Week 7: The fundamental theorem of Galois theory (14.1, 14.2)

On this homework, you may assume without proof that Q(¢,)/Q is Galois with (Z/nZ)* = Gal(Q(¢,)/Q),
with the isomorphism given by a — (¢, — (2). We will prove this result next week.
Practice Problems

1. Let 7: C — C be given by complex conjugation. Show directly that 7 is a field automorphism of C.
What is the fixed field of 77

2. Determine the lattice of subfields of Q(Cs). Hint: /5 = (5 — (2 — (2 + (2.
3. Determine the lattice of subfields of Q((s) and Q((12).

Presentation Problems
1. Let a = /2 4+ v/2. Compute Gal(Q(«)/Q).

2. Let 7: Q(&,) — Q(¢,) be given by complex conjugation. What is a primitive element for the fixed field
of 77 Hint: For the hard direction, use the fact that ¢, satisfies the quadratic 22 — ((, +¢, Dz +1 = 0.

3. Determine the lattice of subfields of Q((z0).-

4. Let L/K/F be a tower of field extension with L/F Galois. Let G = Gal(L/F), let H = Gal(L/K),
and let G/H denote the collection of left cosets of H in G.

(a) Show that for each left coset C' € G/H and each a € K, the value of C(«) does not depend on
the choice of an element of C'.

For o € K, the trace and norm of o from K to F' are defined by
Trg/p(@) = Y Cla),  Ngp(e)= [ Cla).
CeG/H CeG/H

(b) Let o € K. Show that Trg/p(a) € F and Ng/p(a) € F.

(c) Show that Trg,p is additive and N, p is multiplicative.

Group Theory Problem
1. Let G be a finite group. For each n > 0, consider the abelian group E,, defined by

n+1
E,=7ZG xZG x ... X ZG.

A function f: E, — A from E, to an abelian group A is called multilinear if f is linear in each
component, meaning that

flxo, ..,z +ah .. mn) = fxo, .oy Tiy ooy xn) + f(Toy .oy Xy y)

for each i. We will define an abelian group F, in terms of a universal property in the category
of abelian groups. There exists a multilinear function ®: E,, — F,, such that for every multilinear
function f: E, — A, there exists a unique homomorphism of abelian groups ¢g: F,, =+ A with go® = f.

We define a simple tensor in F,, to be an element of the form ®(go,91,---,9n) for go,g1,-.-,9n € G,
which we denote by gy ® g1 ® ... ® gn,.-



(a) Show that F), is generated by the simple tensors.
(b) Show that there is a G-module structure on F,, defined by

9 (90R91®...®7gn) =(990) ®G1 @ ... ® gn-

(c) Show that F, is a free G-module of rank |G|™ with basis given by simple tensors of the form
109 ®...04g,.

Let aug: Fy — Z be defined by aug(1l) = 1. Let dy: F} — Fp be defined by di(1 ® g1) = g1 — 1. For
each n > 2, let d,,: F,, — F,,_1 be defined by

n—1
G120 ®.. . 00)=0- (1800 . .0g¢g)+Yy (-)(10n®... .00 18066 ©Ggi®... g
i—1

()10 ® ... 8 gnr):

(d) Show that --- — Fy — F} — Fy — Z — 0 is a projective resolution of Z.
(e) Let A be a G-module. Show that Homzg(F,, A) = C"(G, A) where C"(G, A) = Homget (G, A).

(f) Let A be a G-module and let n > 0. The homomorphism Homyg(Fy,, A) — Homyg(Fr41,A)
induces a homomorphism d,,: C"(G, A) — C"*1(G, A). Show that d,, is given by

n
()91 s gnr1) = g1 (g2 s gni1) + D (1) f (91,1 Gim1: GiGit 1, Giv2r - Gnt1)
=1

+ (71)n+1f(gla e 7971)

Let A be a G-module. For each n > 0, we define Z"(G, A) = kerd,,. For each n > 1, we define
B"(G, A) =imd,,_;. We define B°(G, A) = 1.

(g) Show that H"(G,A) = Z"(G, A)/B™(G, A).

Tricky Problems
1. Let n > 1, let K = Q(3/2), let L =Q((,), and let M = KL = Q(3/2,¢,).

(a) Show that f(x) = 2™ — 2 is irreducible and that [K : Q] = n.

(b) Show that M is a splitting field of f(x) over Q.

(c) Show that if F is a subfield of K then F = Q(+/2) for some d | n. Hint: Let d = [F : Q] and
show that N, r(¥/2) = V2.

(d) Show that if F' is a subfield of L then F' is Galois over Q.

(e) Show that
KnL= {Q Bfn.

awd) s|n.

(f) Use the isomorphism Gal(KL/K) = Gal(L/(K N L)) to show that
o frem) st
(M0 {ngﬁ(n)/? 8 | n.

(g) Show that if 8 { n then Gal(M/Q) = Z/nZ %, (Z/nZ)* where ¢: (Z/nZ)* — Aut(Z/nZ) is the
multiplication isomorphism. Hint: Produce an injective group homomorphism from Gal(M/Q)
to Z/nZ %, (Z/nZ)* by considering the action on /2 and ¢,.

2. Let a = \/(2 +2) (3+/3). Compute Gal(Q()/Q).




