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1 Introduction.

A finite index subfactor N of a I1; factor M is well known to have a ""standard
invariant" - two increasing sequences of finite dimensional algebras which
were first defined as the commutants (or centralisers) of M and N in the
increasing tower M, of extensions of N defined inductively by My = N,
My, = M and M, = End(M,) where M, is considered as a right M,_,
module.

The planar algebras defined in [?] grew out of an attempt to solve the
massive systems of linear equations defining the standard invariant of a sub-
factor defined by a "commuting square" - see [?]. The standard invariant
arises as the eigenspace of largest eigenvalue of the transfer matrix 7' (with
free horizontal boundary conditions) in a certain statistical mechanical model
whose Boltzman weights are defined by the commuting square. The planar
operad of [?]| acts multilinearly on V' so as to commute with 7. Hence the
operad acts on the eigenspace of largest eigenvalue which places tight non-
linear constraints on that eigenspace. It was shown in [?] that the ensuing
action of the planar operad on the standard invariant can be defined directly
from the data N C M itself. The appearance of Popa’s seminal paper |?]
made it clear that the planar operad could be used, in the presence of reflec-
tion positivity of the partition function, to axiomatise standard invariants of
subfactors. All this material is explained in detail in [?].

More significantly than the axiomatisation has been the totally different
point of view on subfactors afforded by the planar algebra approach. The
planar operad is graded by the number of inputs in a planar tangle. So
the natural order of increasing complexity of operations on the standard
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invariant is by the number of inputs. Tangles with no inputs and one output
are the so-called Temperley-Lieb tangles and, in retrospect, it was the study
of these tangles that led in [?] to the first breakthrough on subfactors. (It was
Kauffman who first saw the Temperley-Lieb algebra in a purely diagrammatic
way in [?].) The natural next step in the order of complexity is to consider
tangles with one input and one output. These are the annular tangles and in
this paper we lay the foundations for the study of this the annular structure
of subfactors.

The next step up in complexity will be to consider systematically tangles
with two inputs, which give bilinear operations. This will be much harder
than the study of annular tangles as tangles with up to two inputs generate
the whole operad. In particular one will see the algebra structure on the
standard invariant which has been the main tool of study in the orthodox
approaches of Ocneanu([?]), Popa(|?]) and others. From this perspective
it 1s truly remarkable that the annular structure yields any information at
all about subfactors seen from the orthodox point of view. Indeed, besides
the algebra structure, the notions of principal graph, fusion and connection
are entirely absent and even the index itself is just a parameter, with no
indication that its size should measure complexity! Yet we will show herein
that annular considerations alone are enough to give Ocneanu’s restrictions
on the principal graphs in index less than four and even the construction of
the A — D — E series. Restricitions will also be obtained in index greater
than 4 by considering the generating function for the dimensions of the graded
pieces in a planar algebra.

The notion that will systematise our study of annular structure is that
of a module over a planar algebra. (In the operadic treatment of associative
algebras the notion of "module'" over an algebra over an operad actually
defines a bimodule over the associative algebra.) Adapting the definition of
[?], @ module over a planar algebra will be a graded vector space whose
elements can be used as inputs for a single internal disc in a planar tangle,
the output being another vector in the module, as explained in section 1.

By combining all the internal discs that correspond to algebra inputs it
is natural to think of a module as being a module over an annular category
whose morphisms are given by annular planar tangles. A planar algebra will
always be a module over itself. More significantly, if a planar algebra P
contains another Q then P is a module over Q and will be decomposable as
such. In particular any planar algebra contains the Temperley Lieb planar
algebra T'L and may be decomposed. In this paper we will exploit this
decomposition for the first time.

There are two precursors to this study. The first is [?] where the T'L
category was completely analysed in the case of a particular planar algebra



called the tensor planar algebra in [?]. The second and very impressive
precursor is the paper of Graham and Lehrer [?| where all T'L modules are
obtained in a purely algebraic setting which includes the non semisimple case.

We present two main applications of our technique. The first is a positiv-
ity result for the Poincaré series of a planar algebra, obtained by summing
the generating functions of the T'L-modules contained in a planar algebra.
As a corollary one may obtain certain restrictions on the principal graph of
a subfactor of index close to 4 (see [?]).

The second application is to give a uniform method for the construction
of the ADE series of subfactors of index less than 4. We give two versions of
the proof, the first of which interprets the vanishing of a certain determinant
as being the flatness of a certain connection in the Ocneanu language, or the
computation of the relative commutants for a certain commuting square in
the language of [?]. This is the first convincing vindication of the power of
planar algebras for computing commuting square invariants-which was the
motivation 10 years ago for the introduction of planar algebras! To avoid a
lengthy discussion of connections and commuting squares we cast this proof
entirely in the language of planar algebras though the reader familiar with
commuting squares will have no trouble recognising the origin of the proof.
The second proof is a purely planar algebraic proof which proceeds by giving
a system of "skein" relations on a generator of a planar algebra which allow
one to calculate the partition function of any closed tangle. It was shown in
[?] that the partition function completely determines the planar algebra if it
is reflection positive. Both the proofs begin by finding the relevant generator
inside a larger, general planar algebra obtained from the Coxeter graph in
[?].
The results of Graham and Lehrer are crucial to both the above appli-
caitons since they give the linear independence or lack thereof of certain
elements, represented by labelled tangles, in T'L-modules. Indeed the results
are so important that we were compelled to find our own proofs of the rel-
evant linear independence. There are two reasons for this. The first is that
Graham and Lehrer never explicitly address the issues of positivity. Positiv-
ity cannot be deduced from the Graham-Lehrer determinants alone and even
if we had just applied their results we would have had to do a large fraction
of the work anyway. The second reason is that there are subtle but signif-
icant differences in the Graham-Lehrer context and our own. They had no
reason, for instance, to worry about shading so their T'L-modules are slightly
different from ours. And their handling of sesquilinearity, while exemplary
from a purely algebraic point of view, requires a little modification to apply
to Hilbert space. Thus in order to have confidence in our own results we
felt obliged to obtain our own proofs-albeit ones owing a lot to the ideas of



Graham and Lehrer. But even our own proofs are not quite self-contained as
they use specialisations of the parameters to values contained in [?] and [?].

2 Notation.

Let P be the planar coloured operad defined in [?]. By definition a planar
algebra (or general planar algebra, we will not make the distinction here) is
an algebra over this operad, i.e. a graded vector space P = (Poi, P,,n>0)
together with multilinear maps among the P;’s indexed by the elements of P.

The multilinear maps are subject to a single compatibility property defined
in [?].

Definition 2.1 An annular tangle T" will be a tangle in P with the choice of a
distinguished internal disc. The region in the plane between the distinguished
internal disc and the outside boundary disc will be called the interior of the
tangle. T will be called an annular (m, k)-tangle if it is an m-tangle whose
distinguished internal disc has 2k boundary points. In case m or k is zero it
is replaced with + as usual.

Definition 2.2 (Left) module over a planar algebra.

If P = (P5, Py,n > 0) is a planar algebra, a module over P, or P —
module will be a graded vector space V- = (V55 V,,,n > 0) with an action of
P. That is to say, given an annular (m, k)-tangle T in P with distinguished
("V input") internal disc Dy with 2k boundary points and other ("P input”)
internal discs Dy, p = 2,..n with 2k, boundary points, there is a linear map
Zy Ve ® (®@p—oPr,) — V. Zr satisifies the same compatibility condition for
gluing of tangles as P itself where we note that the output of a tangle with a
V input may be used as input into the distinguished internal disc of another
tangle, and elements of P as inputs into the non-distinguished discs.

Comments. (i) This definition of P-module is precisely the generalisation
to the coloured setting of the definition of module over an algebra over an
operad found in [?].

(ii) A planar algebra is always a module over itself. It will be considered
to be the trivial module.

(iii) Any relation (linear combination of labelled planar tangles) that holds
in P will hold in V. For instance if P is of modulus ¢ in the sense that a
closed circle in a tangle can be removed by multiplying by d, the same will
be true for the tangle applied to an input in V. This is a consequence of the
compatibility condition.



(iv) The notions of submodule, quotient, irreducibility, indecomposability
and direct sum of P-modules are obvious.

There is another way to approach P-modules which is more in the monadic
spirit of [?]. If P is a planar algebra we define the associated annular category
AnnP to have two objects &£ for k = 0, one object for each k£ > 0, and whose
morphisms are annular labelled tangles in the sense of [?]| , with labelling set
all of P. Given an annular (m, k)-tangle 7" and an annular (k,n)-tangle S,
TS is the annular (m,n)-tangle obtained by identifying the inside boundary
of T" with the outside boundary of S so that the 2k distinguished boundary
points of each coincide, as do the distinguished initial regions, then removing
the common boundary (and smoothing the strings if necessary). Let FAP
be the linearization of AnnP - it has the same objects but the set of mor-
phisms from object k; to object ks is the vector space having as a basis the
morphisms in AnnP from k; to k. Composition of morphisms in FFAP is
by linear extension of composition in AnnP. Let D be a contractible disc in
the interior of an annular (m,n)-tangle T" which intersects T" in an ordinary
k—tangle, k > 0. Define a subspace R(D) of FAP as follows: once T is la-
belled outside D it determines a linear map ®7 from the universal presenting
algebra for P to FFAP by insertion of labelled tangles. Set R(D) to be the
linear span of all &y (ker) where ker is the kernel of the universal presenting
map for P and all labellings of T" outside D are considered.

Proposition 2.3 Composition in FAP passes to the quotient by the sub-
space spanned by the R(D) as D runs over all discs as above.

Proof. Composing any tangle with one of the form ®r(x) for x € ker
gives another such tangle. [J

Definition 2.4 The annular algebroid AP = {AP(m,n)} (with m or n
being £ instead of zero as usual) is the quotient of FAP by R(D) defined by

the previous lemma.

In other words, AP is the quotient of the universal annular algebroid of
P by all planar relations. Thus for instance if P has modulus ¢ in the sense
that closed circles contribute a multiplicative factor ¢, the same will be true
for closed contractible circles in AP.

The notions of module over AP and module over P as above are the same.

Given a P-module V' define an action of FAP on V as follows. Given
a labelled annular tangle 7', consider the subjacent unlabelled tangle as in
definition 2.2. Use the labels of T" as P-inputs to obtain a linear map from
V' to itself. The compatibility condition for gluing V' discs shows that V



becomes a (left) module over FFAP. Note (iii) above shows that this action
passes to AP. Conversely, given a module V' over AP, the multilinear maps
required by the definition of P-module are obtained by labelling the interior
discs of an annular tangle with elements of P and applying the resulting
element of FAP to a vector in V. One has to check that these multilinear
maps preserve composition of tangles. If the composition involves an annular
boundary disc, use the fact that V' is a FAP-module. If the composition
involves an interior disc, the required identity refers only to objects within
a contractible disc in the interior of the annular tangle, so the identity holds
since V' is an AP module and not just a FFAP module. Altogether, this
proves the following:

Theorem 2.5 The identity map V. — V defines an equivalence of categories
between P modules in the sense of definition 2.2 and left modules over the

algebroid AP.

Annular tangles with the same number of boundary points inside and out
give an algebra which will play an important role so we make the following.

Definition 2.6 With AP(m,n) as above, let AP,, be the algebra AP(m,m)
for each positive integer m, and APy to be the algebras spanned by annular
tangles with no boundary points, with the regions near the boundaries shaded
(+) or unshaded (-) according to the sign.

If we apply this procedure to the Temperly-Lieb planar algebra T'L(6) for
0 a scalar, we obtain the following:

For m,n > 0 let AnnTL(m,n) be the set of all annular tangles hav-
ing an internal disc with 2n boundary points and and an external disc
with 2m boundary points, and no contractible circular strings. FElements
of AnnT L(m,n) define elements of AT'L(m,n) by passing to the quotient of
FATL. The objects of ATL are 4+ and — for m = 0 and sets of 2m points
when m > 0. It is easy to check that morphisms in AT L(J) between m
and n points are linear combinations of elements of AnnT L(m,n), composed
in the obvious way. In particular the algebra ATL,,(d) has as a basis the
set of annular tangles with no contractible circles, multiplication being com-
position of tangles and removal of contractible circles, each one counting a
multiplicative factor of 9.

It will be important to allow non-contracible circular strings-ones that
are not homologically trivial in the annulus. Their most obvious effect at
this stage is to make each algebra AT'L,, infinite dimensional. But only just,
as the next discussion shows.



Definition 2.7 A through string in an annular tangle will be one which con-
nects the inside and outside boundaries. AnnTL(m,n); will denote the set
of tangles in AnnT L(m,n) with t through strings.

The number of through strings does not increase under composition so the
linear span of AnnT L(m,m), for r <t is an ideal in AT'L,,. The quotient by
this ideal for t = 0 is finite dimensional. Its dimension was already calculated
in [?].

For future reference we define certain elements of AnnT L. Of course they
are defined also as elements of AP for any planar algebra P.

Definition 2.8 Let m > 0 be given. We define elements €;, €;, Fy, 0 and
the rotation p as follows:

(i)For1 <i < 2m, ¢ is the annular (m—1, m)-tangle with 2m — 2 through
strings and the ith. internal boundary point connected to the
(i+1)th. (mod 2m). The first internal and external boundary points are con-
nected whenever possible but when © = 1 or 2m the third internal boundary
point is connected to the first external one.

When m = 1, for €1 the two internal boundary points are connected by
a string having the shaded region between it and the internal boundary and
for €s the string has the shaded region between it and the external boundary.
To avoid confusion in this and future cases when m = 1 we draw €, and €y
below. (Remember that the boundary region marked * is always unshaded.)

€1 €2

(ii)For1 <i < 2m+2, g; is the annular (m—+1, m)-tangle with 2m through
strings and the ith. external boundary point connected to the
(1 + 1)th.(mod2m + 2). The first internal and external boundary points are
connected whenever possible but when © = 1 or 2m + 2 the third external
boundary point is connected to the first internal one.

When m = 0, for g1 the two external boundary points are connected by a
string having the shaded region between it and the external boundary and for
€9 the string has the shaded region between it and the internal boundary.

(iii) For 1 < i < 2m let F; be the annular (m,m)-tangle with 2m — 2
through strings connecting the jth. internal boundary point to the jth. exter-
nal one except when j =14 and j =i+ 1 (mod 2m).

When m = 1 we adopt conventions as for € and €. We depict Fy and F,
below.



(iv)Let p be the annular (m,m)-tangle with 2m through strings with the
first internal boundary point connected to the third external one.

(v)Let oy be the annular (£, F) tangles with opposite inside and outside
shadings near the boundaries and a single homologically non-trivial circle
inside the annulus.

Now return to the case of a general planar algebra P. To generalise the
notion of through strings we introduce the following.

Definition 2.9 If T is an annular (m,n) tangle (an m-tangle with a dis-
tinguished internal disc having 2n boundary points), the rank of T is the
mintmum, over all embedded circles C inside the annulus which are homo-
logically non trivial in the annulus and do not meet the internal discs, of the
number of intersection points of C with the strings of T

For instance if T has no internal discs besides the distinguished one, it
defines an element of AT L(m,n) and the rank of T is just the number of
through strings.

Remark. If an annular (m,n) tangle T has rank 2r it may be written as
a composition 11Ty where T} is an (m,r) tangle and T3 is an (r,n) tangle.

Lemma 2.10 If P is a planar algebra, the linear span in the algebra AP,
of all labelled annular (m,m)-tangles of rank <1 is a two-sided ideal.

We do not expect the quotient of AP,, by the ideal of the previous lemma
to be finite dimensional in general though there are cases different from Tem-
perley Lieb where it is.

We conclude this section with a couple of generalities on P-modules. The
terms irreducible and indecomposable have their obvious meanings.

Lemma 2.11 Let V = (V}) be a P-module. Then V is indecomposable iff
Vi s an indecomposable AP, module for each k.

Proof. Suppose V is indecomposable but that Vi has a proper AP, module
W for some k. Then applying AP to W one obtains a sub P-module X of
V and X C W since returning to Vi from X,, is the same as applying an
element of AP,. The converse is obvious. [J

Definition 2.12 The weight wt(V') of a P-module V is the smallest k for
which Vi, is non-zero. (If Vi or V_ is non-zero we say V has weight zero.)
FElements of Vi vy will be called lowest weight vectors. The set of all lowest
weight vectors is an AP v)-module which we will call the lowest weight
module.



Definition 2.13 The dimension of a P-module V' is the formal power series

1 o
Dy (2) = Sdim(Vy & Vo) + > dim(Vi,)2*

k=1

Observe that the dimension is additive under the direct sum of two P-
modules.

We will not concern ourselves here with further purely algebraic proper-
ties. We are especially interested in subfactors, where positivity holds.

3 Hilbert P-modules.

A C*-planar algebra P is one for which each Py is a finite dimensional C*-
algebra with * compatible with the planar algebra structure as in [?]. The
*~algebra structure on P induces *-structure on AP as follows. Define an
involution * from annular (m, k)-tangles to (k, m)-tangles by reflection in a
circle half way between the inner and outer boundaries. (The initial unshaded
regions around all discs are the images under the reflection of the initial
unshaded regions before reflection, as in the definition of a *-planar algebra
in [?].) If P is a C*-planar algebra this defines an antilinear involution * on
F AP by taking the * of the unlabelled tangle subjacent to a labelled tangle T,
replacing the labels of T" by their *’s and extending by antilinearity. Since P
is a planar *-algebra, all the subspaces R(D) are preserved under * on F'AP,
so * passes to an antilinear involution on the algebroid AP. In particular all

the AP, are *-algebras.

Definition 3.1 Let P be a C*-planar algebra. A P-module V' will be called
a Hilbert P-module if each Vi is a finite dimensional Hilbert space with inner
product {,) satisfying

(av,w) = (v,a*w)

for all vyw inV and a in AP (in the graded sense).

Comments. (i)A P-submodule of a Hilbert P-module is a Hilbert P-
module.

(ii)The orthogonal complement (in the graded sense) of a submodule of a
P-submodule is a P-submodule so that indecomposability and irreducibility
are the same for Hilbert P-modules.

Recall from |?] that a C*-planar algebra P is said to be spherical if there
are linear functionals 7 : POjE — C which together define a spherically invari-
ant function on labelled 0-tangles. The partition function Z is also required



to be positive definite in the sense that (r,y) = Z(x.y*) is a positive definite
Hermitian form on each P, where z.y denotes the complete contraction of
tangles x and y, i.e. the labelled O-tangle illustrated below with 2 internal
k-discs and 2k strings connecting them, with the initial regions of each disc in
the same connected component of the plane minus the tangle, with x in one
disc and y in the other, as shown below. It does not matter how the strings
connect the two discs, by spherical invariance. (Z(z.y) would be trace(zy)
in the terminology of [?].)

ey

A spherical C*-planar algebra always admits a Hilbert P-module, namely
itself, as follows.

Proposition 3.2 If P is a spherical C*-planar algebra then the inner prod-
uct (x,y) = Z(xy*) makes P into a Hilbert P-module.

Proof. The action of AP on P is that of composition of tangles. All that
needs to be shown is the formula

(av,w) = (v,a"w)

for all v,win P and a in AP. We may assume that v, w, and a are all labelled
tangles so the equation is Z((av).w*) = Z(v.(a*w)*). In fact the two tangles
(av).w* and v.(a*w)* are isotopic in the two-sphere. Observe as a check that
the labels in the discs are correctly starred and unstarred on both sides of
the equation. Also if we number the boundary regions of the tangles starting
with the distinguished one we see that they are numbered the same on the
left and right of the equation. (Note that taking the * of an annular tangle
reverses the order of the regions of an internal disc but preserves the order of
the internal and external boundary discs.) Now imagine a cylinder with discs
at either end, one containing v and one containing w*. On the surface of the
cylinder connect v and w with a. Isotoping the surface of the cylinder (minus
a point on the boundary between a and w) to the plane we see (av).w* and
taking the point at infinity to be on the boundary between v and w we see
ve(a*w)*. By spherical invariance we are through. O

In the operad theory of associative algebras a module over an algebra
A over the relevant operad is equivalent to a bimodule over A. This is the
trivial bimodule. So we will think of the Hilbert P-module P as being the
trivial module. The trivial module may or may not be irreducible. It may
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be irreducible even when dim(P;5) > 1 At first sight this contradicts lemma
?? but remember that o4 determine maps between Poi.

We record some trivial properties of the elements €;,¢;, F;, 04+ and the
rotation p in a Hilbert P-module.

For the rest of this section,unless otherwise stated, planar algebras will
be C* ones and P-module will mean Hilbert P-module.

Proposition 3.3 The following hold in AT L(0):
(Z) E: =£;
(it) €e; = F; and €;e; = did
(ii1) p is unitary, i.e. pp*=p*p=1
(iv) F} = F; and if f; = 07 F}, f; is a projection, i.e. f? = f;.
(0) (04) =o_.

Lemma 3.4 Let V be a P-module. Suppose W C Vi is an irreducible AP,-
submodule of Vi, for some k. Then AP(W) is an irreducible P-submodule of
V.

Proof. By ?7? it suffices to show that AP(W),, is an irreducible AP,-
module for each m. But if v and w are non-zero elements of AP(W),,
with AP,,(v) orthogonal to AP, (w) then write v = av’ and w = bw’ for
a,b € AP(m,k) and v',w’ € W. Then a*v = a*av’ and b*w = b*bw’ are
non-zero elements of W with AP;(a*v) orthogonal to AP;(a*w). O

Lemma 3.5 Let Uy and Uy be orthogonal APy-invariant subspaces of Vi for
a P-module V.. Then AP(Uy) is orthogonal to AP(Us).

Proof. This follows immediately from invariance of (,). O

Remark 3.6 Lemmas 7?7 and ?? give a canonical decomposition of a P-
module V' as a countable orthogonal sum of irreducibles. First decompose
Vwt(vy into an orthogonal direct sum of irreducible AP, ny-modules. Each
irreducible summand W; will define a P-submodule AP(W;) and the AP(W;)
are mutually orthogonal. The orthogonal complement of the AP(W;) has a
higher weight than V' so one may continue the process.

Conversely, given a sequence of P-modules V¥ with lim;_(wt(V?)) = oo
one may form the countable orthogonal direct sum of P-modules &;V;.

Thus the dimension of a P— module is the countable sum of the dimen-
sions of irreducible modules whose weights tend to infinity, so the sum of
formal power series makes sense. We guess that the dimension of an irre-
ducible P-module has radius of convergence at least as big as § =2 if P has
modulus 9.

11



Lemma 3.7 Suppose V and W are two P-modules with V' irreducible, and
that 0 : Vi, — Wy, is a non-zero AP, homomorphism. Then 6 extends to an
injective homomorphism © of P-modules.

Proof. Since V is irreducible, for all m, any v € V,, is of the form
avg for vg € Vi and a € AP(m,k). Set ©(v) = a(f(vy)). To see that
O is well defined it suffices to check inner products with other vectors in
AP(m, k)(Wy). Indeed, suppose avg = bvg. Then for any wy € Wy, and any
ce AP,

(a(B(vo)), cwo) = (c"a(B(vo)), wo)
= (0(c*avy), wp)
= (0(c"bvy), wo)
= (b(0(vo)), cwo).

Thus © is well defined, a P-module homomorphism by construction and
injective since V' is irreducible. [J

Thus in particular an irreducible P-module is determined by its lowest
weight module. Not all AP,,;p)-modules can be lowest weight modules as we

shall see. Let AP, be the ideal of AP, spanned by elements of AnnP(k, k)
of rank (see ?7) strictly less than 2k.

Lemma 3.8 IfV is a P-module let Wy, be the APy-submodule of Vi, spanned
by the k-graded pieces of all P-submodules of weight < k. Then

m ker(a)

a€ AP,

Proof. (i) Choose w € Wj. By definition it is a linear combination of
elements of the form aw’ with a € AnnP(k,m) for m < k. But then for
veV,

(aw',v) = (W', a™v)
and a* can be written up to a power of § as the composition t*ta* for an
appropriate AnnTL tangle t. But then ta* has rank at most m. So if
v € ker(ta®), a*v = 0. Hence w is orthogonal to [, 55 ker(a).

(ii)Now suppose v L Wy and a € A/Fk Then a is a linear combination of
elements of the form be for some ¢ € AnnP(m, k) and b € AnnP(k,m) for
some m < k. For such a bc and any w € W we have (bcv,w) = (v, c*b*w)
which 1s zero because b*w is in V,, and therefore a linear combination of
vectors in P-submodules of weight < k. UJ

In the special case of the Temperley Lieb algebra T'L we get the following,
where W has the same meaning as in the previous lemma.

12



Corollary 3.9 If V is a TL-module then Wit = (N, 5 o ker(e;)

Proof. The ideal m is spanned by Temperley Lieb diagrams with less
than 2k through strings, each of which necessarily factorises as a product
with some ¢;. [J

Corollary 3.10 The lowest weight module of an irreducible P-module of

weight k is an = module.

AP,
Definition 3.11 For each k we define the lowest weight algebra at weight k
AP,
LW Py, to be the quotient LW P, = =k
AP

We see that the job of listing all P-modules breaks down into 2 steps.
Step (i) Calculate the algebras LW Py, and their irreducible modules.
Step (ii) Determine which LW P,-modules extend to P-modules.
The algebra LW Py is usually much smaller than AP. For instance in
the case of AT'L it is abelian of dimension k (for k& > 0) whereas AT Ly, is

infinite dimensional.

We shall now show how to equip AP with a C"-norm which can be used
to make it into a C*-category. We first need a uniform bound on labelled
tangles.

Lemma 3.12 Let P be a C*-planar algebra and V' a P-module. Suppose T
is a labelled tangle in AnnP. Then T defines a linear map between the finite
dimensional spaces Vi, and V,,. We have

1Tl <C I1 lal]

internal discs of T

where the constant C' depends only on the unlabelled tangle subjacent to T
and the a’s are the elements of P labelling the discs (which have norms since

Pis C*)

Proof. Arrange the tangle so that the inner and outer boundaries are
concentric circles centred at the origin with internal radius Ry and external
radius R. Let r denote the distance to the origin. Isotope the tangle so that
there is a partition Ry < Ry < Ry < --- < R with only the following three
situations in each annulus A; where 7 runs from R; to Ri1):

13



(i) There are no internal tangles in A; and r has no maxima or minima
in A;. In this case the annular tangle inside A; is a power of the rotation p.

(ii) There are no internal tangles in A; and r has a single local maximum
(minimum) inside A;. In this case the annular tangle inside A; is €; (g;).

(iii) There is a single k-disc D labelled a inside A;, and all strings of the

tangle inside A; are intervals of rays from the origin.

We see that in any P-module V' the linear map defined by T factorizes as
a product of p’s, €’s and maps defined by the very simple tangle of situation
(iii) above. By ?? we only have to show the norm of a tangle @ in situation
(iii) is less than ||a||. This can be achieved as follows: we may suppose that
half the strings of () which meet the disc D are ray intervals beginning on
the inside boundary of A;. The map from P; to AP which sends = to the
the tangle in A; with D labelled by z is a *-algebra homomorphism so since
Py is a C*-algebra we are through. UJ

We may thus make the following:

Definition 3.13 [f P is a C*-planar algebra and a € AP(n,m) we define
the norm of a to be

l|a]| = sup oy (a)]]
all P-modules V

where p,,(a) is the linear map from Vy, to V,, determined by a and V.

This makes AP into a C*-category and in particular all the AP, become
C*-algebras. They are of type I for AT'L but we do not know if they are of
type I in general.

4 Facts about the ordinary Temperley-Lieb al-
gebra.

For the convenience of the reader let us first recall some facts the ordinary
(non-annular) Temperley-Lieb algebra and its representations. These facts
will be used in the proofs below and can all be deduced easily from [?],[?]
and Kauffman’s diagrammatic in [?].

Fix a complex number §. The Temperley Lieb algebra T'L,, on n strings
admits the following presentation as an algebra:
Generators: {E;:1=1,2,..,n — 1} (and an identity, 1).
Relations: E? =0F;, FE;E; =FE;E; for |i—j|>2, FEEuE =E,.

The algebra can be alternatively defined as that having a basis consisist-
ing of all connected n-tangles with the boundary conveniently deformed to
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a horizontal rectangle having the first boundary point, by convention, at the
top left. Then E; is the tangle with all boundary points except four con-
nected by vertical lines and the i-th. and ¢+ 1-th. on the top (resp. bottom)
connected to each other by a curve close to the top (resp. bottom) boundary.
There is an adjoint operation a — a* on T'L,, defined by sesquilinear exten-
sion of the operation on tangles which is reflection in a horizontal line half
way up the tangle. Alternatively, the operation * is the unique anti-involution

for which £ = E;.

. . . 2n
Fact 4.1 The dimension of T'L,, is n—il(n)

TL, can, and will, be identified unitally with the subalgebra of T'L,,1;
alternatively by adding a vertical string to the right of the rectangle defining
TL,, or by identifying the first n — 1 generators of T},41 with those of T'L,,.

Fact 4.2 The map v — %ZCEH_H defines an algebra isomorphism of T'L,, onto
the "corner subalgebra Ep i1 (T Lyyo)FEpiq-

Fact 4.3 TL, is a C*-algebra, hence semisimple, for 6 € R, & > 2.

Define the Tchebychev polynomials in 0 by Pyi1 = 0P, — Py—1, with
Py =0and P, =1 so that if 6 = 2sinh(x) we have

sinh(kx)

Py(6) = Sinh(z)

Fact 4.4 For 6 > 2 let 1 — p,, denote the identity of the ideal of T'L,, defined
alternatively as the linear span of diagrams with at most n—1 through strings
or the linear span of non-empty words on the E;. Then py =1 and

P,
e e L

Fact 4.5 We have p2 = p! = p2 and p, is the unique non-zero idempotent
in T'Ly, for which p,FE; = E;p, =0 for all i <n.

The element p, can thus be defined as the linear coefficient of words
in the E;’s (or alternatively n-tangles) defined by the above formula. The
coefficients of the individual words do not appear to be known explicitly.
Graham and Lehrer in [?] obtain explicit formulae at special values of §. An
improved knowledge of these coefficients is desirable but we will need only
the following very simple case.
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Lemma 4.6 For 1 <r <n—1, the coefficient of E,_ 1FEy_o....E,. in p, is

(—1)" sinh(rz)
sinh(nz)

Proof. The only way to obtain the term E, 1FE, »....E,_,. in Wenzl’s
formula in ?? is to multiply E,_1 by the term E,, 2F, o....FE,_, in TL, ;.
So by induction we are done. [

For each t < n with n—t even we consider the vector space V! having as a
basis the set V!, of all rectangular horizontal Temperley-Lieb (n+t)/2-tangles
with ¢ boundary points on the bottom and n points on the top with all strings
connected to the bottom boundary points being through strings. V! becomes
a T L,-module by joining the top of an element of V! with the bottom of an
element of T'L,,. Remove any closed circles formed as usual, each one counting
a multiplicative factor of 0. If there are less than ¢ through strings the result
is zero. There is an inner product on V! defined as (z,y) = ¢(y*z) where
¢ is the map from T'L; to the one dimensional quotient of T'L; by the ideal
spanned by T'L tangles with less than ¢ through strings.

Fact 4.7 The dimension of V! is (&) - (nfffg).
2 2

Fact 4.8 For § > 2 each representation V! is irreducible and any irreducible
representation of T'L,, is isomorphic to a V.

Fact 4.9 The inner product is invariant, i.e {ax,y) = (r,a*y) for a € TL,
and positive definite. It is the unique invariant inner product on V! up to a
scalar multiple.

Proposition 4.10 If§ > 2 and 0 < t < n with n—t even, a representation ™
of T L, on'V contains V! if and only if the restriction of ™ to E,_1(TL,)En_1
(on(E,—1)V ) contains V!_,. If w is irreducible, an invariant inner product
on V s positive definite if and only if it restricts to a positive definite one
on m(E,_1)V.

Proof. Note first that by ?? E,_(T'L,)E,_1 is isomorphic to TLn — 2)
so the assertion makes sense. But it is also clear that the subspace E, V!
is isomorphic as an E,,_1(TL,)E,_1-module to V! ,. So the containment as-
sertion follows by decomposing V and 7(E,,—1)V as T'L,, and T'L,_s-modules
respectively. The assertion about the inner products is and immediate con-
sequence of 77, [

For appendix 7?7 we will also need some information about the Hilbert
space representations of the ordinary TL algebra when 6 = 2cos - and m =
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3,4,5, ... For these values of § the TL-algebra has a largest C'* quotient whose
Bratelli diagram is well known-see [?] or [?]. We will call this quotient T'L,,
which is an abuse of notation. The modules V;* admit quotients which are
Hilbert spaces on which T'L,, is represented as a C*-algebra. Continuing the
abuse of notation we will call these Hilbert space representations V!.

Fact 4.11 If 0 = 2cos - with m = 3,4,5, ... the T'L, modules are uniquely
defined up to isomorphism by the conditions:

Vi=0fort<0ort>n
Vii=C forn<m—2
Vi =0
V; = V;:ll &5 V;tll as T'L,_1-modules .

All such representations have dimensions less than or equal to their generic
values.

This fact is equivalent to the structure of the Bratteli diagram (|?]).

5 The T L-modules for § > 2.

We will use the approach outlined after definition ?? to obtain all T'L-

modules. The first step is very easy- the algebras % and their irreducible

k
modules are determined (for any ¢) in the next lemma, for k£ > 0.

Lemma 5.1 Fork > 0 the quotient % is generated by the rotation p, thus
k

its irreducible representations are 1-dimensional and parametrized naturally
by the kth. root of unity by which p acts.

Proof. If all strings are through strings a (k, k)-tangle is necessarily a
power of p.[]

For the rest of this section we will suppose § > 2. This simplifies the
situation considerably. For § < 2 the quotient of AT Ly by the zero through-
string ideal is no longer semisimple.

To see that each representation of the previous lemma extends to a T'L-
module, we begin by constructing modules of lowest weight k, V¥ for w a
kth. root of unity, quite explicitly in a way very similar to the construction
of the non-annular Temperley-Lieb modules in the previous section.
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Definition 5.2 Lel /Tﬁmk be the quotient of AT Ly, . by the subspace spanned
by tangles with less than 2k through strings. (So that AT Ly, =0 if m < k.)

Since the number of through strings does not increase under composition

of tangles, AT'L,,; is a T'L-module of lowest weight k. One may describe
this T'L-module quite explicitly in terms of a basis as follows:

For m > k let T'h,,, be the set of all AT'L,,; tangles with k through
strings and no closed circular strings. Clearly the images of T'hy, ;, in AT L,, j,

form a basis. We now describe the action of AT L on this basis.
If T'e AnnTL(p,m) and Q € Thy, ) consider the annular (p, k) tangle

TQ. Suppose T'Q) has c closed circular strings and let m be T'(Q) from which
the closed strings have been removed.

Then T(Q) is

(i) 0 if T'Q has less than 2k through strings.

(ii) 507/;6\2 otherwise.

The group Z/kZ acts on //lﬁmk by internal rotation, freely permuting
the basis T'hy, ;. This action commutes with the action of AT'L. Thus the

T L-module /Tﬁmk splits as a direct sum, over the kth. roots of unity w, of

T L-modules which are the eigenspaces for the action of Z/kZ with eigenvalue
w. These are the V¥ with V** being the w-eigensubspace of AT Ly, .

2
Proposition 5.3 The dimension of V5 is ( mk) form >k (and zero
m —_—
form < k).

Proof. Since the action of Z/kZ is free, the dimension of V¥ is d@m(mmk)/k‘
and it was shown in [?] that dim(AT L) = k(™). O

1—v1—-4
Let C(z) = 2—2, the generating function for the Catalan num-
z

bers.
C(Z)zk
V1—4z

Corollary 5.4 The dimension of the T L-module V*< is 2*

— (2k + 2
Proof. By ?? the generating function for dim (V<) is 2* E ( i T) z"
r
r=0
By [?] page 203 this gives the answer above. [

For each k choose a faithful trace tr on the abelian C*-algebra Afﬁ/kk
Extend tr to all of AT Ly by composition with the quotient map. Use ¢r to

define an inner product on the whole T'L-module AT L,, j, as follows.
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Given S, T € AT Ly, j,, T*S 1s in AT Ly, 1, so we set
(S, T) =tr(T*S)

This inner product clearly satisfies (av,w) = (v, a*w) as in definition ?7?.
And the rotation is clearly unitary so that the decomposition into the V%«
is orthogonal. The main result of this section will be to show that the inner
product is positive definite for § > 2, which is not always the case when
5 < 2.

Definition 5.5 Let ¢¢ be a vector in ka’w proportional to Zle w ) with
(g, vg)=1.

Observe that ¢y =0 for i =1,2,..2k. This is because €9{ is in
ka_’“{ which is zero.

Proposition 5.6 All inner products in V** are determined by the three for-
mulae

ey =0 for i=1,2 .2k
(g, v8) =1
p(VF) = wii

Proof. V¥« is spanned by annular T'L-tangles applied to ¢¢. When calcu-
lating the partition function of such an R*Q the answer will be zero unless
all the strings leaving one 9 are connected to the other. If they are not,
R*() contains some ¢; applied to some . If the two 9’s are completely
joined, one may apply some power of p so that, after removing closed circles,
the tangle R*Q) is exactly that whose partition function gives (¢, ¢y). O

Theorem 5.7 For each k > 1 and for each kth. root of unity w, the repre-
sentation of AT Ly, of lemma ?? extends to a representation T on VF@ of
lowest weight k, making V¥ into a Hilbert T L-module.

Proof. It suffices to show that (,) is positive definite on each V5 which
we will do by induction on m as follows.

Think of the annulus for annular (m,m)-tangles as two concentric cir-
cles with distinguished boundary points evenly spaced, and draw a straight
line between inner and outer boundaries half way between the 2mth. and
first boundary points. The subalgebra A,, of ATL,, spanned by annular
tangles never crossing this straight line is clearly isomorphic to the usual
Temperley-Lieb algebra T Lo,,, with elements Fi, F5, .., F5,,—1 of definition

19



?? corresponding to the usual T'L generators Fj, ..., Fo,_1. The exact asser-
tion we will prove by induction is the following:

Assertion: Asa A,,-module, V5% is isomorphic to @j:2k,2k+2,2k+4,...,2m Vi,
the sum being orthogonal with respect to the positive definite form ().

The case k = m is covered by the definition, so suppose the assertion is
true for m — 1 which is > k. Identify A,, 1 with F5,, 1A, Fon_1 as in ?77.
Pictures show that the map & — em_1 () /8 is an isometry (for (,)) of V5,
onto the subspace Fm_1V7fL"“ which intertwines the actions of A,,_; and A,,.
Proposition ?? shows that V5 contains V3, for j = 2k, 2k + 2,...2m — 2.
By ??7 VE“ contains a submodule whose dimension is a telescoping sum

adding up to (sz_”k) — 1. Since dimVFkv = (ﬁi”k) we conclude that VFE«
contains each V¥ exactly once and since T'L,, is a C*-algebra, that the sum

@j:% okt2.2k44.. om_2 Vo 18 orthogonal. Thus we will be done if we can show

that there is a vector orthogonal to @ Vi whose inner

product with itself is strictly positive.

=2k, 2k+2,2k+4,...,2m—2

The range of the idempotent ps, € A, will be orthogonal to
D jmok 2k+2,2k+4,... 2m—2Vay, since (,) is invariant and pe, = pi,. The only
vectors v of VF* obtained by applying elements of Th,, to ¥¢ for which
pam(v) # 0 are proportional to the vector £ depicted below. Note that we
have not starred an initial region on the internal boundary. The location of
such a % would depend on the parity of m — k and any choice of x will differ
only by a kth. root of unity which will be irrelevant to our argument. An
explicit choice of £ would be e9c9m—382m—1E2m—789m—s...(¢¥}), with the last
subscript of € being even or odd depending on the parity of m — k.

Let ¢ = pom(§). To show that (¢,{) > 0 we could apply proposition
4.2 of [?] but because of differences in the setup such as specialisation to
non-positive values and the colouring restriction we prefer to give another
proof.

We begin by proving, by contradiction, that (¢, ) cannot be 0. This will
be the main step in the proof of the theorem. So suppose (¢,() = 0. The
form (,) is then positive semidefinite and ¢ spans its kernel. (Note that ¢ is
not zero since when one expands ps,, as a linear combination of words, there
is only one term that gives &, namely the identity of A,,.) Since the kernel
of a form is invariant under any isometry we conclude that Ad,o%(o = 2(
where Ad,o% is the rotation by 1 of appendix ?? and z is a complex number
of absolute value 1 (in fact a root of unity by ?7?).

We shall now determine which words in the sum for ps,, contribute to the
coefficient of £ in ¢ and Ad,o%((). We draw pictures of all the elements below
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where we have deformed the annulus into the region between two rectangles
and the outer annulus contains ¢{. The distinguished boundary regions are
marked with a * in all cases. The only way to obtain £ from a summand of
Pom 1 to take the identity whose coefficient is of course 1. This follows from
inspection of the figure below. Note that we have redrawn £ by deforming
the inner annulus boundary into a rectangle with all the 2k boundary points
on top. This is to help visualise what is happening inside the box containing
pom which we have also drawn as a rectangle with 2m input strings at the
bottom and 2m output ones at the top.

Now consider Adpz(£) as below:

The coefficient of ¢ in (Adpz)~1(¢) is the same as the coefficient of
Ad,o%(g) in ¢ so we must consider all possible T'L tangles that can be in-
serted into the rectangle R containing pa,, that will give the above picture of
Adp%(f). If such a tangle has less than 2m — 2 through strings then there is a
homologically non-trivial circle in the annulus which intersects the strings of
the tangle less than 2m — 2 times, whereas any such circle in the diagram for
Ad,o%(g) intersects the strings of the tangle at least 2m — 2 times. And there
must be some non-through strings since the identity inserted into R gives
¢ itself. So at both the top and bottom of R there is precisely one pair of
neighbouring boundary points connected to each other. Number the bound-
ary points at the top of Ras 1,2, ..,r,r+1,r4+2,..,r+ 2k, r+2k+1,...2m
where r + k = m, and the same on the bottom. Then if i and 7 + 1 are
connected on the bottom of R for ¢ < r or ¢ > r + 2k the same argument as
we used to get 2m — 2 through strings applies and we do not get Ad,o% (&). If
they are connected for ¢ between r+1 and r+ 2k — 1 we get zero. So the only
allowed connections on the bottom are between r and r+ 1 or between r + 2k
and r + 2k + 1. On the top of R it is clear that the only boundary points
that can be connected are 2m — 1 and 2m. Moreover we see the two tangles
with both these top and bottom combinations do indeed give roots of unity
times €. As words on the F;, these two tangles are Fs,,_1 Fop—o...F 1o and
Eom_1Eom_o...E.. So by 7?7 we deduce that there are complex numbers z; and
2o of absolute value 1 (in fact both roots of unity) so that, if § = 2cosh(x),

21 sinh((r 4 2k)x) + z9 sinh(rx)

= 1.
sinh(2mz)
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But since sinh(2ma) = sinh(rz) cosh((r+2k)x) +sinh((r+2k)z) cosh(rz)
and cosht > 1 for t # 0, this is impossible for x # 0. This contradicts the
hypothesis that (¢, () = 0.

We now need to rule out the possibility that (¢,{) < 0. But the interval
(2,00) is connected and (¢, () is a continuous function since the polynomials
in the denominators appearing in pa, have all their zeros in [—2,2]. So it
suffices to exhibit a single value of § greater than 2 for which ((,{) > 0. In
|?] we showed that each of the modules V for § any integer n > 3, occurs
as a summand of the tensor product of m copies of the 3x3 matrices which
has a natural AT L structure and positive definite inner product.

So VE has the A-module structure we asserted and (, ) is positive definite
on it. By induction we are through. [J

Corollary 5.8 The Hilbert T L-module V** is irreducible.

Proof. Vk« is AT L(y**) so apply ??. O

We now take up the case of TL-modules with lowest weight 0. This is
somewhat different from the previous situation as the algebras AT L. are
infinite dimensional.

Proposition 5.9 The abelian algebra AT L is generated by the positive self-
adjoint element oroy.

Proof. After removing any homologically trivial circles (which count for a
factor of § by note (iii) after definition ??), an annular (0, 0)-tangle consists
of an even number of homologically non-trivial circles inside the annulus,

which is by definition a power of oroy. Positivity of ooy follows from ?77.
OJ

Corollary 5.10 In an irreducible Hilbert T L-module V' of lowest weight 0
the dimensions of Vi are 0 or 1 and the maps ooy are both given by a single
real number p? with 0 < u < 4.

Remark 5.11 The number p above corresponds to the z + 271 of Graham
and Lehrer. The main difference between their setup and ours is that a single
homologically non-trivial circle in an annulus does not act by a scalar in an
irreducible representation - it is in fact the map oy.

Theorem 5.12 An irreducible Hilbert T L-module V' of weight 0 is deter-
mined up to isomorphism by the dimensions of Vi and the number p defined
in corollary ?7. Moreover 0 < pu <46 .
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Proof. The uniqueness of the T'L-module is a consequence of 7?7 since at
least one of V. and V_ is non-zero. By definition, u > 0. To see that p <9,
note that in an irreducible Hilbert T'L-module V', as operators on Vj, the
elements Iy and I} satisfy [y Fo 'y = p?F}, and %Fl and %Fg are projections.
OJ

We now take up the existence of Hilbert T'L-modules of lowest weight 0.
There is one value of i for which the T'L-module has already been constructed
and that is of course y = §. Let V = T'L,. By ?? we know that V is a
Hilbert T'L-module since § > 2. We have thus established the following.

Proposition 5.13 Any irreducible Hilbert T L-module of lowest weight zero
and p = § is isomorphic to V°.

We now obtain all irreducible T'L-modules of lowest weight 0 with 0 <
< 0.

Definition 5.14 For cach k > 0 and + when k =0 let Thy, be the set of all
annular (k,+)-tangles with no homologically trivial circles and at most one
homologically non-trivial one.

Lemma 5.15 The cardinality of Thy s (2:), and 1 when k = 0.

Proof. Such a tangle consists of an ordinary Temperley Lieb diagram with
the outer annulus boundary in either a shaded or unshaded region according
to whether it is or is not surrounded by a homologically non-trivial circle.
There are k + 1 regions in an ordinary TL k-tangle. [

Now for each number p we form the graded vector space V#, whose kth.
graded component has a basis T'hy , and equip it with a T'L-module structure
of lowest weight 0 as follows:

If Tis an AT L(n, k)-tangle and R € Thy, form the tangle TR. Let ¢ be
the number of contractible circles in T'R. Suppose the inner boundary circle
in T'R is surrounded by 2d 4+ v homologically non-trivial circles where 7 is 0
or 1. Then -

T(R) = 6°u*'TR

where ﬁ is TR from which all contractible circles and 2d of the non-
contractible ones have been removed.

Proposition 5.16 The above definition makes V* into a T L-module of di-

mension

\/11—W’ in which o0+ = p?.
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Proof. In the picture for 7175 R (without any circles removed), circles, con-
tractible or not, are either formed already in 75 R or formed when 77 is applied
to it. The dimension formula follows from ?? and page 203 of [?]. O

Note that the choice of (k,+)-tangles rather than (k, —) ones to define
VH was arbitrary. If we had made the other choice the map T — p~'Toy
would have defined an isometric T'L-module isomorphism with the choice we
have made. We now define an invariant inner product on V*.

Definition 5.17 Given S,T € Thy let (S, T) = §°u*d where c is the number
of contractible circles in the (£, %)-tangle T*S and d is half the number of
non-contractible ones.

Invariance of (,) follows from the fact that T*S = (S,T)Ty where Tj is

the annular (£, £)-tangle with no strings whatsoever.

Theorem 5.18 For 0 < p < § the above inner product is positive definite
and so makes V¥ into an irreducible Hilbert T'L-module of lowest weight 0.

Proof. The proof is structurally identical to that of theorem ??. Define the
algebra A, as before and make the same assertion to be proved by induction,
namely:

Assertion: As a A,,-module, V¥ is isomorphic to @j:2k,2k+2,2k+4,...,2m szm,
the sum being orthogonal with respect to the positive definite form ().

By induction we need only show that any vector in the image of the
idempotent ps,, € A,, has non-zero inner product with itself. The vector &
becomes the tangle in T'h,, with m strings connecting the first m boundary
points to the last m, going around the internal annulus boundary. If m is
odd there are no circular strings and if n is even there is one such string
surrounding the internal annulus boundary. The vector ( is the result of
applying po,, to £. We illustrate in the odd case below.

We are trying to show that ((, () > 0 and we begin by supposing, by way
of contradiction, that (¢, () = 0. This means that ( is an eigenvector for the
rotation by one (see the appendix). As we did in ?? we must find the terms
in the expansion of po,, as T'L diagrams in ( that give a multiple of Adp%(f).
We draw the unit vector pAdpz (€) below.
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It is clear that there is only one T'L diagram that can be inserted in the
rectangle R containing po,,. It is the one where the mth. boundary point at
the bottom of R is connected to the (m 4+ 1)th., and the last boundary point
at the top R is connected to the second to last. All other strings must be
through strings. This diagram is the word Fo,,—1 Fopm—s...E,, so by fact 77 the
M where § = 2 cosh(x).
sinh(2mz)
So since p < § < cosh(mx), this coefficient is never *.

This contradicts the assumption that ({,{) = 0. The region
{(1t,0) : 0 < <6, &> 2}isconnected so as in ?? it suffices to find a single
value in that region for which () is positive semidefinite. Here we appeal

coefficient of ,uAd,oé(f) is, in absolute value,

to [?] where we gave planar algebras P with spherically invariant partition
functions for any (finite) bipartite graph. The adjacency matrix A of the
graph has a simple meaning in our picture. It is the matrix of the linear
transformation o with respect to bases of minimal projections of P~ and
Fy . The parameter 0 of the planar algebra is the norm of A, i.e. the square
root of the largest eigenvalue of ATA. Choose a unit eigenvector v of ATA
whose eigenvalue is between 0 and 62. And let pu be the positive square root
of this eigenvalue. Consider the T'L-submodule AT L(v) of P generated by
v. It is linearly spanned by UpThg(v). Moreover the inner product between
vectors in AT L(v) is given precisely by the formula ?? used to define the
inner product in V. But the inner product on the planar algebra P is by
construction positive definite so the one on V) is positive semidefinite. Hence
(C,¢) > 0 and the inductive assertion is true for m.

Irreducibility follows from ?? as before. [

The last case to consider in the generic region § > 2 is the case u = 0.

Definition 5.19 For each k let Thi be the set of annular (k, +)-tangles with
no circular strings, contractible or otherwise.

12k
Lemma 5.20 The cardinality of Thf is 5( k‘) ifk>0,1ifk=2 and 0

if k =F.

Proof. The set Thf splits into two subsets of equal cardinality-those
where there is a single non-contractible circle and those where there is none.
The result then follows from ??7. [J

Now we form the graded vector space V%%, whose kth. graded component
has a basis Thf , and equip it with a T'L-module structure of lowest weight
0 as follows:
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If T'is an ATL(n, k)-tangle and R € Th, form the tangle TR. Let ¢ be

the number of contractible circles in T R. Then

T(R) = 0 if there is a non-contractible circle in TR
| TR otherwise

where ﬁ is TR from which all contractible circles and 2d of the non-
contractible ones have been removed.

Proposition 5.21 The above definition makes VOF into a T L-module of
dimension 2\/%, in which oL = 0.

Proof. The module property follows as in ??. The dimension formula
follows from the way the k = 0 case is handled in ?? and ??. Finally, oF
creates a non-contractible circle. [

We now define an inner product on VO,

Definition 5.22 Given S,T € Thf, suppose there are ¢ contractible circles
in S*T'. Then set

0 if there is a non-contractible circle in S*T'

s ={ 5

otherwise
This inner product is invariant for the same reason as before.

Theorem 5.23 For d > 2 the above inner product is positive definite and so
makes VOF into an irreducible Hilbert T L-module of lowest weight 0.

Proof. Again the proof will be via an inductive decomposition of V%% with
respect to non-annular T'L. The rotation by one is not available but we give
a closely related argument which shows that it is not really the rotation by
one that is important but the existence of two copies of non-annular T'L
which differ with respect to the shading. For simplicity we will only do the
VO+ case, the argument being the same in the other case up to obvious
modifications.

Call TL§,, the Temperley Lieb algebra A,, which we have used in 77
and set TL, = Ad,o% (T'L§,,). The inductive affirmation we will prove is as
follows:

Affirmation:The inner product of ?? is positive definite on V2% and for
m odd, as a T'L§, -module, V79L’+ = @j:2m72m_47“72V2€n and as a TLgm—module,
VOt = @jzgm_272m_67“70‘/'2j7n. For m even the situation is reversed.

Note that the fact that the dimensions involved in the affirmation both
add up to %(27;”) are simple binomial identities coming from (1 — 1)*™ = (.
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For m = 0 and m = 1 the assertion is true. The m = 0 case depends
a bit too much on conventions so one should check the case m = 2 as well.
Here V20,+ is 3 dimensional and for TL* FE; # E5 # 0 so by the structure
of T'Ly, V20,+ must be the irreducible 3-dimensional representation. With
respect to TL?, E) = E3 # 0 so the other two irreducible representations
occur. Positive definiteness of the inner product is a trivial calculation.

So we may suppose that the assertion is proved up to m — 1. If m is odd,
reduce by Es,, € TL’ and use proposition ?? to conclude that the structure
of V0T as a T'L}, -module is correct, hence the form is positive definite by
uniqueness as in ??. Reducing by FEs,, € TL* we see that the structure of
VO+ as a TL -module is correct. If m is even, simply reverse the roles of a
and b in the argument. We have only used positive definiteness with respect
to ordinary T'L so the theorem is true for 6 = 2 as well. [J

To end this section let us summarize our results. We have obtained a
complete list of all irreducible (hence all) Hilbert T'L(§)-modules for § > 2
and calculated their dimensions. They are distinguished by two invariants-
the lowest weight k£ and another number which is a kth. root of unity if
k > 0 and when k£ = 0 a real number p with 0 < g < 0. The case p =0
is exceptional in that there are two distinct modules distinguished by the
shading in the O-graded component. The following table contains all the

information.
The T'L-modules for § > 2
Representation | Lowest wt | Action of p/oy | dimension dimV
Ve n >k >0 n p =wid ;") 2* C(lz_)ikz
w" =1
v,k 0 oy = did (" C(z)
Vi 0 or0% = ptid ) =
Vs 0 or =0 2(0) V=
dimVY*= =1
dimV2* =0

We may also present the information pictorially. In the following picture
there is an irreducible representation for each cross and each point on the
segment [0, §] (with 0 doubled as +), and we have represented the pair (k,w)
by the complex number kw.
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6 The Poincaré series of a planar algebra.

Definition 6.1 If P is a planar algebra the Poincaré series of P is the di-
mension of the trivial P-module, i.e.

[e.e]
bp = 1(dimPO+ +dimPFy ) + Z dimP;z"
2 i=1

The question of what power series arise as Poincaré series for planar
algebras seems to be a difficult one. If a planar algebra P contains another
one (), P becomes a (-module. In the C*-case P will be a countable direct
sum of Hilbert Q-modules so that the the Poincaré series for P will be a
linear combination with non-negative integer coefficients of the dimensions
of Hilbert @-modules. This can give precise information on the Poincaré
series for P.

Every planar algebra contains at least a quotient of the Temperley Lieb
planar algebra so we can apply the method of the above paragraph with
@ = TL to obtain a formula for the Poincaré series of a spherical C*-planar
algebra with § > 2 which is particularly simple since all Hilbert T'L-modules
of the same lowest weight have the same dimension by corollary ?7?.

Definition 6.2 Let P be a C* planar algebra with spherically invariant pos-
itive definite partition function with § > 2 and dim(P5") = 1. Define ay to
be 1 for k =0 and the number of copies of VE“, for all w, in the T L-module
P, for k> 0. Let ©p(q) be the generating function

e e}

©p(q) = Z a;q’

=0
Theorem 6.3 With hypotheses as in 77,

_1—q
C14g¢

q

<I>P(( )—|—q.

Proof. By remark 77, as a T'L-module, P consists of itself plus the sum
for each k of ap T'L-modules of the same dimension. So by ?? we have:

D 1 kM C(2)*
v1—4z

But 202 =C—1soifqg=2C* C=q+1and 2C*> = z(1+¢)*s0 z =

(1+¢)?*

and we are done.

1—
Finally C =1+ ¢ implies /1 — 42z = =
q
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Corollary 6.4 With hypotheses as in 77,

Op(q) —¢=1+ i {i(—l)r‘"r Tn (: t Z) dim(Pn)] q".

r=1 ~n=0
. (=q)q" S
Proof. Expanding 15 gzt by the binomial theorem we get
q n
(1—9q) Z(—l)J ( n;— ‘7) ¢’*" which, using the binomial identity

-1 j
(a) + (a ) _aty (a) (valid except when a = j = 0), equals
Ni ] — 1 a ]

j=1 J
l1—gq (A=q)q"
dp di
1_|_q 1_|_q Z Zm 1_|_q)2n+1

Summing over r = n + j and n we get the answer. [J

A C* planar algebra with spherically invariant positive definite partition
function and dim(P;) = 1 is known to admit a "principal graph" (A, ).
This is a bipartite graph with a distinguished vertex * such that there is a
basis of Py indexed by the walks on A of length 2k starting and ending at
the distinguished vertex. Thus the Poincaré series of the planar algebra is
determined by A. It is not true however that, if (A, *) is a pointed bipartite

graph and w, is the number of loops of length 2n on A beginning and ending
: ren 21 [T+nN

at *, that a, = HZZO(—l) — (

The list of graphs (of norm >2) for which any of these integers can be negative

)wn is non-negative for all » > 1.
r—n

seems to be quite short. All graphs eliminated in [?]| have a negative a, when

r is one plus the "critical depth". The same is true of the graphs X,, depicted
below:

The graphs Y, 2 2 depicted below have the property that a,41 =1, a, =0,
but a,12 = —1. Thus they cannot be principal graphs of subfactors. This
was already proven by Haagerup in [?].

Yn,2,2
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7 The Temperley-Lieb modules, § < 2.

In section ?? we will give two novel constructions of the planar algebras of
subfactors of index less than 4 (hence of the subfactors themselves). This
will use some facts about Hilbert TL-modules for § < 2. In section ??
we gave a complete description of Hilbert TL-modules in the generic range.
We simply showed that the inner product on certain spaces of tangles were
positive definite. The situation for 0 < 2 is more complicated. The spaces of
tangles VF V#and V9% together with the invariant inner product, exist for
all values of the parameters and have the dimensions calculated in section
??. But the inner product is not always positive definite or even positive
semidefinite. In fact by proposition ?? a T L-module will exist iff the inner
product is positive semidefinite(it is necessarily positive definite on the one-
dimensional lowest weight subspace) since we may then take the quotient by
the kernel of the form, which is invariant under AT L.

Definition 7.1 Suppose the parameters are such that the inner product is
positive semidefinite on VF VH or VO£, We call H*, H* or HO* respec-
tively the Hilbert T'L module obtained by taking the quotient by the subspace
of vectors of length 0. Otherwise we say that the Hilbert T'L-module does not
exist.

In order to get quickly to the most original constructions of this paper
we prefer to postpone the complete classification of the Hilbert TL-modules,
including the values of the parameters for which they exist, to another paper.
Also the construction of the D series of subfactors in index less than 4 can
be easily accomplished using a period 2 automorphism of the A series (which
were already constructed in [?])-see [?]. The constructions of subfactors of
index equal to 4 are quite elementary. So we will limit our construction to
the more difficult cases of Eg and Eg which were first constructed in [?] and
[?] respectively. Thus we gather together the information we will need in the
following special result which admits immediate generalisation.

Theorem 7.2 Let n be 12 or 30, let g be /™ and 6 = q+ q~'. Suppose
w>01is1 orof the form q* + q~* with a and n relatively prime. Then if the
Hilbert T L-modules H** and H* exist, the quotient maps from V< and V#
are isomorphisms when restricted to the m — graded parts for m < 3 when
n =12 and m <5 when n = 30.

Proof. Our hypotheses imply that the inner products on V** and V' are
positive semidefinite for the graded pieces in question. (We will show the
existence of many of these Hilbert T'L-modules below.)
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So in the inductive arguments of the theorems of section ?7 it suffices to
show that the vectors ¢ cannot be eigenvectors for Adp%. We will do this as
before by showing that the coefficients of £ in ¢ and Adp_%(o are different.

We begin with the case & > 0 and let » + k = m as in ?7. The formula
relating the coefficients in this case is

. 2mm T . (r+2k)r
SIln —— = 27 SINn — —+ 2o S1In ————
n n n
where z; and zy are roots of unity. We need to look more closely at the nature
of 21 and z3. Observe that the two terms on the right hand side come from
the diagrams below, where we have now been careful to fix a first boundary
point on the inside annulus boundary.

These two diagrams differ in V¥« by a factor of w so the above equation
can actually be rewritten (for some root of unity z)

. 2mm . ormw . (r+2k)m
(¥)  zsin—— =sin — 4+ wsin ————
n n n

(with perhaps some irrelevant ambiguity concerning w and w™').

We only need to show that formula (x) does not hold in any of the cases
enumerated in the statement of the theorem. The cases w = +1 (hence
k = 1,2) are excluded immediately by taking the absolute value and using the
formula for the sine of the sum of two angles. This leaves only n = 30 and the
cases ,

A)l{::3,7":1,2andw:e@
B)k=4,r=1and w==+i.
Case A) is seen to be impossible in absolute value simply by drawing

T (r+2k)m

sin 30 and w sin in the complex plane. Taking absolute values in

T ™ 9m
case B) would give sin® 3= sin’ 20 + sin® = which is not true.
The reader may wonder if it is ever possible for (x) to be satisfied. If we

) . . i, 87T
choose n =12,k =3,r =1 and w = e’ we have the identity e12 smﬁ =

% 7
sin% 1 e sin 1—7; A similar identity holds for n = 30,k = 5,7 = 1 and
27
w=es5.

We now turn to the case k = 0. By the same argument as in theorem
?? with a priori positive semidefiniteness as above we see that the form will
be positive definite provided 2cos =* is never equal to p for the values of

31



m under consideration. This is obvious if n and a are relatively prime and
a# 1. If a = 1 we are in the TL situation and the quotient map from V? to
H® must be an isomorphism since the inner product on the usual TL algebra
is positive definite for the values of m in question (and indeed for m quite a
bit larger). In the case p = 1 one simply checks that 2 cos X is not £1. [

n

8 Construction of Ey and Es subfactors.

We begin by reviewing the non-existence proof for F; given in [?], in the
language of the present paper. We want to extract information about the
Eg and Eg cases. Let P be a C*-planar algebra with spherically invariant
positive definite partition function having principal graph (A, ). Assume x*
has only one edge connected to it. We defined the notion of "critical depth"
d in [?] to be 1 plus the distance from * to the first vertex of A of valence
greater than 2. (So d = 3,4,5 for Eg, E7 and Ejg respectively.) Decomposing
the T'L-module P into a sum of irreducible ones we see that P contains the
the lowest weight 0 module H? and a lowest weight d module necessarily of
the form H% for some dth. root of unity w. Thus dim(Pyy1) is at least as
big as dim(T Lgqs1) + r where r is the rank of the sesquilinear form on V;ﬁ’:l}.
On the other hand by counting the number of loops starting and ending at
x on A we see that the dimension of Py is precisely dim(T Lgy1) +2d + 1 if
A is Eg, E7 or Eg. So in order for such a planar algebra to exist there must
be a dth. root of unity such that the sesquilinear form on V;ﬁ’:{ is degenerate,

or alternatively that there is a vector v € V;ﬁ’:{ with (v,v) = 0. It was shown
in [?] that no such vector exists for F; so there can be no subfactor with
principal graph E7. ,

However there is such a vector v for Eg provided w = et and for Eg
provided w = et We will use precise formulae for these null vectors v.
First some notation.

Suppose d and w are as above and set

B etz for FEs
1 e for Fy

o 2mi
{ etz in the Fg, et s case

R = o 2mi
eT3 in the Fg, et s case

mo 2mi
etz inthe Eg, et case

n= oo 2mi
ets in the Fg, et5 case
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S=q+q"
Let € = &3(¢®) and ¢ = e3(¢p®*). Let

Lemma 8.1 The vector v defined above in V& is nul, i.e. (v,v) = 0.

Proof. Let v = Z;l:opj(f) and w = Z;lzopj(z/}). Then the elements p/(1))
are mutually orthogonal vectors of length v/0 as are p/ (1)) so that

(v — kw,v — kKw) = 2(d + 1)§ — 2Re(k(v,w)).

And (v,w) = (d+ 1) Z;'l:() (p7(€),v). But the only terms in this sum that
are not zero are the ones with 7 = 0 and 7 = 1. Thus the sum reduces to
(&, 0) +n{p(£),1) and since Y% is an eigenvector for p of eigenvalue w, this
sum is 1 +nw. So (v — kw,v — kw) = 2(d+ 1)(6 — Re(k(1 +nw)). And with
the given choices of k,n and w this is zero. [J

Note that we could also have deduced the above formula from the knowl-
edge that there is a nul vector which has to be an eigenvector for Adp%, then
applying the comment near the end of theorem ?7?.

We now come to the main new idea in our construction. If the planar
algebra P existed one could choose an element £ # 0 in P, orthogonal to T'L
which would generate a copy of the T'L moduleH%*. We know from the above
argument that w is e %" for Eg and et % for FEs. And the element & will then
have to satisfy the relation v = 0 with v as above. Our strategy will be to
look for such an element £ in some (not connected) planar algebra @) then use
the relation v = 0 to show that the planar algebra R generated by £ inside @)
is in fact the planar algebra we want. Because of the paucity of graphs with
norms less than 2 it will suffice to show that Ry is one-dimensional, i.e. any
planar O-tangle whose internal discs are all labelled by £ is in fact a scalar
multipe of the identity. The relation v = 0 goes a long way to proving that
but for E5 we will have to work somewhat harder.

The source of planar algebras ) which are to contain ¢ as above will be
the planar algebras of bipartite graphs constructed in [?]. In fact to obtain
the Fg planar algebra we will use the bipartite graph Fg and similarly for
Eg. Thus our first task is to decompose the planar algebra of a bipartite
graph as an orthogonal direct sum of T'L-modules. Note that we showed
in [?] that these planar algebras do support a spherically invariant positive
definite inner product so they are Hilbert T'L-modules by ??. We do this in
each case separately. We use ¢ and 0 as above. Choose a bipartite structure
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UTUU™ on Eg as in [?]. Let PEs be the planar algebra of the bipartite graph
Eg with respect to the spin vector which is the Perron-Frobenius eigenvector
i = (pg) for the adjacency matrix of Eg normalized so that Z pe = 1.

aceUt
By [?], P¥¢ has spherically invariant positive definite partition function so it

becomes a Hilbert T'L-module by ?7?.

Theorem 8.2 Let u = ¢° + q°. Then as a T L-module P¥s contains the
27 2

orthogonal direct sum of H°, H*, HY, H>~ L, H3® and H>* °  (which all

exist), each with multiplicity one, and no other T L-modules of lowest weight

3 or less.

Proof. The algebras Pf(" have bases of projections p, which are the loops of
length 0 starting and ending at the vertices of U*. Let A be the (0, 1) matrix
whose rows are indexed by the vertices of U™ and columns are indexed by
the vertices of U~ with a 1 in the (4, j) position iff 7 is connected to j in Eg.

According to the planar structure on PP the matrix A is the matrix
of the linear map oy : Pf(" — P with respect to the orthonormal bases
o 2pa of PE6. The eigenvalues of A'A are 1,62, 2 with yu=¢° +q > =6".
The one dimensional subspaces spanned in Pf(" by an orthonormal basis
of eigenvectors for A'A are invariant under AT'L, so by ?? they generate
orthogonal T L-submodules H*, H° and H* of Ps.

The very existence of the lowest weight vectors inside a Hilbert T'L-
module implies immediately that the relevant irreducible Hilbert T'L-module
exists. This will apply to all the irreducible modules we find so we point it
out here and refrain from mentioning it again in this theorem or the next.

The Bratteli diagram of P¥¢ (for one choice of the bipartite structure) is
below.

So dimPfs = 3, dimP[ = 5, dimP}® = 16 and dimPy® = 53. Now
dimHS + dimH} + dimHi = 5 so PP contains no submodules of lowest
weight 1. But if W = H) @ Hs @ HL C PFs, we have dimW = 2+6-+6 = 14
by ??. So PEs contains two orthogonal T L-modules of lowest weight 2. To
find out which they are we need to know the eigenvalues and multiplicities of
pon W+ Pfe. But the representations of p on W and Py permute bases
quite explicitly so we may compute eigenvalues simply by counting orbits.
By inspecting tangles in Thy we see that p has two 2-element orbits and two
fixed points on each of H* and H!. And p is the identity on H’. So on W p
has the eigenvalue 1 with multiplicity 10 and —1 with multiplicity 4.
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On the other hand, p acts on loops on FEj essentially by rotation. Fixed
loops starting in U™ are in bijection with the edges of the graph and on other
loops p acts freely. Thus on P2E6 p has eigenvalue 1 with multiplicity 10 and
—1 with multiplicity 5. We conclude that p = —id on W+ N P2E6 so that PFs
contains the T'L module H?~! orthogonal to H° @ H* @ H' and no other
modules of lowest weight 2.

We now turn to Pf(" and repeat the count as above. The W = H3 S HE @
Hi @ Hg’_l has dimension 5 + 20 + 20 + 6 = 51 by ??. And the rotation
p, now of period 3 has, as permutations of bases, 2,22 and 0 fixed points
on HS, HY, HE and Hy ™' respectively. Thus p on W has eigenvalue 1 with
multiplicity 3 + 8 + 8 + 2 = 21 and eigenvalues et each with multiplicity
14+6+6+2 = 15. On loops of length 6, p has 5 fixed points as before and 16
orbits with 3 elements. Thus on P?)E6 it has eigenvalues 1 with multiplicity 21
and =" each with multiplicity 16. Hence on W+ N P?)E(", p has eigenvalues

et %" each with multiplicity 1. Choosing an orthononormal basis of VVJ‘NPE6
of eigenvectors of p we are done. [J

We now repeat the counting of theorem ?? for Eg. So choose a bipar-
tite structure YT UU~ on Eg as in [?]. Let PPs be the planar algebra of
the bipartite graph Eg with respect to the spin vector which is the Perron-
Frobenius eigenvector i = (pg) for the adjacency matrix of Eg normalized

so that Z pe = 1. By [?], P® has spherically invariant positive definite

acUt
partition function so it becomes a Hilbert T'L-module by ?7.

Theorem 8.3 Let iy = q"+q ", o = ¢t + ¢ and pz = ¢*3 + ¢ 3. Then
as a TL-module P®* contains the orthogonal direct sum of

Hé H,ul H/J,Q H,u; H2—1 H?;efTr H3e IL H4—1 H5e g H5e TT)F H5e gz
and H>* - , each with multiplicity one, and no other T'L-modules of lowest
weight 5 or less.

To anaylse the lowest weight 0 space observe that A’A is now a 4 x 4 matrix
with 6% = (¢ + ¢71)? as largest eigenvalue. Now 7,11 and 13 are all prime
to 60 and py = q" +q ", e = ¢t + ¢ and ps3 = ¢'3 + ¢~ are all distinct
with positive real part. So the eigenvalues of A'A are 0, yy, 2 and pz. Di-
agonalising o_o as before we see that PF® contains the orthogonal direct
sum of H?, H*1, H** and ‘HM*. The dimensions of the HS, Hi*, HL? and HL?,
for the relevant valuse of k, as well as the other T'L-modules we will meet in
this proof, are all the same as their values for generic § by theorem ?7?.

From the Bratteli diagram for P® or by any other means of counting
loops we have oiimPlE8 =17, oiiszE8 =21, oiimP?)E8 =73, oiimPf8 = 269 and
dimPy® = 1022.
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As in the previous case this means there are no T'L-modules of lowest
weight 1. The contribution of H®, H* , H* and H* to diszE8 is 2+6+
6+ 6 = 20 so P contains a single T'L-module of lowest weight 2. Counting
orbits as in ?? we conclude that this module is H*~!. Thus the T'L-modules
of lowest weight less than 3 span a subspace Wof dimension 5+ 20+ 20420+
6 = 71 in the 73-dimensional space Pfg. To find out which two irreducible
T L-modules span the orthogonal complement of W we count multiplicities
of the eigenvalues of p (with p3 = 1) as before. On H$ there are two fixed
points and on each of the H% there are two fixed points. On 'Hg’_l there
are no fixed points. So the multiplicity of 1 is the total number of orbits is
3+8+8+8+2=29 and each of e has multiplicity the total number of
orbits of size 3 whichis 1 +6 +6 +6 + 2 = 21. On loops of length 6 on Ej
there are 7 fixed points as usual and therefore each of e*%" has multiplicity
one on the orthogonal complement of . Diagonalising p shows that P

27i

contains H?”SQ:_T @ H3e .

In the case of lowest weight 4, the multiplicities are more tricky to com-
pute because 4 is not prime. We only sketch the argument because our
main results need only the existence of single T'L-module of lowest weight
four, which can be obtained simply via counting. Indeed the subspace
W C Pf(" spanned by T'L-modules of lowest weight less than 4 has dimension
14+ 70+ 70470+ 28 +8+8 = 268 which is one less than dimPfg. We leave
it to the reader to check that the multiplicities of 1,7, —¢ are the same on
W as on loops on FEjg starting in U™. The only subtle point is that although
there are no fixed points for p? on annular (2,4) tangles there are tangles
such that, in V42’_1, are sent by p? to —1 times themselves.

Finally we tackle the case of lowest weight 5. The space W defined as
above has dimension 42 + 252 + 252 + 252 + 120 + 45 4+ 45 + 10 = 1018. But
now the multiplicity count is very simple since 5 is prime and we only have
to count fixed points. Here is the count on W, obtained simply by looking
at tangles:

Number of fixed points for p (p° = 1)
H? HH H2 He H*4~1 | Loops on Fg

2 | 2 (times 3) 0 0 (times 2) 0 7
Number of orbits of order 5 for p (p° = 1)
8 |50 (times3) [ 24 |9 (times2) | 2 | 203

Thus the multiplicity of each of the primitive fifth roots of unity on W is
84+3x50+4+2449 x 242 = 202. So each primitive fifth root of unity occurs
with multiplicity 1 in W+ P5E8 and by diagonalising p we are done. [

We will need the following slight addition to the previous results which
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takes into account the interaction of the T'L-module structure of a C*-planar
algbebra with the x-structure.

Proposition 8.4 Let P be a C*-planar algbebra with spherically invariant
positive definite partition function. The linear span of all irreducible T L-
modules isomorphic to a given one is x-invariant. In particular a T L-module
occuring in P with multiplicity one contains a self-adjoint non-zero lowest
weight vector.

Proof. The involution * is a conjugate-linear isometry of P which clearly
preserves the subspace Wy (of lemma ??)of the T'L-module P. For k > 0,
each T'L-module which is the linear span of all irreducible T'L-modules iso-
morphic to a given one, is generated by the eigenspace of p on the orthogonal
complement of Wj. The assertion of the proposition now follows from the
simple relation p(z)* = p~*(z*). O

To give the first and simplest of our proofs of the existence of Fg and

Es planar algebras/subfactors, we begin by recalling the notion of biunitary
from [?].

Definition 8.5 If P is a C*-planar algebra, a biunitary U € P is a unitary
element of Py such that if W = U™! then the following two equations hold:

and

Given a biunitary U we adopt the following convention for making cer-
tain tangles in which the strings are allowed to cross into a planar tangle in
the usual sense. (Note that we are using the shading to define local string
orientation in this paper so that a single arrow on a string in this paper
corresponds to two in [?].) Suppose T is a tangle, labelled or not, contain-
ing certain privileged strings which are oriented and are allowed to cross
(transversally) the other strings of the tangle but not themselves. Shade the
regions of T" — {strings of T} with a shading consistent with that near the
boundary discs. Then make T into a tangle by replacing the crossings by
labelled discs according to the diagram below:
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Remark 8.6 [t was observed in [?] that if one has a C*-planar algebra P
with a biunitary U then the (graded) subspace PY of P consisting of all
elements R for which there is a Q) related as below forms a planar subalgebra

of P.

Proposition 8.7 Consider the C*-planar algebra TL for 0 < 6 < 2 and
suppose A € C is such that § = —A? — A72. Then the element
U= AE, + A7Yd is a biunitary.

Proof. Observe that A is necessarily a root of unity and the inverse of U is
Aid+ A7'E;. The conclusion follows by simple pictures. [J
Here is a picture of this U:

Definition 8.8 If P is a C*-planar algebra and U a biunitary in P define,
for each k the transfer matriz T € APy to be the annular tangle in which
each internal boundary point i is connected by a string straight to external
boundary point i+ 1 and there is a single oriented string which is a homolog-

ically non-trivial circle going round the annulus in the clockwise direction. T
is tllustrated for k = 4 below. Note that for k = 0 the T'’s are the tangles o4.

The tangle T for k =4

Remark 8.9 Theorem 2.11.8 of [?] may be interpreted as saying that the
PY of remark 77 is the eigenspace of largest eigenvalue (= 62) of T*T.

Lemma 8.10 With U as in 7?7 and T as above, let n =12 or 30 and k = 3
or 5 respectively. Let § = 2cos T and w = et If %< is a lowest weight
vector in a copy of V¥ inside a C*-planar algebra, then

T(yh) = s
with |z| = 4.

Proof. If the crossings in T are written as sums of T'L elements by ex-
panding the U’s, the fact that ¥ is in the kernel of all the €’s means that
the choice of an “A” or “A™1" term at any of the crossing forces the same
choice at all the other crossings. So there are only two nonzero terms in the
sum, one having a coefficient of A?* and the other one A=2¥. The two tangles

giving non-zero contributions differ by a rotation so we need only check that
| A%k 4+ wA~2*| = § which is easy. [J
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Theorem 8.11 For each of Eg and Eg there are up to isomorphism two non-
isomorphic C*-planar algebras P with positive definite spherically invariant
partition function having the given principal graph. There is a conjugate
linear isomorphism between the two.

Proof. It is well known that the only possible position for the distin-
guished point on the principal graph is at maximal distance from the triple
point. This follows from the correspondence with subfactors or by consider-
ing the reduction method of [?] by minimal projections corresponding to the
vertices of the graph.

Note that the set of T'L-modules occuring in P is an invariant and our

2mi
5

2

construction will give one containing each V3 for Eg and V3T for
FEs. They will thus be mutually non-isomorphic.

The construction is quite simple. Let P be the planar subalgebra of
PEs (resp. PP8) generated by the eigenvector ¢ of p of eigenvalue et
(resp.ei%”) in Py (resp. PX®) which is orthogonal to all T L-submodules
of smaller lowest weight. By 7?7 we may suppose that ¢» = ¥* so that P
is a C*-planar algebra. By ?7 and 7?7, any element of P is an eigenvector
for T*T. But on Py T*T is 010+ and we have seen that the eigenvalue §2
has multiplicity one. Hence P is connected. This forces P to have principal
graph Fg (resp. Es) because the only other possibilities are A and D which
could not have an element orthogonal to T'L in P (resp. Ps).

We could avoid the use of theorem 2.11.8 of [?] by observing that the left
hand side of the figure in remark ?? gives 7 (resp. 11) non-zero terms when
U is inserted and that these terms, together with the right hand picture with
() = ¢ are precisely those of the null vector obtained in lemma ?7.

Extending the identity on paths conjugate linearly to all of P (resp.

PZEs) yields the required conjugate linear isomorphism of planar algebras. []

We would now like to give another, much longer proof of the previous
result. Our reason for giving it is that it uses a method we suspect to be
quite general and powerful. The idea will be to isolate certain planar relations
satisfied by the generators of a planar algebra and show that labelled tangles
can be reduced using these relations to tangles where the generators appear in
certain restricted configurations. In particular for tangles without boundary
points we will show that all occurrences of the generator can be removed,
thereby showing that the planar algebra is connected. We will carry out the
argument only in the more complicated case of Eg, leaving the Fg case as
an exercise. (In fact the D case is extremely easy in this regard as there
are more relations-the corank of the matrix of inner products is actually 2.)
One small bonus of this method is that the uniqueness of the planar algebra
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structures will be easy to see.

For the rest of the section P will denote a C*-planar algebra with spher-
ically invariant positive definite partition function and v will denote an el-
ement which is a lowest weight vector of length one for a copy of V¢ with
w = et contained in P.

The idea will be to exploit as much as possible the relation of 7?7 that the
vector v € V65’w obtained from v is zero. Our ultimate aim is to find relations
that reduce the number of occurences of discs labelled by v in the planar
algebra generated by . The main step will be to show that if there are 2
such discs connected by 2 or more strings then they can be replaced by T'L

elements and a single disc. To this end we introduce the following tangles.

Definition 8.12 Let Q),, and R,, be the planar p-tangles with no con-
tractible circles and 2 internal discs with p 4+ q boundary points each. The
internal discs are connected to each other by q strings. The positions of the
distinguished boundary regions are as indicated by the x’s in the picture below.

In the above pictures, as in subsequent ones, we adopt the convention
that a string containing a dotted rectangle with the natural number n in it
represents n close parallel copies of the string.

Note that p + ¢ = 10.

The next lemma is an easy case of the arguments to follow but it needs
to be treated separately. It shows that any tangle containing 2 discs labelled
1 connected by 9 strings is in fact 0.

Lemma 8.13 The tangles Q1.9(¢, 1) and Ry 9(,v) obtained by labelling the
2 internal discs of Qfg and Qfg with Y are proportional to a tangle with a

single copy of Qo10(¢, 1) and Ro10(1, V) respectively.

Proof. We shall only carry out the argument for one position of * as the
other argument is structurally identical. Isotope @Q1.9(¢), 1) so that it looks
like the tangle below:

Recognize inside the dotted circle one of the terms in the expression for v
in ?7. One may thus replace the interior of the dotted circle by the 11 other
terms in v. Nine of these terms give zero because a boundary point on the
bottom 1) is connected to itself. One term is just a single curve joining the
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top and bottom boundary points of the outer disc with Qg 10(¢, %) to the left
of it. The other term is —n~! times the tangle below:

After an isotopy and using the fact that p(1)) = wi) we find that

(147w ™M Q1.0(, 1) is a multiple of a tangle with a single copy of Qo .10(¢, ).
U

Lemma 8.14 The elements Qo10(¢,1) and Ro10(¢, ), of Py and P- re-
spectively, are proportional to each other in Py with the natural embeddings

of Py and P_ in P;.

Proof. There was an asymmetry in the argument of the previous lemma.
If we had worked from the left rather than the right we would have concluded
that Q19(¢, 1) is a multiple of a 1 tangle with a single copy of Ry 10(¢, %)
and no other internal discs. Thus both Qo10(%, %) and Ry 10(¢), 1) are in
P, N P_ and proportional to Q19(¢, 7). O

Lemma 8.15 Let Q,4(1,¢) and Ry (1,1)) be the elements of P, defined
by labelling both of the internal discs of Qpq and Ry, by 1. Then for g =
1,2,...8,
if p is odd
_p+l ptl
Qpa(t, ) = —w™ 0T Ryg(¥,0) + X

and

and if p is even,

Qpq(, V) = —w i Bk Ry (¥, 0) + Z
and

Ryo(0,0) = ™ 50" kp(Qpg (v, 00)) + T

where XY, Z and T are linear combinations of labelled tangles with 2
internal discs both labelled with 1 having q + 1 strings connecting the two

internal discs. The coefficients of individual tangles in X, Y, Z and T do not
depend on the particular planar algebra P.

Proof. The argument is structurally the same in all cases so we only do the
case when p is odd. Isotope the tangle Q, ,(1, 1) so that it is as below.
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Inside the dotted circle recognise, up to the position of the * of the upper
internal disc, one of the terms in the formula for the nul vector v in ??. Thus
we may replace the inside of the dotted circle by the 11 other terms in v with
the appropriate coefficients. One of these terms gives the tangle R, (¢, ¥)
with the coefficient above and the other ones are either 0 because some string
connects 1 to itself or they have ¢ + 1 strings connecting the two internal
discs.

Now begin with R, ,(1,1) and isotope it so it is as below.

As before, after rotating the upper internal disc clockwise by p— 3 strings
one recognizes one of the terms in the formula for the nul vector v. All but
one of the other terms give 0 or have ¢+ 1 strings connecting the two internal
discs. The one remaining term gives —77_17;_1,0(@%(]) except that the position
of * is rotated 2 strings in an anticlockwise direction on both internal discs.
This accounts for the total factor w="5 . O

Let W, be the subspace of P, spanned by labelled tangles (¢ being the
only label) with at most 2 internal discs connected by more than 10 — p
strings. Observe that W, is invariant under the rotation.

Corollary 8.16 With notation as above, for 1 < p < 10

p(QZMI(wv ¢)) = wp+177p+1QP7Q(¢v ¢) + X

and

P(Rp,q(¢v V) = Wp+177p+1Rp,q(¢> V) + X
where X is in W,.

Proof. Just apply the second equation of lemma ?? to the first, noting
that tangles of the form X, Y etc. are invariant under the rotation. [J

Corollary 8.17 With notation as above, forp =1,2,3,4,6,7 and 8, Q. 4(¥, V)
and R, ,(1, ) are in W.

Proof. The case p =1 is covered by lemma ?7?. For the other values of p we
get that, modulo the subspace W, @, ,(1,1) and R, ,(1, 1)) are eigenvectors
of p with eigenvalue wP™nP*1. But since p has period p they are zero mod
W unless wPTinP*l is a pth. root of unity. [

We will now deal with the case p =5 and obtain the same conclusion as
in the previous result but only by supposing that P = P and using the
dimension and multiplicity counts in this planar algebra.

42



Lemma 8.18 Let P be PP and v be a unil vector in P5E8 generating a
copy of V5% whose existence is guaranteed by theorem ?7. Then for p < 5
Qp.q(, 1) is in the Temperley Lieb algebra.

Proof. Inductively apply corollary ??. Begin with the fact that Pfg NP =
Cid to obtain the assertion for p = 0 by lemma ??. The subspace W is then
always contained in T'L. [J

Lemma 8.19 Let P be PP and 1) be a unit vector in P5E8 generating a copy
of V% whose existence is quaranteed by theorem ?7. Then

Q5,5(¢7 ¢) = A¢ T

and
Rs5(1,¢) = B +y

where A and B are scalars and x and y are Temperley-Licb elements.

Proof. We will only do the argument for ), the R case being the same.
From the general structure of a Hilbert T'L-module we have the orthog-
onal decomposition

PP = V2 Vo @ View

where V? are the Temperley Lieb elements, V4 is the linear span of Hilbert
T L-modules of lowest weight less than 5 and V¢, is the intersection of the
kernels of the €; for i = 1,2,...10 by corollary ??. Note also that V55, Vg and
View are invariant under the ¢; for all ¢ and the rotation p.

Write Q55(¢,1) = x @ y @ 2z in this orthogonal decomposition. We first
claim that y = 0. For if not there would be an ¢ for which €;(y) # 0. If i is
different from 5 or 10, €;(Q55(1), 1)) = 0 which is a contradiction. If i is 5 or
10 we apply corollary ?? and lemma ?7? to obtain

P(Qp,q(¢a w)) =2 ®yd

in the orthogonal decomposition. But p(Q,4(1, 1)) is in the kernel of €5 and
€10 so in these cases we conclude y = 0 also.

It only remains to show that the z in the above decomposition is a multiple
of . But by ??, Q55(1, 1) is an eigenvector of the rotation with eigenvalue
w modulo V9, and the multiplicity of this eigenspace is 1. [

All that remains to prove that the planar algebra PY generated by 1 in
P8 has principal graph Eg is to show how to reduce the number of internal
discs in tangles labelled with . In fact using the known restrictions on
principal graphs we only need to show that dimPf = 1. This would follow
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from ?? 77 and 7?7 if it was true that any 10-valent planar graph must have
two vertices connected by more than one edge. And this is obvious for Euler
characteristic reasons. We prefer to give a more general Euler charateristic
argument which will be useful in more cases and avoids using “well known
facts” about principal graphs. We will use tangles in the planar coloured
operad P of section 2. Such a tangle T" will be called connected if the subset
of the plane consisting of the strings of 1" and its internal discs is connected.
Recall from [?]| that a region of a tangle is a connected component of the
complement of the strings and internal discs inside the external disc. A region
will be called internal if its closure does not meet the external boundary disc

of T.

Proposition 8.20 [If a connected k-tangle in P has v internal discs, [ in-
ternal regions and e strings, then

v—e+ f=1-2k.

Proof. We follow Euler’s argument by observing that contracting an internal
region to a single internal disc does not change v —e+ f. Nor does it change
the fact that the tangle is connected. When there are no more internal
regions any two internal discs must be connected by a single string, the
regions on both sides of which are not internal. Such a pair of discs may be
combined into a single one along the string connecting them without changing
v — e+ f or connectedness. After all such discs have been combined there is,
by connectedness, a tangle which is a power of p. This has the desired value

ofv—e+ f. O

Corollary 8.21 If the internal discs of a connected k-tangle all have 2p
boundary points, then

(p—1e—(2p—1)k
p

f=1+

Proof. If we count the boundary points on the internal discs we have counted
all the strings of the tangle twice except the 2k strings connected to the
boundary disc. Thus 2pv = 2e — 2k. With v — e + f =1 — 2k this gives the
answer. []

Corollary 8.22 Let T be a connected tangle satisfying the hypotheses of
the preceding corollary. Suppose the boundary of every internal region of T
contains at least 3 strings. Then

(2p —3)k > 3p+ (p — 3)e.
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Proof. FEach edge which is not attached to the boundary disc, is in the
boundary of at most 2 internal regions so 3f < 2e — 4k. [

Theorem 8.23 Let PY be the planar subalgebra of PF¢ generated by 1 as
above. Then for k <5 P,zb is equal to the Temperley-Lieb subalgebra.

Proof. It suffices to show that any tangle containing an internal disc labelled
only with v is a linear combination, modulo the Temperley-Lieb subalgebra,
of ones with less internal discs labelled only with . By induction we may
suppose the tangle is connected. But if the tangle contains any internal discs
labelled by 1, e is at least 10 so by ??7 with p = 5 there has to be an internal
region with only two strings in its boundary. By 7?7 and ?? we are through.

O

Theorem 8.24 For each w = =5 there is a unique C*-planar algebra P
(with positive definite spherically invariant partition function) up to planar
algebra isomorphism with 6 = 2cos 35 and dim P5 = 43, with p having eigen-
value w on the orthogonal complement of the Temperley-Lieb subalgebra of
P5.

Proof. By proposition ?? we may choose the unit vector ¥ to be self-
adjoint in theorem ??, which means that P?¥ is a C*-planar algbebra. The
dimension of P; is at least 43 since the dimension of the Temperley-Lieb
subalgebra is 42 and v is orthogonal to it. But by any 5-tangle all of whose
internal discs have 10 boundary points and having more than one internal
disc must have at least 18 strings so by ?7 there have to be 2 discs connected
by more than one string. By ?7.if all internal discs are labelled ¢, the number
of strings connecting the 2 discs can be increased to 5 modulo terms with
less internal discs. Then by ?7 the total number of internal discs can be
decreased. Thus any 5-tangle labelled only by 9 is a linear combination of
T L-elements and 1) itself, and dimP5 = 43.

Now let P satisfy the conditions of the theorem. Choose an element ¢ €
P5 orthogonal to the Temperley Lieb subalgebra with p(¢) = wi) and ¢ = ¢*
(by ??7). The principal graph of P can only be Eg and the same is true for the
planar subalgebra of P generated by 1) so these two planar algebras have the
same dimension and thus are equal. Since the partition function is positive
definite all the structure constants of the planar algebra are determined by
knowledge of the partition functions of planar O-tangles with all internal
discs labelled by 1. These partition functions may be computed by reducing
the number of internal discs to zero. Any such reduction that only used
the relations of 77 involve coefficients that are determined entirely by the
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coefficients of v in ??7. Thus the only possible ambiguity in the partition
function comes from reduction of the tangles Q55(1, %) and Rs5(, 1) as
linear combinations of TL elements and . In fact only the ) case needs to
be considered since, as might have been observed in ??, for p odd, Q55(¢, ¥)
may be rotated to become Rs5(1), ).

Observe that Q5 5(¢), 1) = ¥? so a priori we need to determine 43 unknown
coefficients in the expression 1? = At + 0 where 0 is in the Temperley Lieb
subalgebra of Ps. But note that both v and 1? are zero when multiplied
on the left or right by the elements E; for ¢ = 1,2,3,4 so by fact 7?7, 0 is
necessarily a multiple of the ps of ?? and ¢? = Avy + Bps. So the whole
planar algebra structure is determined by the real numbers A and B. Also
P51 = 1ps = 1 because the only basis summand in p; which gives a non-zero
product with v is the identity. So p; and 1 linearly span a 2-dimensional
C*-algebra A of which ps is the identity. We know that the principal graph
of P is Eg and the partition function, appropriately normalised, defines the
Markov trace on P. The weights of the trace can be found in [?]. Call
the minimal projections in A ¢; and ¢. Then they are minimal central
projections in Ps so their traces 71 and 75 can be read off from [?]. Suppose
) = xq1 +yqo for some (real) x and y. Since ¢; + g2 = ps the numbers A and
B are determined by x and y. But ¥? = 2%¢; + y?¢2 and 1 is a unit vector
of trace zero so taking the trace of these two equations we get

T+ Yy =0

and
22 P =1

So 22 is determined which gives z up to a sign. On the other hand the vector
1 was always ambiguous up to a sign. So the arbitrary choice x > 0 could be
imposed from the start and the partition function is completely determined.
OJ

We include in appendix ?? some observations concerning the presentation
of Fg and FEg as planar algebras.

A Appendix:The rotation by one.

One of the features of the annular Temperley Lieb diagrams that is absent
in the disc case is that there are diagrams which do not preserve a shading
imposed on the boundary regions. The most obvious such tangle is the
rotation by one in which all strings are through and the 7 internal boundary
point is connected to the ¢ + 1th. external one. This is not an honest tangle
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according to our definition because in definition ?? we used elements from
the planar operad of [?] where we insisted that planar tangles have a coherent
shading. We explained our reasons for this restriction in the introduction to
[?]. But it remains natural to eliminate the shading condition and define an
extended notion of planar algebra in which the shading condition, and the
requirement that the numbers of boundary points be even, would disappear.
Indeed in the paper of Graham and Lehrer the annular T'L diagrams have no
restrictions except planarity. And in fact consideration of the rotation by one
causes a major technical simplification in our proof of positive definiteness in
?7?. But rather than extend the whole formalism we shall allow non-shadable
TL diagrams to act on algebra elements, and hence on the modules V% by
making sure there are unshadable elements acting both on the inside and the
outside.

We begin with the setup when there are boundary points on the inside
and outside of the annuli. So let m be an integer > 0.

Definition A.1 Define the annular diagram ,0% to consist of an annulus with
2m internal and 2m external distinguished boundary points as usual with the
ith. internal point connected by a string to the (i+ 1)th. external one so that
the strings do not cross. The diagram is considered up to isotopy as usual.

It makes sense to compose any annular tangle with ,0% on the inside or
the outside provided the number of boundary points match up but one will
obtain a diagram that is outside AT'L. But if the diagram is composed both

on the inside and the outside by an odd power of ,0% the result will be in
ATL.

Definition A.2 [f T is a tangle in AnnTL(m,n) we define
Adp? : AnnTL(m,n) — AnnTL(m,n) by Adpz(T) = p=T(pz) .

Proposition A.3 Ad,o% is an algebroid automorphism which is the identity
on AT L(m,m).

Proof. Clearly ,0% is a square root of p and p generates AT L(m,m). O

Proposition A.4 Ad,o% defines an isometry of AT Ly, which commutes
with the action of Z/kZ.

Proof. Applying Ad,o% to a tangle does not change the number of through
strings so Ad,o% acts on the quotient AT'L,, ;. [
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Corollary A.5 Ad,o% defines an isometry of VI sending an element T (1%)
1o Adpb (T) (%),

Remark A.6 The period of Adp? on ATL(m,n) is at most LC'M(2m,2n).
We have also used the rotation by one on the modules V}*.
Definition A.7 Define Adp? : Vi — V! on the basis Thy by
Adp*(T) = p~' p>To.
Proposition A.8 Ad,o% is an isomelry of period alt most 2k.

Proof. The (0,0)-tangle used to calculate (Adpz (S), Adp? (T)) has the same
number of contractible circles as the tangle for (S,7) but 2 more non-
contractible ones. The factors u~! compensate to give an isometry. []

Note that there is no rotation by one on Vko’i.

B Appendix: Towards a skein theory for FEj
and Eg.

Planar algebras provide a framework for knot-theoretic skein theory. In the
approach pioneered and named by Conway ([?]), a tangle is much the same as
we have defined except that all the internal discs have four boundary points
and are labelled by under or over crossings. For the Alexander-Conway and
HOMFLY polynomials the strings of a tangle are oriented and the sense of a
crossing is relative to this orientation. For the Kauffman bracket and Kauff-
man two-variable polynomials there is no orientation but a shading may be
used to give sense to the over and under crossings. (In [?] we showed how to
handle the HOMFLY polynomial in an orientation-free manner using labels
that contain triple rather than double points in a knot projection so that all
internal discs are labelled with triple points-one may then orient the strings
as the boundaries of oriented shaded regions.) The relevant planar algebra
is in all cases the quotient of the free planar algebra linearly spanned by all
tangles, by relations given by three dimensional isotopy (or sometimes the
more restrictive "regular’ isotopy) and certain "skein relations", the first of
which was the relation for the Alexander-Conway polynomial in [?]. Skein
relations are interesting if they cause major collapse of the free planar al-
gebra, especially if the quotient is non-zero but finite dimensional. In the

48



examples discussed above the skein relations collapse tangles with no bound-
ary points (i.e. link projections) to a one dimensional space and one thus
obtains topological link invariants. In [?] we promoted the point of view that
the Reidemeister moves allow three dimensional isotopy to be thought of as
skein relations and we began to investigate planar algebras with more gen-
eral Reidemeister-type relations, especially in work with Bisch-see [?] and
[?]. One should think of any planar algebra as a generalised skein theory
where the crossings are replaced by some family of generators. Of course
these "crossings" no longer necessarily label discs with 4 boundary points.
Skein relations will then be linear combinations of tangles labelled by the
generators. A collection of skein relations will be considered more or less
interesting according to the level of collapse they cause of the free planar
algebra. Probably any set of skein relations causing collapse to finite dimen-
sions(but not to zero) should be considered interesting. A point of view very
close to this one has already been vigorously pursued in a slightly different
formalism by G. Kuperberg who has obtained some of the most beautiful
skein theories beyond the HOMFLY and Kauffman ones - see [?].

A highly desirable level of skein-theoretic understanding of a planar al-
gebra P is to have a list of labelled k-tangles which form a basis of Py, and
a set of skein relations which allow an algorithmic reduction of any labelled
tangle to a linear combination of basis ones. The list of tangles should be
natural in some sense. Having a minimal number of internal discs is probably
a useful requirement for basis tangles. In the HOMFLY case such a basis
is indexed by permutations of a set of k points and the reduction algorithm
is essentially that used in the Hecke algebra of type A,. In the Kauffman
(or BMW) case the basis is indexed by all partitions of a set of 2k points
into subsets of size 2 and the reduction algorithm is essentially that used
to calculate the Kauffman polynomial. Kuperberg has obtained a beautiful
unified skein theory for knot invariants obtained from rank 2 Lie algebras.

One may obtain skein-theoretic control of a planar algebra with somewhat
less than the knowledge of the previous paragraph. If we are dealing with a
C*-algebra with positive definite partition function then it suffices, in prin-
ciple, to know an algorithm to compute the partition function of O-tangles
labelled with generators and their stars. For then to see if a linear combi-
nation x of labelled tangles is zero one can simply apply the algorithm to
each term in z*z and take the sum. This may be an acceptable situation but
it is not ideal. For instance if we look at the Temperley-Lieb algebra when
4 is 2cos =, the partition function can be computed with the usual formula
but we know that the C*-planar algebra is obtained by taking the quotient
by the relation that p, = 0. Explicit knowledge of p,, has proved crucial in
further developments of the theory, particularly applications to invariants of
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three-dimensional manifolds.

We would like to have such a theory for the C*-planar algebras with
principal graphs Eg and Eg and our diagrammatic proof of the existence of
these planar algebras represents a step in that direction. The planar algebras
are singly generated by the elements 1) which are almost uniquely defined by
the relations saying that ¢ is a lowest weight vector for a specific T'L-module,
which may be considered as skein relations. The all-important relation of
?? is then a further skein relation. Let us call that relation "nul". Nul
was almost sufficient to provide an algorithm for reducing planar O-tangles
to scalar multiples of the identity by immediately reducing the number of
internal labelled discs if there is a pair of such discs connected by a string. In
fact this did not quite work in two ways:first, we were forced to use knowledge
of a ¥ occurring in a particular planar algebra, and second, we were unable
to simplify directly a tangle with two internal discs connected by a single
string. However, at the end of the day it did turn out, in the case of FEg
that the following relations on 1 are sufficient to algorithmically calculate
the partition function of a labelled O-tangle, where all constants are as in 77
and theorem ?7:

a) ¥ € ker(er) Nker(ez)

b) ¢* =4 and (¢, ¢) =1

0 o) = o o

d) o P (e2(¥)) = K350 P (e5(¥))
e) ¥* = A + Bps

Thus the above relations can be thought of as a presentation of the Ejg
planar algebra in a C* sense.
We hope we have motivated two further problems.

(i) For each k find a list of k-tangles labelled by 1 which give a basis for
P.
(ii) Find a finite set of skein relations giving an algorithm for reduction of a
given tangle to one in the list of (i).

We are a long way from solving problem (i) but we would like to point
out in this regard a way in which Ejg is significantly more complicated than
FEs. We had to work quite hard to obtain relations for Eg which sufficed to
calculate the partition function of 0 — tangles. It would have been trivial
if we could have shown that the tangle Qg 1(¢, ) was in fact in the linear
span of tangles with at most one internal disc labelled ). Nothing we have
shown disallows this possibility but we will see that it is not true, although
the corresponding statement for Eg is correct. (So a basis of tangles for
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Es exists with no strings connecting the internal labelled discs.) We will
prove these assertions by a counting argument which will require a little
more knowledge of dimensions of T'L-modules on the one hand and a little
more skein theoretic arguments on the other. We begin with the T'L-module
formulae. Recall from the proof of theorem that the annular Temperley Lieb
algebra AT Ly, contains two copies T'L3, and T'L}, of the ordinary Temperley
Lieb algebra T Loy as in theorem ?77?.

Theorem B.1 Suppose that H** is an irreducible Hilbert T L-module of low-
2
est weight k and that dimH%® = ( mk) — 1. Then forn >m, as a TL§,
m —_—
and a TLY, module H** is a direct sum of irreducible T Lay-modules V3, for
J=2k,2k+2,...,2m — 2.

Proof. The result will follow from fact 7?7 and the following assertion:

"If HE“ contains neither the trivial representation of TLE nor that of T'L5
then Hﬁfl contains neither the trivial reprsentation of T'Lj ,, nor that of
TLS, 5"
This assertion is not difficult. To say that a vector 7 is in the trivial rep-
resentation of T'L§, ., is to say that Fj(y) = 0, and hence €(y) = 0, for
i =1,2,..,2n + 1. Moreover €3,42(7) = 0 since some power of p applied
to it is in the trivial representation of T'L5 . Thus such a v would be in
Niz1.. onss ker(e;) and thus zero since H* is irreducible (see ?7).

Now let mg be the smallest integer for which H%“ has dimension less
than the generic value. Then for n > mg the same is true by fact ?? and the
reduction procedure of theorem ??. Thus m = mg and H%* contains neither
the trivial representation of TLS nor that of TL5 by a dimension count.
Thus for n > m the reduction process to previous T'L* algebras shows that
the only T'L* modules allowed are those listed, and that they all occur.

O
Note that in the above theorem § < 2 so the szn do not necessarily have
their generic dimensions.

We can now prove the assertions made above about minimal tangles for
the Eg and Eg planar algebras.

Theorem B.2 The planar algebra P of Eg is linearly spanned by tangles la-
belled by a single element in which no two labelled internal discs are connected

by a string.

Proof. Just as for Eg it is clear that P is generated as a planar algebra by a
lowest weight vector 1) for the T'L-module V3 so the theorem will follow from
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the assertion that Q51(1, %) (see 7?) is in the T'L-module generated by .
But to see this we need only show that dim(H*)+dim(HE) = dim(P;). But
since the Coxeter number of Fj is 12, all ordinary irreducible Temperley-Lieb
representations occurring have their generic values. In particular dim(HZ) =
42 and by theorem ?? dim(Hz*) = (120) — (110) = 35. And the dimension of
Fsis77. 0

Theorem B.3 For Eg, with notation as in 7?7, Qg 1(1, ) is not in the linear
span of the T L-submodules H® and H>*.

Proof. We know that 1 generates a planar algebra P with principal graph
Eg. The Coxeter number of Eg being 30, all ordinary Temperley-Lieb rep-
resentations occurring have their generic values so dim(H3) = 4862 and
dim(Hy™) = 2244 by ?7?.

Thus there is a tangle with at least 2 internal discs, labelled ¢ which is
not in the linear span of H{ and Hg’w. In fact Q91(¢),1) must be such a
tangle since otherwise any tangle with a string connecting two internal discs
labelled 1) could be written as a linear combination of such tangles without
strings connecting internal discs labelled v, and any 9-tangle of this form is
in Hg’w or Hy. O

So, unlike Fjg, the planar algebra of Eg does not admit a basis of labelled
tangles with no strings connecting internal discs.
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