MEASURABLE REGULAR SUBGRAPHS

MATT BOWEN, CLINTON T. CONLEY, FELIX WEILACHER

ABSTRACT. We show that every d-regular bipartite Borel graph admits
a Baire measurable k-regular spanning subgraph if and only if d is odd
or k is even. This gives the first example of a locally checkable coloring
problem which is known to have a Baire measurable solution on Borel
graphs but not a computable solution on highly computable graphs. We
also prove the analogous result in the measure setting for hyperfinite
graphs.

1. INTRODUCTION

A k-factor is a k-regular spanning subgraph of a given graph G. For
example, a 1-factor is what is usually called a perfect matching. Character-
ising the existence of k-factors is one of the foundational problems in graph
theory, originating with Peterson’s 2-factor theorem [Pet91] and culminat-
ing in Tutte’s classification [Tut54]. In the special case of bipartite graphs,
Kénig’s edge coloring theorem is equivalent to the existence of k-factors in
d-regular bipartite graphs for all k£ < d.

Here, we will be interested in measurable analogous of the factorization
problem. A Borel graph is a graph whose vertex set is a standard Borel
space (X,B) and whose edge set is a Borel subset of X2. The existence
of Borel k-factors is more subtle than in the classical setting. Namely,
Laczkovich [Lac88] constructed a 2-regular Borel bipartite graph with no
Borel 1-factor, and Conley and Kechris [CK13] extended this construction
to find d-regular bipartite Borel graphs without k-factors for all k& < d with
d even and k odd. Moreover, the graphs just mentioned are hyperfinite and
do not admit Borel k-factors even after discarding a null or meager set.

There are at least two directions one can take in trying to extend this
collection of counterexamples. One is to ask whether positive results can be
obtained with additional structural assumptions on the graphs. Another is
to ask about other values of £ and d.

There are several recent positive results in the first direction. The con-
nected components of the counterexamples in [CK13] are all two-ended. In
the Baire category and measurable settings with hyperfinteness, this ap-
pears to be necessary to some extent: Kechris and Marks [KM16] proved
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that every acyclic d-regular graph admits a Baire measurable k factor for all
k < d for d > 2. It follows from work of Conley, Marks, and Unger that the
same is true for measurable k-factors of hyperfinite graphs [CMU20, Lemma
4.2]. Kastner and Lyons [KL23] obtained a positive result for £ = 1 in the
Baire measurable setting assuming only that their graphs had non-amenable
components. Notably, their graphs are not necessarily bipartite.

For graphs whose components are all one ended, Bowen, Kun, and Sabok
[BKS21, Corollary 3.7] established the existence of measurable k-factors in
regular bipartite pmp hyperfinite graphs. It is worth remarking that in the
pmp context, hyperfinite graphs have either one or two ends on almost every
component [KM04, Theorem 22.3|. If the measure is not assumed invariant,
as we consider below, hyperfiniteness no longer places constraints on the
structure of ends, and the arguments of [BKS21] do not directly apply.

In the one-ended context, Bowen, Poulin, and Zomback [BPZ22] estab-
lished the analogous result for Baire measurable k-factors in regular bipartite
Borel graphs on Polish spaces.

This paper complements these results by proving a positive result in the
second direction. Indeed, our main result is that, in the Baire measurable
setting and the measurable setting with hyperfiniteness, the values of k and
d ruled out in the examples from [CK13] are the only ones which cause
problems.

Theorem 1.1. Let 0 < k < d € w with k even or d odd, and let G be a
d-regular bipartite Borel graph on a standard Borel space X.

e If T is a compatible Polish topology on X, then G admits a Borel
k-factor off a Borel G-invariant meager set.

o If 1 is a Borel probability measure on X for which G is p-hyperfinite,
then G admits a Borel k-factor off a Borel G-invariant p-null set

The case k = 1 in the measurable setting was previously shown in [BKS21]
for u-preserving graphs.

Kun [Kun21] has constructed for all d a d-regular acyclic pmp Borel bi-
partite Borel graph with no measurable k-factor for any 0 < k < d, showing
that the hyperfiniteness assumption in the theorem is necessary.

The main novelty of the present work consists of applying to the bipar-
tite setting work of [CM17] in the acyclic setting. More precisely, [CM17]
established that matchings in acyclic graphs exist when there are no rays
of degree two on every other vertex. We also employ a “splitting trick” (es-
sentially the content of Subection 2.2) that reduces the problem of finding
k-factors to that of finding well behaved fractional 1-factors.

An additional source of interest in Theorem 1.1 is the connection between
Baire measurable combinatorics and computable combinatorics of so-called
highly computable graphs. l.e, graphs on w whose edge relation is a
computable subset of w? and whose degree function w — w is computable.
Qian and Weilacher [QW22] investigated this connection, and found that
many “local” combinatorial problems behaved identically in the two settings.
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Theorem 1.1 gives the first examples of locally checkable coloring problems
which are known to have a Baire measurable solution on Borel graphs but not
computable solutions on highly computable graphs: Indeed, Manaster and
Rosenstein [MR73] constructed for all d > 1 (crucially, including for d odd)
a d-regular computably bipartite computable graph with no computable
perfect matching. Note that regularity implies that these graphs are in fact
highly computable. It is easy to modify their proof to obtain such graphs
which admit no computable k-factor for any 0 < k < d.

For non-bipartite graphs, odd-regularity does not guarantee the existence
of a perfect matching, or more generally a k-factor for odd k. However,
Petersen’s 2-factor theorem [Pet91] guarantees the existence of a k-factor in
any d-regular graph with k£ and d even. Of course, the full theorem follows
if one only considers the case £k = 2. It is natural to ask for descriptive
versions of this theorem, and we leave this as a question.

Question 1. Let d € w be even. Does every d-reqular Borel graph on a
Polish space admit a Borel 2-factor off an invariant meager set?
What about in the measurable setting for hyperfinite graphs?

We mention the following partial result, which lends some support towards
a positive answer to this question.

Corollary 1.2. Let G be a 2k-regular Borel graph which admits o Borel
balanced orientation. If k is odd then G admits a Borel 2-factor off an
invariant meager set, and if k is even then G admits a Borel j-factor off
an invariant meager set. If G is hyperfinite then the same is true in the
measure setting.

In particular, the Baire measurable part of the above Corollary applies
to all one-ended Borel graphs and to all non-amenable Borel graphs by the
results in [BPZ22] and [KL23] respectively, and the measurable part to all
one-ended hyperfinite measure preserving graphs by the results in [BKS21].

Proof. Given the orientation of G, construct an auxiliary graph G’ with ver-
tex set {v1,v2 : v € V(G)} and edge set {{u1,v2} : there is a directed G —
edge from u to v}. Since the orientation is balanced, G’ is a k-regular bipar-
tite Borel graph, and so Theorem 1.1 gives the desired result. ([

2. THE PROOF OF THEOREM 1.1

Observe that if Theorem 1.1 is proved in the cases k£ € {1,2}, the full
theorem follows by induction, since if G is a d-regular bipartite Borel graph
and H is a Borel k-factor, G\ H is a (d — k)-regular bipartite Borel graph.
In Subsection 2.1 we will address the k = 1 case, and in Subsection 2.2 we
will address the & = 2 case.

Before beginning, we collect some preliminary notions that will be needed
in both cases.
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Definition 2.1. A fractional k-matching is a symmetric function f : G —
[0, 1] such that for each vertex x,

> fla,y) =k

yGx

For example, a fractional 1-matching is what is usually called a fractional
perfect matching. k-factors can be naturally identified with {0, 1}-valued
fractional k-matchings.

In our algorithms, our goal will be to “round” fractional matchings until
they become integral on certain edges. In order to ensure convergence we
will want the algorithm to stabilize on integral edges, and so to keep track
of this we will use the following notion, introduced in [BKS21].

Definition 2.2. Let f be a fractional perfect matching of a graph G. The
support of f, denoted supp(f), is the subgraph of G consisting of edges on
which f is not 0 or 1.

Note that f’s restriction to supp(f) is a fractional perfect matching of
supp(f), and that supp(f) is Borel if G and f are. Further, supp(f) cannot
have any degree one vertices, as the values of f could not sum to 1 in this
situation.

2.1. Perfect Matchings. In this subsection we handle the case kK = 1 of
Theorem 1.1.

Actually, we will start with a general statement about “rounding” frac-
tional perfect matchings which will be key to both sections.

Lemma 2.3. Let G be a bipartite Borel graph, say on X, a with a Borel
fractional perfect matching f : G — {0, %17 %, ..y 1} for some d € w. Let
L ={0,1} ifd is odd and L = {0, 3,1} if d is even. Then G admits a Borel
L-valued fractional perfect matching. . .

e ...off a Borel G-invariant meager set for any compatible Polish
topology for X.
o ... off a Borel G-invariant null set for any Borel probability measure

@ oon X for which G is hyperfinite.

Note that this immediately implies the & = 1 case of Theorem 1.1, since
in that case we assume d is odd, and we can take f to be the constant é
function.

In the pmp setting with hyperfiniteness, Lemma 2.3 was already known
to hold by Theorem 1.3 of [BKS21]. In that context, every acyclic leafless
graph must be a bi-infinite line, so Lemma 2.3 in the special case of pmp
graphs follows from what is Claim 2.4 of our proof without needing the
second half of our argument. Outside of the pmp setting, we must deal with
the case when supp(f) is an infinitely ended tree. This is handled by a path
decomposition argument and an analysis of matchings in acyclic graphs due
to Conley and Miller [CM17].
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Proof of Lemma 2.3. We may assume G is locally finite by ignoring edges
on which f = 0. We start with the following reduction.

Claim 2.4. It suffices to prove the result when supp(f) is acyclic.

Proof. We will, after throwing away a meager/null Borel G-invariant set,
replace f with another {0, é, ..., 1}-valued Borel fractional perfect match-
ing, call it g, such that supp(g) is acyclic. In the measurable setting, this is
done in the proof of Theorem 1.3 in [BKS21]. (That proof assumes measure
preservation, but this step does not use this assumption.)

The same idea gives a proof in the category setting: Let o = (09,01) €
(w x 2)“. We will build a uniformly Borel sequence of {0, %, ...,1}-valued
fractional perfect matchings f = f§, f7,... with supp(fi+1) C supp(f;) for
each i. First, using a lemma of Kechris-Miller (see, e.g., [CM16, Proposition
3]), we may fix a Borel w-coloring ¢ of the set of cycles of G such that any
cycles sharing a vertex get different colors. Also fix a Borel function ¢ which
selects an edge from each cycle of G using the Lusin-Novikov uniformization
theorem.

Given f7, let S be the set of cycles C' of G with ¢(C) = o¢(i) and C C
supp(f;). For any C € S, since f? takes only the values {é, el djTl} on C
and C is even, we can alternate adding and subtracting é from the edges of
C and still get a fractional perfect matching, and this does not increase the
support. There are two ways of doing this: one where the value on ¢(C)
increases and one where it decreases. Let us do the former if oq(7) = 0 and
the latter otherwise. Since the cycles in S are pairwise disjoint, we can do
this for all of them simultaneously. This will be our f7 .

Let e be an edge of G. Call o good for e if the value f7(e) eventually sta-
bilizes and every cycle containing e is eventually not contained in supp(f{).
We claim the set of good o for a given e is comeager: indeed, given a finite
initial segment of o, there is an extension of length at most d which forces
this to be the case: it corresponds to always choosing the color of some cycle
in supp(f;) containing e, if there is one, and always choosing the value at e
to decrease: this will either cause the value at e to eventually be 0, at which
point it will stabilize, or it will stop when there are no more such cycles.

Therefore, by the Kuratowski-Ulam theorem and local countability we
can find a ¢ and a Borel comeager G-invariant set on which the f7’s are
good for each edge. We can then define g to be their limit on this set, and
supp(g) will be acyclic by the definition of good. O

Thus, assume that supp(f) is acyclic. Recall that it has no degree 1 ver-
tices. Much of the work will now be done by the main results from [CM17].
To apply them, we need to say something about infinite rays through supp( f)
which have degree 2 on every other vertex. Call such a ray a bad ray

Claim 2.5. FEvery bad ray has degree 2 on all but finitely many indices.

Proof. Let zg,x1,x2,... be a bad ray, say where each xz,, for n even has
supp( f)-degree 2. For each n € w, let w(n) = f(x2n, x2nt1). Suppose n is
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such that 9,41 has supp(f)-degree 2, so that its only neighbors are x9, and
Tont2. Then f(zoni1,T2n42) =1 —w(n), so w(n + 1) = f(r2nr2, T2n43) =
w(n). On the other hand, suppose x2,+1 has degree > 2, so that it has
some other supp(f)-neighbor, say y. Since f(x2,+1,y) > 0 by definition
of support, f(xon+1,Tant2) < 1 —w(n), so w(n +1) > w(n). Since w
takes values in {J,..., d%dl}, this increase can happen only finitely many
times. O

We will now describe how to get the promised g. Let X’ C X be the
union of supp( f)-components which are not bi-infinite paths, and consider
the graph H := supp(f) | X’. By the claim, every tail equivalence class
of bad rays in X’ is uniquely represented by a bad ray (zg)new such that
deg(zg) = 3 and deg(z,,) = 2 for all n > 0. Let H' be the induced subgraph
of H obtained by deleting x,, for n > 1 for each such representative. Let Y
be the set of z1’s for such representatives. Then each z € Y has H'-degree 1,
and all other vertices in H’ have the same degree they had in H. It follows
that H' has no bad rays.

It now follows from the main results in [CM17] that H' admits a Borel
matching, say M’, off a meager/null (the latter if it is hyperfinite) invariant
set which covers all vertices not in Y. For example, we may attach a 3-
regular tree of new vertices to each x € Y with x as the root to obtain a
Borel acyclic graph with all vertices having degree > 2 and no bad rays,
then find a perfect matching of this graph, then consider the intersection of
this matching and H’.

This extends to a Borel perfect matching, say M, of H off a meager/null
invariant set. For each representative (zg) as before, if (zg, 1) € M’, we add
(Zn, Tns1) to M for each even n. Else, for each odd n. On the components
of H, we set g to be the characteristic function of M.

The remaining components of supp(f) are bi-infinite paths. If d is odd,
f must alternate between < % and > % on the edges in such components,
so we can define g on such components as f rounded to the nearest integer.
If d is even, then we are allowed to set g = % on all the edges in such
components. O

2.2. 2-factors. In this subsection we prove the k = 2 case of Theorem 1.1.
If d is odd, then by the previous case, G admits a Borel (d — 1)-factor, say
H, off a meager/null set, and then a 2-factor of H is a 2-factor of G. Thus
we may assume d is even.

Lemma 2.6. Let G be a bipartite Borel graph, say on X, with a Borel frac-
tional 2-matching f : G — {0, %, ..., 1} for some m odd with the property
that for every vertex x € X, there is a partition of the edges incident to x
into two sets such that the values of f in each set sum to 1. Then G admits

a Borel 2-factor. ..

o ...off a Borel G-invariant meager set for any compatible Polish
topology for X.
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e ... off a Borel G-invariant null set for any Borel probability measure
poon X for which G is hyperfinite.

Proof. For each z € X, let (P2, P}) be a partition of the edges incident to x
as in the lemma statement. By the Lusin-Novikov uniformization theorem,
we can assign these partitions in a Borel fashion. We will define a Borel
graph, say G, whose vertex set is X x 2. (The obvious choices for measure
or topology here will be fine.) For each edge e = (z,y) € G, include a corre-
sponding edge ¢’ = ((x,1), (y,7)) in G', where i, j are such that e € P!, P}.
G’ is bipartite since the first projection (X x 2) — X is a homomorphism
from G’ to G. By hypothesis, the function e’ — f(e) is a Borel fractional
perfect matching of G’. By Lemma 2.3, since m is odd, G’ has a Borel perfect
matching off a meager/null set, call it H' C G'. But now {e € G | ¢’ € H'}
is a Borel 2-factor of G off a meager /null set. O

We now show how to build such an f, possibly after throwing away a
meager/null set, for any d-regular graph:

Proof of Theorem 1.1. Recall that d is even. Apply Lemma 2.3 to get a

fractional perfect matching g : G — {0, %, 1} off a meager/null set. We now

define a new function f which has value =25 on g=1(0), % on g~(1/2),
and 1 on g~1(1). This is a fractional 2-matching because each vertex either
has one incident edge with g = 1 and d — 1 with g = 0, or two with g = 1/2
and d — 2 with g = 0. Also, to witness the condition of Lemma 2.6, for the
first type of vertex we can take a partition where one of the sets consists
of the unique incident edge in g~!(0), and for the second type of vertex we
can have each set in the partition consist of one incident edge from g~—!(1/2)
and %52 from g1(0). O
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