PULLING APART 2-SPHERES IN 4-MANIFOLDS
ROB SCHNEIDERMAN AND PETER TEICHNER

ABSTRACT. An obstruction theory for representing homotopy classes of surfaces in 4—
manifolds by immersions with pairwise disjoint images is developed using the theory of
non-repeated Whitney towers. Generalizations and geometric proofs of some results of
Milnor and of Casson are given...

1. INTRODUCTION

This paper applies the theory of Whitney towers, as introduced in [31], to address
the problem of representing homotopy classes of 2—spheres in 4-manifolds by immersions
with pairwise disjoint images. This problem has a well-known solution for a single pair
of maps: Wall’s intersection pairing A takes values in the integral group ring Z[r| of the
fundamental group 7 := m X of the ambient 4-manifold, and this intersection “number”
A(A1, Ag) € Zr] is the complete obstruction to homotoping (rel boundary) a pair of
(simply-connected) surfaces A; and A, to be disjoint. Wall’s pairing associates a sign
and an element of 7 to each transverse intersection point between the surfaces and the
vanishing of A\(A;, Ay) implies that all of these intersections can be paired by Whitney
disks. These Whitney disks can be used to pull apart A; and A, by first pushing any
intersection points between A, and the interiors of the Whitney disks down into A,, and
then using the Whitney disks to guide Whitney moves on A; to eliminate all intersections
between A; and A, (Figures 1 and 2). Note that in the presence of a third surface Az this
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FiGURE 1. Pushing down an intersection between a sheet of the surface
Ay and the interior of a Whitney disk W g).

procedure appears to break down because it is not clear how to eliminate an intersection
1
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FiGURE 2. A Whitney move guided by the Whitney disk of Figure 1. The
left hand side of this figure differs from the right hand side of Figure 1 only
by a rotation of coordinates.

point between one surface and a Whitney disk that pairs intersections between the other
two surfaces. In fact, such “higher order” intersections were used in [30] (and earlier
for 7 trivial in [26, 37]) to define an invariant A(A;, As, A3) which takes values in a
quotient of Z[r x 7] and is the complete obstruction to homotoping apart a triple Ay,
Ay, A with pairwise vanishing Wall invariants A(A4;, A;). In this case, the procedure for
separating the surfaces involves constructing “second order” Whitney disks which pair
the intersections between surfaces and Whitney disks. The existence of these second
order Whitney disks allows for an analogous pushing-down procedure which only creates
self-intersections and cleans up the Whitney disks enough to pull apart the surfaces by
an ambient homotopy.

Building on these ideas, we will describe an obstruction theory in terms of non-repeated
Whitney towers and non-repeated intersection trees A\, (Ay, Ag, ..., Ap). The order of a
non-repeated Whitney tower determines how many of the underlying surfaces at the
bottom of the tower can be made pairwise disjoint by a homotopy. These non-repeated
Whitney towers are special cases of the Whitney towers defined in [31] (see also [28,
29, 30, 32]). We sketch an introduction to these notions here and give more details in
Section 2.

1.1. Whitney towers. Let Ay, ..., A,, be properly immersed simply-connected surfaces
in a 4-manifold X. Here properly immersed means that interior is generically immersed
in interior and boundary is embedded in boundary. To begin our obstruction theory, we
define the order of each A; to be zero and say that the collection {A;} forms a Whitney
tower of order 0. If the singularities among the A; can be paired by Whitney disks then
we get a Whitney tower of order 1 which is the union of these order 1 Whitney disks
and the order 0 Whitney tower. If we only have Whitney disks pairing the intersections
between distinct order 0 surfaces, then we get an order 1 non-repeating Whitney tower.
Continuing on, an order 2 Whitney tower would also include Whitney disks (of order 2)
pairing all the intersections between the 1st order Whitney disks and the order 0 surfaces.
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An order 2 non-repeated Whitney tower would only require second order Whitney disks
for intersections between an A; and Whitney disks pairing A; and Ay, where 4, j and k
are distinct. All of this generalizes to higher order, including the distinction between non-
repeated and repeated intersection points, however things get more subtle as different
types of intersections of the same order can appear.

If the A; are homotopic (rel boundary) to pair-wise disjoint immersions, then we say
that the A; can be pulled apart. As a first step towards determining whether or not the A;
can be pulled apart, we have the following translation of the problem into the language
of Whitney towers:

Proposition 1.1. If Aq,..., A, admit a non-repeated Whitney tower of order m — 1,
then the A; can be pulled apart.

The existence of a non-repeated Whitney tower of sufficient order encodes “pushing
down” homotopies and Whitney moves which lead to disjointness as will be seen in the
proof of Proposition 1.1 (Section 3). An immediate advantage of this point of view is
that the higher order intersection theory of [31] can be applied inductively to increase
the order of a Whitney tower or, in some cases, detect obstructions to doing so. The
main idea is that to each unpaired intersection point p in an order n Whitney tower W
one can associate a decorated unitrivalent tree ¢, which bifurcates down from p through
the Whitney disks to the order 0 surfaces A;. The order of p is the number of trivalent
vertices in ¢,. The univalent vertices of ¢, are labelled by the A; (or just the indices )
and the edges of ¢, are decorated with elements of the fundamental group 7 := m X of
the ambient 4-manifold. Orientations of the A; determine vertex-orientations and a sign
€y, € {£} for t,, and the order n intersection tree 7,(W) is defined as the sum

7,(W) = Zep “t, € Tp(m,m)

over all order n intersection points p in W. Here 7,,(m, m) is a free abelian group generated
by order n decorated trees modulo relations which include the usual antisymmetry (AS)
and Jacobi (IHX) relations of finite type theory Restricting to non-repeated intersection
points in a non-repeated Whitney tower W, yields the analogous order n non-repeated
intersection tree A\, (W):

An(W) = Zep -1, € Ap(m,m)

which takes values in the subgroup A, (m,m) < 7,(m, m) generated by trees whose uni-
valent vertices have distinct labels.

In the case n = 0, our notation A\g(Aj, Aa, ..., Apn) € Ag(m,m) just describes Wall’s
hermitian intersection pairing A(A4;, A;) € Z[n] on the spheres A, Ao, ..., Ap.

For n = 1, we showed in [30] that if A\g(A1, As, ..., A,,) vanishes, then taking

AM(Ar Ay, A) == (W)

in an appropriate quotient of A;(m,m) gives a homotopy invariant (for any choice of
non-repeating Whitney tower W on the A;).



4 ROB SCHNEIDERMAN AND PETER TEICHNER

In Theorem 2 of [31] it was shown that the vanishing of 7,,(W) implies that, after a
homotopy, the A; admit an order n + 1 Whitney tower. The same arguments show that
the vanishing of \,,(W) yields an order n+ 1 non-repeating tower. Thus, Proposition 1.1
implies the following theorem which was stated in [31]:

Theorem 1. If Ay,..., A, admit a non-repeated Whitney tower W of order (m — 2)
such that A\py,—o(W) vanishes in A,,—o(m,m), then the A; can be pulled apart.

1.2. Pulling apart parallel surfaces. The next theorem generalizes Milnor’s surprising
result that the components of any link of O-parallel knots in the 3—sphere bound disjoint
immersed disks into the 4-ball ([24]).

Theorem 2. If A is an immersed 2-sphere in a simply connected 4-manifold with [A] - [A] =
then any number of parallel copies of A can be pulled apart.

Here [A] - [A] € Z is the usual homological self-intersection number of [A] € Hy(X;Z),
and parallel copies of A are normal sections. Theorem 2 applies also to properly immersed
disks, and our proof is completely geometric, in contrast to Milnor’s algebraic proof of
the above mentioned result in [24]. Note that Theorem 2 is not true in 4-manifolds
with arbitrary fundamental group, as can be detected by the invariant 7(A) of [30] (see
Section 4, which also contains the proof of Theorem 2).

1.3. Relation to link-homotopy and Milnor’s invariants. A [link-homotopy of an
m-component link L = Ly U Ly U ---U L, in the 3-sphere is an ambient homotopy of
L which preserves disjointness of the link components, i.e. during the homotopy only
self-intersections of the L; are allowed. In order to study “linking modulo knotting”,
Milnor ([24]) introduced the equivalence relation of link-homotopy (originally just called
“homotopy”) and defined his (non-repeating) p-invariants, showing in particular that
a link is link-homotopically trivial if and only if it has all vanishing p-invariants. In
the setting of link homotopy, Milnor’s algebraically defined p-invariants are intimately
connected to non-repeating intersection trees as we describe next.

Let L be an m-component link in S* = 9B* bounding m properly immersed 2-disks
D; into the 4-ball B*. If the D; admit an order n non-repeating Whitney tower W, define
(L) == X,(W) € Ay (m).

Theorem 3.

(i) M\u(L) is a link-homotopy invariant of L.
(il) An(L) wvanishes if and only if L bounds D; admitting an order n+1 non-repeating
Whitney tower.

As a corollary, we see that an m-component link L is link-homotopically trivial if
and only if A,(L) vanishes for all n = 0,1,2,...,m — 1. This follows from Theorem 1
together with the fact that L bounding disjointly immersed disks is equivalent to L being
link-homotopically trivial ([11, 12]).
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Thus, in the setting of link-homotopy, the non-repeating intersection tree carries the
same information as the p-invariants. Theorem 3 is proved by showing that the in-
tersection tree computes the link longitudes in the Milnor group (see Section 5). This
relationship suggests that Milnor invariants should generalize to intersection invariants
of immersed surfaces in 4-manifolds.

Remark 1.2. A precise description of the relationship between general (repeating) Whit-
ney towers on the D; and Milnor’s fi-invariants (with repeating indices [25]) for L is given
in [32]. In particular, it is shown in [32] that the intersection tree 7,,(W) of such an order
n Whitney tower determines the link longitudes in the lower central quotients of the
link group via a natural map which turns unrooted trees into commutators by summing
over all choices of roots. The existence of torsion in this general setting presents new
subtleties and suggests the possibility that 7,,(W) detects new link invariants, which are
higher order analogues of Arf invariants.

1.4. Indeterminacies from lower order intersections. As illustrated, for instance,
by Theorem 3 above and by the order 1 invariants of [30, 26|, there are settings in which
the intersection tree only depends on the homotopy classes of the underlying order 0
surfaces A;, and gives the complete obstruction to finding a higher order Whitney tower
on the A;. In general however, more relations are needed in the target space to account
for indeterminacies in the choices of possible Whitney towers on given order 0 surfaces.
In particular, for Whitney towers in a 4-manifold X with 75X non-trivial, there are in-
determinacies which correspond to tubing the interiors of Whitney disks into immersed
2-spheres. These INT' intersection indeterminacies are, in principle, inductively man-
ageable in the sense that they are determined by strictly lower order intersection trees
on generators of m, X. However, as we describe in Section 7, if one wants the resulting
target space to carry exactly the obstruction to the existence of a higher order tower then
this target may not have a group structure.

It is interesting to note that the INT" indeterminacies are in general different from -

invariant indeterminacies in that they may involve intersections between 2-spheres other
than the A;.

1.4.1. Casson’s separation lemma. In the case of the first order intersection invari-
ants A; and 71, the I NT relations in the target group of Y-trees correspond to order zero
intersections between the A; and other 2-spheres (or RP?s if ;X contains 2-torsion) as
described in [30].

In particular, the next theorem shows that the presence of 2-spheres which are (alge-
braically) dual to the A; not only kills the first order invariant but all higher obstructions
as well.

This recovers a result of Casson (proved algebraically in the simply-connected setting
[2]) and Quinn (proved using transverse spheres [27, 8]):

Theorem 4. If \g(A1, As, ..., Ay) =0, and there exist immersed 2—spheres By, . .., By,
such that X\o(A;, Bj) = 6;; € Z[r| for all i, then the A; can be pulled apart.
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Recall that \g describes Wall’s intersection pairing in Z[r] (see subsection 2.6). Note
that there are no restrictions on any intersections among the B;.

1.5. Homotopy invariance. It is reasonable to conjecture that, modulo I NT indeter-
minacies, the non-repeating intersection intersection tree only depends on the homotopy
classes (rel 0) of the underlying order zero surfaces A; in an arbitrary 4-manifold, and
thus gives a complete answer to the question of whether or not the A; can be pulled
apart:

Conjecture 5. Simply connected order zero surfaces A = Ay, ..., A in a 4-manifold
X can be pulled apart if and only if A\,(A) vanishes in A,(m,m)/INT,(A) for n =
1,2,...,m—2.

In Section 7 we give an exact formulation of the I NT indeterminacies for an order 2
non-repeating intersection tree in a simply-connected 4-manifold, and make precise the
conjectured complete obstruction to pulling apart four 2-spheres.

2. PRELIMINARIES

This section contains a summary of Whitney tower notions and notations as described
in detail in [7, 28, 29, 30, 31, 32].

2.1. Whitney towers.
Definition 2.1.

e A surface of order 0in a 4-manifold X is a properly immersed surface (boundary
embedded in the boundary of X and interior immersed in the interior of X). A
Whitney tower of order 0 in X is a collection of order 0 surfaces.

e The order of a (transverse) intersection point between a surface of order n; and
a surface of order ngy is ny + no.

e The order of a Whitney disk is n + 1 if it pairs intersection points of order n.

e For n > 0, a Whitney tower of order n + 1 is a Whitney tower W of order n
together with Whitney disks pairing all order n intersection points of WW. These
top order disks are allowed to intersect each other as well as lower order surfaces.

The Whitney disks in a Whitney tower are required to be framed ([10]) and have
disjointly embedded boundaries. Intersections in surface interiors are assumed to be
transverse. A Whitney tower is oriented if all its surfaces (order 0 surfaces and Whitney
disks) are oriented. A based Whitney tower includes a chosen basepoint on each surface
(including Whitney disks) together with a whisker (arc) for each surface connecting the
chosen basepoints to the basepoint of X.

We will assume our Whitney towers are based and oriented, although basepoints and
orientations will usually be suppressed from notation.
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2.2. Trees for Whitney disks and intersection points. Our trees are unitrivalent,
with univalent vertices labelled from an index set, usually {1,2,...,m}, and trivalent
vertices cyclically oriented. A tree is nonrepeating if its univalent labels are distinct.
Sometimes edges will be oriented and decorated with elements of 71 X. A root of a tree is
a chosen univalent vertex. The order of a tree is the number of trivalent vertices. We next
give a brief explanation of the following diagram, which summarizes the tree-Whitney
tower correspondence (See also Figure 3).

paired intersections ———  rooted trees

| l

un-paired intersection —— wun-rooted trees

We use bracketings of elements from the index set as subscripts to index surfaces in a
Whitney tower W, writing A; for an order 0 surface (dropping the brackets around the
singleton 7), Wy, j) for a 1st order Whitney disk that pairs intersections between A; and
Aj, and W ) for a second order Whitney disk pairing intersections between W/, ;)
and Ay, etc.. When writing W; ;) for a Whitney disk pairing intersections between W7
and W, the understanding is that if a bracket I is just a singleton (i) then the surface
Wi = Wy is just the order 0 surface A;. In general, the order of W7 is equal to the order
of (i.e. the number of trivalent vertices of) t(W7).

The upper horizontal arrow in the diagram is defined inductively: To a Whitney disk
W(1,y) pairing intersections between W; and W; in a Whitney tower W is associated the
rooted tree t(W(; j)) := t(Wy) * t(W;) (called the rooted product of t(W;y) and t(W;))
which is gotten by gluing the root vertices of ¢(W;) and (W) together to a single vertex
and then sprouting a rooted edge from this new vertex. The tree t(W; ) sits as a subset
of W with its root edge (including the edge’s trivalent vertex) sitting in the interior of
W1,y and its edges bifurcating down through lower order Whitney disks. Sheet-changing
paths connecting basepoints of adjacent Whitney disks determine elements of 71 X which
label the corresponding tree edges.

The left downward arrow in the diagram corresponds to transverse intersection, and
the unrooted tree f, associated to an intersection point p € W(; sy N Wk 1) is the inner
product t(Wy yy) - t(Wk,y) which identifies the roots into a single (non-vertex) point. If
X is not simply-connected, then the notation t(W(; ) -4 t(W(k,1)) indicates that the edge
containing the identified roots is labeled by the element g € m; X which is determined by
a sheet-changing path through p joining the basepoints of W(; jy and Wik, 1.

Fixing conventions ([31]), orientations on the order zero surfaces in W induce vertex
orientations on the above trees, modulo antisymmetry relations described below. Think-
ing of t(Wy) as a subset of W, it can be arranged that the trivalent orientations of ¢(WW;)
are induced by the orientations of the corresponding Whitney disks: Note that the pair
of edges which pass from a trivalent vertex down into the lower order surfaces paired by a
Whitney disk determine a “corner” of the Whitney disk which does not contain the other
edge of the trivalent vertex. If this corner contains the positive intersection point paired
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FIGURE 3

by the Whitney disk, then the vertex orientation and the Whitney disk orientation agree.
Our figures are drawn to satisfy this convention.

2.3. Nonrepeating Whitney towers. Whitney disks and intersection points are called
nonrepeating if their associated trees are nonrepeating (have distinct univalent labels),
and repeating otherwise. An order n nonrepeating Whitney tower only has nonrepeating
Whitney disks and has all nonrepeating intersections of order (strictly) less than n paired
by (non-repeating) Whitney disks. In a non-repeating Whitney tower any repeating
intersections are left unpaired.

2.4. Intersection trees for Whitney towers. For 7 := m X, denote by 7,(m,n)
the abelian group generated by order n (decorated) trees modulo relations illustrated
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in Figure 4. The edges are decorated by elements of m which are determined by sheet-
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FIGURE 4

changing paths through basepoints in adjacent Whitney disks. Note that when X is
simply connected, the edge decorations disappear and the relations reduce to the usual
AS antisymmetry and I HX Jacobi relations. All the relations are homogeneous in the
univalent labels, and restricting the generating trees to be nonrepeating order n trees
defines the subgroup A, (m, ) < 7,(m, 7).

Definition 2.2. For an order n (oriented) Whitney tower WW on Ay, ..., A,, & X, the
order n intersection tree 7,(V) is defined by summing the signed trees +t, over all order
n intersections p € W:

T, (W) = Zep -t, € T(m, 7).
Here the sign £ of t,, for p € W; N W; is the usual sign of intersection between the
oriented Whitney disks W; and W}.

If W is an order n nonrepeating Whitney tower, the order n nonrepeating intersection
intersection tree A\,(W) is analogously defined by

A(W) = e, t, € Ap(m, )
where the sum is over all order n nonrepeating intersections p € W.

2.5. Order zero intersection trees. The order zero intersection trees 7y and Ay cor-
respond to Wall’s hermitean intersection form g and A on a collection Ay, As, ..., A, of
properly immersed surfaces in a 4-manifold X. The treesin 79(Ay, Ag, ..., An) € To(m,m)
with both vertices labelled by the same index i correspond to Wall’s self-intersection in-
variant p(A;), which is invariant under regular homotopy of A;. For u(A;) to be a homo-
topy (not just regular homotopy) invariant, one must also mod out by a framing relation
which kills trees labelled by the trivial element in 7 (see [32] for the higher order framing
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relations). Wall’s homotopy invariant hermitean intersection pairing A(A;, A;) € Z[x]
(for i # j) corresponds to the trees in A\g(A1, As, ..., Ay) € Ag(m, m) having one vertex
labelled by ¢ and the other vertex labelled by j, after applying the OR relation to orient
the edges from 7 to j.

The Ay, Ay, ..., A, admit an order one Whitney tower if and only if 79( Ay, Ag, ..., Ay) =
0 € Zo(m,m), and admit an order one non-repeating Whitney tower if and only if
/\Q(Al, A27 NP ,Am) =0¢ Ao(’ﬂ', m)

2.6. Order one intersection trees. It was shown in [30], and for m; X =1 and m = 3
in [26, 37|, that for Ay, Ay, ..., A, admitting an order one Whitney tower (resp. nonre-
peating Whitney tower) W, the order one intersection tree 71 (A, A, ..., Ay) == 1 (W)
(resp. order one nonrepeating intersection tree A\;(Ai, As, ..., An) := M (W)) is a ho-
motopy invariant of the Ay, As, ..., A,,, if taken in an appropriate quotient of 7 (m, m)
(resp. Aq(m,m)) which is determined by order zero intersections between the A; and
immersed 2-spheres in X. These are the order one I NT' intersection relations which are
described in [30] (in slightly different notation) and below in Section 7. For 7; there are
also framing relations, but there are no framing relations for A, (for all n) because fram-
ings on Whitney disks can always be corrected by “boundary-twisting” which creates
only repeating intersections.

Then 71(Aq, Ag, ..., Ay) (resp. \(Aq, As, ..., A,,)) vanishes if and only if the A; are
homotopic to maps which admit an order 2 Whitney tower (resp. order 2 nonrepeating
Whitney tower). In particular, A;(Ay, As, A3) € Ay(m,3)/INT is the complete obstruc-
tion to pulling apart three order zero surfaces.

2.7. Order n intersection trees. For Ay, Ay, ..., A,, admitting a (nonrepeating) Whit-
ney tower W of order n, if (\,(W) =0 € A,(m,m)) 7,(W) = 0 € 7,,(m,m) then the A;
are homotopic (rel 9) to A, admitting a (nonrepeating) Whitney tower of order n + 1.
This was shown in [31] (Theorem 2) in the general repeating case, and the exact same
arguments work restricting to the nonrepeating case. By geometrically realizing the rela-
tions in the target group of the intersection tree in a controlled manner, one can convert
“algebraic cancellation” of trees to “geometric cancellation” of pairs of points (paired by
next order Whitney disks).

3. PROOF OF PROPOSITION 1.1

Proof. Let W be a non-repeated Whitney tower of order m — 1 on Ay, A, ..., A, IEW
contains no Whitney disks, then the A; are pairwise disjoint. In case VW does contain
Whitney disks, we will describe how to use finger-moves and Whitney moves to eliminate
the Whitney disks of W while preserving the (non-repeating) order m — 1. (Absolute
value notation will be used to denote order.)

Consider a Whitney disk W(; ;) in W of maximal order (1 < [W 5| < m —1). If
Wir.gy is clean (int W(; ;) contains no singularities) then do the W; ,-Whitney move on
either Wy or W;. This eliminates W(;, ;) (and the cancelling pair of intersections between
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W and W) while creating no new intersections (of any kind), hence preserves the order
of the resulting Whitney tower which we continue to denote by W.

If any maximal order Whitney disk W(; ;) in W is not clean, then the singularities in
the interior of W(; ;) are exactly a finite number of unpaired intersection points, all of
which are repeating. (Since W(; ;) is of maximal order, the interior of W(; ;) contains
no Whitney arcs; and since |W| = m — 1, any unpaired non-repeating intersections
must be of order at least m — 1, but such non-repeating intersections can only occur
in a Whitney tower on more than m surfaces of order 0 (because trees of order m — 1
have m + 1 univalent vertices).) So, for any p € W 5 N Wik, at least one of (I, K)
or (J, K) is a repeating bracket. Assuming that (I, K), say, is repeating, push p off of
W15y down into W; by a finger move (Figure 5). This creates only a pair of repeating
intersections between W; and Wy. After pushing down all intersections in the interior
of W(; s by finger-moves in this way, do the clean W; ;)-Whitney move on either W; or
W ;. Repeating this procedure on all maximal order Whitney disks eventually yields the
desired order m — 1 non-repeating Whitney tower on the A; with no Whitney disks. [

push-down
—

FIGURE 5

4. PULLING APART PARALLEL 2-SPHERES

In this section we prove Theorem 2 of the Introduction. The proof includes a geometric
proof that boundary links in the 3-sphere are link-homotopically trivial (Proposition 4.1
below). We also give an example illustrating that Theorem 2 is not true for non-simply
connected 4-manifolds.

4.1. Proof of Theorem 2. Since [A4] - [A] = 0 and X is simply-connected, A supports
an order one Whitney tower W.

First consider the case where 7(A) = 7(W) = 0 € T3(1) = Zy (by [26] this is
equivalent to A having vanishing Arf invariant). In this case, A admits an order 2
Whitney tower, so by Lemma 3 of [29] for any m € {3,4,5,...}, A admits a Whitney
tower W of order m. (The fact that A is connected and X is simply connected is crucial
here, since under these hypotheses Lemma 3 of [29] shows that higher order Whitney
towers can be built using a boundary-twisting construction.) Now, taking parallel copies
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of the Whitney disks in W yields an order m Whitney tower on m + 1 parallel copies of
A. In particular, we get an order m non-repeated Whitney tower (by throwing away the
repeating Whitney disks) so, by Proposition 1.1, the m + 1 parallel copies of A can be
pulled apart.

This also proves the theorem in the case where X is closed: Then A is an integral
multiple d - P of some immersed 2-sphere P representing a primitive class in Hy(X)
mo(X). Then 71 (P) vanishes by the INT relation since P has a dual 2-sphere. Thus, any
number of parallel copies of P may be pulled apart, which implies that any number of
parallel copies of A =d - P can also be pulled apart.

Consider now the case where 7(A) = 71(W) is the non-trivial element in Z,. We
will first isolate (to a neighborhood of a point) the obstruction to building an arbitrarily
high order Whitney tower, and then combine the previous argument away from this
point with an application of Milnor’s Theorem (which we will also prove geometrically
in Proposition 4.1 below).

FIGURE 6

As illustrated in Figure 6, a trefoil knot in the 3-sphere bounds an immersed 2-disk in
the 4-ball which supports an order 1 Whitney tower containing exactly one Whitney disk
whose interior contains a single order one intersection point. It follows that the square
knot, which is the connected sum of a right- and a left-handed trefoil knot, bounds an
immersed disk D in the 4-ball which supports a Whitney tower containing exactly two
first order Whitney disks, each of which contains a single order one intersection point.
Being a well-known slice knot, the square knot also bounds an embedded 2-disk D’ in
the 4-ball, and by gluing together two 4-balls along their boundary 3-spheres we get an
immersed 2-sphere S = D U D’ in the 4-sphere having the square knot as an “equator”
and supporting the obvious order one Whitney tower Wg whose Whitney disks lie on D.

Now take Wg in a (small) 4-ball neighborhood of a point in X, and tube (connected
sum) A into S. This does not change the (regular) homotopy class of A (so we will still
denote this sum by A). Note that by construction there is a (smaller) 4-ball B* such that
the intersection of the boundary B* of B* with A is a trefoil knot, and B* contains one
of the two Whitney disks of Ws. Denote by Ay the intersection of A with X, := X \ B%.
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Since the order one intersection point in the Whitney disk of Wg which is not contained
in B* cancels the obstruction 7 (W) € Z,, we have that A, admits an order 2 Whitney
tower in Xy, and hence again by Lemma 3 of [29], Ay admits a Whitney tower of any
order in Xy. As before, it follows that parallel copies of Ay can be pulled apart by using
parallel (non-repeating) copies of the Whitney disks in a high order Whitney tower on
Ap. The parallel copies of Ay restrict on their boundaries to a link of O-parallel trefoil
knots in @B*, and the proof of Theorem 2 is completed by the following lemma which
implies that these trefoil knots bound disjointly immersed 2-disks in B*.

Proposition 4.1. If the components L; of a link L = UL; C S* are the boundaries
of disjointly embedded surfaces Fy; C S® in the 3-sphere, then the L; bound disjointly
immersed 2-disks in the 4-ball.

This proposition is a special case of the general results of [34] which are proved using
symmetric surgery.

Proof. Choose a full symplectic basis of simple closed curves on each F; bounding gener-
ically immersed 2-disks into the 4-ball. Note the interiors of these immersed disks are
disjoint from U;F; C S3, but may intersect each other. The proof proceeds inductively
by using half of these disks to surger each F; to an immersed disk F, while using the
other half of the disks to construct Whitney disks which guide Whitney moves to recover
disjointness.

We start with Fy. Let D;, and Dj, denote the properly immersed disks bounded by
the symplectic circles in F3, with 0D;, geometrically dual to D7, in Fj.

STEP 1: Using finger-moves, remove any interior intersections between the Dj,. and
any D14 by pushing the D;; down into Fy (Figure 7).

FIGURE 7

STEP 2: Surger F along the D, (Figure 8). The result is a properly immersed 2-disk
FY in the 4-ball bounded by L; in S®. The self-intersections in F} come from intersections
and self-intersections in the surgery disks D;,., and any intersections between the Dy, and



14 ROB SCHNEIDERMAN AND PETER TEICHNER

Fy created in Step 1, as well as any intersections created by taking parallel copies of the
D, during surgery. We don’t care about any of these self-intersections in F{, but we
do want to eliminate all intersections between F} and any of the disks D; on the other
Fj, j > 2. These intersections between F} and the disks on the other F} all occur in
cancelling pairs, with each such pair coming from an intersection between a Dy, and a
D;. Each of these cancelling pairs admits a Whitney disk W7 constructed by adding a
thin band to (a parallel copy of) the dual disk D7, as illustrated in Figure 8. Note that
by Step 1 the interiors of the D, are disjoint from F}, hence the interiors of the W7, are
also disjoint from F?. The interiors of the Wy, may intersect the D;, but we don’t care
about these intersections.

FIGURE 8

STEP 3: Do the W}, Whitney moves on the D;. This eliminates all intersections
between FY and the disks D; on all the other F}j (j > 2). Note that any interior inter-
sections the W7, may have had with the D; only lead to more intersections among the
D, so these three steps may be iterated, starting next by applying Step 1 to F5. O

4.2. Example. If 71X is non-trivial, then the conclusion of Theorem 2 may not hold,
as we now illustrate. Let X be a 4-manifold with 7 X = Z, and let A be an immersed
O-framed 2-sphere admitting an order 1 Whitney tower W in X with a single order 1
intersection point p such that 7 (A) = t, € 71(Z) is represented by the single Y-tree
Y (e, g,h) = t, having one edge labelled by the trivial group element e, and the other
edges labelled by non-trivial elements g # h, all edges oriented towards the trivalent
vertex. Assume also that m X has trivial order 0 intersection form. Such examples are
given in [30], and can be easily constructed by banding together the Borromean rings in
the boundary of B3 x S! and attaching a O-framed two handle.

If A, and Aj are parallel copies of A = A;, then the order 1 non-repeating intersec-
tion tree Aj(Aj, Ag, A3) takes values in Ay(Z,3) (since the vanishing of the first order
intersections means that all INTj relations are trivial). By normalizing the label on the
3-labelled edge to the trivial element, using the HOL relations, A;(Z,3) is isomorphic
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to Z|Z x 7). Using six parallel copies of the Whitney disk in W, we can compute that
A1 (Aq, Ay, Ag) is represented by the sum of six Y-trees Y (e, g, h), where the univalent
vertex labels vary over the permutations of {1,2,3}. This element corresponds to the
element

(g.h) = (h,g)+ (hg™ g7 ) = (g7 hg )+ (gh " b)) = (b1 gh™") € Z[Z x Z)]

which is non-zero if (and only if) g and h are distinct non-trivial elements of Z.

5. PROOF OF THEOREM 3

We will prove statement (i) of Theorem 3 by identifying the nth order non-repeating
intersection tree A\, (L) with Milnor’s link-homotopy p-invariants of length n+2. Although
this identification can be deduced from our description of intersection trees in terms of the
Kontsevich integral [31], together with Habegger and Masbaum’s paper [14], we prefer
to describe here a direct connection between the combinatorially constructed Whitney
towers and the algebraically defined Milnor invariants. The essential idea is that an
nth order non-repeating Whitney tower can be used to compute the link longitudes
as commutators in Milnor’s nilpotent quotients of the fundamental group of the link
complement.

Statement (i) then implies statement (i7) as follows: If \,(L) vanishes, then (after
a homotopy) the D; admit an order n + 1 non-repeating Whitney tower as described
in Theorem 2 of [31]. On the other hand, if L bounds an order n + 1 non-repeating
Whitney tower W, and L also bounds an order n non-repeating Whitney tower W with
A(W') = # 0 € A, (m), then gluing W and W' together along L C S® gives an order
n non-repeating Whitney tower W' on immersed 2-spheres in S* with \,(W") = 4.
This contradicts statement (i), since we can then create a non-repeating Whitney tower
bounded by the unlink U such that \,(U) = ¢ # 0 by connect summing W” C S* into
B* and tubing the 2-spheres into trivial disks bounded by the components of U.

The literature on Milnor’s link invariants contains widely varying notations and con-
ventions. We adopt basic notation from Habegger’s papers (e.g. [14, 13]), except that the
natural map from trees to commutators will be denoted 7 following Levine ([21, 22, 23])
(rather than ‘j” as in [14]).

5.1. Milnor’s p-invariants. For a group G normally generated by g1, gs, ..., gm, the
Milnor group of G (with respect to the generating set) is the quotient of G by the
subgroup < [g;, gt >, 1<i<m, h € G.

Let L=L,ULyU---UL, CS*bean m-component link. The Milnor group M(L)
of L is the Milnor group of 7;(S®\ L) with respect to a generating set of meridional
elements. Specifically, M(L) has a presentation

M(L) — <x1,x27. T [wiaxi]a [%737?]>

where the w; are words in the meridional generators x; determined by the link longitudes,
and the g vary over all words in the generators, with 7,5 € {1,2,...,m}. The Milnor
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group M(L) is the largest common quotient of the fundamental groups of all links which
are link homotopic to L. See any of [1, 13, 14, 24] for details. Since M (L) only depends
on the conjugacy classes of the meridional generators x;, we can afford to (and will)
suppress basepoints from all notation.

A presentation for the Milnor group of the unlink (or any link-homotopically trivial
link) corresponds to the case where all w; = 1, and Milnor’s p-invariants (with non-
repeating indices) compare M (L) with this free Milnor group FM(m) by examining
each longitudinal element in terms of the generators corresponding to the other compo-
nents. Specifically, there is a canonical isomorphism between the direct sum of the lower
central quotients ®,>1 FM(m)q)/FM(m)my1) and RLie(m) = ®,>1RLie,(m), where
the reduced free Lie algebra Rlie(m) is the quotient of the free Lie algebra on the x; by
the relations which set all repeating commutators equal to zero. Let M*(L) denote the
quotient of the Milnor group by the relation that sets z; = 1. If the element in M*(L)
determined by the i-th longitude L; lies in the n-th lower central subgroup M*(L),) for
each i, then we have isomorphisms

M(L) )/ M(L) 11y = FM(m) )/ FM(m)(ny1) = RLie, (m)

and the length n commutators p!,(L) € RLie],(m) determined by the longitudes L; are
the degree n (also called length n+ 1) p-invariants of L, where RLie; (m) is the reduced
free Lie algebra on the m — 1 generators z;, for j # <.

5.2. The maps 1’ from trees to commutators. For each i, define a map 7' from
A, (m) to RLieén +1y(m) by sending each tree ¢ which has an i-labelled univalent vertex
v; to the commutator determined by ¢ with a root at v;. Trees without an i-labelled
vertex are sent to zero. For example, if ¢ is an order one Y-tree with univalent labels
1,2, 3, and cyclic vertex orientation (1,2, 3), then n'(¢) is the commutator [z, 23], and
n3(t) = [x1, 2], and n*(t) = [x3,21]. To be compatible with previous conventions for
Whitney disk and grope orientations ([7, 5, 6, 31]), we use the commutator convention
[z,y] := 'y tay, for group elements x and y.

The maps 71’ are injective since putting an i-label in place of the root in a tree corre-
sponding to a commutator in RLieén Jrl)(m) gives an Inverse.

The maps 71’ correspond to geometric constructions which desingularize an order n
Whitney tower to a collection of embedded class n + 1 gropes, as described in detail in
[28]. Gropes are 2-complexes built by gluing together compact orientable surfaces, and
this correspondence will be used in arguments below.

We will show that if L C S® bounds an order n non-repeating Whitney tower W
on immersed disks D; & B*, then for each ¢ the longitude L; lies in M*(L) 1), and
M, (An(L)) = pf,,1)(L). Since the maps 7' are injective this will prove statement (i) of
the theorem.
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5.3. Computing the p-invariants from the intersection tree. First consider the
case where L C S% is an (n + 2)-component link bounding an order n Whitney tower
W, C B* which is a split sub-tower. This means that

e the components of L are the boundaries of the order zero properly embedded
2-disks Dl, DQ, R 7Dn+2 — B4,

¢ )V, has a single unpaired intersection point p with associated tree t,,

e the interior of each Whitney disk contains either p or a single boundary arc of a
higher order Whitney disk, and no other singularities.

Now by Theorem 5 of [28], for any ¢ € {1,2,...,n + 2} we can use 0O-surgeries and
Whitney moves to “resolve” W, so that L; bounds an embedded class n+1 capped grope
G$ in B*\ Ujzi D', where the D’ are pairwise disjointly embedded 2-disks homotopic (rel
d) to the original Dj;, and each cap of G is a meridional disk to a D’;. Furthermore, the
rooted tree t(GY) associated to G¥ is just ¢, with a root at the i-labelled univalent vertex.
Since the D) are disjointly embedded, the inclusion S% \ U;4;L; — B*\ U;x;D} induces
isomorphisms on Milnor groups, with respect to a set of meridional generators ;. Thus,
G¥ displays L; as a single length n + 1 commutator in the z;, determining an element of
RLie! (n + 1) which we claim is 7'(t,). Since [28] deals with unoriented trees, the only
thing that needs to be checked is that the sign works out. The invariance of oriented trees
under the Whitney moves used to construct Gf is demonstrated in Lemma 14, Figures 10
and 11 of [31]. A typical 0-surgery which converts a Whitney disk W(; ;) into a cap
c(1,y) 1s illustrated below in Figure 9, which also shows how the signed tree is preserved.
The sign associated to the capped grope is the product of the signs coming from the
intersections of the caps with the bottom stages which corresponds to the sign of the
un-paired intersection point in the Whitney tower; (surgering along the other boundary
arc of the Whitney disk, and the other sign cases are checked similarly). As described in
[28], if either of the J- and K-labelled sheets is a Whitney disk, then the corresponding
cap will be surgered after a Whitney move which turns the single cap-Whitney disk
intersection into a cancelling pair of intersections between the cap and a Whitney disk.

Now consider any m-component link L C S% bounding an order n non-repeating Whit-
ney tower W on immersed disks D; & B*. As described in [28, 31], W can be split, so
that all the Whitney disks of W are contained in split sub-towers W, which are con-
tained in pairwise disjointly embedded 4-balls B,. Each B, is a thickening of the tree ¢,
associated to W, , and \,(W) = > A\, (W,,.) =, t,, (see Figure 10). Denoting by B°
the punctured 4-ball which is the closure of the complement of the union of the B,, the
intersection B N (U, B,) is a collection of disjoint 3-spheres. The intersection of W with
BY is a collection D of pairwise disjointly immersed planar surfaces D?. Each DY has L;
as one of its boundary components, and any other boundary components L, of D? are
boundaries of order zero disks D,, in distinct W, which intersect D;.

After performing finger-moves among the DY (which kill commutators between con-
jugate meridians and create only self-intersections), we can assume that the inclusion
S3\ L — B°\ D° induces isomorphisms on the corresponding Milnor groups. For each 4,



18 ROB SCHNEIDERMAN AND PETER TEICHNER

F1GURE 9. Resolving a Whitney tower to a capped grope preserves the as-
sociated oriented trees. The boundary of the I-labelled sheet represents the
commutator [z, x| = x}lxl}lxﬂc}(, up to conjugation, of the meridians
zy and zx to the J- and K-labelled sheets.

F1GURE 10. The 4-ball neighborhoods B, of the split sub-towers are indi-
cated by the dotted lines.

the planar surface DY displays L; as a product of L, = dD,, up to conjugation. By Van
Kampen’s theorem and the above special case, we have that ' (A, (L)) = Y. n'(t,,) =
fi{ns1y(L) as desired.

6. PROOF OF THEOREM 4

Proof. The pairwise vanishing of Wall’s invariant gives an order 1 non-repeating Whitney
tower. Assuming inductively for 1 < n < m — 2 the existence of an order n non-
repeating Whitney tower VW on the A;, it is enough to show that it can be arranged that
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An(W) = 0 € A, (7w, m), which allows us to find an order n + 1 non-repeated Whitney
tower (by Theorem 2 of [31]) and then to apply Theorem 1 when n =m — 2.

By doing finger moves which realize the rooted product, any order n YV can be modified
(in a neighborhood of a 1-complex) to have an additional clean order n Whitney disk
W; whose decorated tree corresponds to any pre-chosen bracket J. If J is non-repeating
and does not contain the label 7, then tubing B; into W, will change \,, (W) exactly by
+Ao(A;, B;) = £1 times the order n generator (/) -,t(i), where the sign and the element
g € m can be chosen (arbitrarily) by the choice of tubing. For 1 < n, any generator of
A, (m,m) can be realized as t, where p is an intersection point between an order 0 surface
and a Whitney disk of order n, so the just described tubing procedure can be used to

modify W until \,(W) =0 € A, (7, m). O

7. ORDER 2 INTERSECTION INDETERMINACIES IN A SIMPLY-CONNECTED
4-MANIFOLD

The goal of this section is to give a precise formulation of the I NT intersection inde-
terminacy relations which we conjecture to be necessary and sufficient to describe the
target for the complete obstruction to pulling apart four simply-connected surfaces in a
simply-connected 4-manifold X:

Conjecture 6. If A = Ay, Ay, A3, Ay admits an order 2 non-repeating Whitney tower
W C X, then the A; can be pulled apart if and only if Ao(A) = Ao(W) wvanishes in
Ao(4)/INT,(A).

We want to describe INT,(A) in terms of the A; and generators of 15X, using the lower
order intersection trees \y and \;, which are well-defined homotopy invariants. These
INT,(A) relations will describe all indeterminacies due the choice of interiors of Whitney
disks in W, and if A\y(W) € INT(A), then the A; can be pulled apart (Proposition 7.3
below). What remains to be proved in Conjecture 6 is that the vanishing of A2(W) in
A2(4)/INT,(A) does not depend on the boundaries of the Whitney disks in W.

Throughout this section we assume that the ambient 4-manifold X is simply connected.

7.1. Bracket-labels and contractions. It will be convenient to extend the labels on
univalent vertices of trees in A(m) to include bracketings from {1,2,...,m}. In non-
repeating trees all indices (bracketed or not) must be distinct; e.g., a Y-tree with labels
(1,2), 3, and 4 is non-repeating, but a Y-tree with labels (1,2), 2, and 3 is repeating.
These bracket labels are temporary and will be “contracted” away: The contraction of a
tree ¢t along a univalent vertex v; of ¢ labelled by a bracket [ is the tree ¢([) - ¢, where the
inner product is taken by considering v; as a root of t. Thus, a contraction just replaces
a bracket labelled vertex with the subtree corresponding to the bracket.

We introduce these bracket-labels in order to use the following notational convention:
Changing the interior of a Whitney disk W; to W} (with OW; = 0W]) determines a
2-sphere S; which is the union of W; and W} (with the opposite orientation on W7j). The
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resulting indeterminacies will be expressed as lower order intersection trees (containing
the label I') which are contracted along the I-labeled vertices.

Before examining the order 2 INT relations it will be helpful to discuss the analogous
lower order indeterminacies.

7.2. First order intersection indeterminacies. Recall (2.5) that the order zero non-
repeating intersection tree Ag(Ai, ..., A,) = Y €, - i—j € Ag(m) is equivalent to the
usual homological intersection form on Hy(X), with the sum of the coefficients of each
i—j corresponding to [A;] - [A;]. There are no intersection indeterminacies in the order
zero setting, and the collection Ay,..., A,, admits an order 1 non-repeating Whitney
tower if and only if A\g(Ay, ..., A,,) vanishes in Ag(m), (which is isomorphic to a direct
sum of copies of Z, one for each pair 7, j of indices).

For Aj, As, A3 with \g(Aj, As, A3) = 0, the order 1 non-repeating intersection tree
M (A1, A, A3) is a sum of order one Y-trees in A(3) = Z modulo the INT|(A;, As, A3)

intersection relations:
t(i,7) - Mo( Sy, Ax) = 1 FA0(S(ig) Ak) = 0

where S(; j) ranges over m,X, and (4, j) ranges over the three choices of pairs from {1, 2, 3}.
Geometrically, these relations correspond to tubing any Whitney disk W, ;) into any 2-
sphere S(; j). Thinking of the A¢(S(; j), Ax) as integers, the quotient A(3)/INT} (A, Az, As)
is isomorphic to Zg, where d is the greatest common divisor of all the Ao(S( ), Ax).
This invariant A\ (Ay, Ag, A3) € A(3)/INT (A, Ay, A3) is the Matsumoto triple ([26, 37])
which vanishes if and only if (after perhaps some finger moves) the A;, Ay, A3 admit an
order 2 non-repeating Whitney tower.

ASIDE ON COMPUTING THE INT}(A;, As, A3) INTERSECTION RELATIONS: Let S be
a basis for mX (modulo torsion), and define integers af; := Ao(S ), Ax) for S§ ;) = S¢
ranging over the basis. Then, identifying A(3) = Z, all the INT}(A;, Ay, As) intersection
relations can be expressed as

a o a o a o\
§ (%2“12 + T3a3; + x23a23) =0
(07

where the zf; vary over Z. Thus, INT|(A;, Ay, A3) is the image of the linear map Z" @
7" ® 7" — Z (r the rank of msX mod torsion) which can be written concisely using
vector notation as:

(212, 31, Toz) +— T12 - Q12 + T31 - 31 + Tag - Ag3.

For a collection A of four order zero surfaces Ay, As, A3, Ay, with vanishing A\g(A), the
order 1 non-repeating intersection tree A;(A) takes values in A;(4)/INTi(A), and the
INT,(A) relations are:

t(i,5) - Mo(Sj), Ak, A1) = 7 FXo(S(igy, Ak, Ar) = 0

with S; j) ranging over m, X, and (i, j) ranging over the six choices of pairs from {1, 2, 3,4}.
Here A1(4) 2 Z®Z ®Z @ Z, and each generator of m X gives six relations, so the target
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group A(4)/INT;(A) of the invariant \;(A) is the quotient of Z* by the image of a linear
map from Z°, where r is the rank of 73X modulo torsion. The invariant A\;(A) van-
ishes in A(4)/INT;(A) if and only if A admits an order 2 non-repeating Whitney tower
(perhaps after some finger moves).

Note that each of the four copies of Z in A;(4) corresponds to a target of a Matsumoto
triple, but the vanishing of the all the triples is not sufficient to get an order 2 non-
repeating Whitney tower on the A because of “cross-terms” in the INT relations; the
simplest example is the following: Consider a 4 component link in S® consisting of the
Borromean rings together with a split fourth component. Attach a 4-dimensional 2-
handle h along a circle which has linking number 1 with both the split component and
one component of the Borromean rings. Now any immersed disks A;, Ay, A3, Ay in X =
B*U h bounded by the link L C dX have vanishing first order triples A(A;, A;, Ax),
since the 2-sphere S determined by h is dual to (at least) one of A;, A;, Ay, but the
first order quadruple \; (A, Ay, Az, Ay) is non-zero in A(4)/INT(Ay, Ay, A3, Ay) = Z3.
(Geometrically, the non-zero \; of the disks bounded by the Borromean rings is killed
by tubing S into a Whitney disk, but this creates an intersection between the Whitney
disk and the disk bounded by the trivial component. Algebraically, this is seen in the
collapsing of Z* to Z? by the INT relation due to S.)

ASIDE ON COMPUTING THE INTj(A;, A, A3, Ay) RELATIONS: Choose a basis S for
1 X modulo torsion, and define integers agi, = )\O(S(O‘i’ i) Ay). Then each element of the
subgroup INT;(A;, A, Az, Ay) can be written

TEMGOC, xf‘jS&j),Ak,Al) = ( am%a%k)f Fk+ ( am%’a%ﬂg i
= (@i age) i Bk (T ag)
where the coefficients in the last expression are inner products of vectors in Z". Using
the basis
{3Fs b4 b4 34}
the subgroup INT} (A1, As, Az, Ay) is the image of the map Z5" — Z*:

T12 T12
13 a3 —aize 0 ags; 0 0 13
Ta | | @124 0 agne 0 24,1 0 T4
X23 0 @134 A413 0 0 34,1 X23
Toy 0 0 0 as3a4 —an3 asp T4
T34 T34

where the multiplication of entries is vector inner product.

7.3. A relative first order invariant. Consider order zero surfaces A;, A,, Az, Ay with
)\1(141, AQ, Ag, A4) =0 € A<4)/INT1(A1, AQ, Ag, A4), so that Ala AQ, Ag, A4 admit an
order 2 non-repeating Whitney tower. Let A(;2) be any order zero surface satisfying
Ao(A(12), As, As) = 0, so that Ap 9y, Az, Ay admit an order 1 non-repeating Whitney
tower. Note that A(; o) may have non-trivial order 0 intersections with A; and A, which,
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as notation suggests, we will consider to be repeating intersections. We will define an
invariant Ay(A(2), As, Ay) (rel Ay, Ay) which is the complete obstruction to finding an
order 2 Whitney tower on A 2), Az, A4 which also extends to an order 2 Whitney tower
on Aq, Ay, Az, A4. To define this relative invariant we restrict to order 1 non-repeating
Whitney towers on A gy, A3, Ay whose Whitney disks W34 intersect A; and A, in
canceling pairs. For instance, starting with any order 2 non-repeating Whitney tower
on A, Ay, Az, Ay, and adding Whitney disks pairing the order 0 intersections between
A2y and Az, and between A(; 2 and Ay yields such a Whitney tower. For any such
Whitney tower W, the invariant A;(Aq 2y, As, Ag) (rel A;, As) is defined in the usual
way by counting the Y-trees associated to the order 1 non-repeating intersections in W.
Here the univalent labels are from {(1,2),3,4} and the INT;(Aq 2y, As, As) (rel Ay, Ay)
relations are:

(1é2) = Ao(S(1,2),3), A1) =0
(12 Ao(S(a1,2)), A3) = 0

5 Xo(Sa), Aay) =0

where S((1,2),3) and S(4,(1,2)) range over all homotopy classes of 2-spheres, but S 4) ranges
over only those which satisfy Ag(A1, As, Siz4)) = 0 — since the Whitney disks in WV which
pair intersections between A3 and A4 are required to have canceling pairs of intersections
with A; and As. The arguments of [30] also apply in this setting to show that this relative
first order non-repeating intersection tree is a well-defined homotopy invariant, and is the
complete obstruction to finding an order 2 Whitney tower on A ), A3, A4 which also
extends to an order 2 Whitney tower on Ay, As, Az, Ay4.

7.4. Second order intersection indeterminacies. Now, for a given order 2 non-
repeating Whitney tower W C X on the four simply-connected order zero surfaces
A = {A}, Ay, Az, Ay}, we will describe the INT5(A) relations which give all possible
changes Ao(W) — Aa(W') € Ay(4) in the order 2 non-repeating intersection tree, where
W' is gotten from W only by choosing different interiors of Whitney disks.

Note that Ay(4) is isomorphic to Z @ Z, generated, for instance, by the elements

2 3 32
Z]_ .—1|_|4, 22 .—1l_|4
with
4 2

We first make some observations about order 2 Whitney disks, but we ultimately care
about changes in the interiors of the order 1 Whitney disks, which completely change the
order 2 Whitney disks.
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7.4.1. Changing interiors of order 2 Whitney disks. Let i,j,k,[ be distinct in-
dices from {1,2,3,4}. Changing the interior of any order 2 Whitney disk W ;)
determines a 2-sphere S(( ), and the corresponding change in A(W) is equal to
t((é,7), k) - t(l) times the order zero intersection number in Z between S ) and A;.
This can be written as the contraction t((7,7), k) - Ao(S((i,j).k), A), where the inner product
is taken by considering the ((¢, j), k)-labelled univalent vertices in Xo(S((; ).k, A) as roots.

Note that Xo(S((i,j),k), A) counts only intersections between S(; ;) 1) and A, since A\g(A) =
0, and because any intersections between S((; j)») and A;, A;, or A, are repeating.

Letting S )k vary over mp X, these intersection trees generate a subgroup INT5,(A)
of Ay(4) (with the usual singleton labels only):

INTy0(A) = (((6,9) k) - Ao(Siigyr), A)) < Aa2(4)

Note that INT5,(A) is determined by a basis for X modulo torsion, and that any
element in INT5((A) can be realized (without any creating any other order 2 nonrepeat-
ing intersections) by creating clean Whitney disks W ;) which are then then tubed
into 2-spheres (or just tubing into existing Whitney disks).

Definition 7.1. Denote by Ayo(A) the quotient of Ay(4) by INTo(A).

Observe that Ayo(A) = Zg ® Zgq where d € Z is the greatest common divisor of
d; = Xo(S, A;) over all S and 4, (with Agg(A) = Z @ Z if all d; = 0). In particular, if at
least one of the A; has a dual 2-sphere, then all the A; can be pulled apart:

Proposition 7.2. If Ay, Ay, A3, Ay admit an order 2 non-repeating Whitney tower, and
there exists S € mX with A\o(S, A;) = 1 for any i, then the Ay, Ay, As, Ay can be pulled
apart. In particular, the Ay, As, Az, Ay can be pulled apart after connected summing X
with a single CP? or S? x S2.

7.4.2. Changing interiors of order 1 Whitney disks. Continue to let i, j, k, [ de-
note distinct indices in {1,2,3,4}. We want to describe all possible changes \y(W) —
Aa(W') € Agp(A) due to choices of interiors of order 1 Whitney disks.

Order 1 Whitney disks W/; ;) and W(’% i) with common boundary determine a 2-sphere
St with Xo(Sq ), Ak, A1) = 0 € Ao((4,7),k,1), since W and W' are order 2 (non-
repeating) Whitney towers (Figure 11). The order 1 non-repeating intersection tree
M (Shj), Ak, Ar) is defined in Aq((4, j), k, 1), modulo INT relations coming from order
zero intersections which can be expressed as contractions:

(1) i Ao(S((igym, Al) = 0
2) U No( S, Ar) = 0
(3) 1 E X (S Siigy) = 0.

We want to express the change A\y(W)—X (W) € Ago(A) by contracting Ay (S 5y, Ak, A1)
into Ago(A) (by putting roots at the (7, j)-labelled vertices in Ay (S, ;), Ax, A;) and taking
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FIGURE 11. Changing the interior of W, ;) to I/V(’z i) corresponds to tubing
Wi ;) into a 2-sphere S; jy. Typical non-repeating intersections are shown;
any repeating intersections are suppressed.

inner product with ¢(7, j)). Note that this contraction takes the first two relations (1) and
(2) to zero in Ay o(A) (by the INT,((A) relations). The third relation (3) corresponds
to indeterminacies in Ay (S(; ;), Ak, A;) which are due to choices of Whitney disks pairing
intersections between Ay and A;; so if we ignore this relation (3) (since we are for the
moment only allowing W, ;) to change), then A;(S( ), A, A;) determines (via contrac-
tion) a well-defined element ¢(4,7) - N}V (S ), Ak, Ai) € Aso(A) which just depends on
(the order 1 Whitney disks W in) W and the homotopy class of S; ;). Note that the
contraction of \V(S; j), Ak, A1) in Az (A) is the image of a lift (determined by W) of the
invariant A (S( j), Ak, A;), which in the present setting can be taken to be the relative
invariant (rel (A4;, A;)) described above in subsection 7.3 (see next paragraph).

Now consider changing both W/; ;) to W('Z i) and some Wy to W(/k’l) as illustrated in
Figure 12; recall that 4, j, k, [ are distinct. The resulting change A™ (S j), Spy) of A(W)
in Ay o(A) can be expressed

AY(Sugy, Stny) = Ik MY (Sgigys Ak A) + 7 FX0(Sag)s Seny) 1 AV (Ai, Az, Seny) 75

Here the 2-sphere S(;) determined by W ;) and W(/k:,l) contributes intersections just
as discussed for S(; ;), but now there is also a “cross-term” coming from (the contrac-
tion of) order zero intersections between S(; ;) and S(); (as in the previous paragraph
MY (Sagys Ak, Ar) and NV (A;, Ag, Siyy) are lifts of the corresponding relative invariants).
The important point here is that AY(S(; ;), Sx1)) only depends on (the homotopy classes
rel boundary of the Whitney disks and surfaces in) W and the homotopy classes of S; j
and S(x,). Observe that, by the linearity of intersection trees, this entire discussion ap-
plies word for word to changing all the first order Whitney disks W(; ;) on A; and A;,
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FIGURE 12. Changing the interiors of W(; ;) and Wy corresponds to tub-
ing into 2-spheres whose order zero intersections contribute order 2 indeter-
minacies. Sample non-repeating intersections are shown, and all repeating
intersections are suppressed.

and all the first order Whitney disks W(; ;) on Aj and A;; (with the 2-spheres S(; j) and
S(k,y interpreted as sums (geometrically: disjoint unions) of the 2-spheres determined by
each pair of Whitney disks).

Now letting S(; j) and Sy, vary over all (homotopy classes of) 2-spheres such that
)\O(S(i,j)yAk)Al) =0 € Ao((l,j),k,l) and )\O(AiaAjas(k,l)) =0 € Ao((i,j),k,l), and
letting (7,j), (k,l) vary over pair-choices (1,2), (3,4), and (1,3),(2,4) and (1,4), (2, 3),
defines the subset

]NTZ\{(A) = U{_AW(S(LQ), 5(374)) — AW<S(1’3), 5(274)) — AW(S(LA;), 5(2,3))} C A270(A)

which describes all possible changes Ao(W) — A\o(W') € Ay(4), where the first order
Whitney disks in W and W have the same boundaries.
Summing up the discussion so far, we have:

Proposition 7.3.

(i) If \a(W) € INTYN(A), then the A; can be pulled apart.
(ii) Assume that the order 1 Whitney disks in W and W' have the same boundaries.
Then A2(W) € INTYY(A) if and only if \s(W') € INTYY (A).
(iii) Assume that the order 1 Whitney disks in YW and W' have the same boundaries.
Then INTYY(A) = INTYY (A) € Aoo(A) if and only if INTYY(A) is closed under
addition.

Proof. Above discussion shows that we can create +AW(S(i,j), S,y) by tubing...Etc...
And, can check that if W’ differs from W by SE Sék,l) and \y(W) = —AW(SW), Se1))
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then

>\2(W/) = _AW(S(i,j)v S(M)) - AW(SEi,j)a SEk,l)) = _AWI(S(Z‘,J') - SEi,j)v S (k1) — S(kl )-

O

Proposition 7.3 motivates the following definition:

Definition 7.4. For A = {A;, Ay, A3, A4} with vanishing A\;(A), define the order 2 non-
repeating intersection tree

Aa2(A) := A(W) € Ao(4)/INT(A)

where Ay(4)/INT5(A) denotes the quotient of Ago(A) which identifies all elements of
[NTQVX(A) C Agp.

Note that INTj;(A) always contains the zero element of Ayg. If INTYY(A) is a
subgroup of Ay, then Ay(4)/INT5(A) has a natural group structure (and INT5;(A) C
Aso(A) is independent of W). In any case Ay(4)/INT5(A) has a well-defined zero element
INT51(A) C Agyp, so the statement of Conjecture 6 makes sense.

In the case that all order zero intersections vanish on mX, then (INT(A) is trivial
and) INTy(A) = INT,1(A) is a well-defined subgroup of Ay(4) (independent of W). If
X is spin, then the same holds after tensoring with Z, — in this case Conjecture 6 could
still give an obstruction, but the vanishing would no longer guarantee that the A; could
be pulled apart.

(The understanding that Ay(A) := Ap(W) and INTYY(A) C Ayp are both computed
using the same W can be thought of as being roughly analogous to choosing a basing...)

7.5. Computing IN ng‘{ (A). For 2-spheres S* representing a minimal set of n generators
for the Z-module 1, X, we have Ay o(A) = Zg & Z, where d € Z is the greatest common
divisor of d; = A\g(S*, A;) over all o and 4, with Ay o(A) X Z S Z if all d; = 0 (see 7.4.1
above).
Let Q = ¢*% = X\(5%, S”) denote the intersection matrix on 7 X, including the zero
intersection form on the torsion subgroup. For integers af; defined by
AV (S iy Ak Ar) = agy THF

(3,9)° z] 7

we have the formula
AW(ZQ xzyS%7 ZB xklslfl) = Za A (371]5%; xklsl?l) + Za;éﬂ )\0<:C’LJS’L]7 lﬁ Sﬂ)

= Za( z] Z] $qu + $klakl) + Za;éﬁ xljxqu
- Tij - Qg5 + Tkt - agg + xzle‘kl
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where the z,, and a,, are vectors in Z". Thus, computing I N T%f‘{ (A) amounts to deter-
mining the image in Ay o(A) of the map:

T12 T12
T34 T34
T T
Tiz |, (12 34 0 0 au as 13 i 212QT3, + 14Q w53
0 0 Qrd, + 114Qz]
T2y 13 Ad24 G14 A23 Loy 13 Toy T L14/To3
T14 T4
T23 T3

where the multiplication of entries is vector inner product.
Note that, since () vanishes on torsion, the quotient of Aso(A) by all the elements

AW(S%, S,fl) where either of S} or S,fl are torsion classes is again isomorphic to Zg ® Zq

(or Z @ Z), where the greatest common divisor d € Z now also depends on the a,.
Thus, the essential difficulty in computing the image of the above map reduces to

consideration of the case where the S* are a basis for m3 X modulo torsion, and solving

a collection of quadratic equations over Z (modulo d).

7.5.1. Example. In this example we consider the computation of Ay(4)/INT5(A) in the

case T X = (S) = Z with self-intersection number A\(S,S’) = ¢ # 0 € Z. As before, A

denotes the collection Ay, Ay, A3, Ay of order zero surfaces; and mX = 1, with A\;(A) =

0 € A1(4)/INT1(A), so that A admits an order 2 non-repeating Whitney tower WW. A

basic case to keep in mind is where the A; are properly immersed disks (rel 9) FIGURE?.
First we note:

Lemma 7.5. If d; :== \(S,A4;) # 0 € Z for at least one i, then Ay(4)/INT5(A) does
admit a natural group structure.

Proof. Using the above notation, the INT; relations give Ay o(A) = Zg ® Zq where d is
the greatest common divisor of the d;.
If d,, # 0 for exactly one iy, then the only INT5; relations are

go - Al(S(io,j)aAkaAl) =0

where, in this case, A\i(Sg,. ), Ak, A1) is a well-defined invariant — independent of W —
because d;, = Ao(S, Ai,) # 0 means that S can not be tubed into any W). (Since
all W) Whitney disks are required to have vanishing order intersections with A;; and
Aj, this invariant is A;(S(,,;), Ak, A1) rel (A, A;); i.e. it is the complete obstruction to
finding an order 1 non-repeating Whitney tower on S(;, j), Ax, A; which is also an order
2 tower on A (7.3).

Similarly, if only d;, and d;, are non-zero then there is just a single INT5; relation:

gg - Al(s(iOJO)’ A, Al) =0

where again A1 (S(,,jo), Ak, Ar) is independent of W.
Finally, if three or four of the d; are non-zero, then there are no I N'T5; relations, and
SO A2 (4)/INT2(A) = AQ,O(A).
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0

For the rest of this subsection we assume that all d; are zero, so that INTy,(A) is
trivial, and Aso(A) = As(4). The INT;(A) indeterminacy subset in Ag(4) = Z @ Z is
equal tothe image of the map Z% — Z? given by:

T12 T12
T34 T34
T3 N a2 ags O 0 aun as Z13 4 I12I3T4 + I14$§3
Loy 0 0 a3 an aua aos Loy 1 :1:131:54 + $14$2Tg
T14 T14

Try to solve in general using Mathematica...Are these equations solvable? Can image
not be closed under addition? What about general case where equations are coupled by
intersection matrix?...
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