
BOREL HOMOMORPHISMS FROM FORESTS TO KNESER GRAPHS

FELIX WEILACHER

Abstract. We answer a recent question of Csóka and Vidnyánszky [CV24] and give an alternate
proof of one of their results. The subject of both is which finite graphs admit factor of i.i.d.
homomorphisms from the 3-regular tree. We then give yet another proof of the result in the Borel
setting which leads to the following: For each d > 2 and k ∈ N, there is a Borel hyperfinite d-
regular forest G and a finite graph with chromatic number k H so that G does not admit a Borel
homomorphism to H. All of this is tied together by a focus on the case when the target graph H
is a (subgraph of a) Kneser graph.

1. Introduction

This paper is about the Borel and measurable combinatorics of 3-regular forests, or more generally
acyclic (regular) graphs. It is largely a response to a recent paper of Csóka and Vidnyánszky
[CV24], and like them we focus on a specific family of graph combinatorial problems: finding
homomorphisms to fixed finite graphs. These problems are natural and generalize the problem of
finding proper colorings; for k ∈ N a proper k-coloring is the same as a homomorphism to Kk, the
complete graph on k vertices.

Definition 1.1.

• A Borel graph is a graph G such that V (G) is a standard Borel space and E(G) ⊆ V (G)2

is Borel in the product space.
• Let G and H be graphs. A homomorphism from G to H is a function f : V (G) → V (H)
such that for all (x, y) ∈ E(G), (f(x), f(y)) ∈ E(H).

• When G and H are Borel graphs, a homomorphism from G to H is called Borel if it is
Borel as a function on vertices.

We will implicitly consider finite graphs as Borel graphs by giving the vertex set the discrete
Borel structure. The following is our basic question of interest.

Question 1. Which finite graphs H have the following property: For any 3-regular acyclic Borel
graph G, G admits a Borel homomorphism to H.

Though there has been interesting progress for some H, the question in general seems difficult.
For instance, we do not even know whether the set of such H is decidable, although this seems
unlikely. If the degree 3 is replaced with 2, the question has an easy answer: H has the property
if and only if it has an odd cycle (See for example [GR21]). For degrees larger than 3 the question
is equally interesting.

Part of the interest in Borel combinatorics of regular forests comes from its connection with
fiid combinatorics on regular trees, a well-studied topic in probability. We will give a definition in
Section 2.1, but for now it suffices to say that for H a finite graph and d ∈ N, the d-regular tree,
denoted Td, admits an “fiid homomorphism to H” if and only if a certain fixed Borel d-regular
forest on a standard probability space admits a measurable homomorphism to H. Thus, if H has
a positive answer for Question 1, it also does for the following equally important question.

Question 2. Which finite graphs H admit fiid homomorphisms from T3?

Csóka and Vidnyánszky made the following contribution to these questions.
1
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Theorem 1.2 ([CV24]). For every r ∈ N there exists Cr ∈ N such that if a finite r-regular graph
H has girth at least r, then there is no fiid homomorphism from T3 to H.

Corollary 1.3 ([CV24]). There are finite graphs H of arbitrarily large chromatic number which do
not admits fiid homomorphisms from T3.

Proof. Bollobás proved [Bol78] that for every r there are r-regular graphs with arbitrarily large
girth and chromatic number Ω(r/ log r). □

We remark that the proof of Theorem 1.2 still goes through if “girth” is replaced by “odd girth”.
By the comment above these results also apply to Question 1. Theorem 1.2 also leads them to ask
the following question.

Question 3 ([CV24]). Is there a finite triangle free graph H which admits an fiid homomorphism
from T3?

The first goal of this paper is to point out that by considering the case where H is a Kneser
graph, we can obtain an alternate proof of Corollary 1.3 and a positive answer to Question 3 using
already-known results about these graphs. In fact for the latter we can prove the following:

Theorem 1.4. For any d, g ∈ N, there is a finite graph H with odd girth at least g with the property
that any d-regular acyclic Borel graph G admits a Borel homomorphism to H.

“Borel” can be upgraded to “continuous” in this result provided the appropriate topological
assumptions on G for this to make sense. We do not know if “odd girth” can be strengthened to
“girth”. See Question 5.

The second goal of this paper is to replicate Corollary 1.3 in the Borel setting for hyperfinite
graphs.

Definition 1.5.

• A graph is called component finite if each of its connected components is finite.
• A Borel graph G is called hyperfinite if there is a sequence G0 ⊆ G1 ⊆ · · · of component
finite Borel graphs, each with vertex set V (G), with

⋃
nE(Gn) = E(G).

It is easy to see that hyperfiniteness of a Borel graph G depends only on the equivalence relation
whose classes are the connected components of G. In fact the motivation for studying hyperfinite
Borel graphs comes from the theory of so-called countable Borel equivalence relations (CBERs),
where hyperfiniteness is an essential notion with many notorious open problems attached.

Question 4. Which finite graphs H have the following property: For any 3-regular hyperfinite
acyclic Borel graph G, G admits a Borel homomorphism to H.

Is the set of such H the same as the set from Question 1?

A negative answer to the second part of this question would be quite significant as it would
give us a seemingly new tool for proving that a (3-regular acyclic) graph is not hyperfinite. Our
current set of tools for proving that CBERs are non-hyperfinite is quite limited, and expanding it
will be necessary for making progress on the aforementioned open questions about hyperfiniteness.
Unfortunately, Conley et al. [CJM+20] have shown that whenH is a complete graph, the answers to
Questions 1 and 4 are the same. That is, the proper coloring problem cannot be used to distinguish
hyperfinite forests.

This motivates the extension of some of the results from [CV24] to the hyperfinite setting.

Theorem 1.6. Let d, l ∈ N, d > 1. Suppose H is a graph with |V (H)| ≤ d · (d− 1)l and odd girth
greater than 2l+1. Then there is a hyperfinite d-regular Borel forest with no Borel homomorphism
to H.
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Corollary 1.7. For every d ∈ N, d > 2, there are finite graphs of arbitrarily large chromatic
number which do not admit Borel homomorphisms from an arbitrary hyperfinite d-regular acyclic
Borel forest.

Of course, to prove the corollary from the theorem we will need to find a finite graph H with
the right mix of odd girth, number of vertices, and chromatic number. For this we will use certain
critical subgraphs of the Kneser graphs already studied in combinatorics, the so-called Schrijver
graphs [Sch78]. See Section 2.3.

Observe that setting l = 0 and H = Kd in Theorem 1.6 recovers the result from [CJM+20]: there
is a hyperfinite d-regular acyclic Borel forest with no Borel proper d-coloring.

These results touch on the relationship between measure and hyperfiniteness. When null-sets
are ignored, hyperfiniteness becomes much more well understood. Among other things, both parts
of the analogue of Question 4 are known; it follows from [BCG+21] (see also [CM16]) that H
has a measurable homomorphism from any hyperfinite acyclic regular Borel graph on a standard
probability space if and only if H has an odd cycle. Thus measure cannot be used to even make a
dent in Corollary 1.7.

In place of measure, like the authors in [CJM+20], we will turn in Section 4 to the determinacy
method of Marks [Mar16]. We follow the newer approach of Brandt et al. [BCG+24], who gave an
alternate proof of the main theorem from [CJM+20].

2. Preliminaries

2.1. Bernoulli shifts and Factors of i.i.d. variables. In this section we define the basic Borel
graphs which most of our questions are about.

Definition 2.1.

• Let Γ be a countable group and X a set. The Bernoulli shift of Γ with base space X is the
left shift action Γ ↷ XΓ:

γ · x = δ 7→ x(γ−1δ).

• F (Γ, X) denotes the restriction of this action to the free part, the set of points with trivial
stabilizer.

• Let Γ ↷ X be an action, and S ⊆ Γ symmetric. The Schreier graph of this action with
respect to S, denoted Sch(Γ, S,X), is the graph with vertex set X where two vertices
x, y ∈ X are adjacent if ∃γ ∈ S, γx = y.

• Cay(Γ, S) := Sch(Γ, S,Γ), where the action Γ ↷ Γ is by right multiplication.
• For X a set, S(Γ, S,X) := Sch(Γ, S, F (Γ, X)).

That is, S(Γ, S,X) is the Schreier graph of the free part of the Bernoulli shift of Γ with base
space X. When X is a standard Borel space, standard probability space, or topological space, this
structure is inherited by XΓ and then F (Γ, X). For instance, if X is a standard Borel space then
S(Γ, S,X) is a Borel graph. F (Γ, 2ω) has the important property that any free Borel Γ-action on a
standard Borel space admits a Borel equivariant injection into it. Thus the Schreier graph of any
such action with respect to a given S ⊆ Γ admits an injective Borel homomorphism to S(Γ, S, 2ω).
Thus Borel graph homomorphism problems often reduce to consideration of these graphs.

For much of this paper, following [BCG+21, BCG+24], we will use the Cayley graph of the
group Z∗d

2 := ⟨a0, . . . , ad−1 | ∀i, a2i = 1⟩ with respect to the generating set Sd := {a0, . . . , ad−1}
as a stand-in for Td. Of course, these are the same graph, but the former has a canonical d-edge
coloring which can make a difference in some settings.

For the definition of fiid processes on Td we will need to lose these edge colors, so we need to
define a Bernoulli shift for this graph without any group action.

Definition 2.2.
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• Let o ∈ V (Td), so that (Td, o) is the rooted d-regular tree. Let X(Td) denote the set of copies
of (Td, o) with each vertex labeled by an element of 2ω, where to copies are considered the
same if there is an isomorphism between them preserving the labels.

• Let S′(Td) be the graph on X(Td) in which two labeled trees (Td, o, x) and (Td, o, y) are
adjacent if there is a vertex v ∈ N(o) such that (Td, v, x) ∼= (Td, o, y).

• Let F (Td) ⊆ X(Td) consist of the labeled trees whose connected components in S′(Td) are
d-regular trees. Let S(Td) = S′(Td) ↾ F (Td).

It is easy to see that S(Td) is universal for Borel d-regular forests in the same way F (Γ, 2ω) and
S(Γ,−, 2ω) are for Borel Γ-spaces.

Like F (Γ, 2ω), F (Td) inherits a natural probability measure from the coin flip measure on 2ω.

Definition 2.3. A factor of i.i.d. (fiid) labeling of Td is a measurable function F (Td) → Λ for
some finite set Λ. An fiid homomorphism of Td to a finite graph H is a measurable homomorphism
S(Td) → H.

The interpretation of this is that a measurable function c : F (Td) → Λ is the same as a random
variable taking values in ΛTd (modulo automorphisms) which can be obtained as a factor of the
random variable taking values in (2ω)Td in which each vertex independently randomly chooses a
label from 2ω according to the coin flip measure.

2.2. Kneser graphs and fractional colorings.

Definition 2.4 (See [SU11, Chapter 3]). Let k ≤ n ∈ N. The Kneser graph K(n, k) is the graph
with vertex set

(
n
k

)
, the set of k-element subsets of n, where two sets are adjacent if they are disjoint.

When n < 2k K(n, k) contains no edges, so one typically assumes n ≥ 2k. These graphs are
well-studied in combinatorics, partly because of the natural connection they have with fractional
chromatic numbers. See for instance [SU11].

Definition 2.5.

• Let k ≤ n ∈ N. LetG be a graph. A k-fold n-coloring ofG is a sequence I0, . . . , In−1 ⊆ V (G)
of independent sets so that each vertex is in exactly k sets.

• The fractional chromatic number of G, denoted χ∗(G), is

χ∗(G) := inf{n
k
| G admits a k-fold n coloring}.

The point is that a k-fold n-coloring of G is, plainly, the same as a homomorphism to K(n, k).
This generalizes the fact that proper n-colorings are the same as homomorphisms to Kn = K(n, 1).

It is common to lower bound the chromatic number of a graph by upper bounding the size of its
independent sets. This bound also applies to the fractional chromatic number.

Definition 2.6. Let G be a finite graph. α(G) := m/|V (G)|, where m is the maximal size of an
independent set. This is called the independence ratio.

Lemma 2.7 ([SU11, Proposition 3.1.1]). Let G be a finite graph. χ∗(G) ≥ 1/α(G). When G is
vertex transitive, this is an equality.

Since in this paper we work with Borel graphs, to get a useful analogue of this Lemma we need
to replace counting with a measure.

Definition 2.8. Let G be a Borel graph and µ a Borel probability measure on V (G).

• αµ(G) is the supremum of the measures µ(I) for I ⊆ V (G) a Borel (equivalently, measur-
able) independent set. This is called the measurable independence ratio.

• A Borel k-fold n-coloring of G is a Borel homomorphism from G to K(n, k). Likewsie for a
µ-measurable k-fold n-coloring. The Borel and µ-measurable fractional chromatic numbers
of G, denoted χ∗

B(G) and χ∗
µ(G) respectively, are defined accordingly.
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Lemma 2.9. Let G be a Borel graph and µ a Borel probability measure on V (G). χ∗
B(G) ≥

χ∗
µ(G) ≥ 1/αµ(G).

The study of fractional chromatic numbers in the context of descriptive combinatorics was ini-
tiated by Meehan [Mee18]. Bernshteyn then proved an analogue of the second part of Lemma
2.7.

Theorem 2.10 ([Ber22]). Let Γ be a countable group and S ⊆ Γ finite and symmetric. Let µ be
the usual measure on F (Γ, 2ω).

χ∗
B(S(Γ, S, 2

ω)) = 1/αµ(S(Γ, S, 2
ω)).

We emphasize that on the LHS one has the Borel, not µ-measurable, fractional chromatic number.
αµ(S(Γ, S, 2

ω)) is, in the language of the previous section, the “fiid independence number” of
Cay(Γ, S). It is not hard to check that Bernshteyn’s result also applies in situations like the
Bernoulli shift of Td.

Proposition 2.11. Let d ∈ N, d ≥ 2. Let µ be the usual measure on F (Td).

χ∗
B(S(Td)) = 1/αµ(S(Td)).

A lot of effort has gone into computing αµ(S(Td)), the fiid independence number of Td, both
asymptotically and for small values. We will only need the latter.

Theorem 2.12 ([CGHV15, McK87]). 0.4361 ≤ αµ(S(T3)) ≤ 0.45537

2.3. Chromatic numbers of Kneser graphs. To understand the relationship between fractional
and ordinary colorings, it is important to compute the chromatic numbers of the Kneser graphs.
This turns out to be nontrivial, and was first done by Lovász using topological methods.

Theorem 2.13 ([Lov78]). Let k, n ∈ N with n ≥ 2k. χ(K(n, k)) = n− 2k + 2.

On the other hand, unsurprisingly (though still not trivially), χ∗(K(n, k)) = n/k [EKR61].
We now have enough information to give our alternate proof of Corollary 1.3 and our positive

answer to Question 3.

Proof of Corollary 1.3. By Theorem 2.12 and Lemma 2.9,

χ∗
µ(S(Td)) ≥ 1/0.45537 > 2 +

1

6
.

Therefore Td has no FIID homomorphism to K(2k + k
6 , k) for any k ∈ 6N. By Theorem 2.13 the

chromatic number of this graph is 2 + k
6 , so since k is arbitrary we are done. □

Proof of positive answer to Question 3. By Theorem 2.12 and Proposition 2.11,

χ∗
B(S(Td)) ≤ 1/0.4361 < 2 +

1

3
.

Therefore there exists k ∈ 3N such that S(Td) admits a Borel homomorphism to K(2k + k
3 , k).

Clearly K(n, k) is triangle free iff n < 3k, so we are done. □

The observation about when K(n, k) contains a triangle easily extends to the following, which
we will need shortly. When n = 2k K(n, k) is a matching, so we further restrict our attention to
the case n > 2k.

Lemma 2.14 ([PT87, Corollary 2.11]). Let n, k ∈ N with n > 2k. The odd girth of K(n, k) is

1 + 2

⌈
k

n− 2k

⌉
.



6 FELIX WEILACHER

On the other hand K(n, k) contains a 4-cycle whenever n ≥ 2k + 2.
When n ∼ (2+ ϵ)k for ϵ > 0 small and k large, the above results say that K(n, k) has both large

odd girth and large chromatic number. Unfortunately K(n, k) has too many vertices, (around 2n)
to deduce Corollary 1.7 from Theorem 1.6. Fortunately, it is known that there are critical subgraphs
of K(n, k), i.e, minimal subgraphs with the same chromatic number, with much fewer vertices.

Definition 2.15 ([Sch78]). Let n, k ∈ N with n ≥ 2k. The Schrijver graph K ′(n, k) is the induced
subgraph of K(n, k) on the set of sets A ∈

(
n
k

)
with the property that no two elements of A have a

difference of 1 mod n.

Theorem 2.16 ([Sch78]). χ(K ′(n, k)) = χ(K(n, k)) (= n− 2k + 2)

Finally we will need the following computation

Lemma 2.17. Fix m ∈ N. |V (K ′(2k +m, k))| = O(km).

Proof. In general, |V (K ′(n, k))| = n
k

(
n−k−1
k−1

)
. This is well known, but for instance, one can specify

a vertex A by choosing a “starting element” x ∈ n, then writing the sequence in Nk−1 of lengths of
gaps between each pair of consecutive elements of A starting from x. Each gap must have positive
length and the lengths must add to at most n−k−1, so stars and bars show that there are

(
n−k−1
k−1

)
such sequences. Finally, any element of A can be the starting element, so we have overcounted by
a factor of k.

Now

2k +m

k

(
k +m− 1

k − 1

)
= O(1)

(
k +m− 1

m

)
≤ O(1)(k +m)m = O(km).

□

Proof of Corollary 1.7 from Theorem 1.6. Fix d,m ∈ N with d > 2. We will takeH = K ′(2k+m, k)
for some large k. This always has chromatic number m+2 by Theorem 2.16, so since m is arbitrary
we will be done if we can check the hypotheses of Theorem 1.6.

Let l = (k/m)− 1, so that by Lemma 2.14 K(2k +m, k), and therefore K ′(2k +m, k), has odd
girth greater than 2l + 1. Now |V (K ′(2k +m, k))| is at most polynomial in k by Lemma 2.17, so

for large enough k it will be less than (d − 1)k/m ≤ d · (d − 1)l, as desired. Note the use of d > 2
here. □

3. Proof of Theorem 1.4

In this short section we prove Theorem 1.4. The proof is already implicit in Bernshteyn’s
proof of Theorem 2.10 [Ber22] (recall that we used this in our answer to Question 3), where the
homomorphism to the Kneser graph factors through the sort of homomorphism we will describe. In
fact, Bernshteyn and independently Seward have shown that all continuous homomorphisms from
S(Td) to finite graphs factor through these sorts of homomorphisms [Ber23].

Fix d and g > 0. Let o ∈ V (Td) and T = Td ↾ B(o, g). Let N = d2g. H will a graph whose vertex
set is the set of injective functions B(o, g) → N modulo automorphisms of T . We think of these as
labelings of T . Two such labelings f0 and f1 will be adjacent iff there is a labeing F : V (T ) → N
and adjacent vertices (v0, v1) ∈ E(Td) so that for each i ∈ 2, (Td ↾ B(vi, g), F ↾ B(vi, g)) ∼= (T, fi).
There is an alternate description of the edge set which may be helpful: Identifying N with some set
of N points in 2ω, call a lift of f ∈ Hi a labeling x ∈ F (Td) which extends f . Then f0, f1 ∈ V (H)
are adjacent iff they have lifts which are adjacent in S(Td).

Claim 3.1. H has odd girth > g.

Proof. Let l ≤ g odd and suppose f0, . . . , fl = f0 is a cycle of length l in H. WLOG f0(o) = 0. By
induction one can see that for each i ≤ l, there is some vi ∈ B(o, g) with fi(v) = 0, and, letting di
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be the distance from o to vi, di+1 = di ± 1. In particular di = i (mod 2). Since l is odd, we then
have vl ̸= o, but fl = f0, so this contradicts the injectivity of f0. □

In fact it is not hard to check that the odd girth of H is precisely 2g + 1.

Claim 3.2. Let G be a d-regular acyclic Borel graph. G admits a Borel homomorphism to H.

Proof. Let G′ = G≤2g denote the Borel graph with V (G′) = V (G) and where two vertices are
adjacent if their distance in G is at most 2g. Note that G′ is d(d − 1)2g−1-regular. Since this is
strictly less than N , it follows from [KST99] G′ admits a Borel proper N -coloring, call it f .

Now let c : V (G) → V (H) be the function sending a vertex x to the labeling f ↾ B(x, g). By
definition of G′ and f , this labeling is injective, so it is indeed in V (H). It follows from the definition
of H that c is a homomorphism from G to H, and it is clearly Borel. □

This completes the proof of Theorem 1.4. Note that H has many 4-cycles. We do not know if
these can be removed.

Question 5. Is There a finite graph H with girth at least 5 with the property that that any Borel
3-regular forest admits a Borel homomorphism to H?

4. Proof of Theorem 1.6

We mimic the proof from [BCG+24] of the case l = 0, H = Kd. Our counterexample graph G
will be the same as theirs, so we start by defining it. Let e : ω → d be any function with each fiber
infinite. Let sn ∈ 2n for n ∈ ω so that for each i < d, the set {sn | e(n) = i} is dense in 2<ω. Recall
the graph G0 on 2ω defined by Kechris, Solecki, and Todorčević.

Definition 4.1 ([KST99]). E(G0) = {(s⌢n ϵ⌢z, s⌢n (1− ϵ)⌢z) | n ∈ ω, ϵ ∈ 2, z ∈ 2ω}.

Following now [BCG+24, Section 4.2], we define a d-edge labeling of this version of G0, and pick
a subgraph on which the labeling is well-behaved. Observe that if (x, y) ∈ E(G0) then x and y
differ in exactly one bit.

Definition 4.2 ([BCG+24]).

• Let α : E(G0) → d be the following (symmetric) edge labeling: Given (x, y) ∈ E(G0), let
n ∈ ω be the unique n with x(n) ̸= y(n). Then α(x, y) = e(n).

• Let H be the induced subgraph of G0 on the set

V (H) := {x ∈ 2ω | every vertex in the G0 component of x

is incident to infinitely many edges of every α label.}

Lemma 4.3 (Essentially [BCG+24, Claim 4.7]).

(1) V (H) is comeager in 2ω

(2) Let A ⊆ V (H) be Baire measurable and nonmeager. For each i ∈ d there exist x, x′ ∈ A
such that (x, x′) is an edge in H with label i.

We can now define our counterexample G. Recall that Sd = {a0, . . . , ad−1} is our generating set
for Z∗d

2 .

Definition 4.4 ([BCG+24]). Let G be the graph Home(Td,H), defined as follows: V (G) ⊆ (2ω)Z
∗d
2

is the set of graph homomorphisms z : Cay(Z∗d
2 , Sd) → H that preserve the edge labels. That is, so

that for each γ ∈ Z∗d
2 and i ∈ d, α(z(ai), z(γai)) = i.

Let G be the induced subgraph of S(Z∗d
2 , Sd, 2

ω) on V (G).
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Figure 1. The 2-ball around the identity in Cay(Z∗3
2 , S3) with our edge labels. In

the games G(x, a2a0), Alice is responsible for labeling the red node (and all the other
nodes in that sextant), Bob for the blue nodes (and all the other nodes in those five
sextants), and the white nodes other than the identity are given the label 0.

It is not hard to see that V (G) is an invariant subset of F (Z∗d
2 , 2ω), so the final operation here

is well defined, and G is acyclic and d-regular. It also turns out that G is hyperfinite since H is
[BCG+24, Proposition 2.6].

We now describe a method of constructing elements of G that yields a natural bijection between

V (G) and V (H) × ωZ∗d
2 \{1}. First, let x ∈ V (H) and i ∈ d. Let ni

0 < ni
1 < · · · enumerate the

elements n of e−1(i) for which sn ⊆ x. Then for each m, x is adjacent to the real obtained by
flipping the ni

m-th bit of x and the edge to this vertex has color i. Furthermore this is enumerates
all such edges. Let fi,m(x) denote the neighbor corresponding to m ∈ ω. We will need the following
later.

Claim 4.5. Each fi,m is a continuous involution of V (H).

Proof. Let y = fi,m(x). x ↾ ni
m = y ↾ ni

m, so for n ≤ ni
m they agree on which sn’s they have as

prefixes. Thus fi,m(y) = x. Furthermore, any z with z ↾ ni
m = x ↾ ni

m will for the same reason
agree on which bit is flipped by fi,m, proving continuity. □

Now again let x ∈ V (H), and let y ∈ ωZ∗d
2 \{1}. We will use y to define an element z ∈ V (G) with

z(1) = x. We define z(γ) by induction on the word length of γ in terms of the generating set Sd.
Given γ ̸= 1, write γ = δai where δ ∈ Z∗d

2 is a shorter word, and define z(γ) = fi,y(γ)(z(δ)). Write

z = Φ(x, y). It is easy to see that Φ is a Borel bijection from V (H)× ωZ∗d
2 \{1} to V (G).

It is time to show that there is no Borel homomorphism from G to H. Suppose c is one. For
r ∈ N, S≤r

d denotes the set of elements of Z∗d
2 with word length at most r. I.e, those in the radius

r-ball around in Cay(Z∗d
2 , Sd). Let T = S≤l+1

d \ S≤l
d , the set of elements with word length exactly

l + 1. Note that |T | = d · (d − 1)l. Therefore, by adding isolated vertices if necessary, we may
identify V (H) with T .

For each x ∈ V (H) and τ ∈ T , we define a game, call it G(x, τ), in which two players, Alice and

Bob, define one by one the entries in an element y ∈ ωZ∗d
2 \{1}. We set y(γ) = 0 for γ ∈ S≤l

d \ {1}.
Then Alice chooses the value of y(γ) on all words γ which begin with τ and Bob chooses the value
of y on all other elements. The order of play is that for each k > l in turn, Alice first chooses a
value for words of length k beginning with τ , then Bob chooses a value for all other words of length
k. This is illustrated in Figure 1. In the end we obtain a vertex Φ(x, y) ∈ V (G). Bob wins if and
only if c(Φ(x, y)) = τ .



BOREL HOMOMORPHISMS FROM FORESTS TO KNESER GRAPHS 9

1

0

1
2

1 2

2

0

1

σ

0

1
2

12

2

0

1

0 τ

Figure 2. Playing two copies of Bob against eachother. As in Figure 1, d = 3,
l = 1, and τ = a2a0. The two Bobs agree on edge labels, but vertices are labeled
according to the unprimed Bob’s perspective. The unprimed Bob is responsible
for labeling the blue vertices. From his perspective, everything to the right of the
dotted line is being labeled by Alice. In reality we label τ with m and the remaining
nonidentity white nodes 0, while the primed Bob labels the green vertices. The fact
that each fi,j is an involution can be used to see that the primed Bob agrees with
the unprimed Bob, modulo shifting by σ, about which element of V (G) is being
constructed.

Claim 4.6. For each x ∈ V (H), there is some τ ∈ T for which Alice does not have a winning
strategy in G(x, τ).

Proof. If not, then by playing the winning Alice strategies in G(x, τ) for all τ ∈ T against eachother,
we obtain a y for which c(Φ(x, y)) ̸= τ for all τ ∈ T . But T is the codomain of c. □

Since c and Φ are Borel, the Borel determinacy theorem implies that for each x, there is some
τ ∈ T for which Bob has a winning strategy in G(x, τ). Let d(x) ∈ T be the lex-least such τ . d
may not be Borel, but it is measurable with respect to the σ-algebra of so-called Game-Borel sets.
In particular it is Baire measurable. See [BCG+24, Proposition 1.3].

Now choose τ ∈ T for which d−1(τ) is nonmeager. Write τ = ai0 · · · ail , and let σ = ai0 · · · ail · · · ai0 =
τailτ

−1.

Claim 4.7. There exist x, x′ ∈ d−1(τ) so that, letting y = fil−1,0(· · · fi0,0(x) · · · ) and likewise for
y′ and x′, (y, y′) ∈ E(H) and the edge between them has label il.

Proof. Let g = fil−1,0 ◦ · · · ◦ fi0,0. By Claim 4.5 g is a homeomorphism of V (H). Thus g(d−1(τ)) is
Baire measurable and nonmeager, so we can apply Lemma 4.3. □

Fix such x, x′, y, y′ and let m ∈ ω such that fil,m(y) = y′. Let B be a winning strategy for
Bob in G(x, τ) and likewise for B′ and x′. We can now play these strategies against each other
as explained in Figure 2. Let z, z′ ∈ V (G) be the vertices produced from B and B′’s perspective
respectively. Then we have c(z) = c(z′) = τ and σ · z = z′. For j ≤ 2l+ 1 let σj ∈ Z∗d

2 be the word
consisting of the j rightmost characters in σ, so that ⟨σjz | j ≤ 2l+1⟩ is the path in G from z to z′.
Then ⟨c(σjz) | j ≤ 2j + 1⟩ is a circuit in H of length 2l+ 1, (it starts and ends at τ) contradicting
the odd girth assumption on H. This completes the proof of Theorem 1.6.
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5. Further questions

We end the paper with two more questions. In the previous section we showed that for k
sufficiently large and ϵ sufficiently small, a hyperfinite Borel 3-regular forest may fail to admit a
Borel homomorphism to the Schrijver graph K ′((2+ ϵ)k, k). Whether this holds for the full Kneser
graph K((2 + ϵ)k, k) is unknown.

Question 6. Let G be a hyperfinite Borel 3-regular forest. Is χ∗
B(G) = 2?

It follows from the remarks at the end of the introduction that the answer is yes if one ignores
null sets.

Finally, we would like to advertise the following test question which does not involve hyper-
finiteness. For the most part in this paper we have been interested in the Kneser graphs K(n, k)
asymptotically in n and k, but our knowledge about particular small values is limited.

Question 7. Let G be a Borel 3-regular forest. Does G admit a Borel homomorphism to K(6, 2)?

The answer is again yes if one ignores null sets since any such G has measurable 3-colorings
by [CMTD16]. Recall also that by Proposition 2.11 any such G has a Borel homomorphism to
K(3k, k) for k large enough. Furthermore, the answer is negative for K(5, 2) since χ(K(5, 2)) = 3
by Theorem 2.13 while χB(G) may be 4 [Mar16], and the answer is positive for K(7, 2) as we
quickly sketch below.

Proposition 5.1. Let d ≥ 2, k ∈ N, and G a d-regular Borel forest. G admits a Borel homomor-
phism to K(dk + 1, k).

That is, G admits a Borel k-fold (dk + 1)-coloring. Note that in the case k = 1 this is just the
fact that χB(G) ≤ d+ 1 [KST99].

Proof. Our approach is based on the “d-coloring off lines” problem from [BCG+21]. First note
that we can find a Borel partial proper d-coloring c : V (G) ⇀ d with the property that, letting
X = V (G)\dom(c), G ↾ X is 2-regular, and for all y ∈ dom(c) adjacent to a point inX, c(y) < d−2.
To do this, by [KST99] iteratively remove Borel maximal independent sets from V (G) and have
these be the c−1(i) for i < d − 2. Letting Y be the remaining set of vertices, note G ↾ Y has
maximum degree 2. The union of the connected components of G ↾ Y which are not 2-regular can
then easily be Borel 2-colored using d− 1 and d− 2.

We now describe our k-fold (dk + 1)-coloring. First, for each i < d, Each point x ∈ c−1(i) will
simply get the colors ik, ik + 1, . . . , ik + (k − 1).

Each point in X now has at least the colors greater than equal to (d − 2)k available. Thus, it
suffices to give a Borel k-fold (2k + 1)-coloring of G ↾ X. Since K(2k + 1, k) has an odd cycle by
Lemma 2.14, this is possible [GR21]. □
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