1 Power series to memorize

See Table 1 on Page 762.
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The first two and last one have radius of convergence 1, while the others have radius of
convergence oo.

Also, here are some power series which are handy to know, but can be derived on the fly
if necessary, by integrating. . .
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Both have radius of convergence 1.

2 Rules for manipulating power series

If
f(x) :ao+a1x+a2x2+~'



then
f'(x) = a1 + 2a92 + 3asz® + dayx® + - - -
)

f(t dt:aox—i-%xz—i-?x?’%— 4x +-
0
f(o):ao
f(=2) = ap — ayx + agx® — asx® + a4x4 -

f(2x) = ag + 2417 + 4ayx? +8a3x +-

flax) = ag + aa1r + oaxr® + ’azx® + - - -

f(2%) = ap + a12? + agz® —|—a3m +
(") = ag + a12* + apx® + azz® + - -
/() +2f(—x) = Qo + a2x” + a4r” + a6m6 +
/() —2f(—93) =a; + a3z’ + asx® + a7’ + - -
—f(z) = —ag — ayx — asr* —
a- f(z) = aag + aaw + aasr® + aazxr® + - - -
rf(x) = apx + a1x* + agr® + -

-

(x)

o 2 3
= —+ a1+ axx + azx” + agxr” + - -
T

For the most part, these operatlons don’t change the radii of convergence, though they may
change the intervals of convergence.
If, in addition g(x) = by + byw + boz® + - - -, then
f(l') + g(:v) = (CLO + bO) + (Cll + bl)l' + ((12 + bg)ﬂ?z —+ ..
f(x) = g(x) = (ag — bo) + (ar — by)x + (ag — by)a® + - --
If f(z) is a function and we want a power series in (z — a), look at g(t) = f(t + a). If
you can find a power series

g(t) = ag + art + agt® + ast® + -,
for ¢g(t) in the variable ¢, this gives you a power series expansion
f(x) =g(z —a) = ag+ ar(x — a) + az(x —a)’ + - -

in (z —a).
If f is infinitely differentiable, then usuall?ﬂ
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at least for values of x within the interval of convergence of the series on the right.

'In fact, it works as long as f is infinitely differentiable, and given by a single formula rather than a
piecewise definition. This is difficult to prove, however.
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