Midterm 1 Practice Questions

Note: This is to help study for Midterm 1. While the questions are similar to what a real exam may
contain they may lean on the harder side. This should be treated as a study guide and not a mock
exam. More care will be taken to make sure the real exam is manageable both in difficulty and amount

of time required to complete.

Problem 1. For the following sets determine whether they are (i) open, (ii) closed, and/or (iii) com-
pact. Note that multiple or none of the properties may hold in some cases. The sets will be listed in

the form ¥ C X and you should answer for the set Y viewed as a subset of X.
(i) QSR

(i) [0,1] € [0,1] U [2,3]

(iii) (0,1) C R

(iv) N={1,234...} CR

Solution. (i) None of the three.

To see that QQ is not open, it suffices to show that the complement is not closed. For this, notice

that (v/2/#), is a sequence of irrational numbers converging to 0 € Q.

To see that Qis not closed, it suffices to show the complementis not open. For this, recall thatevery
open ball in R contains a rational number, so for example there is no open ball centered at V2eR \Q
contained in R \ Q.

Since Q is not closed in R it cannot be compact.

(ii) All three.

To see that [0, 1] is closed, notice that [0, 1] = D/»(1/2) is a closed ball inside our space hence

closed.

To see that [0, 1] is open, notice that ([0, 1] U [2, 3]) \ [0, 1] = [2, 3] which is closed by the same

argument as for [0, 1]. Hence the complement of [0, 1] is closed, so [0, 1] is open.

Being compact does not depend on the ambient space and we know all finite, closed intervals in
R are compact so [0, 1] is compact.
(iii) Open only.

(0,1) = By/2(1/2) is an open ball, so it is open.



Since (0, 1) is open, it cannot be closed since there are no non-tirvial clopen subsets of R. Alter-

natively, (1/), is a sequence in (0, 1) which converges to 0 & (0, 1).

Since (0, 1) is not closed, it cannot be compact.

(iv) Closed only.

To see that N is not open, notice that every positive radius ball centered at 1 contains non-integers.

Alternatively, we will see that N is closed so it cannot be open as there are no non-trivial clopens in R.

We have that
R\NZ(—OO,I)U(LZ)U(Z,3)U--'

is open so N is closed.

N cannot be compact as it is not bounded. O
Problem 2. Let X be a metric space.
(i) Show that the singleton set {x} is closed for all x € X.
(ii) Does this imply that all finite subsets of X are closed?

Solution. (i) Theonlysequencesin {x} is the constant sequence which converges tox. Thuslim{x} =

{x} so {x} is closed. Alternatively, one may check from definition that {x} is compact hence closed.

(ii) Yes because finite unions of closed sets are closed. Indeed, by writing

{xp, .., x,} = {3} U~ U{x,}
and applying (i) we see that any finite set {1, .. ., x,, } is closed. O
Problem 3. Show that if K and V" are compact then K U ¥ is compact.

Solution. Let C = {U, : « € A} be an open cover of K U V. Then, in particular, C is also an open

cover of K so we may find a finite subcover and write
U,U---UU, DK
Similarly, € is an open cover of V" so we may write

G,

An+1

U---ul,, DV



Hence
u,Ju---uy,, 2KUV

and we have found a finite subcover of K U V. O

Problem 4. Given two sequences (¢,), and (s,), of real numbers, is it true that

lim sup(s,z,) = limsups, - limsup z,?
n n n

Solution. No. Consider
5= (=1 1, = (=1L

Then 5,2, = —1 s the constant sequence so lim sup, (s,2,) = —1. However,
limsups, = limsupz, = L O
n n

Problem 5. Let

1 1 (=11
Sp=l— =+ - —---+ .
2 3 n
(i) Show thats; > 53 > 55 > 57 > -+ > 0. In other words, show that the odd terms are all positive

and form a decreasing subsequence. Conclude that lim,, 55,41 exists.
(ii) Show thatlim, (s, — 5,41) = 0.

(iif) Use (i) and (ii) to argue that (s,), converges.

Solution. (i) We have that

1 1
+
2n+2 2n+3

1
T o £ 2)(2n + 3)

2043 = $2n+l —

< S2n+1

so we get that the odd terms form a decreasing sequence. However, we also have that

1 L + L 1 + + L L + ! >0

Ky = —_ — —_— = oo —_

2l 2 3 4 m—1 2n) 2n+1
—— N——— —_—— Y/~

>0 >0 >0 >0

so all the odd terms are positive as well. Since (52,+1), is a bounded, monotone sequence it converges.

(ii) We have that
(_1)n+1
n+1

— 0.

Sn T Sn+l =



(ili) Fixe > 0and suppose thats;,,; — s by part (i). Let N be such that for all # > N; we have that
|$2041 — 5] < &/2

and let N, be such that for all # > N, we have
s, — $pi1| < &/2.

Then forall > max{2Nj + 1, N> } we have that either z = 2 is even and thus

|5n _5| < |5n _5n+1| + ’5n+1 _5|

<e2+e/2=¢

orn = 2k + 1is odd and so

ls, —s| <e&/2<e
as required. O
Problem 6. Is the intersection of two connected sets connected? Prove or give a counterexample.

Solution. No. Consider the following picture taking place inside R2.

Problem 7. Let (x,), be a sequence in a metric space X. Define the following set
E = {x € X : Jasubsequence (x,, ); of (x,), with x,, — x}.

Show that £ is closed. [Hint: Given a sequence (y,), in £ with y,, — ¥, build a subsequence (x,, ); of
(%), with the property that d(x,,, yx) < 1/k for all £ and show that x,,, — 7.]

Solution. As per the hint, let (y,), be a sequence in £ with y, — 7. We inductively build a subse-
quence (xy, )z of (x,), with the property that d(x,,, y) < 1/k so thatx,, — yand hence y € E. (See

the proof from lectures that lim lim S = lim S to see why x,,, — .)



To do this, notice that since y; € E there is a subsequence converging to y;. In particular, we may
find #; € N such that d(x,,, y1) < 1. Now suppose that x,,,, ..., x,, have been chosen. Then there
exists a subsequence of (x,), converging to y;.;. Going far enough down this subsequence, we may
find 7441 > ny such thatd(x,,, , ye+1) < 1/(k + 1) as required. This gives us our desired subsequence

(%, ) converging to y. O



