Sample problems with explanations (preparation for midterm 1)

Students from Math 53 sections 108 and 111

Sep 25, 2023

I have categorized the work you all did for easier reference. You should be able to click on the headings in the
table of contents and be taken to the appropriate section. Some people’s work fit into multiple categories.

In this case I categorized based on what I thought was the main theme.

Credit to each and every one of you to contributing to this document!
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1 Parametric Curves (10.1-2)

1.1 [Pranav]
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1.2 [Kamron]



Question: Find the length of the parametric equation given the formulas for x and y.
7’) Ttz s""\"'l ‘-3"@.93"-. og-_x:f\‘

1. Write out the equation to find the length of the parametric function.

B
=R (B

2. Solve for the derivatives of the x and y equations.
d+x
—-—

3
— = ™ l
ax

3. Input these derivatives into the formula from Step 1.
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4. Simplify

%

: J 1n8Zk v S 2
0

5. Use the Pythagorean identity to further simplify.

A
= ). [\ 4%

6. Evaluate the integral and find the solution.

-+ 17

= -0 =T



2 Polar Curves (10.3-4)

Uh-oh no one did a problem on this topic! Make sure to review it (maybe no one did it because no one
remembered how it works 0.0)
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3 Vectors and Regions in many Dimensions (12.1-2)

3.1 [Zachary]

12
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3.2 [Ashlee]
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4 Dot and Cross Products (12.3-4)
4.1 [Dillon]

15
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4.2

[Aadhiti]

18



—— —
A7 (q, —
(Ojvd)/ / /) / 0 _ﬂ___ﬂ_»:
/ /i find e volum€
VW . TR of the pisma 4
@; ( \ to e [eft- —— g
\ 6
X \\ W
\ L :
AE r
(OI Q;‘i:.’ @ ‘
@
Solynm: @
W Wil Ttk by findivig, e yoluwte of ine tap prism.- e
WwWe can Wﬂvﬁ"ﬂﬂf s rmdv'/l m':/’ﬂg 4L wrh)m d
<a03> <0,8, 0 {0t ol !
™me uolmma of t1ng pyvicwl Cav e, denoltd p¢ !
VER Y A,
we will find me ouvss product vf (0,0,0> and <p,c,0>. €
L0 ke d e
0 00 )= 0i+0j+ack > <0,0,ac)= v N
g ¢. 0 ' a
™M we will dot v. with a aS_ P me formulg. ﬁ:
| 40,0, aCy <0,b,dY = gcd ;
,,,,,,,,,, ~Rpply_The same_pwcedyre to_the bottwd prism =
—US - e vectors <9,¢,0%, ¢0,0,0) and 0,0, D) 3
e vesult will VR <0,0, a0 <0,8,6) = gk 2 ;:
Thts, fe fal volume  acd +ack, o ac (d+f). @




5 Lines and Planes (12.5)
5.1 [Daniel K]
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[Jeremy]|
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5.3

[Jeremy]|
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5.5

[Jacob]
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Explanation:

First we must the gradient vector at the point (2,1)

Next we must determine at what unit vector will that directional derivative be maximized, since
we know that the directional derivative is the gradient vector dot a unit vector, we can also
determine that the dot product of these two vectors is equal to the product of the magnitude of
these two vectors and cosine. Since we are trying to maximize cosine must be equal to one
because that is the greatest cosine can be.

Therefore we can determine that the direction which will maximize the directional derivative is
when the gradient vector points in the same direction as the unit vector. Thus we turn the
gradient vector into the unit vector, which is the direction that will maximize our directional
derivative.



5.6

[Rahul]
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5.7

[Vansh)]
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Determine the equation for a plane that goes through the point (1, -2, 3) and is at right angles to the
planes represented by the equations 2x +y -3z =12and 4x -2y +z=7.
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6 Calculus of Parametrics (13.1-2)
6.1 [Ashlee]

cer) = 4245, 1%, 1017 "
r—l
Wie wnit tangent vECor {-ormu{a-'TCﬂjr;H_]\

®-‘F‘md devAavative of yector functh on, r'(H.
Cee s {3t ar, -0

©Hf‘\d [t g4 of derividve of vecTvr fupnchion, |ro(hl.
10 COL {3 (0 = (At rat o)

B assombit  Fnd unit 4angent vector, TCH .

< 3t 2t - |
b Warteariel (areeartar | (aperarie >
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7 Multivariable Functions and Level Sets (14.1)

Uh-oh no one did a problem on this topic! Make sure to review it (maybe no one did it because no one
remembered how it works 0.0)
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8 Limits, Continuity, Differentiability (14.2)
8.1 [Mustafa]
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8.2

[Kaycee]

40



Question 1: What 18 +he directional deriv oxve of  P(x.y) Sx?’g * -"-;—3°~
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Solvtion 4.
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X
Flaw = 5><35 e Ty

3 3 J J
fx o= gk gy 3Py v K oays —  product e

Fx = qxa-j + 3x>.0 +0 —  since we are changing in K, keeping Y
constant, £y =0
fx = q,@-j

Step Q& Hind P .
J99

Pu: L3 . y+ 3x2 . g +
b} 9y | . 7—3 % H-dl - product iR
'FU T 0.y o+ 3x® .4 478y —  sinte we are changing inY , keepingXx

constant, £ % =0
'F';j : 3x> -rﬁj Ix

Step 3! Combine £x, £, and U in dhe directional desdvative equation.

Doflxy) s TF(x.N)- v,
T &P, Fy7 LoD

: < Axy, 3x* *84 7 0,37
Dufx9): qx3 +a*-ljl

Step 4! Explain where f increases the fostest.

Since 4he grod-em vector points in the direchon of greatest
increase, £ will  increase the  fastest in the direcsion of -he
3mdiem vector.

Step S: Find 4he moximum vare of chonge

Since 30’m3 in the direchcn of +he radient vector will
increese £ the fostest, +he moximum rote of chenge

IS given by
[7$Q0)| = €A ©) , 3(O2+180)) |
= | ¢o0,37) — -Fmdinj +he magnide of
: (0)=+ (> — the Vector.

(IvFQ0) = q)

The moximum rote of chenge of £ @ P(.0) s Q.




9 Partial Derivatives and Chain Rule (14.3,5)
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Hind d2

e 2= (x, v,k - = 2sine
do Ik _
X —X((‘JS) and S= c,os(ze)
y=v(s)
K= Kk(ns)

S%e?\: Wiike oux  tree clla:bmm of mlqh‘onsmps:

/?\ &— 25 Lunckon oF Xy K
\
X ) K\ —— X%\ K ore funckuns o ¢onds
NN
(/ ¢ (Srs <«—rcis n Qundion of o, S S ¢ funchion
| ] l ]I | ol t
5 totot
dtep Z° Find iz;
35
Nove: Due to epulity of mixed weHalS could Find g{? {irst, up
to  preferne.

skep 24 IdenJr(‘?\{ o\l s for %% US\“Y\S Hee d?aamm

J N

X Y K

/ (/ Y{ - ol woays a Chqnge n & offets 2z
!

| |
B o © N

)

— Path 3



Step 28: Be%]n Yo OPp\y Cham  ra\e:

Jo _ 92 dxdc o d3 di g  deik de

—

Jo  dx 93¢ do * dy 3¢ 6 9K 3¢ de

T O L»——«/’_A \
ot | FoA’h 2 ch.-H», 3

\

Skep 2(C! Find {)r o simplify

(= 2sne
¢ o Zces®
do

dr

SYep 2D: substiture 3o

3% = i%, dx (zces@ L 02 d\f (gws 8) + = 3% 3k (mse)
8 M

S’rcP 3" Evlucte Second  denvetive

%) [i’: e V% ol i o]

PQ(Jr A Pt B Port ¢

Svep 3A Ewwore Tort A
Zcos®  dobs hev de?enol on £. Ty g< c_onskm-PImOde out,

2cos5S ﬁ, 93 v‘x
dt Ldx 3¢



Popy  oroduck ke

2eos® i.a%o‘)g 0)2_ a‘}x / I\
/\ ANRVAN
e Choin e to ewlusre 4% RN
34 dx I || L
_2).9!3; %ast a%(}\lc)s_‘,olko”fo)s g -,5—6‘(79
ot dx P o dxd\; 05 J&  Ixdk ds ot
use Chen  rule fo evquate ?"Jg%‘_ -g%
t \
-’d"-o{—: __£71_>£ AS / S
dt 3 deds I+ ‘ )
e | &
Subsriute:

a; dxds | 92 dyds , Ik dkds ()2 ds
2 lS X a3

S*CP ?3% 'E\K\\M‘\’Q POH’ 'B

fé[% %\‘ir (Zcose)]

L 32 dy
2coSe -0@ d\; 5

ZCGSG d Vz% \{ (71 0‘\
[dt—;fg‘ mﬂ

Use chaoin  rule fo  Busluate 12)%
RY d\/




——

—

at &y 4y do gt yo‘ %alKo‘\/aSoH: Ay
dxdy 35 dt d\/ i JA\; % gk | x [ K]
R
< S S
wse  Chein e to @wcluare - 9 EEE
o b t t
é,;'li: /J_éé;s_ = A as I
v de ds o7 db dde gt \

l
Substitute:

0% Jxds 2l ds, 4% dE d5)
2¢oss] o\((mk 35 @ AP 6 ot dy 45 w2 "\ﬂ

o\\1 dsde At

Pack 3%

i/()% dk (_ZLGS 9)]

= d [dz Jk
= 2055 e db( d(]

= Leso | 3 dz Jk ol% a ok dutt  rulg
[% K 3¢ ¥ Aok ar] 1T

i =
Felugre £ 92 & K
Eueluc e 5 3 / \
0’ io’% o?xo?s 3 vz (Jch)s+ 2 Jk

|
d.dz dk &
c%’c)b( Ax BK dsd,ﬁ&ydkasa{- a2 dK 4S & x Y K
ddz = Iz dx ds

\
J’% &y gk J,o! z dk ds s S S
at 0“4( J\K&k as d‘t dt/ak s {H// dzdK é\s at |

s t T




4 dx
Elaltate Tk s
= dk gs I
as A gk S
- 11k J \
dsdc 4+ )

Supstitate:

cosof 9[22 A ds, dz by k 4 d%Z dk ds> Jk Js
Bk as ar K 7S 2 ag,)Ko\S it ¢u< Asde d>

N

Pack Y
Find %% s = cos(2¢)
ds = «zsm(zﬂ)
0t

Substiyute o Ree f BC
T ' not geirg fo o all PI»e supstitution  Ond  Slimoli Aca e
Deceust l'b-no] hucts Qrem Wi hn {,-}5 ‘)usf tedrovs. When

Siwpli §ying, mixed wohalS o equivclent.
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Question: Find the partial derivative of z with regard to r and s. Use the chain rule to
determine the equation.

1\ 2'3 ‘2~ .n‘l?_ \,%"’ X- r151~s'3;1151kr

1. Draw a box diagram showing all the potential “paths” to find the partial derivative of z
with regard to r and s.

v $>2

S

3

2. Begin by choosing between r or s. We will start with r then move to s. Write out an
equation depicting the partial derivatives which will comprise the final equation for the
partial derivative of z with regard to r.

d2 dz 3y 3z &y

e am—

Av°-  ar a « " 3-4 3
3. Find the partial derivative of z with respect to x and y.

az e 31.

i = Lyxnl
31\- 2% » 27’% a N 3

4. Find the partial derivative of x and y with respect to r.

31« a“ - 2
a‘ 2(3 T"’(" 2\!’5 .}\



2 (2% axgtdees? ) e (yrAiy)(eet)
= ( nesly x f'\vsq"&{'\& (A astaty> 1&1‘& ‘kls‘la?a)
: qesty x esteg e QatgR IR ety oy

7. Now we solve with the variable s. Write out an equation depicting the partial
derivatives which will comprise the final equation for the partial derivative of z with
regard to s.

az dz A« az. 3¢

—3;: anag" 3x 33

8. Find the partial derivative of x and y with respect to s.

as 2 cy 9
" 3¢ x\ 3s =

9. Rewrite the equation from step 7 using the derivatives we found in step 3 and 8.

= (x» 2:3‘)(?.81"4.\\ - (z%ﬁia zu}(zsvl)



10. Simplify
= (Mv Tsn v 2K A4 V2 !xS' « Zxg2)(A ¢ Menly ¢ "‘2"3)

_ 2
-~ Ry 2 &+2n X L\V’St‘j Y ‘MU" &-"\{2))&13 \'"\1"53
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S tweo 19‘\”
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Cc\awyw 'S tmeovew)  staies fqu\ 1S Qq]\AO\I 10 f\;x

|0 = 1507y 10 1OWY 4 12y

we will_vewnte tis _as oY) ST Y i W,Lo.x,\_gﬂ_{:r_lZ%;_,

£y uJ9):4.0&.)(,5@9,&,W\ml/}_ fy=_1S0 X"+ 514 W gy B
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Consider a differentiable function, Z(u, v) = (u"3) + (u*2)v where u and v are related by the equations u
= (p3)g and v = (p"2)+ (1/q). Use the chain rule to express the partial derivatives dZ/dp and dZ/dq
whenp=1andq-=2.

zewd W wafly , verted
Need o GI:\A 3?—[3? and 3‘7'31,"’“"

Pz\ O\v\& ‘l/"’q"

W RN
1 Cuavalt e ?a«kf»\ denvahved

é,7—’- = g'Lq"l’ o?lb\/ _a/z' - u?'
o W



o 3y
A - =
St T

oY
Sk 4 ' Evedvobe rossi\okc Li/ t\jod
G fgix N L

e (D?’("/) > b



I
1,
- 5(')*L
L’
V;V 7

2.

Vv

K‘*“"
anper
WHE "
' Fcf\alla/m :
- Aad

S¥ep )

sAue)

\

t @]9
( >(.a)é(»m)+c ,
0z _ (3(1)”+L

op

)+ () Gs
Hz(z)(%)) (@)) + K
%'v e

2 (7)
B/LS(‘\L—\—A )gg c l\é
> 9 62\ X






10 Tangent Planes, Directional Derivatives and Gradient (14.4,6)
10.1 [Zachary]
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Explanation:

First we must find the normal vectors so we can cross them and use the normal vector produced
by those two vectors to write the equation of the plane which is perpendicular to the two planes
and passes through the desired point.

We can rewrite it in the standard form of a plane equation (Ax + By + Cz = D).

Now we take the coefficients of x, y, and z to get the normal vector for both of the planes.

We can find the normal vector for the plane we want (perpendicular to both of them). The
normal vector of our desired plane will be the cross product of other planes normal vectors

Now, we can use this normal vector and the point to write the equation of the plane.
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Queston &' Fnd +he limit: lim xy?

9 - (0.0) x>+ ‘d&
Solution &.°

To approach ths problem, we want +o check (F 4he  limit exists by opproaching  fiom
different diveckions +o see f +hey equal.

Step 1: Check if 4he  limit exisks or x=0

I (@2 &~ . S - — notice +hat we changed  lim — im
(0.9) = CO0) a(*ry* y >

Y) (0. y)

Step & :Creck if 4he limit exisks or Y= o0

lim *x2 (0) = eu
(x,0) » Co.0) 2 x>+ (©)*

step 3 Check if +he Bmit exists ot 3:%
x4

—_— = o
ax® x>

nm
x.x) = (0.0)

Since  approaching § from 4hese divectons are equel. +h
PP 9 Qe

O  limit  exis¥S. Since we stll m muliple cdlirections, we can switch to
polar coordinates to conrfirm  4he  limit equald 10 O. We can Uit polor coordinates because i Alcws
us 1o approach a point from any direchon whenews we hove +wo variables
fincion. Theefore, we can use he Rllowing 4o sowe:

do not +ell us whet R~ or no¥
nReed +o opProqch £

in our

X =T rcos®©
y- rsin ©
r3 s g2ry>

Step 4. svubshHture in polar coordinatres

>~ { .
lim  (rco36)* (rmin®) —» notice: lim o tim
r=o a(x3ry3) *y)~» Q) r—0o
= lim (rco3 ©)2 (rsin8)
r—=0 ar?>
= im 30?0 - raind
%0 ara
= im cos2g - r3ine
o -

n

co3%Q - (0)sing
a

e
ES

= ol

Since  4he tim  (rco3®)* (rsinQ)

=C , we con confirm +hot
r-0 a(xaﬁda)

PR

lim XTY -
G = (00) 3.y ©



11 Maxima and Minima (14.7)
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11.2 [Daniel F]
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