
Math 113 Homework 9, due 4/5/2012 at the beginning of section

Policy: if you worked with other people on this assignment, write their names on the front
of your homework. Remember that you must write up your solutions independently.

1. Find all the solutions of the equation x3 − 9x = 0 in the given rings:

(a) Z13;

(b) Z18;

(c) Z × Z2;

2. (a) Compute the reminder of 2(2101) mod 23. (Hint: You will first need to compute 2101

mod 22).

(b) Use Fermat’s theorem to show that, for any integer n, the integer n61 − n is divisible
by 62062. (Hint: 62062 = 2 · 7 · 11 · 13 · 31). Find a number larger than 62062 that divides
n61 − n for all integers n.

3. Let p be a prime integer, p ≥ 3.

(a) Show that 1 and p − 1 are the only elements of the field Zp which are equal to their
multiplicative inverse. (Hint: consider the equation x2 − 1 = 0.)

(b) Using the result of (a), show that (p − 1)! ≡ −1 mod p.

(c) What can you say about (p − 1)! mod p when p is not prime?

4. Let (R, +, ·) be a ring, and let a ∈ R. Recall that a left (multiplicative) inverse of a is
an element a′ such that a′ · a = 1. And a right (multiplicative) inverse of a is an element a′′

such that a · a′′ = 1. An inverse of a (or a two-sided inverse of a) is an element a−1 which
is both a left inverse and a right inverse of a.

(a.) Show that if a has both a left inverse a′ and a right inverse a′′ then a′ = a′′.
(b.) Show that if b and c are both (two-sided) inverses of a, then b = c. (In other words,

an inverse, if it exists, must be unique.)
(c.) (Bonus) Give an example of a ring R and an element a ∈ R which has two distinct

left inverses (but no right inverse).

5. How challenging did you find this assignment? How long did it take?


