
Math 113 Homework 10, due 4/12/2012 at the beginning of section

Policy: if you worked with other people on this assignment, write their names on the front

of your homework. Remember that you must write up your solutions independently.

1. (a) Consider the integral subdomain D = {n + m
√

5 |n, m ∈ Z} of R (spend a few
minutes to convince yourself that it is indeed an integral subdomain, but you do not need
to write a proof). Describe the field of quotients F of D, by identifying F with a subfield of
R. (See Theorem 21.6).

(b) With reference to the construction of the field of quotients in section 21 of Fraleigh,
consider the situation where D is not quite an integral domain, but just a commutative ring
which is not the zero ring and has no divisors of zero. (So D does not necessarily have a
unity element. Think of the subring 2Z of Z if you’d like an example.) Read through the
construction, and convince yourself that Steps 1 and 2 still work without any change.

(i) In Step 3, many of the steps still work without change. Some of them require modi-
fication however. Which of the statements 1–9 on page 193 need to be modified? How do
they change? Prove the appropriate statements. (Hint: two statements need to be modified,
and two others need changes in their proofs.) You may assume that the other parts of Step
3 have already been proved.

(ii) Adapt the statement and the proof of Lemma 21.4.

(iii) What field of quotients do you obtain if you start from 2Z?

2. The goal of this problem is to show that, if a polynomial f(x) ∈ Z[x] factors as a
product of two polynomials of lower degrees in Q[x], then it also factors as a product of two
polynomials of lower degrees in Z[x] (this is essentially Theorem 23.11 of Fraleigh).

(a) Show that, if R is an integral domain, then R[x] is also an integral domain.

(b) Let f(x), g(x) ∈ Z[x] be two nonzero polynomials with integer coefficients, and let p

be a prime integer. Show that, if all the coefficients of f(x)g(x) are divisible by p, then the
same property holds for one of f(x) and g(x).

(c) Let f(x) ∈ Z[x], and assume that f(x) = g(x)h(x) where g(x), h(x) ∈ Q[x]. Show that
there exists a constant c ∈ Q∗ such that g1(x) = cg(x) and h1(x) = c−1h(x) are elements of
Z[x] and satisfy f(x) = g1(x)h1(x). (Hint: first show that some integer times f(x) factors
as a product in Z[x]).

3. (a) Let F be a field, and let g(y) ∈ F [y] be a non-constant polynomial in the inde-
terminate y. Since F is a subring of the commutative ring F [y], we’ve seen in class that
evaluation at g(y) defines a ring homomorphism φ from F [x] to F [y]. Explain what this
homomorphism does in ordinary terms. In general, is φ injective? is it surjective? (justify
your answers).

(b) Find all generators of the cyclic multiplicative group of units of Z11 (Hint: what are
the possible orders of elements in (Z∗

11
, ·)? what are the generators of (Z10, +)?)

(c) Given a prime p and any element a ∈ Zp, find all the zeros of xp − a ∈ Zp[x].

4. How challenging did you find this assignment? How long did it take?


