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MATH 113 PRACTICE FINAL ¥ |-

This exam has 9 problems on 18 pages, including this cover sheet. The only thing you may
have out during the exam is one or more writing utensils. You have 180 minutes to complete
the exam.

DIRECTIONS

I

Be sure to carefully read the directions for each problem.

All work must be done on this exam. If you need more space for any problem, feel
free to continue your work on the back of the page. Draw an arrow or write a note
indicating this, so I know where to look for the rest of your work.

For the proofs, you may use more shorthand than is accepted in homework, but make
sure your arguments are as clear as possible. If you want to use theorems from the
homework or reading, you must state the precise result you are using. Exception: for
the “big-name” theorems, you may just use the name of the result.

Good luck — do the best you can!

Problem | Max | Score
K nqA\/\j 1 40
e A 2 10
NR L 3 20
N 4 55
%\ g 5 20
6 15
/Q/Q ‘ 7 15
8 15
9 10
Total 200
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1. The parts of this problem are not related to each other. Your justifications should be
very brief, and you don’t need to use complete sentences.

(a) (5 points) Use Fermat’s Little Theorem to find the remainder of 8% when divided
by 13. Show all of your calculations in an organized manner.
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-@v /({). (5 points) The polynomial 23 — 22 — x — 2 in Zz[z] can be factored into linear
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(¢) (5 points) Consider the congruence 115z = 75 (mod 65). Find all solutions in

Zgs, showing your work.
Y \u Kons.

cd((‘:{:”): ¢ >°

(d) (5 points) What is the characteristic of the ring Zg X Zog X Z157 (You may write
]NQ"\' your answer as a product of primes if it is a large integer.)
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(e) (5 points) Find the order of the element (1,3,7,8,9)(2,3,4,7)(5,6,8) in the sym-
metric group Sy.

A A;g], u’de W*:
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Q / 5 points) Show that 17 3 \/3 is in the field of quotients of the integral subdomain

= {a+ W5 :a,beZ} of R by expressing it as a ratio of two appropriate elements.
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(g) (5 points) Suppose ¢ : G — H is a group homomorphism which is NOT one-to-
one. If |G| = 24 and G has normal subgroups of orders 24, 12, 8, and 1 (and no
others), what groups can im(¢) possibly be isomorphic to?
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(h) (5 points) Give addition and multiplication tables for two nonisomorphic rings R
and S, each of order 2.
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2. (10 points ) Construct a field with 25 elements, by taking an appropriate quotient of a
polynomial ring. Be sure to describe the elements of your field and justify your work,
quoting any relevant theorems you need.
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3. (2 points each) No justification is required, but you may use the space to do (ungraded)
scratch work if you want. Circle the correct answer, and make sure there is no ambiguity
if you change your mind.

(a) The group R/Z under addition has at least one element of order 7.

FALSE
by L Z

(b) A finite abelian group has prime order if and only if it has no proper nontrivial
subgroups.

TRU FALSE

(c) If G is a cyclic group, then every factor group of G is cyclic.
RUFE FALSE

(d) If A C B C C are groups such that A < B and B < C, then A < C.

TRUE
’\'\AJ Cz Ds b e xowyles

(e) The group Sy has at least one element of order 16.

TRUE < FALSE >

(oot b Rem e B
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(f) Every abelian group whose order is divisible by 8 contains a cyclic subgroup of
order 8.

(g) The groups Zjs X Zy4 and Zg X Zsg are isomorphic.
TRU FALSE

(ZS kz%) )‘(ZT x7}> VS Ql ’23\ x (74 ”‘Z?)

(h) If g is an element of a finite nonabelian group G, then |g| divides |G|.

FALSE

Laqran - (co)

(i) In the dihedral group D,, (symmetries of an n-gon), there exists an element of
order k for each positive integer k which divides n.

FALSE

Y aU"S‘F 2 hHM‘

—

r '3 VJ/ V=

(j) The union of two subrings of a ring R must also be a subring of R.

TRUE @
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4. (5 points each) For each of the items listed below, give a specific example with the
stated property. All of these are possible, and no justification is required.

(a) A subgroup of D, x S7 which has order 16.

(b) An abelian group with at least 34 elements of order 17.

23 ¥
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(c¢) A nonabelian group with at least six elements of order 5.
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(d) A subgroup of GL(2,R) which has exactly 8 elements.

r‘\_LR o Q e(o}l}'l,zs
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(e) A pair of zero divisors in the ring Zs x My(Z

fo (233) (00
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(f) A polynomial ring R which is an integral domain and an ideal I such that R/I is

- Q<) T=<x/

¥/r< a



Math 113, Practice Final p.11

(g) A nontrivial ring homomor phisn:é[x] — Z X 7.

e — (£, &)

4 {)ez(x]
O At .Q\fﬂﬂ \mw\ w eallh coovd

(h) A polynomial in Z[z] which has 4 terms and is irreducible using Eisenstein’s
Criterion with p = 3.
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(j) An extension field of Q which is algebraic of degree 4.

x =1 veed (ST

n (47

7

(k) A field which has the same algebraic closure Q as Q but is not equal to Q or Q.

@(\Fﬂ
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5. All parts of this problem deal with Zg x Zs.

(a) (5 points) Viewing G = Zg X Z3 as an additive group, find a subgroup K which is
isomorphic to Z3 x Z3. You may describe your group by writing out the complete
list of elements or by a set of generators. Ilm your

answer is-esrrect— ’B rm 2 \7 j\dﬁ"\c\’
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(b) (5 points) Viewing G = Zg X Z3 as an additive group, find a subgroup H such
that G/H is isomorphic to Zz X Zs. 'Jusm'y,\yo‘tlr answer rrﬂ?em
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(c) (5 points) Viewing R = Zg X Z3 as a ring, find a subring S of R which is not an
ideal. Briefly justify your answer.
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(d) (5 points) Viewing R = Zg X Z3 as a ring, find an ideal I of R which is not a
prime ideal. Briefly justify your answer.
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6. (10 points) Prove ONE of the following. If you try both, clearly indicate which one
you want to be graded.

Suppose E is an extension field of F. If a € F is algebraic over F' and § € F(«),
prove that deg(8, F') divides deg(a, F).

uppose E is a finite extension of a field F. Let p(xz) € Flx] be a polynomial

which is irreducible over F. If the degree of p(x) does not divide [E : F], prove
that E does not contain any zeroes of p(z).
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7. (10 points) Prove ONE of the following. If you try both, clearly indicate which one
you want to be graded.

State the definition of a unit in a ring and the definition of a zero divisor in a
ring. Prove that in the ring Z[z], the element z is neither a unit nor a zero divisor.

(b) State the definition of a wnit in a ring and the definition of a zero divisor in a
ing. Prove that if D is an integral domain, then D[z] is also an integral domain.
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8. (10 points) Prove ONE of the following. If you try both, clearly indicate which one
you_want to be graded.

ay Let ¢ : G — G’ be a group homomorphism. Prove that if V is a ormatsubgroup
f G, then ¢E/V)]is a merrrar-subgroup of G'.

(b) Xt ¢ : G — G’ be a group homomorphism. Prove that if N’ is a narmal subgroup
of G, then N = ¢ [N'] is a nesnral subgroup of G.
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9. (Note, this exact question *will* be on the real final.)

(a) (5 points) What is your favorite group? Why?

\ \\jgw

DBV\ lﬂco—/

(5 points) What is your favorite 113 thdorem 1owressed in the proofs on this
exam (i.e. problems 6-8)7 Briefly descie (3N sentences) something that you

like about the proof or abouﬁ.m\aq)xf)\licat n of the theorem you choose.
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