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Abstract

By assuming the endoscopic classification of automorphic representations on inner forms of
unitary groups, which is currently work in progress by Kaletha, Minguez, Shin, and White, we
bound the growth of cohomology in congruence towers of locally symmetric spaces associated to
U(n, 1). In the case of lattices arising from Hermitian forms, we expect that the growth exponents
we obtain are sharp in all degrees.

2010 Mathematics Subject Classification: 32N10 (primary); 32M15 (secondary)

1. Introduction

This paper studies the limit multiplicity problem for cohomological automorphic
forms on arithmetic quotients of U(N — 1,1). Let F be a totally real number
field with ring of integers OF. Write A for the ring of adeles over F. Let
U(N) = Ug/r(N) denote the quasi-split unitary group with respect to a totally
imaginary quadratic extension E of F. Let G be a unitary group over F that is
an inner form of Ug,r(N). We assume that G has signature (N — 1, 1) at one
real place and compact factors at all other real places. Let S be a finite set of
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places to be defined later, and which includes all infinite places, and let n € Op
be a nonzero ideal that is divisible only by primes away from S that splitin E/F.
We let K(1) € G(Ay) be the compact congruence subgroup of level n, and let
['(n) = G(F) N K(n) be the congruence arithmetic lattice in U(N — 1, 1) of level
n associated to G. Let Y(1) be the manifold T(mW)\U(N - 1,1)/UN — 1) x U(1),
which is a connected finite volume complex hyperbolic manifold of complex
dimension N — 1. (See (12) below for the precise definition.) Write hfz)(Y (n)) for
the dimension of the L?-cohomology of Y(n) in degree d > 0.

Theorem 1.1. Assume the endoscopic classification for inner forms of U(N)
stated in Theorem 1.7.1 of [16].) Ifd < N — 1, we have

hfz)(Y n) <. VOl(Y(n))Nd/(NZ—lHe.

The case d > N — 1 follows by Poincaré duality. It is well known that
hf\gl(Y (n)) ~ vol(Y(i)). Previous results of this type in the case of U(2, 1) and
U(2,2) can be found in work of the first author [20, 19]; see also [12] for the
caseof UN - 1,1).

Theorem 1.1 fits into the general framework of estimating the asymptotic
multiplicities of automorphic forms. We now recall the general formulation of
this problem, and some of the previous results on it. Let G be a semisimple real
algebraic group with no compact factors. We still write G for G(R), the real
group of R-points, if there is no danger of confusion. If I' ¢ G is a lattice and
m an irreducible unitary representation of G, we let m(rw,I') be the multiplicity
with which 7 appears in L>(T\G). If we now assume that I" is congruence
arithmetic and that I, C T is a family of principal congruence subgroups, the
limit multiplicity problem is to provide estimates for m(zx, ;).

A general principle that has emerged from work on this problem is that, the
further 7 is from being discrete series, the better bounds one should be able to
prove for m(m, ;). If we define V(n) = vol(I',\G), the trivial bound (at least
when I' is cocompact) is m(m,I,) < V(n), and it is known from work of de
George and Wallach [13] (if I is cocompact) and Savin [29] (if it is not) that
this is realized if and only if x is in the discrete series. In the cocompact case,
it also follows from [13] that if 7 is nontempered, then one has a bound of the

""The introduction of [16] clarifies the conditionality of Theorem 1.7.1. In a nutshell, we are
still waiting for the remaining case in Chaudouard—Laumon’s proof of the weighted fundamental
lemma and the papers [A25,A26] as cited in [1]. In addition we need the sequel papers [KMSb]
and [KMSa] (still in preparation) as cited in [16] to complete the proof of Theorem 1.7.1 for pure
inner forms and all inner forms of U(N), respectively. In the meantime, the stabilization of the
twisted trace formula has been completed by Moeglin—Waldspurger [23, 24], so this is no longer
an obstacle.
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form m(x,T,) < V(n)'°@® for some §(rr) > 0; see the introduction of [28] for
an explanation of this principle, and [33] for an explicit determination of such a
o(r) in some cases.

For the most highly nontempered representation, namely the trivial one, one
has m(m,I',)) = 1. Sarnak and Xue [28] made a conjecture that interpolates
between this and m(r,I',)) < V(n) in the discrete series case. Define p() to be
the infimum over p for which the K-finite matrix coefficients of x lie in LP(G).
We then have:

Conjecture 1 (Sarnak-Xue). For fixed m, we have m(n,T,) <. V(n)*/P®+e,

Note that Conjecture 1 is weaker than the trivial bound in both cases of 7
discrete or trivial. The point is that it is much stronger for general nontempered
n than what one can prove using the methods of deGeorge—Wallach mentioned
above. Sarnak and Xue established Conjecture 1 for SL(2,R) or SL(2,C),
and proved an approximation for SU(2, 1) that, in our setting, implies that
h'(Y(n)) < vol(Y(n))/'?*¢ when N = 3 and I' is cocompact and arises from
a Hermitian form.

We show in Proposition 3.1 that the representations 7 of U(N — 1, 1) con-
tributing to hé)(Y(n)) all have p(r) > 2(N — 1)/d. In the setting of Theorem
1.1, Conjecture 1 therefore predicts that hf’z)(Y(n)) <, vol(Y(n))#N=D+€ 5o that
Theorem 1.1 in fact represents a strengthening of this conjecture.

We note that there has also been significant progress recently on the problem
of showing that the normalized discrete spectral measure of L*(T,\G) tends
weakly to the Plancherel measure of G. This work is in some sense orthogonal
to ours, and as formulated these results do not provide information on m(x,I',;)
beyond showing that m(rr, ')/ V(n) approaches the expected value.

1.1. Outline of the proof. We go back to the unitary group G over F intro-
duced at the very beginning. Let K, denote a maximal compact subgroup of
G(F ®g R) so that K, is isomorphic to U(N — 1) x U(1) x U(N)IF@-1 Tt will be
more convenient for us to work on the possibly disconnected arithmetic quotients
X(m) = G(F)\G(A)/K(W)K. If g, denotes the order of the residue field of F,
we prove the following more precise bound.

Theorem 1.2. Assume the endoscopic classification for inner forms of U(N)
stated in Theorem 1.7.1 of [16]. Ifd < N — 1, we have

by (xXm) < [ [ = 1/g)Nn¥,

vn

except when N = 4 and d = 2 when we have hfz)(X(n)) < NnlVd+l+e,
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Theorem 1.1 follows from this, as X(1) contains >, Nu!~€ copies of Y(i)
and we have vol(Y(n)) = NnV'~1*°()_ We now give an outline of the proof
of Theorem 1.2. For simplicity, we shall either omit or simplify much of the
notation for things like Arthur parameters and packets. Because of this, all
notation introduced here is temporary. (Refer to Section 2 below for unexplained
notation.)

Let ®g(n) denote the set of conjugate self-dual cusp forms on GL(n, Ag),
and let v(/) denote the unique irreducible (complex algebraic) representation of
SL(2,C) of dimension [. Let U(n) be the quasi-split unitary group of degree
n with respect to E/F. Let W,(n) denote the set of square-integrable Arthur
parameters for U(n), which are formal sums ¢ = ¢; X v(n;) B --- B ¢ X v(ny)
with ¢; € Ogi,(m;), subject to certain conditions including that n = )| n;m; and
that the pairs ¢; X v(n;) have to be distinct. Any ¢ € g (n) (resp. ¥ € Ya(n))
has localizations ¢, (resp. ¥,), which are local Langlands parameters (resp.
Arthur parameters) for U(n). To each ¢ € W,(N) and each place v of F,
there is associated a local packet Il (G) of representations of G(F',), and a
global packet I1,(G) = [[1I,, (G). If y € ¥»(N) and K C G(Ay) we define
dimg(K,¥) = D qen 4(G) dim(njf ). Similarly, one may associate to ¥ € ¥Y,(n) a
packet I, (U(n)) = []1ly, (U(n)) for U(n, A), and we define dimy,) (K, ¢) for
K c U(n, Ay) analogously to dimg (K, ¢).

The main result of the endoscopic classification implies that the automorphic
spectrum of G is contained in the union of I1,(G) for ¥ € ¥»(N). If we combine
this classification with Matsushima’s formula, we have

Xy < > ) dimHY(a, Keime) dimry ), (1)
Ye¥r(N) nell, (G)

where H(g, Ko} 7o) denotes the relative Lie algebra cohomology of ., as in
[6]. The main part of the proof involves using the structure of the packets I1,(G)
to bound the right hand side of (1) in terms of global multiplicities on smaller
quasi-split unitary groups, which we then bound using a theorem of Savin. The
key fact that allows us to control the power of Nn we obtain is due to Bergeron,
Millson, and Moeglin [3, Prop 13.2], and essentially states that if there exists
n € I1,(G) with Hq, Keo; oo) # 0, then ¢ must contain a representation v(11)
withn > N —d.

We define a shape to be a list of pairs (ny,my), ..., (ng, my) with 35 mn; =
N, and may naturally talk about the shape of an Arthur parameter. If S =
(ny,my), ..., (ng, my) is a shape, we let W»(N)s C W,(INV) be the set of parameters
having that shape. If y € W,(N)s, we let ¢; € Dg(m;) be the terms in the
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decomposition ¢ = ¢y X v(n;) B - - H ¢ X v(ni). We also define Ps to be the
standard parabolic in GLy of type

(ml,...,ml,...,mk,...,mk).
N————
n| times ny times

We now fix S, and bound the contribution to (1) from ¥,(N)s, which we
denote hz’z)(X(n))S. As mentioned above, we may assume that n; > N —d. We
may restrict our attention to those ¢ € ¥»(N)s for which there is 7 € I1,(G) with
HY(g, Koo; o) # 0. This condition restricts ¥, and hence ¢; ., to finite sets

which we denote ¥, and ®; ., so that

Hoy(X()s < ) dimg(K(, u).
Ye¥a(N)s
Voo€¥oo
In Section 5 we prove Proposition 5.1, which states that if the principal con-
gruence subgroups K;(n) C U(m;, Ay) are chosen correctly, then one can bound
dimg (K (1), ) in terms of dimy,)(K;(1), ¢;). For most choices of S, this bound
has the form

k
dimg(K(n), ) < N LY/ e [ dimgy (Ki(n), )™ )

i=1
We prove this bound by factorizing both sides over places of F. At nonsplit
places we apply the trace identities that appear in the definition of the local
packets Il (G). At split places, I, (G) is a singleton {r,}, and we use the
description of ,, as the Langlands quotient of a representation induced from Pg.
We next sum the bound (2) over ¢ € W,(N)s, or equivalently we sum ¢; over

D (mm;), which gives

k
Iy (X(0)s < NntmEEPsre [T dimyg, (Ki(), ¢0)"
i=1 ¢;€Dgim(m;)
$ic0€Dico
n;
k
< NufmOt/Psre [T 3" dimyg (K, ¢ | . (3)
i=1 | ¢i€Dgim(m;)
¢i.oo€q)i\oo

If we define ®;, to be the union of Iy, (U(m;)) over ¢;oc € D;, then O;
is finite. Moreover, because the parameters ¢; are simple generic, the packet
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I14,(U(my;)) is stable, so all representations in it occur discretely on U(m;). This
implies that

D dimyey K, ¢) < Y mlwe, ), @
$i€Dgim (m;) M0 €000
¢i,m€q)i,oo
where m(m., 1) denotes the multiplicity of 7, in Lfﬁsc(U (m;, F-)\U(m;, A)/ K;(n)).

In fact it follows from the known cases of the Ramanujan conjecture that 7, is
tempered, so 7, appears only in the cuspidal spectrum. Then a theorem of Savin
[29] gives m(ro, M) < N for all 7. Combining this with (3) and (4) gives a
bound '

hé)(x(n))s < NndlmGLN/U3+E

where Ug is the unipotent radical of Ps. Showing that dimGLy/Us < Nd + 1
completes the proof.

The role played by the cohomological degree in this argument is that dim Ug
must be large if d is small, because of the bound n; > N — d. However, it should
be noted that the bound dimGLy/Us < Nd + 1 does not need to hold if m; < 3,
and in these cases there are some additional steps one must take to optimize the
argument to obtain the exponent Nd + 1. We will describe them in the course of
the proof in the main body except for the following key input, which may be of
independent interest. Namely we give in Lemma A.1 a uniform bound (which
is significantly better than a trivial bound; see the remark below Lemma A.1)
on the dimension of invariant vectors in supercuspidal representations of GL(r)
under principal congruence subgroups. By a uniform bound we mean a bound
which is independent of the representation (and only depends on the residue
field cardinality and the level of congruence subgroup). The asymptotic growth
of the invariant dimension is fairly well understood if a representation is fixed
but not otherwise. Analogous uniform bounds, on which our paper sheds some
light, should be useful for bounding the growth of cohomology of other locally
symmetric spaces.

In an earlier version of this paper, we obtained bounds for invariant vectors
in supercuspidal representations of GL, and GL3 (which are the only cases we
need here) by a different method, which involved explicitly constructing the
representations. The argument for GL; may be of independent interest, and
we have included it in Appendix B. The argument for GL, is more routine,
and may be found in an earlier version of this paper on the arXiv. It applied
the construction described in [14, Section 7.A], which for a p-adic field L with
p # 2, produces supercuspidals m for GL,(L) from a quadratic extension L'/L
and a character y of L”*. Moreover, all supercuspidals are obtained in this way.
The construction realizes m on the Schwarz space S(L'), and the formulas it
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provides for the action of GL,(L) on S(L’) easily let one bound the fixed vectors
in 7. The bound we obtain is dim 7™ < ¢"(1 + 1/g), where ¢ is the order of
the residue field of L and K(n) < GL,(L) is the principal congruence subgroup
of depth n.

The proof of Theorem 1.2 in fact shows that hfz)(X(n))s < NnVi+e except
when S = (N - d, 1),(1,d), or in the exceptional case when N = 4, d = 2, and
S = (2,2). Moreover, when S = (N —d, 1),(1,d) we expect that the bound
hg’z)(X(n))S < NnV4+1+€ is sharp when G arises from a Hermitian form, so that
the majority of H(dz)(X (1)) comes from parameters of this shape. By [3, Theorem
10.1], these forms are theta lifted from a Hermitian space of dimension d, and
it may therefore be possible to prove that Theorem 1.2 is sharp using the theta
lift. Note that this is done in [12], but in a slightly different setting to Theorem
1.2. In particular, it is proved there that hfz)(X(n)) > NVl if G arises from a

Hermitian form, d < N/2, and n has the form c¢pX, where ¢ is a fixed ideal of F
that is sufficiently divisible, and p is a fixed prime of F that is inert in E.

The reader may be curious as to how we can expect our bound to be sharp,
when at a key point in the proof (Lemma 5.2) we seem to bound the dimension
of the space of K-invariants in a quotient of an induced representation by the
invariants in the whole induced representation. We remark that Lemma 5.2
is actually more efficient than this for certain S. In particular, when & =
(N—d, 1),(1,d) (which should give the main contribution), the bound of Lemma
5.2 is sharp.

Finally we remark that it should be possible to adapt much of our arguments
to unitary groups of other signatures, notwithstanding combinatorial complexity.
However the bound is not going to be optimal as the case of U(2,2) already
shows [19]. We would need a sharper uniform bound than dim 7K <« g#d-bn/2
when 7 runs over non-generic representations of GL;.

1.2. Acknowledgements. We would like to thank Nicolas Bergeron for helpful
discussions. The first author was supported by the NSF under grant no. 1501230,
and under grant no. 1440140 while in residence at MSRI in Berkeley, California,
during the spring of 2017. He was also supported as the Neil Chriss and Natasha
Herron Chriss Founders’ Circle Member while at the IAS in 2017-18. The
second author was supported by NSF grant no. 1501882 and a Sloan Fellowship.

2. Notation

Our notation and discussion in this section are based on [25] and [16].
(Similar summaries are given in [19] and [20] with more details in the quasi-
split case.)
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Let N be a positive integer. Write GL(N) for the general linear group. Let F
be a field of characteristic zero. Given a quadratic algebra E over F, we define
U(N) = Ug,r(N) to be the quasi-split unitary group in N variables, defined by
an antidiagonal matrix Jy with (=1)""! in the (i, N + 1 — i) entry, as in [16, 0.2.2].
The compact special unitary group in two variables is denoted by S U(2). Let v(n)
denote its n-dimensional irreducible representation (unique up to isomorphism).

Assume that F' is a local or global field of characteristic zero. Write Wy for
the Weil group of F. For any connected reductive group G over F, its Langlands
dual group is denoted by G. Let G = G x Wy denote the (Weil form of) L-group
of G. Note that “GL(N) = GL(N, C) X Wr and that “Ug,r(N) may be explicitly
described, cf. [16, 0.2.2].

Now assume that F is local. Define the local Langlands group Ly := Wg
if F is archimedean and Ly := Wp X SU(2) otherwise. An A-parameter is
a continuous homomorphism ¢ : L X SL(2,C) — G commuting with the
projection maps onto Wy such that y(Lr) has relatively compact image in G
and that ¢ restricted to S L(2,C) is a map of C-algebraic groups into G. Two
parameters are considered isomorphic if they are conjugate under G. Write
Y(G) or Y(G, F) for the set of isomorphism classes of A-parameters. Define
Y*(G) analogously without the condition on relatively compact image. Define
sy = ¢(1,-1) for any ¢ € ¥*(G).

An L-parameter is ¥* € W*(G) which is trivial on the S L(2,C)-factor
(external to Lr). The subset of L-parameters (up to isomorphism) is denoted
by ©(G). Any ¥ € ¥*(G) gives rise to an L-parameter ¢, by pulling back via the

map Ly — Lr X SL2,C), w > (w,('wg/2 \WIE]'/Z ))

When G = GL(N), we associate representations my, and py of GL(N, F)
to Yy € ¥Y*(G) by the following recipe from [16, 1.2.2]. We may decompose
U= EBf?zltﬁ,- with ¢; = ¢; X v(n;) such that ¢; : Lr — “GL(m;) is an irreducible
m;-dimensional representation of Ly and Zle m;n; = N. The local Langlands
correspondence associates an irreducible essentially square-integrable represen-
tation 7y, of GL(m;, F) to ¢;. Let | det(m)| denote the composition of the absolute
value on F* with the determinant map on GL(m, F'). Then consider the multi-set
of representations

Wt =3 il
{7y det(m)| ™ 7y | det(m)| > ..., 7| det(m)| =} (5)

This defines a representation of ]_[i.‘:l GL(m;)" viewed as a block diagonal Levi
subgroup of GL(N). Let p, denote the parabolically induced representation.
(The choice of parabolic subgroup does not affect our argument; we will choose
the upper triangular one.) The Langlands quotient construction singles out an
irreducible subquotient m,, of the representation of GL(m;n;, F) induced from
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(5) on the Levi subgroup GL(m;, F)". We write m,, for the representation of
GL(N) parabolically induced from &lenw,. (In the case of interest, one actually
knows that my, is unitary by Lemma 6.1. Thus 7y, is the irreducible representation
corresponding to ¢ by the A-packet parametrization.)

As in the introduction, from here throughout the paper, we fix a totally
real field F' and a totally complex quadratic extension E over F with complex
conjugation c¢ in Gal(E/F). The ring of adeles over F (resp. E) is denoted by
A (resp. Ag). We often write G* for U(N) and G(N) for Resg,rGL(N). The
group G(N) is equipped with involution 6 : g — J Ntc(g)‘llx,l, giving rise to the
twisted group 5+(N) = G(N) x {1,6}. Write G(N) for the coset G(N) % 6. Let
v be a place of F. Given any algebraic group H over F, we often write H,, for
H(F,) or H®r F, (the context will make it clear which one we mean).

For n € Z,, define CI)glm(n) (a shorthand for d)sm,(G(n))) to be the set of
conjugate self-dual cuspidal automorphic representations of GL(n, Ag). Here a
representation 7 is considered conjugate self-dual if 7 o ¢ is isomorphic to the
contragredient of n, or equivalently if 7 o 6 is isomorphic to 7. Fix two Hecke
characters y, : AY/E* — C* with k € {£1} as follows: y, is the trivial character
while y_ is an extension of the quadratic character of A*/F* associated to E/F
by class field theory. We use x, to define two base-change L-morphisms

My, FUN) = EFG(N), ke (1),

as follows. Choose w. € Wp\Wg so that Wr = Wg [ Wew.. Under the
identification U(N) = GL(N,C) and G(N) = GL(N,C) x GL(N,C), we have
(where scalars stand for scalar N X N-matrices whenever appropriate)

M (g x 1) = (g, In'g " Iy x 1,
Mo (1 X W) = (W), X W) xw,  w e W,
My (1 X we) = (1,6) X we.

Let us define ‘T’ell(N) the set of (formal) elliptic parameters for 5(N). Such
a parameter is represented by a formal sum ¢ = Hﬂk _ Wi with ; = p; Kv(n;) such
that the pairs (u;, n;) are mutually distinct, where y; € (I)glm(m,) Zl ymin; = N.
(Two formal sums are identified under permutation of indices.)

Mok defines the sets W>(U(N),n,,) for « € {1}. (In [25], he writes &, for
1,..) They are identified (via the map (", ) > ¢V of [25, Section 2.4]) with
disjoint subsets of qlell(N ), corresponding to the two ways U(N) can be viewed
as a twisted endoscopic group of G(N) via 1, characterized by a sign condition.
We don’t need to recall the sign condition here. It suffices to know that each
¥ € WY2(U(N),n,,) admits localizations to WY*(U(N),); see below. We write N

for ¢ when i is viewed as a member of Q’CH(N ).
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A parameter ¢ in W2(U(N),7n,,) is said to be generic if n; = 1 for all
1 <i < kand simple if k£ = 1. Write @, (U(N),1,,) for the subset of simple

generic parameters. Theorem 2.4.2 of [25] shows that D, (V) is partitioned into
Dy (UN), ), k € (1),

To a parameter ¢ € WY>(U(N),n,,) is associated localizations y,, € ¥*(G?)
such that i, is carried to EB;‘:I%LU X v(n;) via the L-morphism 7, : LU(N) —
LG(N), where ¢y, 1s the L-parameter for u;,, (via local Langlands for GL(m;)).
For each place v of F split in E, fix a place w of E above v. Then we have an
isomorphism G;, ~ GL(N, E\,).

At every finite place v of F where Gj is unramified, fix hyperspecial
subgroups K, = GL(Of, ®o, Og) of G(N, F,) and K; of G*(F,) (such that
they come from global integral models away from finitely many v). When v is
split as w and c¢(w) in E we have a decomposition K, = K,, X K., and we may
identify K* with K,, via G ~ GL(N, E,,).

Finally let G be an inner form of G* over F. It can always be promoted to
an extended pure inner twist (£,z) : G* — G, [16, 0.3.3]. Let S be a set of
places of F' such that both G, and G, are unramified for every v ¢ S. Then
fix an isomorphism G; = G,, which is G(F)-conjugate to (£,z). We have
a hyperspecial subgroup K, ¢ G, by transferring K. So if v ¢ § is split
in E then K, and K are identified with GL(N, Og,,) under the isomorphisms
G, ~G; ~GL(N,E,).

Let v, € W(U(N),) for a place v of F. This gives rise to a distribution
f = f,) on the space of smooth compactly supported functions on U(N),
[25, Theorem 3.2.1].

Given a connected reductive group H over F,,, a smooth compactly supported
function f on H(F,), and an admissible representation m of H(F,), we write
tr(m(f)) or f(r) for the trace value. Occasionally we also consider a twisted
variant when 7 is an admissible representation of G*(N, F,) and f is a smooth
compactly supported function on G(N, F,) x 6. Then tr(7z(f)) will denote the
(twisted) trace.

3. Cohomological representations of U(N — 1,1)

In this section, we recall some facts about the cohomological representations
of the real Lie group U(N — 1,1), which will imply that any global Arthur
parameter that contributes to hé) (X (1)) must have a factor uXv(n) withn > N—d
by applying results of Bergeron, Millson, and Moeglin. Let gy be the real Lie
algebra of U(N — 1,1), and K a maximal compact subgroup. Write g for the
complexification of gy. Similarly the complexification of real Lie algebras £,
po, etc will be denoted by f, p, etc below. The facts we shall need on the
cohomological representations of U(N — 1, 1) are summarized in the following
proposition; recall that p(rr) is the infimum over p for which the K-finite matrix
coefficients of  lie in LP(G).
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Proposition 3.1. Let a, b be a pair of integers witha,b > 0 and a+b < N-1, and
letd = a + b. There is an irreducible unitary representation n,p of UN — 1, 1)
with the following properties.

(i) We have

C if(P,Q):(aab)"‘(k’k), OSkSN—l—a—b,

HP(g, K;map) = { 0 otherwise

(ii) Suppose thatd < N — 2. If ¢ : C* — GL(N,C) is the restriction of the
Langlands parameter of n,p, to C*, then we have

¢@) = @D @ N e D @

—-N+1<j<N-1
J=EN-1(2)
JjEN—-1-2a,—~N+1+2b

(iii) We have p(m,p) = 2(N — 1)/d.

Moreover, the ni, ), are the only irreducible unitary representations of U(N — 1, 1)
with H*(g, K;7) # 0.

3.1. The classification of Vogan and Zuckerman. We let G = U(N - 1, 1),
and realize G as the subgroup of GL(N,C) preserving the Hermitian form
lz11> + ... + lzv_11* — |zw|*. The Lie algebra gy of G is

g0 =1{A € My(C) : "A = —Iy_11AlIy_1 1)

In_
11v—1,1=( Nt - )

The algebras fy and py in the Cartan decomposition gy = fy @ pg are

A 0 — 0
foz{(o ia):’A:—A,QER}, p():{( ’Z (Z))lZEMN_Ll(C)}.

Let ty denote the Cartan subalgebra of f; consisting of diagonal matrices. The
adjoint action of K on pg preserves the natural complex structure, and so we have
a decomposition p = p; @ p_ of K-modules. We may naturally identify g with
M, (C), and under this identification we have

U {( 8 (Z) )2z€MN—1,1(C)}, p- = {( (Z) 8 )126M1,N—1(C)}.

where
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If 7, is the representation of K on /\d p, it is well known [6, VI 4.8-9] that there
is a decomposition
Ta = ®atrb=dTa,bs (6)

where 7, is the representation of K on A p_ ® /\b p,. Moreover, we have

in(a,b
Tab = @,Z“:'B(“ )T:z—k,b—k (7
fora + b < N — 1, where the representations 7/ , are irreducible with highest
weight

b N-1

gi— Y. &+(a-bpe. )
i=1 i=N-a

Here, {&;} is the standard basis for t* consisting of elements that are real on ity.

These decompositions correspond to the Hodge-Lefschetz decomposition for the

cohomology of X(n).

We now recall the classification of cohomological representations of G due to
Vogan and Zuckerman [31]. We choose an element H € it(, so that ad(H) has real
eigenvalues. We let q C g be the parabolic subalgebra [+ u, where | = Z,(H) and
u is the sum of all the eigenspaces for ad(H) with positive eigenvalues. Because
t and p. are stable under ad(H), we have u = unNf+un p_ +un p,. We define
R. =dim(unyp.)and R = R, +R_, and let u = 2p(uN p), which is the sum of the
roots of t in uN p. We fix a set of positive roots for t in [N T so that a positive root
system for t in { is determined (together with u N ). Then u is a highest weight
for the positive root system.

The main theorem of Vogan and Zuckerman is that there is a unique irre-
ducible unitary representation A, of G ? with the following properties:

e A, has the same infinitesimal character as the trivial representation.

e A, contains the K-type with highest weight u.

They also show that any irreducible unitary representation of G with nonzero
(9, K)-cohomology (with trivial coefficients) must be of the form A, for some q.
It is clear that A, only depends on u N p. Moreover, we have [31, Prop 6.19]

HR*PR4P(g K3 Ay) =~ Homin(A* (1N ), C),  p >0, )

and
H"(g,K;A,) =0 (10)

2 Note that the general unitarity of the representations A, is proved in [30].
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for other (p,¢g),ie.if p—qg# R, — R_.

Write Hy, ..., Hy for the entries of the real diagonal matrix H. Because A,
only depends on the orbit of H under the Weyl group of K, we may assume that
H, > --- > Hy_;. The subspace u N p, and hence A,, only depends on the
number of H; — Hy that are positive, negative, and zero. Therefore, if @ and b are
the number of H; — Hy that are positive and negative respectively, then we have
H,. = -+ = Hy-1—, = Hy, while we may assume that all the remaining H; are
distinct. It may be seen that R, = a and R_ = b, and

a N-1
H= Z&‘i— Z g —(a—b)ey.
i=1 i=N-b

The representation A, depends only on a and b, and we denote it by 7, .
To prove (iii), we will need the description of 7,; as a Langlands quotient

when a + b < N — 1, which is given by Vogan and Zuckerman in [31, Theorem
6.16]. Define

and let ap = RV so that qy is a maximal abelian subalgebra of py. Let A = exp(ayp)
be the corresponding subgroup. Define @ € a* by a(V) = 1. The roots of a
in g are =« and +2« with multiplicities 2(N — 2) and 1 respectively, so that
p = (N — 1a. Let U be the unipotent subgroup corresponding to the positive
roots. Let M = Zg(V), so that

M = X :XeUWN-2),0eR;.
oif
Let t); C t be the diagonal Cartan subalgebra in m. Let o be the irreducible

representation of M with highest weight given by the restriction to tj; of

& — g+ (b -ae.

Letv = (N — 1 — d)a. We define I, to be the unitarily normalized induction
from P = MAU to G of the representation o ® e’ ® 1. Then m,;, is the Langlands
quotient of I, .
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3.2. Proof of Proposition 3.1 . The assertion that 7, are the only represen-
tations with nonzero cohomology is clear, because any such representation is
isomorphic to A, for some q. The calculation of H”9(g, K; ;) in condition (i)
follows from (9) and (10) after we compute Hom;~(A?”(1 N p), C). Our assump-
tion on H implies that [y ~ u(N—d—1, 1)xu(1)?, and [ = IN¥®INp is the standard
Cartan decomposition of [. We wish to show that the trivial representation of [Nt
occurs exactly once in A2’(IN p) forall 0 < p < N —d — 1, but this follows
from the decompositions (6) and (7) for u(N —d — 1, 1), combined with the fact
that 7,  is trivial if and only if p = ¢ = 0 as one sees from the highest weight
formula (8).

The description of the Langlands parameter of n,; in (ii) follows from [2,
Section 5.3].

To prove assertion (iii), we may assume that a + b < N — 1 as otherwise
7, lies in the discrete series. When a + b < N — 1, the assertion follows from
our description of 7, as a Langlands quotient, and well-known asymptotics for
matrix coefficients, which we recall from Knapp [17]. Let P = MAU be the
opposite parabolic to P, and let 7(,,1, be the normalized induction of @ ¢ ® 1
from P to G. Let Ao, v) : Iy, — 70", be the intertwiner

Ao, v)f(g) = f f(ug)du,
U

which converges by [17, VII, Prop 7.8]. Then the image of A(c, v) is isomorphic
to the Langlands quotient 7, of I,,. We introduce the pairing on I, given by

(f.g) = fk (P, gK)yodk

where (-, ), denotes a choice of inner product on o. If we choose g € I, to
pair trivially with the kernel of A(c,v), then (I,,(-)f, g) is a matrix coefficient
of n, 5, and all coeflicients are realized in this way. The asymptotic behaviour of
the coefficients is given by [17, VII, Lemma 7.23], which states that

lim e® ™8T, (a) f, g) = (A(o, V) (1), g(1))er. (11)

a—oo

Asv =(N—-d-1)a,[17, VIII, Theorem 8.48] implies that p(m,,) < 2(N —1)/d.
It also follows from that theorem that to prove p(m,;) = 2(N — 1)/d, we need
only show that the right hand side of (11) is nonzero for some choice of f and
g, subject to the condition that g pairs trivially with ker A(o, v). To do this,
choose f € I, such that A(o, v)f # 0, and some nonzero g of the required type.
Because A(o, v) is an intertwiner, after translating f by K we may assume that
A(o,v)f(1) # 0. Because ker A(c, v) is an invariant subspace, we may likewise
assume that g(1) # 0. Because o was irreducible, translating by M we may also
assume that (A(o, v) f(1), g(1))s # O as required.
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4. Application of the global classification

As in the notation section, (£,z) : G* — G is an extended pure inner
twist of the quasi-split unitary group G* = U(N) over F. We always assume
that G,, is isomorphic to U(N — 1,1) at a real place vy of F and that G, is
compact at all other real places v. Although much of our argument works for
general inner forms, the assumption significantly simplifies some combinatorial
and representation-theoretic arguments (especially of Section 3) and ensures that
we obtain expectedly optimal upper bounds in all degrees in the main theorem.

Let ¢y € ¥2(G*,n,,). The main local theorem of [16] defines local packets
I, (G, &) consisting of finitely many (possibly reducible and non-unitary?)
representations of G, such that Iy (G, £) contains an unramified representation
(relative to K,)) at all but finitely many v. The global packet I1,(G, £) consists
of restricted tensor products 7 = ®, m, with n, € Il, (G,¢). The parameter s
determines a sign character €, on a certain centralizer group (in 5) attached to ¢,
and [16] defines a subset I1,(G, &, €,) of I1,(G, &) by imposing a sign condition.
We need not recall the condition as it will be soon ignored along the way to an
upper bound. Theorem 1.7.1 of [16] asserts the following.

Theorem 4.1. There is a G(A)-module isomorphism

L GINGAY= P P =«

YeW2(G* ny, ) nelly(G.é.ey)

Let S be a finite set of finite places of F containing all places at which E or
G ramify. Let n € OF be a nonzero ideal whose prime factors are split in £ and
don’t lie in §. In Section 2 we have introduced hyperspecial subgroups K, of
G(F,) whenv ¢ S. For v € § let K, be an arbitrary open compact subgroup
of G(F,). Now we define the congruence subgroup K(n) = [], K(1),, where
K(n), is given as follows for each finite place v. Define K(1), to be K, if v
does not divide n. If v|n then we have fixed an isomorphism K, ~ GL(N, Og,),
and K(n), is the subgroup of K, consisting of elements congruent to the identity
modulo n. Let K., denote a maximal compact subgroup of G(F ®g R). Often
we write [G] for the quotient G(F)\G(A), and likewise when G is replaced with
quasi-split unitary groups.

We would like to investigate the cohomology of the arithmetic manifold

X() = G(F)\G(A)/K(MK. (12)

3The issue is that ¢, € Y*(G;) is not known to be in ¥(G?) in general although it is expected.
However this is actually known for parameters contributing to cohomology from the known cases
of the Ramanujan conjecture, see Section 6. It follows that all representations in the local packets
we will consider are irreducible and unitary.
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Since G(F ®g R)/ K. is isomorphic to the symmetric space U(N — 1, 1)/(U(N —
1) x U(1)), which has complex dimension N — 1, we see that the complex
dimension of X(n) is also N — 1.

We take the first step in proving Theorem 1.2 on bounding the L?-Lefschetz
numbers h(z)(X(n)) in degrees 0 < d < N — 1, as n varies. Write h%(g, Koo 7o)
for dim H(g, K«; 7). Matsushima’s formula (see [6] in the noncompact case)
gives

(X)) = > mmh(g, Ku; meo) dim ™,
ncl? (G))

where the sum runs over irreducible G(A)-subrepresentations 7 of L dlsc([G]) up
to isomorphism, and m(n) := dimga) (7, dlbc([G])) denotes the multiplicity of 7.
Combining this with Theorem 4.1 gives

hd,(X() < Z Z 79, Keo: o) dim ™. (13)
YeY2(G* .y, ) melly(G.£)

5. Bounding the contribution of a single parameter

In this section, we bound the contribution of a single parameter ¢ to the right
hand side of (13). The form of our bound will depend on the shape of , and so
throughout this section we shall fix a shape S = (ny,my), ..., (ng, mi) and define
¥>(G*, iy, )s to be the set of parameters with that shape. If ¢ € ¥2(G*,n,,)s,
we define y; € 6sim(m,-) to be such that ¢V = B> u; X v(n;). Each y; represents
a simple generic parameter ¢; € Ogn(U(m;), ’7)0,») for a unique sign «; € {+1}
determined as in [25, (2.4.8)]. We define

N nm;
7(S) = (2) - Zni(z), (14)
i>1

N n m;
v (o)-(3)- (3
2(8) =71(S) + (n; — 1) + ¢,
73(8) =7(S)+3(n; — 1) + e
Here, € > 0 is an arbitrarily small constant that may vary from line to line.

Any implied constants in bounds for quantities containing 75(S) or 73(S) will be
assumed to depend on €. We also define
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k k

o) =0xS) =S =) m-1 TS)=)m

i=1 =2

For each 1 < i < k and finite place v, define a compact open subgroup K,
of U(m;), as follows. If v ¢ S, then K, is the standard hyperspecial subgroup,
and if v € S then K, will be chosen during the proof of Proposition 5.1. Let
K; = T, K, and let K;(1n) be the principal congruence subgroup of K; of level
n. Let P ¢ GL(N) be the standard parabolic subgroup with Levi Hle GL(m;)".

Proposition 5.1. There is a choice of K; ,, for v € S with the following property.
Let ¢ € W2(G*,n,,)s, and assume that ¢; (arising from  as above) is bounded
everywhere for each 1 <i < k. Then

Z dim 7} < I_I(1+1/qv)"(s)NnT(S)l_[[ Z dimirf]’;(")] . (15)

nelly (G,€) vn i21 \melly, (U(m;))

Moreover, if my = lwithl =1,2,3, we have

Z dimrf" < l_[(1+1/qv)‘7’(s)Nn”(S)
nelly (G,€) vn

ni
dim 7} > dimr|
i22

mi€lly, (U(my)) mi€lly, (U(m;))

The first step in proving Proposition 5.1 is to write both sides as a product
over the finite places. We describe this in the case of the first inequality, as the
second is similar. We have

> odimAW =[] > dimAS® (16)

ﬂEH¢(G,§) ’UTOO Ty Enaj/v (Gy.év)

and

ni

1—[[ 2 dim”f}(n)] - [ 2 dimef®

21 \melly, (Umy) vfeo i21 \m €My, (Um)

It therefore suffices to prove that
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ni

dimzf® <c,a+o@[]| D dims”f a7
o€y, (Goéy) i21 i, €Ml (UGm)

for all finite v. Here, the constant C,, may be arbitrary for v € S, while for v ¢ S
it is either 1 if v is inert in E/F, or the v-component of the constant in (15) if v
is split. It is important to keep C, independent of i, and n (but it could depend
on K,) for the application to the proof of the main theorem. We divide the proof
of (17) into four cases, depending on whether v is splitin E, and whether v € S.
Thus the proof of Proposition 5.1 will be complete by Lemmas 5.2, 5.3, 5.4, and
5.5 below.

5.1. A remark on the representations p,. In Section 5, we will need to
modify the definition of the local representation p, given in Section 2 to make
it compatible with our global arguments. We first assume that v is split in E/F.
Let ¢ be as in Proposition 5.1, and consider the localization ¥, which is a
parameter for GL(N, E,,). In Section 2, we associated a representation py, to
¥, by decomposing ¢, into irreducibles and applying the recipe (5). We may
modify this definition, by instead using the decomposition ¥, = &;>1¢,,; ® v(n;)
with ¢, ; € ®,(m;) associated to the shape S (so that the ¢, ; are not necessarily
irreducible), and in Section 5 we will let py, denote the representation of
GL(N, E,,) obtained in this way. In particular, py, is induced from a parabolic
of GL(N) with Levi Hf‘:l GL(m;)". If v is not split in E/F, then we have a
local parameter ¥ for GL(N, E,,), and we modify the definition of the induced
representation pyy in the same way.

If we denote the result of the old construction by pl’m, then py, and p"m have
the same composition series. This implies that m,, is a subquotient of py, , which
is all that matters for most of our arguments. The only exception to this is in
Lemma 5.2, which will be discussed in the course of the proof.

S5.2. vsplitin E/F, v ¢ S. These v are the only ones which require us to
consider the special cases m; = 1,2,3 of Proposition 5.1 separately. In this
case, the local packets under consideration each contain a single representation
of GL(N, F,)) or GL(m;, F,). The bound we prove, Lemma 5.2, is an application
of the fact that the representation in Il (G,,&,) is a subquotient of an explicit
induced representation.

Lemma 5.2. Let 11, (G,¢) = {m,} and 114, (U(m;)) = {n;,}. We have

dim 75 < (1 4 1/¢,)7 1 + 0(g;1)Nn™S ]_[ (dimzS™ )", (18)

i,v
i>1
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andifm; = lwithl=1,2,3 we have

dim ™ < C(e, g,)(1+1/q,) " (1+0(g, NN dim 2\ | ] (dim )"
i2
(19)
The terms involving 1 + 1/q, only need to be included if vin. The term
C(e,q,) = Lifl =1 or q, is greater than a constant depending on e.

Proof. We recall the identification G, = GL(N, E,,), which carries K, to fw.
View ¢, as amember of ¥(GL(N, E,,)). As in Section 5.1, we have an irreducible
subquotient 7, = my, of an induced representation p,, = p,, of GL(N, E,,).
Let P,, denote the block upper triangular parabolic subgroup from which p,, is
induced. (So the Levi factor of P,, is H’.‘ GL(m;)™.)

We shall prove the first bound using dim 75" < dim pK(“)” We have

dimpK = (K, : K, 0 K P, ]]_[(dlmu“"”)

i>1

The result then follows from the fact that [Ew : EW al E(n)WPW] =1lifvtn,
while if v|n we have

(K, : Ky 0 K(),Py] = (14 1/g,)°O0 + 0(g;)Nn™,

and the fact that r;,, are isomorphic to y;,, so that dim ,ufi"v(“)" =dim JTIKU(H)”

The case m; = 1 is the only place that we need to know the exact definition
of m,, not just that it is a subquotient of p,,. Let p/, be the induced representation
of GL(N, E,,) associated to ¥, in Section 2. Because ¢; , are bounded, r, is the
unique irreducible quotient of p/,. Becuase m; = 1, p), is induced from a standard
parabolic P, with Levi factor L|, = GL(1)" X []; GL(t;) for some #;. Moreover,
the representation one induces is given on the GL(1)™ factor of L], by

et 1, © ... @] det | T gy

Let (PL) be the parabolic obtained by modifying P,, in the upper-left n; X n,
block so that the GL(1)™ factor in the Levi is replaced by GL(n;). Let (pvlv)’ be
the representation induced from (Pl )" using the same data as p/,, except that one
takes the representation y;,, o det(n;) on the new Levi factor GL(ny, E,,). As
(olY is a quotient of p!,, 7, is also a quotient of (p!)’.

We may perform a similar modification to p,,, to define a representation p‘lV
induced from the standard parabolic Pl with Levi GL(n1) X[ ;5> GL(m )i, As pw
and (p. )" have the same composition series, 7, is a subquotient of pl. Tt follows

that dim 5™ < dim(p),)K® and



Simon Marshall and Sug Woo Shin 20

dim(p})X"™ = [K,, : K, 0 K0, PL]dimu ™ [ ] (dim p?f@w) y

i>2

The result follows as before, after calculating [Ew : EW N E(n),vPav].

In the cases m; = 2,3, we bound all but one of the factors of dim ﬂf‘v(")“
in (18) using the representation theory of GL(m, F,). In particular, appliling
Corollary A.4 in (18) gives

TS+ (4 1yte

dim 75" < C(e, ¢,)(1 + 1/g,)7O(1 + O(g;*))N,,
dim ﬂf‘ e l_[ (dim ki )ni .

U i,v

i>2

which gives (19).
O

53. vsplitin E/F,v € S. Inthiscase, G ~ GL(N, F,) ~ GL(N, E,) and G,
is an inner form of GL(N, F',). It is known (see [16, Theorem 1.6.4] for instance)
that the packet Iy, (G™) contains exactly one element whereas Il (G, £) has one
or zero elements.

For v € §, the constant C,, can be arbitrary. This means that to prove (17),
we need to know that the left hand side is bounded independently of ¢,,, and that
if it is nonzero, then the right hand side is also nonzero. Both facts are provided
by the following local lemma, where we consider ¥, € ¥(G}) and bounded
i € O(GL(m;, F,)) with ¥, = @f:@i,u X v(n;). The unique representations
in Iy, (G, ¢) and Iy, (U(m;),) = Iy, (GL(m;, F,)) are denoted by r, and 7;,,
respectively.

Lemma 5.3. There is C(K,) > 0 such that dim ﬂf” < C(K,). For each i there
exists an open compact subgroup K;, c U(m;, F,) depending only on K, such
K.

Lv i 0

i,v

that the following is true for every ., and ¢; ,, as above: if X 20, thenn
foralli.

Proof. The first claim is Bernstein’s uniform admissibility theorem [5]. (We
need it just for unitary representations, but the proof there shows the theorem for
irreducible admissible representations of general p-adic reductive groups.)

To prove the second claim, recall that i, gives rise to representations py, and
ny, of G, =~ GL(N, F,) as in Section 5.1. So my, is an irreducible subquotient of

Py,
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The hypothesis ﬂf” # 0 means that 1, (7,) # 0. If we transfer 1¢, to a func-
tion 1*K on G}, we have the character identity 1} (7r¢ ) = e(Gylay, g, (m,) #0
by Theorem 1.6.4 (1) of [16] with certain signs e(G ).ay, € {£1}. If we let
K, ¢ GL(N,F,) be an open compact subgroup such that 1* is bi-invariant
under K7, this implies that ﬂw” # 0 and thus Py EEI) ThlS glves nK' "0
for suitable K;,, ¢ GL(m;, F,), which implies the ‘claim. (To see this, one uses
a description of invariant vectors in an induced representation under an open
compact subgroup as in the first display of [4, p.26], noting that the double coset
P\G/K there is finite.)

O

5.4. v nonsplitin E/F, v ¢ S. In this case, for each ¥, € WY(G}) we have

1//;’ =1, oY, € ¥(G(N)) = W(GL(N, E,)). This gives rise to representations

myy and pyy of GL(N, E,,) as in Section 5.1. Similarly ¢;, € ®(U(m;),) gives a

representation Ty of GL(m;, E,,) for the parameter Ny, © Pivo- If Y, and ¢, arise

from global data as at the start of Section 5 then Ty is nothing but g ,,.
Inequality (17) in this case follows from the lemma below.

Lemma 5.4. Consider ¥, € Y(G)) and ¢;, € ©(U(m;),) as above such that
Y = @i21¢$ X v(n;). Then we have

dim7% < 1. (20)
my€lly, (G.§)

If equality holds, then

: Ki.v -
dlmni‘v =1 (21
Tiw€lly, , (U(m;))

for all i.

Proof. Suppose first that s,, € {£1}. We have a hyperspecial subgroup K, of
G(N), =~ GL(N, E,,). The twisted fundamental lemma implies that the functions
lg, and 1% ., are related by transfer.

Applying the character identity for U(N) (Theorem 3.2.1 (b) of [25]) with
s =1 gives

UN .
L Myy= Y dimal,
€y, (G,£)

and combining this with the twisted character identity [25, Theorem 3.2.1 (a)]
and the twisted fundamental lemma gives
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s K, _
dim 7, —tr(nl/,f)/(lng)).
”szHWv(Gaf)

The twisted trace tr(my~ (1 R, % o)) is equal to the trace of 7, Ty (6) on ac L//N’ so we have

. &,
tr(ﬁw(law)) < dim -

Since myy is a subquotient of pyv, we have

v < v <
dlmJTWV _dlmpw 1

which gives (20).

If equality holds, then ' is unramified. So all ¢;,, are unramified as well.
Applying [25, Theorem 3.2.1 (b)] to the parameter ¢;, and the function 1, for
U(m;) gives

. K. U(m;
dimm, " = 1Kfjj”(¢,,u).
miw€lly, , (Um)

If 7f¢r_ni is the canonical extension of Tymi 1O E(m,-)v (via Whittaker normalization),

d1m7r ‘ —tr(”(pml(l,( o))
i€lly, (Um)

tr(7 Ty (1% Kow o)) is the trace of 6 on the one-dimensional space ﬂ'K,,,, so we have

i

tr(m, ¢,-mé(1 Kow o)) = =1, and (21) follows from positivity.

Now suppose that s, ¢ {+1}, and let (G, s°, 1) be the elliptic endoscopic
triple for G with s* = s,,. We have G* = U(a) X U(b) for some a,b > 0.
There is an Arthur parameter ¢ for G° such that n° o y* = , which we may
factorise as ¥* = Y| X ¥p. We let K; C G°(F,) be a hyperspecial subgroup, and
let 1% be the characteristic function of K. The Fundamental Lemma implies
that 1 k, € H(G,) and 13, € H(G}) have Ale, &, z]-matching orbital integrals.
Applying [25, Theorem 3 2.1 (b)] with s = sy, gives

Dk m) = 1 W) = L, W) e, W),
7y €lly, (G.£)
The result now follows by applying the result in the case s, € {+1} to the groups
U(a) and U(b).
O
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5.5. v nonsplitin E/F, v € S. Here we prove a result analogous to Lemma
5.3.

Lemma 5.5. There exist open compact subgroups K;,, C U(m;), depending only
on K, such that the following holds: given y,, € ¥Y(G,) and ¢;, € ®(U(m;),)
such that ) = &_ ¢ W v(n;) (thus ¢;., are bounded), if

dimzXe £ 0 then > dimr #0.
7y €lly, (G.§) 7w €lly, , (U(my))

Moreover there is a constant C(K,) > 0 which is independent of W, such that

N ¢
dimn,” < C(K,).
my€lly, (G.§)

Proof. We begin with the first claim. Suppose sy, € {+1}. Let 1} be the transfer
of 1k, to G;,. The character identity of [16, Thm 1.6.1 (4)] glves

0#eGy) Y. dimrk =1} W),
mp€lly, (G.&)
where e(G,) € {xl}; note that the coefficients (rr, 1) appearing in the cited
theorem are all 1 (where we take s° = s, ). Using the surjectivity result of Mok
[25, Prop. 3.1.1 (b)], there is a function TK on 5(N )» wWhose twisted transfer to
G is 1* and so we have 1% (l// ) = tr(],y(lk ). LetK c G(N), be a compact
open subgroup such that 1 k, 18 bi-invariant under K,. It follows that we must

have m, K, D # 0, and hence there are compact open Kw c G(m;), depending only

on K, such that 7r * # 0. The result now follows from Lemma 5.6 below.

Now suppose that sy, ¢ {1}, and let (G*, s°,17°) be the elliptic endoscopic
triple for G with s* = s, and so G* = U(a) x U(b) for some a,b > 0. There
is an Arthur parameter ¢ for G* such that n* o ¥* = ¥, which we may factorise
as Y¥* = Y1 X . Let 1 be the function obtained by transferring 1, to G
Applying the trace identity

oGy Y. dimrk =15 @)
my€lly, (G.£)

gives 1% (¢;) # 0. Because 1% (¥7) is equal to a sum of traces there is a compact
open K , X K>, C Gy, such that

Lk, xk,, W5) = 1k, W1) 1k, (W2,) #0
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and the result now follows from the case sy, € {£1} for the groups U(a) and
U().
We now prove the second claim. Suppose sy, € {£1}. We again use the
identity
oG, Y dimxk = u, (Tx,),
€My, (G.£)

and let K, C G(N), be a compact open subgroup such that 1, Ik, is bi-invariant
under K The trace tr(m, (1 k,)) is equal to the trace of 7y, (1 k,) on the space

w , and the operator norm of 7%(1 k,) 1s at most || Ik, Il = C(K,). We therefore
have |tr( %(1 K, ))| < C(K,)dim i v , and the result follows as in Lemma 5.3. If
sy, € {x1}, we reduce to the case of U(a) X U(b) as before.

O

Recall that My, © i € ®(G(m;), ) corresponds to u;,, via local Langlands
under the isomorphism G(m;), ~ GL(m;, E,,), where w is the unique place of £
above v.

Lemma 5.6. If I?,»,W c GL(m;, E,,) is a compact open subgroup, then there is
a compact open subgroup K;, C U(m;), with the following property: For any
bounded parameter ¢;,, € CDEU (m;),) and the representation p;,, of GL(m;, E,,)

. . Kiw
corresponding as above, if u; " # 0 then

dim 75 £ 0. (22)

iv
Tiw€lly, , (U(m;))

Proof. The only nontrivial part of the lemma is the assertion that K;, may be
chosen independently of y;,,. To this end, we will show that ¢;, (or y;,,) varies
over a compact domain and that K;, as in the lemma can be chosen in open
neighborhoods. Then the proof will be complete by taking intersection of the
finitely many K; , for a finite open covering.

By a theorem of Jacquet, our assumption that ;,, was tempered implies that
Hiw belongs to a family of full induced representations from some

gl e @l (23)

with u’; square integrable and s; € R/(2n/log g,)Z. Our assumption that u;,,
had bounded depth implies that the set of tuples 4], ..., we must consider is
finite, and so we only need to consider one. We then need to show that the set of
s such that y;,, is conjugate self-dual (i.e. y;,, = y;, o 6) is compact. Because
u}l |Siof = (,u;. 06)|-|7, this condition is equivalent to saying that the multisets



Endoscopy and cohomology of U(n, 1) 25

{u ’| '/} and {(/4’ 0 @)| - |7/} are equivalent. This in turn is equivalent to the

existence of a permutation o € S such that M s = (,u(r(j) 0 )| [0 for all j.
For each o the set of s; satisfying this is closed and hence the set of s; such that
Hiw 18 conjugate self-dual is closed and compact.

For fixed si,..., s, there is some K;, such that lg, (¢;,) # 0, where
1k, (¢, v) is equal to the left hand side of (22) by definition. Also, if we transfer

iv

lg,, to 1k, on G(my) using the surjectivity theorem of Mok [25 Prop. 3.1.1

iv

(b)] then the character identity tells us that 1k, (¢;.) = tr(’m (1 k.,)) (where the

twisted trace is Whittaker normalized). The point is that tr('m (1;( )) varies
continuously in the s; (see [27]) so we still have 1k, (¢;,) # 0 around an open
neighborhood of s, ..., s; (where ¢;, varies as sy, ..., s; vary). The result now
follows by compactness.

O

6. Archimedean control on parameters

In this section, we prove some useful conditions on the parameters i that
contribute to the cohomology of X(n).

Given ¢oo = ®yody € P(U(n)s) for n > 1, note that the restriction of ¢,
to We = C* (for a fixed isomorphism F, =~ (C) viewed as an n- dimensional
representatlon via U (n) = GL(n,C), is a direct sum of n characters z > z%vZ bis
with a; ,, b;, € Cand a;,, —b;, € Z fori = 1,...,n. We say that ¢, is C-algebraic
ifnisoddandalla;, € Zorifnisevenandall g; , € % + 7. We say ¢, is regular
if a;,, are distinct. If 7., is a member of the L-packet for ¢, then ., is said to
be regular or C-algebraic if ¢, is. (This is Clozel’s definition and coincides with
the general definition [8, Definition 2.3.3] for general reductive groups.)

Let S = (n1,m1),. .., (nk, my) be a shape as in Section 5. If ¢ € ¥2(G*, n,,)s
then i gives rise to y; € iim(m,-) and ¢; € O, (U(my), nXKi) as before.

Lemma 6.1. Lety € ¥2(G*, 1, )s. If there is n, € Iy (G, &) with "8, Kooy Too) #
0 then ¢i o OF Pi oo ®) - o is C-algebraic. Moreover every ¢; ,, is bounded at every
place v (equivalently p; ,, is tempered at every place v).

Proof. Since n., contributes to cohomology, its infinitesimal character is equal
to that of the trivial representation. In particular it is regular C-algebraic, cf.
[8, Lemmas 7.2.2, 7.2.3]. Hence ¢y, is regular C-algebraic. (Here we use
the simple recipe to determine the infinitesimal character of 7., from ¢, _ by
differentiation, as described in [22, Section 2.1].) For each infinite place v, the
representation ¢l vIWC is the direct sum of m; characters, say 7,1, ..., Ijin,- Then

EBm’ GB"’ w0 Mijl* | 7! appears as a subrepresentation of ¢y... As the latter is regular
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C-algebraic, we see that for each v|oo, ¢;,|w. is regular and that either ¢; ,|w.
or @i plwe ® | - |'/2 is C-algebraic, depending on the parity of N — ;. It follows
that @; colw,. OF @icolw. ® | - |1/? is regular C-algebraic. By the definition of y_ in
Section 2, ¢; wolw. ® | - |'/? is C-algebraic if and only if ¢; colw. ® Y- oo is.

The key point is that g; or y; ® y— is an automorphic representation with
regular C-algebraic component at co (recalling that y; ., lies in the packet for
¢i). Both y; and u; ® y- are cuspidal and conjugate self-dual, so either y;
or i; ® y— (whichever is C-algebraic at co0) is essentially tempered at all finite
places by [9, Theorem 1.2] (the cohomological condition in loc. cit. follows
from regular C-algebraicity, cf. [11, Lemme 3.14]) and at all infinite places by
[11, Lemme 4.9]. In either case, twisting by y - if necessary, we deduce that y; is
essentially tempered everywhere. Since the central character of y; is unitary, we
see that y; is tempered everywhere. By the local Langlands correspondence [25,
Theorem 2.5.1 (b)], this is equivalent to ¢; ,, being bounded at every v. O

Lemma 6.2. For each i, there is a finite set of parameters P; . C O(U(m;)s) with
the following property: If y € W2(G*, n,,)s, and there exists no, € Ily_ (G, &) with
h(g, Keoi o) # 0, then ¢; o € Pico

Proof. The infinitesimal character of n., is determined by the condition that
h?(a, Keo; o) # 0 (to be the half sum of all positive roots of G), thus there are
finitely many such n.,. So they are contained in finitely many Arthur packets,
whose parameters form a finite subset ¢ W(U(N)). If ¢ gives rise to ¢; then
My, © (¢i.v Xv(n;)) should appear as a factor of 7, o, for every infinite place v.
Since we have the constraint ®,¥, € P, it is clear that there are finitely many
possibilities for ¢; .

O

7. Summing over parameters

In this section we continue the proof of Theorem 1.2 from the end of Section
4 and finish the proof. In the preliminary bound (13), we will fix a shape S and
bound the contribution to hfz)(X (n)) from parameters in ¥»(G*, 1, )s, which we
denote by hfz)(X(n))S. Clearly it suffices to establish a bound for hf’z)(X(n))s as
in Theorem 1.2.

Suppose € ¥2(G*,1,,)s has the property that there is 7 € II,(G, £) with
h(g, Keo; M) # 0. Proposition 3.1 implies that 7, must be a Langlands quotient
of a standard representation with an exponent of the form (z/2)"/?(zz)“~"/? for
some a > N—d. Proposition 13.2 of [3] implies that there is i such that n; > N—d,
and we assume that this is n;. Note that [3, Prop 13.2] implicitly assumes that
the other archimedean components of 7 have regular infinitesimal character, but

this is satisfied in our case.



Endoscopy and cohomology of U(n, 1) 27

Apply Lemma 6.2 to obtain finite sets P; . C O(U(m;)s) for all i such that
if € ¥2(G*,1n,)s, and there is 1 € I1,(G, &) with h?(g, Keo; Meo) # 0, then
Pico € Pico- Let Wi be the set of A-parameters iy € ¥»(G*, 1, )s with ¢; bounded
everywhere and ¢; o € P; for all i. By Lemmas 6.1 and 6.2 we have

hiy(X()s < Z Z h* (8, Keo; 7o) dim ™,
VS 91 ﬂ'EHw (G,6)

and because 4%(g, Kw; 7o) is bounded we may simplify this to

h (X()s < Z Z dim 7§,

yeWre melly (G.6)

Because ¢; is bounded everywhere for every i, we may apply Proposition 5.1 to
obtain

Kooy < [ 01+ 1/grOne S ﬂ{ 5 dimnf;n)} |

vn YW ix1 \mi€lly, (U(m;))

Let ®X4(U(m;),ny, ) denote the set of simple parameters that are bounded

sim
everywhere. Taking a sum over ¢ € Y corresponds to taking a sum over

the possibilities for ¢; € ®*(Um;), nXKi) with ¢; . € Pie. We may therefore

sim
factorize the sum over y to ones over ¢;, which gives

nj
ity xeoms < [ Ja+ g omrs ] 3 { ]
vln 21 g ed™ U Om)my,,) \7i€lly;(UGmy)
¢im€Pi.oo
n;
<[ |a+vg) N1 D] > dimgS®
vln i>1 ¢i€(Dls)idn(11(U(mi)’n)(;<l)"iend)i(U(mi)) .
$i00€Pi o
(24)

We may bound the sums using the global limit multiplicity formula of Savin
[29]. Indeed, because ¢; is a simple generic parameter, the packet Iy, (U (m;))
is stable, so that every representation m; € Il4 (U(m;)) occurs in the discrete
spectrum of U(m;) with multiplicity one. In fact, 7; must actually lie in the
cuspidal spectrum by [32, Theorem 4.3], because r; o, is tempered. Because the
archimedean components of ¢; are restricted to finite sets, there is a finite set I; o,
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of representations of U(m;). such that if m; € Il (U(m;)) then m;o € II; . If
Meusp (Moo, Y;(11)) denotes the multiplicity with which an irreducible representation
e of U(m;)e occurs in the L2-space of cuspforms L2 (Y;(1)), where Y;(1) =
U(m;, F)\U(m;, A)/K;(n), we have

Z Z dim ﬂKf(n) < Z dim JTKf(n) Z Meusp(Too, Yi(M)).

GEDX(U (m)apy,, ) i€y, (Um) L2 (LUGm)]) Too€lj 0

sim

Bio€Pico i o€l 0

cusp

For each n,, Savin [29] gives

Meusp(Teo, Yi) < [K; : Ki(w)] < [ |1 = 1/gu)Nw™,

vn

and combining this with (24) gives

h)(X(W)s < 1_[(1 —1/g,)Nn™®,

vn

where 7/(S) = 7(S) + X1 1 m . If 1 < m; < 3 then applying Proposition 5.1
and working as above gives

B (X)s < [ a1+ 1/g) 1O N,
vln
where [ = my, 7)(S) = 7/(S) + m1 + Dis2 i m ,and 0)(S) = 0((S) = 1 = Yiso i
The bounds for the functions 7" and 7, f given by Lemma 7.1 below then imply
that
i (X()s < NuVHe,
unless we are in one of the two cases listed there. In the exceptional case (ii)

we have hfz)(X(n))S < NnV*1+€ "and in case (i), which should give the general

main term, we have
(2)(X(n))s < l—[(l - l/qq))NnNd+1
vn
This completes the proof of Theorem 1.2. [J

It remains to prove the lemma used in the above proof.

Lemma 7.1. If m; > 4, we have 7(S) < Nd. If m; = [, 1 = 1,2,3, we have
7/(S) < Nd + €, except in the following cases.

(i) S = (N —d,1),(1,d), in which case t{(S) = Nd + 1.
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(ii) 8 = (2,2) and d = 2, in which case %(S) = Nd + 1 + € =9 + €.

Proof. We begin with the case m; > 4. The inequality d > N — n; implies
that it suffices to prove 7/(S) < N(N — np). Substituting the definition of 7 and
simplifying, we must show that

N 1
(2)+;ni(m2+ )SN(N—nl). 25)

We next eliminate the variables other than N, m; and n;. The identity (";1) =

1+...+nimplies thatif A = }’ a;, then (Agl) > (“’;1), and applying this to the
m; with multiplicity n; for i > 2 gives

Zni(m,- + 1) < (N —nym + 1)‘ 26)
i>2 2 2

Note that equality occurs above if and only if };., n; is either 0 or 1. After
applying this in (25), we are reduced to showing that

N mp+1 N—-—nm +1
(2)+n1( 12 )+( 121 )SN(N—YH)-

Simplifying gives

NN -1 +ni(m + Dmy + (N —nym; + 1)(N —nymy) <2N(N —ny)
2.2 2

=2myn N + 2Nny + min] < —min;
0 < 2mN = 2N — min; — m]
As N > mn;, we have m N > m%nl so that
2miN - 2N — m%nl - m% > (my —2)N — m%
Because n; > 2 we have N > nym; > 2m;, so that
(my —2)N —m} > mj —4m; > 0,

where we have used m; > 4 at the last step.
In the case m; = 1, we have

, N np mi+1
- gl o
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and applying (26) gives

, N ny N—I’l|+1
= [9)-[1)e[ e

It may be seen that the right hand side of this simplifies to N(N — n;) + 1 as
required. Equality occurs when d = N — n; and we have equality in (26), which
is equivalent to the conditions given in (i).

In the case m; = 2, simplifying the definition of 7}(S) gives

() = (1;/) £y n,»('"’;r 1) +3+¢

i>2

and after applying (26) we have

T'Z(S)S(N)+(N_2n1+1

3+e
5 5 )+ +e

We must therefore show that
N N-2n;+1
+ - +3 < NN —-ny)+1.
2 2
Simplifying this gives

N(N = 1) + (N = 2n; + 1)(N = 2n1) + 4 < 2N(N - ny)
4 < 2Nn; —4n? +2n
2 < nl(N—2n1 + 1)

The result now follows from n; > 2 and N > nym; = 2n;, and equality occurs
exactly in case (ii).

When m; = 3, after simplifying the definition of 74(S) and dropping the €
term, we must show that

N C+1\ (N N=3n +1
(2)+6+Zni(m2+ )s(z)+6+( 2"1+ )SN(N—nl),

i>2

where the first inequality is (26). Simplifying this gives

NN -1)+ 12+ (N —=3n; + 1)(N = 3n1) < 2N(N — ny)
12 < ny(4N - 9n; + 3).
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We have n; >2and N > 3ny,sothat N > 6 and4N —9n; +3 > N+ 3 > 9 as
required.
]

A. Bounds for fixed vectors in representations of GL

In this section we prove bounds for the dimension of the vectors in an irre-
ducible representation of GL, that are invariant under a congruence subgroup,
with no assumption on d or the residue characteristic, by applying results of
Lapid [18] on the support of Whittaker functions for supercuspidal representa-
tions. These results were used in the proof of Lemma 5.2 (thus in the proof of
Proposition 5.1) when m; = 2, 3.

Let F be a p-adic field. Let R be the ring of integers of F, @ a uniformizer,
k the residue field, and ¢ its cardinality. Write v : F* — Z for the additive
valuation such that v(w) = 1. Letd > 2, and let G = GLy(F). Let N, A, and
K = GL4(R) be the usual upper triangular unipotent, diagonal, and maximal
compact subgroups of G, respectively. For n > 0 let K(n) be the level @”"
principal congruence subgroup of K consisting of matrices which reduce to the
identity matrix modulo @".

We first prove the following result, which bounds dim 7X™ for & supercus-
pidal, before using it to deduce a bound for a general 7 in Corollary A.3. Note
that the constant ¢ in Theorem A.2 can be made explicit, which implies that the
constants C in Lemma A.1 and Corollary A.3 can be also.

Lemma A.l. There is a constant C depending only on d such that for any
n > 1 and any irreducible supercuspidal representation m of G, we have
dim n.K(n) < Cnd—lqnd(d—l)/Z.

Remark. We may obtain a uniform bound on dim 7X® of order p 1" using the

Plancherel theorem. Indeed, if we let Zx be the center of K, and w be the central
character of r, we may define f to be the function supported on Zx K(n) and given
by f(zk) = w'(z). Applying the Plancherel theorem to f gives dim X" <
d(m)~'vol(ZxK(n))~' for any Haar measure on G and for any supercuspidal 7,
where d(r) is the formal degree of 7. By normalizing Haar measure, we can
arrange that d(r) is a positive integer, which gives dim 7K™ <« ¢~ This is
considered a trivial bound. On the other hand, for a fixed 7 (either supercuspidal
or any generic representation of G), the asymptotic growth of dim 7K™ is well
known to be of order ¢"¥“~1/2_ (Such an asymptotic growth is known for general
reductive p-adic groups either by character expansion or by a building argument
[21, Theorem 8.5].) So the bound of Lemma A.1 is close to optimal (and more
than enough for our global application). On a general reductive group, it is an
interesting question whether a uniform bound can be established to the same
order as the bound for an individual representation.
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Proof of LemmaA.1. For all n > 1, define A(n) to be the subset of A given by
A(n) = {diag(t1,...,.tg9) €A: —n < v(t/tiy) <n, i=1,...,d-1}.

Let ¢y be an additive character of F with conductor R, and let ¢ be the character
of N defined by y(n) = yo(ni2 + ... + ng_14). For a generic irreducible
representation 7w of G let ‘W(r) be the Whittaker model of m with respect to
Y. In [18, Thm, 2.1], Lapid proves the following.

Theorem A.2 (Lapid). There exists a constant ¢ = c(d) > 0 with the follow-
ing property. Let m be an irreducible supercuspidal representation of G with
Whittaker model W (rn), and n > 1. Then the support of any W € W(m)K® s
contained in NA(cn)K.

Let Gy = GL4-(F), embedded in G as the upper left block. Let Ny, Ko,
and Ky(n) be the corresponding subgroups of Gy. Define T to be the diagonal
subgroup of Gy, and for n > 1, define Ty(n) to be Ty N A(n). We are going
to deduce Lemma A.l from Theorem A.2 by combining it with the result of
Bernstein-Zelevinsky that the restriction map ‘W () — C(Gy) is injective.

Let W € ‘W(m)X™, and let W, be its restriction to Gy. Theorem A.2 implies
that W, is supported on NyTy(cn)Ky, and it is left equivariant under Ny and right
invariant under Ky(n). Let V be the space of functions on NyT(cn)K satisfying
these conditions. Any V € Vj is determined by its values on Ty(cn)Ky/Ko(n),
and dim YV is the number of left Ny-orbits on To(cn)Ko/Ko(n). If Ty, is the
maximal compact subgroup of T, there is a surjective map To(cn)Ky/Ko(n) —
To(cn)/ Ty, that is constant on the orbits of Ny. The fiber of this map above
t € To(cn) is naturally identified with Ky/Ky(n), and under this identification
the orbits of Ny on the fiber are the same as those of Ny N Ky on Ky/Ky(n). It
follows that the number of Ny-orbits on To(cn)Ky/Ko(n) is equal to the product
of #T(cn)/ Ty and #(Np N Ko)\ Ko/ Ko(n). We have

#To(cn)/To. = Qen + DT < C(dn™!

for some C(d) > 0, and #(Ny N Ko)\Ko/Ko(n) < ¢"¥4 D2 5o dimV, <
C(dn®1q"4@=D/2  As the map W(m)X™ — 9V, given by restriction to Gy is
injective, this implies the Lemma.

O

CorollaryA.3. There is a constant C depending only on d such that for anyn > 1

and any irreducible representation m of G, we have dim 75 < Cpd=1g4@-D/2,
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Proof. There is a standard parabolic P with Levi Hle GLg, and irreducible
supercuspidal representations o; of GL,4,, such that 7 embeds in Ind,G, (o1 X...%
o). We have

dim 7™ < dimInd$ (o X ... x o)¥®

k
=#P N K\K/Km) [ [ dim o,
i=1
where K;(n) are the level @” principal congruence subgroups of GL;,. Applying
Lemma A.1 gives

dim 75 < C(#(P N K\K/K(m)n'q"=(®),

and the bound #(P N K\K/K(n)) < ¢"%™C/P) finishes the proof.
O

We may rewrite Corollary A.3 in a form which is less sharp, but better suited
to the proof of our main theorem.

Corollary A.4. If m is an irreducible admissible representation of G, then for
every € > 0 there is a constant C(€, q) > 0 such that

dim 7K™ < C(e, g)g@-I2rem,

Moreover, for any € > 0 there is g(€) > 0 such that we may take C(€, q) = 1 for
all g > q(e).

B. Bounds for fixed vectors in representations of GL;

Let F be a p-adic field. Throughout this section we assume p # 2,3. Let
R be the ring of integers of F, @ a uniformizer, k the residue field, and ¢ its
cardinality. Write v : F* — Z for the additive valuation such that v(w) = 1.
Let G = GL3(F), K = GL3(R), and A = M3(R). Let K; be the subgroup of K
containing all elements congruent to 1 modulo @/. Put U ;= 1+n/R, asubgroup
of F*. The following result was used in an earlier version of this paper as a
substitute for the results of Appendix A. We have decided to leave it in, as it may
be of independent interest.

Theorem B.1. Assume p # 2,3. If n is an irreducible supercuspidal representa-
tion of G, then
dim 7% < 9n’¢* (1 + 1/9)°.

The proof uses the construction of supercuspidal representations of GL,(F)
by Howe in [15], in the case n = 3. It was shown in [26] that these exhaust all
supercuspidal representations of G when p is not 3.
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Remark. We rely on [15], where it is essential to assume p # 3 (or more
generally p { r if we study GL,). It may be superfluous to require p # 2, but
as p is odd in [15], we keep this assumption. When p € {2,3}, one could try
to adapt our argument using the construction of supercuspidals in [10] or [7],
but we have not investigated this as Appendix A gives the desired result for our
purpose for all p via a simpler approach.

B.1. An overview of Howe’s construction. We now describe the construction
of Howe in more detail, including the features we shall use to prove Theorem
B.1. Howe’s representations V(i) are parametrized by a degree 3 extension
F’/F and a character ¢’ of F’*, satisfying a condition called admissibility. Fix
such an F’ and ¢/, and let R’, @’, and k’ be the ring of integers, uniformizer, and
residue field of F’. Write N = N(F’/F) for the norm map from F’ to F. Choose
a basis for R’ as a free R-module, which defines an embedding F’ c M;(F).
We shall identify F” with a subalgebra of M3(F) from now on. We define the
order A’ = NyepxxAx~!, which is characterized as the set of matrices M such
that M@’'R? ¢ @’R? for all i. We define K’ = NypxxKx™' = A’ N GL3(R),
which is the subgroup of matrices preserving the lattices @w”’R>. Fori > 1 we
define K/ = 1 + @”A’ and U] = 1 + @"R’. Let j be the conductor of ¢/, that is
the minimal j such that ¢ is trivial on U ; The admissibility condition placed on
Y’ implies that j > 1.

In [15, Lemma 12], Howe constructs a representation W(y’) of K’ F™*, and
defines the supercuspidal representation V(i) associated to F’ and ¢’ to be the
compact induction of W(’) to G. We know that dim 7% is at most dim W(y)
times the number of double cosets of the form K'F’*gK, that support K-
invariant vectors, that is such that W(y/)¢%:¢'0K'’F* % 0. Bounding dim W(y’)
is easy, while bounding the number of these double cosets requires a feature of
W (') from Howe’s paper that we now describe.

We first assume that j > 2. The representation W(y’) is trivial on K;.,
and because K ;._1/ K ; is abelian, W(¢’)|K}_l decomposes into characters. Howe
defines a character ¢ of K ;._1 /K ; by taking the natural extension of ¢’ from U’_,,
and shows that W(y')| K, contains exactly the characters lying in the K’-orbit of

 for the natural action of K’ on KZW(;

We use this fact to control those g supporting invariant vectors by observing
that if Wy’ )¢k 0K'F™ 2 0, then W(y' )¢ 7K1 % 0. However, if g € KA(@)K
with A € X,.(T) too large, then gK,,g~' NK ;._1 will contain the intersection of K ;._1
with a unipotent subgroup of G, and this will turn out to be incompatible with the

4Lemma 12 only defines W (i) as a representation of K’, but it can be extended to K’ F’* by the
remarks at the start of [15, Thm 2].
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description of W(i/")| K- In the case j = 1, F’ is unramified over F' and W(y") is
inflated from a cuspidal representation of K’/K| =~ GL3(k), and we may use this
to argue in a similar way.

In the case of GL3;, Howe’s construction may be naturally divided into the
cases where F’/F is ramified or unramified. We shall therefore divide our proof
into these two cases, after introducing some more notation and defining the
character .

B.2. The character ¢y. We now assume that j > 2, and define the character
of K ;._1 /K ; that appears in the description of W(y/')| K-

Let B’ be the group of prime to p roots of unity in F’*, which is naturally
identified with k’*. Let C’ be the group generated by B’ and w’. Let ( , ) be
the pairing (S, T) = tr(ST) on M3(F). Let y be a character of F of conductor
R, which defines an isomorphism 6 : M3(F) — A73(\F) by 0(S)T) = xS, T)).
Let e denote the degree of ramification of F’/F. Because the dual lattice to
A’ under (,) is @’ A’ by [15, Lemma 2], the map 6 gives an isomorphism
between the character group of @A’ /@A’ and @'~ A’Jw' T A. We
may combine 6 with the isomorphism K’ /K = @A’ @' ’A’ to obtain
g K}/_lﬁ(; — @A [ A T p(p) = y + @ /T2 AY, we say that y
represents ¢. If ¢ has a representative y € F’*, we see that ¢ also has a unique
representative ¢ € C’, which is called the standard representative of .

The map 0 restricts to a map F’ — F’, which is also given by 0(x)(y) =
x(trpjpxy). We may combine ¢ with the isomorphism U, /U’ ~ @7 'R' @' /R’
to obtain u’ : U;/_IFJ; — @ TR TR I f () = y + @ TR, we
say that y represents ¢. We see that a nontrivial ¢ has a unique representative
¢ € C’, which is called the standard representative of ¢.

We define ¢ by taking the standard representative ¢ for ¢’ on U ;._1, and letting
¥ be the character represented by c. If we let Ad* denote the natural action of K’
on K;/\K; given explicitly by [Ad*(k)y](g) = w(k~'gk), then [15, Lemma 12]
states that W(y/")| K, contains exactly the characters in Ad" (K’ ).

B.3. Reduction to the case ¢ ¢ F. We may carry out the argument sketched
in Section B.1 once we have reduced to the case where either j = 1 orc ¢ F. We
perform this reduction by observing that if j > 2 and ¢ € F, then V(') is a twist
of V() for some | of smaller conductor. Indeed, by [15, Lemma 11],if c € F
then we may write i’ = 1i,, where ¥ is trivial on U ;._1 and Y, = Y oN(F'[F)
for some character " of F*.

LemmaB.2. We have V(y/') = V(1) ® ¥ o det.
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Proof. This follows by examining the construction of W(y") in [15, Lemma 12].
In the case ¢ € F, the groups H; defined by Howe are equal to K/, and the
group GL;(F") appearing in the proof of [15, Lemma 12] is equal to GL3(F).
Howe constructs W(i)’) by taking the representation W(i;) of K’ associated to
Y1 (which he denotes W' (i), and whose construction can be assumed as ¢
has smaller conductor) and forming the twist W(;) ® Y’ o det. He then obtains
W (') by applying the correspondence of [15, Thm 1] to W(y;)®y” odet, which
in this case is trivial so that W(y’) = W() ® ¥ o det. As V(') and V(i) are
the inductions of W(y¥) and W(y;), the lemma follows.

O

The next lemma shows that it suffices to consider V(i/1).
LemmaB.3. We have dim V(y/)% < dim V(g )K"

Proof. Because N(U;) = Uy, if a character ¢ of F* has conductor i + 1, then
¢ o N(F'/F) has conductor ei + 1. Because " o N has conductor j > 2, this
implies that there is some i > 1 such that j = ei + 1 and ¢"* has conductor i + 1.
Ifn > i+ 1 thendetK, C U;;. This implies that ¢’ o det is trivial on K,
which gives the lemma. Suppose that n < i and V(y/)% # 0. As the central
character of V() is /| px, this implies that ¢ is trivial on U, and hence on U;.
As y is trivial on U}_l NF = U, this implies that Y, = ¥’ o N(F’/F) is trivial on
U;. This implies that ¢’ is trivial on U;, which contradicts it having conductor

i+ 1.
O

By replacing ¢’ with |, multiple times if necessary, we may assume for the
rest of the proof that j =1 orc ¢ F.

B.4. The unramified case. Here, the groups K” and K, are equal to K and K
respectively, and so we omit the ’ in this section. We also take @’ = @w. The
embedding F’ C M;(F) has the property that R” = F’ N M3(R), so that it induces
an embedding k" C M3 (k). It also satisfies R = F”* N K and U, = F”* N K;.

We need to bound dim W(y’), and the number of double cosets KF'*gK,
such that W(y/)s:s" "KF™ 2 0, and we begin with the second problem. We
note that F’* c KZ in the unramified case, where Z is the center of G, so that
KF™™ = KZ. The dimension of W(y’)$¥¢"'"KZ depends only on the double coset
KZgK. By the Cartan decomposition, we may therefore break the problem into
finding those A € X.(T)* such that ZKA(w)K supports invariant vectors, where
T is the diagonal torus in G, and then count the (ZK, K;,)-double cosets in a
given ZKA(w)K. These steps are carried out by Lemmas B.4 and B.5. We write
A€ X(T) as (14, A3, A3).
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Lemma B4. If 1 € X.(T)* is such that W' )"@KA@'0KZ 5 0 then
max{l; — Ay, Ay — A3} < n — j. (It follows that j < n.)

Proof. We will prove 4| — A, < n — j by contradiction; the argument for A; — A3
is exactly analogous.

First we treat the case j > 1. The hypothesis implies that W(i)’
0, and we use the description of W(y') restricted to K;_;. We identify K;_;/K; ~
Ms(k). If ¢ = bw™/ with b € B’, and we identify b with an element of k"% C
M;(k), then /|, , under this identification corresponds to the character of M;3(k)
given by x — y(tr(bx)/w).

If 4, — 4 = n— j+ 1, a simple calculation shows that the image of

A@)K,A(@) ' n K;_1in K;_1/K; ~ M3(k) contains the subgroup

)/l(w)Kn/l(w)’l NKj1 4

Y= = C Ms(k).

*

There must be a character in the orbit Ad*K(y) which is trivial on Y, which
means that there is k € K such that tr(yAd(k)b) = O for all y € Y. The annihilator
of Y under the trace pairing is

Yr=| = = * [cM®),

k k k

so that Ad(k)b € Y*. Any y € Y+ has eigenvalues that lie in the quadratic
extension of k, while the eigenvalues of b lie in k' — k because ¢ ¢ F, which is a
contradiction.

Next we consider the case j = 1. In this case, the proof of [15, Lemma
12] states that W(y’) is inflated from a cuspidal representation of GL3(k). If
A; — A» > n, then the image of A(@w)K,A(@)™' N K in K/K; ~ GLs(k) contains
the subgroup

Y=« 1 c GLy(k).
1

However, a cuspidal representation cannot have any vectors invariant under Y,
because then it would be a subrepresentation of a representation induced from a
parabolic of type (2,1).

O

LemmaB.5. Let A € X.(T)* satisfy max{d;—A3, L,—A3} < n—jas in_LemmaB.4.
The number of (ZK, K,,)-double cosets in ZK (@)K is at most g*"~*(1 + 1/g)°.
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Proof. Any double coset ZKgK, contained in ZKA(w)K has a representative
with ¢ € A(@w)K. It may be seen that A(w)k; and A(w)k, represent the
same double coset if and only if k; € (@)™ ' KA(@)k2K,, and so if we define
K, = A(w) ' KA(w) N K then the number of double cosets is equal to |K;\K/K,|.

If j =nthen 4; = A, = A3 so K; = K, hence the lemma is trivial. So we
may assume j < n — 1. Then K, contains any matrix g = (g,») € M3(R) such
that v(g21) = n— j, v(g32) = n— j, v(g31) = 2n — 2j, and v(g;;) = O for
1 < i < 3 (the last condition ensures that g € K as g mod @ is upper triangular).
This implies that the image of K, in K/K,, ~ GL3(R/®") has cardinality at least
@™ (1 - 1/q)>. Therefore

IK\K/K,| < |K/K,|/limage(K,)|
<"1 -g A -gHU =g/ - 1/9)°

=" (1 +q" + gD +q7) <"+ 1/g),
O

Lemma B.4 implies that there are at most n> choices of 1 € X/ (T)/X.(Z)
such that KZA(w)K supports invariant vectors, and combining this with Lemma
B.5 shows that there are at most n’¢**/(1 + 1/q)* double cosets KZgK,, that
support invariant vectors. This gives

dim V)5 < n?¢*"" (1 + 1/¢g)* dim W(y").

We now bound dim W(y"). We first assume that j > 2. Our assumption that
¢ ¢ F implies that the field F”” in [15, Lemma 12] is the same as F’, and the
groups H; are given by Hy = R” and H; = U for i > 1. Following the proof of
that lemma, we see that W(y) is the representation associated to the character
Y’ on R” by [15, Thm 1]. When j is even, that theorem implies that W(y’) is the
induction of a character of R”* K/, to K, so that dim W(y’) = |K : R™K»|. We
have [K : R”K sl = ¢¥/(1 - 1/q)(1 = 1/¢%) < ¢*.

When j is odd, we let j = 2i + 1. The construction of W(y’) in this case
is described on [15, p. 448], and is given by inducing a representation J from
R™™K; to K. The discussion on p. 448 implies that J has the same dimension
as the two representatlons denoted V(<p”) and V(z//) there, and Howe states that

dim V(y) = (#H/2Z)""? for two groups H and Z. Moreover, on p. 447 he states

that?-(/Z H/Z = K;/UK, i1 Asi>1, wehavedlmJ |Ki/U K, Kial'? =43
We then have dim W(y') = ¢’|K : R*K;| = ¢*¢°(1-1/¢)(1- 1/q2) < %3 = ¥,
In the remaining case j = 1, W(y¥’) is 1nﬂated from a cuspidal representation
of GL3(k). Such a cuspidal representation has dimension (g>—1)(g—1). Therefore
dim W) = (¢ - Dig -1 < ¢* = ¢%.
In all cases we have verified dim W(y’) < ¢*/. Hence

dim V) <n’g" (1 + 1/g)* - ¢ < n’q*'(1 + 1/9).
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B.5. The ramified case. In this case we must have j > 2. Moreover, F’
is tamely ramified over F (since p # 3) and generated by a cube root of a
uniformizer @ of F. Thus we may assume @’> = @. Choose our basis for
R’ as a free R-module to be {1, @’, @’?}. With this choice, the image of @’ in G
is

We see that @A’ is given by

oA =@« o« wx |, (B.1)
w_/3l+1A/

=o' | * wx @ |, (B.2)

w/3i+2A/ — wl , (B3)

where the *’s lie in R. As K’ = A”*, K’ is the lower triangular Iwahori subgroup.

The proof may be naturally broken into cases depending on the residue class
of j modulo 3. We may assume that j # 1 (3), as in this case we have ¢ € F.
Note that we are using our assumption that @’> = @ here.

As in the unramified case, we begin by observing that it suffices to bound
dim W(y) and the number of double cosets K’ F"*gK,, such that W(yy’)skns ' 0K'F*
0. This condition depends only on K’'F"*gK, and the following lemma gives a
convenient set of representatives for these double cosets.

Lemma B.6. If X = {1 € X.(T) : 41 + A2 + A3 = 0}, we have G =
Ues K'F™* A(w)K.

Proof. We use the Bruhat decomposition. Let 7' and N(T) be the maximal
compact subgroup and normalizer of 7. We define the Weyl group W = N(T)/T
and affine Weyl group W = N(T)/T'. We identify W with the group of
permutation matrices in K, and hence with a subgroup of W. We then have
W~ X.(T)x W, and w may be identified with matrices of the form A(@)w with
Ae X (T)yandwe W.

We have @’ € N(T), and it may be seen that W= (@’ )ZW. Indeed, the action
of @’ on W/W =~ X,(T) by left multiplication is given by
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@’ (A1, A2, 43) = (A3 + 1, 44, D),

so every orbit contains a unique element of X. The Bruhat decomposition then
gives

G = U K'wK' = U K@ A@)WK’ = U K F* (@)K
wew A€X A€X

as required.
O

The next lemma bounds those A € X such that K’ F”*A(w)K supports invariant
vectors.

LemmaB.7. If A € T satisfies W(y/ YX@KA@ 0K E™ o () thep

max{/ll—/12,/12—/13,/13—/11+1}§n—i—1 lf j:3i+2, (B.4)
max{/12 —/11,/13 —/12,/11 —/13 - 1} <n-i-1 lf j: 3i. (BS)

In either case, summing the three bounds gives j < 3n —2.

Proof. We may naturally identify K’/K] and K;.fl /K} with (&) and &* using
the coordinate entries in such a way that the adjoint action of K”/K7{ on K;._l / K;.
is given by

(15 y1, 003 o, x3x7tys), j=0(3),

AdGx, x2, 23)01 72, 33) = { (7 xay x5 xasya, x5 tays), =2 (3).

Moreover, if c is equal to @’'~/~2b with b € B’ ~ k*, then the character ¢ of
K}_I/K;. is given by ¥(y1,y2,¥3) = x(b(y1 + y2 + y3)/@). This implies that
Ad*(h)y is nontrivial on every coordinate subgroup in K;_I/K;. ~ 3 for any
" EIIf{ W(w’)”(w)’("”(w)fl“'('p * % 0, then W'y @X @ 0K, 4 0. Because
W)l K, is a sum of characters of the form Ad*(h)y with h € K’, one such
character must be trivial on A(@)K, (@)™ N K }_1, which implies that the image
of (@)K,A(w) ' NK ;._1 in K ;._1 / K;. does not contain a coordinate subgroup. By
combining the definition K ;._1 = 1 + @A’ with (B.1)-(B.3), we see that this
implies the inequalities (B.4) and (B.5).

O
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Lemma B.8. Let A € X satisfy (B.4) or (B.5). The number of (K'F’*, K,)-
double cosets in K'F™A@)K is at most ¢"~%(1 + 1/q)* when j = 3i, and
@221+ 1/q)° when j = 3i + 2.

Proof. Any double coset K’ F"”*gK,, contained in K’ F”*A(w)K has a representa-
tive of the form A(@)k, and two elements A(w)k|; and A(@ )k, represent the same
double coset if and only if k, € A(w)"'K’'F™*A(w)k,K,. Therefore if we define
K = A(@)"'K’ A(w) N K, the number of double cosets is bounded by |K’\K/ K|
It may be seen that K’ contains any matrix g = (g,5) € M3(R) satisfying the
conditions

V(gap) = max{d, — 4, + 1,0}, a<b
'U(g,',,') = 0, 1 <i< 3
V(gap) 2 max{d, — 45,0}, a>b

on the upper triangular, diagonal, and lower triangular entries respectively. The
reader should note that for each pair a # b, one may order (a, b) so that the
inequalities on v(g, ) and v(gp4) have the form v(g,p) > ¢, v(gp4) = 0 for some
¢ > 0. Moreover, the set of entries for which the inequality above reads v(g,») >
0 form the unipotent radical of a Borel subgroup B, containing the diagonal
matrices. It follows that K, lies between By N GL3(R) and (B, N GL3(R))K;.

We will divide the proof into six cases depending on the possibilities for B,.
We treat one case in detail, and describe the modifications to be made in the
others.

Casel: B, = * ok

In this case, the significant congruence conditions imposed on g = (g45) € K
are

v(ga1) 2 A1 — Ay, w(g31) 241 —A3, and v(g3p) = A — As. (B.6)

The image of K’ in K/K,, therefore has cardinality at least ¢”"*>%241 (1 — 1/q¢)*,
and so as in Lemma B.5 we have |[K\K/K,| < |K/K,|/limage(K’)| < (1 +
1/q)3q*"~%5. If j = 3i then Lemma B.7 gives 21, — 213 < 2n — 2i as required.
If j = 3i + 2, Lemma B.7 does not provide a strong enough bound for 1; — A3,
and so we instead observe that the image of K, in K/K,, contains those matrices
satisfying

v(ga1) 2 A1 — A2, v(g3)=n, and w(g3p) > A — A3, B.7)
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with the other conditions unchanged. This group has cardinality at least g3+~ (1—
1/¢)*, and so [K’)\K/K,| < (1 + 1/q)*¢"*"~". LemmaB.7 gives

- =U—)+ A —A3) <2n—-2i-2,

which gives the Lemma in this case.

In the other five cases, we may apply the same method to produce a bound
of the form |K’\K/K,| < (1 +1/ q)*q", where T depends on the residue class of
Jj modulo 3. We describe the underlying recipe for finding 7 in the case above,
and then show what it gives in each remaining case. When j = 0 (3), we added
the right hand sides of (B.6), and the resulting expression 2(1; — A3) could be
bounded using one application of Lemma B.7, which gave 7. When j = 2 (3),
we modified the bound in (B.6) corresponding to the non-simple positive root for
B, to obtain (B.7), added the right hand sides, and bounded the result using two
applications of Lemma B.7 to give 7.

We now find 7 in the remaining 5 cases, and check that

T<{ 3n-2i-2, j=3i+2,
=\ 3n-2i, j=3i.

Note that in some cases we may need to use the assumption that n > 1, which
we are free to make.

* * *

Case 2: B, =

k k

The analog of (B.6) is
v(ga1) 2 A1 — Ay, v(g31) 2 A —A3, v(ga3) 2 A3 — A +1,

which is modified to v(g2,1) > n. We have

241 =2, +1<2n-2i-1
n+Ad;—Ay+1<3n-2i=7 when j=3i

T when j=3i+2,

* *

Case3: By =| = = =x
%k

The analog of (B.6) is

v(gip) 2 -+ 1, vw(gs) = — A3, v(gsp) > A — 4s,
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which is modified to v(g32) > n. We have

2 =243+ 1<2n—-2i—1=17 when j=3i+2,
n+dy—A3+1<3n-2i=7 when j=3i

% %

%k %k
Cased: B, = *
%
The analog of (B.6) is

v(ga) 2 A1 —Ay, v(g3) 2 A3 —-A1+1, v(g3)2A3—-A+1,

which is modified to v(g»3) > n. We have

203 =2, +2<2n-2i=71 when j=3i,
n+A3—A+1<3n-2i-2=1 when j=3i+2.

%
CaseS:B,lz[* * *]

* *

The analog of (B.6) is

vigip)z2 -4 +1, vgz) 22— +1, wv(gp) =43,
which is modified to v(g; ) > n. We have

20 -2 +2<2n—-2i=1 when j=3i,
n+d -4 +1<3n-2i—-2=71 when j=3i+2.

%
Case6:B,1:[* * ]
k)

% *

The analog of (B.6) is

vg) 2 -+l vgz) 2B -4+, v(g3) 24 -+,
which is modified to v(g;3) > n. We have

213 -2 +3<2n—-2i—-1=7 when j=3i+2,
n+A3—-A41+2<3n-2i=1 when j=3i
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There are at most 9n® choices of A € X satisfying the bounds of Lemma B.7.
Indeed, if j = 3i + 2 then the Lemma givesn — 1 > 4] — A, Ap — A3 > —2n + 3,
and these two values determine A € X uniquely. If j = 3i, we have i > 1 so

the Lemma likewise gives 2n — 3 > A} — Ay, 4, — A3 > —n + 2. Moreover, the
bound of Lemma B.8 may be written as ¢**~/*(1 + 1/g)? in either case j = 3i
or j = 3i + 2. We therefore have at most 9n%¢>*~/*(1 + 1/¢)> double cosets
K’ F’*gK, that support invariant vectors, and

dim V()& < 9> =71 + 1/g)° dim W().

If jis even, W(y’) is again obtained by inducing a character from R’XK;. 1 1O K,
and we have dim W(y') = |K" : R*K’ | = (1 - 1/9)%q’.

If jis odd, set j = 2/ + 1. As before, Howe defines W(y") to be the induction
from R™K] to K’ of a representation of dimension |K] : UZ’KI’HII/2 = q. This
gives dim W(y') < glK’ : R*K)| = (1 - 1/9*¢**' = (1 - 1/¢)*¢’.

In either case, the bound dim W(y’) < ¢/ gives

dim V()5 < 9’ (1 +1/q) - ¢/ = g (1 + 1/q)’.

If j = 3i then the bound j < 3n — 2 from Lemma B.7 gives i < n — 1, while if
Jj=3i+2then j <3n-2givesi < n—2. In either case, this completes the proof
of Theorem B. 1.
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