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1. INTRODUCTION

Among the nonlinear dispersive equations, a distinguished class is that of geometric evo-
lutions. Unlike the models seen earlier where nonlinear interactions are added to an un-
derlying linear dispersive flow, here the nonlinear structure arises from the curvature of the
state space itself. Precisely, our geometric evolutions are obtained by applying the standard
linear Lagrangian or Hamiltonian formalism to a state space consiting of maps into (curved)
manifolds.

The simplest geometric pde’s are the elliptic and parabolic ones, namely the harmonic map
equation and the harmonic heat flow. While these still play a role in our exposition, in these
notes we are primarily concerned with the dispersive evolutions, the wave map equation and

the Schrodinger map equation.
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Both the short and the long time behavior of wave and Schrédinger maps are dependent
on the curvature properties of the target manifold. Because of these, the model cases of
maps into the sphere S™ and into the hyperbolic space play an important role.

Compared with other dispersive pde’s, an additional structure present here is that of
“gauge invariance”. The simplest way this arises is in the choice of coordinates on the
target manifold; also, in a more subtle way, in the choice of frames in the tangent space
of the target manifold. Often a more favourable nonlinear structure is obtained by making
a suitable gage choice. This is also related to the notion of “renormalization”, which here
represents a paradifferential version of choosing a good gauge.

The dimension of the underlying space-time affects the scaling and criticality properties
of our equations. Our primary target here is the case of 2 + 1 dimensions, which is arguably
the most interesting. This is the energy critical case, i.e. for which the energy is invariant
with respect to the natural scaling of the equations.

We begin these note with a brief description of the state space of maps into manifolds,
followed by an introduction of the four main pde’s, namely harmonic maps, the harmonic heat
flow, wave maps and finally Schrodinger maps. Our main interest is in wave maps, where a
series of developments in the last 15 years have led to a reasonably complete theory. We first
discuss the small data case, where the emphasis is on function spaces and renormalization.
Then we consider the large data problem, where in addition we bring in the concept of
induction on energy, and study energy concentration using Morawetz estimates. Finally,
the last section is concerned with the small data problem for Schrodinger maps, where the
difficulties revolve around the gauge choice and function spaces. The large data problem for
Schrodinger maps is still open.

2. MAPS INTO MANIFOLDS

Instead of working with real or complex valued functions, our main objects of study here
are evolutions whose state space, in the simplest setting, consists of maps from the Euclidean
space R™ into a Riemannian manifold (M, g). More generally, one can consider maps whose
domains are also Riemannian manifolds.

In terms of the target manifold (M, g), the most common situation we will consider is
that of compact manifolds without boundary. Among these, the sphere S? or its higher
dimensional counterparts S™ will play the role of a model positively curved manifold. On
such manifolds one often does not have a nice global coordinate chart. Thus, in order to
describe global objects it is often convenient to view such manifolds, via Nash’s theorem, as
isometrically embedded into a higher dimensional Euclidean space,

(M, g) = (R™,e)

We call this the extrinsic setting. The simplest such example is the unit sphere represen-
tation

S*={z eR? |z| =1} CR®

Among negatively curved manifolds, the model is the hyperbolic space H? or more gener-
ally H™. While this is not compact, it can be viewed globally as embedded in the Minkowski
space (M m), with metric ds? = —d¢2 + d¢? + d¢3

H* = {¢ € M*"; |¢, = —1} c M**!
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Alternatively, one can also use compact quotients of H™ as surrogates for H™. This is
convenient if for instance one wants to adapt H™ to the extrinsic setting.

2.1. The tangent bundle and covariant differentiation. Given a differentiable map
¢:R" — (M,g)

we can define its partial derivatives with respect to the R™ coordinates at a point x € R",
Oip(x) € TyyM. These can be viewed as sections of a vector bundle E¢ over R", where
the fiber is given by E? = Ty, M. Precisely, E? is a metric bundle, where the metric is
inherited from T'M.

On T'M one has the Levi-Civita connection induced by the metric. Its pullback to R" is a
connection on E?. The easiest way to describe it is by using a local coordinate chart on M.
If in a chart ¢ is given by ¢ = (¢',---¢™) and a section of E? is given by v = (v!,--- ,0™)
then the covariant derivatives of v are given by

(2.1) D;v"(z) = 0;0"(x) + TE;0™! (z)

Here T'¥ represent the Riemann-Christoffel symbols on M. This is a metric connection, i.e.
Dg = 0. Another way to express this property is via the relation

Dj<v>w>g = <Djv>w>g + <'U7 Djw>g

In particular one can consider the covariant derivatives of 9;¢; there it is easy to establish
that

(2.2) D;0;¢ = D;0;¢

Of course the covariant derivatives themselves do not commute; instead the curvature R of
the connection D is related to the curvature tensor R of M. Precisely, for any two sections
v, w of E? we have the relation

(23) ([Di,Dj]v,w>g = R(aﬂb,@jqb,v,w)

Another way to express the covariant differentiation is in the context of the extrinsic
setting. For this we assume that (M, g) is a submanifold of the Euclidean space R™. Then
one can define the normal bundle NM. The second fundamental form § is a symmetric
quadratic form

S:TMxTM — NM
given by
(S(X,Y),v) =(VxY,v) = —(X1,Y)

Here Xv is the X derivative of v since the Euclidean space is flat. In this context, the
connection D can be expressed in terms of the second fundamental form S as

(2.4) D;v*(x) = 90" (x) + Sjid;o'v' (w)
By the Gauss-Codazzi equations, the curvature of the connection takes the form

(2.5) ([Di; Djlv,w)y = (9,0, 0) (00, w)y — (00, 0)¢(0ih, w),g
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2.2. Special targets. For the most part, the work so far in geometric dispersive equations
is devoted to special targets, namely the sphere S? (or S™) and the hyperbolic space H? (or
H™). The advantage is that the algebra is simpler, while one hopes that nothing fundamental
is lost in the process. In both cases the preferred setting is the extrinsic one.

Consider first the sphere S? C R?, and a map ¢ : R* — S?. By a slight abuse of notation
we also use ¢ for the coordinates in R3. Then ¢ represents the unit outer normal to the
sphere. The second fundamental form of the sphere is

S(’LL,U):—<U,,U>, U,’UJ_¢

The sections of E are R? valued vector fields u with the property that (u,¢) = 0. The
covariant derivatives are given by

(2.6) Dju = 0ju — (u, 0;¢)¢
and their commutator is
[Di, Djlu = (0i¢, u)9;¢ — (0;¢, u)0;¢p
The case of H? is almost identical. Representing it as the space-like hyperboloid

—p + &7 + ¢ = —1
in the Minkowski space (M?**! m), the upward normal is still given by ¢ and the above
formulas for covariant differentiation remain unchanged provided that the inner products
are now taken with respect to the Minkowski metric.

2.3. Sobolev spaces. The question of characterizing the Sobolev regularity of maps be-
tween manifolds is not fully understood at this time, and many open problems exist. The
discussion below is confined to the specific setting that is geled later in these notes. For
further references we refer the reader to the survey paper @%7

The issue at hand is primarily to understand the H*® regularity of maps ¢ : R* — (M, g).
There is a natural scaling law associated with such maps,

o(z) = o(Ax)
In terms of L? based Sobolev norms, the one with exactly this scaling law is the H?3 norm.
The problems which we will discuss later all have H? as a critical (scale invariant) Sobolev
norm. Hence most of our discussion will revolve around H 2. We also care about higher
regularity; to study that we will consider the spaces H* N Hz for s > 5. Finally, in various

contexts we need to measure the regularity of sections of the vector bundle £%. For this we

will still use homogeneous Sobolev spaces H* but here we will allow a range of s below 5.

A key feature of the space H? is that it is a threshold in terms of Sobolev embeddings.
Precisely, the embedding H2 C L™ barely fails but instead we have H2 € VMO, the space
of functions with vanishing mean oscillation. So while H2 functions are not continuous, they
are almost localized in the sense that on small sets they vary very little in average.

As it turns out, VMO is a borderline space as far as the topological properties of maps
are concerned. Precisely, the homotopy of VMO maps is well defined, and one can use the
homotopy classes in order to partition VMO (and also H: ) into connected components.

Another consequence of working with H? is that it is not possible to confine the range
of a map to the domain of a local chart on M, not even locally. Thus the extrinsic setting

seems far more desirable from this perspective.
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The space of maps ¢ : R" — (M, g) is not a linear space, so one cannot endow it with a
norm. There are two main methods to define the class of H% maps:

In the extrinsic setting where we have a uniform isometric embedding (M,g) —
(R™ e). There one can simply view maps ¢ : R® — M as maps ¢ : R” — R™ which
happen to take values in M. Then their regularity, as well as the regularity of sections of
E?. is computed on components as real valued functions.

This is the most convenient setting to use in the analysis. The disadvantage is that it is not
at all obvious whether this definition is geometric or whether it depends on the embedding
at hand.

In the geometric setting. The easier case is when n is even. Then for ¢ smooth and
constant outside a compact set one can define the homogeneous H* Sobolev size of ¢ by

n
615 =>_ > Dol k= B

i lal=k—1

Then one can define the set of H% maps by taking, say, L2 limits of sequences which have
bounded size in the above sense.

One can also endow the vector bundle F with a related norm. Precisely, for v € E we set

a n
lolf = D IDIlZ.,  0<k<g

|a|=k

loc

In the case of odd n one needs to work with fractional spaces, and for that it is necessary
to consider a more roundabout route. This is based on the Littlewood-Paley theory. To
describe the idea we begin with a complex valued function ¢ : R* — C. To ¢ we associate
its Littlewood-Paley truncations ¢<j to frequencies less than 2%, as well as its dyadic pieces
Ok = d%gbdc, where k is a real dyadic frequency parameter. Then for any large N we have

1]

e = CS”“/ 22|l 72 4+ 22Nl d

If, instead of taking ¢, to be the exact Littlewood-Paley localization of ¢, one takes an
arbitrary smooth function which decays to 0 as k — —oo and converges to ¢ as k — oo,
then the above equality becomes an inequality,

wﬁFS/ 22| i |22 + 227N || b |2, d

Then the H* norm of ¢ can be defined by minimizing the right hand side with respect to all
extensions ¢ of ¢ as above,

ol = int [~ 25426l + 2N Sl d

<k

The above definition involves only integer H® norms, and it carries over easily to our
context. Precisely, given a measurable map
¢0 . Rn — M
we call a smooth function

¢ RxR"— M
6
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an admissible extension of ¢y if limy_so ¢(k) = ¢ in L2, and limg_, o, V(k) = 0. Then we
set

ol s =

A similar definition applies to sections of E?. There one needs to consider also extensions
to sections of E?.

An alternate route is to consider a distinguished extension rather that all possible exten-
sions. A suitable one is given for instance by the harmonic heat flow described below.

To compare the above H* classes of maps we have the following:

taru_WM1
Theorem 2.1 ( éiaS iru The extrinsic H? class and the geometric H? class are equivalent for
small H? sizes. In the same context, the higher reqularity classes of maps H* N H? are also
equivalent.

inf / 2|9 b(B)|[2 + 22 N9 (k)|

¢ admissible | _

Likely this correspondence extends to all maps in the zero homotopy class. Unfortunately
the geometric definition, as stated, applies only to homotopy zero maps.

2.4. S? and targets: homotopy classes and equivariance. As mentioned before, the
family ' maps is divided into connected components, indexed by the homotopy class. One
model case of interest is that of maps ¢ : R? — S?. There the homotopy class is indexed by
integers m, computed via the formula

¢ (O1¢ X Dap)dx = dmm
R2

Here the integrand is exactly the pull-back of the volume form on S?, and the integral is
finite for all finite energy maps by the Cauchy-Schwarz inequality. Intuitively this measures
the number of times the map ¢ wraps around the sphere.

We remark that in the case of the H? target all the finite maps have homotopy zero, and
the direct analogue of the above integral vanishes.

In many difficult nonlinear pde’s one can gain insights by studying classes of solutions
which have additional symmetries. Often one uses the class of radial solutions. In our case,
spherically symmetric maps are less useful, in part because they have homotopy zero (the
integrand above is in fact identically zero). Instead, the interesting class of maps is the
equivariant class.

The equivariant maps are maps which, when expressed in polar coordinates, satisfy

(2.7) ¢(r,0) = (u(r), k0 + 6o(r)),  w€ [0,7]
where k is the equivariance class. Another interpretation of this is the relation

¢(Rz) = R*¢(x)
where R stands at the same time for a rotation around the origin in R?, respectively a
rotation around the N-S axis in S?. .

Here k = 0 corresponds to radial symmetry. If k # 0 then all H2 equivariant maps must
have a limit at 0 and at infinity, which can be either pole, S or N. The homotopy index is
then a multiple of the equivariance class.

We also remark that, in a more restrictive interpretation, sometimes one defines equivariant
maps as maps of the form

(2.8) o(r,0) = (u7(7"), kO + 6y)
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This works for harmonic maps, the harmonic heat flow and for wave maps. However this
restricted class is not invariant with respect to the Schrodinger map flow.

2.5. Frames and gauge freedom. This approach to the study of maps from R" into
manifolds begins with a choice of an orthonormal frame {e;(¢)} in T;,M. Then the idea is to
describe the map ¢ via its gradient expressed in this frame. We obtain the differentiated
fields ¢, given by

,lvboa,k - <804¢7 €k>g
To start with, these satisfy the compatibility conditions

(2.9) D,y = Dgi)g,
where the new covariant differentiation operators D, expressed in the frame have the form
D,=0,+ A,.

Here the connection coefficients A, are antisymmetric matrices given by
(Aa)jk = (€5, Daer)g
A-priori the coefficients A, satisfy the curl system

(2.10) (OaAp — 0pAd)jk = R(0at, Op, €5, €x) = YaithpiR(ei, €1, €5, ex)
where R is the Riemann curvature tensor on (M, g). This is not yet a well determined system

because the orthonormal frame has not been specified. Varying the frame choice leads to
the gauge invariance

Yo = Oy,  Aq = OA,07 = 0,007', O € SO(m)

Specifying an orthonormal frame is called fixing the gauge.

Assuming that M is parallelizable, one natural option would be to consider a fixed frame
which is tied to M. However, this does not improve at all the analysis, and defeats the
purpose of trying to express all equations exclusively in terms of the differentiated fields .
Indeed, the main advantage of the frame method is that one can produce equations with a
better structure by choosing a favorable frame which depends not only on M but also on
the map ¢.

Another obstruction to the above goal has to do with the fact that in general curvature
tensor in ( ETDT depends on the original map ¢. However, there is one interesting case when
we do ot%cgﬁlaa self-contained system, namely when M has constant curvature x. Then the
system (2.10) can be rewritten in the simpler form

(2.11) OaAp — 05An = (e ® Vs — Vg @ 1Yy)
For this reason, the frame method has been primarily used so far in the case when M is
either the sphere or the hyperbolic space.

An obvious way to complete this system and uniquely determine A is to add the divergence
relation

(2.12) O, A, =
1 di
This is called the Coulomb gauge. Then A, are uniquely determined by (}’Zm.lrl()ai and (}’Z%%,

namely

(2.13) Ao =~ SR 05(0b0 © 5 — Y5 ® ¥)
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A further simplification occurs when the target manifold is two dimensional. Then 1, €
R?, which we identify with C. On the other hand A, can be viewed as real rotation coeffi-
cients. Then the ¢, belong to a complex vector bundle over R” endowed with the connection

D, = 04 + 1A,
The curl relations (Egl%% become
(2.14) OaAp — 03A0 = KS(thatp)
and the gauge freedom translates to
Ve — X1y, Ay — Ay + Oux

where y is any real valued function. In the Coulomb gauge the connection coefficients are
given by

(2.15) Ao = —%ﬁﬁ_laﬁg(%#_}ﬁ)

As a final remark here, the Coulomb gauge works well in high dimension (say n > 4).
However, in low dimensions there are issues associated to high x high — low frequency
interactions in the above expression for A, and new gauge choices are needed. The situation
improves somewhat if one considers maps with extra symmetries (e.g. equivariant).

3. GEOMETRIC PDE’S

3.1. Harmonic maps. We first review the linear Laplace equation. For functions

¢:R"—= R
we define the Lagrangian
1 1
(31) 1@ =y [ 1908 =3 [ 0600 d,

with the Euclidean summation convention. Local critical points solve the corresponding
Euler-Lagrange equation, which is the Laplace equation.

—Agb =0 or - 3j8j<;§ =0

We now repeat the above process, but with the key difference that instead of consider-
ing maps ¢ which take real or complex values, we consider maps which take values into a
Riemannian manifold (M, g). The analogue of the elliptic Lagrangian in (B.1) 1S

1

3.2) @) = [ (©00.0.0), dn

The associated Euler-Lagrange equation is called the harmonic map equation, and is similar
to the Laplace equation, namely

(3.3) —D,;0;¢ =0

where D; are the covariant differentiation operators introduced in the previous section. Thus
the above equation is no longer a linear equation; instead, as we shall see in a moment, it

becomes a semilinear elliptic equation.
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Expressed in local coordinates on the target manifold, the above equation takes the form
_A¢Z = ;’k(qb)aongjaagbk
This problem is invariant with respect to the dimensionless scaling

¢(z) = o(Ax)
therefore a natural translation invariant setting to study this problem is that of the Sobolev
space H2. On the other hand the Lagrangian is invariant with respect to this scaling only
if n = 2. We call that the energy critical problem. The higher dimensional case n > 2 is
energy supercritical.

As mentioned before, another fact to consider is that H2 functions are not necessarily
bounded. Hence there is no guarantee that any such map will stay locally within the domain
of a local chart on M. This emphasizes the global aspects of the problem, and effectively
eliminates the use of local coordinates in the study of the equation.

Switching to the extrinsic setting, the harmonic map equation takes the form

_A¢Z = ;k(¢)aa¢jaa¢k
While just considering the above equation no additional structure is present, one has to also
keep in mind the geometric properties of the second fundamental form. In particular we
have the relation
Sﬁ(gb)aaqbk =0

as one is a normal vector and the other is a tangent vector to M. Thus one can rewrite the
equation in the form

—A¢ = (Sji(9) — S}i(9))0a¢ 0ad”
which leads to the study of more general equations of the form

—Ap = Qa0a¢

with the key property that Q. € H2 ™! are antisymmetric matrices.

From the perspective of geometric dispersive equations, harmonic maps are interesting as
the steady states of the evolution problems. Thus it is useful to us to discuss the existence
and regularity of harmonic maps. We begin with the local regularity question. In two
dimensions this is provided by the following result for finite energy maps:

R1913803
Theorem 3.1 (Hélein I9:l ). Harmonic maps with locally finite energy are smooth in the
enerqy critical case n = 2.

The frame method and the Coulomb gauge have played a critical role in Heléin’s approach.
Their role is roughly to produce an elliptic equatio o Qﬁllgerturbative nonlinearity. How-
ever, an alternate, more recent approach by Riviere g3§ uses the extrinsic formulation of the
problem. The higher dimensional counterpart of the above result is as follows! :

MR1143435 MR1208652 = . , .
Theorem 3.2 (Evans [14], Bethuel [7]). Local H= harmonic maps are smooth.

Secondly, we discuss the issue of existence of nontrivial finite energy harmonic maps in
dimension n = 2. This is relevant since such maps are stationary solutions for wave and
Schrodinger maps. The answer to this question depends on the geometry of the target

ITheir results are actually stronger than stated here.
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manifold. We consider two opposite examples. The first is the hyperbolic space H?, where
we have the following Liouville type result:

()
Theorem 3.3 (Lemaire %ZZIE]) There are no nontrivial finite energy harmonic maps from R?
into® H2.

By contrast, the class of finite energy harmonic maps ¢ : R? — S? is quite rich. To describe
it we first recall that the class of all finite energy maps ¢ : R? — S? consists of infinitely
many connected components, indexed by their homotopy class k£ € Z defined by

Ak = / (b . (61¢ X 82g25)dx
R2

This is finite since by Cauchy-Schwartz we have

1
trlt] £ 5 [ 10u0F + |ouofds = (o)
RQ

Within each homotopy class one can look for energy minimizers which turn out to have
energy exactly 4w|k|. In order for equality to hold above the two derivatives 01¢ and Oy¢
are orthogonal and of equal size. This means that ¢ must be conformal. Such maps are
nonunique due to the many symmetries of the problem. To remove some of the degrees of
freedom we turn our attention to k- equivariant maps which take 0 to the south pole and
infinity to the north pole. Then, for k # 0, one can find a k-equivariant harmonic map with
energy 47k, namely
Q%(r,0) = 2tan"'(vF), k),  k>1

which is unique modulo scaling and rotations.

3.2. The harmonic heat flow. Starting again with the Euclidean case, consider the gra-
dient flow associated to the Lagrangian (lB.I ). We obtain the heat equation in R x R"”,
namely

O —A)p=0 or (0 —09;0;))0=0,  $(0)=do
The geometric analogue of this, namely I]E:hlea harmonic heat flow, is the gradient flow
associated to the geometric Lagrangian (E%Z J. The equation has the form
This is a semilinear parabolic equation for which L¢ is a Lyapunov functional,
d

%Le(Qﬁ) = — /n<Di@-¢, D;0;¢)4dx

The associated scaling is
o(t,x) = ¢(Nt, )
As before, this makes the problem energy critical in dimension n = 2, and supercritical in

higher dimension.
In the extrinsic formulation the harmonic heat flow takes the form

(3.5) (0 = A)¢' = S} (0)0ad’0ud®,  6(0) = g

This is a semilinear parabolic equation with a nonlinear constraint, namely that ¢(t,z) € M

for all (x,t) € R*""!. Extending S in any fashion outside M one may also interpret this

2The same result holds for any negatively curved target
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equation as a parabolic equation for R™ valued functions, where the above constraint is
dynamically preserved.

We begin with the small data problem, for which one can directly use perturbative tech-
niques to solve the equation:

, 032880 o _
Theorem 3.4 (Chen-Ding g ). Assume that the initial data ug for the harmonic heat flow
is small in the critical Sobolev space Hz. Then there is a unique global solution, which is
smooth fort > 0.

R2431658

A similar result holds for data which is small in the larger space BM O, see %7
Consider now the large data problem. In supercritical dimensions n > 3, blow up can
occur in finite time in a self-similar manner. However, in the critical dimension n = 2 the
self-similar blow-up is disallowed, and the only possibility for blow up is the “bubbling oft”

of harmonic maps, where a port% ggglgl}e energy %Q%bgl&tﬁates at a point close to a rescaled

harmonic map, see Chen-Struwe and Topping . Precisely, we have the following result
for energies below E..;;(M), the lowest energy of a nontrivial harmonic map ¢ : R" — M:

R826871 . MR1438148 [2010arXiv1009.6227S
Theorem 3.5 (Struwe %39 , Qing-Tian [30], Smith [36] )e.lrLle% n = 2. Assume that the energy
of the initial data uqy for the harmonic heat flow is below E..;(M). Then there is a unique
global solution, which is smooth fort > 0.

In the particular case of the H™ target space, there are no nontrivial harmonic maps so
there is a large data global well-posedness result. The case of the sphere S? as a target is
much richer. There we have at our disposal the equivariant harmonic maps (), described
in the previous section, andﬁ%g%%@l question is what happens for data which is close in

energy to these. A result in asserts that within the equivariant class the Q{é&%ﬁaﬁﬂ?@&. 205G

for |k| > 3. For |k| = 2 instability can occur, but, ghere is no finitq fime blow-up [T0]. Finally,
one can have finite time blow-up for k& = 1, see [31].

This seems to indicate that the generic blow-up pattern should be the bubbling off of
single spheres, associated by a corresponding decrease in the homotopy class.

3.3. Wave maps. Formally, wave maps can be described by replacing the domain R"™ used
for harmonic maps by the the Minkowski space M™ . For real valued functions M™*! in the
corresponding Lagrangian is

1

(3.6) L™(¢) = —/ —10:0)* + |V¢|? dwdt = 1/ 0“4, ¢ dadt,
2 Mn+1 2 Mn+1

where indices are lifted with respect to the Minkowski metric. The associated Euler-Lagrange
equation is the wave equation in M"*+1,

Op=0,  ¢(0)=do, 9¢(0) = ¢
where the d’Allembertian is given by
O0=0} - A, =—0%,.
For functions with values in a Riemannian manifold (M, g) we can consider a similar

Lagrangian to the above one,

"6 = [ (0°0.0.0), dudt

2
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The associated Euler-Lagrange equation is called the wave map equation, and has the
form

(3.7) D%0a¢ =0, ¢(0) = o,  019(0) = ¢1.
This is a semilinear wave equation, for which the initial position and velocity are maps
¢01Rn—>M, ¢15Rn—>T¢OM

with ¢; € E%. The steady states of this evolution are precisely the harmonic maps discussed
before.

A feature which is common with the linear wave equation is the conservation of the energy
and momentum,

1

B6) =5 [ 10l 0o do. M) = [ 20-00 dn

The scaling associated to this problem is
o(t,x) = ¢(At, Ax)

so the scale invariant initial data space is H% x Hz~!. Again, the most interesting case is
the energy critical case, n = 2.

In addition, the wave map problem inherits the full Lorentz group of symmetries from the
linear wave equation. Thus, in addition to steady states (harmonic maps), we also have their
Lorentz transforms, which are waves with a fixed profile and constant velocity (less than 1).
It is worth noting that taking a Lorentz transform of a harmonic map leads to an increase

in energy.
In the extrinsic formulation the wave map equation is:
(3.8) O¢' = =S} (0)0°Fad®,  $(0) = o, 9d(0) = ¢

In the case of the S™ target this equation takes a very simple form,

O¢ = —¢ (979, 9ad)

A very similar formula holds for maps into H™,

O¢ = ¢ (0°¢, 0u)m

This problem is quite different from the corresponding heat flow, in that it is a dispersive
equation. In other words, one has, on one hand, energy conservation, while, on the other
hand linear waves travel (with speed one) in different directions and disperse. Hence, one
does not expect, as in the parabolic case, a pure decay to a harmonic map pattern, but
instead a more plausible picture is that of a splitting into one or more solitons (Lorentz
transforms of harmonic maps) plus a dispersive part. While such a complete picture is not
proved at the moment, considerable progress was made in recent years.

The first aim of the present notes is to describe the proof of the small data result:

WM R2094472 t WM1
Theorem 3.6 (Tao %Ia5o: S™, Krieger I222 : Hé , Tataru %[aS a:lr% M, g)). The wave map equation

small-data| %5 globally well-posed for initial data which is small in Hz x H2 7!,
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This is done in the next section. The result is briefly stated above. A more precise formu-
lation requires the introduction of a suitable function space S for the solutions, associated to
the initial data space Hz x H2~!. This is done later, but for now we mention the embedding

SCORHD)NC'(R;H")

Expressed in terms of S, the above result includes:

e Existence: solutions exist in S.
e Uniqueness: solutions are unique in S.
e Continuous dependence: the map

(H? x Hi )N (H? " x H:7'7%) 3 (¢o, 1) 2 4 €S, >0

is continuous. . .

e Regularity: If in addition the data is in H® x H*~! for some s > 5 then the solution
stays uniformly bounded in the same norm.

e Scattering: after a suitable renormalization, the solutions approach a free wave at
infinity.

The next question to ask is to what extent are the results in the small data case still valid
for large data. One key difference in that regard occurs between the critical dimension n = 2
and supercritical dimensions n > 3. In two space dimensions the energy coincides with the
critical Sobolev norm, and is a conserved quantity. In higher dimensions, on the other hand,
there is no known mechanism to keep the critical Sobolev norm bounded; the energy is too
weak for that purpose. Hence if n > 3 it makes sense to try to study solutions for which an
uniform a-priori critical Sobolev bound is known.

An obstruction to having global scattering solutions comes from known solutions which
either blow-up or do not decay as time goes to infinity. Such examples include:

x
e Self-similar solutions ¢(¢, z) = ¢(—) blow up in finite time; many examples are known

if n > 3, but such solutions cannot exist and have finite energy if n = 2.

e Solitons (harmonic maps and their Lorentz transforms) do not blow up, but cause
scattering to fail.

e Soliton- like ccopcentration; this can indeed occur even if n = 2, and is discussed in
Section 4.9.

On the positive side, we do have the finite speed of propagation: if blow up occurs, it has
to happen via critical Sobolev norm concentration at the tip of a light cone. This severely
limits the possible blow-up geometries.

We begin our discussion with the two dimensional case, where the primary enemies for
global solutions are the solitons, which correspond to harmonic maps. Then it is natural to
introduce the following heuristic classification of target manifolds (M, g):

e No nonconstant harmonic maps = defocusing, F..;; = oo, e.g. M = H™.
e Nontrivial harmonic maps = focusing, F..; < 0o, e.g. M = S™.

In the defocusing case, one expects global well-posedness for large data. In the focusing
case, global well-posedness should hold at least for data with energy below the ground state
energy E..;, i.e. the energy of the smallest nontrivial harmonic map. This has been known

as the Threshold Conjecture, but is now a theorem:
14
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Theorem 3.7 (Sterbenz-Tataru %%%Fgg]%?_?%lﬁe following hold for the wave map equation in
dimension n = 2:

a) In the defocusing case we have global well-posedness and scattering for large data in
H' x 2. '

b) In the focusing case we have global well-posedness and scattering for all data in H' x L?
below the ground state enerqy FE..;.

The main ideas of the proof of this theorem are also presented in the next section. Prjor
to this, the same result was established in the equivaria goc%ﬁsby Cote-Kenig-Merle FF%
Independently, the case M = H'" was treated by Tao, @é}wmrther references therein,
and the case M = H? was treated by Krieger-Schlag %

3.4. Schrodinger maps. The Schrodinger equation is closely related to the heat equation,
and can be obtained by allowing complex valued solutions for the heat equation and then
extending those analytically in the half-space Rt > 0. Restricting these solutions to the
imaginary axis one obtains

(10, — AN)p=0 or  (id, — 0;0;)p =0, $(0) = ¢y

The situation is slightly more complicated in the case of the Schrodinger maps. For that
to make sense in the above context, we need a complex structure on the tangent space T'M.
Thus the natural setting is to have a Kahler manifold (M, g, J,w) as a target. Even then,
the Schrodinger map equation can no longer be obtained by taking a holomorphic extension
of the harmonic heat flow in a half-space; indeed, the two flows no longer commute.

To introduce the Schrodinger map equation it is convenient to use the Hamiltonian for-
malism. In the case of the linear Schrodinger equation, the Hamiltonian is

1

1) =5 [ 1V da

and the symplectic form is
w(u,v) = %/ uv dx

For the Schrédinger map equation the Hamiltonian stays essentially unchanged

1
(3.9 H(o) =5 [ Vol ds
R”
while the symplectic form becomes
(3.10) w(u,v) :/ (u, Ju), dx :/ w(u,v) dzx, u,v € B?
The associated Hamilton flow is the Schrodinger map equation
(3.11) ¢y = JD'9;0, ¢(0) = o

where J is the complex structure on 7M.
The associated scaling law is the parabolic scaling,

B(t,x) — d(N°t, \x)

and the scale invariant space for the initial data is again H?.
15



While the above form of the equation is fairly general, most of the work so far has been
done for special targets, namely the sphere S? and the hyperbolic space H?. In the case of
the sphere the form of the equation is

Ohp = ¢ x Ag

where the cross product’s purpose is twofold: to eliminate the component of A¢ which is
normal to the sphere, and to rotate the remaining part by 7/2. In the H? case the equation
looks identical exgept for a sign twist in the definition of the cross product.

The equation (3.11) admits one conserved quantity which is the counterpart of the usual
energy functional for the linear Schrodinger equation:

1
B(6) =5 [ Vol da

This is also the Hamiltonian; we use the terminology interchangeably.

In general there seems £ Jag no direct counterpart of the conservation of mass and mo-
mentum; see however% can be related to the loss of the Galilean invariance.

The aim of the last section of these notes is to describe the proof of the small data result
in critical Sobolev spaces:

. . 800718 . o
Theorem 3.8 (Bejenaru-Tonescu-Kenig-Tataru g % Consider the Schrodinger map equa-
tion with values into S?. Then global well-posedness holds for initial data which is small
in the space H= .

As for wave maps, this result includes existence, uniqueness, regularity, scattering as well

Spnkiguous dependence on the initial data. The first result of this type was first proved in
@]Whl_gh dimension n > 4 using the Coulomb gauge and suitable dispersive type estimates
for the lin Eg%ﬁlaligdinger equation. The more difficult lower dimensional case n = 2 was
proved in %—m requires a Schrodinger type counterpart® of the null frame spaces, as
well as the Cal‘ ‘%&Wi%e. The corresponding result for the H? target, though not explicitly
spelled out in [4]; Tollows by an almost identical argument.

The Sc %"(eiéiinger map counterpart of the large data problem result for wave maps in
Theorem 3.7 1s still open. However, we have the following partial result:

. . [201281RarX1¢226222B66B .
Theorem 3.9 (Bejenaru-Tonescu-Kenig-Tataru [I][2]). The jollowing hold for the Schro-

dinger map equation in dimension n = 2 in the l-equivariant class:

a) For the H? target we have global well-posedness and scattering for all large data in the
enerqy space H'.

b) For the S? target we have global well-posedness and scattering for all large data in the
energy space H' below the ground state energy.

4. WAVE MAPS

4.1. Small data heuristics. Here we outline the main difficulties encountered in the study
of the small data problem, and describe the ideas needed to overcome these difficulties.
For simplicity we confine ourselves to the most interesting case of dimension two. Some
simplifications arise in higher dimension, but the principles remain the same.

3Considerably simpler than for wave maps, though.
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4.2. A perturbative set-up. In a first approximation, suppose that we are trying to view
the wave map equation in the extrinsic formulation, namely

(4.1) 0¢' = =Sji(0)0°¢"0ud™,  ¢(0) = ¢o, 06(0) = ¢1
as a small perturbation of the constant coefficient wave equation. This will not actually
work, but it provides very useful insights. For this we would need two function spaces; one,
call it S, for solutions, and a second, call it N, for the nonlinearity. For these spaces we
would like to have two estimates:

a) a linear bound,

(4.2) Iolls S 10100 gz + 1Bl w
b) an estimate for the nonlinearity,
(4.3) IN@) v S llells,  N(@) = S(¢)9%¢ Dadp

Further digesting the estimate for the nonlinearity, it would seem natural to break this
into three parts:

bl) The algebra property for S.

b2) The null form bilinear estimate

(4.4) 10°¢ 0adlln < lloll5.
b3) The product bound S- N — N.

4.2.1. The Strichartz norms. A key ingredient in the study of semilinear wave equations is
the Strichartz estimates. Here we can easily incorporate the estimates in the structure of
our function spaces by setting, in dimension n = 2,

(4.5) S C|D|'L®L*N|D|"iLAL®, N D L'L>+|D|iL:L}!

However, ong%iees that the Strichartz estimates cannot suffice to estimate the bilinear
expression in (4.4). There are two reasons for that:

(i) The balance of the exponents. This is worst in two dimensions and improves as the
dimension increases, up to the point where, in 5 + 1 dimensions, it becomes favorable.

(ii) The balance of the derivatives. Because of the form of ?h?[), one actually cannot use
the full range of Strichartz exponents for each factor. This limitation is independent of the
dimension.

Thus, by themselves, Strichartz estimates will not solve the problem. To remedy that, one
needs to take advantage of the structure of the nonlinearity.

4.2.2. The null structure. We denote by 7 the time Fourier variable and by & the space
Fourier variable. We will refer to £ as the frequency. An important role is played by the null
cone 72 = ¢2, which is the characteristic set of 0. The distance to the null cone, which has
size ||7| — |£]|, will be referred to as modulation.

The symbol of the bilinear form 0%¢ 0,¢ is 7s — &n. As it is easy to see, this symbol
vanishes if (7,€) and (s,n) are parallel and located on the null cone. This is what we call
the null condition. The geometric interpretation of this is that the nonlinear interaction
of waves traveling in the same direction is killed in the nonlinearity, leaving the bulk of the
nonlinear interaction to come from transversal waves. Heuristically that should be better

behaved, because transversal waves have a short interaction time.
17



must-haveO

-must-have

free-waves

As the null condition depends on location of waves in the Fourier space, it cannot be
handled via Strichartz estimates, which are invariant with respect to Fourier translations.
Instead, one needs to take advantage of the X*° type structure. The homogeneous X*°
spaces associated to the homogeneous wave equation are defined using the size of the Fourier
transform,

lullxes = T, E)l€ 1] — [€]Pll 2

Scaling considerations would dictate that we choose
S=Xx%, N=x%:

Unfortunately this is just outside the range of indices for which these spaces are well defined.

To avoid the above difficulty one may use the U2 and V2 type spaces associated to the
wave equation. These were first introduced in unpublished work of the author in connection
to wave maps, and are described in detail elsewhere in these notes. They can be associated
separately to each half wave and then combined using suitable multiplier. They are close to
the above X*" spaces, in the sense that

(4.6) XL c VEH' c URH' ¢ X1
where the third index in the X*®® notation is a Besov index with respect to modulation.

For the moment we neglect what happens far away from the null cone, which will turn
out to be easier to deal with anyway. Then one would roughly have to choose

(4.7) S cUXH', N> DUL?

In vie Ngg tSrgrciﬁhartz type embeddings associated to the U? and V? spaces, this is stronger
than (T%(ITWWTfh this choice we would have to prove a bound of the type

(4.8) 10°¢"0a6” |l praze S 16 Nz 16z

By duality (DUZL?)* = V2L? this becomes

(4.9) [0 610,026° o] £ 16 e 167N |6 e

To test this theory, we consider the usual Littlewood-Paley trichotomy. In order to be able
to work with U? atoms, we also neglect for now the difference between V2L? and U?L>.
Then we can prove the following sharp dyadic estimate:

Lemma 4.1. Assume that j < k. Then the following dyadic estimates hold:

(4.10) /3a¢i8a¢§¢i drdt| < 2 dplluz 163 s 2|67 vz o2
respectively

o k43)
(411 [ v otonstotanat] 2 oklusos ek larel

Proof. The proof of the lemma is fairly simple. First of all, it suffices to prove the result
for U? atoms. Secondly, by considering the nesting of the steps in each atom, one sees that
it suffices to assume that two of the three atoms are free waves. Remembering the relation
between U? and X*° spaces, we are left with having to prove bilinear L? estimates for free
waves. We need to consider two cases depending on the frequency balance of the two free

waves:
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a) high x low free wave interactions. Denoting by 2%, respectively 27 the size of two
frequencies, we will prove the estimate

(4.12) 10°6;0a0x ] o5 S 275710 (0)]] 2215 (0) | 2

where the output modulation is at most 27. Let &, respectively n be the frequencies for the
two inputs. The output frequency & 4 1 will have size 2%, but we also need to compute its
distance d from the null cone. This distance turns out to be related to the angle # between
¢ and 7). Precisely, we have

2d ~ (1 + 5,6 + )l = 2((7,6), (5,m))m = £2"67

where the sign depends on the relative orientation of the two input cones. Fixing the angle
0 between the two waves we can reduce the problem to the following L? estimate for two
free waves at angle 6 € [0, 1]:

(4.13) l6x6llze S 67223 |60 (0)]l 2 5 (0) 2
This estimate no longer has anything to do with the curvature of the cone, instead it is based
on the transversafgh é&‘&l}% two sectors of the cone. Thus it follows by genqﬁﬁmg%&see
the exposition in &ZIé , though such estimates had been known before, e.g. [20], 3]) since the
angle of the two cone sections is 6 and the size of the intersection of two translates of them
is 27. 12w-h1
From here one arrives to (h_l'Tl)Lby adding the size of the symbol of the null form 7s —&n ~
+2F+702 There is an additional orthogonality argument which is needed in order to gain
the square summability with respect to 8, but we skip it since it plays no role in the sequel.
a) high x high free wave interactions. Denoting by 2* the size of two input frequencies ,
and by 2/ the size of the output frequency, we will prove the estimate

(4.14) 125 (06100 d) | o3 S 2255781 (0) [ 22|63 (0) | 2

where the output modulation is at most 2/. As before let £, respectively n be the Fourier
variables for the two inputs. The output frequency & + 7 is restricted to a 27 cube, so by
orthogonality we can also restrict £ and 1 to 27 cubes.

This time the distance of £ + 7 from the null cone is related to the angle # between & and
1 by the relation

27d ~ +2%¢?
where the sign depends on the relative orientation of the two input cones. Fixing the angle
0 between the two waves we can reduce the problem to the following L? estimate for two
free waves localized in 2’ cubes at frequency 2 and at angle 6:

(4.15) | ékgilloe < 67222 410 221 67(0)] 2
This is again a transversality estimate which follows by general principles. From here (1.2W 2
is obtained by adding the size of the symbol of the null form 22¢62. O
wm-must-have0 . free-yaves
Compare the needed bound (4.8) with what is actually proved in Lemma h [ On the
positive side, we have

e extra gains in the high x high — low interactions.
e extra gains at small interaction angles

On the negative side, we have
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e possible losses in the transition from U to V* in (hQi
e lack of dyadic summation with respect to low frequencies in low x high — high

Interactions.

Both of these difficulties are nontrivial, and will be successively discussed in what follows.

4.2.3. The null frame spaces. As mentioned above, one of the difficulties in the direct ap-
proach above is the need to transition from V2 to U? spaces in bilinear estimates. This venue
was initially pursued by the author, and, on the positive side, it led to the introduction of
the UP and VP type spaces to the field of dispersive equations. Unfortunately this attempt
was not entirely successful, and a more radical reworking of the function spaces S and N
was eventually introduced in g? . We remark that at this point we do e a well estab-
lished mechanism for transitioning from V2 to U? spaces in estimates, see % However this
transition entails logarithmic frequency losses of one type or another, which seem to be too
much for thig particular problem. ' 12conv-hl [12conv-hh ' '

Backtracking to the proof of the estimates (1.13) and (4.15), the key idea is that one would
like to have a version of that which also applies to inhomogeneous waves. We focus on the
first bound, and revisit its proof. Rather than thinking of it as a convolution of two surface
carried distributions in the Fourier space, of the form, say,

(4.16) 15 (E)8r iy * f1(€)0r—siel 2 S 07223 |1 f5 2| ful 2

where ggj = fi(§)dr=1)¢ and br = Ju(€)d7=1)e|, we instead take advantage of the extra
dimension that we have available to foliate the frequency p waves with respect to null rays
in frequency,

£(6)r s = / [ do, [ = (rw)s—si P

For each f;” we have the bilinear estimate

(4.17) 1 % fu(€)0resielllrz S O fulwr)ll 2|l Arll 2

simply due to the fact ghat the incidence angle 1 compare this with the angle 0 of the
imply d hfgllh"d 11922 his with th le 6 of th
two surfaces !). Then (4.16) follows easily from (% [7) by Cauchy-Schwartz with respect to

w after also accounting for the change in the s E@c%e Ineasure.
(h IBi [h

So far all we have is an alternate proof of : e key observation now is that we

can rework the proof of ( - ) in terms of mixed LP norms as follows. If ¢% = ?JD’ then by
Plancherel we have the estimate

165|222 = [ f5(wr)l| L2, v = (w, £|wl)
Yy

On the other hand, using the fact that w is at angle 6 from the support of f;, we also have
the characteristic energy estimate

H%HL@OLil ~ 07 fallza

fiz

Then (h [7) follows from the last two relations. This suggests that the space S should include,
beside the standard Strichartz norm and the U? structure, the following two components
associated to null frames:

e characteristic energy norms ﬂwaf’Li n

: 2
e foliated norms ) LILY
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By duality considerations, the space /N also needs to include
e dual characteristic energy norms - L L2,

Fortunately the second set of dual spaces ﬂwL?yL}{ . turns out not to be needed.

Both of these have to be introduced carefully, with suitable frequency, modulation and
angular localizations. An additional difficulty occurs when applying this idea to high X high
interactions, where one needs to either allow for radial frequency localizations below the
frequency scale, or to admit some losses in the interaction angle or in the high-low frequency
balance in the estimates. Fortunately this is not a crucial issue since there is sufficient room
there to allow for some flexibility.

4.2.4. The paradifferential equation and renormalization. Suppose now that we have good
function spaces S and N for which the dyadic version of the null form estimates holds,

(4.18) 10%0;0adkl|Nn S ||05]ls]| Okl s J<k

(4.19) 1P (0%0r0atn) v S 270 M gllst | dnllsr, 7Sk

While the second has some extra room, the first one is tight, and does not allow for a
favorable j summation since the norms of ¢; are only square summable. This suggests that
the nonlinearity in the wave map equation is actually nonperturbative. If that is the case,
then the next best thing to do is to understand exactly what is the nonperturbative part.
That immediately leads to the paradifferential formulation of the problem, namely

O¢i = —28;1(¢)<k6°‘¢j<k8a¢2, + perturbative(N)

One advantage in doing this is that now we only need to study a linear equation, where the
coefficients have lower frequency. The above equation is closely linked to the linearized wave
map equation; indeed, it largely represents a high frequency linearized wave evolving on a
low frequency background.

A generic equation of the above form does not seem to have enough structure to allow for
good linear estimates. However, so far we have not used at all the geometry of the problem.
To take advantage of that we begin with the orthogonality relation

S]lz(gb)aoc¢l =0

Transitioning to the paradifferential form of this and combining it with the previous parad-
ifferential equation we arrive at a more favorable equation,

(4.20) Oy = —2A4i(0) 0P .0y, + perturbative(N)

where the matrices (A;)] = SJ — S}, are antisymmetric. This antisymetry adds some con-
servation structure to the paradifferential equa ion: this is closely linked to the question of
getting goqd energy estimates for solutions to (%.2(%5

Tao%éﬁ?approach to the above equation in the S? case was to develop a renormalization
procedure which transforms the nonlinearity into a a perturbative nonlinearity in the context
of the null frame spaces. This is reminiscent of Heléin’s work on harmonic maps, and is
achieved in a multiplicative way in the paradifferential setting. Precisely, one seeks a linear
transformation

wi = Oy
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which transforms the previous equation into the flat wave equation
(4.21) Owy, = perturbative(N)

In the context of the frame method introduced earlier, this corresponds to studying high
frequency solutions to the linearized wave map equation, represented in a favorable frame in
the tangent space T'M.

Substituting into the equation and neglecting some lower order terms, one sees that this
works provided that the (orthogonal or almost orthogonal) matrix valued function Oy is a
reasonably good approximate solution for the system of equations

000« = (Ai) <kOaPy, "
. . . . . . ao .
The construction of such a renormalization matrix )ds.a lﬁ;ﬁ idea of Tao TZIB . This @272357817

struction was further refined and simplified in Tataru and later in Sterbenz-Tataru :
One choice that needs to be made here is between the frequency localization and the or-
thogonality of O_; both are desirable but seem mutually exclusive. Frequency IOﬁahZ%i(%n
. . . . . . ao_WMataru_WM1
is easier to work with and was the preferred choice in the small data problem in [45], 48]’
However, for large data the orthogo ity Josses become unmanageable, and instead one must
sacrifice frequency localization, see i

An alternate Wghbased on the frame method with the Coulomb gauge, was devel-

or

oped by Krieger e case of an H? target.

4.3. Fupetion spaces. Here we define the function spaces S and N, follo ;il%%rﬁt% enz-
Tataru lgf . The space N is essentially as originally introduced in Tataru‘rgﬂ;_t‘m he
space 071N was used in place of S, along with the key embedding O-'N C S. Tao %’5?
observed that using S instead of 7' N as the main function space helps with the algebra €cra17
properties. Tao’s version of S was then strengthened to some extent in Sterbe}@:@ %E :
A related but somewhat different modification of S was proposed by Krieger :

We recall that P, denote Littlewood-Paley localization with respect to the spatial fre-
quency. For modulation localizations we use the space-time multipliers ; with symbol:

g;(m.6) = o7l = [é])

where ¢ truncates smoothly on a unit annulus. We denote by Qf the restriction of this
multiplier to the upper or lower time frequency space.

Beside the frequency and modulation decompositions, we also need to deal with the angular
decompositions which are needed for the proof of the bilinear estimates. We denote by x € K]
a collection of caps of diameter ~ 27 providing a finitely overlapping cover of the unit sphere.
According to this decomposition, we cut up the spatial frequency domain according to:

These decompositions usually occur in conjunction Wit}%ﬂg%%@}iggiggtoﬂs up to 27 where
7 = k — 2l. This is related to the discussion in Section #.2.7; another interpretation of this
scale choice is that it corresponds to the thinnest angular slabs of angle 27! on the null cone
which are well approximated by a parallelipiped, i.e. have no curvature.

For each integer k we define the following frequency localized norm:

(4.22) [ollsi = [ Viadr lewz) + [ Viadr HXo,%ﬂLH%Hng_SLJPQOWHSM-

J<R—
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with components as follows:
e The fixed frequency space X;’b is defined as:

1B = 27 2 2N QP iz

with the obvious definition for X,
e The “physical space Strichartz” norms are given by

1,2
phys_str| (4.23) loells = sup 26TV Viadn oy, |

(ar): 241

e The “modulational Strichartz” norms are
1 k — Ji
_Str_space| (4.24) K% HS[k g T sup Z | Q<k o1 Pk 119 HS[k ,{]) *, [ = 5 > 10,
RGKZ
[str_norn]

e The “angular Strichartz” space is defined in terms of the three components:

str_norm| (4.25) | ¢|lspn = 2k S;lp dist(w, k)| ¢ HLE’S(L%JW) + 25| ¢ oo (z2)
wE2K

1 1
+22FkI72  inf L
Rt S

The first component on the RHS above will often be referred to as NEA*.
We define S as the space of functions ¢ in R*! with V, ;¢ € C(R; L?) and finite norm:

Iols = 16w re +ZI|¢llsk,

Two other norms related to S play an auxiliary role in the study of the large data problem,
namely

e The null frame energy:

uE_norm| (4.26) 1¢1le = | Viad lpez2) +sup | W), 0 o 2, -

e The high modulation L? norm:
Fozom] (4.27) I6lls, = 21 0P iz

We also define X as the square sum of X,. Notice that there are no square sums or
frequency localizations in the norm E. This makes proving E bounds amenable to energy
estimates techniques, bypassing the more difficult bilinear and multilinear estimates. The X
bounds are also easier to obtain and provide stronger high modulation bounds than what is
included in the S norm.

In the same manner as in the case of the S space, for each integer k we define the dyadic
versions of the N norm by

(4.28) || F Iy, = inf (| PeFa iz + 1| PeFs || oo
f=F 1

Fa+Fp+Y, , Fo =

+ZZ (Z inf dist(w, 5) || Q%, o P, iﬁFé'K “Ll (ng))

w¢2k
+ 1>10 K

N |=

).
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We will often refer to the last component on the RHS above as NIA, and the norm applied
to a fixed QFF5" as NFA[£k].
The full N norm is

IFI =D IR,
k

All of these spaces have versions which are restricted to time intervals I, denoted e.g.
by S[I], respectively N[I]. Since the interval truncation does not commute with the time
Fourier transform, some minor technical issues arise in the process. These are skipped here.

4.3.1. Frequency envelopes. In many places of the subsequent analysis involving the .S spaces
it pays to keep a more careful track of how much of the S norm of wave maps is concentrated
at various frequencies. This is conveniently expressed in the language of frequency envelopes.

A sequence ¢y, is called a frequency envelope for ¢ in S if the following three requirements
are satisfied:

e Norm control:
llorlls < cx

Y= lels

lcj/ex| S 200 H

for a fixed small universal constant 4.

e Norm equivalence:

e Slowly varying:

A similar terminology is used with respect to all of the other norms in the paper, e.g. the
initial data space H' x L?, the space N, etc.

4.3.2. Linear analysis in the S and N spaces. The linear component of our estimates has
the form

Proposition 4.2. The following estimate holds for functions which are localized at frequency
2k

(4.29) 10klls S (1 D[01ll 12 + 1Bkl

Outline of the proof. The proof is relatively straightforward when interpreted in terms of the
U? norms. Set F' = O¢;,. With notations as in the above definition of the N}, norm, c psider
first the case when F' = F4 + Fp. By Strichartz type embeddings and the dual to 321_6) it
is fairly easy to see that F' € DUZL?, therefore the corresponding solution ¢, belongs to
U2H", so it remains to show that U2H' C S. The first and third components of the S norm
are easy to estimate via bou for free waves and then for atoms. The third component of
the S norm is bounded by (h_ﬁ) It remains to consider the S[k, j] norms. The U? space is
well behaved with respect to frequency and modulation localizations,

Z | QZ 4oy Prtrr ”2U§H1 N ||¢k||2UgH1

keK]

so it remains to estimate the S[k, x| norm for each localized piece. But this is easily done
again by starting with the known bounds free solutions, which are then transferred to U2H*

atoms.
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Lastly, consider the case when F'= 3", F5". On one hand we can place F3* in DVZ2L?,

which follows by duality from the embedding of U2H* into the NFA* component of the Sy,
space. On the other hand we can place F* into DU?L?, which is the U? space corresponding

to the wave evolution in the null direction associated to w.
Thus, denoting by ¢ = > ¢"* where ¢'* is the solution to

Opt* = Fe', ¢"[0] =0,

we can first bound ¢"* in V2H!. By frequency orthogonality this leads to a V2H" for ¢, and
this suffices for the first three components of the S, norm.

Secondly, we can bound ¢ in U2H' with w = w(x). Now to estimate the S|k, j] norm of
¢ we consider two cases:

) I>1= ]_Tk Then each ¢“* is measured with respect to a collection of S[k, /] norms
with k' € Ky. We can argue separately for each w that UﬁHl C S[k,j] and then use the
square summability with respect to k to sum up the results.

i)l <l = ]%k Then each corresponding S[k, '] norm applies to a collection of ¢'*.
For the first two components of the S[k, x| norm, we estimate them directly for each ¢'*,
and then use L? orthogonality based on the frequency/modulation localization to add them
up. For the last component of the S[k, '] norm, we simply sum up the bounds for each ¢"*;
orthogonality does not hold, but it is also not needed. 0

4.3.3. Multilinear estimates. For the nonlinear side of our problem we need not only the
bilinear null form estimate described earlier, but also additional bounds which account for
the role of the S(¢) factor. To start with, we have:

Proposition 4.3. The following bilinear and trilinear estimates hold for the S and N spaces:
e Product estimates:
1 2 1 2
(4.30) 16800 8 s S 11680 s 1687 Ils
(4.31) 1P - o) s S 27 edbd=B) 6 |15 |62 |15
_prod_est1| (4.32) I Pe(p<hroqy - Fr) llv S N1 lls -l Fxlln
_prod_est2| (4.33) I Pe(dny - Fi) v S 27707525 gy [l - | By v
e Bilinear Null Form Estimates:
L2 _est_bi (434) ||Pk (aaqbl(cll) . aaqb](i)) ||Lf(L?c) SJ 2%min{ki}2—(%+5)(max{ki}—k) H ||¢I(<;ZZ) S,
ard_est_bi| (4.35) | Pe(0°65) - 0a02) ||y S 272b =D T [ 04 Il -
o Trilinear Null Form Estimate:
rd_est_tri (436) || Pk(¢;(€11) . aa¢](€22) aa¢§€33)) ||N § 2—5(max{ki}—k)2—6(k1—min{k2,k3})+ H || Cb;(;) s.

The l?ni%liﬁe%re gstimates are essentially the dyadic counterparts of the bounds discussed in

Section A.2.2. The Tast trilinear estimate provides a key improvement over the Composit}on of s
renorm_heuristics

bilinear bounds, which plays a major role in the renormalization pr cedure. ai}nlegection r2.4.
The proofs follow largely from the principles discussed in Section E.Z.S, and are omitted;
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asic_moser

. Tatarfia@MeM ~MR2657817
instead we refer the reader to [47], 145] and [37]. As a consequence of the above results we

have

Proposition 4.4. a) The space S is an algebra, and the following Moser type estimates hold
for any bounded function G with uniformly bounded derivatives:

(4.37) 1G@) s S llolls(+1el3)
In addition, if ¢, is a frequency envelope for ¢, then
1G@klls S (L+I[1o[E)ex
b) The product estimate S x N — N holds.

Outline o gg’gf)j "&mle nontrivial part of the proposition is the Moser estimate. For that,
following , we use multilinear paradifferential decompositions. For h € R we can write

d
%F(¢<h) = ¢hF/(¢<h>

or in integral form

(4.38) F(¢) = () + /l " GnF (ben)dh

This suffices for energy estimates, but not for estimates in the S type spaces. Hence we
iterate this computation to obtain

F©) = Foa)+ Fo) [ xWondh+ F(6a) [ x(Wontn,ah

(4.39) b Ot F )i

where by x(h) we denote the ordering function

X(h) = 1hj<h; 1<<ho-

This expansion allows us to successively build estimates for F'(¢-;) as follows:
(i) First, by direct differentiation, we have

IVE(¢<i)llz= S 2", IVF(dai)llzoere S 1

(ii) Next, repeated differentiation followed by Littlewood-Paley projections yields the high
frequency decay

1P F (bt S 2V | PF (G )llpoere S 27D >k

(iii) Applying (E_ai{n&) to ¢ and letting [ — —oo the first term drops, and using the
Strichartz estimates® for ¢ and the bounds in the previous steps we obtain the better high
frequency decay

P F(¢ap)lpe S 272 NG s k410
For all practical purposes this allows us to assume that F(¢y) is localized at frequency
< 2% the contributions of higher frequencies are easier to estimate.

(iv) To estimate a component of the S norm of F'(¢) which involves a modulation trun-
cation at modulation 2/ < 2%, we apply (%) to ¢ with [ = j —10. The factors F'(¢;) and

1t takes exactly three Strichartz estimates to place a product in L2.
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F"(¢«;) are bounded so they preserve all mixed LP norm, without aaffecting the frequency
localization (except for better behaved tails). In the last term in (4.39) we have the higher
frequency factor F (¢p,). However, this is combined with a trilinear expression ¢u,dn, dn,
which by Strichartz and multilinear S estimates has an L? structure on the 2"2 frequency
scale; hence, it again suffices to use the L bound for " (¢.p,).

O

4.4. Renormalization. The idea behind the renormalization is to consider a linear parad-
ifferential equation of the type

(D + 2Ai(¢)<kfmaa¢i<k—maa)wk = Iy

with antisymmetric A;’s, and to obtain estimates of the type
(4.40) [Vklls < 110x[0]1 o2 + [1F% v

Here m is a large parameter which depends on the S size of ¢ in the coefficients; it is essential
in the large data problem, but it plays no role for small data.

The strategy is to use a renormalization matrix Oy, to perform a change of variable
wr = O<p_m¥y so that the equation for wy, is

Owg = Oc—m Fy + error(N)
To motivate the choice of O we compute the above error,
error = (D0<k7m - O<kfm<|:| + 2Ai(¢)<k7maa¢i<k—maa)) ¢k

= 00— m®k + 2(0°0Oct—m — Octom Ai(B) <k OOt ) Da

% gense better behaved because both derivatiysecs a%é)al?;l

The first term in the error is in some Y st tri
to the lower frequency factor. In the second term, in view of the trilinear estimate (4.36), we
can neglect the terms where the frequency of A; is comparable or larger than the frequency

of ¢'. Hence, defining

By = Ai(¢)<k—c¢§c
a reasonable choice would be to select Oy so that

(4.41) Oy = O« By,
Since Oy, is continuously interpreted as 0Ok, it follows that Oy, is defined as the solution
to the ode
d .
(442) ﬁ0<k = O<1€Bk, kEI—noo O<k = ]m

Defining O, as such has one key advantage, namely that the antisymmetry of By insures
that O, remains an orthogonal matrix, and provides good LP type bounds for its deriva-
tives. There is also a significant disadvantage, namely that the frequency localization is
lost; fortunately the frequency tails turn out to decrease rapidly. The bounds for O, are
summarized as follows:

Proposition 4.5. Let ¢ be a wave-map with energy E and S norm F and S frequency
envelope {cy}. Then the orthogonal matriz Oy, defined above and its k derivative Oy have

the following properties:

5This still has to be proved once Oy, is constructed, and it it not entirely straightforward.
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env_estlh
env_est3
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arized_est

L LB

e (Si bounds for Oy) Each Oy obeys the bounds:
) H Pk’Ok HS ,SF 276\k7k/|276’(k/,k)+ck :
4.44) 1PV Okl nay S 20/179F27C0 Ko K > k410, |J] <2,
) | Per (Ocroz0 - Gi) lIv Sp 27" M) Grellw
) | Pe (D08, - tn,) Il Sp 27 W22 ey Ly, s, ki < ke — 10 .
o (The Matriz O Approzimately Renormalizes A, = VoB) We have the formula:

k
(4.47) 0L, VaOor = VaBoy — / [B1s, 0L, VoOp] di’ .
Proof. The main difficulty in the proof is that, since By are not small, it is not possible to
directly bootstrap the estimates for Oy. Instead the proof is by direct arguments, iterating
separately the various components of the S norm, in the following order:

e 1> and L*L? bounds

e Strichartz bounds

e High modulation bounds (i.e. L* bounds for Ol
e High frequency bounds (i.e. the estimate (%71717)7
e S norm bounds.

Here each step is carried out based on the previous steps, without bootstrapping. The most
difficult part, i.e. the S bound, is obtained by using iterated ex %ﬁ%gégg%akin to the proof of

the Moser estimates. For further details we refer the reader to

0

The main use of the renormalization matrix Oy is in the proof of the N — S estimates
for the paradifferential equation:

Proposition 4.6 (Gauge Covariant S Estimate). Let 1y = Pyt be a solution to the linear

problem:

(4.48) Oy, = —2A%, 0.0k + Gy |

where A%, is the so(N) matriz:

(4.49) (A% )i = (S5e(@) = Sael®)) 0" P -
Assume that ¢ is a smooth Wave-Map on I with the bounds:

(4.50) lollem + 1@ llxin +éllsm < F-

Furthermore, assume that m = m(F) > 20, for a certain function m(F) ~ In(F). Then we
have the estimate:

(4.51) [ lls Se 1001l g1z + 1 G [l -

We remark on the role of the parameter m. If ¢ is small (i.e. F' is small in the theorem)
then any m > 10 suffices. However, if ¢ is large, then we need an alternate source for

smallness.
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Outline of the proof. The proof of this result comes in two flavors:
a) Small ¢. Set m = 10 . A direct use of the renormalization matrix O.j_,,, as shown in
the previous section, reduces the problem to an equation for wy = Oy _,,%, namely

Owy = Ocpem Fi + Err Yy

where the terms on the right are estimated directly using the bilinear and trilinear estimates
in Proposition E.B,

1Och—mFrlln S (|1 FxllNs |Err Yrllv S Fllvells

The smallness of F' yi Idg the smallness of the error term, therefore one can conclude using
the N — S estimate (%ZW the O equation.

b) Large ¢. In this case the previous argument no longer works because the errors are no
longer small. This is where the large parameter m plays a key role, and provides a more
subtle form of smallness which replaces the smallness coming from ¢.

In the first step we consider energy estimates. Precisely, our paradifferential equation is
essentially a covariant wave equation, therefore energy estimates can be established directly
using integration by parts, with an error which is small for large m. In addition, characteristic
energy estimates, i.e. bounds for the £ norm, are just as easy to obtain. Precisely, we have

llle Sp 19100 e + 27" 14l

In a second step we apply the renormalization procedur 'E.L_l%(%gvever, instead of directly
applying the bilinear and trilinear estimates in Proposition E.S, we refine them so that the
bulk of the error is estimated using the characteristic energy estimates, and only a small
part, corresponding to small angle interactions, is done using the full S norm of ¢/,

|Err w||n Sk e N |[velle + €llvels, e<1

Combining the last two estimates, we obtain (with a new § > 0)

1Err willy Se 190l gz + 27" nlls

k-to-sk
and now we can use again (E‘ZQW close the argument provided that m is large enough
(depending on F).
We note that all implicit constants are polynomial in F', which leads to a logarithmic
dependence of m(F') on F.
O

4.5. The sHl_%ll data result. Here we outline the proof of the small data result in Theo-
Wm—sma. ata

rem &3.6. ['his1s achieved in several steps:

4.5.1. The a-priori estimate. The aim here is to start with a smooth wave map on a time
interval I, which is a-priori assumed to satisfy the bound

(4.52) lplls < e

for some sufficiently small e. Then we establish the following two estimates:
(4.53) 10lls S 1910]]] g 2

(4.54) [6llsn < NALON] v prv 1

where S™ stands for functions with N — 1 spatial derivatives in S.
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In effect it is very convenient to provide a more precise version of this, expressed in the
language of frequency envelopes. Precisely, one starts with a frequency envelope ¢ for the
initial data ¢[0], i.e.

16 [0}l 122 < e
Then the estimate to prove is

(4.55) [olls < c

A similar analysis can be carried out at the level of the S norms.
To achieve this we begin with the full equation

0¢' = —S;(6)0°¢’ ¢’
apply Littlewood-Paley projections and rewrite it in the paradifferential form

(O+ 2Aj(¢)<kaa¢j<k5a)¢k = F

The functions Fj, contain all the interactions not included in the left. an can be estimated
directly using the bilinear and trilinear estimates in Proposition %.3,

[E%lln < dillolls E([[0lls)

where dy, is a frequency enveloape for ¢ in S, for now unrelated to c¢.
. . . hd ar .
Applying Proposition 5 obtain the bound

10nlls < 10k[0]]] oz + [ Frllw
which leads to
di < ¢ + edy
Given our assumption on the smallness of €, we obtain dj < ¢, and the desired conclusion
follows.

4.5.2. Global existence and regularity. Consider a smooth initial data set ¢[0] with small
energy, say < €. Then for a short time there is a smooth solution ¢, which can be easily
shown it is small in S. We consider the set of times 7" for which a smooth solution satistying
llsi—r) < i€ exists in [=T,T]. The family of rescaled functions ¢(¢/T,z/T) depends
smoothly on T, so it will have an S norm depending continuously on 7. By Step 1 it follows
that the threshold %e is never reached. By an open/close argument this shows that the

solution exists for all ¢, and satisfies the bound ||¢||si—r,7) < 3e.

4.5.3. Weak Lipschitz dependence on the initial data. Here we consider the linearized wave
map equation, which has the form

(4.56) 09! = —(0nSj;) (@)Y %0 0ad’ — 25;(6)0% ¢t
The function ¢ must satisfy the compatibility condition
(4.57) Y(t,x) € TyunyM

Understanding the behavior of these equations is the key to comparing different solutions of
the wave maps equation.
The goal here is to show that under the assumption ||¢||s < €, we have bound of the form

(4.58) [¥lls=s S 001l sy

for some small §.
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The proof of this bound is similar to the proof of the main estimate (4.53). We write the

equations for v, which evolve along the same paradifferential .ﬂgxr;xg as the equations for ¢y,
and then show that the errors are small and use Proposition 4.6.
A consequence of the above bound is an estimate for the difference of solutions,

(4.59) 61 = P2lls-s S [[02[0] = Ga[O1ll jr1-5 -5

4.5.4. Rough solutions and continuous dependence on the initial data. Given any small en-
ergy data ¢[0], we approximate it with a sequence of regularized data

dn[0] = 0] in (H'x L>)N(H' x H™?)

It is not difficult to show that ¢,[0] can be chosen to inherit the frequency envelope from
¢[0]. Then we have a corresponding sequence #™ of smooth solutions, which by the previous
step is Cauchy in S7. It also has a common frequency envelope in S. Together these two
facts show that ¢(™ is actually Cauchy in S; thus we obtain a unique limit ¢ which is small
in S.

The same argument yields continuous dependence on the initial data in the (H' x L?) N
(H N | ~9) topology. Due to the finite speed of propagation, a localized form of this
result is also available; it asserts continuous dependence on the initial data in the H._ x L2 .
topology.

4.6. Energy dispersion. Here we discuss the first step toward the study of the large data
problem. The idea is that there should be some dichotomy between concentration of wave
maps and the global existence of large data solutions. In other words, it would be reasonable

to expect that if no concentration oi%g;gg,;g?p solutions persist globally. This was the

viewpoint adopted in Sterbenz-Tataru .
The i csting question though is what is the meaning of “concentration”. To address
that, in was introduced the notion of energy dispersion. For a time interval I we set

(4.60) |éllepin = Sllip | Pt || Lo [rxrey

Then the main result asserts that energy dispersed solutions are good:
: , R2657817 . _
main_thm| Theorem 4.7 (Energy Dispersed Regularity Theorem I3/ ). There exist two functions
1l < F(E), 0<eF)x1
cyfmzzfégtenergy such that the following statement is true. If ¢ is a finite energy solution to

1 0.

(A.T) on the open interval I with energy E and:
nergy_disp| (4.61) Sl;pHQbHED[I] < €(B)
then one also has:
S_est] (4.62) I6lls < F(E).
Finally, such a solution ¢(t) extends in a reqular way to a neighborhood of the closure of the
interval 1.

ain_thm

For the remainder of this section we provide an outline of the p%)n%fr g Z‘lhs% eggﬁ.?.

In order to construct the functions F(E) and e(E) such that (4.61] and (4.62) hold we
use the induction on energy method. Precisely, we will show that there exists a strictly
positive nonincreasing function defined for all values of E, ¢y = ¢o(F) < 1, so that if the
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conclusion of the Theorem holds up to energy E then it also holds up to energy F + ¢q. It is
important here that ¢y depends only on E and not on the size of F(FE) or ¢(F), as otherwise
we would only be able to conclude the usual first step in an induction on energy proof, which

is establishing that the Se‘E mﬁ)—fs%%]fl—%% ghergies is open.
According to Theorem B.6 we know that ¢(F) and F(E) can be constructed up to some

FEy < 1. We now assume that Fj is fixed by induction, and to increase its range we consider
a solution ¢ defined on an interval I with energy E[¢| = Ey + ¢, ¢ < ¢o(Ep) and with energy
dispersion < € (at first this is a free parameter which we may take as small as we like). We
will compare ¢ with a wave map ¢ with energy Ey. To construct ¢ we reduce the initial data
energy of ¢[0] by truncation in frequency. We define the cut frequency k. € R according to
(this can be done by adjusting the definition of the P continuously if necessary):

E[MP<, 0[0]] = Eo .

Here we work in the extrinsic setting, and the small energy dispersion insures that the low
frequency projections P<p¢q stay close to the manifold. Then one can use any reasonable
projection operator II to return back to the manifold.

We consider the Wave-Map ¢ with this initial data ¢[0] = 1P, ¢[0]. This Wave-Map
exists classically for at least a short amount of time according to Cauchy stability, and where
it exists we have:

(4.63) E¢(t)] = Eo -

NI

Since ¢ has energy dispersion < €, by (h‘%%i_llt follows that gz~5 has energy dispersion <g, €
at time t = 0. Again by the usual Cauchy stability theory, if € is chosen small enough in
comparison to the inductively defined parameter €(FEy) it follows that there exists a non-
empty interval J, where ¢ satisfies:

(4.64) Sl;pllPkilngo@go)wo] < €(Eo) -

Then our induction hypothesis guarantees that we have the dispersive bounds:

(4.65) 16 llst < F(Eo) -

The plan is now very simple. On one hand, we try to pass the space-time control (i.e. the S
bound) from gzﬁ to ¢ via linearization around  to control the low frequencies, and conservation
of energy and perturbation theory to control the high frequencies. On the other hand, we
need to pass the good energy dispersgion bounds from ¢ back down to gf; in order to increase
the size of J C I on which (éf@_f%fds, until it eventually fills up all of I.

To summarize, we have the two wave maps ¢ and ¢ on an interval I with energies F,
respectively E + ¢, so that

(4.66) Ipls < F=F(Ey),  |l¢lep <e
and we want to prove that

(4.67) |pllep < &= e(Ey), [olls < F
In doing this, we can freely make the bootstrap assumption

(4.68) Iollep < 2€, [0]ls < 2F
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We are also free to independently choose F' sufficiently large and e sufficiently small. But
the delicate part is that ¢ can only depend on E. The analysis is carried out in several steps:

4.6.1. Energy dispersion and multilinear estimates. Ideally, one would like to kjglvz Lhat

having small energy dispersion improves the multilinear bounds in Propasition #.37To
understand this better let us first discuss the null form estimate (hSi In the easiest case

when both inputs are free waves. As discussed earlier, there there is an angular gain for
small angle interactions, so one only needs to consider large angles, i.e. bilinear estimates
for transversal waves. In that case the null form does not help, so we just treat this as a
bilinear product estimate.

On one hand, using Strichartz estimates for one factor and the energy dispersion for the
other we obtain an impr v fL6 prodyct iestimate. On the other han5d, the large angle
bilinear estimate of Wolft and Tao %ZI shows that one also has an L3 bound (the exact
exponent does not matter, only that it is less than 2). Interpolating, one obtains an improved
L? bound. That suffices, because the output of transversal free waves is at high modulation.

One downside of the above reasoning is that in the case of unbalanced frequency interac-
tions one ends up with the wrong balance of the powers of the two frequencies, namely with
an estimate of the type

10°0; 00kl < 2V N5 [00 v 2 N0k [0 % o bkl €00 >0

Hence this energy dispersion gain is effective only in the case of balanced factors.
Ideally one would like to have the same estimate for S inputs. While this is not out of
question, we were unable to prove that. Instead, we only have weaker estimates of the form

10°0;00rllv S 2 (1165]| g 2+ 1D 1IN D [0] | 11 2 HIDDR ) 2N Dkl s €6 >0

The dyadic portions of our wave maps do not have this regularity. However, they do have it
after renormalization. This is the reason why we introduce the following definition:

Definition 4.8. (Renormalizable Functions) We define a non-linear functional Wy, on S as
follows:

—  inf [ U 2CG-R)\| p.U
ot = ynt (10 sns +5m02°5-9) P fsos)

(4.69) ,
- sup 2 (| P (U0[0] iz + | PeOU0) )]

Using this notation, the above bound is improved to

(4.70) 10°0;0a0klIn S 205l 10kl liw 1Dkl G e €6 >0

bi-tri
Similar improvements apply to the other multilinear estimates in Proposition h‘.S,_provided
that at least two of the interacting frequencies are balanced.
These implrzovat?rcé1 estimates are crucial in order to gain the large gap m which is needed in
Proposition 4.6.

4.6.2. Compare the initial data of ¢ and ¢. At the linearized level we have @[0] = P, ¢[0].
This is not an identity, but the errors are higher order, and they will be small due to the
energy dispersion,
(4.71) | P (Pas.0[0] = 010]) linre S v 271
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4.6.3. Compare the low frequencies of ¢ and ¢. The previous step shows that the low fre-
quencies of the data for ¢ and ¢ are very close. Here we aim to show that a similar bound
holds for the difference of the solutions,

(4.72) | Pi(Per,d = 9) s S 2701 Hele

Jt glds the small energy dispersion for ¢, provided that e is small enough. To prove
<
( we consider the equation for the difference ¢ = Py ¢ — ¢. This has the form

Oy = — S(9)0*30ad + Pey, (S(6)0*$0ut))
= — 8($)0°00a¢ + S( + 1) (¢ + 1)0a(0 + 1) + R()
where
R(¢) = Py (S(9)0“00a®) — S(Papx9) 0% Pogr 00 Py

We rewrite the above equation in the paradifferential form

Oy, = —2A%, . (0)0atr + Erry(¥) + PiR(9)

Provided € is small enough, the remaining part evolves essentially along the linearized flow
alon :gghlagld can be solved perturbatively usi 1. the slinear covariant estimates in Proposi-
tion EE G with respect to a norm defined as in (4.72). It remains to establish good estimates
for the last two terms on the right.

The term R(¢) is estimated in N using the S norm for ¢ and its energy dispersion,

(4.73) 1PR(9) | Sp 27 0lhHele

bi-tri
The term Erri (1)) is at least quadratic in 9. It is estimated directly, using Proposition h_B_
for unbalanced frequency interactions, and its energy dispersed improvement for the balanced
ones. We remark that here we use the energy dispersion of ¢, but that is still can be assumed
to be small enough to defeat the S norm of .

4.6.4. Compare the high frequencies. Here we estimate directly the difference ) = ¢ — b,

high-diff| (4.74) I — dlls Sp 1
L . fneed-boot | o o i
This yields the S bound for ¢ in (E.B? ). The tricky bit is to do this with a constant ¢ which

depends only on E and not on F'.
The function v has initial data of size ¢, and solves the equation

04 = =8(9)00ad + S( + )0 (¢ + 1) Ia(9 + 1)

We need to estimate only its high frequencies, i.e. larger than k.. Thg id lea Jis is toqreduce the
problem again to a perturbation of the gauge covariant equation (7. 45) bt this time with
coefficients depending on ¢ rather than ¢. The difficulty is that the size of ¢ is large, and
this would force the needed smallness of ¢ to depend on F' rather than on E. To remedy this
we need several intermediate steps:

(i) Establish uniform energy bounds for # in the energy norm, which do not depend on F. S
This is done using the energy estimates for both ¢ and &, combined with the bound (EH?‘EJ)%
which guarantees their almost orthogonality.

(ii) Prove a partial divisibility result for the S norm of , as follows:
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Lemma 4.9. Let é be a wave map with energy E and S norm F. Then there exists a
collection of subintervals I = UK | I;, such that K = K(F') depends only on F, and such that
the following bound holds on each I;:

(4.75) 16 llsp) Se 1.

(iii) Use the perturbative argument to estimate the S norm of ¢ in each interval I;. In
each interval we do have the small energy dispersion for ¢, but all other constants depend
only on E; hence the smallness condition on ¢ will also depend only on F, and so will the S
bound on ¢ on I;. On the other hand the number of intervals and thus the global S bound
for ¢ will depend on F'.

4.7. Energy and Morawetz estimates. The study of the large data problem for wave
maps relies on the finite speed of propagation property of the wave equation. Because of
this and of the small data result, the following conclusion follows:

If a wave map blows up at a point, then its energy must concentrate toward the tip of the
light cone originating at that point. Similarly, if scattering fails, then it fails inside a light
cone.

Thus, in order to study both blow-up and scattering, it suffices to consider finite energy
wave maps inside a light cone. In one case we are interested in what happens at the tip of
the light cone, in the other we are interested in what happens inside the cone but toward
infinity. We will see that the two problems are virtually identical. The main tools in the
study of the energy distribution inside the cone are the energy and the Morawetz estimates.
These are described in the sequel.

4.7.1. Notations. We consider the forward light cone
C={0<t<o0, r<t}
and its subsets
C[to,tl] ={to<t<ty, r<t}.

The lateral boundary of Cl, 4, is denoted by 9C, 1. The time sections of the cone are
denoted by

Sy, = {t =to, || <t} .
We also use the translated cones
C'={0<t<oo, r<t—4}

as well as the corresponding notations C[‘imtl], 80[‘10’“} and Sfo for ty > 9.

For some of the computations below it is convenient to use the null frame

Lz@t—I—E)T, E:at—ar, @ZT_lag.
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4.7.2. The energy-momentum tensor. A systematic way to derive both the energy and the
Morawetz estimates is by using the energy-momentum tensor:

(1.76) T[®) = 65(®)[0:60:07 — Smas 0'610,67]

with a well chosen vector-field. Here ® = (¢',...,¢") is a set of local coordinates on the
target manifold (M, ¢) and (mqp) stands for the Minkowski metric. The main two properties
of T,5[®] are:
e It is divergence free, V71,5 = 0;
e It obeys the positive energy condition 7'(X,Y’) > 0 whenever both m(X, X) < 0 and
m(Y,Y) <0.

Our estimates are obtained by contracting the energy-momentum tensor with a well chosen
vector-field. The above properties imply that contracting 7,3[®] with timelike/null vector-
fields will result in good energy estimates on characteristic and space-like hypersurfaces.

If X is some vector-field, we can form its associated momentum density (i.e. its Noether
current)

Xp, = T,p[®] X" .
This one form obeys the divergence rule
1
(4.77) ve®p, = 5 Tos (@] s

where (X )ﬂ'aﬂ is the deformation tensor of X,

(X)Wag = VaX/j + V5Xa .

A simple computation shows that one can also express
Xr = Lxg .

This latter formulation is very convenient when dealing with coordinate derivatives. Recall
that in general one has:

(LXg)ozﬂ - X(Qg,@’) + aa<X’Y>g%3 + aﬁ(‘X’Y)ga'y .
i
The ener Y, estimates are obtained by integrating the relation (h.lVF e?; Over cones C’ftl ta]"

ivergence .
Then from (4. we obtain, for § <ty < to:

1
(4.78) / XPy dx + 3 / T [®) X H8 dadt = / Xpy dx + / Xp, dA |
S acé

cg S8
where dA is an appropriately normalized (Euclidean) surface area element on the lateral

8
to [t1:t2] [t1,t2]
boundary of the cone r =1t — 9.

4.7.3. Energy estimates. The standard energy estimates come from contracting 7,,5(®| with
Y = 0,. Then we have

1 1 1
Th=0,  OR= () + V.eP), OB = |Laf + Lpep .
Applying (er.lest over Cjy, 1,) we obtain the energy-flux relation
(4.79) Es,, [®] = Es,, [®] + Fieo.,)[®] -
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where Ejg, represents the energy of ® on time sections,
1
F (9] = -/ (10,9 + |V, ®)ds
2 Js,
and Fj, 4,)[®] represents the lateral flux of ® between ¢, and ¢, as

1 1
Fual®)= [ (GILOF + 5[p0P)dA
) 9Ct.11]
The energy relation (E%Q%%xhows that Eg,[®] is a nondecreasing function of ¢. It also shows
that for the blow-up problem we have
hm ﬂt1,t2][¢] = 0

t1,t2—0
and for the scattering problem we have

tl,grgoo F[tl’tﬂ[q)] =0
This is the main decay estimate arising as a consequence of the energy relation. Later we
will want to turn the flux decay on the boundary of the cone into an integrated decay inside
the cone. This is accomplished gsing el\I{[eoSJ;Cawetz t};pe gstimates.
Finally, we remark that applying (h (8] over 0[571} yields

(4.80) /8 5

1
} JILOP + SIP0* dA < Ey[®] .
[6,1]

1
2
This will be used later on.

4.7.4. The energy of self-similar maps. A map ® : C' — (M, g) is self-similar if
(N, \x) = D(t, ), (t,z) e C;, A>0

Such a map, if it had finite energy, would be a natural obstruction to global existence of
wave maps. Later we will argue that finite energy self-similar wave maps do not exist. Here
we carry out a preliminary step, which is to compute the energy E[®] (which is independent
of time) in hyperbolic coordinates.

Hyperbolic coordinates (p,y,©) are introduced inside C' via

(4.81) t = pcosh(y) , r = psinh(y) , 0 = 0O,

and self-similar maps ® can be viewed as functions ® = ®(y, ©) on H?.
In this system of coordinates, the Minkowski metric becomes

(4.82) —dt* + dr* + 1°d0® = —dp® + p*(dy* + sinh*(y)dO©?) .
hyp_en
A quick calculation shows that the contraction on line (E&I’)—ﬁecomes the one-form
(4.83) Ypeav, = T(9,,0,)p*dAg> ,  dAwe = sinh(y)dyd® .
The area element dAp: is that of the hyperbolic plane H?. To continue, we note that:
t r
8,5 — ;812 - an y
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so in particular
cosh(y) cosh(y) 1

2 2p? sinh?(y)
This computation allows us to obtain a version of the usual energy estimate adapted to

the hyperboloids /12 — r2 = 1. Integrating the divergence of the P, momentum density
over regions of the form R = {p > po,t < to} we have:

(4.84) / Ypeqy, = / YPydz
{p=1}n{t<to} {p>1}0{t=to}

where the integrand on the LHS denotes the interior product of P with the Minkowski
Volumej element. " hypen ' ' .
Letting tg — o0 in (&[ﬁi we obtain a useful consequence of this, namely a weighted
hyperbolic space estimate for special solutions to the wave-map equations, which will be
used in the sequel to rule out the existence of non-trivial finite energy self-similar solutions:

sinh(y)

T(ﬁp, 8t) — |8p<1>|2 - Tapq) . ay® +

(|ay<1>|2 + |a@<1>|2) .

Lemma 4.10. Let ® be a self-similar finite energy smooth wave-map in the interior of the
cone C' Then one has:

(4.85) £[®] = % / (VB2 cosh(y)dAgs -
H2

Here:

Vi ®* = 0,0 + 106®]* ,

sinh?(y)
is the covariant energy density for the hyperbolic metric.

4.7.5. Morawetz estimates. Our goal here is to obtain decay estimates for time-l'(laigeggmpo—
nents of the energy density. For this we use the energy momentum estimate (h.?Si with
respect to the timelike/null vector-field

1
(4.86) Xe = —((t+€0,+710,), pe=+/(t+¢€?2—1r2.

Pe
In order to gain some intuition, we first consider the case of Xy. This is most readily ex-
pressed in the system of hyperbolic coordinates (%gl ). One easily checks that the coordinate
derivatives turn out to be

0, = Xo, Oy = 10+ 10, .

In particular, X, is uniformly timelike with m (X, Xy) = —1, and one should expect it _to

d
generate good energy estimate on time slices t = const. In the system of coordinates (%gl Ci SRS
one also has that

Lx,m = 2p(dy® + sinh*(y)do?) .

Raising indices, one then computes
o 2 R
(Xojrab — ;(ay ® 0, + sinh*(y)0e ® Jo) -

Therefore, we have the contraction identity:
1 1
~Top[®@] ok = —| X% .
2 P
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To compute the components of 0P and 0P, we use the associated optical functions
u =t—r, v =t+r1, uv:p2

Then we have
1 1-

1/1 - 1

ect_decomp| (4.87) Xy = ’ (QUL + QuL) , O = §L + EL .
Finally, we record here the components of T,5[®] in the null frame

T(L.L) = |LO, T(L.L) = |LO, T(LL) = pof .

By combining the above calculations, we see that we may compute

a0 = () e ()0 () w(2) e

4 u
1 vys o 1 /unz 2
Yop, = T(L,X0) = 5 () Lo + 5 (3) pof*

These are essentially the same as the components of the usual energy currents (%P, and %Py,
modulo ratios of the optical functions u and v. divergence

One would expect to get nice space-time estimates for Xy® by integrating (4. over the
interior cone r < t < 1. The problem is that the boundary terms degenerate when p — 0. . To
avoid this difficulty we simply redo everything with the shifted version X, from line (W
The above formulas remain valid with u, v replaced by their time shifted versions

ue = (t+e€) —r, ve = (t+e€) +r.

Furthermore, notice that for small ¢ one has the bounds

1

1 1
2 2
<&) ~1. (%) ~1. O<t<e
Ue Ve

within the cone C. Thus,

(Xepo %(&Po, O<t§€
In what follows we work with a wave-map ® in C| ;). We denote its total energy and flux
by
E = FEg [9], F = F[chl] (D] .

In the limiting case F' = 0, € = 0 one could apply (efles to obtain

1
/ X Py dx + / —|X.®|? dadt = / X Py da .
SO S|
2

co Pe 0
X [tl 1t2] 31
com . .
By (H‘SS‘)Q, letting t; — 0 followed by € — 0 and taking supremum over 0 < t5 < 1 we would
get the model estimate

1
sup / (Xop, d.r—l—/ ~|Xo®? dedt < E .
te(0,1] /59 Chhoa
However, here we need to deal with a small nonzero flux. Observing that
P, 5 hop,
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from (4.78) we obtain the weaker bound
1
/ X Py da +/ —|X.®|? dadt < / Xpy da+ ¢ 2 F .
S% Cﬁ1¢ﬂ Pe S%

Letting t; = € and taking supremum over € < t, < 1 we obtain

1
(4.88) sup / Xy da +/ —|X. @) dedt < E + € 2F

te(e1] S? Cﬁ),l] €
A consequence of this is the following, which will be used to rule out the case of asymptotically

null pockets of energy:

Lemma 4.11. Let ® be a smooth wave-map in the cone C 1) which satisfies the fluz-energy
relation F < e2E. Then

(4.89) / Xepy dz S E .
S

. enxe . . .
Next, we show can replace X, by Xj in (h_SS) if we restrict the integrals on the left to
r <t — €. In this region we have

Xelpy & (Yo, Pe P .

In addition, a direct computation shows that in r <t — ¢
1 2 1 , € 2
—|Xo®]" S —[XcP|" + —[0,9]
P Pe P

and also

2 1

< 0,2 dxdt < e 0, 1?dedt < E .
3 3 ~

P ce 12

/C (e,1]

Thus, using the last three relations in (Ei%g) we have proved the following estimate which
will be used to conclude that rescaling of  are asymptotically stationary, and also used to
help trap uniformly time-like pockets of energy:

(1]

Lemma 4.12. Let ® be a smooth wave-map in the cone C(c1) which satisfies the fluz-energy
relation F' < e2E. Then we have

1
(4.90) sup / Xoppy dax + / ~| Xo®|?dzdt < E
te(e,1] J S§ C’[EEJ]

Finally, we use the last le%rgsrga to propagate pockets of energy forward away from the

boundary of the cone. By (h /8] for Xy we have
/(Xopodxg/ (XOP()d{L'—F/ (XOPLdA, E§5<t0<1
S S5

5
C0.1)

- P
We consider the two components of (X0 separately. For the angular component, by (4.80)
we have the bound

un 5\ 2 5\ 2
z L R PPdA< | —)| E.
L. GYwerars(z) [ werais(3)

[to.1] [to.1]
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For the L component a direct computation shows that
20 5 (%) 10+ (L) 129
Thus we obtain

[ s foman (D)o [ ((4) oo+ (2) o)

[to,1]

For the last term we optimize with respect to & € [d, d1] to obtain:

Lemma 4.13. Let ® be a smooth wave-map in the cone C 1) which satisfies the fluz-energy
relation F' < 1 F. Suppose that € < dy < 01 < tg. Then

(4.91) /S Ry do S /S Py da + ((2) (ln(51/5o))_1> E .

To prove this lemma, it suffices to choose § € [dg, 41 so that

/806 {(%)Q‘quﬁ\”(%)glmﬂ dA < |In(6,/60)| ' E

[tO’I]
This follows by pigeonholing the estimate

1 1 3 B
/ - {(%) 1 Xob]? + (%) ’ |L<I>|2} drdt < E .
\Co1
t ,1] [tg,1]

xphi
The first term is estimated directly by (h’EgU) For the second we simply use energy bounds
since in the domain of integration we have the relation

1 (u)g 0f :
U \v o t% '
ain_thm
4.8. The threshold theorem. Using the energy dispersed result in Theorem %.7 and the

energy /Morawetz estimates in the previous section we can now approach the large data
problem. For the blow-up question we prove the following:

R2657818
%3% Let @ : Co,) — M be a C*° wave map. Then exactly one of the following possibilities
must hold:

Theorem 4.14. (1) There exists a sequence of points (t,,x,) € Cp 1) and scales r, with
. £ . T
(tn,xn) — (0,0) , hmsupt— <1, hmt— =0

so that the rescaled sequence of wave-maps
(4.92) o) (t,z) = (IJ(tn + rpt, x, + rnx) ,

converges strongly in H._ to a Lorentz transform of an entire Harmonic-Map of
nontrivial energy:

(I)(OO) . Rz — M , 0< ” q)(oo) HHI(RQ) }flm ESt [(I)] :
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(2) For each € > 0 there exists 0 < to < 1 and a wave map extension
®:R? x (0,tg) - M
with bounded energy

(4.93) E[®] < (1+€%) lim Fs, [2]
_>
and energy dispersion,
(4.94) sup sup (| P®(t)] e +27*| P (t)l|1) < € -
te(0,to) k€Z

The analogue result for the scattering problem also holds:

Theorem 4.15. Let @ : Cpy o) — M be a C* wave map with finite energy. Then exactly
one of the following possibilities must hold:

1) There exists a sequence of points (t,,x,) € Ch ) and scales r,, with
[1,00)

Tn . TI'p
t, = 0, limsup|t|<1, hmt—zo

n n

so that the rescaled sequence of wave-maps
(4.95) oM (t,z) = ®(t, + 1otz +1,7) |

converges strongly in H! to a Lorentz transform of an entire Harmonic-Map of

loc
nontrivial energy:
) R2 M | 0< | @ 71 g2y < tliglo Es,[®] .
(2) For each € > 0 there exists to > 1 and a wave map extension
® : R? x [tg,00) = M
with bounded energy

(4.96) E[®] < (1+ €% lim Eg,[9]
— 00
and energy dispersion,
(4.97) sup sup (|| Pe®(t) e + 27" P ®(t) || rge) <€ .
te(to,00) kEZ

We recall that a nontrivial harmonic map ®(*) : R? — M cannot have an arbitrarily small
energy. Precisely, there are two possibilities. Either th Le are no such harmonic maps (for
instance, in the case when M is negatively curved, see %Zzﬁ) or there exists a lowest energy
nontrivial harmonic map, which we have denoted by FE..; > 0. Furthermore, a simple
computation shows that the energy of any harmonic map il increase if we a ply a Lorentz
transformation. Hence, combining the results of Theorem % 4"and Theorem .60 we obtain
the following:

Corollary 4.16. (Global Regularity for Wave-Maps) The following statements hold:
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(1) Assume that M is a compact Riemannian manifold so that there are no nontrivial
finite energy harmonic maps ®) : R? — M. Then for any finite energy data
®[0] : R? x R? — M x TM for the wave map equation there exists a global solution
® € S. In addition, this global solution retains any additional reqularity of the initial
data.

(2) Let 7 : M — M be a Riemannian covering, with Ml compact, and such that there
are no nontrivial finite energy harmonic maps ® : R? — M. If P0] : R? x R? —
M x TM is C*, then there is a global C*° solution to M with this data.

(3) Suppose that there exists a lowest energy nontrivial harmonic map into M with energy
Eerit. Then for any data ®[0] : R? x R? — M x TM for the wave map equation with
enerqy below E..;;, there exists a global solution ® € S.

We remark that the statement in part (2) is a simple consequence of (1) and restricting
the projection 7o ® to a sufficiently small section Sy of a cone where one expects blowup of
the original map into M. In particular, since this projection is regular by part A), its image
lies in a simply connected set for sufficiently small . Thus, this projection can be inverted
to yield regularity of the original map close to the suspected blowup point. Because of this
trivial reduction, we work exclusively with compact M in the sequel. It should be remarked
however, that as a (very) special case of this result one obtains global regularity for smooth
Wave-Maps into all hyperbolic spaces H", which has been a long-standing and important
conjecture in geomefric syaye equations due to its relation with problems in general relativity
(see Chapter 16 of i l ).

The statement of Corollary h_f6_1n its full generality was known as the Threshold Conjec-
ture. Similar results Wl DI é&h} 5&?}&&&%@ @Pﬁthe Wave-Map problem via symmetry
reductions in the works [12], 135[, [41], and [40].

aintmaints
The proof of Theorems EE IZI,EE. [5 are similar, and are outlined in what follows.

Step 1: Extension. Here one constructs an extension for small ¢ in the blow-up problem,
respec ively I for large t in he scattering problem, so that the energy is increased very little,
as in (4. respectlvely %965.

Th1s argument uses the flux decay in an essential way; this allows us to initiate the
extension at a time to where X¥® is very small on the boundary 05, of the cone, thus
guaranteeing the smallness of the energy outside the cone.

By energy estimates this guarantees that the energy remains small outside the cone up
to time zero for the blow-up problem, respectively up to time infinity for the scattering
problem. By the small data result, this suffices in order to insure that our extended solution
remains regular outside the cone.

Step 2: Energy dispersion and scaling. Here we work with the extensions constructed
above. Either they have small SSHEIgY dispersion, in which case we are done by the energy
dispersion result in Theorem .7, or not, in which case we have a sequence of points (¢, z,)
and frequencies k, with either tn — 0 or t,, — 00, so that

|Pkn¢(tn> ajn)’ + 2_kn‘Pknat¢(tn> mn)’ > €
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. . en—-flux . . .
Using also the flux decay in (h ?9% and rescaling ¢,, to 1 we arrive at a setting where we have
the sequence of wave maps

O™ (t, ) = D(t,t, t,x)

in the increasing regions Cl, 1), with €, — 0, so that

1
Fe, 1[®™] < 2 B[],
and also points x,, € R? and frequencies k, € Z so that

(4.98) | Py, (1, 2,)| 4+ 275 | Py, 0,0 (1, 2,)| > € .

maint maints
From this point on, the proofs of Theorems 4.T4 and A.TH are identical.

Step 3: Elimination of pull concentration scenario. Using the fixed time portion
of the Xy energy bounds in (4.89) we eliminate the case of null concentration

|z, — 1, k,, — 00

bad_disp_bound . .
in estimate (4.98), and show that the sequence of maps ®™ at time ¢ = 1 must either have

low frequency concentration in the range:

m(e, E) < k, < M(e, E) , .| < R(e, E)

or high frequency concentration strictly inside the cone:
kn, > M(e, E), |z, < v(e, E) < 1.

Step 4: Time-like energy concentration. In both remaining cases above we show
that a nontrivial portion of the energy of ® at time 1 must be located inside a smaller
cone,

1
5/ (10:2™ + |V, @™ %) dz > E
t=1,|z|<v1

where Ey = Ei(e, E) and v, = 71(6, E) < 1.

Step 5: Uniform propa 'g&égn uof non-trivial time-like energy. Using again the X
energy bounds as in Lemma % [3 we propagate the above time-like energy concentration for
1 1

®™ from time 1 to smaller times ¢ € [e3, 4],

1
5/ (|8t<1>(”)|2 + |V$(I>(”)|2) dx > Ey(e, F) tele
|zl <v2(e,E)

Sl
Sl

N

At the same time, we obtain bounds for X,® outside smaller and smaller neighborhoods
of the cone, namely

/ P HXo® W 2dadt <1 .
cy oy

[e,% RS

Step 6: Final rescaling. By a pigeonhole argument and rescaling we end up producing
another sequence of maps, denoted still by ®™, which are sections the original wave map

1
® and are defined in increasing regions Cp 1,), T, = elmenl? "and satisfy the following three
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properties:

Es @M~ E, tec[l1,T,] (Bounded Energy)
Esu_m)t[@(”)] > By, tell,T,) (Nontrivial Time-like Energy)
1 1
/% ~1Xo®™ Pdzdt < |loge,| 2 (Decay to Self-similar Mode)
cn

[1,Tn]
Step 7: Isolating the concentration scales. Using several additional pigeonholing
arguments we show that one of the following two scenarios must occur:
(1) (Energy Concentration) On a subsequence there exist (¢, z,) — (to, o), with (t, x¢)
1
inside C'3
[§,OO

. and scales r,, — 0 so that we have

1
EB(xn,rn)[q)(n)](tn) - 1_OEO ,
1
EB(x,Tn)[(I)(n)](tn) S 1_0E0 y xr € B(l’o,?”) s

t7z+7'n/2
r;l/ / | Xo®™ 2dzdt — 0 .
tn—rn/2 B(zo,r)

(2) (Non-concentration) For each j € N there exists an r; > 0 such that for every (¢, x)
inside C; = CL . N {27 <t < 27"} one has
J [1,00)
1
EB(%TJ.)[(I)(TL)](t) < EEO ) V(t,l‘) € Cj
Esfl_mt[@(")](t) > F, ,

/ | Xo®™ 2dxdt — 0 .
Cj

uniformly in n.

Here Ej represents the threshold in the small data result.
Step 8: The compactness argument In case i) above we consider the rescaled wave-
maps
T (t,2) = O™ (t, + rot, 2, + 1)

and show that on a subsequence they converge locally in the energy norm to a finite energy

nontrivial wave map ¥ in R? x [—1, 1] which satisfies X (to,79)¥ = 0. Thus ¥ must be a

Lorentz transform of a nontrivial h;rélonic map.

In case ii) above we show directly that the sequence ®™ converges locally on a subsequence
in the energy norm to finite energy nontrivial wave map W, defined in the interior of a
translated cone Cém), which satisfies XqoW = 0. Consequently, in hyperbolic coordinates we

may interpret ¥ as a nontrivial harmonic map
U H? — M .

Compactifying this and using conformal invariance, we obtain a non-trivial finite energy
harmonic map
U:D? > M
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from the unit disk D?, which according to the estimates of Section &Iefl?ero%e;gcfhe additional
weighted energy bound:
dx
[ 1v.0p
D2 1—7r

. o , R1223710
But such rn%;ﬁ do not exist due to a combination of a theorem of Qing 129:l and a theorem

of Lemaire .

< 0.

4.9. Further developments. We begin with some comments concerning the higher dimen-
sional case. . First of all, we remark that, while not explicitly proved in I%: , the result in
Theorem 4.7 extends to higher dimensions with no change other that the role of the energ I8
played by the critical Sobolev norm of the initial data. However, the analogue of Theorem 3.
is not true as stated. Instead we have the following

Open Problem 4.17. Consider wave maps in dimension n > 3 with uniformly bounded
critical Sobolev norms.

a) Identify all possible concentration scenarios (at the very least, this must include solitons
and self-similar solutions) ‘- ec

b) Establish a dichotomy as in Theorem %’Tbetween enerqgy dispersion and concentration
SCENArios.

Next we return to the two dimensional case. In the results above we have considered
solutions below the ground state energy. But what happens if we take data with size slightly
above the ground state energy 7 For simplicity we will discuss the special case of maps
from R*! into (M, g) = S?. There we have the harmonic maps Q which are the unique
energy minimizers in their homotopy class modulo symmetries®. Recall that the ground state
() = @, is the stereographic projection.

Consider the wave map equation with data which is close in the energy norm to ). Such
data must be in the same homotopy class as (0, and the solution stays there as long as no
blow-up occurs. Then, due to energy conservation, we conclude that the ground states are
orbitally stable, i.e. the solution must stay close to @), modulo symmetries. However, this
does not lead to a global result since the group of symmetries is noncompact. Precisely, it
is the scaling that generates the noncompactness’ and may lead to blow up.

A natural simplification is to look at equivariant solutions. Then all other components of
the symmetry group are eliminated, and we are left only with scaling. Thus we are looking
at solutions of the form

(4.99) 6 = Qu(Ar) +o(1)

where A is some function of ¢. Blow-up at time ¢y, would correspond to A(t) — oo as t — .
Blow-up solutions have been proved to exist:

ST
Theorem 4.18 (Krieger-Schlag-Tataru Pf(ET]) Let k = 1. Then there ezist equivariant blow-
up solutions with the concentration rate

(4.100) At)=t""1 v>1

SNamely, isometries of R2, rotations of S? and scaling.
"The spatial translations are another source of noncompactness, but cannot lead to blow up because of
the finite speed of propagation.
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Theorem 4.19 (Rodnianski-Sterbenz %325, Raphael-Rodnianski 132: ). Let k > 1. Then

there exist equivariant blow-up solutions with the concentration rate

(4.101) AE) =t logt| 72, k>2

(4.102) At) = ecVilesth  p—q

We expect the first result to be true for all v > 0. The second result seems to be in some
sense an extreme case. The proof of these results is strongly related to the linearized wave
map flow around the ground states Q). There is a fundamental difference between the case
k=1 and k£ > 2. In the latter case, the linearized elliptic operator has a zero eigenvalue,
which is the source of instability. In the former case, we have instead a zero resonance, which
still leads to instability but in a more subtle way. A natural follow-up problem would be

Open Problem 4.20. Classify all possible blow-up rates in the equivariant case, and study
their stability.

Is blow-up a generic phenomena or an atypical one ? The knowledge that we have so far
seems to indicate that the following may be plausible at least for £ = 1:

Conjecture 4.21. Consider the equivariant wave map equation with data near the soliton
Q1. Then there exists a codimension one stable manifold of data separating the data set into
two components, as follows:

a) Data in one component leads to a shrinking soliton and to finite time blow up.

b) Data in the other component leads to an expanding soliton.

Thi.s picture may Fﬁﬂﬂg&%%%&@gi%ﬁmems as more data.becomes available..As in initial
step, in recent work [b] we are able to construct a codimension two stable manifold.
It would also be very interesting to consider nonequivariant data:

Open Problem 4.22. Classify all possible blow-ups for wave, maps ¢ : R2tY — S% with data
near the ground state (Q, in terms of a description akin to (@9), but with scaling replaced
by all the symmetries, and with good asymptotics for the symmetry group parameters as
functions of t near the blow-up time.

5. SCHRODINGER MAPS

Here we c Srgﬂs_i% Schrodinger maps ¢ : RxR™ — S?, n > 2 and prove the small data result
in Theorem ;3.8. We recall that in n space dimensions the initial data belongs to the space
H?. To keep the notations simple we will confine the discussion to the energy critical case
n = 2; this is also the most difficult case. Beside the finite energy condition, it is technically
convenient to assume that for some Q € S? we have

M) = [ 1o QP do < oo

This is a conserved quantity. The size of M plays no role in any of the estimates. Its only
purpose is to insure convergence to the constant state ) along the harmonic heat flow; this
in turn is used in the construction of the caloric gauge. The use of this condition can be

bypassed, but that is not pursued here.
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5.1. Frames and gauges. The formulation we adopt for this problem uses the frame
method. At each point (¢,2) we consider an orthonormal frame (v, w) in Ty ,S?, and
use the complex representation of tangent vectors X — (X, v) + (X, w). In particular we
can express Op,¢ in the (v, w) frame as

finitiomso| (5.1) Um =V O+ 1 w - 0.

Here m = 1,n 4+ 1 where 1,,,1 corresponds to the time variable.
Given the frame coefficients

H

finitionsl| (5.2) Ay = w - Opv.

we define the covariant differentiation operators

D,, =0, + A,
The differentiated variables 1, are subject to the compatibility conditions,
id2| (5.3) D, = Do,
while the connection A, satisfies the curvature conditions
id3]| (5.4) O Am — O Al = S(Vihm) = Qm.

A direct computation shows that the Schrodinger map equation expressed in terms of the
differentiated fields takes the form

schecov| (5.5) Uil = ZZ Dyy,.
=1

id id3
Using (%5%) and (%71'), it follows that for m = 1,...,n we have

n d
Dpsim| (5.6) Dty =i » DD + Y g,
=1 =1

which is equivalent to

(5.7) (10 + Do)t = =20 Y Ahm + (Aaer + (A7 = i0,A) )b — 1Y IS (Wythm).
=1 =1 =1

To view this as a self-contained system we need to make a gauge choice, which would
uniquely determine the A;’s in terms of the %;’s. Ideally, we would like to have a gauge
which would make the right hand side of the above equation perturbative. The an%%gy we
have in mind here is with the cubic NLS problem. Indeed, in view of the relations (5.4) it is
reasonable to assume that the A;’s are quadratic and higher order in %, therefore the right
hand side above will only contain terms which are cubic and higher order.

The main difficulty primarily originates with the term

A0,

which has an unfavorable balance of derivatives. Consider for instance the simplest gauge,
namely the Coulomb gauge, which yields an expression of the form

D™ () Dy
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[heatcov]

This causes some difficulties in the case of high x high —: loya dnteractions in the first factor;
these can be resolved in high dimension (n > 4, see ﬁ%%_ﬁt’the singularity at frequency
zero is too strong in two and three dimensions.

This is what causes us to look for a different choice of gauge which avoids the above
difficulty. A reason to hope that suc%g gauge might exist is given by the exact form of
the right hand side in the equations ( Pregisely, the functions v; and 1, there are not
independent, instead they are connected via ( % This indicates that to the leading order,
the expression ¢y, is real when the two factors have equal frequencies. Such a cancellation
is not at all captured by the Coulomb gauge. As it turns ut, there is indeed a more favorable
gauge, namely the caloric gauge. This was proposed in @g}‘g—ﬁ;@ context of the wave map
equation, and then as a possible gauge for Schrodinger maps.

Precisely, at each time ¢ we solve the harmonic heat flow equation with ¢(t) as the initial
data,

(5:) Osd = DNp+ - 30 1 10md)>  on [0,00) x R%

' #(0,t,x) = o(t, ).

We note that the Schrodinger map and the harmonic heat flow do not commute. Thus, the
Schrodinger map equation is only valid at s = 0, and not for larger s.

We heuristically remark that as the heat time s approaches infinity, the solution ¢(s)
approaches the equilibrium state ). This is related to our assumption that the “mass” of
¢ is finite, and would not necessarily be true otherwise. This allows us to arbitrarily pick
(Voo; Wao) at 8 = 00 as an orthonormal base in TpS?, independently of ¢ and z. To define the
orthonormal frame (v, w) for all s > 0 we pull back (v, ws ) along the backward heat flow
using parallel transport. This translates into the relation

(5.9) w-0sv =0

Setting dy = 0, we define the functions 1, and A,, for all s € [0,00) and m =0, - ,d+1
by

(5.10)

@szv'amqg_’_iw'aqu;
A, = w - 0.

In addition, the parallel transport relation w - 9sv = 0 yields the main gauge condition
(5.11) Ag=0.

Ahs 1%13 the %Q‘%e o%é?e Schrodinger equation, a direct computation using the heat equation

(ﬁ@nd( 3), (5.4) shows that

d
(5.12) Yo=Y D,
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id3
Thus, using again (%7[), foranym=1,...,d+1

d d d
O0tom = Dimtho = > DpDithy = > DiDpthy +i > gt
=1 =1 =1

d

d
- Z DlDl¢m +1 Z 3(%%%)@/%
=1

=1
which is equivalent to
d d

(5.13) (B — D)y, = 2i Z A0t = (A} = 10 A Y +1 > S(Wmth) .

=1 =1

id3
On the other hand from (%ZI) we obtain
asAm = %(¢0wm)

Then we can integrate back from s = co to obtain

(5.14) Ap(s) = — / S(Yotm) (r Z / (Vo (Dhy + i Aly) ) (r) dr

forany m=1,...,d+ 1 and s € [0,00). Thus Am|5:0 represents our choice of the gauge for
the Schrodinger map equation. The reason we prefer the caloric gauge to the Coulomb gauge
is the way the high-high frequency interactions are handled. Indeed, while in the Coulomb
gauge the connection coefficients can be conceptually written in the form

A~ Z 2% Pjyp Prab + Z 277 Pj( P Pry)),

i<k i<k
substituting the first approximation ¥(s) ~ e**(0) in ( % IZIi yields the relation
(5.15) ArY 2 PP+ 27 P (P P).

I<k J<k

This has a better frequency factor in the high x high — low frequency interactions.

5.2. Fun S%'(%lgvﬁpaces. To motivate our choice of spaces, recall the Schrédinger nonlineari-
ties, see (; %i

d d d
(5.16) Ly = =20 A + (Aaer + Y (A7 —i0A) ) o — i Y S (@thm)-
=1 =1 =1

We would like to analyze these nonlinearities perturbatively in suita ;%hs aces. The main
difficulty is caused by the magnetic terms —2i Z;i:l A0y, Using ( (for simplicity
consider only the terms corresponding to k& = j) they can be written schematically in the
form

(5.17) > 27 Pap P - 2F P,
k.k'€Z

If & > k' then this is a Strichartz type term, but if & < &’ then we need to recover a full

derivative at frequency &’. The way to do that is by using the lateral energy spaces L2
50



14s

associated to Schrodinger waves with a suitable angular localization in a lateral frame with
direction e. These and more generally the LP9 spaces are defined as

P4 — [P 4

’
e t,.’IJe

where (x, = x - e,2)) is the orthgeonal frame associated to the direction e.

Then the above expression (El 7; needs to be estimated in a dual space L!2. For this to
work it would appear that we need to bound Pyt in L. This estimate is valid in dimensions
three and higher. However, in two space dimensions this is precisely the forbidden endpoint
of the (lateral) Strichartz estimates.

Nevertheless, the corresponding L? bilinear estimate for free Schrodinger waves is valid,

lwwlle < 277 n(O) e lldw ()2, k<K
This suggests that there might be a way to still close by more subtle adjustments to the
function spaces. The key observation which allows us to fix the above argument in two space
dimensions is that in the lateral energy spaces L>>? used at frequency k' we are free to add
Galilean transformations T, as long as |v] < 2¥". Here

T,o(x,t) = e_i(%$”+i|”|2t)gb(a: + vt, t)

In other words we can set

9l 2a = (| Tuo| Lo

M
|v] <2k’
This would allow us to relax the bound for P, to the space

2,00
E : Le,v

|v|~2k

and work with the smaller space

This strategy actually works. Furthermore, we do not need to use all such v, it suffices to
restrict our attention to those which are parallel to e. In addition, by restricting time to a
large but finite interval, we can discretize the above continuous set of v’s. Precisely, for large
K we restrict time to t € [0,22X], and then define the set of indices

Wi = Wi(K) = {\ € [-2F,2F] . 2F2K ) ¢ 7).
and the associated space
2,00 2,00
Le,Wk - Z Le,v

veeWy,

To use these spaces we need the projectors Py . which select the region |¢ - e| ~ 2%, Then we
have the following

Lemma 5.1. Let d =2. For any f € L*, k € Z, and e € S' we have

(518 [P fllme S22 e o] € 26
In addition, if T € (0,2%%] then
(5.19) ez (e Pefllpee S22 f] 2.

€& WEk4+40
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1itl
Proof. We begin with (5.18). After a Galilean transformation the problem reduces to the
case v = (0, where by translation invariance it suffices to estimate

lullzz , S 2720 flles w =" Preof(t,0,a0)

Without any restriction in generality we assume that Py . is confined to the positive side
€ e~ 2% (and not —2%). Then a direct computation shows that

Ur ) = emaOFO. =€, &3>0
1it (&
Hence (hS) follo %:‘Hy a simple change of coordinates in the integral defining the L? norm.

Next we prove (\%_[9) For that we define two more classes of spaces. Given a finite subset
W C R and r € [1,00] we define the spaces > " Ly, and (" LY, using the norms

(5.20) 0l grg, = WP inf 3 [l6allg
’ Zonew O S
and
r _ -1 r
(5.21) 16l 1z, = W13 ol
AEW
Clearly, 32" LYYy, = LYy and
(5.22) 19l rrg, < NSl g, 7 <7

We fix e € S'. By rescaling we can assume that K = 0. We may also assume that k& > 1,
since for £ < 0 one has the stronger bound

111y ()™ Pfllzree S 1 e
We need to show that
(5.23) g™ Pefllye 2o <252 £l 2.
eWits

Due to the duality relation®

2 91 ! 2 9
Vi) =S e
< e,Wk+5 67Wk+5 ’

it suffices to show that if [[g[|z 22 <1 then
eWiys

(5.24) / 9(2, )11 (0) (€™ Py f) (0, 1) dadt| S 262 £ 12
R2xR
This can be rewritten as

|, RGO 0 e) deda] £ 2 o

1
H/ €7itAPk9(t)
—1

8This is not entirely straightforward.

or equivalently

< 2k/2
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Hence by a T'T™* argument it suffices to show that

keynax3| (5.25) | / / 9l )Ly ()7, $) L (5) Kl — gyt — ) dadidyds| < 2*
R2xR JR2xR
where
(5.26) Kalo,t) = [ e il de.
RQ

By stationary phase

2R(L 4+ 2%[t) o] < 25t

[ Ki(t,2)] S

2261+ 2¥a) N [a] = 2]
The key idea is to foliate K}, in the e direction with respect to (thickened) rays with speed
less than 2¥*°. We observe that for t € [—2,2]

Ke(t, )| S ) Kia(to),  Kea(t,z) = (14282 -e— M),
AWy 5
k 3

Hence the left hand side of (}535%) “can be bounded by

1 1
3 / / Kialt = 5,2 — 9)lg(y, )llg(, 0)|dedydsdt
—1J-1

)\GWk+5
S > kAl oo gl lgll2e S 27° > Hgﬂig& S QngH%nz:%%?
AW 45 AW 45
keymax2
where we used the fact that |W,, 5| ~ 22*. Thus (%54) follows. O

<WVe are now ready to define the dyadic function spaces where we want to study the equation
(’5?; We will denote by G}, the spaces for the solutions v, and by N, the spaces for the
right hand side L,,. Heuristically the GG, norms should contain Strichartz type norms, plus
the above M|y« Lgﬁf and the sum space L‘;"Vﬁk

One difficulty we encounter is that the norms of nearby G}’s are not equivalent, and
that makes it difficult to propagate them along the harmonic heat flow. For this reason we
introduce a third space F}, with a weaker topology than Gy, G, C F}, but which does vary
nicely with respect to k.

For comparison purposes, we also provide the corresponding definitions in dimensions
three and higher.

spacesd>2| Definition 5.2. Assumen >3 and k € Z. Then Fy(T), Gi(T) and Ni(T) are the Banach
spaces of functions localized at frequency 2% for which the corresponding norms are finite:

fracts] (5.27)  Nolmr) = l19llerz + [@llra + 27V 2 g|| pa oo +27H4D2 sup [|g]] 2,

ecSd—1
gkdef3 (5.28) ||¢||Gk(T):||¢||Fk+2k/2 sup  sup ||Pj7e¢||L2°’2’
|7—k|<20 eeSd-1
respectively
kdef3] (5.29 = inf , 27k 2.
is?3] (5.2) ey = int (Ul + 2747 sup 1l
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fkdef2

gkdef2

nkdef?2

U

earmainrep

useboundin

Definition 5.3. Assume thatn =2, k € Z, K € Zy, and T € (0,2?X]. For functions ¢ at
frequency 2F let

(5.30) 19l roery = 19l gz + 0l os + 27216l arpe + 272 Sup 101l 2.0
ec

esWi 40

We define Fi.(T), Gp(T') and Ni(T) as the spaces of functions for which the corresponding
norms are finite:

J
(5.31) |llpr = int inf 32 ey,

MLy €Lt f=fmy+o A fm s j=1

IllGeery = l[@llpe + 27  sup 4[| ss +2C sup sup || Pjeo|l o
ecS?t |i—k|<20 ecS!?

(5.32)
+ 252 sup sup sup HPj,e¢HL°°fa
li—k|<20 eeS? || <2k—40 e’
respectively
(5.33)
k k k
= inf 26 26 272 ;
I Al f:f1+1;;+f3+f4(||f1nﬁ+ “Nfall g + 20055l g0+ 2535|!f4”¢;w)7

where (eq,e3) is the canonical basis in R?.

In all dimensions d > 2 the spaces Ni(T') and G;(T') and related by the following linear
estimate:

Proposition 5.4. (Main linear estimate) Assume K € Z,, T € (0,2?*] and k € Z. Then
for each uy € L* which is localized at frequency 2 and any h € Ny(T) the solution u to
(10 + Az)u = h, u(0) = g
satisfies
[ulleery S N1u(0)lzz + 1Al nery
To bound products of functions in Fj(7") we often use a more relaxed criterion. Precisely,

since for e € S and f localized at frequency 2% we have
SNz S 2MEIR fll e

£ 2.
Mz,

m

it follows that, in all dimensions d > 2,
(5.34) [y S 1 1le2ege + L f [l zva-

This criterion is often used to estimate bilinear expressions, by exploiting the LP4 L2 norms
in the spaces Fy(T).

We also need to evolve Fy(T) functions along the heat flow. Since the Fj(7") norm is
translation invariant it immediately follows that if h € Fi(7T') then

(5.35) le® hllrry S (14 s2%) Pl gy, 520,

To prove useful bounds on the connection coefficients A,,, m = 1,...,d, for k € Z and
w € [0,1/2] we define the normed spaces S¥(T') of functions in LZ(T') for which

(5.36) 1Fllseery = 2 U fll oo 2o + Il ppaprae + 275 S | pac o) < 00,
t t Lz z t
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where the exponents 2, and pgq,, are such that
1 1 1 1

2w 2 B Pdw Pa B

The spaces S (T') are at the same scale as the spaces Fy(T) and Fy,(T) < Sp(T). By Sobolev
embeddings we have

(5.37) 1 lser ey S W llsgery  if ' < w.
Thus the spaces S{(T) can be interpreted as refinements of the Strichartz part of the spaces

Fi(T) (which corresponds to SY(T)). It is important to be able to prove bounds on the

coefficients A,,, m = 1,...,d, in both spaces Fy(T) and S;/2(T). These bounds quantify an
essential gain of smoothness of the coefficients A,, compared to the fields 1,,.

&€

5.3. The small data result. Here we ogrglig}gnthe main steps in the proof of the small data
result for Schrodinger maps in Theorem &3.8.

5.3.1. Bounds for the harmonic heat flow. We begin with the L? boundﬁzg%ag gv}}%gn%%gs
heat flow. Below we state them for small data, but by the work of Smith [36] similar results
hold up to the critical energy E..;;. For the next result we fix the Schrédinger time:

Proposition 5.5. (Construction of the caloric gauge) Let ¢ : R* — S* with ¢ — Q € L?
which satisfies the smallness condition

(5.38) I6ll5 = 7> < 1

Let ¢, be a frequency envelope for ¢. Then there is a unique smooth solution gz~5 € C*((0, 00) x
R™) of the covariant heat equation

(5.39) { 050 = D0+ 6+ >y [Omd]*  on [0,00) x RY;

6(0,2,t) = ¢(z,t).

In addition, there are smooth functions v,w : [0,00) x R? — S? with the properties

(5.40) v-p=w-p=v-w=w-w =0 on [0,00) x R x (=T,T),
and for any F € {gz;,v,w} we have the bounds
(5.41) |PeF(s)| 22 S cx(1 + s22F)~20272F

VWPpro

The key caloric gauge condition is the last identity in ()‘STEDIEnamely tw - dsv = 0, which
leads to the identity Ay = 0. It is also important that the functions qg,v, w become trivial
as § — 00.

The L? bounds are far from sufficient for our analysis. Instead we need additional F},
bounds for the harmonic heat flow. This happens at the level of space-time estimates, so
we add a Schrodinger time variable back into the picture. Again it is convenient to add the
frequency envelopes to this picture. This is done with respect to the Fj norm. Thus, let ¢
be an F} frequency envelope for the 1,,’s. To this envelope we associate the sequence

en= (Y )"
7>k
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Proposition 5.6. (Heat flow bootst Taﬁ)fesggmates) For T € (0,00) and ¢ small in L°H"(T)

we consider ¢, v, w as in Proposition 5.5, and 1, and A,, the associated fields and connection
coefficients.
(a) Suppose that the functions {m}m=1.4 satisfy
(5.42) | Pithn ()| oy < 27M4722¢, 0 = lefle < 1
as well as the bootstrap condition
(543) HPkwm(S)HFk(T) S 671/2Ck27k(d72)/2(1 + 82216)74.
Then we have
(5.44) 1 Petn(5) 1) S ex2HE212(1 4 52%)
Also, forl,m =1,--- ,n we have the F,(T) bounds
(5.45) | Pe(Am($)81()) |y S 2 HED2(22%) 5 (1 4 527%) 72,
as well as the LP¢ estimate at s = 0
(546) ||PkAm(0)||LPd S Ck2_k(d_2)/2
(b) Assume in addition that
(5.47) |1 Pitbara (0 s S ex2” 07228
Then we have
(5.48) | Prtbarr(s) || zra S cx2 7 FED2(1 4 2205) 72,
and the connection coefficient Aqy, satisfies the L? estimate at s = 0
(5.49) |PeAg1(0)] 2 S 2774272 p >3
respectively
(5.50) [Aar1(O)lzz S €, [1PeAan(O)lle Sy d=2.

sibound
The bootstrap assumption (BZIBi can be then eliminated.

5.3.2. Bounds for the Schrodinger map flow. Since the connection coefficients A,, are defined
via the harmonic heat flow, we cannot use a direct fixed point argument in order to solve the
Schrodinger map equation. Instead, we use a bootstrap argument. Our main Schrodinger
bootstrap result is the following.

Proposition 5.7. (Schridinger bootstrap estimates) Assume that T € (0,2%*] and Q € S2.
Let {cy}rez be an e-frequency envelope with € < 1. Let ¢ be a smooth Schrédinger map in
[0, T whose initial data satisfies

(5.51) | PeV ol 12 < cp2 =272
Assume that ¢ satisfies the bootstrap condition

(5.52) [PV || poors < e/ 227202
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and let (¢, v, w) be the caloric extension of ¢ given by Proposition 5.5, with the corresponding
fields ., Am. Suppose also that at the initial parabolic time s = 0 the functions {{m }m=1.4
satisfy the additional bootstrap condition

(5.53) 1Pt (0) |Gy < € V227 @Dk,

Then we have
bootschout | (5.54) | Pt (0) ||y S 27 (d-2)k/2,

linearmainre
The abayg praposition is proved by applying fhe linear result in Proposition o the
equation ( : he rgéh { hand side in (%?i is estimated in the Ng(7T) spaces using the

bounds in Proposition .6 for the differentiat d (ﬁtelgls ¥, and the connection coefficients A,,.
We note that the bootstrap assumption (5535 1s eliminated via a continuity argument.
The additional bootstrap condition (% 525 can also be improved to

bootso-i (555) ||ka¢||L§°L§ SJ Ck
and then eliminated, by first traEsgerrlggolt to v and w using Proposition b.5, and then by
erinl nso

recovering V¢ via the relations (b.

5.3.3. Rough solutions and continuous dependence. To define rough solutions and study the
dependence of solutions on the initial data we consider the linearized Schrodinger map equa-
tion. Expressed in the frame, this has the form

(5.56)
d d
(100 + A )thiin = —2i > Aithiin + (Aass + Y (A} — i0LA) ) i — Z DS (Pitdiin).
=1 =1

This can be derived by direct computations as before. Heuristically, one can also think of a
one parameter family of solutions ¢(h) for the Schrédinger map equation so that ¢(0) = ¢

and vy, is the expression in the frame of 0,¢j,—o, and extend the frame (v,w) as h varies.

For this we will prove that it is well-posed in H (@272,

Proposition 5.8. Let ¢ be a Schrodinger map as above. élc Ti 07“ each initial data 1, (0) €
H®™ there exists an unique solution Vy, € C(R, H*®) for (5.56) which satisfies the bounds

psl| (5.57) ZQ d_Q)kHPkwlin“G’k(T) S ’Wzm(o)”z
k

eatfk
The proof of this result is identical to the proof of Proposition E;_.G._As a consequence of
this we obtain the Lipschitz dependence of solutions in terms of the initial data in a weaker
topology:
Proposition 5.9. Consider two initial data ¢9 and ¢} in Hg which satisfy the smallness
cgézh({itgon ||¢8||H% < 1, h = 0,1, and let ¢°, ¢' be the corresponding global solutions for
(5.56). Then

(5.58) ;2<“>'“\|Pk<¢° O aze S 1160 — Gl e
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To prove this, one needs to show that any two initial data ¢ and ¢} which are small in
H' can be joined with a one parameter family {¢{}rep,1) € C*°([0,1]; H*) of initial data so
that:

(5.50) / Ot a2 =~ 166 — B3] aze

ataru_WM2
This was proved in

The above proposmon allows us to conclude the proof of the strong continuous dependence
on the initial data. Precisely, we show that the data to solution map Sg admits an unique
continuous extension

So - H2mH —>C(R HzmH )
It suffices to consider a sequence of smooth initial data ¢f € Hg which satisfy uniformly
the smallness condition qu)(}” ¢ < 1 and so that ¢f — ¢ in HenN H% and show that the
corresponding sequence of global solutions is Cauchy in the space in C'(R; H:n H ) By
Proposition E_Q_lf follows the ¢™ is Cauchy in C'(R; HQ ),

Consider frequency envelopes {c}} associated to ¢j. Since ¢f is convergent in H% we can
choose the corresponding envelopes {c?} to converge in [>. Then we have the uniform
summability property

(5.61) lim sup Z(CZ)Q =0

Now we estimate

no__ ami|l2 mY (|2 |2 m||2
||§Z5 ¢ HC(R;H%) §||P§k°( gb >||C(]RH7) + ||P>ko¢ ” ;H% + ||P>ko¢ HC(RH%)
k n m
5 2 OHPSko(gb _¢ )HZ(R d—2 + Z Ck
k>ko
. conta
Hence using (5.60) we have
n m||2
lim sup |¢" — ¢ ity S5 > ()’
k>ko
. contb .
Letting ko — oo, by (5.61) we obtain
lﬁitglw ~ "l gut) =0

and the argument is concluded.
The continuity of the solution operator Sg in higher Sobolev spaces

d
So : HOH —>C(RH”HH ) §<0§01
can be obtained in the same manner.

5.4. Further developments.
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5.4.1. Other targets. The frame method works well in the case of the S? or H? targets, but
arbitrary Kahler targets are a different story. There the frame method would not yield a self
contained system for the differentiated fields 1,,.

Open Problem 5.10. Prove small data well-posedness for the Schrodinger map equation
with values into an arbitrary (say compact) Kahler manifold.

5.4.2. Large data. For the purpose of this section we assume that we are in two space di-
mensions, i.e. the energy critical case. The reason for this is that in this case the energy is
a meaningful invariant object which can be used in the description of the global behavior of
solutions.

We begin with the case of the H? target, where there are no finite energy harmonic maps,
and no other known obstructions to global well-posedness. This is the geometric version of
a defocusing problem. Then we have

Conjecture 5.11 ( Defocusing Conjecture). Consider the Schrédinger map problem in two
space dimensions, with values in H?. Then global well-posedness and scattering holds for all
finite energy data.

In the case of the S? target, the harmonic maps provide an obvious obstruction to a large
data result. In addition, scattering can only occur for solutions in the zero homotopy class.
The smallest nontrivial soliton, on the other hand, is the stereographic projection, ¢); which
belongs to the homotopy one class. In order to emulate such a soliton in the zero homotopy
class, one needs to wrap the sphere and then unwrap it; this requires twice the soliton energy.
Thus the natural conjecture is:

Conjecture 5.12 ( Strong Threshold Conjecture). Consider the Schrodinger map problem
in two space dimensions, with values in S®. Then global well-posedness and scattering holds
for all zero homotopy data which satisfies E(¢) < 2E(Q1).

These conjectures parallel recently proved results for wave maps. Both conjectures are

still open for Schrodinger maps. However, the equivariant case has recently been studied.

_ ) 2012arXivi212.2566B
Theorem 5.13 ( Bejenaru-Kenig-Ionescu-Tataru, [2] ). Consider the Schrédinger map prob-

lem in two space dimensions, with values in H?. For this problem, global well-posedness and

scattering holds in the 1-equivariant class for all finite energy data.

) ) R01larXivil12.6122B
Theorem 5.14 ( Bejenaru-Kenig-Ionescu-Tataru [I] ). Consider the Schrodinger map prob-

lem in two space dimensions, with values in S?. For this problem, global well-posedness
and scattering holds in the 1-equivariant class for all zero homotopy data which satisfies

E(¢) < E(Q1).

The proof uses the Kenig-Merle method, which involves

e proving that if the result does not hold then minimal energy blow-up solutions exist
and

e climinating the minimal energy blow-up solutions via mass and momentum Morawetz
type estimates.

Key difficulties in the proof:
e Gauge formulation of the problem: via the Coulomb gauge one obtains two cou-

pled NLS type equations, and the coupling needs to survive in the concentration

compactness argument.
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e Morawetz (momentum) estimates are harder, and only yield local energy decay in
a restricted regime; in particular we cannot reach the conjectured 2F(Q;) threshold
for S? targets.

5.4.3. Near soliton behavior. In this section we consider the behavior of solutions with energy
above the ground state threshold. For clarity we discuss only the simplest such problem,
which is still wide open. Thus, we consider the case of the S? target and solutions in the
homotopy one class, which have energy just above the soliton energy,

(5.62) E(Q)) < E(¢) < B(Qy) +¢

We note that if £(Q1) = E(¢) then ¢ must belong to the class Q; of ground states obtained
from ); via symmetries. We also remark that energy considerations show that any such
state ¢ must satisfy

dlSt(¢, Ql) SJ €.

Thus the family O is orbitally stable. Unfortunately this does not say as much as one might
want since the group of symmetries is noncompact. Thus we have the following

Open Problem,5.15. For Schridinger maps from R**! to S* which have homotopy one
and satisfy (5.62), understand the possible global dynamics for the flow.

The key element in this is understanding the motion of solutions along the @), family.
Possible issues to consider are

e Can finite time blow-up occur 7 If so, what are the possible rates ?

e For global solutions, what is the asymptotic behavior at infinity (if any) ?

e Can solutions drift away to spatial infinity in finite time ? In infinite time ?

e Are there any breather type solutions in this class 7

While in such generality the above problem seems out of reach for now, some partial results

have been obtained for equivariant solutions. An advantage of working in the equivariant
class is that the dimension of the symmetry group is reduced to two, namely scaling and
horizontal rotations. The first is noncompact, but the second is compact. Thus we can
parametrize the ground states as

Q1" ={Qux; N €RT a €S}
The equivariant solutions are represented as

(t) = Qayae) + O (€)

and the question is to understand the behavior of the functions «(t) and A(¢).
In chronological order, the results we have so far are as follows:

o . MR2725187 . .
Theorem 5.16 (Gustafson-Nakanishi-Tsai %’ﬁ ground states are stable in the k equi-
variant class for k > 3.

We remark that this result is very different from the wave-map picture. Also, it seems
somewhat unlikely that the result will survive outside the equivariant class.

. [2010arXiv1009.1608B
Theorem 5.17 ( Bejenaru-Tataru (k = 1, [6]) (K = 2, in progress)). a) Q; ground states

are unstable in the energy norm H*'.
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110931298

009.1608B

MR1208652

MR1215780

Wi

b) Qi ground states are stable in the one equivariant class with respect to a stronger
topology X satisfying
H'c X c H'

A key role in this analysis is played by the linearized equation near (); expressed in a
suitable gauge. This is a linear Schrodinger equation governed by an explicit operator

1 8
H=-A+YV Vir)=— — ——.
Y (r) 2 (14 172)?
A key difficulty is that H has a zero resonance
2r
= aT‘ =
¢o = rd:(1 112

which corresponds to motion along the soliton family.

This is unlike what happens in higher equivariance classes k > 3 where the analogue of ¢,
is not only an eigenvalue but also belongs to H —1. This allows one to define a corresponding
orthogonal projection for functions in H* and opens the door to a more standard perturbation
theory.

The proof of the above result requires developing a complete spectral resolution for the
operator H. In addition, the parameter A(t) is the main nonperturbative parameter in this
analysis, so one in effect needs to work with a linear evolution of the form

(10, + Hapy) = f

with a nontrivial dependence of A on t.
Finally, the last and most recent results in this direction that we mention are

[2011arXiv]106.020PMarXiv1212.6709P
Theorem 5.18 (Merle-Raphael-Rodnianski [26], Perelman [28]). Finile time blow-up equi-

variant solutions exist near Q;.
2011arXiv1106.0912M

The first result [20] KT 0] Bé@g&%l%%gbChmdl%% gn%]vfg{ai%go‘glge techniques in the similar

work for wave maps 4341, 132 The second [28] 1s the Schrodinger map counterpart of the
wave map results in %T]
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