are natural restriction maps Gal; — Gal; for I D J; these are always surjectionsH

n general, if A D C are small sets of parameters, Gal(A) — Gal(C) is surjective iff tp(A/C) is stationary.
If tp(A/C) is stationary and A |, B, then tp(AB/CB) is also stationary. In particular, if A and B are
independent over C' = acl(C), then Gal(ABC) — Gal(BC) is surjective. Here, apply this with

C = aclp(g; ~g;1 21,5 € J)

A =acly(g; ~g;1 21,5 €1)
B = gj,

for some jo € J. The independence holds because tp(g,,/A) is generic.



If A is an abelian group of coefficients, we have been defining H(G, A) to be the first
cohomology group of the total complex of the double complex

(1)
0— [[, C%(Gal;, A) — ], C*(Gal;, A) — - -

0——[[. CX(Gal;, A) — [, C*(Gal;, A) — - --

i<j

0—— [[. C%(Gal;, A) — .. C°(Gal;, A) — - -

i<j

where CY(II, A) is continuous cochains of the profinite group II, with (non-twisted) coeffi-
cients in A.

Theorem 1.2. H'(G, A) is isomorphic to the continuous homomorphisms from 71 (G) to A.

2 Preliminary reductions

Since our coefficients are untwisted, the maps from the zeroth row of to the first row all

vanishE] Moreover, the cohomology groups of the bottom row are A,0,0, - - -, because
O—>A—>HA—>HA—> H A— -
i i<j i<j<k
is exact.

So, to calculate H(G, A), we can drop the bottom row of and take the zeroth coho-
mology group of the total complex of the result. In other words, H'(G, A) is just the kernel
of

[[C"(Gal;, A) — [] C*(Gali, A) ® [ C*(Galyy, A).
i i i<j
Now ker C'(Galy, A) — C?(Gal;, A) is just the set of continuous homomorphisms from Gal;
to AP So, H'(G, A) is precisely the kernel of

H Hom(Gal;, A) — H Hom,(Gal;j, A). (2)

1<j

20011, A) is just A, and the map C°(II, A) — C(II, A) sends a € A to the function g +— g-a — a. Since
the action on A is trivial, this vanishes.

3Recall that C1(II, A) consists of continuous functions from II to A. If f is such a function, its image 6 f
in C%(I1, A) is the function (g, h) — g- f(h) — f(g-h) + f(g). If the action of I on A is trivial, as it is in our
case, then § f = 0 if and only if f is a homomorphism, clearly.



Let G denote Gal; ., and let K; denote the kernel of G — Gal;. Since all the restriction
maps are surjective, Galy is G/ K. A continuous homomorphism from Gal; to A is equivalent
to a continuous homomorphism G — A whose kernel contains K.

Consequently, an element of the kernel of consists of an n-tuple (fi,..., f,) of con-
tinuous homomorphisms G — A such that ker f; contains K;, and for every ¢ < j, f; and
f; induce the same map from G/K;; to A. This last condition is equivalent to f; = f;.
So really, an element of H*(G, A) is just a continuous homomorphism f : G — A whose
kernel contains every K;, or equivalently, contains K; K, --- K, (which is indeed a normal,
topologically closed subgroup).

So it remains to identify m (G) with G/(K K5 --- K,,). Call this group II.

For simplicity, we will assume henceforth that n = 2. It can be shown that II
doesn’t depend on the choice of the g;, or on n, as long as n > 1. At any rate, I showed
somewhere else that H'(G, A) can be calculated with n = 2 and doesn’t depend on the g;.

So, I = G/K K.

2.1 Some categories

2.2 Covers from group extensions

Definition 2.1. If H is a finite group cover of G, an H-cover of G is an M-definable set
S with an M -definable transitive action of H on S, and an M -definable map ng : S — G
which is a map of H-sets, viewing G as an H-set via the left action.

A morphism of H-covers S — S’ is an M-definable map f: S — S’ of H-sets, such that
g o [ =mg. This makes H-covers into a category.

If H' dominates H, then any H-cover can be made canonically into an H’'-cover, via the
usual way of viewing H-sets as H’-sets under the map H' — H. In fact, H-covers embed
into H’-covers via a full and faithful functor, i.e., an embedding of categories.

Definition 2.2. The category of finite set covers of G is the colimifl] of the categories of
H-covers, as H ranges over the finite group covers of G.

Remark 2.3. This category can also be described more concretely as the category whose
objects are finite group covers 7y : H — G of G, but whose morphisms H — H' are those
of the form

hw— o(h) -k

where ¢ is a morphism of finite group covers, and k is an element of ker H' — G. That is,
we allow homomorphisms and translations by elements of the fiber over 1.

(We may be subtly using the fact that m(G) is abelian here. I'll try to avoid using this
remark in the future.)

4Or rather, homotopy colimit, if that makes a difference. As long as the operation of taking this kind of
directed colimit respects equivalences, it shouldn’t matter.



If1 - K — H — G is a finite group cover of GG, there is a functor from the category of
H-covers of G to the category of finite sets with a transitive action of K, namely the functor
which sends 7g : S — G to mg'(1).

Exercise 2.4. This is an equivalence of categories.

Taking the colimit over H, it follows that there is an equivalence of catgories between
finite set covers of G and finite sets with a transitive continuous 7 (G) action, and the functor
between these categories is given by taking the fiber over the identity.

2.3 Covers?

Recall that Gahg = g, Galz = g/KZ, and II = Q/K1K2

If S is any set of parameters, the category of finite sets with continuous Gal(S)-action
is equivalent to the category of finite S-definable sets.ﬂ Under this equivalence, sets with a
transitive Gal(S)-action correspond to finite S-definable sets which isolate algebraic types
over S. That is, a finite S-definable set X corresponds to a finite set with transitive Gal(.S)-
action if and only if all elements of X have the same type over S.

The following categories are equivalent:

e The category of finite sets with continuous Il-action.

e The category of triples (S, S, f) where S; is a finite set with Gal;-action, for i = 1,2,
and f is a Gal;j-equivariant bijection S; to Ss.

e The category of triples (Xi, Xo, f), where X, is a finite g;M-definable set, and f is a
g1 acly(go - g ')-definable bijection between X; and Xo.

Under this equivalence, a triple (X7, Xs, f) corresponds to a transitive Il-set if one of the
following equivalent conditions holds:

e Every element of X; has the same type over g; M.
e Every element of X, has the same type over g, M.

Let C be the category of triples (Xi, Xs, f) satisfying these equivalent conditions. The
map F; : (X1, Xy, f) — X, is a functor from C to finite sets, for i = 1,2, and clearly f yields
a natural isomorphism between F} and F,. The following diagram of categories commutes,
up to natural isomorphism:

FiniteTransitivellSets C

\ lFl or F2

FinSet

SThere is an obvious forgetful functor from finite S-definable sets to finite sets with a Gal(S)-action. This
is clearly faithful, easily full, and essentially surjective by elimination of imaginaries.



The category of triples (X, X», f) can be thought of as “covers” defined by glueing data,
for the following reason, which won’t be used in what follows, since it doesn’t seem to line
up with the kind of covers of G we were considering earlier. If not interested, skip to §2.4]

We can define a category of “finite covers” of the type-definable set

G1:={x € G: gy - x is generic over M}

A cover should be a type-definable set 3 over M, and a relatively definable map 7 : ¥ — G,
with finite fibers, such that  +— ¢, - 7(z) is M-definable. A map between such covers should
be an M-definable map making the obvious diagram commute.

We can similarly define a notion of “finite covers” of GG5. For

Gy = {x € G : g, - 7 is generic over acly(g2 - g7 )}

we need to replace M with aclys(g2-g;"). There are functors from finite covers of Gj to finite
covers of GG15. The category of “covers of G” should beﬁ the (homotopy or category-theoretic)
pullback of

Covers(Gh)

|

Covers(Gy) — Covers(Gi2)

That is, a “cover of G” should be a cover S; of G; for i = 1,2, and an isomorphism between
the induced covers of G5 coming from S and Ss.

Now, it turns out that the category of covers of (5; is equivalent to the category of finite
sets defined over g; M, via the functor which takes fibers over the identity 1 € G. In fact,
one checks that the category of finite covers of G is equivalent to the category of Gal;-sets
in a compatible way. So the category of “covers of G” is nothing but the category of finite
[I-sets.

2.4 Some Grothendieck Galois Theory

Fact 2.5. Suppose 11, and 11y are two profinite groups. Let Cry denote the category of finite
non-empty sets with continuous transitive Il-action, for I1 any profinite group. Suppose we
have a functor F': Cr, — Cr, such that the following diagram commutes, up to isomorphism

of functors:

F
Cr, — Cr,

Ny

FinSet
where the functors to FinSet are the forgetful functors to finite sets. Then, F' is isomorphic
to a functor coming from a surjective homomorphism Il — I1y. The functor F is full and
faithful, and is essentially surjective if and only if Ily — Iy is an isomorphism.

SIf G was the union of G; and Go, and Gqo was their intersection, this would certainly make sense.
Neither of these statements is true, but the set of points where they fail has high enough codimension that
it shouldn’t matter.



This is essentially a part of Grothendieck’s Galois theory, if I recall correctly. At any
rate, it’s not all that hard to see directly. A functor F' compatible with the forgetful functors
as above amounts to a functorial way of assigning a Ils-action to II;-sets. To show that this
must arise from a homomorphism Il; — IIy, it suffices to show that for every finite quotient
Q@ of 111, and every p € Iy, there is some ¢ € @) such that for every Q-set X, the assigned
I[Ty-action on X has p act by multiplication by ¢. (Because then the map p — ¢ must be
a homomorphism I, — @, and as () varies these must assemble into a homomorphism
II, — II;.) This in turn follows by looking at how II, acts on ) with the left regular action:
if p eIl maps 1 € Q to ¢ € Q, then for any @)-set X, and any z € X, there is a unique
morphism of @)-sets from () to X sending 1 to x. It necessarily sends ¢ to ¢-x. Since it must
also be a morphism of Ils-sets, it sends p-1=qtop-z. Sop-x =q-x.

So any such functor must come from a homomorphism Il — II;. The homomor-
phism must be surjective, or else it would not send connected/transitive II;-sets to con-
nected /transitive Ily-sets. Once we know that I, — II; is surjective, the functor F' is
automatically full and faithful, and it is easy to see that it is an equivalence if and only if
[T, — II; is an isomorphism. (Otherwise, there are Ils-sets for which the action does not
factor through I1;.)

2.5 Another reduction

Returning to our model-theoretic setting, we want to produce an isomorphism between
the profinite groups Il and m(G). By , it suffices to produce a functor from (finite,
continuous, transitive) m;(G)-sets to Il-sets, that is essentially surjective, and compatible
with the forgetful functors.

Above, we have identified the category of suitable 7 (G)-sets with the category of finite
set covers of G. The forgetful functor is identified with the fiber functor at 1.

Likewise, we identified the category of suitable [I-sets with the category of triples (X1, Xo, f),
with X; a finite g;M-definable set, and f a g acly(gs - g7 *)-definable bijection X; — Xy,
such that each element of X; has the same type over g;M, for either/both values of 7. Un-
der this equivalence, the forgetful functor to finite sets corresponds to the functor sending
(X17X2, f) to Xl.

Let o be some arbitrary element of the inverse limit of 75;'(gs - g;') as H ranges over
finite group covers of G. So « is a system (ay) of elements ay € H all of which map to
g2- gyt in G. Each ay is in acly/(gs - g7 1), of course.

(If you like, you can think of o as an element of the pro-definable group that is the inverse
limit of the finite group covers of G. This pro-definable group acts on the finite set covers
of G.)

Using «a, we get a functor F, from the category of finite set covers of G to the category
of triples (X1, X», f) as above. Specifically, given a finite set cover wg : S — G, where S
is acted on transitively by H a finite group cover of GG, we set X; = 7T§1<gi), and let f be
induced by the action of ay € H on S (so f comes from “multiplication by «”). This does
not depend on the choice of H, and is functorial.



To apply Fact 2.5 we just need to show that the functor
§73 (X1, X5, f) > Xi

from finite set covers of GG, to finite sets, is isomorphic to the fiber-at-1 functor. An iso-
morphism can be exhibited by choosing some element 3 in the inverse limit of 7' (g1), as
my - H — G ranges over finite group covers of G. Then “multiplication by £” gives a
functorial map from 7g'(1) to m5'(g1) = X, as S ranges through finite set covers of G, in
the same way that f came from “multiplication by a.”

In light of all the discussion above, to prove Theorem [1.2] it remains to prove that F, is
essentially surjective.

That is, we need to prove the following statement:

Let X; be a finite non-empty g; M-definable set for : = 1,2. Suppose every element of X,
has the same type over goM. Suppose f is a g; acly(gs - g7 *)-definable bijection X; — Xo.
Then there is a finite set cover 75 : S — G and M-definable bijections between 7g'(g;) and
X, such that the following diagram commutes:

5 (g1) —= X1

|

75 (ga) —= Xo

where the vertical arrow 75" (1) — 75" (g2) comes from “multiplication by «.”

3 Generically given groups

The proof of this basically boils down to a statement about generically given groups and
generically given covers of groups. We collect this fact in the following theorem.

Theorem 3.1. Suppose G is a connected group of finite Morley rank, defined over a model
M. Suppose that g1, g2, g3 are independent and generic over M. Suppose that a; for1 <1 <3
and d;j for 1 <i < j <3 are tuples, satisfying the following conditions:

e For each i, a; € acly(g;) and g; € dclpy(a;).

e For eachi < j, dij € acly(g; - g;%), and g; - g; * € dely(dyy).
e The type of (a;,g;) over M does not depend on i.

o The type of (a;,a;,d;;) over M does not depend on i < j.

e a, and as are interdefinable over dioM .

e dys is interdefinable over M with the canonical base of tp(ajas/dia M), which is sta-
tionary because ay € dcly(ardie) and tp(ay/di2M) is a non-forking extension of the
stationary type tp(a;/M).



Then there is a finite group cover H and an H-cover S of G (both defined over M), and
elements si1, 59,83 € S and h;; € H such that

;- 9; = m(hi)

® gi = ms(si)

o h;; is interdefinable with d;; over M, and tp(h;;d;j/M) doesn’t depend on i, j.
e s; is interdefinable with a; over M, and tp(s;a;/M) doesn’t depend on 1.

® N3 = hog - hig and s = hy;s; fori < j.

Proof (sketch). Let p be the type of any of the a; over M. Let ¢ be the type of any of the d;;
over M. The fact that each a; is interalgebraic with g;, and that d;; is interalgebraic with
gj - g; !, easily has as a consequence that a; \LM d;; and a; \LM dij. If a; = f(a;,d;j), then
f(—,d;;) induces a function from realizations of p to realizations of p, and the assumption
on canonical bases makes d;; be a code for this function. We get the group H by closing the
set of germs of such functions under composition. That is, an element of H is the germ at p
of a function of the form f(f(—,d),d’) for d and d’ two realizations of ¢. In this group, di3
ends up being the product of di5 and dos.

One gets S by looking at germs of functions from g to p. Each realization of p yields such
a function f(a,—), and the closure of this collection under the action of H yields the set S.

The maps H — G and S — G come from extending homomorphically the maps on
generics, which in turn come from the M-definable function which sends d;; to g; - g; .
This function does not depend on i, 7, because the assumptions imply that the type of
(a;, a;, i, gj, dij) over M does not depend on i, j. ]

4 Applying generically given groups

Now suppose we are given a gj-definable set ¢(M, g1) and a go-definable set ¥(M, go), and

foM, g1) = (M, go)

defined over goacly/(g; - g5'), such that all elements of ¢(M, g;) have the same type over
Mg,. Write f as fy,.,, for some ¢; € acly(g1 - o). Enlarging c;, we may assume that
g1- 95" €dcly(ci). Now ¢y and gy - gp* are interalgebraic over M, and

g1-90" L g0, s0er L g
M M

In particular, tp(c;/Mgo) is stationary. Let cq,c3 be independent realizations of this type,
over Mgq. Let go, g3 be chosen so that

C191 =Mgy €292 =Mgo= €393 =My, -



As g1 - g9 ' ¢ delys(cy), it follows that g; € dely(ci, go). Therefore, the independence of
1, Co, c3 over M gy implies the independence of ¢ g1, cags, c3g3 over M gq. Also, ¢1g1, 292, and
c3g3 have the same type over Mgq. In particular, c¢yg1, g9, c393 and g1, g2, g3 are Morley
sequences over Mgy. As ¢g; and gy are independent generics, it follows that go, g1, g2, g3 is a
Morley sequence of generics, over M.

Moreover, for ¢ = 1,2, 3, we have a bijection

fgo,ci : ¢(M’ gz) - 77Z}(1M17 90)7

and ¢; € acly(gi - g5 %).
Consider the composition

hig := fg_o,lcg © f90701 : ¢(M,g1) - ¢(M7 92)'

The code for this bijection (viewed as a finite set of ordered pairs) is in acly (g1, g2), and also
in

delar(go, aclar(g1 - g5, aclar(g2 - g5 ')
= delar(g1, aclar(g1 - go 1), aclar(g2 - g5 1))

Using the finite satisfiability of tp(g1-gy '/ aclar(g1, 92)) in M, it follows that "hy, ™ is actually
in

dclM(gl aClM(QQ : 91_1))'

(Indeed, if r(x) is tp(g1 - g5 '/ aclas(g1, g2)), then some finite subtype of r(x) witnesses the
fact that
Thip " € delpr (g1, acly (z), acly (g2 - g7 - ).

If we now choose x € M with this property, then

Thio € dely (g1, M, acly (g2 - g77h))

as claimed.)

So we can write hyy as hy, ., for some e in acly(gz- gy '). Enlarging ejo, we may assume
that g, - g7 * € dclyr(era).

On the set of realizations of tp(e1a/M, go - g7 '), consider the equivalence relation

/
e~e < hge=hg e

This equivalence relation is definable over M U {gs - g; '} because of g; | w9291 ' and
definability of types in stable theories. Let di5 be the equivalence class of ej5. Then:

e diy € aClM(g2 : gfl)
° g gl_l is still in delps(di2)

® hyy is defined over Mgidy2, so we can write it as hg, 4,,-

10



e If d' is a conjugate of dyp over dcly(ga - g7"), then hy, g # hg, ay,-

As 191, 292, c393 was a Morley sequence over M gy, it follows that tp(c;c;g:9;/M go) does
not vary for 1 <1i < j < 3. Therefore we can find dy3 and dy3 such that tp(c;c;g:9;di;/Mgo)
does not vary for 1 <i < 7 < 3.

By choice of dy,, it follows that

fa0.e1

QS(Ma gl) - w(Mv 90)

¢(Ma 92)

commutes. Therefore,

f90 sCq

¢(M7 gz) - ¢(M7 gO)

jhgiW
q5<FVﬂ’ Elj)

commutes for 1 <i < 7 < 3. Because all the maps are bijections, it follows that

¢(M7 gl)
h
91,412

(M, go) 2222 §(M, g5)

commutes, i.e., h927d23 ° h917d12 = hghdls'
Now choose some by € ¢(M, ¢1), and let

by = hgl,dm (bl) S ¢(M7 92>
by = h927d23 (b2) = hgl,d13 (bl)

Let a; = b;g; (concatenation) for each 7. We claim that Theorem applies to our chosen
iy Gi, dij-

91,413
h

e As we noted above, g1, g2, g3 are a Morley sequence over M gy. Since g; is generic over
M gy, it follows that g, g1, g2, g3 is an independent sequence of generics over M. So
g1, 92, g3 are independent and generic over M.

e For each i, g; € dcly(a;) because a; = b;g;. On the other hand, b; is in the finite
M g;-definable set ¢p(M g;), so a; € acly(g;).

e It was noted above that d;; € acly(g; - g; ) and g; - g; ' € delps(d;j).

e For ¢ < j, gi =m g; of course. If o is an automorphism over M sending g; to g;, then
o(bi) € (M, g;). All elements of ¢(M, g;) have the same type over Mg; (because we
assumed this for j = 1, and symmetry), so

o(bi) =g, bj, or equivalently, o(b;)o(g:) = b;g;-
Thus b;g; =n b;g. So tp(a;g;/M) does not depend on M.

11



e By choice of dy3 and da3, tp(gig;d;;/M) does not depend on 4,j. So for i < j and
i' < j', we can find o over M, sending g;g;d;; to gigydyy. Now o(b;) is in ¢(M, gy).
All elements of ¢(M g;/) have the same type over Mg;, so

U(bz) =My, by
Equivalently
o(bi)o(g:) =m bivgi-
Now tp(bygi /M) is stationary and

0<bi)bi’gi’ J/ di’j’
M

(because the left side is interalgebraic with g; and the right side is interalgebraic with
g;' - gy, which is independent from g;.) By stationarity, it follows that

O—(b’b)a(gl) EMdi,],, bi’gi’,
or equivalently
O-(b’H gl'7 dl]) =M bi’gi’di’j"
Thus
bigidi; =nr birgardirjr.

Now g; - gj_1 € dclys(di;) via a function not depending on i, j, so

bi9igidi; =n by g gyrdiv.

Likewise, b; = hghdi].(bi) is definable from g; and b; and d;; in a way not depending on
1,7, SO

bzgzbjgjdz] =M bi’gz”bj’gj’di’j’
As i, j and 7', j' were arbitrary, it follows that tp(a;, a;, d;; /M) does not depend on i, j.

e a; and ay are interdefinable over dioM: given a;dio M, we can define g, and ¢ - g1 L
and hence hy, 4,,(b1) = by and go. Given asdi2M, we can define go and g - gfl, hence
g1 and then h;{d12(b2) =b.

It remains to check that dy, is interdefinable over M with a canonical base for the stationary
type tp(ajas/dioM). If C is this canonical base, then certainly C' C dcly(diaM), so it
remains to show that C' is no smaller, i.e., that dis € dcly/(C). First note that

gz gl_l € dCl((ll, ag) N dClM(d12M>,

so certainly go - g 1is definable from C. Therefore d; is algebraic over C. If di; were not
definable, it would have some conjugate d’ over C. This would also be a conjugate over
g2 gy, of course, so by choice of djo, we have hg, @ # Rg, d,- So there is some 8 € ¢(M, g1)

such that hg1,d’ (,B) # hgl,dlz (6)
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Each of dy5 and d’ is interalgebraic over M with g, - g; ', which is independent from g;.
Since [ and by are algebraic over ¢, it follows that

blﬂgl J/ d12d/-
M

Now b; and  have the same type over Mg, hence b;g; and $g; have the same type over
M. As types over M are stationary, it follows that

b191 =nmdisa B1, or equivalently by =praa, B

The fact that hg, 4,,(8) # hg, . (5) therefore implies that hy, 4,,(b1) # hg, a(b1).
Let N be a mildly saturated and homogeneous model containing Md. Moving N, we
may assume that ajas [ ,,, N. Then

tp(aiaz/N) is a non-forking extension of tp(ajas/Md;2)
and in particular has the same canonical base. Also,
d € acly(go - g;") = acly(dia) C N,

sod € N, and C' € N. Because we chose N to be mildly saturated and homogeneous, we
can find an automorphism o of N which fixes C' and sends dq» to d’. Because o fixes the
canonical base of tp(ajaz/N), it can be extended to an automorphism of the monster fixing
ai1as. Now we have a contradiction, because o fixes by, bs, g1, g2 and

hg1,d12 (bl) = b2

hgl,d’(bl) 7£ ba,

so that d’ Zarp,byg,, d12. So the assumption that di2 was not definable over C' was false.

We have verified that Theorem applies, yielding a finite group cover H of G and a
finite set cover S, among other things.

From the conclusion of that theorem, we get s; € ng(gl) which is interdefinable over
M with a;. This yields an M g;-definable bijection between ¢(M, g;), which is the set of
conjugates of b; over Mg;, and the set of conjugates of s; over Mg;. We claim that this
latter set is exactly 75! (g1). First of all, if s’ =y, $1, then certainly mg(s') =prg, m5(51) = g1,
so ms(s") = g1. Conversely, suppose 7s(s’) = g1. Then s’ has the same rank over M as g,
and is therefore generic. Since S has a single generic type (being an orbit of a connected
group H), it follows that s’ =5; s1. Then (s, 7ws(s")) = (s',91) =m (81, 75(51)) = (51,91), S0
s' =nq, 8. So we get an M g;-definable bijection 1, between ¢(M, g;) and 75" (g1), sending
b1 to S1.

Now consider the commutative square of bijections



where the vertical arrow from mg'(go) to mg'(g1) comes from multiplication by a or ay.
There is a unique bijective dotted arrow making the diagram commute. If v denotes this
bijection, then v is on one hand definable over acly/(go) because it is a bijection between
two goM-definable sets. On the other hand, it is a composition of three maps which are
respectively definable over

e goand a € acly (g1 g5 ")
e /1, which is g; M-definable, hence definable from g, and g; - g; "
® fy.c; Which is defined over gy and ¢; € acly(g1 - g5)-

So
"v7 € acly(go) N dela(go acla (g1 - g5 1))

Using the finite satisfiability of tp(g; - g5 '/ acly(go)) in M, it follows that "v7 is in fact in

delar(go)-
Therefore, in the category of triples (Xo, X, f), our original triple (X, X1, f) is isomor-

phic to F,(S), completing the proof of Theorem [1.2]
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