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ABSTRACT. Let R be the algebra of functions on a smooth affine irreducible
curve S over a field k£ and let A, be smooth and proper DG algebra over R. The
relative periodic cyclic homology H Py (A,) of A, over R is equipped with the
Hodge filtration F* and the Gauss-Manin connection V ([Ge], [K1]) satisfying the
Griffiths transversality condition. When k is a perfect field of odd characteristic
p, we prove that, if the relative Hochschild homology H Hp,(A., A,) vanishes in
degrees |m| > p — 2, then a lifting R of R over Wa(k) and a lifting of A, over R
determine the structure of a relative Fontaine-Laffaille module ([Fal, §2 (c), [OV]
§4.6) on HP,(A,). That is, the inverse Cartier transform of the Higgs R-module
(GrT HP,(A.),Gr7 V) is canonically isomorphic to (HPyx(A.), V). This is non-
commutative counterpart of Faltings’ result ([Fa], Th. 6.2) for the de Rham
cohomology of a smooth proper scheme over R. Our result amplifies the non-
commutative Deligne-Illusie decomposition proven by Kaledin ([K4], Th. 5.1).
As a corollary, we show that the p-curvature of the Gauss-Manin connection on
H P (A.,) is nilpotent and, moreover, it can be expressed in terms of the Kodaira-
Spencer class kK € HH?(A, A) ®g Q}% (a similar result for the p-curvature of
the Gauss-Manin connection on the de Rham cohomology is proven by Katz in
[Katz2]). As an application of the nilpotency of the p-curvature we prove, using
a result from [Katz1]), a version of “the local monodromy theorem” of Griffiths-
Landman-Grothendieck for the periodic cyclic homology: if k = C, S is a smooth
compactification of S, then, for any smooth and proper DG algebra A, over R,
the Gauss-Manin connection on the relative periodic cyclic homology H Py (A.)
has regular singularities, and its monodromy around every point at S — S is
quasi-unipotent.

1. INTRODUCTION

It is expected that the periodic cyclic homology of a DG algebra over C (and, more
generally, the periodic cyclic homology of a DG category) carries a lot of additional
structure similar to the mixed Hodge structure on the de Rham cohomology of alge-
braic varieties. Whereas a construction of such a structure seems to be out of reach at
the moment its counterpart in finite characteristic is much better understood thanks
to recent groundbreaking works of Kaledin. In particular, it is proven in [K4] that
under some assumptions on a DG algebra A, over a perfect field k of characteristic
p, a lifting of A, over the ring of second Witt vectors Wa(k) specifies the structure
of a Fontaine-Laffaille module on the periodic cyclic homology of A,. The purpose of
this paper is to develop a relative version of Kaledin’s theory for DG algebras over
a base k-algebra R incorporating in the picture the Gauss-Manin connection on the
relative periodic cyclic homology constructed by Getzler in [Ge]. Our main result,
Theorem 1, asserts that, under some assumptions on A,, the Gauss-Manin connection
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on its periodic cyclic homology can be recovered from the Hochschild homology of
A, equipped with the action of the Kodaira-Spencer operator as the inverse Cartier
transform ([OV]). As an application, we prove, using the reduction modulo p tech-
nique, that, for a smooth and proper DG algebra over a complex punctured disk,
the monodromy of the Gauss-Manin connection on its periodic cyclic homology is
quasi-unipotent.

1.1. Relative Fontaine-Laffaille modules. Let R be a finitely generated commu-
tative algebra over a perfect field k of odd characteristic p > 2. Assume that R is
smooth over k. Recall from ([Fa], §2 (c), [OV] §4.6) the notion of relative Fontaine-
Laffaille module * over R. Fix a flat lifting R of R over the ring Wa (k) of second Witt
vectors and a lifting £ : R — R of the Frobenius morphism F : R — R. Define the
inverse Cartier transform

c(*R{F) : HIG(R) — MIC(R)

to be a functor from the category of Higgs modules i.e., pairs (F, ), where E is an
R-module and 0 : E — E @ QL is an R-linear morphism such that the composition
0? : E — E®rQ}), — EQrQ% equals 02, to the category of R-modules with integrable
connection. Given a Higgs module (E, §) we set

—1 L * —1
C(R’F)(Ea 9) L (F E7 vcan + C(R’Ij—v)(e))v
where V4, is the Frobenius pullback connection on F*E and the map
(1.1) c(—é 5 - Endr(E) ® Q% — F.(Endr(F*E) @ QF)

takes f @ n to F*(f) ® %F*ﬁ, with 7 € Q}? being a lifting of 1. A relative Fontaine-
Laffaille module over R consists of a finitely generated R-module M with an integrable
connection V and a Hodge filtration

0O=FH"McFMc---CcF"M=M
satisfying the Griffiths transversality condition, together with isomorphism in MIC(R):
b c(*I{F)(Gr;T M,GrzV) = (M, V).
Here
GrrV:Gry M — Gry'M

is the “Kodaira-Spencer” Higgs field induced by V. 3

The category MFi,, g (R,F) (where I > m are arbitrary integers) of relative
Fontaine-Laffaille modules has a number of remarkable properties not obvious from
the definition. It is proven by Faltings in ([Fa], Th. 2.1) that MJF,, (R,F) is
abelian, every morphism between Fontaine-Laffaille modules is strictly compatible
with the Hodge filtration, and, for every Fontaine-Laffaille module (M,V,F*M, ¢),
the R-modules M and GrzM are flat. Moreover, if | — m < p, the category

n [Fa], Faltings does not give a name to these objects. In [OV], they are called Fontaine modules.
The name suggested here is a tribute to [FL], where these objects were first introduced in the case
when R = k.

2Equivalently, a Higgs module is a module over the symmetric algebra S*Tg.

3In [Fa], Faltings considers more general objects. In fact, what we call here a relative Fontaine-
Laffaille module is the same as a p-torsion object in Faltings’ category M]-'[Yn’l] (R)
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MFim (R, F) =: MFim (R) is independent of the choice of the Frobenius lifting?.
Fontaine-Laffaille modules arise geometrically: it is shown in ([Fa], Th. 6.2) that,
for a smooth proper scheme X — spec R of relative dimension less than p, a lifting

of X over R specifies a Fontaine-Laffaille module structure on the relative de Rham
cohomology H},p(X/R).

1.2. The Kodaira-Spencer class of a DG algebra. Let A, be a differential graded
algebra over R. Denote by HH*(A,, A,) its Hochschild cohomology and by

(1.2) k€ HH?*(A,,A,) ®r Q%

the Kodaira-Spencer class of A,. This can be defined as follows. Choose a quasi-
isomorphism A, — B,, where B, is a semi-free DG algebra over R ([Dr], §13.4) and
a connection V' : @ B; — @ B; ® Q% on the graded algebra € B; satisfying the
Leibnitz rule with respect to the multiplication on € B;. Then the commutator

(1.3) IV'.d] € [[ Homr(Bi, Bit1) @ Qp

with the differential d on B, commutes with d and it is a R-linear derivation of B,
with values in B, ® Q}% of degree 1. Any such derivation determines a class in

HH?*(B,,B.) ®p Q% — HH*(A,, A,) @R Q.

The class corresponding to [V, d] is independent of the choices we made. This is the
Kodaira-Spencer class (1.2)°.
The Kodaira-Spencer class (1.2) acts on the Hochschild homology:

en: HH, (A, A)) — HH, 5(A,, A,) ®r Qk.

The operator e, is induced by the action of the Hochschild cohomology algebra on
the Hochschild homology (referred to as the “interior product” action).

1.3. The Hodge filtration on the periodic cyclic homology. Denote by
(CH,(A,,A,),b) the relative Hochschild chain complex of A, and by CP,(A,) =
(CH,(A.,A.)((u)),b+ uB) the periodic cyclic complex. The complex CP,(A,) is
equipped with the Hodge filtration

FiCP,(A,) := (u'CH,(A., A)[[u]],b+uB),

which induces a Hodge filtration F*HP,(A,) on the periodic cyclic homology and a
convergent Hodge-to-de Rham spectral sequence

(1.4) HH, (A, A)((w) = HP.(A,).

The Gauss-Manin connection V on the periodic cyclic homology (we recall its con-
struction in §3) satisfies the Griffiths transversality condition

V:F'HP,(A,) — F'HP,(A,) ®g Q.

4Every two liftings R, R of R are isomorphic. A choice of such an isomorphism induces an
equivalence M]:[m,l](f%) A MFim ) (R). We refer the reader to ([OV] §4.6) for a construction of
the category of Fontaine-Laffaille modules over any smooth scheme X over k equipped with a lifting
X over Wa(k).

5Though the above definition must be known to experts we could not find a reference for it.
However, a similar constriction in the abelian context can be found in [Lo].



4 A. PETROV, D. VAINTROB, AND V. VOLOGODSKY

1.4. Statement of the main result. Recall that A, is called homologically proper if
A, is perfect as a complex of R-modules. A DG algebra A, is said to be homologically
smooth if A, is quasi-isomorphic to a DG algebra B,, which is h-flat as a complex
of R-modules®, and B, is perfect as a DG module over B, @ B,°". The following is
one of the main results of our paper.

Theorem 1. Fix the pair (1:2, F) as in §1.1. Let A, be a homologically smooth and
homologically proper DG algebra over R such that

(1.5) HH,,(A.,A,) =0, for every m with |m| > p — 2.
Then a lifting” of A, over R, if it exists, specifies an isomorphism
(1.6) ¢:Cp (G HP.(A,), Gtz V) = (HP.(A,),V)

giving (HP,(A,),V,F*HP,(A,)) a Fontaine-Laffaille module structure. In addition,
the Hodge-to-de Rham spectral sequence (1.4) degenerates at E1 and induces an iso-
morphism of Higgs modules

(1.7) (Gr= HP,(A.),Grz V) == (HH,(A., A)[u,u™'],u""e,).
Using (1.7), the isomorphism (1.6) takes the form

(1.8)  ¢: (F*HH,(A., A)[u,u™ "], Vean +u*10RlF)( ) — (HP.(A.),V),
where V., is the Frobenius pullback connection and C( RF) is the inverse Cartier
operator (1.1).

Remarks 1.1. (a) If R = k the above result, under slightly different assumptions®,
is due to Kaledin ([K4], Th. 5.1).

(b) The construction from Theorem 1 determines a functor from the category of
homologically smooth and homologically proper DG algebras over R satisfying
(1.5) localized with respect to quasi-isomorphisms to the category of Fontaine-
Laffaille modules. We expect, but do not check it in this paper, that this functor
extends to the homotopy category of smooth and proper DG categories over
R satisfying the analogue of (1.5). When applied to the bounded derived DG
category D?(C'oh(X)) of coherent sheaves on a smooth proper scheme X over R
of relative dimension less than p — 2, we expect to recover the Fontaine-Laffaille
structure on

HPy(D*(Coh(X)) = @ H% .

HP,(D*(Coh(X)) = @ HIEN (X

constructed by Faltings in ([Fa], Th. 6.2). Here X denotes the scheme over
R obtained from X by the base change and Hj),(X)(¢) the Tate twist of the
Fontaine-Laffaille structure on the relative de Rham cohomology.

6a complex B, of R-modules is called h-flat if, for any acyclic complex D, of R-modules, the
tensor product B, ® g D, is acyclic.

A hftmg of A, over R is an h-flat DG algebra A, over R together with a quasi-isomorphism
A, ®p R =5 A, of DG algebras over R.

8Kaledin proves his result assuming, instead of (1.5), vanishing of the reduced Hochschild coho-
mology HH " (A,) for m > 2p.
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Let us explain some corollaries of Theorem 1. First, under the assumptions of
Theorem 1 the Hochschild and cyclic homology of A, is a locally free R-module.
This follows from a general property of Fontaine-Laffaille modules mentioned above.
Next, it follows, that under the same assumptions the p-curvature of the Gauss-Manin
connection on HP,(A,) is nilpotent®. In fact, there is a decreasing filtration,

(1.9) VHP,(A.) C HP,(A.)
formed by the images under ¢ of
W F*HH, (A, A)[u™"| C F*HH,(A,, A,)[u,u™"]
which is preserved by the connection and such that GrY HP, (A,) has zero p-curvature:
(1.10) (GrY HP,(A.,),Gr¥ V) =5 (F*HH,(A., A)[u,u™"], Vean).-

Moreover, using Theorem 1 we can express the p-curvature of V on HP,(A,) in terms
of the Kodaira-Spencer operator e,: by ([OV], Th. 2.8), for any Higgs module (F, ),
such that the action of SPTg on FE is trivial, the p-curvature of C(_le)(E’ ), viewed
as a R-linear morphism
V: F*E — F*E® F*QL

is equal to —F*(f). In particular, under assumption (1.5), the p-curvature of
C(_I-%lj)(HH, (A,, A)[u,u=],u"te,), equals —u=tF*(e.). As a corollary, we obtain,
a version of the Katz formula for the p-curvature of the Gauss-Manin connection on
the de Rham cohomology ([Katz2], Th. 3.2): by (1.10) the p-curvature morphism for
HP,(A,) shifts the filtration V,:

Y :V,HP,(A,) =V, 1HP,(A,) ® F*QF.
Thus, 9 induces a morphism
¥ :GrY HP,(A,) — GrY_| HP,(A,) ® F*Qk.

Our version of the Katz formula asserts the commutativity of the following diagram.

~

CrY HP;(A,) = F*HH; (A, A,)
(1.11) |7 |7
Gr}il HP](A,)®F*Q}% L) F*HHJ'+2»L'72(A.7A.)®F*Q}%.

1.5. The co-periodic cyclic homology, the conjugate filtration, and a gen-
eralized Katz p-curvature formula. Though, as explained above, formula (1.11)
is an immediate corollary of Theorem 1, a version of the former holds for any DG
algebra A,. What makes this generalization possible is the observation that although
the morphism (1.8) does depend on the choice of a lifting of A, over R the induced
V-invariant filtration (1.9) is canonical: in fact, it coincides with the conjugate filtra-
tion introduced by Kaledin in [K3].!° However, in general, the conjugate filtration is
a filtration on the co-periodic cyclic homology HP,(A,) defined Kaledin in loc. cit.
to be the homology of the complex

CP,(A,) = (CH,(A., A)((u™)),b+uB).

9This suffices for our main application in characteristic 0: Theorem 3 below.
10The terminology is borrowed from [Katzl], where the conjugate filtration on the de Rham
cohomology in characteristic p was introduced.



6 A. PETROV, D. VAINTROB, AND V. VOLOGODSKY

For any A,, this comes together with the conjugate filtration V,CP, (A,) satisfying
the properties

u:V,CP,(A,) —> V.11CP,(A,)[2],
GrY CP,(A,) = F*C(A., A)((u™Y)).
This yields a convergent conjugate spectral sequence
(1.12) F*HH.(A.,A)((u™")) = HP.(A.),

whose E, page is GrY HP,(A,). It is shown in [K3] that if A, is smooth and
homologically bounded then the morphisms

(1.13) (CH.(A., A)[u,u™'],b+ uB) — (CH.(A,, A.)((w)), b + uB)

(1.14) (CH.(A., A)u,u™],b+uB) — (CH.(A., A)((u™)),b+uB)

are quasi-isomorphisms. In particular, for smooth and homologically bounded DG
algebras one has a canonical isomorphism

(1.15) HP.(A) =5 HP,(A.).

For an arbitrary DG algebra A, we introduce in §3 a Gauss-Manin connection on
HP,(A,). Tt is compatible with the one on HP,(A,) if A, is smooth and homolog-
ically bounded. We show that V preserves the conjugate filtration and the entire
conjugate spectral sequence (1.12) is compatible with the connection (where the first
page, F*HH,(A,, A,)((u™1)) is endowed with the Frobenius pullback connection). In
particular, the p-curvature ¢ of the connection on HP, (A,) is zero on GrY HP,(A,).
Hence, ¢ induces a morphism

W GrY HP,(A,) —» GrY_HP,(A.) @ F*Qk,.
In §3 we prove the following result, which is a generalization of formula (1.11).

Theorem 2. Let A, be a DG algebra over R and k € HH?*(A, A,) ®g Q}% its
Kodaira-Spencer class.

(a) The morphism uwF*(e.) : F*HH,(A,,A)((u™Y)) = F*HH,(A., A)((u™1)) ®
F*Q}% commutes with all the differentials in the conjugate spectral sequence (1.12)
inducing a map

GrY HP,(A,) —» GrY_ | HP,(A.) ® F*QbL,
which we also denote by u='F*(e,). With this notation, we have
(1.16) u T F*(eg) = .

(b) Assume that HHp(A., A) = 0 for all sufficiently negative m. Then the p-
curvature of the Gauss-Manin connection on HP (A,) is nilpotent.

Corollary 1.2. Let A, be a smooth and proper DG algebra over R and let d be a
non-negative integer d such that HH,,(A,, A,) =0, for every m with |m| > d. Then
the p-curvature of the Gauss-Manin connection on HP,(A,) is nilpotent of exponent
<d+1, i.e., there exists a filtration

0=VoHP,(A,) C---C Vg1 HP.(A,) = HP,(A.)

preserved by the connection such that, for every 0 < i < d+ 1, the p-curvature of the
connection on V;/V;i_1 is 0.
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1.6. An application: the local monodromy theorem. As an application of the
nilpotency of the p-curvature we prove, using a result from ([Katzl]), “the local
monodromy theorem” for the periodic cyclic homology in characteristic 0.

Theorem 3. Let S be a smooth irreducible affine curve over C, S a smooth compact-
ification of S, and let A, be a smooth and proper DG algebra over O(S). Then the
Gauss-Manin connection on the relative periodic cyclic homology H P, (A,) has regular
singularities, and its monodromy around every point at S — S is quasi-unipotent.

This result generalizes the Griffiths-Landman-Grothendieck theorem asserting that
for a smooth proper scheme X over S the Gauss-Manin connection on the relative de
Rham cohomology Hj r(X) has regular singularities, and its monodromy at infinity
is quasi-unipotent. The derivation of Theorem 3 from Corollary 1.2 is essentially due
to Katz ([Katzl]); we explain the argument in §4.

1.7. Proofs. Let us outline the proofs of Theorems 1 and 2. Without loss of gener-
ality we may assume that A, is a semi-free DG algebra over R. Let A,®? denote the
p-th tensor power of A, over R. This is a DG algebra equipped with an action of the
symmetric group S,. In particular, it carries an action of the group Z/pZ — C, C S,
of cyclic permutations. We denote by T'(C,, A,®) the Tate cohomology complex of
C)p with coefficients in A.®P. The algebra structure on A.®P induces one on the Tate
cohomology H* (Cp, A,®P). Moreover, choosing an appropriate “complete resolution”
one can lift the cup product on the cochain level giving T/(C,, A,*?) the structure of
a DG algebra over R. If A, = A is an associative algebra then, for p # 2, one has a
canonical isomorphism of algebras

H*(C,, A®?) = F*A® H*(C,,F,) — F*Alu,u™', €,
degu =2 and dege = 1, €2 = 0. In general, Kaledin defines an increasing filtration
72T (Cp, ALFP) C T(Cp, AEP)

making 7T(Cp, A,%?) a filtered DG algebra equipped with a canonical quasi-
isomorphism of graded DG algebras

(1.17) P G T(Cp, AFP) =5 A, @ H(C,, Fy),

where the grading on the right-hand side comes from the grading on H (Cp,Fp).
Note that the right-hand side of (1.17) has a canonical connection - the Frobenius
pullback connection. A key observation explained in §2.3 is that there is a canonical
connection V on the filtered DG algebra T(C,, A,®"), which induces the Frobenius
pullback connection on Gr”.

Denote by Tip, )(Cy, A®P), (m < 1), the quotient of 74°T(C,, A.®P) by
rdee  T(C,, A,®P). The DG algebra

B(A.) = Tj-1,0/(Cp, A.FP),
which is a square-zero extension of F*A,
F*A[1] 25 B(A,) — F*A,

with a compatible connection V, admits another description. Let R be a flat lifting of
R over W(k), i, the functor from the category of DG algebras over R to the category
of DG algebras over R, which carries a DG algebra over R to the same underlying
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DG ring with the action of R induced by the morphism R — R, and let Li* be
the left adjoint functor, which carries a DG algebra C, over R to the derived tensor
L s
product C, ®p R. For any DG algebra A, over R the composition Li*i,A
algebra over Li*i,R — R[p], where degu = —1, u2 = 0. One can easily check
that the functor Li*i, depends on R only (in particular, every automorphism of R,

is an

which restricts to the identity on R acts trivially on Li*ﬁ*) Similarly, the morphism
of crystalline toposes Cris(R/k) — Cris(R/W (k)) induces a functor :¢** from the
category of DG algebras in the category of crystals on Cris(R/k) (i.e., the category
of R-modules with integrable connections) to the category of DG algebras in the
category of crystals on Cris(R/W(k)) (i.e., the category of p-adically complete R-

modules with integrable connections) and the left adjoint functor Li*,;,. A key step
in our proof is the following result.

Theorem 4. Let A, be a term-wise flat DG algebra over R.
(a) There is a canonical quasi-isomorphism of DG algebras with connections

(B(A.),V) =5 Li* i F* A,

(b) A lifting (R, F) of (R, F) over Wy(k) gives rise to a canonical quasi-isomorphism

of DG algebras with connections
~ 1 %4 -
(B(A,),V) — C(R,ﬁ’)(l’z 1A, UR).

Here i is the Kodaira-Spencer class of A, regarded as a derivation of A, with
values in A, @ Q) of degree 1 (as defined by formula 1.3 ), pf the induced degree
0 derivation of Li*i, A, with values in (Li*i,A,) ® Q}{ , and C(}%l £ s the inverse
Cartier transform.

(c) A lifting of A, over R gives rise to a canonical quasi-isomorphism of DG algebras
with connections

Remarks 1.3. (a) If R is a perfect field the above result is due to Kaledin ([K2],
Prop. 6.13).

(b) The first part of the Theorem together with the projection formula gives a canon-
ical isomorphism of DG algebras with connections

i B(AL) 5 iU FT A, @1 FT AL,

where the right-hand side of the equation is the trivial square-zero extension with
the Frobenius pullback connection. However, in general B(A,) does not split. For
example, from the second part of the Theorem it follows that the p-curvature of
V on B(A.) equals —pF*(uk). In particular, it is not zero as long as & is not 0.

Next, we relate the cyclic homology of B(A,) together with the connection in-
duced by the one on B(A,) with the periodic cyclic homology of A, with the Gauss-
Manin connection. The two-step fitration F*A,[1] C B(A,) gives rise to a filtration
Vi CC(B(A,)) Cc CC(B(A,)), (m=0,—1,—-2,---), on the cyclic complex of B(A,).

Theorem 5. Let A, be a term-wise flat DG algebra over R. We have a canonical
quasi-isomorphism of filtered complexes with connections

V[_p+27_1]CC(B(A. )) [1} ;> V[_p+27_1]@(A.).
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Moreover, the multiplication by u~! on the right-hand side corresponds under the
above quasi-isomorphism to the multiplication by the class B in the second negative
cyclic homology group of the algebra klu).

Let us derive Theorem 1 from Theorems 5 and 4. Since the Cartier transform is a
monoidal functor, we have by part 3 of Theorem 5
(V[—p+2,—1]CC(B(A.))7 V) - C(}%’p)(v[—p+2,—l]CC(A-[M])nug:)'
We compute the right-hand side using the Kiinneth formula: with obvious notation
we have a quasi-isomorphism of mixed complexes

Vipra - C(AL[1]) < CAL) ® Vi pra_y C(k[u]).

The Hochschild complex of k[u] regarded as a mixed complex is quasi-isomorphic to
the divided power algebra:

C(k[u), k[u]) — k{u, Bu)

with zero differential and Connes’ operator acting by the formulas: B((Bu)™) =0,
B(u(Byn)™) = (m + 1) (Byo) 1.
It follows, that

Viept21CCA) = P C(A.) @ u(Bw)™.

0<m<p—-3

Setting Bu = u~! and using the Cartan formula ([Ge]; see also §3 for a review), we
find

(Vepra - COAL [l w0 -1] = (C(AL) @ ka7, u™05),
Summarizing, we get

(Viepsz,)OP(AL), V) <5 € L (C(AL) @ Ku™ ] /u? ™7, u i) 2]

This implies the desired result. The derivation of Theorem 2 is similar.
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2. THE TATE COHOMOLOGY COMPLEX OF A@p

In this section we construct a connection on the Tate complex T’ (C’p,A,@p) and
prove Theorem 4.
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2.1. The Tate cohomology complex. Let G be a finite group. A complete reso-
lution of the trivial Z[G]-module Z is an acyclic complex of free Z[G]-modules

— P o—P 1 —F— P — P — -
together with an isomorphism of Z[G]-modules
€:7Z s ker(d: Py — Py).

One can show that for any two complete resolutions (P,,¢), (P,’,¢') there exists a
morphism f, : P, — P,” of complexes of Z[G]-modules such that fyoe = ¢ and
such f, is unique up to homotopy (in fact, Hom(P,, P,’) in the homotopy category
Ho(Z[G]) of complexes of Z[G]-modules is canonically isomorphic to Z/rZ, where
r is the order of |G| : to see this observe that Homp,zc)(M.,P.") = 0 if M,
is either a bounded from above complex of free Z[G]-modules or a bounded from
below acyclic complex. It follows, using the canonical and “stupid” truncations, that
Hompoziay (P., P.") ~ Hompyoma))(Z, P.") ~ H°(G,Z) ~ Z/rZ ). Fix a complete
resolution (P,,¢€). For a complex M, of Z[G]-modules we define its Tate cohomology
complex T(G, M,) to be
T(G,M.) := (M, @z P.)°.

This defines a DG functor T(G, ) from the DG category C(Mod(Z[G])) of complexes
of Z]|G]-modules to the DG category of complexes of abelian groups. By construction,
T(G, -) commutes with arbitrary direct sums. Also, it easy to check that T'(G, -) carries
bounded complexes of free Z|[G]-modules and bounded acyclic complexes to acyclic
complexes.!' We denote the cohomology groups of T(G, M,) by H*(G, M.,).

A multiplicative complete resolution is a complete resolution (P,,€) together with
a DG ring structure

m: P, ®P, — P,

which is compatible with the G-action (i.e., m is a morphism of complexes of Z[G]-
modules) such that € : Z — P, is a morphism of DG rings. Multiplicative complete
resolutions exist: e.g., see [CF|, Chapter 4, §7. From now on T(G, M,) will denote
the Tate complex associated with a fixed multiplicative complete resolution. Then,
for any complexes M,, M," of Z|G]-modules, we get a natural morphism

T(Ga M.) ® T(Ga M-/) - T(Ga M. Kz M-,)v

which induces the cup product on the Tate cohomology groups. In particular, if M,
is a DG ring with an action of G, then the Tate complex T(G, M,) acquires a DG
ring structure.

2.2. The functor V — T(C), V®p). Let R be a finitely generated smooth commu-
tative algebra over a perfect field k of odd characteristic p > 2. For any complex V,
of flat R-modules'? the tensor power V®" over R carries an action of the symmetric
group S,. Denote by Z/pZ ~ C, C S, the subgroup of cyclic permutations. We
consider the functor
V. = T(Cyp, V.57)

from the category of complexes of flat R-modules to the category of complexes of all
R-modules. This functor has a number of remarkable properties not obvious from the

HBoth statements may fail for unbounded complexes. For example, e induces a quasi-
isomorphism T(G,Z) — T(G, P.). Thus, T(G,-) does not respect arbitrary quasi-isomorphisms.
12Gince R has finite homological dimension V, is also h-flat over R.
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definition. First, if V, = V' is supported in cohomological degree 0, then, we have a
canonical isomorphism of graded modules over R ® H*(C,,F,)

H*(Cyp, VE") =5 F*V @5, H*(Cp, Fp) = F*Viu,u™" ¢,

where degu = 2 and dege = 1, €2 = 0. In [K2], §6.2, Kaledin generalized the above
isomorphism: for every complex V, of flat R-modules he defines a canonical increasing
filtration

74T (Cy, V.27) € T(Cy, V.FT)
making T'(C,, V.®") a filtered DG module over T(C,, F,) (endowed with the canonical

filtration) equipped with a canonical quasi-isomorphism of graded DG modules ([K2],
Lemma 6.5)

(2.1) P ] T(C,,, V.5P) =5 F*V, @ H*(Cy, Fy).

Namely, consider the (decreasing) stupid filtration on V, = --- = V; = Vi1 — ...
rescaled by p: ‘

F'V.,=---=20—=Vyp = Vipi1...
It induces a filtration F'* on T'(C), V,®p). Now, we apply to the filtered complex
T(C,, V.®") Deligne’s " filtered truncation” construction(§1.3.3 in [D]) and define

TLCT(Cy, V.5") = " T(Cy, V.27 )y N d ™ (F T (Cy VO ) ig1)

We denote by T[7177,L](C',J,1/,®10)7 (n < m), the quotient of T%%T(CP,V,W) by
TgilﬂlT(Cp, V.®"). Formula (2.1) implies the following surprising result.

Lemma 2.1 (¢f. [Lu], Proposition 2.2.3). For every integers n < m, the func-
tor Tiym)(Cp, +) carries an acyclic complex of flat R-modules to an acyclic complex.
Moreover, Tpy, m)(Cp, ) is exact: if X — Y — Z — X[1] is a triangle of complexes
of flat R-modules which is distinguished in D(R) then the total complex of the double
complex T(Cp, X®") — T(C,, Y&") = T(C,, Z%") is acyclic.

The filtration T<, is compatible with the cup product in the obvious sense. In
particular, if A, is a termwise flat DG algebra over R then the filtration T<, defines
the structure of a filtered DG algebra on T'(C)p, AB").

2.3. Connection on the Tate complex. Denote spec R by X. Let X2 be the first
infinitesimal thickening of the diagonal A C X x X and py,po : X2 — X projections.
The following construction is essentially contained in [K1], and it does not depend on
the fact that X is affine.

Let A, be a termwise flat DG algebra over R. We will construct a connection
on the filtered DG algebra T(C,, A,®?), that is a quasi-isomorphism of filtered DG
algebras

Vi piT(Cy, A.®p) = p3T(Cp, A.®p)
which is, when restricted to A is equal to identity in the category of DG algebras
localized with respect to quasi-isomorphisms. The exact sequence of sheaves on X x X

0= Qk = Oxxx/IZ = 0a =0

induces two exact sequences of complexes

(2.2) 05 A 00, L pLpid, S A, =0
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(2.3) 0= T(Cyp, A.%7) @ Q% L5 pLpiT(C,, A.%7) 25 T(C,, A.57) = 0

Giving connection on A, is equivalent to providing a splitting of the latter extension
in the category of DG algebras localized with respect to quasi-isomorphisms. We are
going to construct such a splitting. Denote by

0C GP(prap3A.)®P C G (praps AP C -+ C GO (praps AP = (praps AL)®P
the filtration induced by A, ® QY C p1.p3A..

Lemma 2.2. For a term-wise flat DG algebra A, the morphism « induces the fol-
lowing isomorphism of DG algebras with the action of C,

GO (praps AP /G (prap3 AT = ALSP
and 8 induces the following isomorphism of complexes with the action of C,
AP @0y Ok @2 Z[C,] = G (prap3 A)™ /G2 (praps A) T

The proof is straightforward.

By adjunction, we have a map m : (p1.p5A.)%P — pr.p5(A.9P). Since X — X2
is a square-zero extension, m factors through G2, so we get the following diagram of
complexes of Cp-modules in which the top row is a distinguished triangle

A,®p®9§( ® Z[CY) — GO/G2 — T L AR
(2.4) lm
pl*pg(A,®p)

The complex of Cj,-modules A,%” ® Q% ® Z[C,] is isomorphic to the tensor
product of the complex A,*” ® QY with trivial C,-action and the free module
Z[Cp]. Thus, Tate cohomology complex of this complex is quasi-isomorphic to
A%P @ QY ® T(C,,Z[C,)) which is quasi-isomorphic to zero.

By Lemma 2.1 it follows that 7 induces a quasi-isomorphism on Tate cohomology
complexes 7 : T(C,p, G°/G?) — T(C,p, A,®?). Finally, put s = mm~L. It is a section
of @’ and, by adjunction, induces a connection V : piT(C,, A, ®P) = p5T(C,, A,%P).

2.4. The connection on the truncated Tate complex. As in the introduction,
denote by Geriss and 4TS respectively the direct and inverse image functors between
the categories of crystals on R over k and over W (k). By the virtue of Theorem 6.6
form [BO] we view the category Cris(R/k) of crystals as a full subcategory in the
category of R-modules with connection. In this section we prove that

Theorem 6. There is a quasi-isomorphism of DG algebras with connection
(2.5) B(A,) = T[_LO]T(CP,A,@Z)) & LT s F* A, =: BT(A,)

Now let R be the lifting of R over Wy (k) and choose a lifting F of the Frobenius
morphism on R. Choose also a lifting R of R over W (k). Consider the functors

(2.6) ix: D(Mod — R) — D(Mod — R) Li* : D(Mod — R) — D(Mod — R)
' iv : D(Mod — R) — D(Mod — R) Li* : D(Mod — R) — D(Mod — R)
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Again, by Theorem 6.6 in [BO], the categories of crystals on R over Wa(k) and
W (k) are equivalent to the categories of respectively R- and R-modules with flat quasi-
nilpotent connection. Also, direct and inverse images are compatible with the for-
getful functors ug w,(ry« : Cris(R/Wa(k)) — Mod — R; UR/w (k) Cris(R/W(k)) —
Mod—R. So, as a complex of R-modules B (A, ) is quasi- 1som0rphlc to Li*1, F*A,.
Though note that the quasi-isomorphism in the Theorem 6 does not depend on any
choices of liftings.

Theorem 7. A lifting of A, to a DG algebra A/R gies a quasi-isomorphism of DG
algebras with connection

(2.7) B (AL) = L (AL, i)

where 1 is a free generator in degree 1 and C™' is the inverse Cartier transform in
the sense of 1.1.

2.5. Proof of Theorem 7. Replace A by a semi-free resolution (cf. [Dr] 13.4) over
Rand A, by A 5 which will be also semi-free over R. Fix a connection V' on the free
algebra @ A;. It might not be compatible with the differential — the Kodaira-Spencer
class measures this incompatibility: & = [V’,d].

Lemma 2.3. For a free module B/R a connection Vo on i* B gives rise to a connec-
tion on F*(B) which reduces to the canonical connection on F*B under i*.

Proof. Lift Vi to a map of Wa(k)-modules Vi : B - B® QR/W *)° Then define a

connection V on B as the pullback of V|, under F. Namely, for f®@z € R® e B
put

(2.8) V(f®@z)=az@df + [ F*(Vi(x))

Since V{ modulo p is a connection, Vis actually a well-defined(i.e. does not depend
on the way of representing an element of F*B as f ® x ) connection on B. It does

: / 1 [
not depend on the choice of V{, because for a 1-form w € QR/W *) the value of F*(w)

depends only on i*w since i*F is zero on 1-forms. (I

Applying the lemma to the underlying R-module B = @A of the given lifting
and the connection V', we get a connection V. Since V and d commute modulo D,
we get the following R-linear map

[V, d]
p

(2.9) CFFA; = i Fr A, ® QL

R/Wa (k)

We are now ready to prove the theorem. Put F, = cone(g*F*A, 2, F*A,). This
is a complex of R-modules with terms

Fi=F*A; ®1,F* Ay

and the differential given by (z,y) — (d 2+ (—1)'py, day).
Let 7 : F, — i, F* A, be the morphism which maps (z,y) € F; to the reduction of

2 modulo p in i F*A;. 7 is a morphism of complexes because p € R acts by zero on
i F*A,.



14 A. PETROV, D. VAINTROB, AND V. VOLOGODSKY

Lemma 2.4. (i) r is a quasi-isomorphism.
(ii) Considering further F, as a complex of R-modules, the canonical map Li*F, —
1" F, is a quasi-isomorphism.

Proof. (i) is clear as r is term-wise surjective and its kernel is isomorphic to
cone(g*F*A, id, LF*A,) which has zero cohomology.

(ii) Terms of F, are not flat over R so, a priori, there might be non-zero higher
derived functors of i*. Let P A; be a lifting of the graded algebra P F*A; to a free
graded algebra over R. Pick also a lifting 6 : @ A; — € A;[1] of the differential d
(6 is not a differential anymore — its square need not be zero). It enables us to right
down the following resolution of %*A,. Put

B o 9 (=p
(2.10) Ci=A ®Aij1;de = <(_1)i6; 5 )

4% is divisible by p because d> = 0 on F*A, and modules A; are free over R.
Moreover, §2 is divisible by p? because d?=0on A Hence, & s divisible by p, so
reduction maps C; — F; give a morphism of complexes p : C, — F. Actually, p
is a quasi-isomorphism. Indeed, composing it with » we get a term-wise surjective
morphism of complexes with kernel given by K; = pA; @ A;+1 and the differential
restricted from C,. For any (z,y) € K; such that do(z,y) = 0 we have (z,y) =
dc(0,(—=1)""'%) so K, is acyclic and C, is an R-flat resolution of F. We get a
commutative diagram

Li*C, — *C,

| |

Li*F, — *F.

Left vertical arrow is a quasi-isomorphism because C, — F, is a quasi-isomorphism
and the right vertical arrow is an isomorphism because both C,, F, reduce modulo p
to the complex F*A, & F*A,[1]. Thus, the lower arrow is a quasi-isomorphism. O

We will now give F a structure of a DG algebra with connection. Let DG
algebra structure to be that of the trivial square-zero extension of F*A, by the
bimodule ,F*A,[1]. Explicitly, the product of (z,y) € F*A; ® i,F*A;;; and
(z',y") € F*A; @ i.F*A;,, is defined to be (za',(—1)7yz’ + (—1)'zy’). To see
that this algebra structure is compatible with the differential it is enough to check
that D : (z,y) — ((—=1)%py,0) is a derivation because the diagonal part (z,y)
(dzx,day) of dr is a derivation by default. For (z,y) € F;, (¢/,y) € F; we
have D((z,y)(2",y")) = ((=1)"p((=1)7ya’ + (—1)'zy),0) = ((—1)'py,0)(",¥') +
(2, 9)((~1)7py’,0) = D((z, 1) (&', 4') + (2, 9)D((=", ).

Next, define a connection by

(2.11)

% 0 ik A = * sk A = * 1
e ((—1)iﬁﬁ i*vcan) AL A = (F AL Ai) O Qg w, )
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The entry below the diagonal is chosen so that this connection commutes with the
differential on the DG algebra. To ensure that this connection respects the algebra
structure it is, as above, enough to check that (z,y) — (0, (71)i[VTd]x) is a derivation
which follows from [6, J] being a commutator of derivations. Finally, it is clear that
our connection is integrable.

Also, quasi-isomorphism r is compatible with connection because V reduces to
Veer modulo p. In other words, i F*A, is quasi-isomorphic to (F, V). Thus,
T5(A,) = Li®**((F,Vx)). By the virtue of Lemma 2.4, Li®**(F,V£) is quasi-
isomorphic to (i*F,i*V £). The latter complex of R-modules with integrable connec-
tion is given by

z[ﬁ’dj can
(-)== v

vean 0 ]
(212) ( ) : F*AZ@F*Ai+1 — (F*AZ@F*Aerl)@Q}I{/}C

So, Theorem 7 follows after we check that

Lemma 2.5.

(2.13) — Cr 7 (R)

Proof. By definition & = [V’,d]. Recall from the Lemma 2.3 that V, on F*A; is given
by the formula V;(f ® z) = df @ x 4+ f @ F*(V}(x)). Hence,

(2.14)
@U ©) = df @ d(7) + f ® F*(V)(dz)) — df @ d(7) — f ® dF*(V!(z))
p p

F*([V'.,d
_ o F(TA)
which is exactly the inverse Cartier operator of the Kodaira-Spencer class by the
definition (1.1).

|

Remark 2.6. Of course, we could have computed B°"*(A,) in one step using the
resolution (2.10) but we deal with non-liftability of A, over W (k) and non-existence
of a connection on A, separately for the sake of exposition.

2.6. Proof of Theorem 6. Choose a lifting F : R — R of the Frobenius endomor-
phism such that F ®; R=F.

Lemma 2.7. Let M be a flat R-module. For anyn € 7 we have H*"~(C,,, M®?) =0
and HQ"(CP7 M®P) s canonically isomorphic to E*F*%*M, where Cp, as usual, acts
on M®P by cyclic permutations.

Proof. The proof is similar to that of the Lemma 6.9 in [K3]. By peridoicity, it is
enough to consider the case n = 0. So, we should compute cohomology of the following
canonical truncation of the Tate complex

(M®p)cp AN (M®p)Cp
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Lemma 6.9 from [K3] gives for any flat R-module N a map (N®?)“» — F*N. Com-
posing this map for N = ¢* M with the inclusion 7*(M®P)C» — (* M®P)r we get a
map 1 : %*(M®p)cp — F** M which, by adjointness, gives a map of complexes

[(M®P)¢, — (M®P)%%] — i F** M

Since any flat module is a filtered colimit of free modules, it is enough to prove that
this map is a quasi-isomorphism for finitely-generated free modules. Fixing a basis S
in a free module M, we get a decomposition of Cp-modules

M®P = My @ M,

where M is generated by s®? for s € S and Ms is generated by all other tensors. So,
M, is a trivial C,-module, while M; is free and 1) factors through projection on M.
So, to prove the lemma it is left to check that ﬁ_l(Cp,é) = O,ﬁO(Cp,]%) = i.R.
The standard Tate complex for trivial module R takes the following form

(2.15) DS REBRS
be

So, H(C,,, R) = R/pR = i.R, H~'(C,, R) = 0 because multiplication by p is injective
on R O

In what follows, for any DG algebra B, we write T(B,) for the DG algebra
T(Cp, B,®P).

Proposition 2.8. Let A, be a lifting of A, to R. The choice of a lifting gives a
quasi-isomorphism of DG algebras

(2.16) Ti_10)(A.) = Li*i, F* A,

Proof. By definition, Tj_; g(A.) = L%*T[,LO] (121_) Replacing in the proof of Propo-
sition 6.10 from [K3] their Lemma 6.9 by our 2.7 we get that T[_L_”(A,) =
O,T[070}(A,) = i, F**A, = i,F*A,. The vanishing of Ti—1,—1) implies that
T[,LO]T(/AL) — T[O,O]T(A,) >~ j,F*A, is an isomoprhism. Applying Li* we get the
statement.

O

For aliftable A, the above proposition can be reformulated as Tj_; o)(A4,) = F*A,®
F*A,[1] because F*A, is a lifting of F* A, which splits Li*i, F* A, by Theorem 7.

Next, if A, is arbitrary, apply the proposition to Li*i, A, putting A, to be a semi-
free resolution of i, A,. We get

(2.17) Ti_10(Li*i.A,) 2 Li*i, F* A, & Li*i, F* A,[1]

Consider the morphism Li*i, A, — i*i, A, = A,. It induces T(L%*LA,) — T(A,).
So we get the following diagram

Li*i,F*A, —— Li*i,F*A, ® Li*i, F* A, [1) 2 T|_; o) (Li*i,A,) —— Tj_1,9/(A.)
Denote the composition by ¢. First,

Lemma 2.9. ¢ : Li*i, F*A, — Ti—1,0/(A.) is a quasi-isomorphism of complexes of
R-modules.
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Proof. We may use the resolutions from the proof of Lemma 2.4 to compute
Li*i,F*A,. Since functors i*,i,, F*, A, — F commute with filtered colimits, we
may assume that A, is a perfect complex (any complex is a direct limit of perfect
complexes). Next, it is enough to check that it is a quasi-isomorphism over all the
localizations Ry, at maximal ideals m C R. Finally, by Nakayama lemma, it is enough
to verify the statement over residue fields R/m.

Note that for any A., the following square is commutative

Li*i, F*A, —— Tj_1)(A.)

| !

F*A, ———= F*A,

Since any vector space is a filtered colimit of finite dimensional ones and finite di-
mensional vector spaces are finite direct sums of one-dimensional space, it is enough to
prove the statement for ¥’ = R/m. Li*i, F*k" and Ti—1,0](k") are both non-canonically
split, i.e. quasi-isomorphic to k' @ k’[1] and ¢ induces an isomorphism on zeroth co-
homology. We should prove that it is also an isomorphism on (—1)-st cohomology.
Assume it is not, i.e. is zero on H~!. Then ¢ factors through Li*i, F*k' — F*k’ so
induces a splitting of Tj_; o(k’). Since, ¢ is compatible with direct sums, Tj_; (V)
is also canonically split for any k’-vector space V. In other words, the following
extension of polynomial functors Vecty — Vectys is split

0— F*V — (V) o, — (VOP) 5 F*V =0

This extension is equivalent to a similar one with C, replaced by the symmetric
group Sy

N,
0 F*V (VEP) g, — 25 (VOP)Cr FV 0
P L
N,
0 F*V (V®P)g, —2Ls (VEP)Sr F*V 0

Here 7, is the projection and av, is the averaging over left cosets of C), C S,

that is avp(z) = ﬁ > g(z)(note that this does not depend on the choice of
9Cp€S,/Cp

representatives of cosets). From Corollary 4.7(r = j = 1) and Lemma 4.12 from [FS]

follows that the latter extension is non-split. Hence, ¢ must induce an isomorphism

on (-1)-st cohomology so it is a quisi-isomorphism for any A, . O

We have constructed a map ¢ : B (A) — B(A,) of complexes of R-modules. To
finish the proof of the theorem we need to prove that

Lemma 2.10. ¢ is compatible with connection in the sense that it is a mor-
phism in the category of DG algebras with connection localized with respect to quasi-
isomorphisms.

Proof. First, assume that lemma is proven for liftable DG algebras, in particular
for Li*i,A,. Theorem 7 implies that embedding Li*i F*A, — Li*i, F*Li*i, A, is
compatible with connection because the Kodaira-Spencer class of F*A, vanishes.
The morphism Tj_; g (Li*i,A,) — Ti—1,0/(A.) is also compatible with the connection



18 A. PETROV, D. VAINTROB, AND V. VOLOGODSKY

because, by definition, connection on the Tate complex is functorial in the DG algebra.
So, ¢ is a composition of morphisms compatlble with connection.

So, we may assume that A, has a lifting A, over R. We claim that Ti_1,0 (A ) —
1. F* A, is compatible with connections where the truncated Tate complex carries the
connection from 2.3 and i, F' *A, is the direct image of the canonical connection. The
map T{_1 (A) — Tio,0) (121) is obviously compatible, so we need to check that the
isomorphism T o) (/i) >~ ;, F* A, is compatible. Applying Tio,0) to the diagram (2.4)
used in the definition of connection, we get

00 (Ova /G ( «P1xP3 AL )®p) — T[O,O](C;m (i*A.)®p)

T10,0(Cp, p1P3 (15 AL ) EP)

By the proof of 2.8, T 0(Cp, (1,A,)®P) = i, F*A, and, similarly, 7 induces and
isomorphism, because the kernel of 7 : G°/G?((1,p1P5A.)®P) — (1. A.)®P is a free
complex of C,-modules, thus has Tate cohomology complex quasi-isomorphic to zero.
Finally, since pl*p§ commutes with Tjg ), we get

A, — 14 0 A,

lm
Prepyi F* A,

So, indeed, Tjo O](/i) is isomorphic to the i, of the canonical connection on F*A,.
O

3. THE GAUSS-MANIN CONNECTION ON THE (CO-)PERIODIC CYCLIC HOMOLOGY

In this section we review Getzler’s and Kaledin’s constructions of the Gauss-Manin
connection, check that the two constructions agree, show that the Gauss-Manin con-
nection preserves the conjugate filtration, and prove Theorem 5.

3.1. Getzler’s construction. Let R be a smooth commutative algebra over a field
k, and let A, be a semi-free differential graded algebra over R ([Dr], §13.4). Denote
by (CH,(A.,A,),b) the relative Hochschild chain complex of A, over R '3 and by
CP,(A,) = (CH,(A.,A.)((u)), b+ uB) the periodic cyclic complex. Getzler defined
in [Ge] a connection on C'P,(A,)

V:CP,(A,) = CP,(A,) ®r Q.

His construction can be explained as follows: choose a connection V' : @ A; —
@ A; ® QF on the graded algebra @ A; satisfying the Leibnitz rule with respect to
the multiplication on € A;. Then the commutator

fio=[V,d € [[ Homr(Ai, Aip1) @ Qf

13Here “relative over R” means that all the tensor products in the standard complex are taken
over R.
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with the differential d on A, commutes with d and it is a R-linear derivation of A,
(with values in A, ® Q%) of degree 1. ' As a derivation, & acts on CH, (A,, A,) by
the Lie derivative

L::CH,(A,,A) = CH,(A,,A.) ® Qx[l], [£z, B]=0
and the “interior product” operator
ex : CH,(A.,A,) — CH,(A., A.) ® Qf[2].

The operators Lz, ez, B satisfy the Cartan formula up to homotopy: there is a canon-
ical operator

Ei:CH,(A,,A,) — CH,(A.,A,) ®QL[2], [Exz, B]=0
such that [ez, B] = Lz — [Ex,b] ( [L], §4.1.8). One defines
(3.1) V=V —ut,

where the first summand is the connection on @ CP;(A,) induced the connection
V' on @ A; and 1z : D CP(A) —» D CPi(A,) ® Q) is an R((u)) linear map given
by the formula (z = ez + uE%. By construction, V commutes with b + uB. Thus,
it induces a connection on CP,(A,). Getzler showed that up to homotopy V does
not depend on the choice of V'.'> He also proved that the induced connection on
HP,(A,) is flat. However, we do not know how to make V on CP,(A,) flat up to
coherent homotopies®®.

By construction, the connection V satisfies the Griffiths transversality property

with respect to the Hodge filtration F'CP,(A,) := (u!CH,(A,, A,)[[u]],b + uB):
V:F'CP,(A,) — F"'CP,(A.) ®r QF.
Thus, V induces a degree one R-linear morphism of graded complexes
Grfv :arfopr, — GrfCP, Rr Q}z.

Abusing terminology, we refer to Gr¥'V as the Kodaira-Spencer operator. Under
the identification Grf'CP, = (CH,(A., A.)((u)),b) the Kodaira-Spencer operator is
given by the formula

Grf'v = utes.

MDenote by Der$,(A,) the DG Lie algebra of R-linear derivations of A,: Der’(A,) is the R-
module of R-linear derivations of the graded algebra @ A;; the differential on Der,(A,) is given
by the commutator with d. The cohomology class k € H!(Der$(A.)) ® Q% of & does not depend
on the choice of V’. (Indeed, any two connections differ by an element of Der%(A.).) Recall that
the Hochschild cochain complex of A, is quasi-isomorphic to the cone of the map A, — Dery,(A,)
which takes an element of A; to the corresponding inner derivation. We refer to the image K of k
under the induced morphism H!(Der%,(A.)) — HH?(A., A,) as the Kodaira-Spencer class of A,.

150ne can rephrase the above construction to make this fact obvious: let Derp (R — A,) be the
DG Lie algebra of k-linear derivations which take the subalgebra R C Ag to itself. Then Der,(A.,)

is a Lie ideal in Derp(R — A,). Denote by Dgr;(/R) the cone of the morphism Der}(A,) —
Derp(R — A,). The restriction morphism Dery(R) — Derp(R) a homotopy equivalence of DG
Lie algebras: a choice of V' as above yields a homotopy inverse map. Next, we have a canonical
morphism of complexes Dery(R) ®@r CP,(A,) — CP.(A,) given by the formulas 8 ® ¢ — u~1ig(c),
for 6 € Der$,(A,), and (®c— L¢(c), for ¢ € Dery (R — A,). This yields a morphism Derp(R) ®r
CP,(A,) = CP,(A,) well defined up to homotopy.

16The problem is that, in general, the canonical morphism Dery, (R)®r CP,(A,) = CP,(A,) is
not a Lie algebra action.
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3.2. Kaledin’s definition. Following ([K1], §3), we extend the argument from §2.3
to give another definition of the Gauss-Manin connection which will be used in our
proofs. Consider a two-term filtration on pi.p5A, given as I° = pr.psA,, It =
A, ® Q% 1> = 0. Note that I°/I' = A,. Taking tensor powers of the fil-
tered complex pi.p5A,, we obtain a filtration on the cyclic object (pi.p5A.)*.
This gives rise a filtration I’ on the periodic cyclic complex of pi.p5A, such that
I9CP, (p1.p3A.)/ILCP, (p1.p5A.) = CP,(A.). So we get a diagram with the upper
row being a distinguished triangle

r—— )2 T _ CP(A) —

p1p3CP.(A,)
Lemma 3.1. I'CP,(p1.p3A.)/I*CP,(p1.p3A.) is contractible
Proof. By [K1] §3, the cyclic object I'(p1.p5A.)* /I?(p1.p3A.)* is free generated by
A# ® Q! so its periodic cyclic complex is contractible. (I
Hence, 7 is a quasi-isomorphism and the connection is defined as V = mn~! :
CP.(A.) = pp3CP.(A.)

Proposition 3.2. Kaledin’s connection is equal to Getzler’s connection as a mor-
phism CP,(A,) = p1.p5CP,(A,) in the derived category.

Proof. We will show that Getzler’s formula comes from a section of 7 on the level of
complexes.

V'’ gives rise to a section ¢ of 7 : @ CP;(p1.p5A.) — @ CP;(A,) because V' yields
a connection on any A" ® --- ® A% by the Leibnitz rule. Note that

(3.2)
[@,b}(ao®~-~®an):(Zl@---@VZ’®~--®1)(Zao®--~®dai®-~-®an+
+Z(—1)ia0®"'®aiai+1®"'®an)_b(za0®"'®vlai®"'®an):
=Y e @ (Vd—dV)e® - @a,

This computation shows that [p,b + uB] = Lz (because, clearly [¢, B] = 0)
where Lz : CP,(A,) — CP,(I*(p1.p3A.)" /12 (p1.p5A.)*). By [L], §4.1.11 we have
[u=tiz,b+uB] = Lz. Hence, ¢ —u~11z is a morphism of complexes and a section of
7 50, in the derived category, 77! = ¢ — u~'1z. Applying m we get precisely the 3.1
considered as a map CP,(A,) — p1.p5CP,(A,).

O

3.3. Proof of Theorem 5. As explained in ([K4], §3.3 and §5.1) we have a canonical
morphism

(33) B(A,)u — 7T(b_2(p_1)70]i;;14,h
in D(A, R). This induces a morphism of cyclic complexes

CC.(B(A.)) = CC.(B(A.)?) = CC.(m]_y0, 1) 0yinA."),

(3.4) V_1CCL(B(A.)) = CC.(T] g1 1inA") = V_pya,—1)CP.(A)
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We have to check that (3.4) factors through Vi_,4 5 _1jCC.(B(A.)) and that the re-
sulted morphism is a quasi-isomorphism.

Recall that any complete resolution has the structure of an F., operad. This
makes B(R)h and WE*Q(pfl),O] i;Rh into F, algebras in the category of complexes over

Fun(A, R) and B(A,)", 7'(?72(1771)701 i;;A,h are modules over these algebras respectively.
The morphism 3.3 can be promoted to

L -k -k
(3.5) B(AL)* ®s(ry T(—a(p-1).0ip B = T(a(p-1),00ip A"

Moreover, if we endow the left-hand side of (3.5) with the filtration induced by the
canonical filtration on w?d(pfl) O]z’;Rh and the right-hand side with 79, then (3.5)
is a filtered quasi-isomorphism. Pass to mixed complexes:

L " "
(3.6) C(B(A.)) ®c(s(r)) C(Tr?—2(p—l),0]7’pRh) - C(W?_g(p_U,o}ZpA.h)
Now Theorem 5 follows from an easy Lemma below.
Lemma 3.3. The homomorphism of E~ algebras

C(B(R)) — O(ﬂ-(b—Q(p—l),O]i;Ru)
induces a quasi-isomorphism

T(2p-1),0C(BR)) = C(T(_s(p1).0)7 ).

4. THE LOCAL MONODROMY THEOREM

In this section we prove Theorem 3 in a stronger and more general form. We start
by recalling some results of Katz from ([Katz1]).

4.1. Katz’s Theorem. Let S be a smooth geometrically connected complete curve
over a field K of characteristic 0, K (.5) the field of rational functions on S, and let E
be a finite-dimensional vector space over K (S) with a K-linear connection

Recall that V is said to have regular singularities if F can be extended to a vector
bundle £ over S such that V extends to a connection on £, which has at worst simple
poles at some finite closed subset D C S:

V:€— E®Q(log D).

One says that the local monodromy of (E, V) is quasi-unipotent if the pair (£,V) as
above can be chosen so that the residue of V

Resv:f,’w _>5\D

has rational eigenvalues'’. Let ResV = D + N , with [D, N] = 0, be the Jordan
decomposition of Res V as a sum of a semi-simple operator D and a nilpotent oper-
ator N. If the local monodromy of (E,V) is quasi-unipotent we say its exponent of
nilpotence is < v if N¥ = 0.

If K = C then the category of finite-dimensional K (S)-vector spaces with K-
linear connections with regular singularities and quasi-unipotent local monodromy
is equivalent to the category of local systems (in the topological sense) over S take

170ne can show (see e.g., [Katzl], §12) that if Res? has rational eigenvalues for one extension
then it has rational eigenvalues for every extension (£,V) of (E, V).
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off finitely many points whose local monodromy around every puncture is quasi-
unipotent (i.e., all its eigenvalues are roots of unity). The exponent of nilpotence of
local monodromy is the size of its largest Jordan block.

In ([Katzl], Th. 13.0.1), Katz proved the following result.

Theorem (Katz). Let C' be a smooth scheme of relative dimension 1 over a domain
R which is finitely generated (as a ring) over Z, with fraction field K of characteristic
zero. Assume that the generic fiber of C is geometrically connected. Let (M, V) be a
locally free Oc-module with a connection V : M — M®QIC/R. Assume that (M, V) is
globally nilpotent of nilpotence v, that is, for any prime number p, the Ocgr,-module
M ®F, with R® Fy-linear connection admits a filtration

0=VWWMeF,) Cc---CcV,(MeF,) =MaTF,

such that the p-curvature of each successive quotient V;/V;_1 is 0. Then the pullback
M @0y K(C) of M to the generic point of C' has regular singularities and quasi-
unipotent local monodromy of exponent < v.

4.2. Monodromy Theorem. Now we can prove the main result of this section.

Theorem 8. Let A, be a smooth and proper DG algebra over K(S) and let d be a
non-negative integer such that

(4.1) HH,,(A,,A,) =0, for every m with |m| > d.

Then the Gauss-Manin connection on the relative periodic cyclic homology H P, (A,)
has regular singularities and quasi-unipotent local monodromy of exponent < d + 1.

Proof. Using Theorem 1 from [Toén], there exists a finitely generated Z-algebra R C
K, a smooth affine scheme C of relative dimension 1 over R with a geometrically
connected generic fiber, and a smooth proper DG algebra B, over O(C) together
with an open embedding C' ®gp K < S of curves over K and a quasi-isomorphism
A, = B, ®o(c) K(S) of DG algebras over K (). We can choose B, to be term-wise
flat over O(C'). Since the Hochschild homology @, HH;(B,, B.) of a smooth proper
DG algebra is finitely generated over O(C) replacing C' by a dense open subscheme we
may assume that @, HH,(B., B.) and HP,(B., B,) are free O(C)-modules of finite
rank. It follows that

HH;(B.,B.)®zF, — HH;(B, @7 F,, B, @7 F)),

HH;(B.,B.) ®o(c) K(S) — HH;(A., A.).

Using the Hodge-to-de Rham spectral sequence it follows that the periodic cyclic
homology also commutes with the base change. Then by Cor. 1.2 (M,V) =
(HP.(B.),Vgu) satisfies the assumptions of the theorem of Katz with v = d + 1
and we are done. O
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