C. Teleman, Lent Term 2001

Riemann Surfaces: Problem Sheet 3

Starred questions are more difficult; treat them as optional. Some questions are provided by the courtesy of
Dr. A. Beardon.

Problem 1. Describe the topology of the Riemann surface w" - 2" =1 in C2.

. - o . 2-2 [z-2
Problem 2. Thecross-ratio {z,2,;2,,z,} of four distinct pointsin P! isthe number 1—2/u One

sees easily that {z,2,;2;,7,} cantakeall complex valuesother than 0,1 ¥ .

(8 Two ordered quadruple of points are related by a M 6bius transformation iff the cross-ratios agree. (Hint:
The equation {z, z,; z;,z,} ={z6 2826z definesthe desired Mébius transformation z+> z4)

(b) If {zl,z2 12, 24} =), show that the possible values of cross-ratios under reordering the points are
MALLT- A @-A) A/ (L-1) and (A - 1)/A.

a2 - 1 +1)°

cross-ratios A, A4 (taken in any ordering) satisfy ¢(A) = (1 9.

Show that two unordered quadruples can be transformed to each other if their

(o) Lete, =A(0;,), & =A (0, +w,) . 1f & ={g,6,;6,¥} = (g - &,)/(e - &), show that

o(x) = 3#32 :
0- 27
Remark. It follows that two Riemann surface covers of P*, branched at precisely four points, are anayticaly
isomorphic iff the two sets of branch points are related by a Mébius transform. (Cf. Lect. 9).

Problem 3. Prove the addition theoremfor the A - function:

1 1 1
AU A(v) A(w)|=0, iff: two variablesagree, or u+v+w=0 (modL).
AGu) Adv) Adw)

Hint: Fix vand w (not in L) and view the determinant as an elliptic function of u. Thecasev+w|1 L
requires separate treatment.

Problem 4. Which of the following Riemann surfacesisa“Galois cover” of C,)? Recall that a cover
m:R® SisGaloisif thereisagroup Gof automorphisms of R, commuting with the projection &, which
actssmply transitively on theinverseimages 1(s) of most pointss.

(@ w” =42°- g,z- g,

byw"- 72" =1

(©* W+ z+z° =w? +wz (Hint: look at the points over z=0).

(d) w” - 2zw +Z° - 1 (Hint: Complete the square to spot the automor phism).



C. Teleman, Lent Term 2001

Problem 5. Let Rbe the “hyperelliptic’ Riemann surface obtained by compactifying w” = f(2), where f(2)
isapolynomial of degree 2g+ 2 with simpleroots.

(a) Verify that the differentia dz has simple zeroes over the zeroes of f, and poles of order 2 at infinity.

(b) Show that no expression ¢ (z)dz, with f T C(z), can define aglobal holomorphic differential on R. (E.g,
check that ¢ (z)dz has poles on R over any point in the finite plane where f does).

(c) Show that a meromorphic function on R splits as ¢(2) + ¢,(2)/w, with ¢,,(2) T C(2), into its even and
odd parts under the automorphism w - w of R

(d) Show that a holomorphic differential on R has the form ¢ (z) dz/w, where ¢ isapolynomia of degree less
than g. Conclude that the ratios of holomorphic differentials generate the subfield C(2) I C(R).

Problem 6. Let n: R® S be aholomorphic map of degree d >0 of compact Riemann surfacesand let f be a
meromorphic function on R

(a) Show that any symmetric polynomial inthevalues f(R), f(R,)¥, f(P,) of fat thed pointsin ™ (s)
(repeated according to their valencies), as s varies over S, defines ameromorphic function on S.

Hint: Use the local form of a holomorphic map; explain, to handle higher valencies, why a meromorphic
function of z, which isinvariant under z— €™" xz, defines a meromorphic function of 2.

(b) Conclude from here that every meromorphic function on R satisfies apolynomial equation of degreed
with coefficientsin C(S), £¢+ p,_ ,(s)f* * +¥4+ py(s)f + py(s) = 0.

Hint: Use part (a), with the el ementary symmetric functions.

Problem 7*. Prove Part (c) of the theorem in Lecture 12;

Let R be acompact connected Riemann surface, t: R® P* abranched cover of degreed, f:R® CE {¥} a
meromorphic function with the property that, for some value a1 P*, the function f takesd distinct values at
thed points of R projecting to a under ©t. Then every meromorphic function g on Risarational functionin z
and f (z really standsfor the function zo 1t ).

(a) Show, using Problem 3, that

B00=0 (K 1B). GOU=RR ) o

define polynomials in X whose coefficients are rational functions of z. (Repeated factors are needed,
according to the valencies of m).
(b) For any z, T P* over whichfand g have no poles, and P11 "*(2), show that

G, (f(P)) =g(P)<Eg(f(P),

where E&X):=dF,/dX. (You may treat the f (P) and g(P) as arbitrary numbers).

(c) Show that, with P ranging over R, F¢; (f (P)) defines ameromorphic function which does not vanish
identically on R.

Hint: If, at some P, F¢,  (f (P)) =0, then f(P) isamultipleroot of F,(X); and then f takes fewer than d
distinct values over ™ (z).

(d) Concludethat g(P) = G, (f (P))/ Fgs) (f(P)) givesarational expression of g in terms of z and .
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Problem 8. Recall that a group Gacts properly discontinuously on atopological space X iff every xI X has
aneighbourhood U whose transforms y XJ , as y ranges over G are digoint. Prove that every group of
automorphisms of C, acting properly discontinuously, is one of the following:

{o;

(i) Z>w, o1 C , acting by trandations;

(iii) ZXn +Zxu, A, ul C with A X1 I R, acting by translations.
Conclude that the only Riemann surfaces whose universal cover isC are:

Citself, C", and the compact surfaces of genus 1.

Problem 9. Show that any holomorphic map from C to a compact Riemann surface of genus greater than 1is
constant.

@ b
& d
subgroup. Denote its quotient by {+1} by G(2).

(b) Show that G(2) actsfreely on the upper-half plane $:= {z| Im(z) > O} .

(c)* Show that themap A:$H ® C sending T to (el - ez)/(% - eQ) isinvariant under G(2). Here, e, ; arethe
values of the A -function with periodsnt and nit at the half-lattice points /2, nt/2, (n +nt)/2.

Problem 10. (a) Show that the set of matrices 1 9(2;Z), with aand d odd and b and c even, isa

[t e and

Remark* : The map A can be shown to be holomorphic and locally one-to-one. Moreover, it establishes a
bijection between the quotient §YG(2) and C - {0,1} . Thisrealizes$) asthe universal covering surface of
C - {01} . With some work, we could extract a proof of these facts from what we know; for instance, by
virtue of Prob. 2(c), o(A(1)) = g3/ (g;3 - 27932) is the “modular function J(t)” discussed in Lect. 9 (see
notes), which was shown to establish a bijection of £/ SL(2;Z) with C. There are six possible values of
M(t) for ageneric J(t) . Now, one can check that PSL(2,Z)/G(2) = S,, the symmetric group on three
letters, and the six values of A(t), for fixed J(t), correspond to the six orderings of the €'s; etc.(See, e.g.,
Cohn, Riemann Qurfaces 84.6 and 86.3).

Analytic Extensions

Problem 11. Show that the power series

o ¥ on

f@=a, .,z

=2+Z +2'+ 2+

has radius of convergence 1, and that there is a dense subset Sof the unit circlesuch that f(r2 ® ¥ as
r® 1,if zI S. Concludethat thereisno analytic extension of f outside the unit circle.

In practice, analytic continuation is rarely performed by successive Taylor expansions. Two
aternative methods areillustrated below.

Problem 12. (Reflection Principle) Let f be a continuous function in the semi-disk {z| l4 < 1,Im(2) * 0},
holomorphic in the interior of that region. Assume that f takes only real values on the diameter (- 1,1). Show
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that f can be analytically extended to the entire disk, by defining f (z) = f(z) when Im(2) <O0.
Note: The result ismuch easier if you assume that f extends analytically a little bit below the diameter. For a
dtar, try to do without that assumption by using contour integrals.

hY

¥
Problem 13. (The G-function) Here, you prove that the integral G(z):= Q t* % 'dt , which converges only

when Re(z) >0, extends to ameromorphic function of z over all of C.

¥
(&) Find an estimate to show that the (improper) integral t* ‘e 'dt converges, if Re(2) >0.

(b) Establish, for Re(z) >0, the formula G(z +1)= zxJ2) . (Use integration by parts over a closed
subinterval of (0,¥ ), and show that the boundary terms vanish in the limit).

(c) Assume that you can differentiate with respect to z under the integral sign when Re(z) >0 (cf. (d)). Use
(b) to show that G extends to a meromorphic function on C, with poles at the non-positive integers. What are
the orders of the poles?

(d)* Prove that you can differentiate with respect to z under the integral sign, if Re(z) >0:
- ¥
d—G(z):: Iimw =t Hnt e dt.
dz wez  W-Z
In particular, G(z) isanalytic in the right half-plane.
uggestion: Show that the difference

GW)-G@) ¥y g Y&
I QU e e

5
- Int=%% 1 xe 't
%)

goesto0Qasw® z by verifying the estimate

tW-Z_

L it £iw- AX(Int)? A2

and checking convergence of therelevant integral. The estimate is a special case of the inequality

‘M . fG(a)‘Elb- dx sup |f )| )

b-a S [ab]

valid for a twice continuously differentiable function f on [a,b] (for instance, by a double application of
Lagrange’s mean-value theoremto Re f and Imf). Leta=0, b=1, f()=t5"3/(w- 2)



