
Mid Term-1 : Practice problems

These problems are meant only to provide practice; they do not necessarily reflect the difficulty
level of the problems in the exam. The actual exam problems are likely to be easier because of the
time constrains.

1. (a) For any sequence {an} of positive numbers, show that

lim inf
n→∞

an+1

an
≤ lim inf

n→∞
n
√
an ≤ lim sup

n→∞
n
√
an ≤ lim sup

n→∞

an+1

an
.

(b) Let an = nn/n!. Show that
lim
n→∞

n
√
an = e.

Hint. It is easier to compute the limiting ratios.

2. Let F be a collection of some subsets of Rk, and let S = ∪A∈FA and T = ∩A∈FA. For each of
the following statements, either give a proof or provide a counterexample.

(a) If p is a limit point of T , then p is a limit point of each A ∈ F .

(b) If p is a limit point of S, then p is a limit point of at least one set A ∈ F .

3. If A and B denote arbitrary subsets of a metric space (X, d) with interior and closures denoted
respectively by int(A) and A respectively, prove the following properties.

(a) int(A) = X −X −A.

(b) If int(A) = int(B) = φ, and A is closed, then int(A∪B) = φ. If A is not necessarily closed,
given an example where int(A ∪B) = X.

(c) A ∩B ⊆ A ∩B. Given an example of strict inclusion.

4. Consider the natural numbers N with the discrete metric (that is, d(m,n) = 1 if m 6= n, and
d(n, n) = 0). What are all the compact sets of (N, d)? Is (N, d) complete?

5. If (X, d) is a metric space, show that

ρ(x, y) =
d(x, y)

1 + d(x, y)

also defines a distance function on X satisfying ρ(x, y) ≤ 1 for any x, y ∈ X. For X = R2, and
d the usual distance function, sketch the ρ-ball of radius 1/2 centered at the origin.

6. Let S be the collection of all sequences whose terms are either 0 or 1. Show that S is uncount-
able.

7. Let A and B be disjoint closed subset of a metric space (X, d). Show that there exist disjoint
open sets U and V such that A ⊆ U and B ⊆ V .
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8. Let (X, d) be a complete metric space.

(a) Suppose {En} is a sequence of closed and bounded sets, En+1 ⊂ En for all n, and if

lim
n→0

diam(En) = 0,

where for any subset E, the diameter is defined as diam(E) = supx,y∈E d(x, y), then
∩∞n=1En consists of exactly one point.

(b) Prove that the set of rational numbers in (0, 1) cannot be written as the intersection of a
countable collection of open sets. Hint. Suppose S = ∩Sk where each Sk is open, and
suppose the rationals are labelled S = {r1, r2 · · · }. Construct a decreasing sequence of
closed intervals In such that In ⊂ Sn, and rn /∈ In.

(c) If {Gk} is a sequence of dense open subsets of Rk, show that ∩Gk is non-empty. Hint.
Find a shrinking sequence of neighborhoods En such that En ⊂ Gn and apply part (a).

(d) From part (d) show directly that if Rk = ∪∞k=1Fk for closed subsets Fk, then at least one
of Fk has a non-empty interior.

9. Let {an} be a sequence of real numbers such that |an| ≤ 2, and

|an+2 − an+1| ≤
1

8
|a2n+1 − a2n|

for all n ≥ 1. Show that an converges.

10. Let {fn} be the Fibonacci sequence defined by f0 = f1 = 1, and for n ≥ 1,

fn+1 = fn + fn−1.

Denoting an = fn+1/fn, show that an converges to L = 1+
√
5

2 .

Hint. Using induction, show that fn+1fn−1 − f2n = (−1)n+1, and hence deduce that |an −
an−1| ≤ (n− 1)−2.
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