ON THE NON-GENERIC PART OF THE L2-COHOMOLOGY OF LOCALLY

SYMMETRIC SPACES

TERUHISA KOSHIKAWA AND SUG WOO SHIN

ABSTRACT. There have been a number of old and recent results on the cohomology of Shimura
varieties and locally symmetric spaces with characteristic zero and torsion coefficients, sometimes
leading to striking arithmetic applications. Often these results are obtained under a suitable local
genericity or regularity hypothesis. Without such a hypothesis, we formulate a prediction on the
range of vanishing cohomological degrees under a general local condition. This is based on an
axiomatic formalism of Arthur parameters, which is conditionally available for classical groups, as
well as the closure ordering conjecture from the p-adic Adams-Barbasch—Vogan theory and the
Adams—Johnson theory of cohomological parameters at co. We start from the L?-cohomology of
locally symmetric spaces with complex coefficients and then proceed to consider the cohomology of
Shimura varieties and their local analogues with torsion coefficients.
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1. INTRODUCTION

Locally symmetric spaces arise as the quotients of symmetric spaces for reductive Lie groups
by arithmetic lattices. These spaces, equipped with Hecke correspondences, provide a geometric
and topological incarnation of automorphic forms. When locally symmetric spaces are essentially
Shimura varieties (modulo technical issues with the center), algebraic geometry is brought in to
enrich the subject and lead to further progress.

A fundamental problem is to understand the cohomology of locally symmetric spaces, not only
with C-coefficients but also with torsion coefficients. In the case of certain Shimura varieties and
GL,-locally symmetric spaces, even partial answers took much effort but there was a great reward,
namely outstanding progress in the Langlands program such as [Schibl [ACCT23| [CN]. Further,
we refer to [CG18, (GV18] for perspectives on the cohomology of locally symmetric spaces in the
context of the Taylor-Wiles method and its generalization.

In fact, the cohomology with C-coefficients is described in terms of automorphic forms by Franke’s
formula (subsuming the formulas due to Matsushima and Borel-Casselman). However, the formula
is not always amenable to explicit calculations to control vanishing of cohomology. The situation is
far more mysterious with torsion coefficients such as Fy. For one thing, there is no general notion
of automorphic forms with torsion coefficients (apart from the zero-dimensional case).

Our paper revolves around the following question: find a bound on the non-vanishing degrees
for the cohomology of locally symmetric spaces under a prescribed local condition at a finite prime.
Ideally we want that a universal recipe yields a bound that is tight or almost tight in all cases. The
case of torsion coefficients is particularly deep and motivated by potential applications to automor-
phy lifting and local-global compatibility. Several results have been obtained on the vanishing of
torsion cohomology of Shimura varieties by [CS17, [CS24] [Kosbl [dSS, HL, [DvHKZ] mostly under
local genericity hypotheses (which differ slightly from each other) and by [Boy19, [CT23] which cover
some non-generic cases. Thus it is natural and timely to ask what would be an optimal genericity
condition and what the bound would be in the non-generic case in general.

Our goal is to present reasonable conjectures for the L?-cohomology and the Betti cohomology
(with or without compact support) with characteristic zero coefficients under a general local con-
dition, with a view towards the case of torsion coefficients under a non-genericity condition. The
recipe is based on an axiomatic formalism of Arthur (a.k.a. A-)parameters and packets. It has
been a well-known principle from the beginning [Art89], when the coefficient field is C, that the
SLs-part of an Arthur parameter controls how the relevant part of the cohomology spreads out in
different degrees in some precise way. We spell out what should happen under a local constraint,
utilizing our knowledge of local Arthur packets at both non-archimedean and archimedean places.
Moreover, a reinterpretation of our recipe in the case of Shimura varieties led us to come up with
an analogous conjecture on non-vanishing cohomological degrees for moduli spaces of local shtukas
in mixed characteristic with /-adic coefficients. Guided by these considerations with characteristic



zero coefficients, we make some predictions for cohomology with torsion coefficients locally and
globally; see §1.11] below.

1.1. L?>-cohomology of Shimura varieties. We would like to illustrate the vanishing problem
and basic ideas on the L?-cohomology of Shimura varieties, where the cohomology is easiest to
understand by means of automorphic representations.

Let (G, X) be a Shimura datum. For a sufficiently small open compact subgroup K =[], K, C
G(A™), let Shi denote the Shimura variety of level K. Though Shx admits a canonical model
over a number field, we focus on Shg as a complex manifold. Consider a complex local system &£ g
over Shy corresponding to an irreducible algebraic representation E) of G¢ of highest weight A.
The L?-cohomology

H{y)(Sh, &) = n?rgﬂ@)(ShK, Exr) (1.1)

is a G(A°°)-module. Now fix a prime p and an irreducible smooth representation 7 of G(Q,). Here
is a basic question.

Question 1.2. If 7'('2 appears as a subquotient of H(iQ)(Sh,SA) then can we prove a bound on 7 in

terms of a numerical invariant attached to 7r2?

We can get off the ground thanks to an automorphic description by Borel-Casselman [BC83].
Write g for the Lie algebra of G, and K for the centralizer in G(R) of an element of X (so that Ko
is roughly a maximal compact subgroup of G(R) modulo center). Then there is a G(A>)-module
isomorphism

Sh Er) EBm 7T00®Hi(g(c,Koo,7Too®E)\), (1.2)

where m = T ®7o runs over discrete automorphic representations of G(A) (whose central character
at 0o is constrained by \), and m(w) € Z>( denotes the automorphic multiplicity of 7. So Question
asks, if m, = 7rg, what we can say about the relative Lie algebra cohomology of 7.

Such a link between p and oo is best formulated by Arthur’s conjectural endoscopic classification
of automorphic representations by Arthur parameters (A-parameters), which takes the following
rough form. There is a set of global A-parameters W(G) and a set of local A-parameters ¥(G,)
for each place v of Q, equipped with localization maps V(G) — ¥(G,), 9 +— 1, as well as an A-
packet IL,, consisting of finitely many (isomorphism classes of) irreducible unitary representations
of G(Q,) attached to each t,. Given ¢ € ¥(G), define HZ‘“ as the set of discrete automorphic

representations m = ®/ m, such that m, € va. Then (|1.2) becomes
Hiy(Sh,&) = @ P m(r) 7> @ H(ge, Koo, Too © By). (1.3)
eV (G) WEHZ‘“
Then Question amounts to asking
Question 1.3. Let ¢ € U(G), m € 18", and E) as above. If 7, = 778, then what is the range of
non-vanishing degrees for H(gc, Koo, Too @ Ey)?

A key point for us is that each ¢ (resp. each v,) yields a morphism of algebraic groups SLy — G
up to G-conjugacy, denoted by 1/J]SL§; (resp. wU\SLé), and that these associations are compatible with
the localization map 1) +— 1,,. (The superscript A is a decoration for “Arthur” SLs, to distinguish
it from “Deligne” SLy, denoted by SLY.) In particular, if a global 1 localizes to 1, and Yo, then

¢p|SL2A = w‘SLg‘ = %o‘SLg‘



(again up to @—conjugacy). Hence the question is divided into two parts.

(i) Given 7, find all possible SLy — G that arise as ¢p|SL‘2“ for ¢, € ¥(G)p) whose A-packet

contains 772.

(ii) Given @ZJOO|SL§;, the range of non-vanishing degrees for H'(gc, Koo, oo @ Ey).

Part (i) reflects the well-known subtlety that local A-packets are not disjoint, namely ﬂg may
appear in Il for multiple ¢,. For our purpose, we are interested in identifying the parameter such
that its restriction to SLo is the “largest” in some precise sense, which we denote by

Y0lspa STy — G.

(This should be considered to be analogous to “least” tempered representations.) The (unique)

determination of wg \SL? from 7rg would be a consequence of (a version of) the closure ordering

conjecture, which suggests that wS\SLg* should equal the restriction to SLQD of the L-parameter
(25%8 : WQp X SLQD — LG

to SLY for the Aubert dual of 79. See §3.1| and §3.3| below for more details and references. In
2 p

the special case when 7T2 is A-generic, which by definition means ¢%8|SL§’ is trivial, the conjecture

implies that an A-packet II,, contains 7T2 only if ¢p’SL§‘ is trivial. In other words, A-generic
representations are conjectured to show up only in tempered A-packets.

Part (ii) is more classical and essentially understood from the works of Vogan—Zuckerman and
Adams—Johnson [VZ84] [AJ87] (for real reductive groups which need not come from Shimura data).
A necessary condition is that 7w has infinitesimal character dual to that of E), which imposes
a constraint on wOO’SL‘Q“' For example, if A\ is a regular weight, then wOO’SLé“ must be trivial in
order that 7o, € Il ; if A = 0 then there is no constraint on ¢OO|SL§‘- With that said, we restrict
ourselves to the case of constant coefficients for simplicity, namely when A\ = 0. (The range of
non-vanishing degrees for A = 0 is valid for all A but non-optimal in general. In the main text, we
address the optimal range for general A, at least for C-coefficients.)

The answer to (ii) is complicated to describe in general, but a nice formulation is possible in
the case of Shimura varieties following Arthur [Art89, §9]. Let u : G,, — G¢ denote the Hodge
cocharacter determined by (G, X), which gives rise to a weight character for the dual group G.
Write r_,, for the irreducible representation of G with extreme weight —u. Given Lﬁoo\SLgh we
obtain ¥|ga by restricting from SLg to a maximal torus. (Here G7} means a maximal torus in
SL#'.) Then the weights w € Z of G, on the representation Ty © Poo|ga correspond to the non-

vanishing degrees i = w + dim Sh. To put it differently, fix a Borel pair in (A?, write p for the half
sum of positive coroots, and choose p and %0@!@;;1 to be dominant possibly after G-conjugation.
Then dim Sh = (2p, u) and the non-vanishing degrees i lie in the interval

(20 — Yoolga, 1) <1 < (2p+ Yoolga, ) (1.4)

In summary, a conditional answer to Questions and is (choosing qb;rg ’Gr’% to be dominant)
<2p_¢ﬁ2‘GTQLaM> <1< <2p+¢ﬁg|((}£7:u’>7 (15)

assuming a classification result by local and global Arthur packets as well as the local Langlands
correspondence by L-parameters and the closure ordering conjecture. For example, when 7T2 is

A-generic, (1.4) reads i = (2p, i1), namely the L2-cohomology is concentrated in the middle degree.
We expect that A-genericity is an optimal condition for this to happen.



The flow of information may be recapitulated as follows.

0 Aubert invol. ¢ | closure ¢ | via ¢ w ’ Adams—Johnson ~ Vvanishing range (1 6)
0 A A I e S e .
P local Langlands Tp SLQ orderlng pISL3 ISL; Vogan-Zuckerman  of cohomology

In the case of GL,, and quasi-split classical groups, a good deal is known regarding the classifica-
tion result, the local Langlands correspondence, and the closure ordering conjecture. See and
below for further details. It is worth remarking that it requires care to state the classification
result for a few reasons: the Ramanujan conjecture is unknown, and the global Langlands group
is only hypothetical. Keeping this in mind, we formulate in the main text a list of axioms distilled
from what we really need from the classification.

From Question one can try to generalize or extend in a few directions.

(I) Shimura varieties ~» locally symmetric spaces.
(IT) L2-cohomology H 52) ~~ Betti cohomology (with compact support) H*, H{.
(III) Shimura varieties ~» moduli of local shtukas such as local Shimura varieties.
(IV) C-coefficients ~ torsion coefficients (which makes sense for H*, H.). E|
The goal of our paper is to take a first step in all of them by formulating precise questions/conjectures
with little evidence and interpreting known results in an appropriate context. Let us elaborate a

little more in the rest of the introduction: (I)—(II) in (I1I) in and (IV) in below.

1.4. Cohomology of locally symmetric spaces with C-coefficients. Let G be a connected
reductive group over Q. We make the simplifying hypothesis that the center of G is anisotropic
over Q. (We do not assume it in the main text.) We have a tower of locally symmetric spaces Yok
indexed by sufficiently small open compact subgroups K C G(A™); see . As in we can
define G(A°°)-modules

Hly (Yo, &),  H'(Ya,&),  HiUYs,E).

Fix a prime p and an irreducible smooth representation 7r of G(Qp). We can ask the analogue of
Question [1. about the cohomology spaces above. Again we Wlll assume an axiomatic classification
as formulated in §2.9| below. If we try to proceed as in the case of Shimura varieties, then we can
again get started by applying the analogue of due to Borel et al. but two differences stand
out.

e The discrete automorphic spectra on proper Levi subgroups of G may contribute to the
right hand side of .
e No clean formula such as seems available for the non-vanishing degree at oo.
As for the first point, our heuristics (to be confirmed by an argument) suggests that the contribution
from proper Levi subgroups should not affect the bound on non-vanishing degrees. To address the
second point, we introduce a numerical invariant in terms of woo’SLg‘ : SLy — G and the weight
parameter \, partly guided by the behavior of relative Lie algebra cohomology (Lemma [2.7]):

2
a(G)(@ZJoo|SL§7)‘) = max ¢(L) € 320,

where L runs over the set of #-stable Levi subgroups of Gr (see for a reminder and further
references) such that a regular unipotent element of L lies in the closure of the unipotent orbit of
Yool s ((41)) and such that the centralizer of X in G contains a G-conjugate of L; here q(L) is half
the real dimension of the symmetric space associated with L. The condition on X is an interpolation

Iror H (iQ), we switch to the intersection cohomology via Zucker’s conjecture in order to take torsion coefficients.



of the two extreme cases: if A is trivial (i.e., when the cohomology is taken with constant coefficients)
then no condition is imposed, while if A is a regular weight, then the condition implies that L must
be a fundamental maximal torus and that ¢, must be a tempered parameter.

On the other hand, we still expect that ¢;rg \SL? = woo]SL,Qq as discussed in the previous subsection.
Hence we are led to:

Conjecture 1.5 (Conjecture . If 7Tg appears as a subquotient of H(Zé) (Yg, EN) then

4(Gr) — 0l (Sxslup. V) < i < a(Gr) +al (Srolspo. V).

We stress that the statement of the conjecture relies only on the local Langlands correspondence
for G(Qp), although we arrived there via a conjectural classification in terms of local and global
Arthur packets.

Shimura varieties as real manifolds are essentially locally symmetric spaces (modulo taking a
finite quotient and issues with the center). In that case, Conjecture is consistent with in

that ¢(GRr) corresponds to dim Sh = (2p, u) and a(c:z)(¢%2|SL§’v)‘) to ( %10,|G,91»H>'
We conditionally verify Conjecture [1.5

Theorem 1.6 (made precise in Theorem [4.11)). Assume an azxiomatic classification and the closure
ordering conjecture for 772. Then Conjecture holds true.

The proof is straightforward for part of the cohomology that comes from discrete automorphic
representations of G(A), following the ideas of . The main point of the argument is to deal
with the contribution from proper Levi subgroups via delicate computations of some numerical
invariants.

Our axioms for endoscopic classification are known for inner forms of GL,, and if we accept the
twisted weighted fundamental lemma, also for quasi-split classical groups. The closure ordering
conjecture is known for GL,, and quasi-split classical groups. Hence we obtain the following, where
“a suitable version” takes into account the problem with split tori in the center as well as whether
the assignment of SLa-morphism is compatible with the restriction (e.g., from GSp,,, to Sp,,); see
Corollaries [£.12], [4.13] for the precise statements.

Corollary 1.7. A suitable version of Conjecture is true if G is an inner form of GL, that is
split at p. Conditional on the twisted weighted fundamental lemma, it is also true for quasi-split
classical groups as well as for G appearing in the Hilbert—Siegel and quasi-split unitary Shimura
data.

Examples of G as in the last case include the restriction of scalars G = Res(gGszn for a totally
real field F. Even though the endoscopic classification is only partially known for such similitude
groups [Xul&, Xul, [Xu24], we deduce this case from the case of symplectic groups by relating the
automorphic spectra via restriction.

It is more complicated to formulate conjectures and prove results on H'(Yg, ) and Hi(Yg, &)
due to increased complexity of Franke’s formula [Frad8] compared to Borel-Casselman’s formula
for the L?-cohomology. Accordingly we propose an a priori intricate definition of the invariant

aG(¢OO’SL§‘? A) € %ZZO’

bounded below by af (tsclsy.a, A) by definition. We often know or expect that ag (tsls s, A) =
a(GQ) (woo|SL2A, A); see Question [3.15[ below. We would like to advertise (cf. Question :




Question 1.8. If m) appears as a subquotient of H'(Yg,&)) (resp. H.(Yg,€y)) then
i > q(Gr) — ac(daglgp,A),  (resp. i< q(Gr)+ag(daylsp ) ) ?

For Shimura varieties, analogously (cf. the discussion below Conjecture , if 7'('2 appears as
a subquotient of H'(Sh, £y) then we may ask whether i > (2p — ¢%2‘G37N>§ in particular if 7 is

A-generic then we predict i > dim Sh. The non-vanishing of H!(Sh, £y) should work similarly as in
Conjecture We hope to discuss them for quasi-split classical groups, including relevant locally
symmetric spaces, in a sequel.

In fact, we formulate unramified analogues of everything in this subsection, where the p-part of
the level subgroup K is fixed to be a hyperspecial subgroup of G(Q,) and 7'(‘2 is unramified. See

Conjecture Question Theorem and Corollary below.

1.9. Compactly supported cohomology of local Shimura varieties. Let G be a connected
reductive group over Q,. Write C, for the completion of an algebraic closure of Q,. For a conjugacy
class of (geometric) dominant cocharacter p and an element b of the Kottwitz set B(G, u~1), Scholze
defines the tower of moduli spaces Sht(G,b, )i of local G-shtukas with open compact subgroups
K C G(Qp), which are diamonds in the sense of Scholze in general. For simplicity, assume p is
minuscule, in which case Sht(G, b, 1) i is a smooth rigid analytic variety of dimension d = (2p, u),
say over C,. In some special situations, these spaces are identified with the geometric generic fibers
of Rapoport-Zink spaces. Fixing a prime ¢ # p, we may define a G(Q,)-representation

Hz(Sht(G7 ba M)? @ﬁ)

by taking a colimit over K as before; in fact, in the local setting, it extends to an action of
G(Qp) % Jp(Qp) for a certain inner form J, of a Levi subgroup of the quasi-split form of G' determined
by b. (In the main text, we choose to write Gy, in place of Jj.)

For an irreducible smooth representation of 7° or 7 of G(Q,) or J,(Q,) respectively, we can
again ask the analogue of Question[I.2)about the cohomology spaces above. For basic b’s, we expect
that the answer to this question is analogous to the case of compactly supported cohomology of
global Shimura varieties. To formulate the statement, we assume a local Langlands correspondence
for G and Jj, by L-parameters with f-adic coefficients, cf. [(-LLC)|in §6.20| below, and in
and Theorem for quasi-split classical groups. (We only need the restriction to G of the
L-parameters.)

Conjecture 1.10. Assume that b is basic, and let 71'2 and 7rg be as above. If 772 (resp. Wg) appears
as a subquotient of H'(Sht(G,b, 1), Q) then

d=(2p,1) <1< (2p+ Gpolgp, p),  resp. d=(2p, ) <i< (2p+ drolen, 1)-

For general b and p, the relevant cohomology is much more complicated, so the optimal bound
must be modified and depend on b as well; refer to Conjecture [6.21] in the main text. These
expectations come from some known cases, a relation with global Shimura varieties, and also some
experience with the categorical local Langlands conjecture. Indeed, the conjectures for global and
local Shimura varieties can be related via a suitable form of Mantovan’s formula (Proposition [6.31]).

1.11. Torsion coefficients. In both global and local settings, the case of torsion coefficients is
far more difficult, especially in the case of locally symmetric spaces, and not much is known in
general. Part of the difficulty is that there is no naive analogue of the invariant like ¢ﬁ|SL2D due to
lack of a precise enough mod ¢ formulation of the local Langlands correspondence and the Aubert
involution for general reductive groups. However, given recent results as we mentioned, we are a



little more optimistic about global (and local) Shimura varieties. We include a rather optimistic
expectation (Conjecture in the case of constant coefficients based on the idea that the bounds
for characteristic 0 lifts might give a correct bound; this is the case at least for several generic cases
discussed in these recent results.

1.12. Organization. In §2| we review the basics of local L- and A-parameters, Adams—Johnson’s
theory, the axiomatic formulation of local and global A-packets together with key examples. The
goal of §3|is twofold. Firstly, we assign an SLy-morphism, or a nilpotent conjugacy class, to an
irreducible representation of a p-adic reductive group in light of the closure ordering conjecture.
Secondly, we assign numerical invariants to a nilpotent conjugacy class for the purpose of measuring
deviation from the middle degree when studying vanishing of cohomology. The next section §4 is
devoted to formulating vanishing conjectures on the cohomology of locally symmetric spaces with
C-coefficients and proving results in the case of L2-cohomology. To switch from C-coefficients
to f-adic or torsion coefficients, we set up representation-theoretic preliminaries in §5| Finally,
formulates conjectures on the vanishing range for the cohomology of Shimura varieties and
their local analogues with both f-adic and mod ¢ coefficients. We also discuss examples and the
relationship between the global and local conjectures.

1.13. Acknowledgments. We would like to thank Hiraku Atobe, David Hansen, and Yihang Zhu
for helpful discussions. We also thank Baiying Liu for answering questions and providing comments
on the closure ordering conjecture. We are grateful to the Mathematisches Forschungsinstitut Ober-
wolfach, the Hausdorff Research Institute for Mathematics, Research Institute for Mathematical
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Gerard van der Geer for allowing us to contribute to the conference proceedings for the Schiermon-
nikoog conference in April 2024. TK was supported by JSPS KAKENHI Grant Number 20K14284
and 24K16895. SWS is partially supported by NSF grant DMS-2401353 and NSF RTG grant
DMS-2342225.

1.14. Notation. Let k be a field. Let k denote an algebraic closure of k, and I’} the full Galois
group over k. Fix an embedding Q < C. When there is a distinguished prime p (as in we also
fix Q — @p and @p = C compatibly with it.

Given an algebraic group G over k, write G for its base change to k. The center of G is denoted
by Zg. Let Centg(h) denote the centralizer of h in G, where h is either a subgroup of G or a
morphism into G. Set af, := X;(G) ®z R, where X}/(G) is the group of characters G — G, over
k. When G is connected reductive over k, choose a minimal k-rational parabolic subgroup Py with
Levi decomposition Py = MyNy and take Ag to be the maximal k-split torus Ag in Zpz,. We may

choose a maximal torus T' and a Borel subgroup B of Gy such that A,z C T C B C M,z; see

[SZ18, 2.3.2]. Let G denote the Langlands dual group of G equipped with a I'p-invariant pinning.
When k'/k is a finite field extension and G is a group over £/, write Res’,z,G for the k-group obtained
from G by the Weil restriction of scalars.

Now let k be a local or global field. Write Wy, for the Weil group over k. For G as above, we
adopt the Weil form of the L-group “G := G x Wi, where the action of W, on G is determined by
the pinning of G.

When k is a number field, we fix hyperspecial subgroups at almost all finite places v of k such that
Gy, is unramified as in [Art81l p.9]. The choice of hyperspecial subgroups is usually suppressed
although it determines the notion of unramified Hecke algebras and unramified representations.
(When £ is a non-archimedean local field and G is unramified over k, we fix an arbitrary hyperspecial



subgroup.) Set G = (Res@G) xg R and [G] := G(k)\G(Ar)/Ac(R)°. Denote by L?([G]) the
space of square-integrable functions on [G] as a G(Aj)-module under the right translation action,
and L2 ([G]) the discrete spectrum. Let Ag denote the maximal Q-split torus in Res@Zg. When
X @ Ag(R)° — C* is a (possibly non-unitary) character, it can be viewed as an automorphic
character of G(Ay) by pulling back along the projection G(Ay) — Ag(R)°. Write L2 ([G]) for the
G(Ay)-module obtained by twisting L2([G]) by x.

Let diag(x,y) denote the diagonal 2 x 2 matrix with diagonal entries z,y. We will often decorate
the group SLy as SL§ or SLY for “Arthur” or “Deligne”. Write G/ and G for the diagonal
maximal tori therein.

Often a representation or a parameter means an isomorphism class of representations or param-
eters by abuse of language. When G is over a local field k, write Irr(G) for the set of (isomorphism
classes of) irreducible admissible representations of G(k).

2. ARTHUR PACKETS

2.1. Local parameters. Let G be a connected reductive group over a local field k. Adopt the
notation and convention from in particular, 49 C My C Py C G are fixed as well as a
Tj-invariant pinning for G. Write | - | : kX — RZ, for the absolute value character (normalized
to send a uniformizer to the inverse of the residue field cardinality if & is nonarchimedean), which
induces a character W, — RZ,, still denoted by |- |. We define | - 1/2 by taking the positive square
root values of | - |.

The local Langlands group £, is defined to be W}, if k is archimedean and W), x SLY (C) otherwise.
We define an embedding iy : Wi — L to be the identity map if k is archimedean, and the following
map otherwise:

iw s Wi — L = Wi x SLE(C),  a > (o, diag(a[/?, o] 1/2)).
Denote by U (G) the set of isomorphism classes of continuous morphisms over W,
¥ Ly, x SLH(C) = LG(C) = G(C) x» Wy,

such that (i) WSL? is algebraic and (ii) v|z, is semisimple. The isomorphism is given by G-
conjugation. (The superscripts D and A are inserted to distinguish the two copies of SLs. We drop
them when there is no danger of confusion.)

A subset ¥(G) C U (G) is defined by imposing the condition on 1 € U1 (@) that the 1-cocycle
Gy Wi — G given by 1 (so that ¢(w) = Gp(w) x w for w € Wy,) sends Wy, into a bounded subset

of G; the condition depends only on the isomorphism class of 1. A member of ¥(G) is often called
an (isomorphism class of) local A-parameter in the literature; a member of ¥ (G) may be thought
of as a generalized A-parameter. We define the subsets ®pqq(G) C ¥(G) and ®(G) C VT (G) by
the condition that ¢|SL,24 is trivial. Members in ®1,44(G) and ®(G) are referred to as (isomorphism

classes of ) bounded L-parameters and L-parameters, respectively. Given ¢ € UT(G), the associated
L-parameter ¢y, € ®(G) is defined to be the pullback of 7 along the map

ic: Lr, = Lr, x SLE(C), @~ (z, diag(|a["/%, |2[7/2),
where |- | : Lp, - Wg, — RZ is the absolute value character. The map

UHG) = 0(G), Yoy



is not injective (unless G is a torus) but it is injective when restricted to ¥(G) by |[CEM™22,
Lem. 3.3] or [Art84, Prop. 1.3.1]. In below, we will introduce an intermediate set ¥'(G) on
which the map remains injective.

Let P be a standard k-rational parabolic subgroup of G, which has a unique Levi decomposition
P = MN such that M D My. Put a}, := X (M) ®z R. Each v € a}; determines an L-morphism
o Wi — (Z]/lc/[l“)o; see [SZ18| 4.8]. Write a}}f for the open chamber in a3, determined by P as in
[SZ18, 1.3]. Now define the set of triples

(Dstd.tri(G) = {(P7 O, V)}7

where P C G is a standard k-rational parabolic with unique Levi decomposition P = MN as
above, ¢y € Ppga(M), and v € a‘j\f. We also define a variant Wgq4r := {(P, ¥, v)} using
Yy € U(M) in place of ¢ps. The Langlands classification theorem for representations admits the
following analogue for parameters.

Lemma 2.2. The map Psq4i(G) — P(G) induced by (P, orr,v) — o - ¢ (composed with
LM — EQG) is a bijection. The map Vgqui(G) — VT(Q), (P, v) — @, - b, is also a
bijection.

Proof. See [SZ18, Thm. 1.4, §4.8, §A.2] for the first assertion. The same argument applies to the
second assertion. OJ

It is convenient to introduce the subset ®¢paa(G) C (ID(G) of essentially bounded L-parameters
by the condition that (4(WW}) C G has bounded i image in G/ZA where (g : wy, — G is the 1- cocycle
defined by ¢. Lemma - 2| tells us that this subset exactly corresponds to the subset of ®giq.1i(G)
determined by P = G under the bijection, i.e., ¢ € ®(G) is essentially bounded exactly when
¢ = @upo for v € af, and ¢g € Ppaa(G).

Likewise, let U.(G) C ¥(G) denote the subset of ¢ such that |z, belongs to ®epaa(G). So
1 € W (G) if and only if ¢ = p, 1 for v € af; and 1)y € V(G). Henceforth, the word “essentially”
and the subscript “e” stand for “up to twist” by v € af, or the corresponding parameter/character.

Now suppose that k is non-archimedean. We define the Aubert involution v — 12 on U (G) by
switching SL% and SL3', i.e., the Aubert dual parameter is given by

b Wi x SLY x SL8' = LG(C),  (w, b, ha) = ¥ (w, ha, hy).

Clearly ¥(G) is invariant under the involution. When G is unramified over k, a parameter ¢ €
UH(Q) is said to be unramified if 1) is trivial on SLY as well as the inertia subgroup of Wj.

When k is archimedean and ¢ € UT(G), the parameter (y := ¢y o iw|w, is said to be the
infinitesimal character of . Since W = C* is commutative, we can conjugate (; to have image
contained in a maximal torus T of G. If the centralizer of Gy is T then 1 is said to be regular.
We say ¢ is C- algebmic if ¢y is of the form z — Ai(2)A2(Z), where )\1,/\2 € X, (G)@ such that
Al — pa € X (T ) for the half sum of positive coroots pg of T in G. The regularity and C-
algebraicity are invariant under G- conjugacy and independent of the choices, cf. [BG14} §2.3]. Define
U,a(G), Uera(Q), i (G) to be the subset of regular C-algebraic parameters in ¥(G), U (G), ¥ (G),
respectively. We remark that our definition of W,,(G) coincides with [NP21), §7, Def. 3]. Finally let
Uera(G) C ¥H(G) denote the subset of 1) = ¢, 1y over all v € af, and all ¢y € Wy, (G). This subset
extends W.,(G) by character twists, and we have U, (G) C Wera(G) C Ve ra(G). We apologize for
the possibly confusing notation. Only Ve, (G) matters for our discussion of cohomology as opposed
t0 Ve a(G), which is introduced only for a marginally expository purpose.
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2.3. Local parameters valued in C-groups. Later we will need to know how the assignment
of local L-packets and A-packets changes under the Aut(C)-action on the coefficient field. For this
purpose, we introduce C-groups and local parameters valued in C-groups. This subsection will not
play a role until §5] below.

We maintain the setting of Write G2 for the adjoint group of G equipped with a pinning
induced by that of G. In part1cular T2 ¢ G is the 1mage of T ¢ G. We have p™ € X, (Tad)
the half sum of positive coroots of 784 in G, so that p* is the image of pg € X*(T)g = X« (T)
under 7 — T4, By Adp?! we denote the action of G,, on G where t € G, acts by the adjoint
action of p?d(t). Thereby we define a semi-direct product group

“G :="G xpqpa G,

so that the group law reads (g1 x t2)(g2 x t2) = g1p%(t2)(g2) x tits. Let pr: °G — G, denote
the natural projection map. Equivalently, “G is isomorphic to the quotient of G x G, by the
central element (2pg(—1),—1) € Z(G)W* x Gy, of order 2. The projection G — W}, induces a
projection “G — Wj,. Our definition of C-groups follows [Zhul, cf. [Shi24, §3], which is equivalent
to the original definition [BG14, Def. 5.38, Prop. 5.39].

Denote by CUT(G) the set of G-conjugacy classes of continuous morphisms 1 : £; x SL{(C) —
CG(C) satisfying (i), (ii) of §2.1|such that proe = |-|~!. Following the same procedure as in §2.1]
we define “Wo(G), “®(G), and “®, ,qq(G). We have a bijection

HGE) S CTNG), ¢ Ty,

given by the formula “v(z,h) = ¢(z,h)2pa(|z|'/?) x ||, © € Ly, h € SL{. This bijection
restricts to bijections We(G) = CW(G), &(G) = CO(Q), and Pgpaa(G) = CPepaa(G).

2.4. Cohomological Arthur packets a la Adams—Johnson. Let GG be a connected reductive
group over R. Choose a Cartan involution € on G and compatibly a maximal compact subgroup
K of G; the choice is unique up to G(R)-conjugacy. Let A be an R-split subtorus of Zg. Set

¢(G) := L(dimG — dimK), ¢ (G):=q(G/A) = q(G) — dimA € 1Zsq,
I0(G) :==1k(G) —tk(K),  I5(G) :=1(G/A) = Ip(G) — rk(A) € Zo,
w(G) = q(G) = 310(G) = ¢(G) = 3p(G) € Zx.

These invariants do not depend on the choice of # and K. Our definition follows [BW0O0, III.4.3]
but allows for a flexible choice of A, which we often quotient out for Shimura varieties and locally
symmetric spaces; see Example and below. Given a connected reductive subgroup L C G
over R, define

¢ (L) :=q(LJA) = q(L) — Ldim A € 1Zs.

We have the notion of #-stable parabolic subalgebras @ of gc and analogously 6-stable parabolic
subgroups of G¢ as in [NP2I, Def. 6]; in particular, @) determines a subgroup Loy C G over R
such that Lgc is a Levi of G¢. The subgroups of G that arise in this way are called f-stable
Levi subgroups. For example, if G = GLy then 6-stable Levi subgroups have the form L =
GLy, x [[i—; Resg/rGLy,;, where 7,ng,...,n, € Z>o and ng +23;_;n; = N. See [NP21] §9] for
more examples.

Fix pinnings for G and G as well as a 6-stable fundamental maximal torus 7T, s C G and a 6-
stable Borel subgroup B C G¢ containing T; such a B always exists by [NP21l Prop. 11]. Write
g := Lie G ®g C; likewise fraktur letters stand for the complex Lie algebras arising from Lie groups.
By wz we mean the longest element of the Weyl group of T in @, or its lift to G.
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Example 2.5. Suppose that our real group arises from a Shimura datum (G, X). Then T is an
elliptic maximal torus over R. Write u € X, (T ) for the dominant minuscule cocharacter over C
arising from the Shimura datum, and pg € X*(T%) for the half sum of all positive roots for G. In
this case, take A := Ag, to be the maximal R-split torus in Zg, and write

7(G), 1o(G), a(L) for ¢(G), Ip(G). ¢'(L)-
Then g(G) = (2pg, i), which equals the complex dimension of X as well as the dimension of the
Shimura variety; lo(G) = 0 in this case. If we define py similarly for a #-stable Levi subgroup L
then g(L) = (201, ).
Remark 2.6. For G as in the preceding example, a typical choice of A for the locally symmetric

space is not Ag, but the one coming from the maximal Q-split torus in Zg. This is why we want
a flexible choice of A in the definitions.

Let ¢ € VU1a(G). Conjugating ¢ we may and will assume that ¢[w.x7y, has image in T

~

and that ¢,(2) = Ai(2)A2(2) with A, Ay € X, (T)g such that Ay — pg equals the highest weight
A € X*(T) = X,(T) of an irreducible algebraic representation Ey of G¢. Then L = Za((We))
is a Levi subgroup of G, and 1|gr,, is a principal morphism into L. Moreover, L is invariant under
wgj € La, wg - j(A) = —A, and A pairs trivially with every root of T in L by [NP21, Thm. 5].
Then there is a finite nonempty set Q of §-stable standard parabolic subgroups @ such that Lg

(as a standard Levi of @) equals L. Each Q@ € 9 gives rise to an irreducible unitary representation
m(1, Q) of G(R) obtained by cohomological induction from a one-dimensional representation of
Lo(R). The Adams—Johnson packet is defined to be

HfzJ ={r(¢¥,Q): Q € Q}.

See [NP21, Thm. 6] for other parametrizations of Hg‘]. We remark that members of HQJ share the
same infinitesimal character, which corresponds to (y defined in

Since the highest weight representation Ey may have a non-unitary central character, it is useful
to extend the construction to ¥ € Wera(G). In fact Hﬁ‘] can be constructed for 1) € W, 1,(G) in the
same way as above via cohomological induction from a one-dimensional representation; what we
lose is the unitarity of the members 7(v, Q). Note that Hz?f] was considered in [Kot90, p.194] not
only for ¢ € U,,(G) but for 1) € Ue,,(G) (assuming G contains an elliptic maximal torus).

In the following, we take K’ := K°A(R)° so that ¢ = £ & a holds for their Lie algebras.

Lemma 2.7. Let ¢ € Vera(G). For each m = w(¢,Q) € Hfz‘], we have

Hi(g, K, r@ EY) =0, i¢l[q(G)-¢(Lq), ¢(G)+q(Lq)-

Proof. We have a Cartan decomposition g = £ @ p and a Levi decomposition q = Lie@Q = [ & u.
Since the latter is a #-stable decomposition, we have [ = ([N¢) @ (INp) and u= (uN€) G (uNp).
It follows from [VZ84, Thm. 5.5], cf. [NP21, Thm. 6 (2)], that

Hi(g,t,t®@ EY)=0, i¢ [dim(unp), dim(unp)+ dim((Np)].
One has dim(uNyp) = dimp — dim(INp) = (dimg — dim ) — (dim [ — dim(IN€)) = ¢(G) — ¢"(L).
Similarly dim(u N p) + dim(I N p) = (dimg — dim¢) + (dim[ — dim(IN &) = ¢(G) + ¢*(L) +
dim A. On the other hand, we may assume that 7 ® EY has trivial central character on A(R)°®,

since H'(g,t, 7 ® EY) = 0 otherwise. Then we apply the Kiinneth formula for the compatible
decompositions g = gg @ a and ¥ = £ a to obtain

H*(g, 6, @ EY) = H*(go, &, 7@ EY) ® H*(a,1) = H*(g,¥, 7 ® EY) ® H*(a, 1),

12



where the last equality is satisfied by the definition of the relative Lie algebra cohomology. Since
H’(a,1) = Na* is nonzero in j € [0,dim A], the lemma follows from the non-vanishing range of
H'(g,t,m @ EY). O

Lemma 2.8. Let ) € Wero(G). Form=7(,Q) € 1YY, if H (g, K/, 7@ EY) # 0 for some i € Z>g

then a é-conjugate of EQ is contained in the centralizer Centz ().

Proof. Up to G —comugatmn [NP21 Prop. 6] allows us to assume that 1|y, has image in T, that
the centralizer of |y, in G equals LQ, and that |y, is given by

Ylwe : We =T,z (2/2)P9 e,
where we identify pg (resp. pr,) with the half sum of positive coroots in G (resp. EQ), and
A € X.(T) is dominant. In particular, every root a of T in EQ satisfies (o, A + p\é - p% ) =0. It
Q
follows that (o, A\) = 0, hence Ly C Cents(A). O

2.9. Axioms. We state a minimalistic list of three axioms (A1)—(A3) for local and global Arthur
packets as working hypotheses for our paper. Their extensions inclusive of Levi subgroups will be
given a superscript +. The reader is referred to [Art89] for refined conjectures in the original form
on the internal parametrization of each local Arthur packet, endoscopic character identities, the
global Arthur multiplicity formula, etc. We also drew inspiration from [Clo07], Lect. 2] and [Art13].
Notable results on verifying the axioms are highlighted in with further references below.

Let G be a connected reductive group over a global field F. For each place v, we write G, for
Gp,. Our first axiom is the existence of a set of global A-parameters (up to isomorphism):

(A1) There exists a set ¥(G) equipped with a localization map at every place v of F:
WE) 5 VNG, b (2.1)
Moreover, there exists an intermediate subset
() C V(Gy) C UH(GY),

which depends only on G, over F,, such that the map (2.1)) factors through ¥'(G,) and
such that the map ¥'(G,) — ®(Gy), ¥y — ¢y, is injective. For each infinite place y, if
¢ € U(G) and the localization 1, lies in Wi (G,) then ¢, € U, (Gy).

Given axiom (A1), we extend ¥(G) by certain “character twists” to define

G) = {(,0)[¥ € ¥(G), x: Ac(R)” = RZ}, (2.2)

where x runs over (possibly non-unitary) continuous characters. Each x determines an element
vy € af, via the natural linear pairing between Lie Ag(R)° and af,. Write v, ,, for the image of v,
under af; — ag, . Then we can extend (2.1)) by setting (recall ¢, , from

Ve(G) = UT(Gy), Y= (d,x) =¥, =¢u, Yo (2.3)

The image lies in Wi (Gy) = {pw, - V' | vy € af,, ¥ € V/(Gy)}.
Now we introduce a strengthening of axiom (Al):
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(A1") For all Levi subgroups M of G, axiom (A1) holds true; moreover there exists a map
V(M) — ¥(G) which makes the following diagram commute at every place v:

U(M)

¥(G)
2.1)) 1'
(M) —= VT (Gy),

e =

where the bottom map is induced by the natural map “M, — LG,. Moreover the image
of W'(M,) is contained in ¥'(G,).

The image of should be contained in ¥ (G,,) by a suitable generalization of the Ramanujan
conjecture, namely we should be able to take ¥/(G,) = ¥(G,). However this is a wide open
problem. Hence we often take WU'(G,) to be strictly larger.

Each local A-parameter should be assigned a local A-packet, as initially conjectured by Arthur
in [Art89, Conj. 6.1, 6.2]. We formulate a coarse axiom tailored to our purpose.

(A2) For every v and v, € ¥U(G,), there exists a finite set 11, consisting of irreducible unitary
representations of G(F). (The set ILy, is allowed to be empty if G, is not quasi-split.) The
set of isomorphism classes of irreducible tempered representations of G(F,) is partitioned
into Iy, as ¢, runs over ®pqq4(Gy). Moreover if v is finite then for each ¥, € ¥(G,),

(A2a) suppose G, is unramified; then v, is unramified if and onmly if I, contains an
unramified representation (with respect to a fixed hyperspecial subgroup, cf. .
If so, the unramified representation in I, is unique and has L-parameter ¢y, .

(A2b) the Aubert involution 7, — 7, (denoted by 77 in [Aub95, Cor. 3.9]) induces a bijection
I, =11 Dy

At each infinite place y the following hold:
(A2c) every m, € Il has infinitesimal character given by ¢y, ,
(A2d) if 1y € Wra(G,y), then Iy, = 1137,

Once Axiom (A2) is granted, its analogue for “essential” Arthur parameters 1, € U(G,) is easily
obtained by character twists. More precisely, we take a decomposition ¥, = @,y for v € ag,
and ¢, € V(G,), write x, : G(F,) — RZ, for the character determined by v, and then define
My, :={7r®x, : ® € Ily,,}. Using compatibility of various representation-theoretic operations
with character twists, one verifies that the set of isomorphism classes of irreducible essentially
tempered representations of G(F,) is partitioned into Il over 1, € ®¢1,44(Gy), and that (A2a)-
(A2d) hold true for We(Gy); e.g., (A2d) is upgraded to the equality I1,, = ng for vy, € Wera(Gy).
It is useful to strengthen (A2) as follows.

(A21) For each v, axiom (A2) holds for every Levi subgroup M, of G, in place of G,, inclusive
of (A2a)-(A2d); moreover the following holds for each ¥, € ¥(M,):
(A2e) allirreducible constituents of the normalized parabolic induction of each mps,, € Iy, ,
to G are contained in Il , where ¢, € W(G,) is the image of Yps,.

Remark 2.10. The C-algebraicity at an infinite place is only compatible with the un-normalized
parabolic induction. For v, — 9, as in (A2e), when v is an infinite place, what is preserved is
not the C-algebraicity but the essential C-algebraicity.
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Upon accepting (A27), we can assign a local packet to a general parameter 1, € ¥ (G,)
following [Art13] p.45]. (For Axiom (A3) below, only the local packet for ¢, € ¥'(G,) matters.)
The parameter v, corresponds to a standard parabolic subgroup P, = M, N, a parameter 1, €
U (M,), and v, € a}‘\g by Lemma Write x,, : M(F,) — RZ, for the character given by v,

which is unramified if v is non-archimedean; e.g., see [SZ18| §1.2, §A.1]. Then I, is defined to

consist of irreducible subquotients of n—indgv(g’;j)(m ® Xu,) as m, Tuns over Ily, . In particular,

if ¢, € ¥ (G,) is unramified then II; contains a unique unramified representation 772% (with
respect to a fixed hyperspecial subgroup), whose L-parameter is ¢, . Conversely, if II,;, contains
an unramified representation then 7, must be unramified. Then s, is unramified by (A2%),
thereby 1, is also unramified.

On the other hand, if ¢, € ®(G,) is a general L-parameter then the L-packet Il is defined by
a similar procedure: again we find P, = M,Ny, ¢y € Praa(My), and v, € ajy, by Lemma
Then ILy, consists of the unique irreducible quotients of n—indgv(g’;j)(m ® Xv,) by definition. By
the Langlands quotient theorem (and axiom above), the L-packets Il form a partition of
Irr(Gy) as ¢, runs over ®(G,).

Before moving on to the third axiom, we record a useful extension of (A2b).

Lemma 2.11. Assume azioms|(A2) and [(A2" ) Let v, € U1 (G,), to which we assign a packet
Iy, as above. Then the involution m, — T, induces a bijection Il = HJU.

Proof. We have ¢y, € ¥(M,) and v, € ay,, from 1, as above. Then the twist of @Mﬂ) € U(M,)
by v, maps to 1@,. By (A2b), HTZ}W = {Tmp : T € HwM’v}. Hence HwA consists of irreducible

subquotients of n—indgfgij) (Tam,w) as mary runs over Iy, . Since Aubert duality induces a bijection

between irreducible subquotients of n—indgffgv))(wa) and those of n—ind?j{’}j)(%Myv) (see [Aub95l
p.2189]), we are done. O

Given ¢ € ¥(G), utilizing [(A1) and [(A27)| define a global A-packet
Iy == [, Uy, = {&)m : 7 €y, m = TrS)v for all but finitely many v}. (2.4)

Not every member of II, is to be automorphic in this formulation. Nevertheless our axiom (A3)
postulates that the L2-discrete automorphic spectrum of G(Af) should be exhausted by IT.

(A3) We have a G(Ap)-module decomposition for suitable coefficients m, € Z>:
Lﬁlsc([G]) = @ @ My (25)
bEW(Q) ey,
(A31) Axiom is true for all Levi subgroups M of G, presupposing [(A17)| and [(A27)]

Axiom (A3) implies the following variant. Let x : Ag(R)° — RZ, be a continuous character.
Write U, (G) C Wo(G) for the preimage of x under the second projection map, cf. (2.2). Via
the projection map G(F)\G(Ar) — Ag(R)°, we can view x as an automorphic character and
decompose x = [], x» over the places v of F. The character x, : G(F,) — RZ, is nothing but the
character corresponding to the element v, ,, € ag; below Axiom For ¢ = (¢, x) € U, (G), we

can define 11 := H; I, = H; Iy, ® xv. Twisting (2.5) by x we obtain
Lzlisc,x([GD = @ @ Mg, Mz € Z>0. (2.6)

PeV(G) melly
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Remark 2.12. Since we are mainly concerned with cohomology of locally symmetric spaces, we
do not need the full strength of the above axioms. Rather, it suffice to understand the packets
satisfying the regular C-algebraicity condition at infinity.

Remark 2.13. Even though endoscopic character identities are crucial in the study of A-packets,
they do not enter our axioms as we do not make any direct use of them. Similarly we do not ask
for parametrization of members of a packet. Axiom is much weaker than Arthur’s multiplicity
formula because nothing is said about m, (e.g., m, > 0 for which 7); one can think of as an
upper bound on the set of 7 occurring in the automorphic spectrum.

Example 2.14. For a sanity check we verify axioms|(A1)H(A3)|when G is a torus. In this case take
U(G) to be the continuous cohomology group H'(Wg,G) modulo the locally trivial cohomology
group ker'(Wr,G). (The definition can be rephrased in terms of morphisms Wr — LG.) At
each place v we have U(G,) = ®pqq(Gy) by definition; put U+ (G,) := Ppeq(G,) and ¥'(G,) =
®4q(Gy). As explained in [Lan97, Thm. 2|, class field theory assigns a unique character y/(¢,) :
G(F,) — C* to the packets II,, for each ¢, € ®(Gy), in particular for ¢, € Ppqa(Gy); each
¢ € ¥(G) is associated with a character x(¢) : G(F)\G(Ap) — C* such that x(¢) = [[, x(¢v) if
¢, denotes the localization of ¢ at each v. Given this, axioms |(A1)H(A3)| are readily checked.

2.15. Arthur’s formalism for general linear groups and classical groups. In this subsection
we discuss notable cases where the axioms of are known. We assume that the global field F is
a number field for two reasons: results are more complete in this case, and only this case is relevant
to our later discussions where archimedean theory plays a key role.

2.15.1. Inner forms of GL,. We begin with G = GL,, over F. Following [Art13] §1.4], we define
U(G) = ¥(GL,) to be the set consisting of formal sums ¢ = H]_, (m; X 1v;), where ; is a cuspidal
automorphic representation of GL,,,(Ar), v; is an irreducible n;-dimensional algebraic representa-
tion of SLy such that 7, m;n; = n. Given ¢ and a place v of F, we define ¢, = ®]_,¢r, , ® 14,
where ¢, , : Lk, — GLp,(C) is the L-parameter of m;,; this is the first part of For the
second part, we take the local parameter set at each v as follows:

V(L) = { (@ierv)e (@5e005 @ (|- i, @ |- 5)) : vi € W(GLy,), ¥ € U(GLy,), ¢ € (0,)],

where the obvious constraint that ), n; + ;nj =nis in place. (The sets I and J are allowed to
be empty.) Then the injectivity of ¥/(GL,,) — ®(GL,,) is a straightforward combinatorial exercise.
The image of is contained in ¥’'(GL,,) by the deep results on the unitary dual of GL,, over local
fields by Tadié¢ and Vogan [Tad86l [Vog86]. For the last assertion of it is enough to observe that
if ¢, belongs to ¥'(GL,,) as above and if the index set .J is non-empty then 1, cannot be C-algebraic
(nor L-algebraic); if J is empty then the parameter obviously lies in W(GL,,). Here regularity is not
used and only algebraicity matters for the verification. As for the local A-packets 11, are
defined to be the L-packet Iy, ~given by the local Langlands for GL,, for ¢, € ¥(G,). Even when
1, lies in the larger set ¥/(G,) defined above, the packet II, (defined in equals Il , and
II,, is a singleton whose unique member is a unitary representation by [Tad86), [Vog86] mentioned
above. Property (A2b) in this case was shown in [Zel80, §9]. (Zelevinsky’s involution coincides
with the involution of (A2b) by [Aub95, Thm. 2.3].) By definition 1, is unramified if and only if
¢y, 1s unramified, and (A2c) is clear from the corresponding property of Il by Property (A2d)

should be implied by Il oy C Hfz;]; this can also be seen from the explicit description of II;, and
Hﬁj, cf. [AMRIS], §3.2, §11.1] and [NP21}, §12]. Axiom |(A3)|is implied by [MWR&9], which a fortiori
tells us, combined with the multiplicity one theorem, that m, = 1 for every 1 and 7 as in
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Now let G be an inner form of GL,. The local and global parameter sets remain unchanged
(by allowing the corresponding packets to be empty), so is the same as before. Axioms
and are consequences of the main theorems of [Bad08, [BR10], if the local A-packets for inner
forms are defined to be singletons or possibly the empty set as determined via character identities
by the local theorem in the introduction of [BadO§| in the p-adic case and [BRIO, Thm. 1.2] in
the real case. They also show unitarity; in our formulation it means that the unique member of
each local A-packet II, (if nonempty) is unitary for each v and each v, € ¥(G,) (in fact also for
Py € U(Gy)).

For GL,, and its inner forms, it is straightforward to upgrade |(A1)H(A3)| to [(A17)H(A3T)l For
example (A2e) is easily verified from the compatibility of the Langlands correspondence with par-
abolic induction (and the fact that the parabolic induction of an irreducible unitary representation
is always irreducible).

2.15.2. Quasi-split classical groups. The case of even special orthogonal group is postponed to the
end of When G is a symplectic or odd special orthogonal group, it is a twisted endoscopic
group of GLy for a suitable N € Zx>1, the set U(G) is realized within the subset of self-dual
parameters in W(GLy) via the standard embedding “G — “GLy. When G is a unitary group with
respect to a quadratic extension E/F, it is a twisted endoscopic group of Resg /rGLy, and U (G)
lies in the subset of conjugate self-dual parameters in W(GLy g). For either type of G, axioms
including the characterization of W(G) are proved in [Art13] Mok15] in much more
precise forms, except that (A2d) is verified in [AMRIS8|. We remark that (A17)—(A3") for quasi-
split classical groups include (A17)—(A3%") for GL,, since every proper Levi subgroup has general
linear groups as direct factors.

Some further explanation may be appropriate regarding (A2e), (A2c), (A2b), (A2a), and the last
two assertions of as they are hard to locate in the main theorems of [Art13, [Mok15]. (Once
they are understood for classical groups G, it is not hard to extend to Levi subgroups.) Axiom (A2e)
is verified in the proof of [Art13, Prop. 2.4.3]. Even though axiom (A2c) is not explicitly stated, it
results from the twisted endoscopic character identity, which reduces the axiom to the analogue for
general linear groups since the twisted transfer is compatible with infinitesimal characters, cf. the
argument in [Tail9, p.867]. Axiom (A2b) can be extracted from [Artl3, §7.1] and its adaptation
to unitary groups. The “if” part and the uniqueness in (A2a) are only implicit in [Art13, [Mok15]
but these can be derived from loc. cit. as explained in [AHKO| App. C], [Tail7, Lemma 4.1.1]. The
last assertion of (A2a) is [Art13] Prop. 7.4.1] and [Mok15, Prop. 8.4.1]. We add that once (A2a) is
verified for one hyperspecial subgroup, it is true for all hyperspecial subgroups because the natural
action of G*!(F,) is transitive on all hyperspecial subgroups while G4 (F,) induces a permutation
of II, since G*(F,) preserves the stable character associated with II,,. As for m we take
U'(G,) to be the preimage of ¥/(GLy) (see under U1 (G,) — ¥H(GLy). Our ¥'(G,) is
the same as \Tl;’nit(Gv) in [Arti3] p.45], and the localization lies is in this set. The injectivity of
V'(G,) — ®(G,) reduces to the case of GLy since the map ¥'(G,) — ¥/ (GLy) is injective. For
the last part of if ¢, € W'(Gy) is localized from v then v, transfers to a parameter 1@# in
U’(GLy,) (over R or C) by the endoscopic classification. Then the same argument in shows
that w# € U(GLy,), hence 1, also belongs to U (G,).

Returning to even special orthogonal groups, everything above is true if we work consistently with
the outer automorphism orbits of various objects. (For the last assertion of the transferred
parameter d)# is only L-algebraic and possibly non-regular but the argument of for that
part still works, as we explained there.) The reader is referred to [Art13| for the precise formulation
and statements.
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It should be noted that the above results of [Art13, Mok15|] are conditional (only) on the validity
of the twisted weighted fundamental lemma in general; see [AGI™| and the discussion in §0.4 therein.

2.15.3. Non-quasi-split classical groups. At the outset let us mention our convention to take the
local and global parameter sets to be the same as their counterparts for quasi-split inner forms.
Instead of imposing the relevance condition for parameters, we allow packets to be empty.

Axioms|(A1)H(A3)|should follow from the stronger but provisional results and conjectures stated
in [Art13, Ch. 9] and [KMSW, §§1.6-1.7], which have yet to be established. Axiom (A3) is a
coarser version of the main global theorem. There is nothing new concerning (Al) and (A2a) in
that they are assertions about the quasi-split case. Since the provisional local A-packets are going
to satisfy endoscopic character identities, we can check (A2c). The same identities are a starting
point for (A2d), but verification requires serious work; this is complete for pure inner forms by
IMR19, [MR20], which obtain an explicit description of A-packets for all A-parameters (which may
not be regular C-algebraic). The upgrade to should go in the same way as in the
quasi-split case; e.g., the proof of (A2e) can be adapted from the quasi-split case (see §2.15.2|above)
to the non-quasi-split case as in [KMSW/ §2.6]. In summary, once the assertions in [Art13, Ch. 9]
and [KMSW, §§1.6-1.7] are proven, all of (A17)-(A3™) are going to be true at least for pure inner
forms of quasi-split classical groups.

3. ON ARTHUR SLy-MORPHISMS

3.1. Assignment of a nilpotent conjugacy class. Let G denote the Langlands dual group of a
connected reductive group G over a local field k. We have a natural bijection between the following
sets:

~

(i) G(C)-conjugacy classes of algebraic morphisms SLy — G,
(ii) G (C)-conjugacy classes of Lie algebra morphisms sly — Lie CAJ,
(iii) G (C)-conjugacy classes of nilpotent elements in Lie G (C).
The map from (i) to (ii) is induced by differentiation, and (ii) to (iii) by evaluation at (). In
fact the bijection works for an arbitrary connected reductive group over a field of characteristic 0
in place of G over C; e.g., see [BMIY, Thm. 3.2]. A morphism SLy — G is said to be principal if
it corresponds to the conjugacy class of regular nilpotent elements in (iii).

Write Nilpg for the set consisting of (iii) above. This set is equipped with a partial ordering
< such that N3 < Ny if the closure of No contains Ni when viewing N; and N» as locally closed
subset in the nilpotent cone of G.

Given a parameter ) € U1 (G), we have a nilpotent conjugacy class

Ny € Nilpa
corresponding to the restriction ¢|SL§4' On the other hand, if L C G is a connected reductive

subgroup (possibly well-defined up to é—conjugacy), we define

N (L) € Nilpa
to be the nilpotent conjugacy class corresponding to some (thus any) principal morphism SLy — L.
We remark that the assignment L — N(L) is injective when L runs over G-conjugacy classes of Levi

~

subgroups by [CM93, Thm. 8.1.1]. When L arises from ¢ € ¥,,(G) as in we have Ny, = N(E)
by definition. For 1), € Ve, (G) obtained by twisting v, we still have N, = N(L).

From here, assume that k is non-archimedean and that axiom holds true for G over k
in place of G, over F, there. Each m € Irr(G) admits the Aubert—Zelevinsky dual 7@ € Irr(G) by
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[Aub95]. As a consequence of axiom as explained in the paragraph below (A2"), we have a
unique L-parameter ¢z : Wy, x SLY(C) — LG whose packet contains 7. Hence d)%]SLé) © determines
a nilpotent conjugacy class, to be denoted
N (7T ) S Nilpé.
The significance of this definition stems from our belief in the following axiom:
(CO(m)) For every ¢ € ¥(G) such that € I, we have Ny < N (7).
Indeed, this goes back to Clozel’s ideas [Clol1), p.103], one precise version of which was confirmed
by Moeglin [Moeg09] for classical groups, cf. below. Axiom (CO(r)) is also closely related to
the closure ordering conjecture [Xu24l Conj. 3.1], which is natural from the perspective of p-adic
Adams-Barbasch-Vogan packets as in [CEM™22, [Vog93]. More precisely, axiom (CO(r)) follows
from (a version of) the closure ordering conjecture for the Aubert duals 7 and II 3 together with
axiom (A2b)E|
In fact, it is reasonable to expect the following extension of (CO(7)) is true when axiom is
available, which provides us with the set ¥/(G):
(CO/(m)) For every ¢ € ¥'(G) such that m € I, we have Ny < N (7).
There is another way to assign a nilpotent conjugacy class in the unramified case. Assume that
G is an unramified group over k. Let U/(G) be a set such that ¥(G) C ¥/(G) C ¥1(G) and such
that the map ¥/(G) — ®(G), ¢ — ¢y, is injective. As above, ¥'(G) naturally comes from axiom

We continue to assume for G over k. Now consider 7w € Irr(G) that is unramified, and
assume that 7 € II,,_ for some 1, € ¥'(G). Let

N™(x) € Nilpg,

denote the nilpotent conjugacy class corresponding to wﬂ\SLgx. For well-definedness of N (), it

is enough to see that m € II,_for a unique ;. Observe that such a ¢, is unramified, and the
L-parameter of 7 is ¢, by (A2a) and its extension to U (G); this was explained in §2.9] Then 1
is uniquely determined by the L-parameter of 7 since the map ¥/'(G) — ®(G) in (A1) is injective.

Lemma 3.2. In the unramified setting of the preceding paragraph, N (w) = N (x).
Proof. By (A2b) and its extension to ¥/(G) (see i) we obtain T € II; from 7 € Ily, . Since

1, is unramified, it is trivial on SLZD , SO 12)} is an L-parameter, i.e., trivial on SL2A. Hence, by
definition, N (7) corresponds to 1/1,,|SL5, but the latter equals nothing but ¢7TISL,24. O

In practice, the local data above arise from axioms by localizing a group G over a
global field F' at a finite place v. In that case it is not a serious restriction to require an unramified

7y to be in II, for a ¥/(G). If not, we know from the axioms that m, does not show up in the
spectral decomposition of so such a m, is negligible in global applications.

3.3. Axiom (CO/(m)) for GL, and classical groups. Let k be a p-adic field. Let us verify
axiom |(CO'(7) )| for G = GL,, over k; we will shortly see that the equality holds. Suppose 7 € Il
for ¢ € ¥/(G). By (A2b) 7 € I; = Iy, . Hence the L-parameter ¢z of 7 is equal to ¢ So we
have

PzlsLp = dglsLp = YlsLp = YlsLa, (3.1)
2In [HLLZ], there are several versions of closure ordering conjectures. Roughly in their notation, the one we need

here is ¢z >p 12, equivalently 1 >4 (E; ((Z; is taken as a generalized A-parameter), while [Xu24, Conj. 3.1] claims a
stronger inequality ¢z >c ¢ e Refer to [HLLZ, Rem. 4.6] for the relation between the different orderings.
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where the last two equalities hold by definition (see . It follows that N (m) = Ny.

We expect to be true for inner forms of GL, but do not check it here. We merely
observe that the equality does not always hold. For example, if G = D* for a central division
algebra D over k and = is the trivial representation, then 7 = m and ¢z is principal on SL2D . On
the other hand, 7 € I, when ¢ = ¢ is viewed as an A-parameter. Then N (¢) = {0} < N (7). In
this case, the preceding argument for GL,, does not apply since H% is empty.

Now consider a quasi-split classical group G over k. Recall from that we have the set
U'(G) of generalized A-parameters. (This set is stable under the involution v — 1), as this is the
case for each of W/(GLy) and ¥(G).) The reader is also reminded that II, is defined for each
1 € ¥'(G). Hence axiom (CO’(m)) has an unequivocal meaning. This is proven by Moeeglin in
[Moeg09, §6.3] for ¥(G); she was inspired by Clozel’s ideas, and not by the p-adic ABV theory. The
case of ¥'(G) reduces to the case of U(G): the members of II;, 1) € U/(G) are defined after
and they are irreducible subquotients of parabolic induction of twists of members of I, for certain
Yy € U(M) for a Levi subgroup M. However, these parabolic inductions are irreducible, thanks
to [Maeglll Prop. 5.1], and their L-parameters are induced from those of M. Therefore, it reduces
to checking the claim for s, which is covered by Moeeglin as already mentioned.

Let us also note that a stronger version, i.e., ¢z >¢ c;ASw using the closure relation >¢ in the Vogan
variety, is verified when G is the split group SOg,4+1 or Spy, in a recent paper [HLLZ, Thm. 1.3,
Rem. 2.5], after the works of Mceglin, Xu, and Atobe on A-packets.

Example 3.4. Assume G is the split group SOgy,+41, Oy, Or Spy,,. One interesting example is the
case T is generic in the sense that it has a Whittaker model. In this case, [HLLZl, Lem. 7.11] implies
that, if m belongs to Il for some ¢ € U/(G), then N'(m) = {0}. The extra assumption is negligible
in global applications. Combined with axiom (CO’(7)), this means that every ¢ € ¥/(G) such that
7 € IL is generic in the sense that MSL? is trivial, i.e., 9 = ¢y. In particular, if ¢ € U(G) then ¢
is tempered. This statement is known as the enhanced Shahidi conjecture [LS25, Conj. 1.6].

In this vein, it is natural to call m A-generic when N'(7) = {0} in our framework. (This notion of
genericity has to do with A-parameters or Aubert-dual, hence the terminology.) As above, axiom
(CO/(m)) implies that, for such a 7, any ¢ € ¥'(G) such that 7 € I is generic. And [HLLZ,
Lem. 7.11] implies that any generic 7 is A-generic.

For general ¢ € ®(G) (not necessarily of the form ¢, for ¢» € ¥/(G)), there is the notion of open
L-parameters [Sol, [CDFZ]; see [DHKM|, Prop. 6.10] for equivalent characterizations. For quasi-split
groups, it is expected that ¢ is open if and only if its L-packet L4 contains a generic representation,
and it is known for classical groups [CDFZ, Cor. 4.8].

3.5. Extension along central morphisms. Recall that the definition of AV () relies on local
Langlands, but the local Langlands parametrization does not fully propagate along central mor-
phisms. (E.g., our understanding of local Langlands for GSp,,, is more limited than that for Spy,,.)
The purpose of this section is to extend the definition of A (7) along central morphisms nevertheless.

Suppose holds for G. Let Gger — H be a central morphism over a non-archimedean
local field k inducing an isogeny Gger — Hger- Let m be an irreducible unitary representation of
H(k). By [LS19, Prop. 4.1.3], its pullback to Gge(k) is the direct sum of finitely many irreducible
unitary representations m; of Gger (k) that are H(k)-conjugate. Again by [LS19, Prop. 4.1.3], each 7;
appears in the restriction of some irreducible unitary representation 7; of G(k), unique up to certain
character twists. According to the desiderata for the local Langlands correspondence regarding the
adjoint action and character twists [Xul6, pp.1802-1804], N (7;) should be independent of lifts of
m; and 7. In this case, we obtain a well-defined nilpotent conjugacy class N (7) € Nilpz. We may

temporarily consider all possible N (7;) and corresponding nilpotent conjugacy classes of H.
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Example 3.6. In this example, we use results from §2.15.1

(i) If G = GL,, and H = Gqer = SLy, it follows from [HS12, Ch.12] that A (7) is well-defined.
For instance, 7 is generic only if N'(7) is trivial as 7 has to be the restriction of a generic
representation of GLy, (k).

(ii) Let G = GL,, and H = PGL,,. We may regard 7 as an irreducible representation of GL,,(k)
as the natural map GL, (k) — PGL, (k) is surjective. Its restriction to SL, (k) gives rise to
7; above. Therefore, N(7;) is well-defined and independent of i, and it is the same class
as N () when we regard 7 as an irreducible representation of GL,, (k).

(iii) Suppose G = ResglGLn for a totally real field F'. Let H C G be the inverse image of G,

under the determinant map G — Resgle. (The dual group H can be described as in
[DLPI9, Prop. 2.6].) If k = Q, for a finite place v and 7 is as above, then N (7) is again
well-defined. This example is related to Hilbert modular varieties when n = 2.

Example 3.7. We make use of the results described in Section Consider quasi-split H =
GSp,,,, GO3 . GU,, with G = Sp,,, SO, U,. Let 7 be an irreducible representation of H (k). All
the irreducible summands of the restriction of m to G/(k) are contained in a single L-packet Il4, up
to O1 (k)-conjugation in the second case as in [Art13]. (Since the irreducible summands are in the
same H (k)-orbit, this follows from the fact that the L-packet of 7, up to Og, (k)-conjugation in the
orthogonal case, is preserved under conjugation by H (k)-conjugation. Indeed, the stable character
of an L-packet for G(k) does not change under the H(k)-conjugation.) As the restriction from
H(k) to G(k) commutes with the Aubert involution, N (7) is well-defined and determined by the
common L-parameter of the summands of the restriction of 7. (For unitary groups, G # Hge but
this construction provides the same nilpotent conjugacy class as before.)

Suppose moreover that G and H are unramified over v and that Gqer — H extends to a map of
reductive models over the ring of integers Oy. If 7 is unramified, there exists unique % such that m;
is unramiﬁedﬁ There exists an unramified lift 7;, unique up to an unramified twist. The nilpotent
conjugacy class N (7;) is independent of unramified lifts, so it would be reasonable to define N ()
to be the corresponding nilpotent conjugacy class of H.

3.8. Definition of the main invariants. In this subsection we define certain (half-)integral in-
variants, which measure the distance from the middle degree (which can be a half-integer in general)
to the degree of interest in our vanishing conjectures below.

Let G a connected reductive group over a number field F. Fix a minimal F-rational parabolic
subgroup Py and its Levi subgroup My. Let T" be a maximal torus contained in My. Define

Goo = (ReshG) xg R = [1,10.Gys
and define T, likewise. Write Ag for the maximal Q-split torus in the center of Res(gG, and Agr

for its base change to R. We take A = Agg to define invariants such as ¢’(G) = ¢(Goo/Agr) in
Let N € Nilps and A € X*(To)t = X.(Too)™. We define an invariant

(A A) = (1) e L7 3.2
ag (N, A) = max ¢'(L) € 32z, (3-2)
where L = [[, |, Ly runs over the f-stable Levi subgroups of Goo = [],oc Gy such that N(Ey) =N

for all y|oo and such that Cent@oo()\) contains a @m—conjugate of L. The above number will enter

3As all the summands are conjugate under G(k), each summand is unramified with respect to some hyperspecial
subgroup.
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our conjecture on the range of non-vanishing degrees for the L?-cohomology of locally symmetric

spaces whose coeflicient sheaf is determined by A. In case there is no such L, we set a(Gz) (N) := —c0.
For Shimura varieties, we choose A = Ag, as in Example ; this differs from the above choice
of A in general. Using the notation from that example, we define a variant

a¢ (W) == max g(L) = max q(L/Ac,) € §Zo. (3.3)

Remark 3.9. The definitions (3.2)) and (3.3)) are motivated by the relative Lie algebra computation
in Lemma Compare with Theorem below.

We return to locally symmetric spaces and the choice A = Ag . The analogue of ag) (N, \) for
ordinary or compactly supported cohomology is motivated by Franke’s formula and requires more
preparation. Write Wg. . = Ng_ (Tx)/Ts for the (absolute) Weyl group. For each w € W and

A€ X (Too)™ set
wx A :=w(A+p) —p.
Given an F-rational Levi M of G, write Wéﬁ:" for the set of minimal-length representatives in the

Weyl group W, for Na. (Mo)/Moo. So W > consists of w € W, such that w~! sends positive
roots in M, into the set of positive roots of Go,. Define

ac(N, ) := amax (a2 (Nar, wx A) + ¢(Goo/ A k) — ¢(Moo/Apg) — L(w)) € 3750, (34)

s v W
where M is an F-rational Levi of G, Ly = []
such that
(i) NM(EM,y) — N under the natural map Nilpy; — Nilpg_ for all y|oo,

Ly is a 0-stable Levi of My, and w € WC]‘;JOZ"

yloo

(ii) Centgz (w* A) contains an Mao-conjugate of Ly,
(iii) —Re ([w(A+ p)])a*M’(C belongs to the set W(A+ p). defined in [Wal97, 4.6-4.7]; in particular
[w(A + p)laz, Pairs non-positively with each positive root in G,
(iv) the restriction of w(A + p) to the maximal split subtorus of each fundamental maximal
torus in M2 is trivial.
Again if no triple (M, Ly, w) as above exists, then set ag(N,\) := —occ.
Remark 3.10. The definition ([3.4]) is motivated by Franke’s spectral sequence [Fra98, Thm. 19.1].
See also [Wal97, p.151, Cor.]; condition (iv) is a necessary condition for the cohomology in the
formula of loc. cit. to be non-vanishing. We also mention that the above definition could be
tweaked by requiring that Ny (Lasy) < N in (i) if Nas(Lary) is viewed as an element of Nilpg__,
to account for the fact that the assignment of (generalized) A-parameters need not commute with

parabolic induction of non-unitary representations. However we do not know of an example where
this changes the value of ag(N, ).

Lemma 3.11. Assume that either N =0 or that X is reqular. Then
ac(N V) = a (W, A) = 15(Goc)-
Proof. By assumption, the only L allowed in (3.2)) is a fundamental maximal torus, say T,,. Hence
2
al (N, N) = ¢ (Two) = 315(Goo).
To see that ag(N,\) = a(G2) (NM,)A), we need to verify that the quantity in (3.4) for each

(M, Lys,w) is bounded by 313(Go). If N = 0 then Ny = 0 and Ly must be a fundamental
maximal torus of My,. The same holds for Nj; and Ly if X is regular for G, since w x A is then
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regular for M by [Sch94] Lem. 4.9]. It follows that QS\? (Nar, ) = %l%(Moo). Hence we will be done
if we show

310(Moo) + ¢(Goo/Acr) — ¢(Moo/Apr) — l(w) < 1§(Gao),
or equivalently, by the definition of go(-),

l(w) > QO(GOO) - QO(MOO)'
This is exactly [LS04, (4.1)], and their proof carries over after reconciling the notation (e.g., our
Goo, Mo, A correspond to their G, M A, A) and the conditions: their condition (a) is satisfied by
our (iii) above, and while their condition (b) is not applicable in our setting, what we need is only
its consequence that their 1/ vanishes; the latter is provided by our condition (iv). O

Example 3.12. In case the nilpotent orbit N is regular, only M = G can contribute to (3.4)).
We need that Cents(\) meets N, for the formulas in (3.2) and (3.4) to be non-vacuous. Since the

centralizer of a regular unipotent element is a product of Zg and a unipotent subgroup (see [Spr66),
Lem. 4.3]), it follows that A is a central cocharacter of G. If so, a(G2) (N, N) = ag(V,\) = ¢ (Goo).

Example 3.13. In this example and the next, let G = GL,, over F = Q with Py the upper
triangular Borel subgroup and My = T the diagonal maximal torus; we concentrate on A = 0. Here
we take n = 3, and NV to be the orbit of a regular nilpotent element in the Levi subgroup GLg x GLj.
The 6-stable Levi subgroups of GL3 are either GLj3 itself or of the form GL; X Resp/gGLi, so
ag) (N,0) = —oo. The maximum in (3.4]) is realized by M = Lj; = GLy x GL; and w such that
w*x0=wp—p=(0,-1,1) € X,(Ts) in the standard coordinate. Namely ag(N,0) equals
afy War,w % A) + q(Goo /AG ) — a(Moo/Apz) = Uw) =045 —1—1= 4.

Example 3.14. Now let G = GL4. Consider N arising from a regular unipotent element in
GLg X GLg. Then L = Resc/rGLa contributes to (3.2) and we can compute ag) (N,0) = ¢ (L) = 3.
In (3.4) the maximum is realized by not only (M, Ly, w) = (G, L,1) but also by M = Ly =
GLy x GLy and w is a length 2 element such that w0 € {(0,-2,1,1),(—1,—1,2,0)}. Indeed, in

the latter case we have
aly) (Nar, w % A) + ¢(Goo/Acr) — 4(Moo/Aprg) — l(w) =1+ —2 2= 4,

Question 3.15. If ag) (N, A) >0, ie., if the maximum in (3.2)) is not vacuous, then do we have
ac(N\ ) = ag) (N, N)?

In other words, the question is whether the maximum in (3.4)) is attained by the M = G case.
Small evidence is provided by Lemma and Examples but the authors do not know

in general.

4. VANISHING RANGE FOR THE L?-COHOMOLOGY OF LOCALLY SYMMETRIC SPACES

4.1. The conjectures: char 0 coefficients. We maintain the notation from Fix a maximal
compact subgroup Ko, of Goo(R). For neat open compact subgroups K C G(A%) define the locally
symmetric space of level K:

Yo = GF\G(Ap) /KK, Ag(R)°. (4.1)

Let p be a prime of F' where G is unramified, and K, C G(F} ) a hyperspecial subgroup. Write Ty, :=
C[Kp\G(F})/ Ky for the unramified Hecke algebra. Write H (2 H', and H for the L2-cohomology,
the ordinary (singular) cohomology, and cohomology with compact support, respectively, in degree

1€ Zzo.
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Fix a Borel subgroup B and a maximal torus 7' of (RGSQG) xg Q such that B O T. Let
A € X*(T)" be a dominant weight of a maximal torus, which gives rise to an irreducible highest

weight representation E and a complex local system &£y over the system of locally symmetric spaces
Ya k. Then the colimit

H (Yo iy, &) = im H, (Yo, i,x0, E), € {(2),0,¢}
Kbp

over sufficiently small open compact subgroups K* C G(A%:™) is a Ty-module with a commuting
G(AP>)-action. Similarly we define a G(A¥)-module H:(Yg,Ey) by taking colimit over K, C
G(Fy) as well as KP.

Let m, be a maximal ideal of T,. This corresponds to a C-algebra morphism T, — C, an
unramified L-parameter qbg Wk, — L@, and an unramified representation 7r8 of G(Fyp). Set

Ny 1= N (7).

Suppose that qﬁg = Pyo for some ) € We(Gy), or more generally for some ) € W,(G,) if axiom
(Al)|is in effect (which provides us with the set W,(Gyp)); this is a harmless assumption as we
remarked in Then we can define N ur(ﬂ'g) in terms of 1/)8|SL§; as in Lemma (and its

extension via character twists) tells us that Ny, = N (7).
Write L,y for the set of F-rational Levi subgroups M up to conjugacy such that M., contains
a fundamental maximal torus of G; if G contains an elliptic maximal torus then Ly, = {G}.
As in We use A = Ag g to define ¢”(G) = ¢(Go/AcR).

Conjecture 4.2 (unramified at p). If H(iQ) (Y, Kk, Ex)m, # 0 then

¢ (Goo) = agNimy, \) < i < ¢ (Goo) + 62 (Niny , M)

For H' and H!, a naive expectation is that the inequality holds only on one side. Since we have
not gathered enough evidence, we state it as a question; see also Conjecture below.

Question 4.3. Are the following true?
H (Yo, ENmy =0 for i< ¢ (Geo) — ag(Nm
Hé'(YG,Kp, Ex)m, =0 for 7> qb(Goo) + ag(Nm

A,
A)

p?
p?

Now let us consider an arbitrary prime p, an arbitrary irreducible smooth representation TI'S of
G(F},) and arbitrary level at p. Set

)
a JA) == max ay (N,
G(p ) /\/<N(7rp)G( )
We are not insisting on N' = N (m ) because the local A-parameter at p that is Aubert dual to ¢A0

(in the notation of - need not globalize to a global A-parameter which is cohomologlcal at oo
(and has infinitesimal character determlned by A); other local A-parameters 1), such that 7r € 1y,

are expected to satisfy Ny, <N (m)) in light ofm
Conjecture 4.4 (arbitrary at p). If wp € Irr(Gy) appears as a subquotient of Hgg) (Ya,&x) as a
G(F,)-module then

¢ (Goo) — a2 (70, X) < i < @ (Goo) + D (70 V).

po
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Remark 4.5. (i) One can contemplate an analogous conjecture by localizing at a maximal ideal
of either the Bernstein center of G, or the spectral Bernstein center a la Fargues—Scholze
(the latter localization is equivalently done with respect to a semisimple L-parameter), but

the resulting inequalities would be coarser in general.
(ii) If G is unramified at p and 7rg is unramified with respect to a hyperspecial subgroup K,
then Conjecture for 773 is true if and only if Conjecture for the maximal ideal

corresponding to 7r is true by taking Kp-invariants.

Example 4.6. Conjecture 4.4] and Lemma [3.11] imply the following statements.

(i) If A is regular, H(iQ) (Yo, E\) = 0 for i & [90(Goo), q0(Goo) + 13(G)]. This special case can be
shown unconditionally by using Vogan—Zuckerman’s classification of unitary cohomological
representations; no axioms on A-parameters are needed. Indeed, when A is regular, the
classification [VZ84, Thm. 5.3] tells us that only automorphic representations which are
essentially tempered at oo contribute. (More precisely, in the notation of loc. cit., the
Lie algebra [ must be a Cartan subalgebra, which implies A4(\) is tempered.) Then we
obtain the desired degree bound from either [VZ84, Thm. 5.5] or [BWO00, IIL.5]. (For the
contribution from the continuous spectrum, one directly verifies without recourse to
A-parameters.)

(i) If m) is A-generic and appears in H&)(Yg, E\), then i € [qo(Goo), q0(Goo) + 15 (G)].

Remark 4.7. In [LS04, [Grol3], it is shown that if ) is regular, H*(Yg,&y) = 0 for i < qo(Goo).
Hence, Question has a positive answer in this case. The A-generic case of Question [4.3] also
has an affirmative answer for all quasi-split classical groups, conditionally on twisted weighted
fundamental lemma, cf. [Kosal for an announcement of a related result.

4.8. L?-cohomology in the case of classical groups. Let my, 7r8, d)g be as in the paragraph
above Conjecture

Theorem 4.9. Assume that H’

(2)(YG7Kp,E)\)mp # 0 and that azioms (A3*) hold for G.
Then

(i) There exists a unique ¥, € V,(Gy) such that ﬂ'g € Iy, and Ny, = N,
(ii) ¢ (Goo) = 0 Niny, A) < i < ¢ (Goo) + 0T Wi, ).

Proof. We point out at the outset that the uniqueness of ¢, in (i) follows from the axioms. So part
(i) is mainly about the existence of v, as in the statement.

Write x : Ag(R)® — RZ, for the inverse of the central character of F restricted to Ag(R)°. Put
K2 := Ag(R)°KS,. From [BC83, 4.2, Eq.(5),(6)] (adapted from semisimple groups in the classical
setting to reductive groups in the adelic setting as in [Frad98, Thm. 3 and 4], taking p there to be
a positive constant function) we have a Typ-equivariant decomposition

H(*2) (YG,Kpa g)\) = H" (gv I?go; L?iisc,x([G])Kp ® E)\) ©H" (gv I?go; L2 ([G])KP ® E)\)

cont,x

P

We simply write HJ, ., and H, for the two summands. By assumption at least one of them is

ont,\
nonzero when localized at my. Suppose (Hj. ,)m, # 0. Decomposing L2 . ([G]) into irreducibles,

disc,x
we obtain

* K * 770
0# (Hjser)my = P mam®™® @ (1" )y @ H*(9, K, Moo @ E). (4.2)
WCL?“SC’X([G])

The relative Lie algebra cohomology is nonzero only if 7wy, has the infinitesimal character dual to
that of Ey; in particular 7o, must be regular C-algebraic. Applying axiom [(A3)[in the form of
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(2.6), we can replace the sum over m with a double sum over ¢ € ¥, (G) and 7 € II. (To simplify
notation we do not underline ¢.) Consider each pair (¢, 7) such that the corresponding summand
is nonzero. By axiom we have 9, € Wera(Gy) and m, € Iy, = HQS for all y|oo. So we can
write m, = m(y, Qy) in the notation of Then L := Hy|oo Lq, is a O-stable Levi of G. By

Lemma [27]
i€ [¢(Goo) — (L), ¢(Geo) + ¢ (L)]. (4.3)

We saw in that the unipotent conjugacy class in G arising from a regular unipotent element
of Lg, coincides with the one arising from %’SLg‘; denote the unipotent conjugacy class by wa-

On the other hand, (ﬁ;(”)mp # 0 implies that m, = 7r8. Since m, € Il,, we have 7T8 € H%p by

(A2a). By definition ) € g s0 by, = ¢y. By the injectivity in [(A1)} Ny, = Np,; assertion (i)
is proved at this point. Since @Z)|SL§1, ¢P|SL§‘7 and ¢y|SL§‘ are G-conjugate for each infinite place y,

cf. axiom |(A1), we see that Ny, = Ny,. By the definition of a(GQ)(-, -) and Lemma [2.8 (the lemma
ensures that L contributes to the right hand side of (3.2)), we have

0< (L) < al Ny, ) = a2 (Nimy, A). (4.4)

Together with (4.3)), this tells us that the bound in (ii) holds true.
Now suppose that (H, ; \)m, 7 0. As in [BC83| Prop. 4.4] we decompose

Héont,A = 69(P,TFM)TnWMPji(g? kgov %C,)ﬂ'M ® EA)va (4'5)

where P runs over a set of conjugacy classes of proper cuspidal parabolic subgroups with Levi
decomposition P = M N such that My, contains a fundamental maximal torus of G (i.e., M €
Ltun), Tar is a subspace of LﬁiSC’XM([M]) for a character xa : Ay (R)® — RZ, to be defined in a
moment, and LE ~is a family of normalized parabolic inductions from s twisted by a family of
unitary characters. To define xj/, note that there is a natural map A/ (R)° — Ag(R)° dual to the
map X5(G) — X5(M) induced by M < G. We obtain x/ from x via Ap(R)° — Ag(R)® 5 RX,.
(The reader may compare with a similar construction in [Art13, p.122].)

Let us introduce some more notation. Put A3, := Ap, (R)°. We have a product decomposition
My = A, x "My, cf. [BCB3, §3.3]. (Our A3, M, correspond to their A, M.) Let Ky, be a
maximal compact subgroup of M., (R), thus contained in °M(R). Let h be a Cartan subalgebra
of “m.., so that h @ ayz_ is the Lie algebra of a maximal torus Th, of Goo. We fix a Borel subgroup
B of G ¢ in Px ¢ containing To c. We may assume that A € X*(T,) is B-dominant. Denote by
p € X*(Tx)q the half sum of B-positive roots. Write af/loo for the kernel of the map ay,, — ag
dual to X7 (G) = Xj(G) = X{(Mso). Similarly put A})\/Ii = ker(A},  — Ag(R)°). Denote by
a}‘ww /G the linear dual of a%oo, and a}‘\’f; e for the positive chamber with respect to P. We have a
continuous family of unitary characters C;, for u € a}k\;[; ez and a}k\;[; /G is equipped with a measure

du; see [BC83, §4.3]. (The precise definition does not matter to us.)
Going back to (4.5)), if the summand for (P, 7) is nonzero then [BC83, Thm. 3.4] tells us that
there exists a unique element w € W1 satisfying

w(A + p)‘AR}G =0, Xmaeo = X—=w(x+p)ly (4.6)
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which has length I(w) = § dim Nu, and that

H.+l(w)(g’[?go; ?WM ® Ey)
= nindf(m3) @ B (Om, Ky maroo ® E)E) © HY (o [ Ciudi),

WA
The cohomology of a%oo is bupported on degrees [0,dim ay; — dim ag]. In order to prove that the
non-vanishing degrees of (H! . )\)mp satisfy (ii) of the theorem: for each 7y, as above satisfying the
two conditions

(a) (n-ind? (marp)™®),, #0, (b)) HIOm, Ky oo @ B, ,) 70,

it suffices to show that

¢ (Goo) = 0 Nimy, N) = U(w) < j < ¢ (Goo) + 0 (Niny, A) — () — (dim Apr, — dim Ag). (4.7)
Thanks to (4.6]), the formula of [BW00, I11.3.3] (after reconciling the notation) tells us that

H'Jrl(w)(g,l?o ,n—de (TM0o) ® Ey) = H*("m, Ky Tree @ F *A) ® A%ay, /G
so the proof of boils down to verifying the implication that
H'(g, K3, n-ind 3> (Tar,00) ® Ey) # 0 (4.8)
= i€ [0'(Cuo) 0 Wiy ), ¢ (Goo) g Ny, )]

From Lemma [2.7| and the definition of aG (/\/'%, A), we will be done if the unitary induction

n—mdPOO (TI'Myoo) contains a constituent of the form (1, Qo) for some 1o, and Qoo = Hy‘oo Qy
such that

. N(ZQy) = N, for each yloo,
e a Goo-conjugate of EQ is contained in Centg_(A).

Since the second bullet point follows from Lemma it is enough to show that n—md > (M 00)
nontrivially intersects the A-packet II,,__ for some ¢Oo = Hy| oo Uy € Yera(Goo) such that N¢y Na,
for all y|oo. Indeed, (A2d) tells us that IT, = Hﬁi , and every member 7(¢s0, Qo) Of HA;]O satisfies
N(Lq,) = Ny, for yloo (see §2.4)).

To this end, write ¥pr € ¥y, (M) for a global parameter whose packet contains 7ys; here we are
appealing to axiom (A3%). In particular marp € 1Ly, and mary € Iy, and Ny, - = Ny, for
each y|oo. We deduce from (a) above that ¢y, € W, (M,) maps to ¢, under “M < LG and that
my € Iy, ; thus Ny, = maps to Ny, , which equals Ny, in view of (a). We have shown assertion (i)
at this point.

Take 1o € ¥(Goo) to be the image of the parameter ¥as,00. Then Ny, ~maps to Ny, , hence
N, = Ny, for yloo. By axiom (A2e), all constituents of n- de (TM,00) show up in IIy . The

non-vanishing condition in ) tells us that I, contains a cohomologlcal representation. Hence
Yoo € Vera(Goo) by axiom (A2c) so the proof of part (ii) is finished. O

Remark 4.10. The argument is much simpler if Lq,(G) = {G}, e.g., if Go contains an elliptic
maximal torus. In that case, H7 ,\ = 0 as can be seen from (4.5) since G contains no proper

cuspidal parabolic subgroup, cf. [BC83 Thm. 3.4(c)].

27



Theorem 4.11. Assume that azioms hold for G. Let p be a finite prime of F' and
suppose that 7y € Irr(Gy) satisfies aziom (CO'(x))l If m) appears as a subquotient of Hiy) (Yo, )
as a G(Fp)-module for i € Z>q then we have
2 , 2
¢(G) = ag (1, X) < < P (G) + ag (x). A).

Proof. Since the argument is mostly the same as for Theorem [4.9] we simply point out the main dif-
ferences. Again we decompose HE“Q)(Yg, &) = Hijge n ® Hiyyyp  (Without taking the Kp-invariants).
If 7rg appears in H(’;iscw we have a global parameter i such that 7Tg € IIy, and such that Iy
contains Moo = ®y|o7(Yy, Qy) Which satisfies the bound (4.3)) for L =[], Lg,. Now the key point
is that Ny, <N () by (CO'(m)), therefore we obtain the following analogue of (4.4)):

0< ¢ (L) <al (Ny,, \) < al) (70, \).

This finishes the proof when 778 shows up in Hj

0
p

(a") that 7r,(,J is a subquotient of n—indg; (marp). Other than that, the argument remains unchanged
until the second last paragraph in the proof of Theorem except that ag) (Nww A) should be
changed to ag) (mp, A) and that we need to show Ny, < N (mp) instead of Ny, = Ny,

To obtain wa <N (778), we proceed as in the last paragraph in the proof of Theorem but
apply axiom (A2e) also at p to observe that 773 € Ily,, where 1)y is the parameter for GGy coming from
Yarp. We still have the relation Ny, = Ny, for yloo. In addition, Ny, < N (m)) from (CO'(ny)).
Hence Ny, < N () as desired. O

isc,A\*

is a subquotient of H*

In the other case when 7 cont,\?

we change condition (a) to the new condition

Corollary 4.12. C’onjectures and hold true if G is an inner form of GL,, that is split at
p. Assuming that the twisted weighted fundamental lemma is valid (see §2.15.2), Conjectures
and [{4 are true for all quasi-split classical groups.

Proof. For inner forms of GL,, and quasi-split classical groups, axioms hold true as
explained in and Hence Conjecture is an immediate consequence of Theorem
As for Conjecture we need to check [(CO'(my))| in addition. Since the latter is true for
quasi-split classical groups (see , Conjecture is verified in these cases. g

One can extend above results along central morphisms. Let us discuss only the following simple
instance; for relevant examples, see Example below.

Corollary 4.13. Let G be a connected reductive group over Q such that Gaer =~ Res&Sp% for a
totally real field F' and n € Z>1; if n > 2, assume that the twisted weighted fundamental lemma is
valid. If 7 € Irr(G,) appears as a subquotient of H(Z2)(Yg,(C) as a G(Qp)-module for i € Z>q then

b @) o b @)
G)—max max a5 (N,0)<i<¢(G)+max max ag (N,0),
16 Ty NN ) ¢ ( ) @) Ty NN 5) “ ( )

where 71'2’]- are irreducible summands of the restriction of 71'3 to Gaer(Qp) as in . The (-adic
analogue also holds.

The same statements hold if Spy,, is replaced by a quasi-split special unitary group for a CM
quadratic extension E D F (assuming the twisted weighted fundamental lemma is valid).
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Proof. As in the proof of Theorem [4.9 [Frad8, Thm. 3 and 4] imply that

Hiy(Ye, C) = H'(9, K20 L*([G)) = H'(9, K% Lo ([G)) © H' (8, K%: Lion ([G)),

disc cont

HZZ) (Ye4e: C) = Hi(gdera K3 L2([Gder])) = Hi(gdera K3 L?iisc([GderD) ® Hi(gderv K3 Lzont([GderD)-
By Remark [4.10]
H'(gders Ko; Lot ([Gaer])) = H (8, K& Liont ([G])) = 0.

cont cont

Note also that for x € {0, disc}

—_

LA(G) = D, LG), @),

where w run through unitary characters of the compact abelian group [Zg] = Zg(A)/Zc(Q)Ac(R)°
and L?([G],w) is the w-isotypic part. If 7r2 appears as a subquotient of H(12) (Yg,C), then there

exists a cohomological discrete automorphic representation = C L3, ([G], w) with m, & 7 for some

w that is trivial on Zg(R)°. As in [LS19, §5], the space L?([G],w) is the induction of

LA(G(Q)\Zc(A)G(Q)Gaer (A), w) 2 L*(Gaer (Q)\Gaer (A), w1)

from Zg(A)G(Q)Gger(A) to G(A), where wy is the restriction of w to [Zg,.,]. Moreover, the same
holds for the discrete spectrum as Zg(A)G(Q)Gger(A)\G(A) is an abelian compact group [LS19,
Prop. 3.3.3]. Therefore, 7|q, . (a), Which is the Hilbert direct sum of irreducible representations,
contains a discrete automorphic representation 7’ with 7TI/) = 7727]- for some j [LS19, Prop. 2.3.3
and Lem. 5.1.1]. Furthermore, 7/, is a summand of 7 |¢,, (r) and in particular cohomological by

INP21], Prop. 4]. We have the Kiinneth formula

H.(g7 Kgm 7Tco) = H.(gderv (Gder(R) N Koo)oa 7Too) ® H.(ala (C)7
once we choose a splitting
9 = Gder @ (Lle Ag(R))(C D (Lle (ZG'(R) N K))(C ®d

for some o C g, and H" (gger, (Gaer(R) N Koo ), ) is nonzero for some 7.

» oo
Therefore, if the case G = Ggye, is verified, we have

b @) v b @)
Gaer) — max  ay (N,0) <i < ¢ (Gger) + max ay (N,0).
¢’ (Gder) NN o W,0) < < ¢ (Gaer) NN ¢ W, 0)

As ¢(G) = ¢*(Gger) + dim @, the case of G follows.

It remains to verify the case G = Gqer. If G is the Weil restriction of Sp,,,, n > 2, it follows from
Corollary Now suppose G = ResgSLg = Res(gSpQ or a quasi-split special unitary group. We
already know the case G = RengLg or a quasi-split unitary group by Corollary As in the
previous argument, there exists a cohomological discrete automorphic representation m of Gger(A)
with m, = 70 and central character w' that is trivial on Zg,,, (R). Arguing similarly as in the proof
of [LS19, Thm. 5.2.2], we can find a discrete automorphic representation 7 of G(A) lifting 7 that
is trivial on Zg(R). Then the Kiinneth formula as above implies that 7 is cohomological, and in
turn, the case of SLy and quasi-split special unitary groups. O
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5. TORSION AND /-ADIC COEFFICIENTS

5.1. Assignment of nilpotent conjugacy classes: torsion and /(-adic coefficients. In the
cases coefficients are torsion, even formulating a similar conjectural statement is a nontrivial task
for several reasons. One reason is that the Aubert—Zelevinsky involution may not preserve irre-
ducible representations, and another is that there is no precise form of the mod ¢ local Langlands
correspondence even in a conjectural form. In fact, even the case of Q-coefficients is subtle.

For instance, upon choosing an isomorphism ¢: C = Q,, we can translate Question into the
(-adic setting. However, it depends on ¢ a priori. More precisely, if m, arises from a Qy-valued
character, then the invariant Nmp relies on the local Langlands correspondence with Q,-coefficients,
which depends on ¢. The following axiom says it is actually independent of «. E]

(A27T) |(A27)| holds, and moreover gbﬂ\SLQD for each m € Irr(G(Fp)) is invariant under any field

automorphism o: C = C in the following sense: ¢ﬁ|SL£3 is conjugate to ¢W”’SL§" If
o(q*/?) = ¢'/2, then ¢7 is conjugate to ¢ro.

In fact, more canonically, it is expected that (“¢,)7 is conjugate to “ .o for every o € Aut(C);
see [Ima24, Conj. 2.4], for instance. In particular, as is well-known, (A27") is true for general
linear groups [ST14, (3.2)], [Ima24l, Corollary 2.12]. We will discuss the case of quasi-split classical
groups in the next subsection.

In the rest of this subsection, we assume (A271) holds. We want to use it as a crutch to attach a
nilpotent conjugacy class to mod ¢ representations of G(Fy). To get around the lack of mod ¢ local
Langlands in a precise form, we proceed in the following ad hoc manner. Let m, be an irreducible
smooth Fj-representation of G(F,) with ¢ prime to p. According to [DHKM, Prop. 4.9], there
exists an irreducible integral smooth Q,-representation 7y whose mod ¢ reduction contains 7, as a
subquotient. We then work with the nilpotent conjugacy class N (7,) in characteristic 0. However
7p may not be unique, and we will consider all possible such lifts.

Remark 5.2. If the Fargues—Scholze semisimple L-parameter of 7, is of weakly Langlands—Shahidi
type in the sense of [HL, Def. 6.2] and the semisimplification of the f-adic L-parameters agree
with those of Fargues—Scholze, then the mod ¢ reduction of ¢z, must have the trivial monodromy.
Therefore, such a 7, is A-generic in the sense that N (7,) are all trivial.

Example 5.3. Suppose G(F}) is a general linear group. In this case, the mod ¢ local Langlands
correspondence is constructed by Vignéras [VigO1]; let us denote the resulting Weil-Deligne pa-
rameter of m, by gbxp with the conjugacy class of nilpotent operator N/ (qﬁXp). It is also known that
a suitable modification of Aubert-Zelevinsky involution 7, — 7, preserving irreducible representa-
tions exists. Moreover, the local Langlands correspondence is compatible with reduction modulo £
up to Aubert—Zelevinsky involution in the following sense [Vig01} 1.8.5]: any m, has the form J,(7,)
for some 7y, where Jy(—) is the “most generic” subquotient of the mod ¢ reduction [Vig01], 1.8.4]
(see also [Vig98, V.9.2]), and ¢¥p is equivalent to the mod ¢ reduction of gb;p when 7, = Jy (7).

If m, is a subquotient of the mod ¢ reduction of some irreducible 7, but not isomorphic to
J = Jy(7y), then the nilpotent orbit A/ (¢¥p) is larger in the closure ordering than N ((b}f), which
is the mod ¢ reduction of N (<Z>%) as above. Indeed, this follows from the displayed equality in the

4Compare with the recent elegant result of Scholze that the map from the spectral Bernstein center to the Bernstein
center, and hence Fargues—Scholze semisimple L-parameters, is independent of ¢ [Schl, Cor. 6.2].
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proof of [MS14, Lem. 9.41], for instanceﬂ Therefore, including such 7, in consideration does not
change the nilpotent conjugacy class as long as we look at the maximal one.

We conclude that it is reasonable to define N (m,) to be the nilpotent conjugacy class N (¢¥p) in
characteristic £. The L-parameter ¢ is of weakly Langlands—Shahidi type if and only if there is no
possible nontrivial monodromy. In particular, there is a unique irreducible representation 7, whose
semisimplified L-parameter is ¢ and it is A-generic in the sense that A () is trivial.

Remark 5.4. One may also try to work with maximal ideals of (local) unramified Hecke algebras.
Note that two non-isomorphic unramified irreducible representations can have the same mod ¢
Satake parameter, and the relation with the above consideration is more subtle than the non-
torsion case. A related issue is that even in the case of general linear groups, there could be
multiple “maximal” nilpotent operators for a given representation of the Weil group.

Let us also recall that if G(F}) is a general linear group, the generic condition in [Kosb] means
there is no possible nontrivial monodromy. In particular, there is a unique corresponding unramified
representation and any its irreducible lift is generic (and its mod ¢ reduction is automatically
irreducible).

5.5. Invariance of L-parameters for quasi-split classical groups. For simplicity of notation,
let F' denote a nonarchimedan local field of characteristic O for the rest of Assume G is GLy,
split symplectic, or qusai-split orthogonal /unitary over .. We are going to use results from Section

2.15.2[to Verify in this case. In particular, when G is a classical group, the twisted weighted
fundamental lemma is assumed to be able to assign local L-parameters ¢, to m € Irr(G(F).

Let 0 € Aut(C). Suppose o(¢*/?) = —¢'/2. We let = 7, denote the unramified character
sending any Frobenius lift to —1 € Z (@) c Gif G=GL N, odd orthogonal, or unitary. Note that
—1 = 2p(=1) € Z(G)WF if G = GLeyen, 0dd orthogonal, or even unitary and 2p(—1) is trivial
otherwise. If a(q1/2) = ¢%/2, we let 1) be trivial.

Theorem 5.6. Let 0 € Aut(C) and w € Irr(G(F)).
(i) If o(q"/?) = q*/2, ¢no is conjugate to ¢2.
(ii) Suppose o(q'/?) = —¢'/2. If G is GLoaa, symplectic, even orthogonal, or odd unitary, then
Oro 15 conjugate to ¢Z. If G is GLeyen, 0dd orthogonal, or even unitary, ¢ro is conjugate
to neT.
In other words, C-parameters € ¢ o and (¢ ¢)7 agree. Moreover, if Ty denotes the standard rep-
resentation with unique irreducible quotient m, then © is the standard representation with unique
wrreducible quotient w7 .

Corollary 5.7. N (77) = N (7).

Proof. Observe that (7)° = 7° (since the Aubert involution can be defined only via the un-
normalized version of parabolic induction and Jacquet modules) and that the twist by the central
character has no effect. 0

5.7.1. General linear groups. As already mentioned, Aut(C)-invariance of C-parameters for general
linear groups is well-known [ST14] (3.2)], [Ima24, Cor. 2.12]. Therefore, the nontrivial claim is that
Aut(C) respects standard modules. Any standard module has the form

1 =[5 % - X || = neind (|| ® - B =),
SWe pass from Z(m) to L(m) as we are taking the Zelevinsky involution. Note also that the inequality there

has to be reversed as the partition pwm [MS14l Def. 9.14] is the dual to the partition we are interested in via the
order-preserving correspondence between nilpotent orbits and partitions.
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where 71, ..., are (unitary) tempered representations and s; > --- > s, are real numbers, and
each 7; has the form

Ti = Ag X -+ X Aj; = n-ind(Ap K- B Ay, ),

where A, is a discrete series corresponding to a segment; see [Zel80, §3, §9].

On the other hand, recall that for any sequence of segments Aj,...,A,,, the representation
Ay X --- X Ay, has a unique irreducible quotient if A; does not precede A; for any i < j, and
Ay x -+ X Ay, is irreducible if A; and A; are not linked for any 7 < j. If A; and A; are linked and
A; does not precede A, then A; x A; is a standard representation with two irreducible constituents.

Lemma 5.8. If A; does not precede A; for any i < j, then Ay X --- x Ay, is isomorphic to a
standard representation.

Proof. Suppose A; and A;;1 are not linked, then the full normalized parabolic induction does not
change by swapping A; and A;11 as A; X A1 =2 Ay X A;. Therefore, it is possible to arrange
the sequence so that A; = p|—|% with p; unitary and s; > --- > s,. Its induction is a standard
representation. ]

When we take the normalized induction using J(ql/ 2) in place of ql/? (so the square root of the
modulus character (5]13/ % is replaced with 0((5113/ 2), where P is the standard parabolic from which one
is inducing), we write 7] X4 - - - X, 7, instead; if o(q'/?) = ¢'/2, this is simply 7 X --- X 7.

Lemma 5.9. The representation
(m1][="1)7 Xg -+ X (| =) =
(A=) Xo -+ Xo (A, [=7)7 Xo - Xo (Bpa]|=7)7 Xo -+ Xo (A [=[77)7
s isomorphic to a standard representation.

Proof. Suppose Ayj is a representation of GLy,; with N =) n;;. Then,

(= 1)7 X - X (el ~[7)°
77N_"11(A11|—|31)0 TR nN_nij(Aij|7|si)a N nN—”m'r (A, |—]°)7.

The L-parameter of n™¥ =" (A;;|—|%)7 is pV =1 A,|—|si+ In particular, (m1|=1"1)7 X+ - - X o (7| —|*7)7

is fully induced from an essentially discrete series. Moreover, n™ ™1 (A; ;,|—|%1)° does not

precede 1Y 202 (A, ,|—[%2)7 for any (i1,71) < (i2,j2) in the lexicographic order. Therefore
(T1]=[*1)7 Xg -+ Xq (m;|—|*")7 is standard by Lemma 5.8 O

5.9.1. Irreducibility criterion. From now on, let G be a split symplectic, a quasi-split orthogonal,
or a quasi-split unitary group; in the even orthogonal case, we will actually work with full (discon-
nected) orthogonal groups following the convention of [AGI™], for example. We need the following
well-known irreducibility criterion for certain parabolically induced representations. It is also a
special case of a general form of the standard module conjecture, which is known for many groups.

Lemma 5.10. Assume that the twisted weighted fundamental lemma is true (to access results in
[Art13, Mok15], cf. . Suppose G is not a unitary group. Let m be a discrete series of a
general linear group corresponding to a segment [p, ..., p|—|""'],r € Z~o. Suppose an L-parameter
¢: Wr x SLg — G < GLy is the direct sum of irreducible self-dual representations. For T € 1l
and s € R, the representation

_|3

7|—|® ¥ 7 := n-ind(7|—|* ¥ 1)

1s irreducible in one of the following cases:
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(i) p|—|"=D/2 is not self-dual.
(ii) 2s ¢ Z.
In particular, ©|—|* x 7 = 7V |—| 7% x T in these cases.
An analogous claim holds for quasi-split unitary groups G, with “conjugate self-dual” in place of
“self-dual”.

Proof. Assume s # 0. By repeatedly applying [Mui05, Lem. 2.1, Lem. 2.4], which also makes sense
for unitary groups, we reduce the proof to the two cases: (a) where 7 is a discrete series of a smaller
group of the same type as G, and (b) the case with 7 replaced by a self-dual (or conjugate-self-dual)
discrete series of a general linear group. Case (a) is [Mui04, Thm. 2.2] or [Tad13, App. A] whose
basic assumption (BA), as in Moeglin—Tadié¢’s classification of discrete series, is verified in [Moeg14],
§3, §7], [XulT7, Prop. 3.2, Cor. 9.1, Thm. 11.1], conditionally on [Art13] (see also [Tad13, Rem. 2.2]).
Case (b) is clear once interpreted using segments.

If s = 0, the claim follows from the structure of tempered L-packets, or the classification of
tempered representations [Tad13, Thm. 5.3]. d

Proof of Theorem [5.6, First suppose that both ¢, and ¢Z are tempered. Then, [ST14, Prop. 5.2]
implies the claim (note that the L-homomorphism in loc. cit. involves a half-integral twist in the
case of even orthogonal groups as in [ST14) §4.2]). |§|

To simplify the notation, assume G is not a unitary group. To discuss a general m, we recall that
any L-parameter ¢: W x SLY — G < GLy can be written as

¢ =0 © @ (¢)",

where ¢ is the direct sum of irreducible self-dual representations of the type specified by G and ¢’
is the direct sum of irreducible representations that are either non-self-dual or self-dual of different
type. Note that ¢’ may not be unique. The summand ¢q gives rise to an absolutely tempered
L-parameter of a smaller group of the same type, and it is known that #1145 = #I1,.

Assume ¢ = ¢1|— |1 B - - B¢ |—|* with ¢; irreducible tempered and s1 > s9 > -+ > 5, > 0. Let
m; denote the essentially discrete series representation corresponding to ¢;|—|*. Then w1 X - -+ X 7,
is a standard representation of a general linear group, and in fact

T X e X X1, T € g,

is a standard representation of G. Their unique irreducible quotients have the L-parameter ¢ and
these quotients are non-isomorphic to each other by looking at Jacquet modules. Therefore, these
quotients exhaust the L-packet II,.

Let 1 < i < r. Suppose either ¢; is not self-dual or 2s; ¢ Z. If (¢;|—|*)7 is a twist of a
tempered L-parameter by a negative power of |—|, let 7/ denote the dual of 77, which corresponds
to (¢i(]—|%)7". Otherwise, we let m} := n7. If ¢; is self-dual and 2s; € Z, then

(el =1%)7 = &7 (|—13/*)>
with ¢ being tempered. Here, |—|<1,/ % is defined using o(g"/?). We set w} := «7 in this case as well.
Note that if we write ¢ro = ¢} —|% with ¢ tempered, then the following holds: ¢; is self-dual and

2s; € Z, if and only if ¢}, n¢; are self-dual and 2s, € Z. (Of course, ¢/ is self-dual if and only if ¢/
is self-dual, since n? = 1.)

6In fact there is a gap in the proof of [ST14] Prop. 5.2] when ¢% is not tempered (which does happen in general),
in which case the endoscopic character identity therein is not guaranteed unless, for example, ¢7 is shown to be a
standard module. Our proof here can be viewed as filling in the gap in the case at hand.
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By Lemma the full normalized parabolic induction does not change by replacing ©¢ by /-
T Xg oo Xg T N TO 2T X oot X T X T

By Lemma 7] Xg -+ Xg my is isomorphic to a standard representation. The L-parameter of

its unique quotient is the direct sum of V' ~1(¢;]—|*)? with N’ := dim ¢/. By the first paragraph

of the proof, 77 itself is tempered and has the L-parameter ¢§ for symplectic and even orthogonal

cases, and ng¢g for the odd orthogonal case.
Finally, observe that if G is symplectic or even orthogonal, then

/
77 Xg o Xg @ Mg 70 2N T 70 Xy X w0 XM
and if G is odd orthogonal,
’
7 X Xg T Mo T 2V (7] Xy o X W) X T,

We conclude that these are standard and the L-parameters of their irreducible quotients are ¢, n¢®
respectively.
The case of unitary groups is similar. O

6. VANISHING RANGE FOR THE COHOMOLOGY OF SHIMURA VARIETIES AND MODULI SPACES OF
LOCAL SHTUKAS

6.1. Global Shimura varieties. Let (G, X) be a Shimura datum, or a little more generally, con-
sider a connected reductive group G over Q and a G(R)-conjugacy class X of a group homomorphism
h: Resﬁ%Gm — GR satisfying

(SV1) The cocharacter up(z) := hc(z,1) is minuscule, and

(SV2) Ad(h(i)) is a Cartan involution of G&J.

The pair (G, X) need not be a Shimura datum in that we are not imposing (2.1.1.3) but only
(2.1.1.1)—(2.1.1.2) of [Del79]; the latter corresponds to our (SV1)—(SV2).

As before, Ag, denotes the maximal R-split subtorus of Zgg. The centralizer Centgy(h) is
connected (it becomes a Levi subgroup of G over C) and Cent(h)/Zg g is anisotropic by (SV2);
we drop the subscript Gr when the context is clear. The map mo(Ag, (R)) — mo(Cent(h)(R)) is
surjective by Matsumoto’s theorem, cf. [Tim22].

Let K} denote the uniqueEImaXimal compact subgroup of Cent(h)(R)°, equivalently, the identity
component of the maximal compact subgroup of Cent(h)(R). It is a maximal connected compact

[e)

subgroup of G(R) and the image of K} in Gq(R) is a maximal compact subgroup of Guq(R)°.

Lemma 6.2.

Cent(h)(R) = Ag, (R)K},.
In particular, the conjugacy class X of h identifies with the quotient of G(R)/Ag, (R)°K} by the
action of the finite abelian group mo(Agy (R)) = Agy (R)/Ag, (R)°. Moreover, all the connected
components of both spaces are isomorphic.

Proof. We first show that Zg(R) is contained in Ag, (R)Kj. As Zg is contained in any maximal
torus T of Cent(h) and Ag, (R) — mo(T'(R)) is surjective, given z € Zg(R), we can find a € Ag, (R)
such that a,z are in the same connected component of T'(R). Thus, we may assume z € T(R)°.
Recall that T'(R)® is the product of Ag,(R)° and the maximal connected compact subgroup K. of
T(R). So, we may further assume that z € K. But K7, is contained in K.

The claim now follows as the quotient Cent(h)(R)/Za(R) is connected and compact. O

"The surjection Zcent(h) % Cent(h)aer — Cent(h) induces a surjection Zcent(n) (R)° x Cent(h)der(R)° — Cent(h)(R)°
and Cent(h)der(R)° is compact.
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For neat open compact subgroups K C G(A>), set
Shg := Shi (G, X) = G(Q\G(A)/(K x Ac, (R)K}) = GQ\(X x G(A™))/K.

In the case of Shimura data, this is the Shimura variety. We use the same notation in general, that
is, when [Del79, (2.1.1.3)] is not assumed. It has the structure of a complex variety, and we let
d := dim Shg denote the complex dimension.

Choose a prime p. The colimit

H}(Shg,,C) := @Hﬁ(ShKPKp, Q), *x € {(2),0,c}
Kp

over open compact subgroups K? C G(AP*) is a T,-module with a commuting G(AP"*°)-action.
Similarly, we define a G(A>)-module H.(Sh, C) by taking colimit over K, C G(Q,) as well as KP.
Recall also that, by the Zucker conjecture proven by Looijenga and Saper—Stern, [Loo88, [SS90].
H zz) (Shg, C) is isomorphic to the intersection cohomology of the Baily—Borel-Satake minimal com-

pactification Shi,
IH!(Shg, C) := H*(Sh}, j1.C),
where j: Shx < Sh denotes the open immersion into the compactification.

Lemma 6.3.
Hy) (Shi, C GBHZ 8, Ay (R)° K, moo) ® ()X,

where m C L3 ([G]) such that Ag, (R) acts trivially on 7. It is also isomorphic to

@ H(g, Cent(h)(R), 7o) ® (7°)X,

where there is no assumption on @ C L3, ([G]).

Proof. The first part follows from the second: use that if H*(g, Cent(h)(R), 7 ) is nonzero then
the central character of 7 is trivial on Ag, (R) C Cent(h)(R) and, in which case,

H(g, Cent(h)(R), 7oo) = Hi(g, Agy (R)° K5, 7o)

by the definition of relative Lie algebra cohomology.
For the second claim, by slight variants of [Fra98, Thm. 3 and 4], there is an identification

H{y)(Shg,C) = H'(g, Cent(h)(R), L*(G(Q)\G(A) /Ac, (R)°K)).

(We are replacing Ag(R)° by Ag,(R)°; this is harmless in the argument. Note also that Franke
[Fra98| p.184] allows any open subgroup of a maximal compact subgroup K, and in particular we
take it to be the unique maximal compact subgroup of Ag, (R)K}, which together with Ag, (R)®
generates Cent(h)(R).) By [BC83], cf. Remark this is isomorphic to

H'(g, Cent(h)(R), L (G(Q)\G(A)/Agy (R)°K)).
As in the first paragraph of the proof, this is isomorphic to

H'(g, Cent(h)(R), L ([G)™) = H' (g, Cent()(R), Liise(G(Q)\G(A)/Ac(R)°K))

as the discrete spectrum is the Hilbert direct sum of irreducible representation with finite multi-
plicities. U
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Remark 6.4. The underlying manifolds of Shimura varieties are not exactly locally symmetric spaces
but they can be related as follows. The pullback HEQ)(ShK, C) — HEQ)(YG,K, C) along the natural

proper maps Yg g — Shg are compatible with natural maps
H'(g, Cent(h)(R), moo) @ (1) = H'(g, AG(R)° K, Teo) @ (7).
In fact, if Ag(R) acts trivially on 7, we have the Kiinneth formula (cf. proof of Lemma [2.7)),
H*(g, Ag(R)° K}, Too) = H*(g°, Cent(h), moo) @ A®a’,
where o’ is the canonical complement of (Lie Ag;)c in (Lie Zg)c and g = g° @ o is the induced
decomposition. In particular, after passing to the colimit over K, if m, appears in H, ZQ)(Sh, C) then
Tp appears in H(jQ) (Yg,C) for j € [i,i + dim Ag, — dim Ag|. The invariants for Y and Sh are
related as follows.
b G _ (2) N, 0)=d— 2) N,
Q( oo) aG( d&)o’) aG( Yoo )7
¢ (Goo) + a2 (N, 0) = d+32 (N, 0) + dim Ag, — dim Ag.

We would like to reformulate Conjectures [4.2] and [£.4] for Shimura varieties, using the following
result of Arthur. The conjugacy class of pp, Whlch depends only on (G, X), determines a unique ele-

ment of X*(T ) T') dominant for B which we denote by p. Let r_,, denote an irreducible representation
of G with highest weight conjugate to the character correspondmg to — ul

Proposition 6.5 (cf. [Art89, Prop. 9.1]). For each cohomological Arthur parameter oo of Goo,
the largest weight of r_,, 0 Vs as a representation of Gﬁl 1s equal to Eg) (Mg, 0). In other words,

a2 Ny, 0) = (ool » 1)

m

if the representative 1o, is chosen so that 1pOO|G is dominant. More generally, for any N € Nilpa
and the corresponding map f: SLy — G (see with flg,, dominant,

a2 (W, 0) = (fla,. 1)-

Proof. By definition, Eg)(/\@w ,0) =q(L) for a #-stable Levi L such that wOO|SL,24 is principal in L.
Then ¢oo|ga = 2pr, [NP2I, Prop. 1]. As p is dominant, (SV1) and (SV2) together imply that
q(L) = (2pL, ) as in Example The second part is similar. O

From now on, a representative of any L-parameter ¢ is chosen such that ¢|GD is dominant.

Lemma 6.6. For any N1, N2 € Nilpg with N1 < N3, let f1, fa: SLa — G denote the corresponding
morphisms (§3.1) and choose them such that fi|a,,, f2|G,, are dominant. Then
(filam: ) < (folapn, )

Proof. Let V,, denote the underlying vector space of the representation 7, with highest weight pu.
We first reduce the claim to the case of GL(V),) with the standard representation. It is clear that
7y induces a map Nilpg — Nilpgyv;,) ﬂand that

7’#(./\/1) < "”u(N2)-

8For our purpose, the sign is not essential but this sign is more natural if we consider the Galois action on the
cohomology of Shimura varieties as in the Kottwitz conjecture.
9Since ru and r—, induce the same map on nilpotent conjugacy classes, we work with r, for convenience.
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The weight decomposition of V}, determines a maximal torus 7,, C GL(V,,) and it is also possible
to extend it to a Borel pair (7),, B,) of GL(V,,) such that fi|g,,, f2|c,, are dominant. Note also
that p is induced by the cocharacter of T}, corresponding to the highest weight. These are enough
to reduce to the case of GL(V),).

In the case G = GL(V,), it is well-known that nilpotent orbits correspond to partitions of
dimV,, and the order N7 < N3 corresponds to the dominance order of partitions. This implies
that fi|g,, < f2|g,. as cocharacter of X, (7),) with dominance order. As p is dominant, the claim
immediately follows. O]

Conjecture [4.4] implies the following via Proposition [6.5]in light of Remark

Conjecture 6.7. Let m, be an irreducible smooth representation of G(Qp). If m, is a subquotient,
equivalently a summand, of

H{y(Sh, C) = IH'(Sh, C),
then d — <¢%,,|G3nu> <i<d+ <¢%\p|Gga/'L>
Given this reformulation, we expect the following along the line of Question [4.3

Conjecture 6.8. (i) If m, is a subquotient of H'(Sh,C), then i > d — (gb%p\(;g, 1.
(ii) If mp is a subquotient of H.(Sh, C), then i < d + (0z,lap, 1)-

Remark 6.9. Assuming one can formulate the f-adic version of the above statements;
L?-cohomology with ¢-adic coefficients itself does not make sense, but the intersection cohomology
does. Statements (i) and (ii) are related via the Poincaré duality and the behavior of L-parameters
under taking contragredients, which is expected to coincide with composing with the Chevalley
involution.

Corollary and Theorem [5.6] also imply that

Corollary 6.10. Conjecture and its (-adic analogue hold true for (G, X) if G is

e an inner form of GLo that is split at p, or
e a quasi-split classical group,

with the twisted weighted fundamental lemma assumed in the last case. (See §2.15.2.)
Similarly, Corollary implies the following.

Corollary 6.11. Suppose Gger =~ ReS(Sszn for a totally real field F' and n € Z>1; if n > 2, assume
that the twisted weighted fundamental lemma is valid. If m, € Irr(Gp) appears as a summand of

ng)(ShK,C) as a G(Qp)-module for i € Z>q then
d —max{pz, |gp,p) <1< d+max(dz,  [ap, 1),
P,J D,J

where Ty ; are irreducible summands of the restriction of m, to Gaer(Qp) as in §3.9
The same statement holds if Sp,,, is replaced by quasi-split special unitary groups associated with
CM extensions E D F (assuming the twisted weighted fundamental lemma is valid).

Example 6.12. (i) The Hilbert modular varieties are associated with groups G = RengLg
for totally real fields F', or the subgroups H as in Example The representation r_,
is the tensor product of standard representations of GLy. If 7, is unramified with Satake
parameter oy, 3, satisfying a,/B, ¢ {qv,q; '} for a place v dividing p, then our argument
implies that m, appears only in the middle degree. This case is unconditional.
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(ii) More generally, the Hilbert—Siegel varieties are associated with groups G = G (Res(g Spay,) OF
RengSp%, F totally real. As we saw in Example Tip,j are in the same L-packet. The
representation r_, restricts to the tensor product of the spin representations of Spin,,, | C
GSping,, 1 = GSpy,.

(ili) The even quasi-split unitary Shimura varieties are associated with RengQ"n’ B/F OF its
similitude group for CM quadratic extensions F over totally real F'. Its signature is (n,n)
at all real places of F', and r_, is the tensor product of the n-th exterior powers of the
standard representations of GLo,.

Remark 6.13. For Hilbert modular varieties and unitary Shimura varieties, the statement like “non-
CAP cuspidal automorphic representations appear only in the middle degree” has been known under
several assumptions (see [RW24, Conj. 7.5] for a more general conjecture made precise along this
line). Such automorphic representations are generic, hence A-generic, (at least) at split places,
and it is a special case of Conjectures The case of GSp, is unconditionally proven in [RW24,
Prop. 8.2] as well. The generic case of Conjectures without global condition was also known
in some special situations [Clo93), [HT01].

6.14. A torsion analogue and known results. Specializing to the A-generic case, i.e., the case
where ¢%p‘G{% is trivial, Conjecture implies that m, appears only in the middle degree.

Torsion analogues of such specializations to the (A-)generic case have been studied extensively
these years [CS17, [CS24] [Kosb, |dSS, HL, DvHKZ]. The papers [Boyl9], [CT23, Theorem B,
Theorem 7.5.2] contain results beyond the generic case as well.

Let us formulate a general conjecture in the torsion case. We only consider the constant coeffi-
cients, which would also imply the case of non-constant coefficients with the same vanishing range,
cf. [CS17, Rem. 1.7.1]. For sharper estimate, let us only refer to [LS12, [LS13].

Conjecture 6.15. Let { # p and assume that |(A2T) holdsm Let m, be an irreducible smooth
Fy-representation of G(Q,).

(i) If T, is a subquotient of H'(Sh,Fy), then

(s d— Il’la,X<d)2 ’GD7:U‘>>
ﬂ_p Tp m

where T, Tun through irreducible integral smooth Q,-representations whose mod € reduction
contain T, as subquotients.
(ii) If mp is a subquotient of H'(Sh,Fy), then i < d + max;p(gzﬁ%p](;g, L.

Example 6.16. Suppose Shy is a unitary Shimura variety of PEL type. Assume Gg, is the
product of general linear groups over Q,. If m, is an unramified irreducible principal series whose
L-parameter is of weakly Langlands—Shahidi type, then (a version of) Conjecture is shown in
[Kosbl, |dSS]; the argument works also for, not necessarily unramified, irreducible principal series.
Later works [HL, [DvHKZ| allow more general groups and p, but the representation 7 is assumed
to be of Langlands—Shahidi type.

Example 6.17. Another extreme is the case m, is a supercuspidal representation of a general linear
group for some finite place v|p. Any lift of such a 7,, in the sense that 7, appears as a subquotient
of the reduction, is supercuspidal and m, is A-generic. In fact, we expect that m, appears only in

10py fact, the conjecture (for a given class of 7,) makes sense once we have a notion of L-parameters for a suitable
class of Q,-representations of G(Q,). Results in literature will be understood in this way.
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the middle degree. Such results were obtained in [Fuj06| [Shil5, TM20] for certain unitary Shimura
varieties of PEL type.

Example 6.18. Assume Shp is of Harris—Taylor type with a CM field F D F'* as in [HT01, [Boy09],
and let p be any prime such that every finite place v of F'™ above p splits over F. The result of
Boyer [Boy09] can be understood as a finite level version of Conjecture for any irreducible
unramified representation 7 of G(Q,) after taking (derived) Kp-invariant of the conjecture for a
hyperspecial subgroup K, and unipotent L-parameters. Note that r_, in this case is essentially
the standard representation of a general linear group.

Example 6.19. Assume (G, X) is attached to a central quaternion algebra B over a totally real
field F in the sense that G = ReS(SB % and let p be any odd prime that completely splits in F
and splits B. Conjecture for unipotent L-parameters implies the result of Caraiani—-Tamiozzo
[CT23, Theorem 7.1.6, Theorem 7.5.2 (2)] by taking K-invariants as in the preceding example.

6.20. Local analogues. Let GG be a connected reductive group over a nonarchimedean local field F
whose residue characteristic is not ¢, b an element of the Kottwitz set B(G), and {u} the conjugacy
class of a cocharacter of Gz. This datum determines the moduli space of G-shtukas Sht(G, b, 1)k
for open compact subgroups K C G(F'), defined over the completion of the maximal unramified
extension of the reflex field. Using the geometric Satake correspondence, Fargues—Scholze define
the compactly supported cohomology of the “IC sheaf” with Q,-coefficients

RT.(Sht(G, b, 1) i, 1C,) € D(Gy(F)),

where D(Gy(F)) is the derived oo-category of smooth Zs-representations of the group Gy(F) at-
tached to b; we will ignore the action of the Weil group of the reflex field. This is denoted as fx;Sy;,
in [ES, Prop. IX.3.2]. If 1 is minuscule, Sht(G, b, 1) k¢ is a smooth rigid-analytic variety over C' of

dimension d = (2pg, ) for an algebraically closed nonarchimedean extension C' of F, and
RFC(Sht(Ga ba H)Ka ICM) = RFC(Sht(Ga b7 M)K,C? @Z)[d]
By passing to the colimit, we may also consider

RTe(Sht(G, b, f1)oo, IC,,) := lim RUe(Sht (G, b, j) i, 1C,.) € D(Gy(F) x G(F)).
K

Before formulating the local conjectures, we need to discuss axioms we assume. If the valuation
ring of F' has mixed characteristic and if or rather a stronger version mentioned there,
holds, then the ¢-adic C-parameter is canonically defined. Our previous axioms are global in nature,
and we prefer to make a different axiom including the case of equal characteristic.

(-LLC) Fix ¢'/? € Q,. For each b € B(G) and each irreducible smooth representation 7, of Gy,(F),
an L-parameter ¢, : Wg X SLy — G x W defined over Qy is attached.

We do not attempt to characterize the parametrization 7, — ¢r,. In fact, it is expected that
a canonical C-parameter Cgf)ﬂb: Wr x SLy — ¢G is attached to 7, independently of the choice of
¢'/2, which should determine the L-parameter ¢x, upon choosing q'/?, cf.

We will write v, for the slope morphism of b, regarded as an element of X *(IA“ )6 The following
is our main local conjecture. The torsion case, at least with minuscule p, can be formulated in a

way similar to Conjecture [6.15

Conjecture 6.21. Assume|({-LLC). Let w,m, be irreducible smooth representations of G(F'), Gy(F)
respectively.
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(i) For any integer
i & [(2pcsve), (2pG, ) + (Pzlan, 1t — b)),

T is not a subquotient of H'(RT.(Sht(G, b, it)co,1C,,)).
(ii) For any integer

{ ¢ [<2pGa Vb>7 <2pG7 Vb> + <¢%b‘GBL + 2pG - Qprnu - Vb>]7
m, is not a subquotient of H'(RT.(Sht(G, b, n) i, 1C,)).

Remark 6.22. The lower bound (2p¢, 1) is independently conjectured by David Hansen. In the case
1 is minuscule and b is basic, the lower bound follows from the conjecture of Hansen and Scholze
that local Shimura varieties are Stein [Hanbl Conj. 1.10]. The lower bound for a general b follows
from the categorical local Langlands conjecture of Fargues—Scholze [FS, Conj. 1.10.2] together with
a conjecture for generalized coherent Springer sheaves [Hanal Prop. 3.2.2]. We found the conjectural
upper bounds for basic b as local analogues of the global conjecture, and for general b based on
some computations inspired by the categorical local Langlands.

Remark 6.23. As in [Kosb|, there would be another constraint for a representation 7 of G(F)
to contribute to RI'¢(Sht(G,b, t)se,IC,) if Gy is not quasi-split. A minimal requirement is that
¢35 = Co gy for some irreducible smooth representation 7, of G(F') and the Chevalley involution
C: G — L@, and this indeed holds when the semisimplified L-parameters agree with those of
Fargues—Scholze.

Example 6.24. Assume b is basic and ¢, ¢, are supercuspidal. It has been conjectured that
such 7, m, appear only in degree 0. Known results include [Miel0], [Ito13, IM| Mie], [Hanb]. It is
a special case of Conjecture as T = m, T, = m, and the L-parameters are trivial on G2 in this
case.

Example 6.25. In the case of GSp, and GUj 2, Ito and Mieda [[tol3, Mie] have observed that
supercuspidal representations whose L-parameter are not supercuspidal appear outside the middle
degree. Their computation (or the vanishing result [IM]) is consistent with Conjecture

Example 6.26. In the Lubin—Tate case (and the Drinfeld case by the Faltings isomorphism),
Boyer gives a complete description of cohomology [Boy09, Théoreme 2.3.5] (in the case of mixed
characteristic). His result is consistent with Conjecture

Example 6.27. Suppose that m, 7, are the trivial representations of G(F'), Gy(F). It is expected
that ¢z|gp = 2pc and ¢ﬁb|G3 = 2pgq,. Hence, the upper bound is (2pg, i) in both cases. If p is
minuscule, this upper bound follows from the ¢-cohomological dimension of Sht(G, b, 1) k.

6.28. A relation between the local and global conjectures. The local conjecture implies
the conjecture for global Shimura varieties, with the help of Mantovan’s formula. Choose an
embedding Q — @p. Fix a Shimura datum (G, X) with dominant cocharacter u as before and put
d := (2pq, i), which equals the complex dimension of the associated Shimura variety (at any finite
level). For each b € B(GQP,M_I), we have the Igusa variety Ig® of dimension dj := (2pg, ). To
simplify the discussion, we assume the following version of Mantovan’s formula based on the work
of Hamann-Li [HLJ.

Hypothesis 6.29. For each sufficiently small open compact subgroup K? C G(A>P), the com-
pactly supported cohomology RI'.(Shx», Q,)[d] admits a finite filtration in the derived oo-category
D(G(Qy)) whose graded pieces are, for b € B(Gg,, "),

RL(Sht(Ga,» b, 1o Q)] ©6, (6, (0,)) B a1, Qr) 2],
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where RI'._g denotes the partially compactly supported cohomology defined using a partial com-
pactification gj: Ig? < Ig® into an affine scheme Ig® that is the perfection of the limit of open
immersions Igfn — Igbn’; at finite levels. More precisely, we define

RT._(1g". @) = (Rlim RT(1g", g Z/("Z)) &%, Ty,

where the derived limit is taken in D(G(Qp)).

Remark 6.30. With Fy-coefficients, Hypothesisis proven in [HL, Thm. 1.12] for the PEL case of
type A and C under a mild assumption, and in [DvHKZ, Thm 8.5.7, proof of Thm. 8.6.2, Prop. 4.1.6]
for the compact case of Hodge type under a mild assumption. (In general, the existence of a partial
compactification g : Ig? < IgP* as above is a hypothesis in itself.) In fact, the argument also lifts
to the case with coefficients in Z/¢™Z for any m > 1 in a compatible way. Using the notation of
[ES], we can write each graded piece as i’{Tuib!RF(Igb*,gng/ﬁmZ), up to shift and twist, so [FS,
IX.2.2] implies that Rlim RT'.(Shgr,Z/¢™7Z)[d] admits a filtration with graded pieces

R1im i T,in RU (18", gnZ /0" Z) = iiT,in R }im RT (1g", gy Z/ (" Z),

up to shift and twist. Observe that R@m RT'.(Shgr,Z/0™7Z) is RT:(Shkwr,Zy) as the derived limit

is taken in D(G(Q))). Inverting ¢ and extending the scalars, we have verified Hypothesis in
these situations.

Proposition 6.31. Let (G, X),p be as above. Conjecture (i) for all b € B(Gq,,p ) and
Hypothesis imply the £-adic analogue of Conjecture ).

Proof. By the Artin vanishing and limit arguments,

RT._y(Ig", Qy)[2d))

lives in DI=2%=%l(Gy(Q,)). Therefore, Conjecture (i) implies that, for any irreducible smooth
representation 7 and an integer ¢ > <¢ﬁ’GEL , [t — V), T is not a subquotient of

H' (R (Sht(G, b, 1) (g, o0 Q)A] €6, (6 (a,)) B e-0(18", Q) [2ds)).-
Then, Hypothesis [6.29] implies that 7 is not a subquotient of
HI (Shgr, Q)
for any i > (¢z|gp, 1) O

Example 6.32. Consider the setting of [Kosb|. In particular, G is a unitary similitude group for
a CM quadratic extension E of a totally real field F', and p splits completely in FE.

(i) In the compact case, any generic unramified representation m, of G(Q,) appears only in
the middle degree cohomology H%(Sh,Q,). This is a special case of the f-adic analogue of
Conjecture and follows from the above discussion, Poincaré duality, and the Q,-version
of [Kosbl, Thm. 1.1], which can be shown by a similar (and simpler) argument, cf. Remark
6.23] This case is related to purity and was known to some extent [CS17, Rem. 1.8],
e.g. [HT0Il Cor. VI.2.7].

(ii) In the quasi-split (hence non-compact) case, any generic unramified 7, appears only in
HZ=%(Sh,Qy), and dually only in H2%(Sh, Q,). This is a special case of the f-adic analogue
of Conjecture and holds by the same reasoning as (i). Recall that Corollary says
T, appears only in IH?(Sh, Q), conditionally on twisted weighted fundamental lemma.
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