
LECTURE-17 : LIOUVILLE’S THEOREM

VED V. DATAR∗

Recall that an entire function is a function that is holomorphic on the
entire complex plane C. We then have the following surprising fact.

Theorem 0.1 (Liouville). There are no bounded non-constant entire func-
tions.

A beautiful consequence of this is a proof of the fundamental theorem
of algebra, that any polynomial is completely factorable over the complex
numbers. To prove Liouville’s theorem, it is enough to show that the de-
rivative of any entire function vanishes. For this, we need the following
estimates, also known as Cauchy’s inequalities. For the proof of Liouville’s
theorem, we only need the case of n = 1, but in view of the usefulness of
these inequalities, we state the general version.

Lemma 0.1. Let f be a holomorphic function in an open set containing the
closure of a disc DR(a). If we denote the boundary of the disc by C, then
we have the following estimate

|f (n)(a)| ≤ n!

Rn
||f ||C ,

where ||f ||C := supζ∈C |f(ζ)|.
Proof. By CIF for derivatives, we have that

f (n)(a) =
n!

2πi

∫
C

f(ζ)

(ζ − a)n+1
dζ.

Applying the triangle inequality, and remembering that on C, |ζ − a| = R,

|f (n)(a)| ≤ n!

2π

∫
C

∣∣∣ |f(ζ)|
|ζ − a|n+1

∣∣∣ |dζ|
≤ n!

2πRn+1
sup
C
|f(ζ)| · len(C) =

n!

Rn
||f ||C .

�

Proof of Theorem 0.1. Let f(z) be a bounded entire function. We show that
it then has to be a constant. Suppose |f(ζ)| < M for all ζ ∈ C, and let
z ∈ C be an arbitrary point. Since f is entire, it is holomorphic on any disc
DR(z). Denoting the boundary by CR, by the estimate above,

|f ′(z)| ≤ ||f ||CR

R
<
M

R
.
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Letting R→∞ the right hand side approaches zero, and hence f ′(z) = 0 for
all z ∈ C. Since C is connected, this forces f(z) to be a constant, completing
the proof of Liouville’s theorem. �

Remark 0.1. More generally, we can show that an entire function f(z)
satisfying

|f(z)| ≤M(1 + |z|n),

for some constant M and all z ∈ C, has to be a polynomial of degree at most
n. We leave this as an exercise.

Fundamental theorem of algebra

Theorem 0.2. Any non-constant polynomial p(z) has a complex root, that is
there exists an α ∈ C such that p(α) = 0. As a consequence, any polynomial
is completely factorable, that is we can find α1, · · · , αn (some of them might
be equal to each other), and c ∈ C such that

p(z) = c(z − α1) · · · (z − αn),

where n = deg(p(z)).

Proof. For concreteness, let

p(z) = anz
n + · · ·+ a1z + a0,

where an 6= 0. Then we claim that there exists an R such that

|an|
2
|z|n ≤ |p(z)| ≤ 2|an||z|n,

whenever |z| > R. To see this, by the triangle inequality,

|p(z)| ≤ |an||z|n+· · · |a1||z| = |a0| = |an||z|n
(

1+
|an−1|
|z|

+· · ·+ |a0|
|z|n

)
≤ 3

2
|an||z|n

if |z| > R and R is sufficiently big. For the other inequality, we use the other
side of the triangle inequality. That is,

|p(z)| ≥ |an||z|n
∣∣∣1− ∣∣∣an−1

z
+ · · ·+ a0

zn

∣∣∣∣∣∣.
But ∣∣∣an−1

z
+ · · ·+ a0

zn

∣∣∣ ≤ |an−1||z|
+ · · ·+ |a0|

|z|n
<

1

2
,

if |z| > R when R is as above. So when |z| > R,

|p(z)| ≥ |an||z|
n

2
.

Now suppose, that p(z) has no root in C. Then

f(z) =
1

p(z)

will be an entire function. Moreover, on |z| > R, by the lower bound above,

|p(z)| > |an||z|n/2 > |an|Rn/2,
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that is |f(z)| ≤ M for some M on |z| > R. On the other hand, we claim
that there exists an ε > 0 such that |p(z)| > ε on |z| ≤ R. If not, then

there is a sequence of points zk ∈ DR(0) such that |p(zk)| → 0. Since DR(0)
is compact, there exists a subsequence, which we continue to denote by zk,
such that zk → a ∈ DR(0). But then by continuity, p(a) = 0, contradicting
our assumption that there is no root. This proves the claim. The upshot
is that on |z| ≤ R, |f(z)| ≤ 1/ε. This shows that f(z) is a bounded, entire
function, and hence by Liouville, must be a constant, which in turn implies
that p(z) must be a constant. This proves the first part of the theorem.

The second part follows from induction. If p(z) is a non-constant polyno-
mial, let α1 be a root, which is guaranteed to exist by the first part. Then
by the remainder theorem, p(z) is divisible by (z − α1). For a proof of the
remainder theorem, see remark below. Then we define a new polynomial

p1(z) =
p(z)

z − α1
.

The crucial observation is that deg(p1) is strictly smaller than deg (p). In
finitely many steps we should reach a linear polynomial which is obviously
factorable. �

Remark 0.2. We used the remainder theorem for the proof of the second
part of the theorem which basically says that for a polynomial p(z),

p(z)− p(a) = (z − a)q(z)

for some polynomial q(z) of a strictly smaller degree. To see this, let

p(z) = anz
n + · · ·+ a1z + a0,

and so
p(z)− p(a) = an(zn − an) + · · ·+ a1(z − a).

Each term is of the form

ak(z
k − ak) = ak(z − a)(zk−1 + zk−2a+ · · ·+ zak−2 + ak−1),

and this completes the proof. It is also easy to see that highest degree term in
q(z) is anz

n−1, and hence in particular, the degree of q(z) is strictly smaller.

∗ Department of Mathematics, UC Berkeley
E-mail address: vvdatar@berkeley.edu

3


