Math 115. More Slides from the Lecture of November 21 (revised)
Infinite Simple Continued Fractions

For the rest of today’s class: Let ag,aq1,..., be an infinite sequence of integers,
with a; >0 for all i >0.

How might we define (the value of) {(ag,aq,...)?

Answer: As a limit:

(ag,ay,...) :nli_>nolo<a0,...,an) .

This leads to looking at functions (ag,...,a,—1,2) with z € R, > 0.

Note that (ag,z) = ao+% is a decreasing function of x, but (ag, a1, z) = ag+—

1
al+;

is increasing.
We'll use sequences (h,,) and (k,) with n = —2,-1,0,1,... defined inductively
by

ho=0, h_1=1, h,=aphp_1+hp_o foralln>0
ko=1, k1=0, kp=ankn1+kno2

Theorem. For any sequence (a,) as above,

(agy ... Gp_1,) = m for all n >0 and all x € Ryq .

Proof. Induction on n € N.
Base case: When n = 0, the left-hand side is (z) = x, and the right-hand side is

h_1x+h_o 1l +0
= =
k_iz+k_o Oz+1

Inductive step: Given n € N, we’ll assume it’s true for n and show it’s true for
n+1:

hn—l (CLn + %) + hn_g

kn—1(an + 1) + kn_s

anhp 124+ hp 1 +hpor  (anhp_1+hn2)x + hyt

Ankn 1T+ k1 +knor  (ankn_1 4+ Ekn_2)x+ kny

hpx + hpo1

knt +kn_1 0

(ag, ..., an, ) = (ag,...,an_1,a, + 1) =




2

Proposition. Let n € N and let r, = (ag,...,a,). Then r, = hy,/ky, .
Proof. Let © = a,, in the above theorem. Then

hn—lan + hn—2 o h

T”:<a0""7a’n>: kn—lan+kn—2 _H ]

Lemma.
(a). hpkp_1— hn_1k, = (=1)""1 forall n > —1
(b). rp—rp_1=(=1)""Yk,k,_1 forall n>1.

Proof. (a). Use induction on n.
First note that

Dy hp—
hnkn—1 — hn—1k, = det [ . kn_ﬂ (*)
and that
hn hn—l _ hn—l hn—2 %9 1
kn knfl N knfl kn72 1 0] -
Base case: Assume n = —1. Then, by (*),
_h_lh_g_lo___,g
hnkn_l—hn_lkn—’kl Ky _'O 1‘—1—( 1)7=.

Inductive step: If n > 0 and the result is true for n — 1, then

_ Py hpa _ hn—1 hp_2 anp 1
hnkn—l - h/n—lkn - ‘ kn k’n_l = det <|:/€n_1 kn_2:| |: 1 0:|>
. hn—l hn_g . Qp, 1 _(_1\n—2  (_ _ (_1\n—1
S B NS R G

(b). For all n > 1 we have

hn hn—l o hnkn—l - hn—lkn o <_1)n_1

T'n —Th—1= 7 —

kn kn—l knkn—l N knkn—l ' O

Corollary. gcd(hy,ky) =1 forall n>0.
Proof. Indeed, h,k,_1 — hp_1k, = £1 for all n. O

So the fraction r,, = h,/ky, is in lowest terms for all n.



