
Math 113 Homework 11, due 4/19/2012 at the beginning of section

Policy: if you worked with other people on this assignment, write their names on the front of

your homework. Remember that you must write up your solutions independently.

1. Factor the given polynomials into products of irreducible polynomials with coefficients in the
given field (justify your answers).

(a) x5
− x4

− x3 + 2x − 1 in Z5[x];

(b) x4 + 3x3 + 4x2
− 14x + 6 in Q[x];

(c) 3x5
− 12x3 + 10x2

− 15x + 10 in Q[x] (hint: try evaluating at i).

2. True or false? (Justify your answers)

(a) The polynomial anxn+· · ·+a1x+a0 ∈ R[x] is equal to 0 if and only if ai = 0 for i = 0, 1, . . . , n.

(b) If R is any ring and f(x), g(x) ∈ R[x] are both of degree 2, then f(x)g(x) is of degree 4.

(c) Given any ring R, x is never a divisor of zero in R[x].

(d) 4x − 8 is irreducible over Q.

(e) If F is a field and if f(x) ∈ F [x] satisfies f(α) = 0 for all α ∈ F , then f(x) = 0.

(f) If a polynomial f(x) ∈ F [x] has no zeros then it is irreducible over F .

3. True or false? (Justify your answers)
Note: the definitions of prime and maximal ideals will be given in class on Tuesday, April 17.

(a) Every subring of Z is an ideal in Z.

(b) Every subring of Q is an ideal in Q.

(c) An ideal N in a ring R with unity 1 is all of R if and only if 1 ∈ N .

(d) If N is an ideal in R and φ : R → R′ is a ring homomorphism, then φ[N ] is an ideal in R′.

(e) If N ′ is an ideal in R′ and φ : R → R′ is a ring homomorphism, then φ−1[N ′] is an ideal in R.

(f) If R has no divisors of 0, then every ideal of R is a prime ideal.

(g) If R is a finite commutative ring with unity then every prime ideal in R is a maximal ideal.

4. An element a of a ring R is nilpotent if an = 0 for some positive integer n. Let R be a
commutative ring, and let N be the set of all nilpotent elements of R.

(a) Show that N is an ideal.

(b) Show that the only nilpotent element of R/N is the zero element.

(c) What are the nilpotent elements of R = Z24? And what is the quotient ring R/N in that
case? (what known ring is it isomorphic to?)

5. How challenging did you find this assignment? How long did it take?


